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ABSTRACT

Offline reinforcement learning (RL) has gained considerable attention for its ability
to learn policies from pre-collected data without real-time interaction, which makes
it particularly useful for high-risk applications. However, due to its reliance on
offline datasets, existing works inevitably introduce assumptions to ensure effective
learning, which, however, often lead to a trade-off between robustness to model
mismatch and scalability to large environments. In this paper, we enhance both
aspects with a novel double-pessimism principle, which conservatively estimates
performance and accounts for both limited data and potential model mismatches,
two major reasons for the previous trade-off. We then propose a universal, model-
free algorithm to learn a policy that is robust to potential environment mismatches,
which enhances robustness in a scalable manner. Furthermore, we provide a
sample complexity analysis of our algorithm when the mismatch is modeled by
the [,,-norm, which also theoretically demonstrates the efficiency of our method.
Extensive experiments further demonstrate that our approach significantly improves
robustness in a more scalable manner than existing methods.

1 INTRODUCTION

Traditional reinforcement learning (RL) (Sutton & Barto, 2018) optimizes an agent’s performance
through iterative trial-and-error interactions with the environment, and has shown significant success
in many areas such as video games (Wei et al., 2022; Liu et al., 2022a). However, such an online
learning scheme can be costly or unsafe in real-world applications. For instance, in domains including
autonomous driving (Kiran et al., 2021), stock market trading (Kabbani & Duman, 2022), and
healthcare (Yu et al., 2021), poor decisions can have significant consequences, making extensive
explorations impractical. To address them, offfine RL has been developed (Lange et al., 2012; Levine
et al., 2020), enabling agents to learn from pre-collected datasets, offering a more reliable framework.

Since offline RL relies heavily on pre-collected datasets, the quality of these datasets largely de-
termines performance. It is hence unclear whether satisfactory performance can be achieved for
complex problems with a relatively limited dataset. In this context, two key challenges in improving
offline RL performance have been studied. The first is scalability—the ability to handle large-scale
problems. Without real-time interaction, learning an effective policy for large-scale problems from a
limited dataset, which may not fully cover the entire state-action space, can be challenging. Recent
research has focused on improving scalability by adapting model-free algorithms (Shi et al., 2022;
Yan et al., 2022; Laroche et al., 2019; Fujimoto et al., 2019; Ghasemipour et al., 2021; Kumar et al.,
2019; Wu et al., 2019; Siegel et al., 2020) and leveraging function approximation techniques (Ross
& Bagnell, 2012; Liu et al., 2020; Xie et al., 2021a; Yin et al., 2021a; Xie & Jiang, 2021; Jiang &
Huang, 2020). However, due to the complexity of large environments, many of these approaches
assume that the dataset sufficiently represents the full deployment environment, typically presuming
that the deployment environment is identical to the one from which the data was collected.

However, this assumption can be too restrictive. Static datasets only capture the environment at the
time of data collection, but real-world applications frequently face environmental uncertainty due
to perturbations or non-stationarity. This mismatch between the data collection and deployment
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environments, commonly known as the sim-to-real gap (Zhao et al., 2020), can cause significant
performance degradation during deployment. Therefore, it is crucial to enhance the robustness of
offline RL to ensure that the learned policies can perform reliably in the presence of such uncertainties.
A promising solution is to adapt robust RL frameworks (Iyengar, 2005; Nilim & El Ghaoui, 2004) to
the offline setting, as explored recently in (Shi & Chi, 2022; Blanchet et al., 2023). However, these
methods often come at the cost of scalability. Due to their inherent structure, robust RL methods
typically rely on dynamic planning, which requires knowledge of the full transition dynamics, and
are predominantly model-based. This necessitates learning and storing a complete transition model,
which is resource-intensive (Zhang et al., 2021a) and limits scalability for large-scale problems.

Recognizing the limitations of current methods and the challenges posed by large-scale problems and
model uncertainty, a trade-off between robustness and scalability becomes apparent. Enhancing one
typically comes at the expense of the other. This naturally leads to the following question:

Can we develop a unified framework that enhances both scalability and robustness in offline RL?

