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Abstract

Despite the widespread success of Transformers across various domains, their
optimization guarantees in large-scale model settings are not well-understood.
This paper rigorously analyzes the convergence properties of gradient flow in
training Transformers with weight decay regularization. First, we construct the
mean-field limit of large-scale Transformers, showing that as the model width
and depth go to infinity, gradient flow converges to the Wasserstein gradient flow,
which is represented by a partial differential equation. Then, we demonstrate that
the gradient flow reaches a global minimum consistent with the PDE solution
when the weight decay regularization parameter is sufficiently small. Our analysis
is based on a series of novel mean-field techniques that adapt to Transformers.
Compared with existing tools for deep networks [47] that demand homogeneity
and global Lipschitz smoothness, we utilize a refined analysis assuming only
partial homogeneity and local Lipschitz smoothness. These new techniques are of
independent interest.

1 Introduction

Transformers have revolutionized the field of deep learning since their introduction in [66]. These
models are distinguished by their immense scales, often comprising billions of parameters to achieve
state-of-the-art performance. Notably, this massive parameterization enables them to excel in a variety
of domains, notably in natural language processing [21} |55} 165]] and vision tasks [20}|36], where they
have significantly advanced the frontiers of machine learning.

Despite the widespread adoption of Transformer models, our understanding of their optimization
guarantees is still in its early stages. One particularly intriguing phenomenon is that as the size
of model increases, training algorithms typically converges globally despite the highly nonconvex
landscape of the training objective function. Remarkably, it remains somewhat enigmatic how
gradient-based approaches can consistently succeed when training large-scale Transformers.

Notably, there have been several recent works showing the global convergence of training overpa-
rameterized neural networks [51} 16} 28 (14} 147122, |23} 13513}, 25, [76]]. In particular, several works
[47, 22, 23] studied the setting with deep neural networks with skip connections. By studying the
connections between the network with discretization in the parameter space and a corresponding
ordinary differential equation system [71} |12} 43|, these works demonstrated global convergence
guarantees of wide and deep neural networks based on a mean-field analysis. However, these results
are established based on certain homogeneity and/or global Lipschitz smoothness properties of the
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neural network, which are not applicable to Transformer models. Therefore, it remains an open
question how gradient-based methods can effectively train large-scale Transformers.

1.1 Our contribution

In this work, we bridge the gap between Transformer theory and practice by demonstrating the
global convergence of Transformer training optimization via gradient flow in a large-scale model
regime. We analyze the mean-field limit of the Transformer model, which is characterized by the
distribution of model parameters, shifting the focus from parameter space to distributional dynamics
in the Wasserstein metric [[16]. This approach yields two key theorems:

i. We show the closeness between practical discrete Transformers trained by gradient flow and
continuous Transformers whose parameter distribution follows a partial differential equation
of the Wasserstein gradient flow (Theorem [3.1). Our result demonstrates that large-scale
discrete Transformers can be approximated by its mean-field limit and the approximation
error can be expressed in terms of the width and depth of the Transformer models.

ii. This approximation facilitates our analysis of the global convergence (Theorem of
discrete Transformer models. By leveraging the universal approximation capabilities of
either the self-attention or feed-forward layers, we demonstrate that a basic gradient flow
method can reliably find a global optimum, despite the highly non-convex landscape of the
training objective.

We also highlight our novel contributions to Transformer theory through the development of these
two core results:

i. The assumption on activation regularity conditions (Assumption[2) is less stringent compared
to those usually found in studies of two-layer neural networks 5116128 [14] or deep ResNet
networks [22} 23| 47]]. In particular, many existing approximation guarantees reply on a
Lipschitz continuity property of the network gradients, which limits the mean-filed study to
neural networks with smooth activation functions. In comparison, our analysis relaxes this
assumption and only requires local Lipschitz continuity of the gradient in expectation. This
relaxation broadens the applicability of our approach and ensures that our result can cover
more practical Transformer architectures.

ii. Our model differs from the ResNet models in [47, 12223} [13], as those models incorporate
only a single identical encoder within each evolutionary block. Unlike the typical theoretical
configurations, our model employs two distinct encoders f and h that alternate throughout
the network’s depth. More importantly, despite the distinct encoders used, the continuous
limit of our model uniformly interprets the encoder as an average of f and h, providing a
rigorous validation of concepts proposed in [47] and [67] from a new perspective.

iii. Our global convergence guarantee for training Transformer models is also broadly applica-
ble: our assumption (Assumption 4)) ensures global convergence by relying on the universal
approximation capabilities of either the self-attention or the feed-forward encoder. Addi-
tionally, we incorporate a more flexible framework by adopting partial 1-homogeneity for
only a subset of the parameters, in contrast to the full parameter homogeneity required in
studies such as [47]. This modification enables the use of softmax and sigmoid activation,
expanding beyond the hardmax and ReL U restricted by full homogeneity.

Additional related works. See Appendix [B|for a detailed discussion.

Notations. For any a@ € R?, dim(«) refers to its dimension d. For any B € R9* its trace is
denoted by Tr(B). For any positive integer n, Let [n] = {1,2,...,n}. Let 04 denote the d-dimension
vector of all zeros. Let W, (i, ) denote the Wasserstein-p distance between two probability measures

w,v € P(RY) for p > 1. For a matrix A = (ay,as,...,a,), define its vectorization version as
vec[A] := (af ,aq,...,a,)T. Let §(-) denote the Dirac mass and 1{-} be the indicator function. Let
supp(+) denote the support of any distribution. Let ||-|| = ||-||2 denote the I3 norm and ||-||;nax denote

the maximum norm. For any subsets D1, D in Euclidean space, define C(D;, D) as the collection
of functions that map D; to Ds and are continuous over D;. Define the Bounded Lipschitz norm for
any measure ;1 € M(R?) as ||u||gr, := sup{ fdu : f : R* = R, sup|f|< 1, fis 1—Lipschitz}.



2 Transformer model

In this section, we describe our deep Transformer model with each data input as a sequence, and the
gradient flow algorithm used for training.

2.1 Data setting

In our paper, the data input is both general and straightforward: an input sequence H € RP*(N+1)
consisting of N + 1 tokens, each with dimension D. We consider the setting where each input
sequence H is associated with a label y(H) € R, where y(H) is the target function we aim to learn.
Furthermore, we assume that each instance H is i.i.d. drawn from a population distribution .

Relation to in-context learning (ICL) Our data setting is versatile and applicable to any task
involving sequential input. It particularly suits the in-context learning (ICL) scenario [6} (10} [75]],
where models are capable of making accurate predictions on new data when prompted with training
examples from the same pool. For clarity, consider the input sequence H € RP*(N+1 formatted as
follows:

r1T T2 ... IN TN+1 i,
H =[hi,ha,...;hnpa] = |t y2 . yn 0 U, yn+ = y(H).
b1 P2 ... PN DPN+1

Here, {7; };c[n] are the input vectors, each associated with a corresponding label {y; };c[n]. The last
token, x 1 is the test input for which a prediction is made. The third row contains the customized
and fixed positional encoding vectors {p; };c[n1, Which typically include ones, zeros, and indicators
denoting the token for prediction. The label for the query point 1 is then given by yny+1 = y(H)
in our terminology. ICL operates in a zero-shot fashion, without any updates to the model’s parameters,
highlighting a unique and powerful capability of these systems to adapt and generalize based on the
provided context alone. In [6], the authors demonstrate that fixed Transformers can approximate
in-context penalized generalized linear regression to any desired degree.

2.2 Model

We follow a common configuration of Transformer architectures [6} 38} 40, 48, [73] where each
Transformer block consists of two distinct layers: a self-attention mechanism layer and a token-wise
feed-forward neural network layer, both equipped with skip connections. We assume that both layers
consist of the average of M heads, treated uniformly as the width across all blocks for simplicity.
The formulation for a matrix input Z € RP*(NV+1) and a given residual step size 17 > 0 is as follows:
Each residual self-attention layer is represented by
M
Attng, 0,,....00 (Z, 77) =Z+ 77M_1 Z f(Z, 97); 2.1

j=1
and each residual feed-forward neural network layer is defined by
MLPwl,w2 ----- wnm (Za 77) = Z+77M71 Zh(zv wj) (2.2)
j=1
for parameter vectors 6 and w in the Euclidean space. The encoders for the self-attention and
feed-forward layers are denoted as f : RP*(N+1) _, RPX(N+1) gpg p : RPX(N+1) _y ROX(N+1)
respectively. The self-attention encoder f formulation, commonly adopting a multiplicative or
dot-product approach as detailed in [8} 138|148} 164} 66\ [73], can be exemplified by
1(2,0) = WoWy Zan (Wi 2) ' WoZ|,

where Wy, Wi, Wq € R3*P_and Wy € RP*5. This formulation can be reparametrized to

F(Z,0) =V Zoa [ZTWZ], 2.3)



where V,W € RPXP 9 = vec[V,W]. The activation o, typically uses column-wise softmax,
but component-wise ReLU is also viable, as in [6]]. For the feed-forward layer, an example of the
encoder is h(Z,w) = Waom(W1Z), as detailed in [6] 38] [73]], where w = vec[W;, W5] and the
activation oy is component-wise ReLU. Alternatively, setting A = 0 results in a Transformer block
that comprises only the self-attention layer, referred to as “attention-only” Transformers, as discussed
in [6, 46, 49, 166].

Next, we analyze a Transformer network composed of L Transformer blocks, referring to L as the
depth of the model. In this paper, we introduce an additional term, 7, in and to simulate
the model’s evolution in a residual manner. We set the step size 7 as At/2, where At = 1/L. As
L increases, At approaches zero, allowing Transformer blocks to incrementally contribute to the
model’s overall progression. The structure of the network is then defined as follows:

f@<H7 t+ At/2) - Attngt,ly--- 0, M (fQ(Ha t)a At/2) Q@ 4)
To(H,t + At) =MLPuy, ... w0 (To(H,t + At/2), At/2) '
for each t = 0, At,..., (L — 1)At with f@(H, 0) = H. We abbreviate the subscript ¢ =

0,At,...,(L—1)Atby tand j = 1,2,...,M by j for simplicity. Here, © = {6, ;,w; ;}+ ;
denotes all parameters in the Transformer model.

Throughout this paper, we treat D and N as bounded finite values, while M and L are treated as
diverging, aligning with the setting of large-scale Transformers.

2.3 Gradient flow

For the /5 regularization with A > 0, we consider training the constructed Transformer model using
the following A-regularized risk objective:

M

401 = R(®) + g7 5101

with the population squared risk function defined as

+ [lwe113), 2.5

~

R(6) =E, [% (Read[To (H, 1)] - y(H))Q].

In Section [3.2] we will show that [o-regularization on the parameter norms is essential for the well-
posedness of the (Wasserstein) gradient flow to control parameter growth under our mild assumptions,
even with a very small A > 0. Similar strategies that consider necessary [y regularization are
employed in [23] and [70]]. Then, drawing on the methodologies in [6} 32} 146], our model processes
the final output through a simple read-our function, Read|[-], extracting the (d + 1, N + 1)-th entry
of its input. We propose that this read-out layer can be expanded to any linear mapping with bounded
parameter norm without affecting the validity of our theoretical results.

To minimize the objective function (2.5), we implement the standard gradient flow method as follows:

Step 1. Initially, foreach t = 0, At, ..., (L —1)At, we sample M particles Ht Fowy ]) with j € [M]

independently from pg (6, w|t), where pg is a pre-defined distribution with bounded support.

Step 2. Then, we update all parameters Gt g ,wg J) in the set ©(7) = {0,5;), w; J)}t ; using gradient

flow (scaled by M L), which is defined as follows:

do.”) oy dwl) A i)
dr = _MLVGt [Q(@ )]7 TTy: _Mvat,j [Q(@ )} (2.6)

Define the function R(H; ©) = %(Read[f“@(H7 1)] —y(H))?, and the partial derivative pe (H,t) =

OR(H;©)/0Te(H,t)T foreacht = 0, At/2, At, ..., (L—1)At, (L —1/2)At. Refer to Appendix
for the explicit formula of pg (H,t). Using the chain rule, we derive the explicit form of the
gradient flow as follows:

d@(f) R dw(T-)
= ~Gy(67),0, 1), %: ~Gr(w?), 0", 1). @2.7)
T > T



where

~

G1(0,0,t) = %Eu [ngr(f(f@(fL £),0)  po (H,t + At/?))] 0,

~

Cn(w, ©,1) = %EH [V (A(To (H,t+ A/2), w) TBo(H,t + A1) )| + X

fort =0,At,...,(L—1)At.

3 Approximation by the mean-field limit

In this section, we present a rigorous approximation result that bridges Transformer models in (2.4)
with their mean-field limit as continuous Transformers. Thus, the width M and depth L in our
proposed model are treated as discretization of this continuous limit in the parameter space.

3.1 Assumptions
In addition, we introduce the norm ||-||2—co1 as the maximum I3 norm across all columns of a matrix.
We proceed under several mild assumptions related to the data distribution and the encoders f and h.

Assumption 1 (Data regularity). There exists some universal constant B > 0 such that, for any
H € supp(p), we have max{||H|2—co1, ¥(H)} < B. In addition, a universal constant K, > 0
ensures that y(H) is K,-Lipschitz continuous for ||-||r over H € supp(f).

Remark Assumption|l]is irrelevant to the Transformer model, and is only a fairly mild assumption
on the data.

Assumption 2 (Transformer particle growth bound). We assume that the gradient of f(T,6) and
h(T,w) exists. Furthermore, we have
i I f(T,0)ll2—cot < K[ T||l2—cor(1 + 16| + [|6]]%)-
ii. Foreveryi € [N + 1], we have ||Vof(T,0).:ll2 < ép(||T]l2—co1)(1 + ||0]))-
iii. || Vyeerryveelf (T, 0)]ll2 < ¢ (N, D, | T|#)(1 + (0] + [|6]).

for some continuous, monotonically increasing functions ¢ p, ¢ for every coordinate, and a universal
constant K > 0. Similarly, if we replace f with h and 0 with w, the same conditions apply.

Remark There are three key observations for Assumption 2. Firstly, it incorporates the ||-[|2—col
norm, which is particularly useful for handling sequential inputs where each column represents a
token. Secondly, as we consider higher-order multiplications between data and parameters, this
assumption accommodates a broader range of self-attention encoders, such as the one in (2.3)) with
softmax or ReLU activation (where the derivative is defined as ReLU’(z) = 1{z > 0}). Lastly, a
particularly interesting and frontier question is identifying the function ¢, and we have listed related
literature in Appendix

Assumption 3 (Locally Lipschitz continuous gradient in expectation). Besides Assumption|2, for
any L1 > 0 and any Lp-Lipschitz continuous functions Ty = T1(H) and Ty = T>(H ), for every
i € [N + 1], we have

i Eul[Vof(Th,0).; — Vo f(T2,0).:ll2 < dpr (0], K, L) Sl;{pHTl — Tz[|2—col,

it By | Vyeerryvee[f (T1, 0)] = Vyeerryvec[f (T1, 0')]l|2 < ¢rp(N, DysgPHTlHF» Kp, L7)[|0 — ¢
iii. B, ||[Vo f(T1,0).; — Vo f(T1,0").ill2 < ¢PP(KP751;:IPHT1H27COI7 Lr)||6—¢],

1. ]Ep,“vvec[T]VeC[f(Tlv 9)] - vvec[T]VeC[f(T27 9)]”2 < ¢TT(N7 D, Kr, ”9”’ LT) SIPIIpHTl - TQHF

Sfor Kr = max{supy||T1|l2—col, SuP g || T2|l2—co1 }, Kp = max{||0]], ||6'||}, and some continuous
functions ¢pr, dTp, PP, dTT that are monotonically increasing for every coordinate. Similarly, if
we replace f with h and 0 with w, the same conditions apply.



Remark Assumption [3|states that functions are locally Lipschitz continuous in expectation, suitable
for encoders that utilize ReLU functions and have second-order derivatives almost everywhere. This
assumption is naturally satisfied if the activation has a locally Lipschitz continuous gradient.

Define P? as the set of probability measures endowed with the Wasserstein-2 distance, where the
Lipschitz continuity with respect to the depth holds, i.e. there exists some universal constant C,, > 0
such that [|p(-,t) — p(-,t')||sr. < Cp|t —t'| for any ¢, ¢’ € [0, 1].

Choice of py  Suppose pg € P? satisfies that for any ¢ € [0, 1], the support of po(+, -, t) is contained
within the set {(6,w) : ||0]|? + ||w||*> < R2} for a universal constant R. Additionally, for each
t € [0,1], it holds that fG,u) po(0,w,t)d(0, w) = 1. This condition suits common bounded support
distributions, and a natural choice is a uniform distribution across a disk with radius R for each
t €10,1].

We would like to clarify that verifying Assumptions[2 and[3 for concrete examples of Transformer

architectures with smooth activation functions is fairly intuitive, and the proof is mainly based on a
series of tedious calculations. We give a concrete proposition with its brief proof in Appendix [G.

3.2 Continuous Transformer and Wasserstein gradient flow

Drawing inspiration from [47] and [67]], which suggest that deep residual networks behave like
ensembles of residual networks locally, we apply a similar manipulation to formulate the continuous
version of (2.4). Consider the following continuous version 7),(H,t) € RP*(V+1) ooverned by the
following continuous ODE that averages the two encoders:
. T,(H,t),0)+h(T,(H,t
gy = [ A0 T .0

6,w

p(0,w,t)d(0,w), T,(H,0)=H (3.1)

In , each encoder f or h is conceptualized as a particle, and we consider the distribution of these
particles denoted as p(, w, t). For any p € P? that have a bounded support, the well-posedness of
T,(H,t) that satisfies the Transformer ODE is shown in Proposition C.1, Transitioning to the
framework with continuous Transformers, our objective shifts to minimizing the I risk function with
regularization on the second moment of p as follows:

A 1
Q) =R +5 [ [ 1015+ lwlB)o0.0. 0006, wpat, (62)
0 W
with
1 2
R(p) = By |5 (Read(T, (H,1)] = y(H) ) |. (33)
Define p,(H,t) € RP*(N+1) the partial derivative of R(p) relative to T),(H, ) at a local query

point H, as the solution derived in Appendix [C.4 using the classical adjoint sensitivity method [58]):

veelp, (H,0)] " = (Read[T, (H, 1)]—y(H) ) exp ( /t /ﬁ Vsectryveelg(T,(H. 1), 6)p(8, 1)d5dt]

DN+4d+1,:

Using this, we can compute the functional derivative to p as follows:

52 6,0.0) = g, 1o ([ LEEDD T MDA N 1 )] 4 21018 + Tl G

The following Proposition claims that % is indeed the derivative with respect to p (specifically, the
Fréchet derivative [[3Q]) for the functional Q(p).

Proposition 3.1 (Functional derivative to p). Under Assumptions |Z and E, for any pair p,v € P?
that have bounded supports, we have

Qo+ 1w =) = Q)+ (52w = ) + ol

where %—% is defined in (3.4), and <‘§—Cg, v—p) = fol f(07w) %—g (v = p)d(0,w)dt € R.



Now, we are in a position to display the gradient flow of p in the Wasserstein metric [[16], given by a
McKean-Vlasov type equation [4, 137,154, 56]. Specifically, we study the following partial differential
equation of the distribution p(™) (8, w, t):

dp'™) (6, w, 1)
p=p(") (3.5)

dr
= divy (p(T)Gf (8, (7). t)) + divy, (p(T)Gh(w, o), t)),

5Q

= div(g,u) (p(T)V(e,w) 3

where p(®) = py, div is the divergence operator, and the gradient functions are defined as

G1(0,p,0) = 5 [ToTe(F(T,(1,0),0)p, (H,1)) | + 20,

Gp(w, p,t) = %EM [VwTr(h(Tp(H, t),w) "p,(H, t))} + Aw.

Propositions [D.T]and [3.2] provide the well-posedness of both gradient flow and Wasserstein gradient
flow respectively. In both propositions, a A > 0 is essential to stabilize the optimization process
by controlling both the maximum and average norms across all parameters. If A is set to 0, it is
only possible to establish the well-posedness of over a finite maximal interval [47]]. Similar
adjustments to regularize the risk function are also noted in [23]].

Proposition 3.2 (Existence and uniqueness of Wasserstein gradient flow). Under Assumptions|l|and
there exists a unique solution (p(T))TEO € P2 x R with p' = pq for (3.3). Additionally, for any
7 > 0, we have

i. p\) has a bounded support {0,w : ||0]]> + |w|® < R,} x [0,1], where R, = (R +
1) exp(Cr7) — 1 for some constant Cg that only depends on N, D, X and the parameters of the
assumptions.

ii. [, (10112 +][w][*)p ™ (8, w, t)d(8, w)dt < A3, where Ag := R2+A~"(2B*+2B* exp(K (1+
R+ R%))?).

ii. f(@,w) P (0, w,t)d(0,w) = 1 foranyt € [0,1].

3.3 Approximation of large-scale Transformer

In this section, we discuss the general results associated with approximating our discrete Transformer
model to its mean-field limit. First, we highlight that the minimization of the risk function with
discretization, whether or not regularization is included, closely approximates the minimal risk
achievable by continuous models.

Proposition 3.3 (Global minimum approximation of discretization). Under Assumptions |4and 12} we
define P27 as the set of distributions in P? concentrated on {(0,w) : ||0]]? + ||w|* < r?} x [0,1].
for any v > 0. Then there exists a constant C dependent on N, D,r and the parameters of the
assumptions such that

infR(O) < inf R(p)+C(L7+ M)

pEP2T M
C e A . _ log(L +1)
f < f 1 Lt —).
inf () < pégz,rQ(p) +CO(1+ A)( + i )

Proposition [3.3 specifies that the distributions under consideration must have bounded support. While
it is typically challenging to confirm whether the minimal risk is indeed achieved on a distribution with
bounded support, this assumption is justified as A regulates parameter norms, implicitly encourages
solutions residing in a compact region of the parameter space.

We now present the main theorem concerning the convergence of the gradient flow process to the
Wasserstein gradient flow as outlined in (3.5). The proof with detailed explanation of the techniques
used in Theorem [3.1]is provided in Appendix D.