In this paper, we address this question by presenting a model-free algorithm to learn a policy that
is both robust to model uncertainty and scalable to large-scale problems. Our method introduces
a principle of double pessimism to simultaneously address two key sources of uncertainty: (1) the
uncertainty arising from inaccurate estimations due to the underexplored datasets, and (2) model
mismatch between the data collection and deployment environments. We then propose a streamlined
conceptual framework, design a model-free algorithm, and provide the first theoretical guarantee of
convergence and robustness of our approach. Our contributions can be summarized as follows.

* A Double-Pessimism Principle for Offline RL with Model Mismatch. We begin by
framing the challenge of enhancing robustness in offline RL within an offline robust RL
framework, where an uncertainty set captures potential environmental mismatches. To solve
offline robust RL in a scalable manner, we propose the double-pessimism principle that does
not require transition kernel estimations. This principle maintains a conservative estimate
of robust performance, obtained directly from data collection without requiring model
estimation. We then introduce the first model-free pessimistic robust Q-learning algorithm.
Our algorithm optimizes performance under model mismatch using an offline dataset, while
offering greater memory efficiency and more scalability than previous methods.

* First and Near-Optimal Model-Free Algorithm for Offline Robust RL. We provide a
rigorous sample complexity analysis for our model-free double-pessimistic robust Q-learning
algorithm under the widely used /,-norm uncertainty set. Our analysis shows that, given a
dataset satisfying the partial coverage condition (to be introduced later), our algorithm can
identify an optimal robust policy with near-optimal sample complexity, comparable to that
of model-based offline robust RL and model-free offline non-robust RL. This represents
the first sample complexity analysis for model-free robust offline RL, demonstrating its
applicability to large-scale problems that require high data efficiency.

* Numerical Experimental Verification of Enhanced Robustness. We conduct extensive
numerical experiments to demonstrate the improvements in robustness achieved by our
algorithms in both simulated environments (Archibald et al., 1995) and real physics-based
Classic Control problems (Brockman et al., 2016). In each case, our algorithm consistently
outperforms existing methods in handling model uncertainty, showcasing its enhanced
ability to maintain stable performance across a wide range of environmental perturbations.
Moreover, our approach demonstrates superior scalability stemming directly from our model-
free algorithm design, as shown by its effectiveness in solving more complex Classic Control
problems with robustness guarantees, which have proven difficult or unsolvable for previous
model-based robust methods.

2 PRELIMINARIES

2.1 FINITE-HORIZON MARKOV DECISION PROCESS (MDP)

A finite-horizon MDP is represented by M = (S, A, H, P £ {P,}f_,r £ {r;}}_,), where S
and A are the finite state and action spaces of size S and A, respectively, and H is the horizon length.
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The probability transition kernel Py, : S x A — A(S) and the reward function rj, : S x A — [0, 1]
are defined at each step h (1 < h < H). At each step h, the agent starts in state sy, takes action ay,
transitions to the next state sj, 1 according to the transition kernel Py, s, o, , and receives a reward
71 (Sh, ap). This process terminates after H steps when the agent reaches state sp 1.

A policy 7 = {m, }L | defines the strategy for selecting actions in different states, where 7, : S —
A(A) specifies the probability distribution over actions at step h. The performance of an agent

following a policy 7 is measured by the value function V™% = v ’P}thl, where

H
Z Tt(st, at)
t=h

The expectation is taken over the trajectory {sp,, an, 75 }#L, generated by executing the policy 7 and
transitioning according to the transition kernel P: aj, ~ 7, (sy) and sp11 ~ Ph s, a) -

Vi (s) £ Eq p

sp = s] : ey

2.2 INFINITE-HORIZON MDP

An infinite-horizon MDP is defined as M = (S, A, P,r,v), where both the transition kernel P and
the reward function r are stationary and do not change over time. The discount factor v < 1 ensures
the finiteness of the accumulated reward over an infinite horizon.