Theorem 3.1 (Gradient flow approximation of discretization). Define the empirical distribu-

tion as p\™) = oy thAil 5(9§)Tj),w§;),t) for any 7 > 0. Under Assumptions E-E, we



have that (p\7)),>o weakly converges to (p\™)),>q almost surely along any sequence such that
L — oo, M/log L — oo. Moreover, for any fixed T > 0 and any 6 > 0, with probability at least

1 — 3exp(—0) with respect to the parameter initialization 0O, we have

i. sup, (0.1 [ReadTo o (H, 1)] — Read[T, ) (H. t)]|< C(L—l n Mgij\(;“))

ii: Do, |R(O) = R(p)|< O (L1 4/ 2es))

~ s s B s+1o
iii. Sup,epo..1|Q(OF) — Q(p*))|< C(L 1y %>
for some constant C that depends on on N, D, T, A and the parameters of the assumptions.

Theorem 3.1 significantly advances our understanding by controlling the difference regarding both the
Transformer output, the risk function, and the regularized risk function. It’s noted that the difference
bound in the model’s approximation may increase, possibly exponentially [22} 23, |51]], as the time
horizon extends. As argued in [51]], such behavior may be inherent to the systems being modeled.

Additionally, the technical uniqueness and innovation of this theorem contrast sharply with previous
results from overparametrized ResNet models. Our analysis distinguishes itself in two ways. First,
our discrete Transformer model uniquely splits the averaged encoder (f + h)/2 into two distinct
blocks with encoders f and h. Second, we demonstrate uniform error control over any finite time
interval [0, 7], enabling continuous monitoring of maximum error across the gradient flow’s trajectory.
In contrast, models in prior studies such as [22} [23] restricts the error analysis to a specific s € [0, T].

4 Global convergence of gradient flow

In this section, we explore the optimization problem for gradient flow in the context of the discrete
Transformer model, focusing on our general global convergence results.

4.1 An additional assumption

To ensure the global convergence of gradient flow for our discrete Transformer model, we introduce
the following assumption. While influenced by the work in [16, 22} [23| 47]], our assumption is
uniquely tailored to the context of Transformers:

Assumption 4. There exists a pair (g, ) € {(f,0), (h,w)} with a partition « = (a1, as) such that

i. (Partial 1-homogeneity) for any T € RP*(NtD) and ¢ € R, we have g(T, cay,az) =
cf (T, ar, as).

ii. (Universal kernel) a compact set IC C RI™(@2) ensyres that the span of {g(~, Q) a €

Rdim(al) X IC} is dense in C(”T”chol S B7RDX(N+1))f0r any B> 0.

We emphasize that the universal kernel property, as discussed in [52], closely relates to the universal
approximation abilities. Under our assumption, we require the universal approximation capabilities of
either the self-attention encoder or the feed-forward encoder. In Appendix [G, we provide a concrete
example of Transformer architectures and verify the validity of Assumption 4]

The universal kernel property of the feed-forward layer encoder h is well-established, particularly
in two-layer neural network contexts [74]. Conversely, the universal approximation abilities of
self-attention layers is a frontier research area, which, while not extensively covered in this paper,
holds significant potential. Often labeled as “memorization capacity", this area is recently explored
across multiple studies [27, 31} 138 |39} 149} 163, [73]]. The interconnection between approximation
abilities and memorization capacities is established in [38]]. Notably, [49] investigated the expressive
capabilities of one single multi-head softmax self-attention layer, thereby potentially validating our
assumptions.

Finally, we posit that the universal kernel applies to e within a compact set, as the function’s
scale can be moderated by the homogeneous part a1 In scenarios where o5 and X are absent, our



assumption simplifies to that in [47]], characterized by complete homogeneity. Conversely, in the
absence of the a; component, our framework aligns with [23]] which necessitates a more stringent
support condition for K, as detailed later in Theorem 4.1}

4.2 Global convergence result

In this section, we establish the convergence properties of the optimization task for discrete Trans-
formers through gradient flow dynamics.

Theorem 4.1 (Global convergence up to \). Suppose that Assumptions|I|d|hold, and the Wasserstein
gradient flow (p(T))TZO weakly converges to some po, € P2. If for some universal constant R, > 1,
the following two conditions hold:

i. (p(7)r>0 is concentrated on {0,w : ||0]*> + |w||®> < R%} x [0, 1] when T is sufficiently
large.

ii. If Assumption|holds with (g, ) = (f,0), we assume there exists a t* € [0, 1] such that the
connected set Supp(poo (-, t*)) D D x K x {wp}, for some wy € RI™®) and D ¢ RI™(01)
that separates {61 : ||01|| = 1/Roo} and {01 : ||601|| = Roo}-

ii’. If Assumption | holds with (g,c) = (h,w), we assume there exists a t* € [0,1] such
that the connected set supp(poo(-,t*)) D x{6} x K x D, for some 6 € RY¥™®) and
D C RY™() that separates {wy : w1 | = 1/Roo} and {wy : ||wi|| = Roo}-

Then, for any € > 0, there exists some 1o > 0 such that

0+ log(L+1)

sup }A%(G(T)) <e+ Oy (L*1 + o’

) +Cax
T>T0

with probability at least 1 — 3 exp(—0) with respect to the parameter initialization ©°) for any § > 0.
Here, C'y is some constant dependent only on N, D, 1q, \ and the parameters of the assumptions,
while Cy depends only on N, D, R, and the parameters of the assumptions.

Theorem|4._1depicts the behavior of the risk function I%(@(T)) as the training duration 7 is sufficiently
large. Specifically, E(G(T)) asymptotically approaches zero as both L — oo and M/log L — oo,
with an additional term that scales with \. This additional term attributes to the incorporation of a
A-weighted penalty on the norm of the parameters in our training objective @ Consequently, by
selecting an appropri/fltely small A > 0, the risk approximates zero, demonstrating global convergence

to the minimum of R.

In addition, Theorem[éﬁposits some additional assumptions: the weak convergence of p(™), the long-
time uniform boundedness, and the separation property for cr; with the support expansion of as to C.
Similar assumptions are made in the literature of deep model optimization theory [22} 23| 147]. While
these types of assumptions are typically challenging to justify, we provide high-level justifications for
them in Appendix [C.5, deferring detailed verification to future research.

We then present a corollary that directly follows from Theorem (4.1t

Corollary 4.1. Continuing with the notations and assumptions from Theorem{.1, suppose X < Cye
for some universal constant C > 0. Then, for any § > 0, constants 1y, Ly, Ko > 0 can be found
such that:

sup R(OM) < (1/2 4 C,Cy)e 4.1
7>70,L>Lo,M/log L> K

with probability at least 1 — 3 exp(—0) with respect to the parameter initialization ©©). Notably, if
Cy < (203)71, the upper bound in (3.1) is less than or equal to e.

Corollary M claims that with a fixed 6 > 0, for any € > 0, we can achieve an order of e-close
approximation with sufficiently large L and M. Though our result is asymptotic and does not involve
an explicit rate, it is the first of its kind and lays the groundwork for future theoretical optimization
guarantees for Transformers.



5 Proof ideas of main theorems

Given the technical nature of this paper, this section presents the key ideas behind the proof of our
main novel results, along with an outline of the proof preparation.

Idea for Theorem[3.1 This convergence is described in two parts. First, the finite-time result (points
(1)-(iii)) uses propagation of chaos [62]] to analyze how differences evolve over time, comparing the
evolution of parameter particles in discrete and continuous dynamics. The approximation bound is
derived using a third auxiliary dynamic ("nonlinear dynamics"), involving the triangle inequality and
Gronwall’s inequality, which allows us to bound output differences over time.

Second, weak convergence of the empirical distribution process relies on optimal transport theory
and stability results for Wasserstein gradient flows [4]], focusing on the convergence of momentum
fields [4,160]. This also requires bounding the gradient differences between discrete and continuous
Transformers as they approach the mean-field limit. See Appendix [D|for a detailed illustration,
including a description of each main step.

Idea for Theorem 4.1 We first establish the continuity of the functional gradient % |px, ensuring

it remains constant if the derivative with respect to 3 is constant over a region. Next, we derive the
key bound for Q(po ), which is proportional to A, by analyzing the functional energy Q’s landscape
through its derivatives.

Finally, we show that the finite-time risk can approach this bound. Achieving e-level loss requires
Q(p'™)) < ¢ for some large 7. Applying Theoremm we show (1) becomes sufficiently small,

and since @ (p{™)) is non-increasing, it remains small for 7 > 9. See Appendix [E for a detailed
illustration, including a description of each main step.

Proof preparation for the main theorems Appendix [C.3|lists several useful lemmas essential
to the main results. Specifically, Lemmas ensure the boundedness of key components
and bound the output differences between discrete and continuous Transformers under different
parameter settings. This boundedness is non-trivial due to the mild Assumptions[2 and [3 that fit
the Transformer architecture. The technical lemmas in Appendix form the foundation for all
subsequent proofs. Before introducing the nonlinear dynamics used to bound parameter differences
under non-i.i.d. settings, these lemmas first establish an important oracle approximation bound result
(Lemma|[D.6) with i.i.d. parameter settings. Additionally, they serve as key tools for bounding the
(functional) gradient differences between Transformer dynamics, as shown in Lemmas [D.THD.3]
which are essential for proving the approximation bound in Theorem [3.1]

In Theorem [4.T, Lemma [E.T plays a key role by demonstrating that for any p, there is always a nearly
descent direction around p for Q(p), implying that all local minima are nearly global. This motivates

further landscape analysis for bounding ‘Z—g | po in the main theorem.

6 Conclusion

We conclude by summarizing our key contributions and suggesting future research directions. This
paper establishes the global convergence of large-scale Transformer models through gradient flow
dynamics, providing a thorough theoretical foundation. Our analysis, focused on the mean-field limit
with infinite width and depth, shifts optimization from parameter space to distributional probability
measures. We present two main theorems: one confirming the close approximation between discrete
and continuous gradient flows, and another demonstrating global convergence, highlighting that basic
optimization methods can successfully navigate complex landscapes to find optimal solutions. The
techniques and results from this study lay the groundwork for further exploration into Transformer
optimization. Future work could explore direct gradient descent with specific focus on step sizes,
and expand on the in-context learning approximation capabilities of Transformers, as initiated by [6].
Additionally, it’s crucial to rigorously assess under what conditions can self-attention layers serve as
universal kernels to enhance our theoretical understanding, and to determine the generalization error
bounds of Transformers trained on finite samples. These directions promise to deepen the theoretical
and practical insights into Transformer models.
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A Overview of Appendix

The appendix is organized as follows:

* Appendix B} Additional related works are discussed.
* Appendix[C:
In Appendix [C.T, additional notations and preliminary details are introduced.

In Appendix[C.2, we show the proof of Proposition|[C.T} concerning the existence and
uniqueness of the continuous Transformer ODE (3.1).

In Appendix [C.3, useful lemmas for the main proofs are detailed.

In Appendix|C.4, the explicit formulas for p,(H,t) and pe (H, t) are explored via the
adjoint sensitivity method.

In Appendix [C.5] high-level explanations are provided to substantiate the assumptions
made in Theorem 4.1

* Appendix|D: Includes proofs of main results from Section [3]
* Appendix [E; Includes proofs of main results from Section 4]
+ Appendix |F: Includes proofs of all auxiliary technical results mentioned in Appendix|CHE.

* Appendix |G} The verification of Assumptions [2H4|for a concrete example of Transformer
architectures is provided.

* Appendix|[Ht We provide simple experiment results and discuss the widths and depths of
Vision Transformers that guarantee convergence, achieving near-zero training loss and 100%
training accuracy on the CIFAR-10 dataset.

B Additional related work

Theory of Transformers. Some very recent works have studied theoretical properties of Transformer
models from different aspects. [[75,133]] studied the in-context learning guarantees for single-layer
Transformers to perform linear regression predictions after being trained with linear regression
example tasks. [1} 16 32]] studied the in-context learning capability of Transformers through the
function approximation point of view, and demonstrated that there exists Transformers with specific
parameter configurations that can perform particular in-context learning tasks. [36}45]] investigated
how single-layer Transformers can be trained to learn simple image models and topic models
respectively.

The most closely related work to ours is [41], which is the only study we are aware of that addresses the
general and universal in-context learning capability of large-scale Transformers through optimization
dynamics. It shows that a two-layer MLP followed by a linear attention layer can approximate
functions in a general Barron space sufficiently well as the Transformer width increases. Additionally,
its corresponding mean-field dynamics, via Wasserstein gradient flow, converges to global minima
for in-context feature learning. Another work exploring the mean-field limit of Transformers is [9],
which examines the limit as the depth, key-query length, and number of heads increase to infinity.

In addition, we have noticed a lot of theoretical interest in identifying the optimal choice of ¢
in Assumption g, i.e., the Lipschitz constant of the Jacobian matrix of the self-attention term. For

instance, [19] suggest that ¢ can be bounded by /N/D + poly(||T|| ), where poly(-) denotes

a polynomial function. In the context of l5 self-attention, [39] find ¢ to be /N log N/D, which
notably does not depend on ||T'|| r, and [69] demonstrate that for I; distance metrics in attention

layers, ¢ could be /D log N.

Global convergence of fully connected neural networks. A line of recent works have studied the
global convergence of (stochastic) gradient descent in training overparameterized neural networks
in the mean-field regime [[16l |51} 50, [70} 28, 29]]. They consider the limit of the neural network
as the width of the network at each layer goes to infinity, and models the limit of the network as
a functional of the distribution of network parameters. A separate line of works also established
the global convergence guarantees for training overparameterized neural networks in the “neural
tangent kernel” regime [35, 3, 125, (761 [17, 2,15, [11]], where the gradient descent training iterates are
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asymptotically equivalent to the training iterates of kernel regression based on the neural tangent
kernel.

Connection between ordinary differential equation models and infinite-depth ResNets. Our
work is also closely related to the recent literature aiming to understand ResNets by analyzing their
connections to ordinary differential equations [71} 112} 143} |42} [72| 26| 22} 147} 23| 144, [7] 15} [13]].
Specifically, [[71} 112} 144} [15] studied the approximation of flow-based networks via discrete networks.
[43L 1421 721 126l 221 147, 23] 144] [7]] studied the optimization of the infinite-depth and infinite-width
ResNets. [13] studied the generalization properties of the ResNet trained in the mean-field regime.

C Proof setup

C.1 Additional technical notations

Define
B:=(6,w)", g¢(T,B):= f(T,0) + h(T,w).

2
Thus, % could be expressed as
0Q B T D N
5 (0:) = Eu[Te([o(T,(H.0). )] po(,0)| + 51515, (R

Additionally, we can combine G ¢ with G, and G + with G », to reformulate as

G(B,p,t) = E, {VﬁTr (g(Tp(H, 1), 8) p,(H, t))} A8, (C.2)

and

G(5,6,t) = E, {VBTY({h(fef ((Z?t(i[7215’/02))/,27~0)/2}T {ﬁgéfﬁf N +AAté>2)})} T8 (€3

Remark 1. 7o facilitate the proof, we restate Assumptionsand E] for g(T, B). Under Assumption
the gradient of g(T, ) respect to T and (3 exists. Additionally, we have

Under Assumption 2}
L ||g(T7 5)”27&)1 < KHTH?fcol(l + ||BH + HBHQ)
ii. Foreveryi € [N + 1], we have [|[Vgg(T, B).ill2 < ¢p (| T ll2—co)(1 + [|8]])
iii. || Vyeerryveelg(T, B)]ll2 < oo (N, D, || T||p) (1 + 18] + [18117)

Under Assumption ‘ For any Lt > 0 and any Lr-Lipschitz continuous functions Ty = Ty (H ) and
Ty =Ts(H), for everyi € [N + 1], we have

i. B, ||Vog(T1, B).i — Vog(T2, B).ill2 < ¢PT(||9|\,KT,LT)SEPHT1 — T3 ||2—cols
i1 By | Vyeerryveclg(Ti, 8)] = Veeiryveelg(Th, 8)]ll2 < érp (N, D,S%PHTlHFv Kp,Lr)||§ — ¢
iii. B || Vog (T, 8)..i — Vog(T1, B').ill2 < ¢pp(Kp, SI;IP||T1||27coh Lr)]|o —6'[l,

. Ey[|Vyecrrveelg(Th, B)] — Vieciryveelg(To, B)lll2 < ¢rr (N, D, Kr, ||0]|, LT) S%PHTl —Talr

Verifying all these results above only needs the basic triangle inequality of general norms, so we
omit the trivial proof. We will apply them directly throughout the proofs of results. Additionally, we
omit writing L for simplicity in the proof, as all functions applied to Assumption[3|will be Lipschitz
continuous with some universally bounded Lipschitz constant.

Next, we introduce some additional technipal notations. Denote the identity matrix with d-dimension
as I;. Define the sample space 2 := RY™5 x [0, 1], and P(Q) as the probability measure space
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deﬁnffl on ). For any © = {Bt,j}t/AHle[L],je[M] and © = {Et,j}t/AH»lE[L],je[JVI], define
d©,0)=>", Z;V;H@J — ft,;- Define the local risk function as

2
R(H; p) = 5 (Read [T, (H, 1)] ~ y(H))
Define the nested family of compact subsets (P;.),~¢ as
P.={: |8l <r}x]0,1], Vr>0.

For any p,v € P(§2) and p > 1, define the [, distance ||p — v/||, as

lo=to=( [ J1ote) = terazar)”"

Specifically, when p = 1, we have
1
Wi(p,v) = sup {/ / f(p—v)dpdt : f is 1—Lipschitz, £(0,0) = 0}
0 Jp

1

< sup {/ /|f||p — v|dBdt : f is 1-Lipschitz, £(0,0) = 0}
0 JB

< (r+Dllp—vlh

for any p,v € P? concentrated on P,. For simplicity, any H discussed throughout this paper is
assumed to lie within supp(u).

C.2 Transformer ODE existence and uniqueness

In this section, we establish the existence and uniqueness of the solution 7),(H,t) to the ODE
presented in (3.1) for any H, given that p € P? is concentrated on a bounded support, specifically,
P, for some r > 0. This following proposition forms the cornerstone of the subsequent technical
analyses:

Proposition C.1 (Existence and uniqueness of Transformer ODE). Under AssumptzonsL]andL] for
any p € P? that has a bounded support, there exists a unique solution of (3.1) ont € [0, 1] that is
Lipschitz continuous with respect to (H, t).

Initially, we demonstrate that the integral | P p(B,t)dp is bounded. According to the definition P2, it
follows that

(C4)
g — "d C,lt —t
[ o8008 [ o3.11a31 it 1
for any ¢,t' € [0, 1]. Integrating (C.4) over t5 € [0, 1] obtains
1
,H)dB =1 ,H)dp — ,t)dpdt’
[ oo =1+ [ pts.0as— [ [ o(s,thas
(C.5)

1
<1+ Cp/ [t —t'|dt/
0
<1+C,/2.

For the remainder of the technical proof, we will employ (C.5) without additional elaboration.

Proof of Proposition|C.1. Step I: Create a small neighboring area with local Lipschitz continuity

Consider any vector 3 such that ||3|| < r. Define F(T,t) := |, 5 9(T B,t)dB. For T within

the rectangle {7 : || — H||max < 5} where § > 0is bounded both ||TH2 col and ||T||  are also
bounded. Given Assumptlonl(l) g(T, B) is universally bounded by some constant K .. Moreover,
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under Assumptiong (ii) and (iii), g(T, B) is Lipschitz continuity with some constant L; ... Hence,
within the rectangle {7 : ||T — H||max < 0} x [0, 1] the following properties hold:

|F(T, 1) = F(T, t2)| < max{Ksr, Lsr } || (-, 1) = p(-s t2) B < Cp max{Ks,r, Ls,r}|t1 — ta.
(C.6)
which indicates that (T, t) is continuous with respect to ¢ within the rectangle {T": ||T' — H ||max <
d} x [0,1].

Moreover, within the bounded region {T" : ||T — H||max < &}, Assumption [2 (iii) ensures that
|V yecirveclg(T, B)]||2 bounded. Consequently, g(7', ) is Lipschitz-continuous with respect to 7'
for ||-|| =. Denote this Lipschitz constant by Lj ,.. Therefore, for any 7, 7" € {T": | T — H|[max < 6}
and ¢ € [0, 1], it follows that

[F(T,t) - F(T',0)|< Lt |IT — 'l / p(B.1)d6 < Ly ,(1+ Cp/2)|T ~T'||p,  (C.T)
B8

which deduces the Lipschitz continuity of F'(T',t) with respect to T for ||-|| .

Step II: Show that the maximal existence interval is infinite by repeatedly using the Picard-
Lindelof Theorem

Invoking the Picard-Lindelof Theorem, there exists some € > 0 such that the initial value problem

T(H,t) = F(T,t), T(H,0)=H

has a unique solution on ¢ € [0,¢€]. Given that this claim holds for any H, the standard ODE
Extensibility Theorem guarantees a continuation of 7'(¢) to a maximal interval of existence, denoted
as [0, tmax-

Assume by contradiction that ¢yax < 1. From (3.I) and Assumption [2(i), for any ¢ € [0, tmax] We
see that

d .
%”Tp(Ha t)||2fcol < ”Tp(Ha t)||2fcol = ||/ Q(Tp(Ha t)»ﬂ)ﬂ(ﬁat)d5”2—col
B
< / \9(Tp(H. 1), B)||2—carp(B )8
B

< /@K(l +1Bll2+18112)p(B, )T, (H. £) | 2-cords.

(C.8)
Therefore, by the Gronwall’s inequality, we have

:
1T (H, tana) l2—cot < [T (. 0)2—con exp( / /ﬁ K(1+118]2+18112)0(8, s)dBds)
0
< ||H||2=co1 exp(K (1 + C,,/Q +r4+ Tz)tmax) < 0.

This presents a contradiction to the notion that ¢,,,x < 1. This is because, By reapplying the local
Picard-Lindelof Theorem using the state T'(H, t1,ax) as the new initial condition, we can extend the
interval of existence beyond t,,,,x. Consequently, we must conclude that £,,,x = 1, and the existence
and uniqueness follows.