Due to its stationary nature, it suffices to consider only stationary policies 7 : S — A(.A), which
specify the action-selection probabilities over the action space. The value function V™ ¥ of a policy
« with transition kernel P is defined as

V”’P(s) £ E:p lz Yire(se,az) | so = s] . 2)

t=1

2.3 RoOBUST MDP

A finite-horizon robust MDP (RMDP) is specified by (S,.A, H,P = {P;},r), and an infinite-
horizon RMDP is denoted by (S, A, P,r,7), where P is a set containing some transition kernels,
named the uncertainty set. At each step, the environment transitions to the next state following an
arbitrary kernel belonging to the uncertainty set, instead of a fixed one as in non-robust MDPs. In
this paper, we consider the (s, a)-rectangular uncertainty set (Wiesemann et al., 2013), where P is
independently defined for each state-action pair, with (X) denoting the Cartesian product:

P = ® Ph,s,q (finite-horizon), P = ® Ps.q (infinite-horizon). 3)
(s,a)eSxA (s,a)eSxA

The performance of a policy in an RMDP is evaluated based on its worst-case value function
over all the instances in the uncertainty set. Specifically, the finite-horizon robust value functions
V™ = {V;}_ and the infinite-horizon robust value functions V™ are defined as

T(s) £ inf VT finite-hori ™(s) £ inf V™F infinite-hori
Vir(s) Jnf V" (s) (finite-horizon), V™ (s) I;IéPV (s) (infinite-horizon)

where the infimum is taken over the uncertainty set of transition kernels. For a given initial state
distribution p € A(S), we write the expected robust performance as

Vi (p) £ Es,~p[V{"(s1)] (finite-horizon), V7 (p) £ Eg.,[V™(s)] (infinite-horizon).  (4)

The goal of an RMDP is to learn a policy that optimizes the worst-case performance, or equivalently,
the robust value functions. Such a policy is referred to as an optimal robust policy:

7" = {m}} £ argmax V" (p), (finite-horizon), 5)

7* £ argmax V™ (p), (infinite-horizon). (6)
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3  FORMULATION: ENHANCING ROBUSTNESS AND SCALABILITY

In this section, we develop our formulation, where we utilize RMDPs to formulate the offline RL
problem against model mismatch.

In the offline setting, the dataset is collected under a fixed environment P (referred to as the nominal
kernel) by executing some behavior policy p. However, due to factors such as non-stationarity,
unexpected perturbations, or adversarial attacks, the deployment environment may differ from P.
To account for this model deviation and improve robustness, we construct an uncertainty set by
perturbing the nominal kernel and aim to learn the optimal robust policy. Specifically, following (Xu
& Mannor, 2010; Xu et al., 2010; Derman et al., 2021; Kumar et al., 2023), we define the uncertainty
set (of (s, a)-pair) for modeling environmental perturbations as:

Phosa = {Phsa+q€AS):q€ Qpys,a} (finite-horizon), 0
Psa={Psa+q€A(S): g€ Qs,} (infinite-horizon), 8)
for some set O, 5.4, Qs,q containing the possible model perturbations, and aim to learn the optimal
robust policy for the corresponding RMDPs. This will not only provide an optimized lower bound on

performance when the deployment environment lies within the uncertainty set, but also improves the
robustness to model uncertainty (Pinto et al., 2017).

3.1 FINITE-HORIZON
In the finite-horizon setting, the dataset D consists of K episodes each of length H. These episodes
are independently generated based on a certain behavior policy 1 and the nominal kernel P:

k k _k k k k k
D= {(81?a17r1 sy SHYQHTH, SH+1)k:1,...,K}7 (9)

where af ~ u(:|s}), s, | ~ P, ;x .~ and the initial state s} ~ p.

: ok,
s7,a7

Since the dataset is collected by a fixed policy under a single nominal environment, there exists a
distribution shift between the data distribution, and the distribution induced by the optimal policy
and the worst-case kernel. To guarantee that a provable efficient algorithm can be designed based
on the dataset, we adopt a popular assumption on the distributional mismatch between the dataset
distribution and the occupancy measure induced by the optimal policy 7*, as in (Shi & Chi, 2022).

Assumption 1 (Robust single-policy concentrability). The behavior policy v satisfies that
d‘?;;,h (87 CI,)

c* £ max
(s,a,P" ,h)ESX AXP X [H] d%h(s,a)

< 400, (10)

where dT , is the occupancy distribution induced by policy m and transition kernel P at step h.