Step III: Show that the Lipschitz continuity with respect to (H, )

In the final part of our proof, we demonstrate that 7,(H, t) is Lipschitz continuous with respect
to (H,t) for H € supp(x) and any ¢ € [0, 1]. Given that T,,(H,t) is universally bounded within
H € supp(p) and any ¢ € [0, 1], we only need to focus on establishing its Lipschitz continuity with
respect to H and ¢ separately. The Lipschitz continuity with respect to ¢ is derived from

2
T, (H, t1)—=T,(H, t2)||2—col S/t /ﬁ'g(Tp(Hvt)aB|2—colp(ﬁvt)dﬁdt < (14C,/2) KC(1+r+1?) (ta—t1),
' (C.9)
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for any t1,t5 € [0, 1]. Given Assumption(iii), we have
\T,(H.t) — T,(H' )| < / / \9(T,(H, 5),8) — g(To(H', ), B)|| (B, 5)dBds

:
< / / br(N, D, Bexp(K(L+Cp/2+ 7+ 1)1+ 1 + )| Ty(H, 5) — T,(H', 5)|| pp(8, )dBds
0 B

(C.10)
for any H, H' € supp(u). Define Ly := ¢7(N, D, Bexp(K(1+ C,/2 + 7 +1%)))(1 +r +r?).
Utilizing Gronwall’s inequality, we establish:

1
I T, (Ht) = T,(H' )|l < | H = B'||p exp(Li / /B p(B, 5)dBds) = exp(Le) | H — H'||

given that T),(-, 0) serves as the identity mapping. Consequently, T,(H,t) demonstrates Lipschitz
continuity with respect to H € supp(u). O

C.3 Useful technical lemmas

Lemma C.1 (Contlnuous Transformer output bound). Under Assumption |2, for any distribution
p € P(Q) where fo J5l1B113p(8, t)dBdt < A? for some constant A > 0 and for any t € [0, 1], we
have

IT5(H, t)|2-cot < | Hll2-col exp(E (1 + A + A%)).

Lemma C.2 (Continuous Transformer difference bound). Under Assumption 2 and given H, for
any p,v € P? that satisfy fol f5||ﬁ||§p(6, t)dBdt < A% and have bounded supports P, for some
constants A,r > 0, we have that

sup ||T,(H,t) —T,(H,t)|r < C.Wi(p,v).
t€l0,1]

Here, the universal constant C.. only depends on N, D, r, A, and the parameters of the assumptions.

Lemma C.3 (Continuous Transformer gradient component bound). Under Assumption|l|and 2| for
any p € P(Q2) where supp(p) C P, and fol LB p(B,t)dBdt < A2, we have

sup |lg(T,(H,t),B)||lr < VN +1KBexp(K(1+A+ A1+ 7 +1?),
(ﬁ7t)EP7'
sup_|lp(H,t)|p < (B + Bexp(K(1+ A+ A%)) exp (6r(N, D, VN + TKBexp(K(1+ A+ A%)(1+ A+ A42)),

(B, t)EP,

5
o ]%(5, t)’ < VNF1KBexp(K(1+ A+ A%))(1+1+12) (B + Bexp(K(1 + A+ A2)))
t)EP,

A
exp (qu(N, D,VN +1KBexp(K(1+ A+ A2%)(1+ A+ AQ)) + 57

Lemma C.4 (Discrete Transformer bound). Under Assumptions 2, for any © where
T > Zﬁr |BI1> < A2 for some universal constant A > 0 and at any t = 0, At/2, At, ..., (L —
1/2)At, 1, we have

T (H, 1) l2-cot < [1H |a—cor exp(K (1 + A+ A%)).

Lemma C.5 (Discrete Transformer difference bound). Under Assumption|I and[2, Jorany H, let

= {Bij}t/at+1e1n),jem) © = {Bt,g}t/At+1e[L] jein such that max{|| By I, 1|Be; |1} < r for
anyt=0,...,(L—1)At, j =1,..., M. Then, we have that

| To(H,t) — Ts(H,t)||r < Craig (@ o).

Here the universal constant C,. only depends on N, D, r, and the parameters of the assumptions.
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Lemma C.6 (Discrete Transformer gradient component bound). UnderAssumptzonL]andL] forany ©
such that sup, ;|| 8¢ ;| < r? and 11 >, Z] IBII2 < A2, we have, foranyt = 0,At/2, ..., (L—
1/2)At, 1

S max{|| f(To(H,t),0)||r, |h(To(H,t),w)| . |g(To(H,t), )| r} < VN +1KBr(1 +7+12),
0,t)e P,

sup  sup max{HV‘gf To(H, 1), 0)..
(B,t)EP, i€[N+1]

sup [[Pe(H.t)|lr < (B+ Br)exp (or(N, D, VN +1KBr)(1 + A+ 4%)),
(B,t)eP-

where By = Bexp(K (1 + A+ A?)).

Lemma C.7 (Norm average concentration). Under Assumption|2| consider a parameter setting © =
{Bt,j}e)at+1e(n),jem) B-i.d. drawn from {p(B|t)}i/ar+1e(L],je[m) Where p € P2 is concentrated
on P, and satisfies fﬂ p(B,t)dB = 1 for every t € [0, 1]. Then, with probability at least 1 — exp(—0)

with respect to the parameter initialization ©©), we have

1 - 5 +log(L +1
arz Sl = [ 8106 st 10+ [ TEREEED)

t j=1

wh(To(H. t),w). (To(H,1),8)..

(Br)(1+7),

for any 0 > 0. Here, the < notation hides the dependencies on r and the parameters specified in the
assumption.

Lemma C.8 (Matrix product difference bound). Suppose that for some d > 0, the matrices
Ay, As, ..., AL and By, Bs, . . ., By, satisfy the following conditions:

1. Foreachl =1,..., L, the norms of the matrices are bounded as ||A;|| <1+ ay, ||Bi]| <
1+ by, where a;, b; > 0.

2. The product of the increments for each matrix is bounded by HZL:1 1+ max{a;, b} < C
for some constant C' > 0.

Under these conditions, it holds that
L L L
IJJA -] Bl <C> 1A - Bi.
=1 =1 =1

C.4 Solution of adjoint ODE
In this section, we define the partial derivative

(H t) a?rR((H f;) RDX(N+1)

without specifying its explicit formula. Denote the derivative of 7),(H, 1) to T,(H,t) (after vec-

torization) by the Jacobian J,(H,t) € RN+DPX(N+DD “and assume that .J p(H, t) exists for any
t € [0,1]. Then [58] shows that J,(H,t) satisfies the adjoint equation of the ODE.

olH8) = Iy (H 0 i {vecl | (T, (8,0, 8)0(5. 005} 1

for any ¢ € [0, 1]. By applying the chain rule and exchanging the order of the derivative and integral,
we have, for any ¢ € [0, 1], that

veelp, (H, )] aR(hE ) Ovec[T,

P p(H,1)]
8vec[ H,1)] 0vec[T,(H,t)]
OR(H;p) T dvec|T,(H,1)]
OT,(H,1)T" Ovec[T,(
= VeC[pp(H, 1)]TJP(H7 t)

= vec|
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Hence, by taking the derivative with respect to ¢, we obtain that
Vec[ﬁp(Ha t)]T = fvec[pp(H, t)]T A vvec[T]VeC[g(TP(Ha t)v ﬂ)]p(ﬁ7 t)dﬂ

with the solution

vec[p,(H, 7" = vec|p,(H, 1)]7 exp </t /BVVQC[T]VeC[g(Tp(H,s%ﬂ)]p(@s)dﬁds). (C.12)

On the other hand, we have

OR(H; p)
OT,(H, 1)

where Epeaq isa D x (N + 1) zero matrix except 1 at the (d + 1, N + 1)—th entry. Moreover, from

(C.12) and (C.13), we see that

vec[pp(H, t)}T = (Read[Tp(H7 1)]_y(H))eXp (/t /ﬁ Vvec[T]VeC[g(Tp(H’ S)? B)]p(ﬁv S)d6d3> DN+(1+171.
(C.14)

(H 1) = (Read[T/)(Ha 1)] - y(H))Eread> (C.13)

OR(H:0) for the discrete
0Te (H,t)
Transformer. By applying the chain rule multiple times across each layer with the encoder either f or

h,forany t = 0, At,..., (L — 1)At, 1, we have

Additionally, we could explicitly derive the formula for pe(H,t) =

vec[po(H. )] = (Read[Te (H, 1)] — y(H))

(Idimvec[T (At/Q - Z vvec[T VeC[f(T@ (H S) Os ])])

(s—t)/At+1€[(1-t)/At] Jj=1
JE[M]
H (Idunvec ) + (At/2)M -1 ZVVQC T]Vec[h(T@(H s+ At/2),ws ])]) }DN gl
(s—t)/At+1€[(1—t)/At] Jj=1 ol
JEM]
(C.15)
and
vec[po (H, t + At/2)] = (Read[Te (H, 1)] — y(H))
H (Idimvcc[T (At/2 ! Z vVCC[T vec[f(T@ (H S) 0 ,j)])
(s—t)/At+2€[(1—t)/At] j=1
JE[M]
H (IdlmveC[T] + (At/2)M 1ZVV6C T]Vec[h(T@(H s+ At/2), ws,g)])}DN P
(s—t)/At+1€[(1—t)/At] j=1 s
jE[M]
(C.16)

C.5 Explanation for assumptions made in Theorem 4.1]

The justification of the two assumptions outlined in Theorem [ warrants careful consideration.
While we provide only high-level justifications, they underpin significant aspects of our theoretical
framework.

For the first assumption, we argue that the regularization parameter A, which penalizes the magnitude
of the parameter norms, implicitly promotes solutions that are confined to a compact subset of the
parameter space. This rationale is conceptual and requires that regularization effectively constrains
the growth of the parameter norms, thereby localizing the solutions.

The second assumption concerns the separation property. It is naturally satisfied as long as the
origin Odime-+dime remains an interior point of supp(p(+,¢)). This condition is relatively mild and
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is generally satisfied. The challenge arises in verifying that supp(pu (-, t)) for the s component
extends to encompass the entire space K. While direct confirmation is elusive, it is suggested by
[23]] initially spans K, this expansive support property is maintained at any finite time. Thus, we
conjecture that the condition holds under these circumstances, providing a basis for this assumption.

D Proofs of main results in Section 3]

D.1 Proof of Theorem 3.1

This convergence is detailed in two parts. First, the finite time result, as stated in points (i)-(iii), utilizes
a concept in probability theory known as propagation of chaos [62] to examine how differences
evolve uniformly across a given time interval. In the context of our model, this involves comparing
how parameter particles evolve under discrete versus continuous dynamics.

Specifically, the approximation bound is derived using a third auxiliary dynamic, termed the "nonlinear
dynamics," by bounding the dynamic difference over the entire finite time interval. This process
involves applying the triangle inequality to each component and concluding with a Gronwall’s
inequality. Since the Transformer output can be bounded by the dynamic difference, we can then
bound the output difference at any specific time, along with the difference regarding different time
for the same dynamic. By applying a probability union bound on a dense set of L? points, we can
extend this to bound the maximal difference over any time interval.

Secondly, the weak convergence of the empirical distribution process leverages optimal transport
theory alongside abstract stability results for Wasserstein gradient flows [4]. This argument involves
detailed analysis of the discretization of particle distributions in space, particularly focusing on
obtaining the convergence of the sequence of momentum fields [4,|60] that could directly leads to
the result. To obtain the convergence of the momentum field sequence, we also need to bound the
parameter gradient difference between discrete and continuous Transformers as the mean-field limit.

Preparatory Step: Nonlinear dynamics

We first define some auxiliary quantities and differential equations that are useful for the proof. For

any gradient flow parameter setting ©(7) = { 5,(? }+,5, from its definition (2.7), we could rewrite the
dynamics as

BT =50 — /0 G(B7),0) t)ds (D.1)

for any gradient flow time 7 > 0, depth index ¢t = 0, At,..., (L — 1)At and width index j =
1,..., M. For simplicity, any mentioned constant only depends on N, D, 7, A and the parameters of
the assumptions, and we abbreviate the subscript t = 0, At, ..., (L —1)At, j=1,...,M by t,j
throughout the proof.

Inspired by the “propagation of chaos" idea [[62], we could define the “nonlinear dynamics" with the
same initialization setting ©(7) = {ﬂfg)}m, ie.

~§,Tj) = 5O _ N G(§§Z>,p(s),t)ds,
30) _ 5(0)
: _ﬁ ;
t,j t,J

(D.2)

for any ¢, j. Here, (p(s))szo is the solution to the Wasserstein gradient flow (3.5), of which the
uniqueness is implied by Proposition[3.2] Since (D.2) is just the particle flow of (3.5), its existence
and uniqueness are guaranteed by Proposition

Observing that {f3; ;}; ; are independent due to the dynamics only involving (p(*)),>o with i.i.d
initialization over py, we can consider {Bf:‘?}m as i.i.d. samples drawn from {p(*)}, ;. In addition,

from Propositions|3.2 and for any ¢, j we have max{|| 3 ;||, HB}J |} < R,, where R, is defined
as in these propositions and does not depend on M and L.

Preparatory Step: Bound the gradient difference regarding parameter settings

As the second preparatory step for the proof of Theorem we present the following three lemmas
that will be helpful:

23



Lemma D.1 (Continuous gradient difference bound). Suppose Assumptions |_-|_ hold. If we have
p,v € P? concentrated on P, for some v > 0, and f3, 3 such that max{|| 8|, || 8|} < r, then

|G(B.0.8) = G| < Co((exp(CaWi(p,v)) = 1+ (1+ ]| - BI)-

for any t € [0,1]. Here, the constant Cg only depends on N, D,r, and the parameters of the
assumptions.
Lemma D.2 (Discrete gradlent difference bound). Under Assumption|If3| for any

= {Bij}t/at+1e1n),jem) © = {Bt,j}t/AtJrle[L] jein such that max{|| By I, 1|Be; |1} < r for
anyt:07...,(L— 1)At, j =1,..., M. Then we have that

1G(5.0,1) ~ G(F,8,1)] < Ca 577(6,8) + (1 + N8~ 5.

forany B, € {B: 8| < r}andt=0,At,...,(L—1)At. Here, the constant C¢; only depends
on N, D, r and the parameters of the assumptions and d(©, ©) is defined as )", Zjbil Hﬁt,j — Bl
Lemma D.3 (Oracle gradient approximation with discretization). Under Assumptions|] suppose
that the parameter setting © is i.i.d. drawn from {p(B|t)}s/at+1e(1),je(n) for some p € P?

concentrated on P, and satisfies that fﬁ p(B,t)dB =1 forany t € [0, 1]. Then with probability at

least 1 — 4 exp(—0) with respect to the parameter initialization ©°), we have
0 +log(L+1)
M )
d +log(L +1)
M )

H@(ﬁ,@,t) - G(B,p, t)H <L 4

IG(B, b, t) — G(B,p )| S L™+

Hé(ﬁ7 @,t) - G(B?ﬁ7 t)H S.; L_l
forany B8 € {8 : ||B]] < r}, t =0,A¢t,...,(L —1)At,1 and any § > 0. Here, < hides the
dependencies on N, D, r and the parameters of the assumptions.
Proof of Theorem[3.1] Our proof consists of several steps outlined below:
Step I: Show the W continuity of parameter (sample) distributions

Our analysis commences with the bound for 0 < 57 < s9 < 7, we have

a0, 0 < oSS - s P ) S8 1606 00, P

t j=1 t j=1

where each particle at time s; is paired with its position at time so, leveraging the Jensen’s inequality.

Recalling the identity
dQ( Z Z s) (s) 112

t =1
shown in Proposition[D.T} it follows that

~ A
Wa(pe0), 52) < (s2 = 51)/2Q12(0) < S A2,

where the last inequality uses (D.30). Since 43 < 1+ A™', we see that Wa(p*1), p(=2)) <

C(1+\)(s2 — s1)/? for some constant C' dependent on the parameters listed in the result. Similarly,
we have

Wa(p (s1) p(SZ) <E Hﬂ s2) B(Sl

(s2—s1 / / /HGﬂ 1) H dBdtds < (s2—s1)Q(po) < (s2—s1)C(1+A

where 5(81) ~ pt*1)(B,t) is embedded with its future position at ﬂ(s2). The last step is feasible by
setting C' large enough, noticing that Q(po) < AA3/2. To summarize, we have

maX{WQ( (s1) p(82)) Wz(p(ﬁ p(sz )} < C(1+A)m (D.3)
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for some constant C' > 0 dependent on the parameters listed in the result.

Step II: Bound the difference between gradient flow dynamics and non-linear dynamics

Next, we aim to bound A(s) := sup,c[o 5 SUp; J||5(g ) t(s]l)|| for any s € [0,7]. Taking the
difference of (D.I)) and (D.2), we obtain that
1857 = BL7ll < / G(8L:).0,6) = G(B). p,1) | ds

s,

< [ et o0 - .89, as

+ [ 63890 - 63 .0
T 1 ~ ~ T ~ (s ~ s

<Co [ (574089 + (14 )8~ 5 )ds + [ GE.69.0) - G300 ds
0 ML 0

G(3).6¢)1) = G .o 0)|

(D.4)
where the final inequality stems from Lemma [D.2] employing a constant C; dependent on the
parameters listed in the result. By taking the supremacy over ¢,j in (D.4), and considering

Td(0¢),6)) < sup, J||B(T) (T.)|| for any s > 0, we derive

T 1 ~ ~
<Co / — (0, 8¢)) + (1+ )8 — 5| )ds + sup
(i )

s€[0,7]

G(3).6¢).1) ~ G 1)

sup| 87— 57| < Ca(2+)) / supl\ﬁ(s) B ds-+sup sup
t,j 0 t.j s€l0,7]

Further supremacy taken over s € [O7 7] yields:

A(r) < A(r) + Ca2 4 N) / " A(s)ds, (D.5)

where we define A(7) = sup, ; SUDse(0,7] G(B") 7,0 0 ¢) — (B;fj), P, t)H for simplicity of
notation. Apply the Gronwall’s inequality to (D.5)) yields

A(r) < exp (C(;(2 + )\)T)K(T). (D.6)

It remains to bound A(7) to bound A(7). It’s worth noting that by Lemmas and for any
s1,82 € [0,7] and ¢, j, we have

‘H@ N(S?),@(”),t)—G(E(S?) (s2) 4 H HG 5t LB 4 — G(ggf'l)7p(81)7t)H‘
<||G@E 80,0 - GEL, 60t H+HG (BP0, 0) = GBI o) 1)
<Ca(exp(CaWi(p©), p*))) — )+CA—d(@<Sl) 002)) + Ca(L+ N8 — BE2|
Sexp(CaCvsz —s1) = L+ (1+2) supnﬂ;‘” B

<V —s1 +supHﬁ(”) BED|

D.7)
for some constant Ca dependent on the parameters listed in the result. Moreover, for any ¢, j, we
have

S2 ~ - S2 . -
1B -3l < / IG(.89 1) < v — 51 / IG(A). 89 12 < (14X2) Ve — 51,
81 S1

D.8)

where the universal boundedness of ||G( Bt( j), 06 1) — s) ;|| can be readily derived from the third

result of Lemma|C.3 alongside Assumption [2(ii). Therefore we obtain

|G 80,0~ G o, )| - | GBE, 80,0 = G o0, 0)| S (14A+X2408) /o3 = 51
D.9)
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for any s1, 52 € [0, 7].

Define 7,, = n7/L? forn = 1,2, ..., L?. Leveraging Lemma and applying the union bound
over n € [L?] (updating the § in the lemma to § + 2log L), we obtain, with a probability of at least
1 — exp(—&) with respect to the parameter initialization ©(%):

0 +log L +log(L + 1)

sup i

se{Tn}ne[LQ]

G(B),60),1) = G, o || ST+ A+ 22+ AL+ \/

0 +log(L+1)

<p7!
Furthermore, leveraging (D.9), we deduce
sup sup CA;'(E,EQJ), 0L 1) — G(Bffj),p(s),t)‘ Ssup  sup ‘@(Bt(q]), 0L 1) — G(Et(fj),p(s),t)H
t,j s€l0,7] 6 s€{mn}, e[

+ sup (T4+ A+ A2 4+ 23 /s5 — 51

|s1—s2|<7/L2
0 +log(L+1)

Returning to (D.6), we establish that with a probability of at least 1 — exp(—d) with respect to the
parameter initialization ©(®),

SL+

) (s _ 0+ log(L+1
sup supl|B) — B = Ar) < L1 4/ 2HBIEAL),
s€l0,7] t,J
We denote the event where the above inequality holds as E, thus we have P(E;) > 1 — exp(—0).
Step III: Prove the finite time results

Now, we are poised to demonstrate the results in Theorem@that concern supremacy over s € [0, 7].
The verification of Lemmas|C.4/reveals the existence of a universal constant B, := Bexp(K (1 +
R, + R2)) such that

maX{HTp(‘f) (H7 t) ||27coly HT@(T) (Ha t) H270017 ||Té(7) (H7 t) ||27c01} < BT
forany H and t € [0, 1].
Utilizing Lemma and applying the union bound over n € [L?], we observe

~ _ 0+ log(L+1
wp T (1) ~ Ty (1) £ 170 4/ 2T 8EH D)
s€{Tn},ciL2)

Additionally, note that for any sy, s € [0, 7], we derive from Lemmas|C.2 and[C.5 that

[Teen (H,t) = Toen (H )| 7 = [ Teen (H, ) = Theeo (H, t)IIF’
<N Tgon) (H, 1) = Tg ey (H )| 7 + 1 Tyon (H, 8) = Tyon (H, 1) | 1

SSFPH@?) = BB+ Wi (pte)), ple2)
»J

2]
SVs2 — 81
where the last inequality is derived utilizing (D.3) and (D.8). Consequently, we have

sup || Ta (H,t) = Ty (H)|p S sup T (Hot) = Ty (H t)[p+  sup /52— s
s€[0,7] SG{T"}WE[LQ] |so—s1|<7/L?
0+ log(L+1)
M

(D.10)

SLH+

(D.11)
with probability at by 1 — exp(—4§). We denote the event where the above inequality holds as Es,

thus we have P(Ey) > 1 — exp(—4). Considering that { Bt(sj)}t ; could be regarded as i.i.d. samples
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drawn from {p(*) }+,j- employing a similar method with the concentration guarantee from Lemma
we can readily deduce the existence of an event F5 with P(E3) > 1 — exp(—4) such that, under
FE3, we have

0+log(L+1
w |37z EZII@ = [ f1oe easas 1o [PEEEED,

s€[0,7]
Now, let’s analyze the scenario under the probability event £1 N Eo N E5 with P(Ey N Ea N Es) >
1 — 3exp(—0). Lemma|C.5 demonstrates that

st]|Read[f@<s><H,t>] Read[T5.., (H, t)]|< up | T (H,t) — T, (H, )| F
s€(0,7 s€l0

(D.12)
S (s _ 6 +log(L +1

< sup sup|8(9 — B < Lt 4/ 2HBUEAL),

s€l0,7] t,J

This further implies, by (D.11)), that

S?p]|Rcad[f@(s)(H, t)] — Read[T ) (H, t))|

s€[0,T
< Sl[lp]IRead[T\@w(H’t)] Read|(Tg., (H,1)]|+ sup | To (H,t) = Ty (H, 1) (D.13)

s€(0,7 se(0 .
<[4 d+log(L+1)

M b

Since max{[|T, ) (H, t)||2—cos || Tot (H, t)||l2—cols | T5r (H,t)||2—cot} is universally bounded,
(D.13) immediately indicates that

S . ~ _ 6+ log(L +1
sup |R(®(‘))—R(p(‘))|,§ sup |Read[Tg (H,t)]—Read[T,) (H,1)]|S L y %,
s€[0,7] s€[0,7]

(D.14)
and

s€[0,7] s€[0,7] s€(0,7]

M
o [(0) = QIS sup [RE) = RGO+ sup 525 IFIE - [ [0 s, 0asan
t j=1

_ 0 +log(L+1)
<1 _—

(D.15)
Step IV: Prove the weakly convergence

For the remainder of the proof, we adopt a similar approach as in the proof of Theorem 2.6 in [16].
We denote p as pyy, g, for any given M and L. It’s essential to note that we treat pjy, r, as probability
measures in this step of the proof.