In Assumption 1, we only require that the dataset covers the state-action pairs that are visited by the
optimal policy, known as the partial coverage condition (Rashidinejad et al., 2021).

Our goal is then to learn an e-optimal policy 7 for the RMDP with the uncertainty set defined as in
equation 3 and equation 7, such that

Vi (p) = Vi (p) <e. (11

3.2 INFINITE-HORIZON

In the infinite-horizon setting, the offline dataset contains a single trajectory of length 7" obtained by
executing a behavior policy p under the nominal kernel P:

D:{817a177’1,82,...78’[‘}, (12)

where s1 ~ p, a; ~ u(-s;) and s;41 ~ Ps, 4,. For the infinite horizon setting, we adopt the
following two assumptions on the behavior policy.

We first adopt the partial coverage assumption in (Blanchet et al., 2023; Wang et al., 2024c).
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Assumption 2. The behavior policy v satisfies

C* A dT}r; (Sa CL)

£ < , 13
(s,a,P/r)neaSXXAXP d%(s,a) oo (13)

where d}, denotes the occupancy distribution induced by policy m and transition kernel P.

‘We make an additional assumption on the behavior policy as follows.

Assumption 3. The behavior policy i is stationary, and the induced Markov chain under the nominal
kernel is uniformly ergodic.

Remark 1. This assumption is commonly adopted in prior works (Wang et al., 2020; Yan et al.,
2022; Li et al., 2020; Wang & Zou, 2020), as it ensures that the dataset includes all state-action
pairs covered by the behavior policy, provided the dataset size exceeds a certain threshold. This
assumption is required since the dataset consists of a single Markovian trajectory. When the dataset
contains i.i.d. samples from the occupancy distribution d', as in (Wang et al., 2024c; Li et al., 2022),
such an assumption can be removed.

Our goal is then to find an e-optimal policy 7 through D for the RMDP with the uncertainty set
defined in equation 3 and equation 8, such that

V™ (p) = V(p) <e. (14)

4 DOUBLE-PESSIMISM PRINCIPLE

In this section, we introduce our model-free algorithm for learning an optimal robust policy from
an offline dataset. As we mentioned, two major challenges in offline RL are the two sources of
uncertainty: one arising from the limited and under-explored dataset, and the other from the mismatch
between the data collection and target environments. We aim to develop a unified double-pessimism
principle to address both of them.

As suggested by previous studies on offline RL, e.g., (Rashidinejad et al., 2021; Li et al., 2022; Shi
et al., 2022; Yan et al., 2022; Wang et al., 2024c), the uncertainty arising from the dataset can be
addressed using a single-pessimism principle. This involves introducing a penalty term b,,, which
depends on the visitation frequency of each state-action pair, to penalize less frequently visited pairs.
By doing so, we obtain a conservative estimate of the value function under the nominal kernel.

However, addressing the uncertainty arising from model mismatch is particularly challenging, espe-
cially with a model-free approach. Most previous robust RL studies require that the estimation of the
worst-case transition, op (V) & min,ep pV, be unbiased. This can be satisfied when the agent can
freely generate data as needed (e.g., (Wang et al., 2023d; Liu et al., 2022b; Wang et al., 2023c;b)),
yet is impractical in offline settings. To address this issue, we argue that another pessimism principle
can be adopted, and that learning a policy robust to model mismatch does not require an unbiased
estimator or an accurate solution to the worst-case. As long as the estimator provides a (not too
pessimistic) lower bound on the worst-case, it is sufficient to account for the uncertainty due to model
mismatch and still learn a robust policy. We therefore propose a model-free estimator that lower
bounds o (V) to produce a conservative estimation as follows.

Definition 1. For the uncertainty set P 4, a function k is referred to as a model-mismatch penalty
function if for any non-negative vector V and a sample s’ ~ P;_, from the nominal kernel,

E[V(s") = ks,a(V)] < op, (V). (15)

A universal design of the penalty function « is provided in Appendix C. Such a penalty function
ensures that at each step, the updated estimate represents a lower bound on the true worst-case
scenario, resulting in a conservative estimation and enhancing robustness. We note that this additional
pessimism may result in a more conservative policy, as the algorithm will estimate the robust value
function more pessimistically. However, we argue that as long as the pessimism level is not too large,
the learned policy will not be too conservative, maintaining a satisfactory performance and enhancing
the robustness. More importantly, calculation of x does not require any information of the model, but
can be done in a data-driven and model-free fashion.