Recalling (D.3), for any s1, s3 € [0, 7], we have
Walphil s A7) < C(L+ NVsr =51

for some constant C' dependent on the parameters listed in the result. We observe that the family
of curves (s ﬁg\‘? )M, L is equicontinuous in W5 on [0, 7], uniformly in M, L. Additionally, the
family (pas.1) a1z lies within a T ball, thus weakly precompact. As the weak topology is weaker
than the topology induced by W5, according to the Arzela—Ascoli theorem, along any sequence
where L — oo and log L/ M — oo, we can identify a subsequence that converges weakly to a certain
process (1/(5))320 € P? x R, concentrated on Pg_ at all times. In the subsequent analysis, we solely
focus on this subsequence, still denoted as (pas,1) v, L-

For any ¢t € [0, 1], let’s define the sequence (E]I[ L), of momentum fields, which is a vector-

valued measure on [0, 7] x 2, denoted by Eps j, = G(,B, ML, t)p'*)(B8,t)ds. We also define
E = G(B7V(S 9 ) (S)(/Ba )dS
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Considering that both p,s ;, and v are concentrated on Pg_, we also have uniform convergence in
the Bounded Lipschitz metric. Hence, for any bounded and Lipschitz function ¢ : [0, 7] x RImS
RmB it holds

1p*) — v*|lBL — O
uniformly among s € [0, 7] along the sequence.

Note that

T 1 T 1
] e a@e )| <leln [ [ [ ]66.080.0 - c0.09.0]5
o Jo Jp 0 Jo Jp
T 1
+| / / / o+ (0 —v°)(B, t)dpdtds
o Jo Jg
" [ as e® (5)
Slilluns [ [ [ HG(ﬂ,@;},L,w—Gw,ﬁ@,L,wﬂf»<
T 1
Helwes [ [ [ 66590 - G,
0 0 B

+ sup |5 — L

55) (B, t)dBdtds

)(3,t)dBdtds

’ 55)(8, t)dBdtds

s€[0,7]
S s 100 et s 68,500 - 6500,
s€[0,7] s€[0,7],||BII<R~,
_ 6+ log(L+1 (s s
<pt g2 L 159 — e

M s€[0,7]

(D.16)
for some constant C'r; dependent on the parameters listed in the result and with probability at least
1 — exp(—4) with respect to the parameter initialization ©(°) for any § > 0. Here, the third inequality
of (D.16) utilizes the third result of Lemma|D.3] and the fourth inequality uses the second result of
Lemma [D.3| following a similar process in Step II to achieve supremacy over s € [0, 7].

From (D.16), we infer that ‘ N fol fﬂ ¢ d(Em,p — E)‘ — 0 almost surely along the sequence.
Hence, E)s,1, converges weakly to E almost surely along the sequence, and the particle gradient
flow for (7)), > almost surely satisfies on [0, 7] for any arbitrarily given 7 > 0. According to
the Fokker-Planck equation without noise involved [39], we conclude that (V(T))Tzo almost surely
satisfies (3.5). Consequently, the uniqueness stated in Proposition ensures that (1/(7))720 =
(p\™)) >0 almost surely. O

D.2 Proof of Proposition3.1]

Proof. Suppose that the Fréchet derivative &£ 5 R indeed exists, we establish

0Q oR
5p — (0, w,t) = 7

Therefore, it suffices to show that the Fréchet derivative of L with respect to p is
OR
5, B0 =B [T (o(T,(H.0).5) oy (1)) (D.17)

Denote p, = p + n(v — p). We provide the following lemma to bound 7}, (H,1) — T,(H,1) by
expanding the first-order derivative as follows

(0, w,t) + §(HGII§+ [w]]3)-

Lemma D.4 (First-order derivative of Transformer output). Under Assumption 2, for any H and
p,v € P? that have bounded supports, we have

vec[T), (H,1) = T,(H,1) —7)/ /exp / /Vvec[TveC T,(H )7ﬂ)}p(ﬁvs)d5))

~veclg(T,(H,t), B)](v — p)(B, t)dBdt + o(n),
(D.18)

where p,, == p +n(v — p).
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Given (D.18)), we observe from the solution of p, (C.13) and (C.14) that
(Read[T, (H, 1)] ~ y(H) | Read[T,,, (1) — T,(H, 1)
=vec[p,(H,1)] " vec[T}, (H,1) — T,(H,1)]

_77/ /vec pp(H,t)] " veclg(T,(H,t),3)](p — v)(B,t)dBdt + o(n) (D.19)

[ (o008, (8,0)) (0 = (3 )51+ o).

Hence, by applying to the risk function, we obtain

R(%%R(p):lEu[(Read[Tpr, D]~y ~ (Read(z, (1, 1)] ~ y(11)) |

2
[(Read[ (H,1)] — y(H ))Read[ (H, 1) — Tpn(H,l)]}
+ Read[T,(H, 1) — T, (H, 1JO(Read[T,, (H,1) — T,(H, 1))

<5R > +o(n)

=n{—,v— 0

n 5p’ P n)s

which indicates (D.17) and concludes the proof. O

D.3 Proof of well-posedness of Wasserstein gradient flow

Proof. Following a similar idea as Proposition 2.5 of [[16], we leverage the general theory of Wasser-
stein gradient flow developed in [4]. Define the functional family Q,-(p) as

o= {20 B =L

00 otherwise.

For any 7 > 0, let’s consider any admissible transport y € P**** concentrated on P,.. By definition,
both of its marginals, denoted by p; and p, are concentrated on P,. We define the transport cost for

v as
Co0) = ([l = sl (o, )7

for p > 1. Additionally, we denote the transport interpolation as p), := ((1 — &)p1 + ap2)#~. Our

proof consists of several steps outlined below.

Step I: Show that (.. is proper and continuous for 175 on its closed domain:

Note that the parameters r, D, N, A remain fixed throughout this proof step, so we hide the constant
dependencies on them. For any (3,t) € P,, we have Q,(65,)) = 5E,[(Read[H + Atg(H, 3)] —

y(H))? + 3|B8||> < occ. This indicates that Q. is proper. Moreover for any p,v € P? whose
bounded support belong to P,., Lemma [C.T ensures that

IT,(H,t) + T, (H, t)||r = O(1),
and Lemma|C.2 guarantees that
|To(H,t) = T,(H,t)||r = O(Wi(p,v)) = O(Wa(p,v))

for any H. Therefore, we have

R(v) - R(p) = %E [(Read (T, (12.1)) — y(11))* — (Read(T, (11,1)] — (1)) |
— . | (Read[T, (H, 1)] — y(H) )Read[T, (1) ~ T,,(H, 1)] (D.20)
+Read[Tp( ’ )_TV(H> )]O(Read[ V( ) )_TP(Hvl)])
— O(Wa(p,»).
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Furthermore, since both p and v have bounded support, ||3||? is Lipschitz continuous with respect to
(8,t). Therefore, by the Kantorovich-Rubinstein Theorem (see Theorem 5.10 of [68], for example),
we have

A

3 [18120 —wyasa] = 000, = 0oty ). (D21)
Combining (D.20) and (D.21), we obtain that Q(p) — Q(v) = O(Wa(p,v)). Therefore, Q, is
continuous for W5 on its closed domain.
Step II: Show that o — Q(p),)/C3 () is differentiable and has a Lipschitz continuous derivative

Let’s denote h(a) := Q,(p)). Lemma ensures that for any p € P? with bounded support
belonging to P,, we have bounded ||%(~7 )lF on P,. Therefore, Q,(p?) is differentiable with
respect to ¢, and the derivative reads

W =5 | g
/ fscj . (=810 + o )] |81 1) = (Basto) ) ((Br. 1), (B, 1) .

(D.22)
Then, it suffices to show that h’(«) is Lipschitz continuous. To accomplish this, we first propose the
following lemma for later use:

Lemma D.5 (Locally Lipschitz of p for the gradient). Under Assumptionsand forany p,v € P?
concentrated on P,, there exists some constant L, depending on v, N, D and parameters of the
assumptions such that

sup |[p,(H,t) — pu(H,t)||r < Lyllp — vz,
t€(0,1]

sup
(B,t)EP, 50

(B,t) =

(30| < Lellp = v

Returning to the lemma proof, for a1, as € [0, 1], by the triangle inequality we have |h'(aq) —
I (a2)|< Ji + Jo where

J1 1—‘ /d 5, 1 —a1)(B1,t1) + a1(52,t2)) [(517751) - (52,t2)}d’7((ﬂ17t1)7 (B2,t2))
-[ 5

3 p=p2

< sw 52 (6.0 ok (0] [ 10310 = Garto) (80,12, B 12)

<L:|lp%, = pd,ll1 - Ci(v)
<L CP(7)|on — ol
<L C3(7)|on — o

((1 —ay)(B1, 1) + al(ﬁz,b)) [(317??1) - (52,t2)}d’7((l317t1)7 (B2, t2))

(D.23)
by Lemmam D.5| The final inequality of (D.23) applies Holder’s inequality to obtain that CZ(v) <
C3 (). Furthermore,

J2 Z—‘/ 5p - p
/ f;g pmit, { {(1 —az)(B1,t1) + az(ﬂz,tz)} [(51,151) - (52,152)} dvy((B1,t1), (ﬁg,tg))}’
sup oQ

T (B.H)EP: 5/’ p=p2
<L, C3(y )|<11—<12|

{0 = a0 @Brt) + (B2, 12)] [(Br 1) = (B t2) | (B, 1), (B 12)) }

(57 t)

‘al - 0‘2‘ /H(ﬁlytl) — (Ba, t2) IPdy((B1,t1), (B2, t2))

(D.24)
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where L;. := supg 4

, &‘p:pgz (8,1)]] < oo from Lemma Combining (D.23) and

leads us to the result that h'(a)/C3(7y) is Lipschitz continuous.

Step I1I: Show the well-posedness of Wasserstein gradient flow at some finite time

We follow a similar approach to the proof of Proposition 2.5 in [16]]. Since h/(c) is A\, x C3(7)-
Lipschitz continuous with respect to « for some ), the well-posedness of the Wasserstein gradient
flow for @, with the velocity field constrained on P, is a corollary of Theorem 11.2.2 of [4].

Specifically, there exists a unique curve (pgT))TZO continuous in P? such that:

d (1)
L divs ()

where

vﬁT)(ﬁat) - {g(ﬁ’py)’th (Bat) € Pr»

otherwise.

for pgT)—a.e. Given the initialization py concentrated on Pp, for any r > R, the unique pgﬂ exhibits
a first exit time denoted as

7= inf{r > 0: p{"(P,) < 1}.

By defining this exit time for any 7 > r and 7 € [0, 7], we observe v, (7)(53,t) = G(8, pgf), t) and
ve(T) (B, 1) = (6,pT ,t). Due to uniqueness, we infer p@ = pff) on 7 € [0,7,]. Considering

py) as the solution to (3.5), we establish the existence and uniqueness of the Wasserstein gradient
flow for @ over [0, 7,].

Step IV: Show the well-posedness of Wasserstein gradient flow at all time

To establish the Wasserstein gradient flow’s definition for 7 > 0, it’s necessary to demonstrate that
lim,_, - 7 = oo. For any » > R, according to the energy identity in Theorem 11.2.1 of [4], on
[0,2,], we observe that 7 — Q(p(7)) is non-increasing. Specifically, this represents

dQ(p) _ [t [ /dQ
d/; - / / <* o
/ / G(B,p 1), divs(p 7 G(B, p(T),t))>dﬂdt (D.25)

- / / PGB, p7) 1) |2dBdt < 0,
0o Jg

diva(pG(B, 7, 1))

Therefore, for any 7 € [0, 7,.], utilizing Lemma|C.1, we have

Q) < QUon) =[5 (Rena (1.0} - u0) ] + 5 [ [ 151t 1050

AR?
[ || (H71)||27C01+B)2} + T
- (D.26)
2

g
syt
<E, [(ITp0 (H, I3 —cor + B?] +

2 \R?
<B? + B?exp (K(1+R—|—R2)) +
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Thus, we have fol fﬂ”ﬁ”?p(ﬂ(ﬁ,t) < 2Q(p) < R? + 71 (232 + 2B2%exp (K(l + R+
2
R2)> ) = AZ. According to Assumption (ii) and Lemma E, for any (3,t) € P,, we have

N+1

[o(8,6) = A8l = IG(5, 57, 1) - AB||<ZHW{ W(H, 1), 8). bpp (. ).
N+1
< sup [[Vag(Ty(H,0), 8):ll Y lop(H, 1),
1€[N+1] i=
SVNFT sup |[Vag(T,(H, £), 8)sall lpp (H, )]
1E[N+1]
VN F16p(IT,(H, 8)ll3-cot) 2 (H, D)l (1 + 1151
<Cr(1+8]):
(D.27)
where Crp = /N +1¢p(Bexp(K(1 + Ay + A32)))(B + Bexp(K(1 + Ay +

A?))) exp (ng(N, D,v/N +1KBexp(K (14 Ag+ A2))(1+ Ay + A%)). Applying (D.27) to the
gradient flow equation

g ) _
=B, 9 =5

r e ) - .
for 7 > 0, we obtain U571 — EUTBOTT < 10(7(8,6) — A|| < Cr(1+[|B)])). This
indicates

1871 < (18]l + 1) exp(Cr7) = 1 < (R +1) exp(Cr7) — 1 (D.28)

by the Gronwall’s inequality. Therefore, for any 7' > 0, p(*) is concentrated on P(R41) exp(CRT)—15
implying that for » > (R + 1) exp(CgT), we have 7,. > T. Hence, we conclude lim,_, o 7 = 00,
establishing the existence of a unique Wasserstein gradient flow from (3.5) over 7 > 0.

Eventually, we establish the three properties listed in Proposition for p(7). By (3.5), for any
t € 0,1], we have

/ﬁp“)(ﬁ, t)ds = /B P (8.6)d5 + /0 </ﬁdivﬁ(P(S)G(s) (8. 1))d3) ds

:1—|—/ 0-ds=1
0

indicated by the Divergence Theorem as p(*) has bounded support. Next, for any 7 > 0,
shows that p(™) is concentrated on Pr_. Moreover, (D.25) now holds for any 7 > 0, implying

fo J5lIBIIPp™)(8,t) < A forany 7 > 0. O

D.4 Proof of well-posedness of gradient flow

Proposition D.1 (Existence and uniqueness of gradient flow). Under Assumptions|1{3, for any
initialization of ©'°) i.i.d. drawn from {po(0,w|t)}s ;, there exists a unique solution (©7), > for
(2.7). Additionally, for any T > 0, we have

i. ©) has a bounded support, meaning sup, ](||9(7J 13 + ||w, j)H ) <

ii. iz S0 o (1017113 + w7 13) < 42
Here, R, and Ay are defined as in Proposition[3.2]

Proof. The local Lipschitz continuity established in Lemma [D.2] directly implies the continuity of
Gﬁ (ﬂt,], O, t) with respect to ©. Since { M L- Gg(ﬁm, O,1) }1/At+1€[1],je[m] Serves as the gradient

of Q( ), it follows that Q( ) is continuously differentiable, 1ndlcat1ng the local semiconvexity of
Q(O). Specifically, for any ©, there exists some x > 0 such that Q(©) + Ky, ZJM:1(||9tJ||§ +
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lwe ;113) is convex within a small neighborhood of ©. The existence and uniqueness of a gradient
flow over the maximal interval [0, Tynax] is @ standard result (see Section 2.1 of [61]).

For any 7 € [0, Tiax], it holds that

9 H dQ(®)
Q6 > G(e) — GO™) / ML ar
o= zt:; 5@3 =6 dp, e:@m)
T 1 M R )
= — Gs(B,” ,@(T 2dr
/ 7z 3 216857 0,01
(m) 2
(87,07, 0)]dr)".
) (D.29)

where the last inequality follows from Jensen’s inequality. (D.29) establishes that @ (©(M) is both
upper and lower bounded, and ©(7) exhibits a bounded curve length over any the time interval

[0, Tmax)- By compactness, if Ty,ax is finite, then ©(mmax) exists and thus must exist beyond Tiax,
which leads to contradiction. Therefore, 7,.x = 00, and the well-posedness of the gradient flow for
7 > 0 consequently follows. Additionally, (D.29) shows that for any 7 > 0,

M
7 S DBl < 2071 QO) £ 247 Q) <X, [ (Read oo (17, 1)) — (1) |

t =1

ZZII@,J I3

t j=1

SA’lEu[(\Ifw (H,1)||2—col + B)?] + R
<ATEL[(ITow (H, 1)[[3—co + B + R

<R? 4\ (232 +2B%exp (K(l YR+ RQ))2>
=A2

(D.30)

The last inequality of follows from Lemma thereby showing that 71~ >, Zj\il 18,5113 <
At forany T > 0.

As the final part of our proof, we demonstrate that the norm of any entry of © is bounded at any given
time 7 > 0. Note that

IG(8,07) 1) — A8

N+1

<> | Vo{ £To 1), 0).0 o (1), w{ hTo(H, t + A/2),w). |po(H,t + At/2)..]| /2
- N+1 N+1

< sup ([Vof(Ty(H,0),0).ill D Ipp(H.t)eill/2 4 IV uh(To(H ), w)eall D oo (Hot+ At/2).5]/2)
i€[N+1] i=1 1=1

<VNFT sup (Hvef<Tp<H7t>,e>:,i||pr(H,t)HF/Q

i€[N+1]
+[Vuwh(T,(H, t + At/2),w). 4] ||pp(H,t+At/2)IIF/2)

<VN + 1max{¢p ([T, (H, t)|l2-cor), o (| T, (H,t + At/2)[[2—co1) }
max{||p,(H,t)|| r, [[po(H;t + At/2)[[r}(1 +[|5]])

<Cr(1+BD),
(D.31)
Applying (D.31) to the gradient flow
dﬁt(ﬂ () o™
I =GB« L) ¢
dT ( t,7 ? )
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a7 (=GB, 1), |87|
dr B

for 7 > 0, we have L <GB, 00, 1) =AB|| < Cr(1+]|BT).

This indicates
1870 < (18] + ) exp(Crr) =1 < (R+ Dexp(Crr) ~ 1= R, (D32
O

D.5 Proof of Proposition

Before commencing the proof, we introduce two proxy Transformer procedures in addition to Te and
T,. The first proxy, denoted as T, involves moving the layers with the encoder  slightly forward by
At/2 in the depth index. This adjustment results in a discrete Transformer with only L layers, where
each layer has a step size of At and an encoder of (f + h)/2, represented by g. Specifically, T can
be written as

M M

To(H,t+ At) =To(H.t) + AtM Y ( F(To(H.1),005) + > h(To(H,1), wt,j))
j=1 j=1
" (D.33)
=To(H,t)+ AtM ™'Y " g(Te(H,1), ;).

Jj=1

The second proxy, denoted as fp, extends the width to infinity by letting M — oo, effectively
replacing the average with an integral:

T,(H,t + At) = T,(H,t) + At /B 9(T,(H,t), B)p(Bt)ds. (D.34)

We let all four Transformers share the same initial state T (H,0) = To(H,0) = T,(H,0) =
T,(H,0) = H.

We first present the following lemma, considering parameters i.i.d. drawn from some distribution
p € P? with bounded support:

Lemma D.6 (Oracle approximation of discretization). Under Assumptions|l and |2, suppose that
the parameter setting © is i.i.d. drawn from {p(0,w|t)}; ; for some p € P? concentrated on
{0, w) < |0]]> + ||lw||® < r*} x [0,1] and satisfies that [, . p(0,w,t)d(0,w) =1 foranyt € [0,1].

Then with probability at least 1 — exp(—03) with respect to the parameter initialization ©©), we have

~ _ 0 +log(L+1
(T (1) ~ T, ) < 174+ 2B Y,
forany H, t =0,At,..., (L —1)At, 1 and any 6 > 0. Here, < hides the dependencies on N, D, r

and the parameters of the assumptions.

Proof of Proposition[3.3] Since p € P27 has a bounded support for any p, there exists some p* €
P27 such that R(p*) = inf ,ep2.- R(p). According to Lemma D.6|, we can find a specific © such
that
log(L + 1))
M )

where C' depends on N, D, r, and the parameters of the assumptions. Moreover, from Lemma|D.6] we
ensure that each entry f3; ; of © satisfies |8 ;]| < r. Verification of Lemmas|C.1 and[C.4 on T, and
T'© respectively leads to their uniform boundedness, i.e., sup, T,(H,t) < 1 and sup, Te(H, t) < 1.
Therefore, we have

|R(©) — R(p*)|<E,[|Read[Te(H,1) — To(H,1)]|-|[Read[To(H, 1) + To(H,1)] + 2y(H)|]
SL_l n log(f\/;— 1)'

Here, < hides the dependencies on N, D, r and the parameters of the assumptions. The result then
follows.

1To (H,1) = Tpe (H, ) |r < (L7 +
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The proof for the energy functional ) (and @) follows a similar approach. There exists some
p* € P%" such that Q(p*) = inf jep2.- Q(p). From LemmasMand C.7, we can find a specific O

such that
1To(H,1) = Ty ()| < C(17 4 /251,
1 — 0,
vtz S0 S LalBesll® = [ S5 18120(8, )aBat|< € (L1 + (/250 ),

by setting C' large enough. Verification of Lemmas|C.1 and@on T, and IA“@ respectively leads to
their uniform boundedness. Hence, we have

2001011 1RO) -k S5 st [ [ 181t osans ciaen (1

t j=1
The result thus follows. O

E Proofs of main results in Section [4]

For simplicity, we assume that Assumption [ holds with (g, ) = (f, ). The proof for the case of
(g, ) = (h,w) is symmetric, involving a simple substitution of f with h and 6 with w.

E.1 Proofs of Theorem[d.1and Corollary 4.1]

Our proof of Theorem [.T|consists of three parts, each focusing on bounding differences related to
the energy functional @) or ().

The first step establishes the continuity of the functional gradient % | p..- This ensures that if the

derivative with respect to 3 for the functional gradient is constant over a region, then the functional
gradient remains constant within that region.

The second step provides the key bound for Q(po.), which is proportional to A. This involves a
detailed analysis of Qs landscape by bounding its derivatives.

After obtaining the bound for Q(po ), the final steps are to show that the finite-time risk can approach
this bound. Achieving a loss as small as € requires Q(p(T")) < ¢ for some sufficiently large 79. We
then apply Theoremn with constant dependency on Ty, to show that @ (70) becomes sufficiently
small. Since Q(p(7)) is non-increasing, Q(T) remains small for all 7 > 7.

Preparatory Step: Landscape analysis

First, the following lemma suggests that as long as the risk R(p) remains positive, a descent direction
for Q(p) can be constructed at any depth index, provided that A is sufficiently small. This implies
that by adjusting A, one can influence the gradient flow to effectively reduce Q(p).

Lemma E.1 (Landscape of Q(p)). Suppose that Assumptionshold. For any p € P? concentrated
on P, with some r > 0, any wy € RY™ and any t* € [0, 1] such that fﬁ p(B,t*) > 1/2, there

exists a v € P(RY™P) such that
i. forany 8 € supp(v), we have 1/B,. < ||8|| < B,
ii. forany (01,02, w), we have 05 € K and w = wy.

f,B Bp B7t* ( ( )*P(5|t*))d5§C1/\—CQR(p)

Here, B,.,C1, Cy are constants that depends on N, d,r and the parameters of the assumptions.
Given the t* and wy specified in the theorem, Lemma [E.1|indicates that there exists some

S P((-Bdile (0, BROO )/Bdim(91 (07 1/BRQO)) x K x {’w()})
such that fﬁ 5 Q| (B, t* )( 8) — poo(5|t*)>dﬂ < CiA — C2R(p), where Bg__, Cy, Cs are con-

stants dependent on IV, d, R, and the parameters of the assumptions.
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In addition, for any p € P2, we define the following two functional derivatives:
5Qf _ T 2
5y (0w0) =B [Te([£(T,(H,0.0)] po(H.0) | + N0]3

09 (9. w,t) = E,, [Tr([h(T,,(H, t),w)} Tpp(H, t))} A w2

op
It is obvious that % = (% + %)/2.

Proof of Theorem Step I: Show that % |p.. (B,t) is continuous with respect to (53, t)

In Step I of the proof of Lemma we establish that p,, € P?, with a bounded support Pr__,
implies p,,__ (H,t) is Cp-Lipschitz continuous, where C), is a constant dependent solely on N, D, R,
and the parameters in our assumptions.

Next, we would like to show that ‘;—g (B,t) is continuous with respect to (3,t) € R4V x [0, 1].
p

Let’s focus on the region (3,t) € P, for any r > R, so that p, is also concentrated on P,. It’s
noteworthy that for any bounded support (8,t) € P,., Lemma and Assumption E (i) ensure
the universal boundedness of g(7,(H,t),3), and Lemma@ ensures the universal boundedness of
pp(H,t) for any H € supp(yu), with the constants depending solely on N, D, r, and the parameters
of the assumptions.

Combining the Lipschitz continuity of p,_ (H,t) and T,  (H,t) with respect to (H,t), as shown in

Proposition [C.2] along with the Lipschitz continuity of g(T', 3) with respect to (T, 3) when ||T|  is

universally bounded (as guaranteed by Assumption |2 (ii) and (iii)), and their universal boundedness,
T

v (H, 1), 6)} Ppo. (H, t)) is Cg-Lipschitz continuous for ||-||2 with respect

to (8,t) € P. for some constant C¢ that depends only on N, D,r and the parameters of the
assumptions. Since the Lipschitz constant C¢ is independent of the choice of H, we see that

we derive that Tr( [g(T

e
Tr( [g(Tpm (H,t), B)} Ppoo (H, t)) is uniformly continuous across all H € supp(u) with respect
to (8,t) € P,. Consequently, we have that

6015~ B, [1x( [T, (H.0).5)] o (1.0))] + 1513

is continuous with respect to (3,t) € P,. Since the choice of r is arbitrary, we conclude that
%Mm (B,t) is continuous with respect to (3,t) € RUA x [0,1].

Step II: Show that Q(po.) < A with further landscape analysis

In the first part of the proof, we will adopt a similar approach to Theorem 3.9 of [47] to demonstrate
that the stationary point of the Wasserstein gradient flow, denoted po, satisfies Q(po) S A It’s
worth noting that in [47], the authors assume A = 0 and conclude R(ps) = Q(poo) = 0, but this
claim relies on assuming the global existence of the Wasserstein gradient flow rather than proving it
directly.

Based on the pivotal findings from [53] regarding the stationary points in the Wasserstein space, we
infer that the stationary point p, of the Wasserstein gradient flow (3.3), i.e.

dp(B,t) . 6Q
dT = leﬁ (pVQ%),

must satisfy Vg % |p..= 0 almost everywhere over supp(p..). This further indicates that
Vﬁ%bx (01,02, w,t*) = 0 almost everywhere over supp(poo(-,t*)). The fact p(-,t*) is a con-
nected set, coupled with the continuity of the Frechét differential ‘2—8 | .. With respect to 3, implies

that, %h}w (01,02, w,t*) = C for some constant C over (3,t*) € supp(p(-,t*)).

Given the separation assumption on the support of p (-, t*), we ensure that for any (0,6s) €
(Baimo (0, Br.)/Baino, (0,1/Br..)) x K. there exists ¢ € R, 1/RocBr.. < |e|< RooBi.
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such that (¢, 02, wo,t*) € supp(ps). Combined with Assumption E (i), which implies the 1-
homogeneity of f(T,6;,0s) with respect to 61, we have

1 ]
& (c@l,ﬂg,wo,t*) = C& (017027w07t*) + (|C|—1))\”01”2
)
P lpes op Poo (E.1)
@ (001,0271110,15*) = (SC)J (017027w07t*)'
5p Poo 5p Poo

Hence, given that Vg ‘;—% |pee (5 ") = 0 almost everywhere over supp(poo (-, t*)), it also holds that

5Q . 0Q - o "
V(ehez,w)fp pw(91,927wo,t ) z(V(ehez,w)Tpf pm(91792,w0,t )+V(91192,w)ﬁ pm(91792,w0at ))/2
le[-1
:( — c )\917 0dim927 Ow)v
which implies
]
V(91,92,w)% (91792>w0at*) < (RgoBRoo + ROO))\ (E-2)
poo

Given the condition that ||(cfy, 02, wo,t*) — (61,02, w0,t*)|| < R2 Bg., and recalling that
%bw (01,02, w,t*) = C across (8,t*) € supp(p(+,t*)), (E.2) further indicates that

oQ
op

(61, 69, wo, t*) — C‘ < (R.B%_+ R3.Bp.)\. (E.3)

poo

for any (61, 65) € (Bdimgl (0, Br..)/Badime, (0,1/Brg__ )) x IC. Hence, by Lemma E.1|we have

A= o) = [ 521 (8.00)(0) - pre(6l)) a5

B 0p Poo
(8.4 = C) (1(B) = p (It ) 4B

LGl

> [ (RLBh 4 BLBR A (v3) + (8117 ) a5

>2(RY, By + R2. Br. )\

C1+2(R:, Bh_+R2 Br.,
Cy

(E.4)

Therefore, we have R(poo) < ))\, and

C1 +2(R% B}, + R Bg..)
Cy

1
Qo) < Blpw) + [ [ 131005, g < ( PR B5)

which completes the first part of our proof.
Step III: Bound the difference between Q(p(™)) and Q(p.,) when 7 is large

Proposition 3.2]establishes that the second moment for p(™) is uniformly bounded across all 7 > 0:

1
/O /ﬂ 181267 (8, t)dBdt < A2,

where Ay is defined as in Proposition[3.2] Therefore, the weak convergence of probability measures
(pt™) )r>0 is equivalent to the convergence in the Wasserstein-2 distance, i.e.

lim Wa(p(™, pso) = 0. (E.6)
T—r00

When 7 is sufficiently large, p{7) concentrates on Py__ . Therefore, according to Lemma @, there
exists a constant Cjy depending solely on N, D, R, and the parameters of the assumptions that

| T (H,t) — Tpr (H, 1) || r < CoWa(p'™), poo) (E.7)
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for any H and ¢t € [0, 1] when T is sufficiently large. Note that Lemma[(Z shows that
max{|| T, (H, 1) |2—cot, | T (H, t)l|2-cot} < Bexp(K (1 + R + R3,)) =t Br
for any H and ¢t € [0, 1]. Thus, from (E.7), we have

1
Q(pe) = QA< 3B, | [Read (| Ty (H, )|+ Ty (H. )] [+2ly (B[ Ty (H. 1) = Ty (H, 1)
AT 20, _ ")
5 1R~ 00366, asar
<(Br + B)CoWa2(p'", poo) + gRooWI(p(T)7poo)

A
S((BT + B)CO + §ROO>W2(p(T)7pOO)7

(E.8)
where the second inequality incorporates the Kantorovich-Rubinstein Theorem (see Theorem 5.10
of [68]], for example) and the 2R -Lipschitz continuity of ||3]|? over the region (8,t) € Pg.__.
Combining equations (E.6) and (E.8), we deduce that for any € > 0, there exists some 79 > 0 such

that [Q(poo) — Q(p(™))[< €.
Step IV: Complete the proof by bounding the difference between @(9(7)) and Q(p™)) when 7
is large

The final step can be seen as a direct corollary of the approximation result in Theorem[3.T. According
to Theorem @, there exists a constant C; dependent on N, D, 7y, A, and the parameters specified in
the assumptions, such that

0 +log(L + 1))
M

with probability at least 1 — 3 exp(—4) with respect to the parameter initialization ©(°) for any § > 0.
Combining the outcomes from the preceding steps, we obtain

QO™ = Q™)< &y (L7 +

_ 1 1
QO™) < e+ y (L7 + %@H) + O (E.9)
Note that
d X, dQ(e) dQ(e) 1 v ™
2 HeM) — ML - Gs(B), 0 1|2 <o,
dTQ( ) Z;JZ; dBrj le=em dpt,; e:@<r>> ML Zt:jz:;H 2B =

so the sequence (@(9(7)))720 is non-decreasing. Hence, for any 7 > g,

d+log(L+1)
M

which completes the proof, recalling that C'y depends only on N, D, 7y, A and the parameters of the
assumptions, and C, depends only on N, D, R, and the parameters of the assumptions.

ROM) < QO7) <QO™) < et Cr (L7 + )+ Cax,

O

Proof of Corollary[.1} Given the choice of A By Theorem[4.1} there exists some 7 > 0 such that

0+ log(L+1)

sup ﬁ(@(ﬂ) <e/24 Cy (Lfl + %

T2>To

) + GO

§ +log(L + 1))
i .
The result holds by setting L and M /log L sufficiently large to ensure that

cl(L*1+ 5+10§(4L+1))<C1(L1+\/2(1+5)]1\(;g(L+1))<6/4.

<(1/4+CoCr)e+ G (L7 +
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F Proofs of auxiliary results

F.1 Proof of Lemma[D.1]

Proof. Lemma [C.1|confirms that || T,(H, t)||2—col and || T, (H,t)|2—cor are bounded uniformly by
Br = Bexp(K(1+ r + r?)). Considering the definition (C.2), it suffices to demonstrate that

H]Eu [VﬁTr(g(Tp(H, 1), 8)Tp,(H, t)) - VgTr(g(TV(H, 1), 8) p(H, t))} H < Ty + o,
where

Jp = HEM [VBTr((g(Tl,(H, t), B) — g(T,(H,t), 8)) p, (H, t))} H <18 - B,

Jo = HEM {VﬁTr(g(Tp(H,t),B)T(py(Hyt)_pp(Hat)))” S exp(CeWi(p,v)) = 1.

Here, the symbol < hides dependencies on N, D, r, and the parameters of the assumptions. To bound
J1, consider that

N+1
N < swp B [o(Tu(H.0),B).i = 9(T,(H.0),8). (H.1).i]
1€[N+1] i=
SVNFT swp By |o(T(H:0) B)s = 9Tl H.0). ). I (H. D)
! N (E.1)
S swp B, |g(T(H,0). B).0 — (T, (H,). 8).4]| |

1€[N+1]
<¢pr(r, Br)|T,(H,t) = T,(H,1)||l2-co + ¢»P(r, Br)|5 = 5]
SWilp,v) + 118 =B
The third inequality in Equation (F.1) is derived from Lemma|C.3, while the fourth inequality relies

on Assumption 3| (i) and (iii). Lastly, bounding ||T,,(H,t) — T,,(H,t)|l2—co1 by W1(p, V) is achieved
with Lemma [C.2

On the other hand, to bound J5, we have

T VN AT sup Bl g(T,(H.0),8).illlpo (H,0) = po(H.0)]

i€[N+1]
<VN + 1[(T,(H, 1), B)ll2—corllpv (H, 1) — pp(H, t) ||
S”pv(Hvt) _pp(Hat)”F'

(F2)

In (F2), the third inequality relies on Assumption |Z (i). Consequently, to establish Jy <
exp(CeWi(p,v)) — 1, it is adequate to demonstrate that ||p, (H,t) — p,(H,t)|rp < I + I» S
Wi (p,v), where

1
I :‘Rea‘d[Tp(Hv 1) - TV(Hv 1)“ €xXp /t /B vvec[T}VeC[g(Tu(Hv 5)7 B)}p(ﬁv S)dﬁds)

Iz =|Read[T,(H, 1)] — y(H)

B

From Lemma [C.2| it is trivial that |Read[T,(H,1) — T, (H,1)]|< || T,(H,1) — T,(H,1)||r <
Wi(p,v). Thus, Iy < Wi(p,v) given the boundedness of || Vecrvec[g(T), (H, t), B)]| as provided
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in Assumption [2](iii). To bound I, we have

exp / /VVCCT]VeC T,(H,s), ﬂ)]p(ﬁ,s)db’ds —exp /I/VVCC[T]VQC[Q(TV(H, s)ﬁ)]p(ﬂ,s)dﬁds)

S exp / /vvcc[T]VeC[g( ( )ﬂ)] ﬁ7 dﬁds_/ /chc ]vec (H S) ﬁ)]p(@s)dﬁds) _Idimvcc[T]

<exp / J IS crvecla(T (.9 9) = Frccrvecla(T, (1,51 )] (6, 33ds) ~1

Sexp (671 (N, D, Br.n)|g(T,(H,). 8) — (T, (H,0), 8) ) — 1

Sexp (Coorr(N, D, Br,1)ér(N, D, VN +1Br)(1+ 7 +1*)Wi(p,v)) - 1
(E3)
for some constant C;. dependent on the parameters listed in the result setting. Here, the first inequality
in (E3) stems from |Read[T,(H,1)] — y(H)|< Br + B, the second inequality is ensured by
the boundedness of ||V yeqj7) vec[ (T, (H,t),p)]| as stated in Assumption |2 (iii), and the fourth
inequality is provided by Assumption [3/(iv). The last inequality in (E.3) arises from Assumption[Z
(iii) and Lemma[C.2] By combining Equation (F.3) with the bounds of .J; and I3, we deduce that

Ji 4 Ja < exp(CeWi(p,v)) — 1 + |3 — B| for some constant C¢; dependent on the parameters
listed in the result, thereby completing the proof. O

F.2 Proof of Lemmal[D.2]

Proof. Lemmal%demonstrates that || T (H, t)|2—co1 and HJA“@)(H, t)||2—co1 are bounded by Br =
Bexp(K(1+ A+ A?)) for any H and t € [0, 1]. We begin by bounding

~ o~ 1 . - T T
1G(5,0,6) — G(8,6,0) | ={ 3B, [VoTr (1 (To(H,1),0) — f(To(H,£),0)) Bo(H,t+ At/2)]
“E, [ngrf(Aé(H, £),0)7 (ﬁ@(H, t+ At)2) — g (H,t+ At/z))} r
%Eﬂ [var(h(f@(H, t+ At/2),w) — h(Ts(H,t + At/2), w))T;b‘@(H, t)] !
1 N TNT
ZE, [varh(Té(H,HAt/2),w)T(§@(H, t) — pg(H, t))} } .

To demonstrate that |G(3,0,t) — G(3,0,1)|| < Ca1ipd(O, ©), it suffices to show

N . T
Jr = B, [VoTe(f(To(H,1),0) - (To(H,1),0)) Po(H.t+At/2)|| < Corrr d(@ 9),

(F4)

and

Jo = HIE Vo f(Tg(H,1),0)7 (Bo(H,t + At/2) —ﬁé(H7t+At/2))}H < ccmd(e 0),
(F.5)

as the other part for & and w follows a similar proof approach.

To bound J1, by Assumption |§| (i) we have

N+1
72 3 B[ Vof ToH.0.0). = S(To(H.0). 00| 1o (. t-+ At/2).]
N+1
<E,| sw |Vos(To(H,1),0).; - f(To(H,1), o S ipotat. a2 il
1E[N+1] (F6)

<¢1(r, Br)|To(H, t) = Tg(H,1)|2—caVN ||pe(H,f+ At/2)||F
Sér(r, Br)VN +1|[pe(H, t + A?5/2)||F 74(6, C)

<_—
NMLd(@ 0),
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where the fourth inequality utilizes Lemma [C.5 and the last inequality uses Lemma|[C.6.
To bound J, by Assumption |Z| (ii), we have

Jy <VN T 1E { sup Hf (T (H,t),0).

1€[N+1]

po(H. t + At/2) — P (H,t + At/2) ]
(F7)
—VN +14(B [|p@ (H,t+ At/2) — ~(H,t+At/2)HF]

Hence, it suffices to show that ||[pe (H,t + At/2) — pg(H,t + At/2)|Fr S 517d(O, ) to establish

< +-d(O, G) ). Recalling the formula pe in (C.16), we have ||pe (H,t 4+ At/2) — pg(H,t +
At/? ﬁ\/p < Il + I, where

I, =(Read[Te(H,1) — Ts(H, 1)]
M

H (Idimvec[T (At/2 ! Z vveC[T]VeC[f(T@ (H S) 05 J)])
(s—t)/At42€[(1-t)/Ad] =1
JE[M]

11 (Fatemvectry + (At/2)M NS Vveclh(To(Hos + At/2), ws)) }

(s—t)/At+1€[(1—t)/AL] j=1 DN
JEM]
<7
MLd(@ @)
H H (Idlmvec[T] + (At/Q ! Z vvec[T vec[f(T@ (H 8) 96 ])])
(s—t)/At+2€[(1—t)/At] Jj=1
jE[M]
M
H (Idimvec[T (At/Q ! Z vvec[T vec[h(T@ (H s+ At/2) Ws j)]) H
(s—t)/At+1€[(1-t)/At] Jj=1
Je[M]
—d(6,0)
M A~
exp ((At/2) Z M_lz HVVCC[T]VeC[f(T@(H78)7957j):|“
(s—t)/At+1e[(1—t)/At] j=1
M A~
+(AL/2) 3 MY || Vaeepryvecth(To(H, £),w,)]||)
(s—t)/At+1€[(1—t)/At] j=1
1 ~
SM—d(O, ®)exp (r(N, D, VN + TKBr)(1 + 7 +12))
1
<
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and
I, =[Read [T (H,1)] + y(H)|

H (Idimvec[T (At/Q -t Z VveC[T]VeC[f(,‘T@ (H 3) ¢ ’,j)])
(s—t)/At+2€[(1—t)/At] Jj=1
JE[M]
M
H (Idimvec[T (At/Q - Z vvec[T vec[h(T@ (H s+ At/2) Ws J)])
(s—t)/At+1€[(1—t)/At] Jj=1
Je[M]
H (Idimvec[T (At/2 ! Z vvec[T VGC[f(T\é (H7 t)? as,j)})
(s—t)/At+2€[(1—t)/At] Jj=1
jeM]
M N
H (Idimvec[T (Aﬁ/2 -t Z vvec[T VGC[h(Té (H? t+ A/2)7 ﬁ;S;J)]) }
DN+d+1,:
(s—t)/At+1€[(1—t)/At] j=1
JEM]
S(B + BT)
M o~ o~ ~
- exp ((At/Q) Z M_l Z maX{HVVeC[T]VeC[f(T@ (H7 5)7 037_7)] veC[T]VeC[f(Té (Ha t)7 057])]}H
(s—t)/At+1€[(1—t)/At] j=1
M R ~
+(At/2) 3 MY ma{ | Vyeegyveel(To (H, 6), w, )| | Fvecryvecln(Ts (H, 1), @)1} )
(s—t)/At+1€[(1—t)/At] j=1
- (At)2) 3 ( -1 va[T vec|f (To(H, s),0 -1 ZVWC[T vec|f(T5(H, 1), 0 )]
(s—t)/At+1€[(1—t)/At] j=1
JEM]

M M
+ | M Veemveelh(To (H, 1), wy )] = MY Vyeeryveclh(Ts (H, 1), @, ;)] )

j=1 j=1

<(B + Br)exp (¢T(N,D,\/N+ lKBT)(1+r+r2)>¢Tp(N,D, VN T 1By, r )MLd(G) )
Smd@ o).

where the first inequality applies Lemma[C.8, and the second inequality relies on Assumption 2] (iii)
and Assumption(ii). Therefore, we conclude that Iy < ﬁd(@, ©). By combining the bounds of
I, and I, we observe that Equation (E.5) holds, thereby establishing |G(3, ©,t) — G(5,0,t)|| <
C’G L d(@ @) for some C dependent on N, d, r, and the parameters of the assumptions.