Published as a conference paper at ICLR 2025

We then combine the two pessimism principles together, to develop our double-pessimism algorithm
based on the Q-learning algorithm. For each sample (s, a, s’), we update the () table by

Q<S7 CL) — (1 - n)Q(Sa a) + 77<7"(3» a’) + fYV(s/) - ’yfis,a(v) - bn(V) ) (16)
model mismatch  limited dataset

As we will show later, such an update rule incorporating the double-pessimism principle ensures that
our estimation is conservative, and can effectively tackle the uncertainty in offline robust RL. More
importantly, such an update rule does not require any information on the transition model, and hence
can be adapted in a model-free manner and is more suitable for large-scale problems.

Based on this, we develop our model-free offline algorithms for both finite and infinite horizon cases.
In the following sections, we present these algorithms and develop their sample complexity analysis.

5 DOUBLE-PESSIMISM Q-LEARNING FOR FINITE-HORIZON MDPs

Adopting the double-pessimism principle, we propose our algorithm for finite-horizon MDPs.

Algorithm 1 Double-Pessimism Q-Learning for finite-horizon RMDPs.

Input: D, target success probability 1 — J, uncertainty set radius R, penalty function s
Initialize: Qy(s,a) =0, Np(s,a) =0, Vi(s) =0,Vs,a,h
fork=1,...,K do
Sample a trajectory {sy,, ap,r}_, from D,
forh=1,...,H do
Nu(Sh,an) < Np(sh,an) + 131 < Np(sp, an); nn <

3 2
b, — o  H? log (iAKH/é)

Qn(sn,an) < (1—1n)Qn(sn,an) +77n{7‘h(8h, an) + Vi1 (Snt1) — Kn,sn,an (Vag1) — bn}

H+1
H4+n

Vi(sp) + max {Vh(sh), maxg Qp(sh, a)}

end for

78 (s) < argmax, Qx(s,a), Vs, h
end for

Tn(s) < 7K (s), Vs, h

Output: 7 = {75}

In our algorithm, the term « is for conservative estimation of the worst-case performance within
the uncertainty set, while the term b addresses the pessimism of the limited dataset. We track the
visitation count of each state-action pair and construct the penalty term b based on these counts. As
the dataset visits a pair more frequently, the associated uncertainty decreases and b decreases.

Remark 2. Our algorithm design is universal and works for any uncertainty set models, as long
as we have a penalty function k satisfying equation 15, which is provided in Appendix C. However,
since k for different models requires individual studies, we mainly derive our theoretical analysis for
the l,-norm models (Kumar et al., 2023; Derman et al., 2021 ):

Ph,s,a - {q € A(S) : ||C] - Ph,s,a||o¢ < Rh,s,a}' (17)

We again emphasize that our double-pessimism principle and algorithm design can be extended
further to other uncertainty set models. We provide a detailed discussion on r in Appendix C.

Next, we develop our theoretical results for /,-norm sets. We first show that equation 15 is satisfied
by our design, and the algorithm results in a conservative estimation of the robust value function.

Lemma 1. For the l,-norm uncertainty set, set the penalty function k as

Hh,s,a(v) £ Rh,s,a glel% ||’UJ€ - VHﬁa (18)
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where 5 = 1_% is the Holder conjugate of o, and e = (1,1,...,1) € RS, Then, equation 15 is

satisfied. Moreover, it holds that for all (k,h, s) € [K] x [H] x S,
Va(s) < Vih(s) < Vi (). (19)

The lemma provides a concrete construction of the penalty function for the /,-norm model. More
importantly, our model-free estimator and algorithm result in pessimistic estimations of robust value
functions, tackling both uncertainty sources. In our next result, we show that our double-pessimism
principle is effective in learning the optimal robust policy from the mismatched offline dataset.
Theorem 2. For the l,-norm uncertainty set, and any § € (0,1), suppose that the behavior policy
satisfies Assumption 1. When T 2 HK > O(SC*), the policy T returned by Algorithm 1 satisfies

H6SC*
T

Vfr*(P) - Vf(P) < o ( (20)

*

with probability at least 1 — 0. Here, 7 is the optimal robust policy w.r.t. a (possibly) relaxed
lo-norm uncertainty set (see Appendix C.2 for detailed discussion). f(T) = O(g(T)) means that
|f(T)] < C-g(T) - (log g(T))* for some constants C > 0 and k > 0, when T is sufficiently large.