It remains to prove that |G(8, ©,t) — G(B,©,t)|| < Ca(1 + N)||3 — B||. Note that

+{%]E# [VgTr<f(f(:)(H, 1),0) — f(T(H, 1), 5))Tﬁ@(H,t n At/2)} .

%E# [var(h(:Fé(H, t+ At)2),w) — h(Ts(H,t + At/2), {E))Tﬁ@(H, t)] T}T.

Therefore, we only need to show that

~ ~ ~\ T ~
B [VTe(£(T(H.0,0) - £(To(.0.9)) Fo(tt,t-+ at/2)] | < Calo -7,

and

~ —~ T
B (VT (s 1,0, )~ W(Tg (.0 ) ol 0)] | < Collw ~ .
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to obtain ||G(83,0,t) — G(3,0,t)|| < Ca(1+ A)||B — B|. Here, we only establish the inequality
above for f and 6, as the proof of the other inequality follows a similar pattern. Note that by
Assumption [3] (iii), we have

< sup IEM[
i€[N+1]

R —~ ~N\ T
E, [vm(f(Té(hn 1),0) — f(Ts(H, t),G)) Po(H,t+ At/z)} H

‘ve (/(To(H,0),0) = F(To(H,1),0))

| VN Tlpo(H,t + At/2)| r

<¢pp(r,Br)||0 — 0|V N +1|po(H,t + At/2)||
<SNe — 9.

where the last inequality applies Lemma Therefore, we conclude that ||@(6,(:),t) —
G(8,0,t)|| < Ca(1+ N)||8 — B, completing the proof. O

F.3 Proof of Lemma|[D.3]

Proof. Lemmas [C.1] and [C.4 establish that max | T,(H, t)]ls—col, [ To(H,t)|la—col < Br =
Bexp(K(14r+1r?)). According to Lemma@, there exists an event E with P(F) > 1 — exp(—9)
such that under F/, we have

§ +log(L+1)
M
for any H and t = 0,At,...,(L — 1)At, 1. Following the same proof procedure as in Lemma

with p replaced by p, and bounding only J; and J5 in the proof (as there is no need to utilize
Hoeffding’s inequality to bridge the difference due to a finite width M), we could obtain the bound

| Te(H,t) — T,(H,t)|p S L' + . (E8)

1T (H,t) — T5(H,t)||p S L7 (F.9)

We present the proof only for the case involving p. The bounding of ||G(3, ©,t)—G(S, p, t)|| r can be
derived analogously by substituting p with p using Equation (F.9), and skipping the process of bound-
ing || D1 — Da|| where D; and D5 will be defined later. The bounding of ||G(8, p,t) — G(5, p, t)||
can be straightforwardly achieved by combining the results obtained from the other two cases.

By the definitions of the gradients in Equations (C.2) and (C.3), we observe that
H@(Bv 9, t) - G(ﬂ, j2 t)H 5 Héf(aa @7 t) - Gf(aa |2 t)H + Hah(wv 6, t) - Gh(wa P t)H We will
focus on showing that H2(§Jc(97 0,t) — Gs(0,p, t))H SL+ %@H), as the other part of
the proof follows a similar approach.

Let’s define the following quantities Ay, Az, By, By, C1, Co:

Ay :=Vyvec|f(To(H,1),0)], Ay := Vovec[f(T,(H,t),0)]

By :=Read[Te(H,1) — y(H)], B, := Read[T,(H,1) — y(H)]
M

Cq ::{ H (Idimvec[T] + (At/Q)M_l Z Vvec[T]VeC[f(T@(Hv S)a GSJ)])
(s—t)/At+2€[(1—t)/At] Jj=1
JEIM]
M R
( Liimvee(r) + (At/2)M ™Y " Veerpvech(To (H, s + At/2), ws,j)]) }DN e
(s—t)/At+1e[(1—t) /Al i=1 Fd+l
JjE[M

]
Cs :=exp ( /tl /ﬂ Vecryveelg(T,(H. 1), 5)]p(6,t)dﬂdt)

DN+d+1,:

The universal boundedness of || A; || and || Az || is implied by Assumption 2 (ii), while the universal
boundedness of |B;| and |Bz| is implied by Assumption |1. Additionally, ||C4]| and ||Cs]|| can be
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bounded via Assumption [2(iii), and one can refer to the proofs of Lemmas|C.3and [C.6 for detailed
explanations.

From (C.14) and (C.16), we could rewrite J := HQ(@f(& 0,t) — Gs(0,p, t))H as

J = ||A1B,Cy — A3 ByCol| <||(Ay — A2)ByCa|| + || A1(By — By)Cal| + || A1 B1(Ch — C)|
<A1 = Ao ||| Ba|l[|Cal| + [[ A1 ||| By — B2|[|Cal| + [|AL|[[| B1][|C1 — Ca|
SIAL = Aol + || By — Ba| 4 [|C1 — C||.

We claim that to obtain the result, it suffices to show that

i A = A SL7M+ \/@under event E.
ii. ||[By—Ba|| SL7'+ \/@under event F.

iii. There exists some event Ey with P(E;) > 1 — exp(—4) such that |[C; — Co|| < L7 +

\/@ under E N Es.

This is because if we can establish the above statements, then under the event ENEs with P(ENEs) >
1 —2exp(—4), we obtain J = HQ((A?f(G, 0,t) — G5 (6, p, t))H S L4y %(LH). Given the

similarity in proof for HZ(@h (w,0,t) — Gp(w, p,t))||, we deduce that with probability at least

1 —4 exp(—0) with respect to the parameter initialization ©(*), we have H@(B, 0,t) — G(B, p,t) H <
L=t +4/ %. The remainder of the proof focuses on bounding the quantities in statements
(i)-(ii).

Proof for statement (i): By Assumption [3 (iv), we have [A; — Af <
¢rr(N, D,/N + 1Bp, )| To(H,t) — T,(H,t)|p < L' + /528 LED ynder event
L.

Proof for statement (ii): Under event E, it is obvious to see | B; — Bs|| < ||To (H, t) —T,(H,t)||r S
- d+log(L+1)
L'+ 7,

44



Proof for statement (iii): We further define the following quantities

Dy = H (Idimvec[T (At/2 -1 Z vvec[T]VeC[f(T@(H 5) 0 )})
(s—t)/At+2€[(1—t)/At] Jj=1
JE[M]
H (Idimvec[T (At/2 -t Z vvec[T]VeC[h‘(T@ (H s+ At/Q) ws,])])
(s—t)/At+1€[(1—t)/At] J=1
JeM]
D= TI (Tawetr + (8072) [ Frecl s (Fo (. 5). 01 (315)d5)

(s—t)/At+2€[(1—t)/ At]

(Idimvec[T] + (At/2) / vveC[T]VeC[h(f@) (Ha 5+ At/2), w)]p(,6’|5)dﬂ)
(s—t)/At+1e[(1—t)/Ad] B

D3 =exp ( Z (At/Q) A vvec[T]VeC[f(j:’@(H7 8)7 0)]/)(67 S)dﬁ

(s—t)/At+2€[(1—t)/ At]

£ ) [ Guveln(To(H, s+ A/2) wlp(3,943)

(s—t)/At+1€[(1—t)/At]

py=en( [ | el T, (5.0, o3, )5t )

Note that [|Cy — Cs|| < [|[D1 — Da|| + || D2 — D3] + || D3 — Dy||. Assumption 2] iii) indicates that
forany s = 0,At,...,(L—1)Aandj =1,..., M, we have
max{||Vyecrvee[f(Te (H, s), 05 )|, | Vvecryveclh(Te (H, s + At/2),w, ;)]||} < By

for some constant B; dependent on the parameters listed in the result. This implies that
each column of VVEC[T]veC[f(ZA“@(H, s),6s )] or VveC[T]vec[h(fe(H, s + At/2),w, ;)] has Iy
norm upper bounded by Bj; as well. Applying Hoeffding’s inequality to each column of
VVGC[T]Vec[f(f@(H, s),0s;)] and VveC[T}vec[h(f@(H, s + At/2),ws ;)], and subsequently cal-
culating the union bound across all columns yields:

M
P([M 32 Fuwrvecd (o 01, 5). 00, — [ Tcirvect To(H, 2,0, )lo(Bls)d5 | = /(N5 1)D2)

j=1
52
<2(N+1)D exp(f@M)
(F.10)
and
M
IP’( IZVVBC[T vec|h(To (H, t), ws ;)] /VVEC[T vec|h(To (H, t), ws ;)|p(Bls)dB|| > \/(N—i-l)Dz)
j=1
52
(E11)

for any z > 0. For (F.10) and (F.11), we further the consider the union bound across all
s=0,At,...,(L—1)A, and let z = B;\/2M (6 + log(2(N + 1)DL)), which implies that with
probability at least 1 — exp(—d) with respect to the parameter initialization 0, we have

”M lzvvecT]VeC[f(T@(H 5) SJ /vvecT]VeC[f<T®(H 5) sJ)i (B| )dﬁ”
j=1
and
M

1M Veerryveeli(To (H, 1), ws ;)] /Vvec ryveclh(Te (H, 1), ws,;)]p(Bls)dB]|
Jj=1
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bounded by Bj+/2M(N +1)D(5 +log(2(N +1)DL)) < CJ\/%([LH) for any s =

0,At,...,(L — 1)A. Here, C} is some constant that only depends on N, D,r and the parame-
ters of the assumptions. Denote this probability event by Fs, and we have P(Fy) > 1 — exp(—9).
Under E5, by LemmalC.8, we have

D1 — Da|
1 M . .
<o z M Voeaqryveel f(To (H, 5),0,,5)] - /B Veerryveclf (To(H, 5), 0)]p(8, 5)d8

2L (s—t)/At+2€[(1—t)/At] Jj=1

M

T 3 MY Voeeryveelh(To (H, s), ws ;)] — / Veeeiyveelh(Te (H, s + At/2),w)]p(B, s)df )
(s—t)/At+1€[(1—t)/At] J=1 o

0+ log(L+1)
<Cj/———=.
- M
(E12)

For any s = 0, At, ..., (L — 1)A, we define
As,j = (At/2) / VveC[T]VeC[f(f@(H7 5)7 9)]p(ﬁ|8)dﬂ
B

and
B., = (At/2) / Vearveelh(To (H, s + At/2), w))o(8]s)d5.
B
Since Assumption(iii) indicates that max{|| A ;|, | Bs ;||} < At = L™, we have
llexp(As;) = I = Asjll S 1A%, llexp(Bs) — I = Bajll < 11Bsll*.
Applying Lemma [C.8 once more, we have
|D2 — Ds]| < > 14,517 + > IBosl> SL7Y (R13)
(s—t)/At4+2€[(1—t)/At] (s—t)/At+1€[(1—t)/At]
Since Assumption [2](iii) ensures the boundedness of || D,||, we have

D5 — Daf) <l exp ( 3 (8/2) [ yeryvecf (To(H.5),6)p(5, 5145
(s—t)/ At+2€[(1—t)/ At] B

+ > (At/2) / Veeerrveelh(Te (H, s + At/2),w)]p(B, s)dB
(s—t)/At+1€[(1—t)/At] B
1
- / / vvec[T]VeC[g(Tp(H? t)a ﬂ)]p(ﬁa t)dﬁdt) - 1H
t JB
(F.14)
Therefore, to show that | D3 — Dy|| S L1 + 4/ %, it suffices to show that

Jat = > (8/2) [ yuryvecf (To(H.5),0)p(5.5)45
(s—t)/At+2€[(1—t)/At] B

" > (A2 [ Gumeclh(To(H,s + At/2),w)p(5,5)d5
(s—t)/At+1e[(1-t)/Ad] B

0 +log(L+1)

1

— [ [ Fueeveclam, 1.0 9ot 5] < £+ el
t JB

By Assumption 3] (iv) and Lemma[D.6] we have

0 +log(L+1)

vaeC[T]VeC[f(T\@(Hv 5)7 9)] - vvec[T]Vec[f(T’p(I_Ia 8)7 9)]” 5 HT\@(H7 s)_TP(H’ S)HF S L_1+ M s
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and

|V ecirivecln(To (H, s + At/2),w)] = Vyeeizyvech(T,(H, ), w)] | S 1 To(H, s + At/2) = T,(H, 3)l|r
Sl Te(H,s + At/2) = To(H, 5)| ¢ + |Te (H, s) = T,(H,s)|

M

_ 0 +log(L+1) _ _ =
<Ly T+L Yim 1;h(T@(H,3)aws,j)HF
<71 5+10g—(L+1)

M )

where the last inequality employs Assumption [2](i). Therefore, we conclude that

0+1
1Ds = Dall 5 Jos L7 TEEEEE 18472 [ T ryvecl 0,8,0), 01006, 003

3 (At/2) /ﬁ etz veel (T, (H, ), 0)]p(8, 5)dp

(s—t)/At+1€[(1—t)/At]

+ 3 (At/2) /B Vseczyveelh(Ty(H, $)(H, 5),w)]p(8, 5)df

(s—t)/At+1€[(1—t)/At]
1
B / / Vecryveelg(T,(H. ), ﬂ)]p(ﬁ,t)dﬂdt”
t B

_ 6+ log(L +1
L+ # +  sup||Vyeerryveclg(T,(H, 51), 8)] — Vieerjveelg(Tp(H, s2), B)]|

\51732|§At

0+ log(L+1)

SL_I + M + sup HTP(Hﬂ s1) _TP(H7 SQ)HF
[s1—s2| <At
B 5 +log(L +1)
<rt —

(F.15)
where the third inequality uses Assumption [3 (iv), and the last inequality relies on the Lipschitz
continuity as demonstrated in Proposition Combining (F.12), (F13), and (E.13) yields ||C} —

Cs|l < |IDy — Da|| + | Dz — D3|l + ||D3 — Daf| S L~F 4 1/ 2Ho8EAD O
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F.4 Proof of Lemmal[D.4]

Proof. Define F,(T5,t) = fﬁ veclg(T5(H,t), 8)]p(B,t)dpB for any p,p € P2 From Taylor’s
expansion, we have

vec(T),, (H,t) — T,(H,t)] = F,(T,,.t) — F)(T,,t) + F, (T, . t) — Fp(T,, 1)
= ( J, Fretrrvecla(T, (8.1). 8)o(5. )43 (veelTy, (1) ~ T, (1))
| vecla(T,, (H.1), )00~ 0)(3,148+ o)
= ( [, Vuetrvecla(Ty (8,1). 9)o(5. )d5) (veelTy, (H.1) ~ Ty ,1)
o [ vecla(Ty(H.0). 9w = p)(3,1)d5
+( /6 Veeeiryveclg(T,(H, 1), B (v = p) (8, )48 ) (vee[T,, (H.1) = T,(H.)]) + o(n)
= ( f, Feetrrvecla(T, (8.1). 8)o(5.)43) (veclTy, (.1) ~ T, 1)

o /ﬁ veelg(T,(H, 1), B)](v — p)(B,)dB + o(),

of which the last equality holds as Lemma shows that ||T), (H,t) — T,(H,t)||r =
O(Wa(py,p)) = O(n), where we hide the constant dependence on B, K, N,r. Therefore, we
have

Heo(-[ | Fuecmvecla (T, 51, £)o(6,343)) (seclty, (H.0) ~ 7,04, 1))

:eXp(* /OT/vvec[T VeC[g(Tp(H75)75)},0(575)615))

ey, (H.0) = 1,1, 0) = (| FuirivelatTy (5.0 )l (3,1)45) (seclT, (H.0) = T, (1,0
—ew (- [ | Tt Ty (. 5). 8)o(s. s)dm) {n [ veclotr,.0) 9]0 - p)(B};tl):B +ol)},
which leads to (D.18). o E)]

F.5 Proof of Lemma|[D.5

Proof. Fix (3,t) € P,. Lemma|C.2/implies that

Ipp(H, 1) =pu (H, 1)l = [Read(T,(H, 1) —Read(T, (H, 1)|< C: Wi (p,v) < Cr(r+1)[[p—vlly

for some constant C,. dependent on the parameters listed in the result. Our goal is to regulate the
difference between p,(H,t) and p, (H,t) to control the the propagation of ||p,(H,-) — p.(H,-)|.

48



Note that by (C.14) and Assumption[2]
G g (H.0) — pu(H. O <1y (H.1) ~ 5, (H.1) |
:Hvec[pP(Hvt)]T/ﬂVvec[T]Vec[g(TP(Hvt)’ﬁ)]p(ﬂat)dﬁ
= veclp (] [ Vieryveclg(T(H.6) 9)w(5. )45
B
SHPP(H?t) pu(Hat)||FA ||Vvec[T]VeC[g(Tp(Hat)7ﬂ)]||p(ﬂvt)dﬂ
+||pl,(H, t)F/B vaec[T]VeC[g(Tu(H7 t)vﬁ)]” (p - V)(ﬁat)dﬁ
<Loa(lpp (1) = po(H |5 [ (5.0d5+ I (H. D) el 8) = v(- D))
B

<L (|Ipo(H, ) = pu(H. D) £ /ﬁ p(BB + Lrallo(-1) = v(- 1)1 )

F.17)
where

L1 = ¢r(N,D,V/N + 1Bexp(K(1 + 7+ 7)) (1 + 7+ 72

and
Lys = (B+Bexp(K(1+r+72))) exp (¢T(N, D,vN+1KB exp(K(1+r+r2))(1+r+r2)).
The third inequality of (F.I7) uses Lemmal|C.T to obtain

T, (H, )| < VN + 1T, (H,t)|2—cot < VN + 1B exp(K(1 + 1 + %))

and
1T, (H, )| < VN 1T (H, ) a—cor < VN + 1Bexp(K (147 +12))

with Assumption |Z(iii) to bound the norm of the Jacobian matrix with L, ;. The last inequality of
F.17) employs Lemma@to bound ||p, (H,t)|| with L, 2. Applying the Gronwall’s inequality to
F.17), we obtain

1 1
Ipo(Ht) = pu(H,8)[|p <Cr(r + 1) exp(Lra)llp — v + / Ly1Lr2exp(Ly, / /ﬁp(ﬂ,t)dﬂdS)llp(nt) —v(t)[adt
0 t

1
<Cp(r+ 1) exp(Lr)llp = VL + Lra Lo eXp(Lr,l)/ lp(5t) = v ()|l dt
0

=(Cr + Lr,lLT,2) eXp(Lnl))”p — v
(F.18)
Since

1 1
/0 10() — v, )]t = / /5 1p(8.) — (B, )|dBdt = [lp — v

Thus, we complete the proof of the first result.

By Lemma|[C.3] under Assumption[I] we have

Ipp(H, 8| < Ly.s := (B+B exp(K (14+r+72))) exp ((;ST(N, D,VN+1KB exp(K(1+T+r2))(1+r+r2)).
In addition, by Lemma|[C.T, under Assumption 2] (i) we have

lg(T, (), )| & < VN + 1|g(Ty (H, ), B)l2—cor < Ly i= K Bexp(K (14r-+12)) (14r+17).
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Therefore, for the gradient functlon by Lemma@ we have

S| (1) = 52| (8.0 =ELT(G(T,(H.0.8)Tpy (H.1)) = Tlo(Tu(.0) ) (1T, 0)
< Ellg(T,(H,1),8) — (T (I, ), )| llp, (1)
FE (T (H.2).8) | I, (H.) — pu(H. )] ]
< L7 3]EILH|g( (H t) B) (TV(H7 t)aﬂ)HF] + LT,4(CT + Lr,lLr,Q)”p - V”l

< VN + 1L, 3E,[[|9(T,(H, 1), B) — g(T,.(H, 1), B)|l2—col] + Lra(Cr + L1 Ly 2)|lp — v
(F.19)
Hence, it suffices to show that for any H such that HH||2 col < B, we have | g(T,(H,t),3) —
g(T,(H,t), B8)|l2—cot < Ly 5||p — |1 for some L, 5 > 0 in order to obtain the second result of this
lemma. By Assumption [2](iii), we see that

lg(T,(H,t),8) — g(T,(H,t), B)|l2—cot <¢7(N, D, max{||T,(H,t)||r, |T,(H,t)|r})(1+r+r*)|T,(H,t) — T,(H,t)|2
<¢r(N,D,vV/N +1KBexp(K(1 47 +r))(1 + 7+ r*)C. W1 (p,v)
<¢7r(N,D,/N +1KBexp(K(1+ 7 +r))A +r+r)Cr(1 +1)|p — V|1,
(E20)

where the second inequality again uses Lemma (C.2). Combining (F.19) and [F.20] completes the
proof of the second result. O

F.6 Proof of Lemma|[D.6

Proof. Denote the empirical distribution of T and Tp by

M
p= e SN 0Bt 5= B0,

t j=1 t

respectively.  It’s straightforward to verify that p and p meet the conditions outlined in
Lemma and T, = Te and T; = T, Hence, Lemmas E and @ indicate that
max{[|Te (H,t)|l2—col; 1Te(H,t)|2—cols [ Tp(H,t)|l2—co1} < Bexp(K (1 + 17+ TQ)) for any H
and t € [0, 1]. We then define Br := Bexp(K(1+r + r?)).