Our algorithm is the first model-free algorithm for offline RL under model mismatch with sub-
optimality gap analysis. The sub-optimality gap we obtain in the previous result further implies that
we can learn an e-optimal policy as long as the size of the offline dataset 7" exceeds
~ (H®SC* ~
o ( 5 ) +0O(5C™). (21)
€ ——
N e’ burn-in cost

e-dependent

Note that in the sample complexity, the second term, referred to as the burn-in cost, is a universal
constant that does not depend on €, while the first term asymptotically depends on €. When € becomes
smaller, the first term dominates the overall complexity, resulting in an asymptotic complexity of

o (%) A more detailed discussion of the complexity will be provided in Section 7.

Remark 3. When the radius R is small, it holds that E[V (s') — ks.a(V)] = op, , (V) (see Theorem
1 in (Kumar et al., 2023)), hence Algorithm I converges to the optimal robust policy w.r.t. the original
uncertainty set. For general uncertainty set and corresponding penalty function k, Algorithm 1
may converge to the optimal robust policy w.r.t. a relaxed uncertainty set, as the estimation may
be inaccurate. However, robustness can still be enhanced due to the additional pessimism. See
Appendix C for further discussion.

6 DOUBLE-PESSIMISM Q-LEARNING FOR INFINITE-HORIZON MDPSs

In this section, we present our algorithm design and analysis for offline RL with infinite-horizon
MDPs. Due to space limitation and similarities in algorithm design, the algorithm is deferred to
Algorithm 3 in Appendix E.1. The algorithm follows a similar design as the finite-horizon one, where
the two terms « and b represent conservative penalties for the double-pessimism principle. Again, our
algorithm design is universal, but we develop the sample complexity results only for [,-norm models.

Theorem 3. Consider the l,-norm uncertainty set and any 6 € (0,1). Suppose that the behavior
policy i satisfies Assumption 2 and Assumption 3. Then, the policy T returned by Algorithm 3 satisfies

(22)

. N - C+S c*S o
V(”_V(MSO< Tu—w5+Tu—w2+Tu—wJ

with probability at least 1 — 0.

An e-optimal robust policy can be learned as long as the size of the offline dataset exceeds

_ [ SC*
© ((1 - 7)562> ' 23
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This sample complexity matches the results of model-free offline non-robust RL (Yan et al., 2022)
without variance reduction techniques, which implies the near-optimality of our method. Compared
to model-based offline robust RL (Shi & Chi, 2022; Blanchet et al., 2023), our result matches theirs
in terms of C*, S, ¢, but exhibits a higher order dependence on (1 — ). We argue that, in general,
model-free algorithms tend to have lower memory requirements but incur higher sample complexity
compared to model-based approaches. A more detailed discussion will be provided in Section 7.

7 RELATED WORK

7.1 COMPARISON WITH PRIOR ARTS

In this section, we compare our work to the most closely related studies for tabular offline robust
RL (Shi & Chi, 2022; Blanchet et al., 2023). The results are summarized in Table 1, where we only
include the infinite horizon ones. Compared to previous studies, our method offers improved memory
and computational complexity, while maintaining comparable sample complexity.

Reference Memory complexity | Sample complexity | Computational complexity
Our Work O(SA) o ( % ) Polynomial
(Blanchet et al., 2023) 0(524) o (%) NP Hard
(Shi & Chi, 2022) O(S2A) o (ZPL(I_W) Polynomial

Table 1: Comparison with offline robust RL works. (Shi & Chi, 2022) is for the KL-divergence set.