The following decomposition equation holds:

1 Te(H, )=T,(H, t)llr < ||To(H,t) — To(H,t)|r + | To(H,t) — T,(H,t)|lr + |T,(H,t) = T,(H,t)| r,

J1 JQ J3
(F.21)
Our proof will bound J7, Jo and J3, possibly in a probabilistic manner, to obtain the desired result.

Bounding J;: Note that according to Assumption [2|(i),

M
|To(H.t) + (At/2)M ">~ f(To(H,1),615)||2—co

j=1
M
<\ To(H. ) ot + (A/2)M Y| f (Te (H, 1), 0:5) o-co

=1
M
< To (H, 1) la—cor + (KAL/2)M > " | To (H, )| a—cor(1 + 16051l + [161,51)
J=1
<Br(1 + (KAt/2)(1 41 +7?))

<Br(1+4 (K/2)(1 417 +1%)
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Denote Br (1 + (K/2)(1 + r 4+ 72)) by Br. Combining the two equations in (2.4) gives us
To(H,t + At) = MLPy, | 0 o, (Attngt ot (To(H, 1), At/2), At/2)

—Attng, , o o (To(H, 1), At/2) + (At/2)M 12 (Atmg,l, 00t (To(H, 1), At)2), wm)
j=1
M M

=To(H.,t) + (At/2)M Y f(To(H,1),01;) + (At/2) M1 h(f@(H, t)

HAY2M LS f(To(H, 1),01,5), ;)

(F.22)
Then, from the formula of ( E.22) and Assumption(iii), we see that forany t = 0, At, ..., (L—1)A,

<[ To (H,1) = To (H, ) 1 (1 + (At/2)M 1Z¢>TNDx/7 Br)(1+ [+ 110:.41%))

+(At/2)M 1Z¢T (N, D, VN +1Br)(1 + [[we ]| + [[we1I*)
J=1
M

|To(H.t) + (At/2)M ™Y " f(To(H,1),6:5) — To(H, )||»

j=1
M
<NTo(H.1) ~ To(H. 1) (1 + MM 3" 6r(N. DVN T 1Br)(1+ 18] + 16:51%))

j=1

+VN + 1Bp(KAt/2)(1 + 1+ 1) (At/2)M 1Z¢T N,D,V'N +1Br)(1 + [lwe| + [[we,;]1?)

j=1
<[ To (H,1) = To(H, )| (1 + Atgr(N, D, VN + 1Br)(1 + 7 +1?))

+v/N 4+ 1¢7(N, D,/N + 1B7)Br(KAt? /4)(1 + r + r%)?

Therefore, applying (F.23), we deduce that for any ¢t = 0, At, ..., (L — 1)At, 1, we have:
)exp((bT(Na Da mBT)(l +r+ 7”2))

(F.24)

(F.23)

ClL_l

Hf9<H7 t)_T@(Ha t>H27col S \% N + 1BT(KAt2/4)(1+7"+7‘2

where C1 := /N + 1BrK(1 +r + 72) exp(¢7 (N, D,v/N + 1Br)(1 +r +1r?)) /4.
Bounding Jy: For any ¢ = 0,At,....(L — 1)A,i € [N + 1], € [M], we have
lg(Te(H,t),B:;).ill < Br. Hence, by the Hoeffding’s inequality, for any z > 0 we have
M 2
_ ~ - z
P(IM1 Y 9(Te(H, 1), Bry).i - /ﬂ 9(Te(H, 1), Br).ap(BI)AB] = 2) < 2exp(~ 555 M).
=1 r
By the union bound overi € [N +1]andt = 0,At,...,(L — 1)A, the above inequality implies
2

P(supl| 31 LS T (0,6 /ﬁ 9(To(H 1), B )p(BIdBll2 cor > 2) < 2AN+1)Lexp(— 5 M).
T

1
= (F.25)
We let 2 = Br+/2M ~1(§ + log((N + 1)L)). Then, (E25) turns into
M
P(supl| M~ 'Y 9(Te(H. 1), Bry)— /ﬁg(Te(H, t), Be.g)p(BIt)dBl|2-cor > Br/2M~1(8 +log((N + 1)L)) < exp(—4).
1
~ (F.26)
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Denote the event such that

M
supl| MY (T (H. 1), Br5)- /ﬂ 9(To(H, 1), B0)p(B1)dB12—cor < Bry/2M1(5 + Tog((N + D)L))

j=1

by Ej5. (F26) directly indicates P(E5) > 1 — exp(—9).

Suppose that the high probability event Es occurs. Let’s denote Br+/2M ~1(5 + log((N + 1)L))
by B; for brevity. From Assumption(iii), it follows that for any t = 0, At, ..., (L — 1)A,

|1 To(H, t + At) = T,(H,t + At)||p <[[To(H, 1) = Tp(H,t)||r

M
FAHMS g(To(H, ), uy) — /ﬂ o(To(H. 1), B1.5)p(BIt)dB] ¢

j=1
N /ﬁ (9(To(H. 1), Br;) — g(To(H. 1), Br))p(B1E)dB]
<||Te(H,t) — T,(H,t)||r + Atv/N + 1Bs+
LA /ﬁ lo(To(H. 1), Be) — g(Fo(H. 1), Be.) | pp(Blt)d

<|[Te(H,t) — T,(H,t)|r(1 + Atér(N, D, VN + 1Br)(1+ 7 + 1))
+Atv N + 1B;s.

Repeatedly applying Equation (F.27) yields

(F27)

| < VN + 1B;
P = 6r(N,D,vN + 1Br)(1 + + 12)
=Co\/M~1(6 +log((N + 1)L)).

T (H,t) — To(H,1)] exp(¢7(N, D, VN + 1Br)(1 + 1 +12))

(F.28)
for some constant C'y > 0 dependent on the parameters listed in the result.

Bounding J3: It’s worth noting that the convergence proof with a convergence rate of O(At) =

O(1) for fp(H ,t), the first-order Euler method for T,(H, t), is non-standard. This departure from

. . .. dPT,(H,t
convention arises because we do not assume the boundedness of the second-order derivative #

instead relying on the continuity of p(-, ¢) with respect to the depth index ¢. In this proof, O(-) hides
dependencies on N, D, r, and the parameters of the assumptions.

From the definition of Tp and T},, we have

T (H,t+ At) = Tp(H, t + At)| g <||T,(H, 1) = T,(H, 1)

T, (H t+ At) — T,(H, t) — At /B o(T,(H. 1), B)p(BIt)dB | »

I

A /ﬁ (9(T,(H,1), 8) — (To(H, 1), B)p(Blt)dB] .

Iz

(F.29)

52



To bound I;, we use (3.1) to get

t+At
L<| / / )o(Bls)dBds — At / o(T,(H, 1), B)p(Blt)dB||
<ot sw [ g / p(Bls)dp — / )o(Bl1)dB]
<at s | / B) — g(T,(H. 1), 8))p(Bls)dBl|
€[t t+AtL] (F30)
AL sup | / 8)(p(Bls) — p(BI))dB|
SE[t,t+AL]
sup / \9(T,(H, 5), 8) — g(T,(H, 1), B)|| rp(Bls)dB
Elt,t+AL]
LA sup | / 8)(o(Bls) — p(B1E))dBll
SE[t, t+AL]

Given that Propositionestablishes the Lipschitz continuity of T,,(H, t) with respect to ¢ under
the condition that p € P has a bounded support, we can conclude:

[SUP lg(T,(H,s),B) — g(T,(H,t),B)||lr < Cs1|t — s|< C3 1At (F.31)
sE[t,t+A

for some constant C'3 ; > 0 dependent on the parameters listed in the result. Furthermore, Lemma
[C.1 and Proposition @ demonstrate that g(T),(H,t), 3) is both bounded and Lipschitz continuous
with respect to 8. Thus, we have

sup H/ B)(p(Bls) — p(Blt))dB|lFr =  sup ||/ B)(p(B,s) — p(B,t))dB| r
€[t t+AtL] sE[t,t+A¢]
< sup  Csallp(s8) = p(-t)|BL
s€lt,t+AL]
<C320,At

(F.32)
for some constant C's 5 > 0 dependent on the parameters listed in the result. Substituting (F.31) and
F.32) into (F30), we find that there exists a constant C; 5 dependent on the parameters listed in the

result such that I; < C’375At2.
Additionally, Assumption |Z| (iii) implies that

I S/ﬁllg(Tp(H, t),8) = g(T,(H,t), B) || rp(Blt)dS
§¢T(N7Da VN + ]-BT)(I +r+ TQ)HTP(Hv t>76) - CZ~—‘P(‘E[7t)7ﬁ)”F

Therefore, by bounding I; + I, we obtain the following inequality

(E.33)

T, (H t+A0), 8) =T, (H, 1+ A1), f)|[ < Cs s A+ (14Cs 6 AD)|| T, (H. 1), B) =T, (H. 1), B) | .
(F.34)
which implies, after being used multiple times, that

(1+ CyeAt)LTt —1

< CO3L7t F.35
Cg’GAt =3 ( )

T, (H,t),8) — T,(H,t),8)||r < Cs5At?

forany t = 0, At,...,(L — 1)At, 1 and some constant C'3 dependent on the parameters listed in the
result. Combining (F.24), (F.28), and (F.35) yields the desired result. O

F.7 Proof of Lemma[E.T

Proof. Let [i(t) be the measure induced by T,(H,t) with H ~ p, and fi be fi(t*). By verifying
Lemma we establish that |T,(H,t)||2—cot < Br := Bexp(K (1 + r + r?)) for any H and
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t € [0, 1]. Consequently, supp(f(t)) C {T : [|T||2—co1 < Br} for any ¢ € [0, 1]. The remainder of
the proof involves four steps:

Step I: Show that p,(H, t) is Lipschitz continuous with respect to (H, )

In the proof of this proposition, when referring to the Lipschitz continuity of a function, we imply its
Lipschitz continuity for H within the support of ;. Recall that we have shown in Lemma|[C.3|that
pp(H, ) is universally bounded and Lipschitz continuous for [|-|| 7 and any ¢ € [0, 1].

From the formula of p,, in (C.14), for any H, H'’, we have

lpp(H,t) — po(H', t)|| r = ||vec[p,(H, t)] — vec[p,(H', t)]|
xp ( /t /BvveC[T]VeC[g(Tp(Hv5)75)},0(5,s)d6ds)

Iz

< [Read[T,,(H, 1) — T,(H",1)] — (y(H) — y(H"))|

Iy

+|Read[T,(H',1)] — y(H')|

I3
v ([ Futrecla(ry 1,805, 30505) —exp ([ [ Fuela(Ty (11,50 3ot sva5a5)

Iy

(F.36)
From Proposition|C.1, we observe that p,(H,t) is Lipschitz continuous. Since y(-) is K,-Lipschitz
continuous, as given in Assumption [4 (iii), we obtain that I; < |[H — H'||p. Moreover, from
Assumptionand LemmalC.1] we see that I3 is universally bounded. Therefore, to show that p,(H, )
is Lipschitz continuous for [[|| 7, it suffices to demonstrate that [y < 1and Iy < [|H — H' || .

From Assumption [2] (iii), we have
1
I, <exp (/ / HVvec[T]Vec[g(Tp(H, s),ﬁ)]” (B, s)dﬁds) < exp (QST(N, D,vN + 1BT)(]-+T'—|—7"2))~
t JB
Thus, dividing 14 by the uniformly bounded part 5, we obtain

I, <

1
exp (/t /ﬁvvecm (Vec[g(Tp(H'vs)vﬂﬂ - Vvec[T]VeC[g(Tp(Hv8)75)})p(678)dﬁds) — Tivvec|T]

<o ([ 1 /ﬁ [ Vveetn (veelg (T, (', 5), )] = Vaeeqryvecla(T, (5, 5), 8)]) || (8, 5)dpds) — 1

<exp (orr(N, D,VN +1Br,7) sup [ T,(H, ) = T,(H',t)|r ) = 1,
te[0,1]
(F.37)
where the final inequality holds by Assumption 3] (iv).

By the Lipschitz continuity of 7,(H,t) for |||z as stated in Proposition we have
supyepo,llTp(H,t) — Tp(H',t)||r < |[H — H'||r. Hence, utilizing the universal boundedness
of the last equation in (F.37), we derive Iy < |H — H'|| .

Considering all assertions regarding I, I5, Is and 14, we conclude that pp(H, t) is Cp-Lipschitz
continuous with respect to H for some constant C',, dependent on the parameters listed in the result that
is sufficiently large. The Lipschitz continuity of p,(H, t) with respect to ¢ could be easily derived from
the boundedness of the Jacobian matrix, as asserted in Assumption [2{(iii). Moreover, since p,(H,t)
is universally bounded shown in Lernma we conclude that p,(H, t) is Lipschitz continuous with
respect to (H, t) for some universal Lipschitz constant C}, dependent on the parameters listed in the
result that is sufficiently large.

Step II: Prepare bounds related to p, for later use

(C.14) implies that p, solves the adjoint equation

vec[p,(H, " = —vecp,(H, t)]T/ﬁVveC[T]Vec[g(Tp(H,t),ﬁ)]p(ﬁ,t)dﬁ (F.38)
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with

Hé:mmwwamxﬂxHJLﬁMMﬁij\s;u+w%/m¢Tuwzxxnv+1BTX1+r+r%::Ch

implied by Assumption 2] (iii). Therefore, the Gronwall’s inequality directly indicates that

E,llp,(H,t)||F > exp(—2Cot)E,||p,(H,1)||% > exp(—2Co)E,[|Read[T},(H, 1)] — y(H)|*] > 2exp(—2Co)R(p),
E,.llp,(H,t)||F < exp(2Cot)E,,||p,(H, 1)||3 < exp(2Co)E,.[|[Read[T,(H,1)] — y(H)|*] < 2exp(2Co)R(p),
forany t € [0, 1].

Step III: Construct the descent direction v

By the well-posedness of the ODE solution to (3.1) as shown in Proposition [C.T} the solution map
T,(H,") is invertible. Hence, for any p € P2, there exists a continuous inverse map 7, ' such
that T; ' (T,,(H,t)) = H for any H and t € [0, 1]. Let’s define the following function F(T) to
approximate

— _ % % h T, wo

PT) = ~p (T2 (). + [ o, pyair)as - 2L,
The function F(T), arising from the composition of p,(-,¢) and T}."(-), exhibits continuity over
T' € supp(f1) owing to the continuous nature of p,(-,?) and T,-*(-). Therefore, AssumptionE (i)
could be applied to . Since f(-,0) is a universal kernel constrained on 6 € RAmO 5 | [52]], and
F(T) is continuous with respect to T, there exists a sequence {(cg, 0%)} x>0 C (R x RImOr x jO)N
such that

F(T) — f: e f(T,0%) <e¢/3 (F.39)
k=1

given some ¢ > 0 and any T such that ||T||s_coi < Br. Notably, since f(T,0% 05) =

—f(T, —6%,0%), we could assume without loss of generality that ¢* > 0 for any k. Furthermore,
there exists a constant k. such that

< 2¢/3. (F.40)

max

We define C(e) := Zz;l cy, and v(B) € P (RYmB) as the probability distribution such that, given
B ~ v and for any k > 0, 3 has probability c¥/C(e) of being (2C(€)0%,64,0). Then, (F40)
transforms into

ke
F(T) =Y erf(T,6%)
k=1

< 2¢/3, (F41)

max

‘Fuﬁ—égGﬁWWMB

where

FT) == (T (1),47) + [ oT. B)o(i)a3
From (E41), we claim that there exists some R(e) such that
« 7({B: 1/R() < 18] < Re)}) = 172

) Hf\lﬁH>R(e) (T, B)v(B)dp < /3.

max

We are now in the position to define the descent direction v. By defining v € P(RY™5) as the
measure obtained by truncating any part outside 1/R(¢) < ||8|| < R(e) from 7, and scaling the
measure function by 1/0({8: 1/R(e) < ||5]| < R(e)}) < 2, we can establish that

’Fﬂﬁ—ég@ﬁﬁ@ﬂﬂ <e (F42)

for any 7" such that ||T'||2—co1 < Br. A straightforward deduction from (F.42) is that for any T" such
that | T||2—co1 < Br, we have |[F(T) — fB g(T, B)v(B)dB| r < ey/(N + 1)D. It is clear that v has
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a bounded support as {3 : 1/R(e) < ||8|| < R(e)}. We will determine the value of e later, ensuring
it based only on N, D, r, and the parameters of the assumptions.

Step IV: Upper bound fﬁ f;—cp?(ﬁ, t*) (V(ﬁ) — p(ﬁ\t*))dﬁ to complete the proof

Utilizing the gradient definition in (3.4) and fB 9(T, B)p(BIt*)dB = F(T) + p,(T=*(T),t*), we
obtain

0Q 4 - :
BRI CORVCOILE

=E, /ﬁ T [g(T,(H, 1), ), (H, )] (v(8) — o51) ) a5 + 5 /B 1812 (v(8) = p(8It") ) 48

BT [o(7, ) (506) — p(B1t) o (T (1), )] + 2 (R(0) +7)

=B Tr [ (F(T) - /5 g(T, ﬁ)y(ﬁ)dﬁ)Tpp(Ttil(T),t*)]
J1
—Ermi Tt [pp (T (1), ) Ty (T21(T), )] +

Ja

A
S(R(e) +7)

For p € P2 concentrated on P,, we observe

R(p) < 5B, [(|Read (T, (L D] +1y(F)) ] < 3 (Br + B)*

1
2

Hence, to bound J;, we have
Ji <Er g | F(T) — /ﬁg(T, BWw(B)dBlE - |pp (T (T), t*)| pdt

<N+ D)DErjinlIpp (T (1), )| rdt
<N + 1)De(Er ol (T @) £)3) d .
—(V + )De(B, Iy (HL0)3)
<VE(N + 1)D exp(Co)R(p) /e
<(N +1)(Br + B)(N + 1)Dexp(Co)R(p)e
=C3R(p)e,
where C5 := (N + 1)(Br + B)(N + 1)D exp(Cy).
To bound J5, we have
Jo =B i) lpo(T; (1), 1) | Fdt
=E,.|[p, (H. )|}t
>E, exp(~2Co)|[py(H, 1)||dt 49

> 2 exp(~2C0)R(p).

Combining (F.43) and (F.44), by choosing ¢ = % exp(—2Cy)/Cs5, which only depends on N, D, r,
and the parameters of the assumptions, we have

0Q

5 B(v0) = p(81))ds < — 1 exp(200)R(p) + 5 (R(G exp(~2C0)/C5) + 7).

2 4

Setting B, = R(3 exp(—2Cy)/C3),Cy = (R(% exp(—2Cy)/Cs) —H") /2,and Cy = % exp(—2Cp)
completes the proof. O
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F.8 Proof of LemmalC.1]

Proof. By applying the Cauchy-Schwarz inequality, we trivially obtain fol I 8 [1Bl|2p(8,t)dBdt < A.
Thus, leveraging (3.1) and Assumption [2](i), we can infer

d .
$||TP(H, t)||2fcol < ||Tp(Ha t)||2fcol = ||/ Q(Tp(H7 t)vﬁ)ﬂ(ﬂyt)dﬁHQ—col
B
< / \9(Tp(H. 1), B)||2—catp(B )8
B

< /ﬁK(l +1Bll2+18112)p(B, )T, (H, £) | 2-cords.

(F.45)
Therefore, by the Gronwall’s inequality, we have
1
Iy, ) cor < T, O)l-cnesel | KL+ 1811+ BIE)0(5. D)
0
< | Hll2-cor exp(K (1 + A + A?)).
O

F.9 Proof of Lemmal[C2

Proof. As per Lemma|C.1, the boundedness of || T, (H, t)[|2—col and ||T),(H, t)||2—co1 is established
by a constant C' := || H ||2—co1 exp(K (1 + A + A%)) > 0 forall ¢ € [0, 1]. Consequently, from (3.1),
this implies

t2 .
Ty (H, 1) = Ty (H, t2)l2—cor < / VT (H, ) 2—cor
t1

to
</tl /BHg(T”(H7 t), Bll2a—carv (B, t)dBdt (F46)
<(1+C,/2)KC(1 41+ 12)(ty — t1).

for any ¢1,t € [0,1]. Therefore, T, (H, ) is (1 + C,/2) KC(1 + r + r?)-Lipschitz with respect to
t for ||-||l2—co1, and thus v/N + 1(1 + C,/2) KC (1 + r + r?)-Lipschitz with respect to ¢ for ||-|| .
Note that by (3.1),

A(H7 t) ::HTP(Hv t) - TV(H7 t)HF

¢
—| / T,(H, 5) — T, (H, 5)ds||
0

T T
-1/ /ﬁ o(T,(H, ), B)p(B.t)dBds — / /ﬁ o(T,(H, ), B)v(B, 5)dBds]

T F.47
< /0 1o, (8,9).8) = o T (1,51, ) (5. ) (R47)

J1
v [ 9000195 (o~ v) (5. )3l

J2

We then bound J; and J> using the following two lemmas separately. Firstly, since ||T,||r <
VN 4+ 1C and ||T,||F < VN + 1C, we have by Assumptionthat

I9(Ty(.9).8) = oTAH. . Bl < ( sup _ [Vsccqryvecla(T A)a)IT,(H.5) = T (. )

< ¢r(N,D,VN +1C)(1 +r+r*)A(H,s)
(E48)
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Therefore, by (F.48) we have

-
J1 < ér(N,D, VN +1C)(1 + C,/2)(1 + 1 +1?) / A(H, s)ds. (F49)

Secondly, we aim to bound the integral J; given Assumption2]and || T, (H, t)||2—col < C ont € [0, 1].
Again by Assumption [2] we have

N+1
[V gveclg(T, (H, s), B)llr < J Z IVs9(Ty(H, ), B).ill3cor < VN + 1op(C)(1+7) (F.50)
IV rveclg(T, (H,s), B)]llr < ¢ (N, D,vVN +1C)(1 +r + r?) (F.51)

Since T,,(H, s) is VN + 1(1+C,/2) KC(1+r+7?)-Lipschitz with respect to s for ||-||  (as shown in

(F46)), by (F5T), we obtain that g(T, (H, ), 8) is VN + 1(1+C,/2)KCér(N, D, VN + 1C)(1+
r + r2)2-Lipschitz with respect to s. Thus, g(T,(H, s), 3) is C’'-Lipschitz with respect to (s, 3),

where C' = VN +1(1+ C,/2)KC¢r(N,D,v/N +1C) (1 + 7 +712)? + VN + 1¢p(C) (1 + 7).

This indicates, by the Kantorovich-Rubinstein Theorem (see Theorem 5.10 of [68]], for example), that

1
=\ [ [ a0 0) (=) 00dsdsle < CWilpr). (ES2)

Define C* := max{C’, ¢7(N,D,+/N + 1C)(1 + r + r?)}. By combining (F.49) and (F.52), we
have

T
A(H,t) < C’*/ A(H,s)ds + C*Wi(p,v). (F.53)
0
Applying the Gronwall’s inequality then shows
A(H,t) < C* exp(C*t)Wi(p,v). (E54)
Specifically, we have || T,(H,1) — T,,(H,1)||r < C* exp(C*)W1(p,v). O

F.10 Proof of Lemmal[CJ3|

Proof. Let’s consider a fixed (f,t) pair within P,. Given Lemma |C.1, we establish
|T,(H,t)|l2—co1 < Bexp(K(1+ A+ A?)). Consequently, under Assumption |1} we deduce

l9(To(H, 1), )7 < VN + Llg(T,(H, 1), B)ll2—col
< VN +1K|T,(H,t)||l2—col(1 + 7 +1?) (E.55)
< VN +1KBexp(K(1+ A+ A%)(1 +r +r2).
On the other hand, from (C.14), we have

I ()l < Read (T, (1) = (D)oo ([ [ vvec[T]vec[g(TAH,sm)pw,s)dﬂds])

2

< (B + Bexp(K(1+ A+ 4%))) exp / J ¥ wrvecla(T, 2.9, ) (5. 5)dss)
< (B+ Bexp(K(1+ A+ A?))) exp(/ /vaec[TveC[ (T,(H,s) Hpﬁ, d,Bds)
t

< (B+ Besp(K(1+ A+ 4%)) exp / / o1 (N, D, |IT,(H, 5)[lp)(1+ 1181 + 18])o(8. 5)dpds)

< (B + Bexp(K(1+ A+ A?))) eXp(quT (N, D, VN + 1K B exp(K (1+A+A2))(1+A+A2))

(E.56)
Combining (F.55) and (F.56), we could obtain

‘562 (6,1) H <E,l9(T,(H.1). ) I, (H. D) + 3r°
<VN +1KBexp(K(1+ A+ A?))(1 47+ r*)(B + Bexp(K (1 + A+ A%)))

exp (¢T(N, D,VN +1KBexp(K(1+ A+ A%)(1+ A+ A2)) + gr?
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F.11 Proof of Lemmal[C4

Proof. By employing the Cauchy-Schwarz inequality, we readily observe that -1 >, Z;Vil 18] <

A. Consequently, leveraging (2.4) and Assumption we ascertain that forany ¢t = 0, At, ..., (L —
1)At, we obtain:

1 To(H, t + At/2)]2—cor < | To(H. 1) lo-ca {1 + MZK (L 160,511+ 100,51%) }

ITo(H,t + A0)o-cor < | To(Ht 4+ At/D)l2-ca{1 + 57— ZK (L + lweg )+ Then 1) -

(F.57)
Therefore, by applying (F.57) multiple times, we obtain that for any ¢t = 0, At/2,...,(L—1/ 2)At, 1,
~ ~ 1
1o . )lla-con < To . 0)fo—co ] R ZK L 1601+ 118051 )}{1 + 5T ZlKu + lwe gl + w1
K
< Hlls-corexp (57 ZZH 180511 + 118111
t j=1
<[ H ||2—co1 xD (K(i +A+ AQ)).
O

F.12 Proof of Lemmal[C.3

Proof. Lemma |C.4| shows that T@ H, t)||2_co1 and T=(H ,t)||2—co1 are bounded by Br :=
6

Bexp(K(1 + A+ A?)) for any H and t € [0,1]. From 2.4), for any t = 0,...,(L — 1)At,
from Assumpti0n|Z|(ii) and (iii) we have

||T@(H t+At/2) - Tg(H, t—l—At/Q)HF

~ ~ A . _
<|Te(H,t) — Ts(H,t)llr + — Atj2 ZHf To(H,t),0:;) — f(Tg(H,1), 0. 5)| F
Jj=1

<||To(H,t) — Tg(H,t)|| r + (At/2)V'N + 1¢p(Br)(1 + r)M 1ZH9U Oujll  (F58)
+(At/2)¢pr(N, D, VN + 1Br)(1 + 7 + %) Te(H,t) — T5(H, t)||F

M
<||To(H. t) = To(H, )| r(1+ CL(At/2)) + (At/2)CoM 1Y [0, — b1
j=1
for some constant C and C5 depending only IV, D, r and assumptions. Similarly, we have

| To(H,t + At) — Tg(H,t + At)|| p <||To(H,t + At/2) —T5(H,t + At)2)|| (1 + C1(At/2))

+(At/2)CoM 1Z||wt] — We,j-

(F.59)
Combining (F.58) and (F.59), we derive

| To(H, t+A8)~Tg(H, t+A) || < | To(H,t)~T5(H, t)|| r(1+Cs AL)+AtCa M ~? ZHBt =Bl

(F.60)
where C3 is a constant depending solely on N, D, r, and the parameters of the assumptions. Iterating
(F.60) multiple times yields

|To(H, 1) ~ T (H, 1)1 < exp(Cs) 57(©,6)
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forany ¢t = 0, At,..., 1. O

F.13 Proof of Lemmal[C.6

Proof. By verifying that © satisfies the conditions outlined in Lemma [C.4] we establish
|To(H,t)||2—cot < Bexp(K(1+ A+ A?)). The first two results stem from Assumption E (1)
and (ii), with recognition that |||z < v/N + 1||T||2—co1 for any T € RP*(N+1) " Ag for the third
result, consider t = 0, At, ..., (L — 1)At, 1, where
max{||pe (H,t)||r, lpe(H,t + At/2)r}
= max{|[vec[pe (H, t)][|, [[vec[pe (H, t + At/2)]]|}
<|Read[Te(H,1)] - y(H)|

HIdimG + (At/2)vvcc[T]VeC[f(f@(Ha S)a es,j)} H
(s—t)/At+1€[(1—t)/At]

JEM]
H Hldimw + (At/Q)vvec[T]VeC[h(f@) (H7 s+ At/2)a ws,j)] H }
(s—t)/At+1€[(1—t)/At]
JE[M]
<[Read[Te(H,1)] — y(H)|
H (1 + (At/2) vaec[T]VeC[f<T®<H7s)vesJ)]H )
(s—t)/At+1€[(1—t)/At]
j€[M] (F.61)
(1+ (At/2) | Vveezrvectn(To (H, s + At/2),w,.)] )
<(B+ Br)
M R
exp ((At/2) Z M_lz HVVCC[T]VeC[f(T@(H78)7957j):|“
(s—t)/At+1€[(1—t)/At] j=1
M A~
+(AL/2) 3 MY || Veeepryvecth(To(H, £),w,,)]||)
(s—t)/At+1€[(1—t)/At] j=1

M
<(B+ Br)exp (ér(N. D VN T 1Br) o= 3 S (1 + 8]+ 817))
t j=1

<(B + Br)exp (¢T(N, D,VN+1KBr)(1+ A+ A2)),

where the first inequality arises from the fact that the matrix 2-norm is greater equal than the norm of
any of its columns, and the fourth inequality follows from Assumption [2](iii). O

F.14 Proof of Lemmal[C.7|

Proof. Note that ||5; ;|| < r forany t = 0,At,...,(L — 1)At and j € [M] with its expectation
denoted as |, ﬁH Biillp(B,t)ds. Applying Hoeffding’s inequality yields, for any z > 0 and t =
0,At,...,(L—1)At

2

M
PN 301 - 181703 04812 2) < 20— ).

By applying the union bound over t = 0, At, ..., (L — 1)At, the inequality above implies

1 M 1 =
rOMICHES DY J 1812030512 2) <Peupinr PILHE LIRS
2

<2L eXp(—%M).
T

(F.62)
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In addition, we have

1 2 [ >
7% [ioas.0a - [ [isrosnasais s | 1o [ 15706000

[t—s|<At
<r’L7 sup |[Ip( 1) = p(-, 8)lsL
[t—s|<At
<r*c,L™'.
(F.63)
Combining (F.62) and (F.63), and setting z = 7/2M ~1(5 + log(2L)) completes the proof. O

F.15 Proof of Lemma[C.§

Proof. The proof will be trivial by noting the equality

L

L L -1 L
HAI—HBIZZ(HBS(Al—Bl) H As)~
=1 =1

=1 s=1 s=Il+1

Hence, we have

L L L 1-1
||HAZ—HBZ||§ZH ol 1A= Byl - ||H A|\<OZ||Az By
=1 =1 =1 s=1

s=Il+1 =1
O
G Assumption verification for a concrete example
In this section, we consider
f(Z,6) =V Zsoftmax(Z "W Z) (G.1)

with the collection of parameters 6§ = vec[V, W], where softmax denotes the column-wise softmax
function. Moreover, consider

h(Z,w) = WyHuberizedReLU(W1 H) (G.2)

with the collection of parameters w = vec[W;, W5]. Here, HuberizedReLU denotes the entry-wise
HuberizedReL U activation function defined as

0, if 2 <0;
HuberizedReLU(z) = ¢ 22/2, if z € [0,1];
z—1/2, ifz>1.
Then, we can consider a Transformer model defined by equations (2.1), (2.2), and (2.4) in the paper,

where the functions f and & are specified above. We suppose that this Transformer model is applied
to a learning task with data that satisfies Assumption|l} We have the following proposition.

Proposition G.1. Consider the Transformer model defined by equations 2.1), 2.2), and [2.4), with
f(Z,0) and h(Z,w) defined in (G.1) and (G.2) respectively. Then Assumptlons E' all hold.

Proof. We omit the detailed derivations for the function h(Z, w), which corresponds to the MLP part,
in our verification of Assumptions[2 and[3, as h(Z, w) satisfies Assumptions 2 and [3 is relatively
more intuitive, especially given the proofs for f(Z, 6).

Denote Z = (21, ...,2n4+1) € RP*N+1 Then the function f can be rewritten as

f(Z, 9) = VZsoftmaX(ZTWZ) = (f(Zye):,i)lgiSN—i-la

where f(Z,0).; Z;\Urll P;;Vz; and P;. = softmax(Z " Wz;). Next, we calculate the derivatives

of f(Z,0).,; with respect to Z and ¢ as follows:
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For Z: the Jacobian J € RWHNDXINFDD g J = (J;.)1<; j<n41, Where J;; = %(Z, 0) €
RP*D  After calculation, we obtain
Jij = VZQE;Z™W + ZTW T 6,5] + PV,

where Q; := diag(P;.) — P P;., E,; is the matrix with zeros everywhere except one the (i, j)-th
entry, and J;; is the Kronecker delta (1 if i = j, O otherwise).

For 6: Define A; = Z T W z;. After calculation, we have

OP;; 0A;;
Yo—= Pi(6ir — Py), A G.3
O i (0ik 1) W ki 21 (G.3)
Thus, by the chain rule, we have
N+1
Vwi£(2,0).i =Y ZkiZjPij(6ix — Pu) V2. (G.4)
j=1
Moreover, we have
N+1
Veee1£(Z,0). =Y Pz ,....2])7, (G5)
j=1
where (ij, ey zJT)T contains D copies of z;. We then verify the assumptions one by one.

For Assumption 2] (i), we have
1£(T.0)a-cor = IV Tsoftmax(TTWT)a—cor <[ V2 - [ T1l2 - [softmax(TTWT)[l2—cor
<[I0ll2 - 1Tl 2—cor - [Isoftmax(T T WT)||1—co
§||0H2 : ||T||2—c017
where the second-to-the-last inequality follows by the fact that £5-norm can be upper bounded by the
£1-norm, and the last inequality follows by the fact that each column of the softmax output has an

¢1-norm equaling one. Therefore, the first condition in Assumption 2| with K = 1 is verified for the

function f in (G.I).

For h in (G.2), we have

1A (T,w)|l2—co1 = ||WaHuberizedReLU(W1T)||2—co1 <||Wa|2 - ||HuberizedReLU(W1T')||2—col
<[[Wall2 - [WAT||2-cor
<2 [Jwl3 - I Tll2—cot,

where the second inequality follows by the property of HuberizedReLU that |[HuberizedReLU(x)|<
|z|. This demonstrates that Assumption [2](i) with K = 1 holds for & in (G.2) as well.

For Assumption 2] (ii), (G.5) leads to

N+1 N+1
IVeevi f(T,0)-ill2 < D NPT < Y PylITjll2 < 1T [l2—cor
j=1 =1

Moreover, leads to
N+1
[ Vvecw 1 £ (T, 0).il], < Z Z | ZxiZ1 Pij(6ir. — Pi)V'T. 4|2
1<k,I<D j=1
N+1

<2 Y > PyITLTHVT 2
1<k,l<D j=1

< oL j 5J
_21§?1§a151{+1 Z |Twi Tj VT |2

1<k,I<D
<2 max Z |Twi Ty [|V [ 21I T 5[] 2
1< <N+1
1<k,I<D

<2|| T3 callOll2
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Combining the two equations above gives Assumption 2 (ii) with ¢p(||T||2—co1) = [ T]|2—co +
2||71||§7c01'

For Assumption 2] (iii), we have

Jlo < Jiill2 < (N +1 max Jiill2.
s [ 5 Mol e 1l

Forany 1 <17,5 < N + 1, we have
1 ijll2 <PV |2 + |1 Tl|2|Qill2 | EjT W + T TW T 6352l[V |2
<IVll2 (14 2AT131W112)
<[16]l2 + 2|7 |7 1613
<(1+2(T)E) (1 + 11612 + 116]3)-
Hence, we have
[Jll2 S 2N|T|% - (N + 1)1+ 2|T)1F) (L + 162 + 16]3)-

The above equation demonstrates that for f, Assumption [2 (iii) holds with ¢7 (N, D, ||T||r) =
(N + 1)(1 4+ 2||T||%). We have verified Assumption |Z for the attention layer encoder f. The
verification for h is similar and easier.

Next, we verify Assumption [3. Given that we are currently considering the example where the
encoder employs a smooth univariate activation function, we can prove stronger results by removing
the expectation E,,.

(i) and (iii): Given the calculation of derivatives in (G.4) and (G.5) we have presented above, we first
show that

P;j = softmax(Z ' Wz;)
is locally Lipschitz continuous with respect to Z and 6. By (G.3) and the chain rule, we can derive

that
N+1

OP;;
VwiPij =Y ZriZjiPij (i — Pa), D2y QilBjizf W+ 2] W dy5).
j=1
and the local Lipschitz continuity is then obvious given the boundedness of Vyy,, P;; and 8812? with

respect to necessary parameters.

As we prove that P;; is locally Lipschitz continuous, given that then each component in and
is locally Lipschitz continuity with respect to both Z and 6, and is obviously bounded by an
increasing function of N, D, ||||, K, L7. Then the local Lipschitz continuity is straightforward as
they are all sufficiently smooth.

(ii) and (iv): Because the norm of the difference of two Jacobian matrices ||J! — J?||5 is bounded

by \/Elgi,jSNJrl |.7; — J3113, it suffices to show that J;; is locally Lipschitz continuous with

respect to both 6 and Z. Again each component of J;; that depends on Z or 0, i.e. Z,Q;, W, P;;, is
bounded by an increasing function of N, D, Kp, Lr, K, ||0||, and is locally Lipschitz continuous
given sufficient smoothness. Hence, (ii) and (iv) also hold.

For Assumption [4, we consider the pair (g,«) = (h,w), and the partition & = (ay, a2) with
ag = Wa, ag = Wy, We also let a compact set K = {W; : |[W3]] < 1}. Then Assumption4 (i) on
the partial 1-homogeneity property straightforwardly holds:

hT, Wy, c-Ws) = ¢ WoHuberizedReLU(W1 H) = ¢ - h(T, Wy, W3).
Regarding Assumption [ (ii) on the universal kernel property, we first note that according to the

choice (g, @) = (h,w), this assumption is purely an assumption on the MLP part of the Transformer.
Here we give the detailed proof as follows.

First of all, according to the classic universal approximation theory (see the wiki page of “universal
approximation theorem” and [34}, (18] 157] for more details), we know that two-layer fully-connected
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networks with non-polynomial activation functions and without any constraints on its parameters are
universal approximates.

Therefore, we know that the function class span{WgReLUz(WlT) Wy e Rdim(wl), Wy €
RAm(W2)1 is dense in C(||T||2—co1 < B, RPX(N+1) Moreover, by the definition of Huberize-
dReLU, for any B > 0 and any Wl, /V[72, there exist small constant ¢ such that c - Wl e I,
¢ |[Wly < B71, and

2. /WQHyberizedReLU(c . /W;LT) =c"2. /WgReLUQ (c- W;LT)
= 7% - WoReLU*(W/T)
=WoReLU*(W,T),

where the second equation follows by the positive 2-homogeneity of ReLU? activation. This implies
that

{WoReLU*(W1T) : W; € RV 'y, ¢ RA™W2)Y € (1, HyberizedReLU (W, T) : Wy € RI™W2) 5 (0},

Therefore, we conclude that span{W,HyberizedReLU(W,T) : Wy € RI™(W2) x K} is dense in
C(IT||2—cot < B, RP*(N+1))_ This finishes the validation of Assumption [4} O

H Experiments

As discussed in Sections[3|and[d] our mean-field approximation results and global convergence results
are asymptotic guarantees requiring exponentially large number of heads M and number of layers
L. Such results are due to the nature of mean-field type analysis. In practice, we frequently observe
that global convergence can be achieved by Transformer models of reasonable sizes. In this section,
we run simple experiments on training Vision Transformers (ViT) [24] on the CIFAR-10 datasets to
demonstrate global convergence in practical applications.

We train Vision Transformers with different numbers of heads and layers. In all our experiments,
we split each CIFAR-10 image into four patches and then pass the patches into Vision Transformer
models. We keep the dimension of each attention head to be 128. The output of each self-attention
layer is passed through a single-hidden-layer feedforward component with 128 hidden neurons and
GeLU activation. Both the self-attention and feedforward components include skip connections.
We implement dropout in the self-attention layers as well as the feedforward layers with a dropout
probability of 0.1. The model is attached to a linear classifier.

In all experiments, we train the ViT models using Adam for 200 epochs with a mini-batch size 512.
We set the initial learning rate to be le — 4, and implement a cosine annealing learning rate schedule.
We do not use any data augmentation or explicit regularization techniques, so that global convergence
for large enough models implies close-to-zero training loss and close to 100% training accuracy.

In the first set of experiments, we fix the depth of the ViT to 6 layers (i.e., there are six self-attention
layers, each followed by a single-hidden-layer feedforward component). We train such Vision
Transformers with the numbers of heads per layer ranging from 4 to 40, and record the training loss
and training accuracy throughout training. The results are given in Figure[I] Based on the results, it
is clear that for ViT models with more than 20 heads can achieve close-to-zero training loss and close
to 100% training accuracy, demonstrating global convergence on the CIFAR-10 training data.

In the second set of experiments, we fix number of heads in the ViT model per layer to 8. We train
such Vision Transformers with depths ranging from 2 to 20, and record the training loss and training
accuracy throughout training. The results are given in Figure[2] Again, the results indicate that ViT
models with more than 16 layers can achieve close-to-zero training loss and close to 100% training
accuracy on the CIFAR-10 dataset, implying global convergence.

We note that all these experiments are conducted on a standard GPU card. We can observe clear global
convergence when the Vision Transformer is sufficiently wide or deep, but still within reasonable
scales. This indicates that, although our theoretical guarantees require extremely large numbers of
heads and layers due to the limitations of the mean-field technical tools, global convergence can be
achieved by Transformers of reasonable sizes in practice.
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Figure 1: Training loss and training accuracy of Vision Transformers with different numbers of heads.
(a) gives the curves of training loss, while (b) gives the curves of training accuracy.
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Figure 2: Training loss and training accuracy of Vision Transformers with different depths. (a) gives
the curves of training loss, while (b) gives the curves of training accuracy.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction accurately summarize the main contributions
and scope of the paper (Section[I.1), clearly outlining the theoretical advancements while
aligning with the stated assumptions.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It s fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We operate under noiseless label settings, as noisy conditions typically preclude
achieving zero risk. The limitations of Assumption# and the assumptions in Theorem 4.1
are discussed in the respective sections. Although some assumptions are currently untestable,
we provide high-level justifications for their validity.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms

and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to

address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs
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Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: All necessary assumptions (Assumptions[[4) are stated in the main content
prior to presenting the theoretical results, with complete and correct proofs included in the
supplementary material.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: We clearly disclose all the information for reproducing experimental results.
Guidelines:

» The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of

whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken

to make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

* While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer:

Justification: This paper includes only simple experiments in the supplemental material to
verify the main theoretical results. Therefore, the access to the data and code is not central
to the paper’s contribution.

Guidelines:

» The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: This paper specifies all necessary details to understand the results.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: This paper reports appropriate information about the statistical significance.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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8.

10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: This paper provides sufficient details on the computer resources used for the
simulation studies. The task size is small and can be easily reproduced using a standard
GPU.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research presented in this paper fully complies with the NeurIPS Code
of Ethics. All ethical guidelines pertinent to the theoretical nature of the work have been
adhered to rigorously.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
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Justification: The paper does not discuss societal impacts as it strictly addresses theoretical
optimization guarantees for Transformer models, focusing solely on providing rigorous
proofs without exploring practical applications.

Guidelines:

» The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: The paper is theoretical and does not involve the release of data or models.
Therefore, there are no risks for misuse or dual-use associated with this research.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: The public CIFAR-10 datasets are explicitly mentioned and properly respected.
Guidelines:

» The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.
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* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

¢ For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

o If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper is theoretical and does not involve the use of existing assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: The paper is theoretical and does not involve crowdsourcing nor research with
human subjects.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: The paper is theoretical and does not involve crowdsourcing nor research with
human subjects.

71


paperswithcode.com/datasets

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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