First, both related works are model-based, which involves estimating and storing the transition model
(Pyo:(s,a) e Sx A} e RS54 This approach thus requires an additional memory of size O(S2A)
to store the model, along with O(S A) space for the number of visited state-action pairs from the
dataset. As a result, it becomes inefficient for large-scale problems or environments with complicated
transition dynamics. In contrast, our model-free algorithm only requires O(S A)-sized space for the
number of visits. Such a reduced memory complexity enables our model-free algorithms to handle
large-scale problems, scaling effectively to large-scale or even continuous problems.

In terms of computational complexity, the most related work (Blanchet et al., 2023) requires to
solve a non-rectangular RMDP, which is generally NP-hard (Wiesemann et al., 2013). In contrast,
our algorithm can be effectively implemented in polynomial time, which is much more practical.
Compared to (Shi & Chi, 2022), our algorithm still enjoys lower computational complexity, since the
update rule of the model-based approach requires computing the inner product Ps,aV, whereas our
model-free approach eliminates this computation and only requires a single vector entry V' (s’). See
Appendix C for a more detailed discussion.

In terms of sample complexity, both of our sample complexity results match the ones for offline
non-robust Q-learning without variance reduction, illustrating our data efficiency and near-optimality.
Our result improves the dependence on S compared to (Blanchet et al., 2023) under the [,,-norm
uncertainty set, showing the enhanced scalability to large-scale problems. On the other hand, it is
the general observation that model-based methods tend to demonstrate better sample complexity
in terms of (1 — ) than model-free methods, especially when additional techniques like variance
reduction are not employed. Such findings have been widely noted in various settings, for instance,
when comparing robust RL with generative models ((Wang et al., 2024a) vs. (Shi et al., 2023)) and
non-robust offline RL ((Yan et al., 2022) vs. (Li et al., 2022)).

On a side note, we note that our result for the finite-horizon setting exhibits a higher-order dependence
on H (where we set H = ﬁ as the effective horizon in infinite setting). This is due to the non-
stationary environment inherent in the finite-horizon setting, which is also consistent with findings
from previous studies, such as in (Shi & Chi, 2022).

To summarize, our approach addresses existing gaps in offline RL by enhancing robustness to
model mismatch, reducing memory requirements, and providing adaptability to large-scale problems,
establishing a state-of-the-art method in the field.
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7.2 OTHER RELATED WORKS

Offline RL without model mismatch. A significant body of offline RL works assumes identical
collection and deployment environments. Based on that, many early works further rely on the global
coverage assumption, where the behavior policy covers all state-action pairs (Scherrer, 2014; Chen &
Jiang, 2019; Munos, 2005; Yin et al., 2021b; Yin & Wang, 2021a; Jiang, 2019; Wang et al., 2019;
Liao et al., 2020; Liu et al., 2019; Zhang et al., 2020; Uehara et al., 2020; Duan et al., 2020; Xie
& Jiang, 2020; Levine et al., 2020; Antos et al., 2007; Farahmand et al., 2010). This assumption is
often too restrictive and unrealistic, as it requires complete coverage of state-action pairs in historical
data (Gulcehre et al., 2020; Agarwal et al., 2020a; Fu et al., 2020). A more practical partial coverage
setting is later proposed, allowing to learn from a less explored dataset. Under partial coverage,
the optimal policy can still be learned by incorporating the pessimism principle to handle dataset
uncertainty (Jin et al., 2021; Uehara & Sun, 2021; Xie et al., 2021a;b; Rashidinejad et al., 2021;
Zanette et al., 2021; Yin & Wang, 2021b; Shi et al., 2022; Li et al., 2022; Zhan et al., 2022; Wang
et al., 2023e; Kumar et al., 2020). Differently, we consider potential model mismatches.

Robust RL. Robust RL (Iyengar, 2005; Nilim & El Ghaoui, 2004; Xu & Mannor, 2010) aims to
tackle the challenge of model mismatch in RL, by optimizing the worst-case performance over an
uncertainty set. Existing work focuses mainly on the online setting (Wang & Zou, 2021; 2022; Wang
et al., 2023a; Badrinath & Kalathil, 2021; Dong et al., 2022; Lu et al., 2024; Liu & Xu, 2024a) or with
a generative model (Yang et al., 2021; Xu et al., 2023; Panaganti & Kalathil, 2022; Shi et al., 2023;
Wang et al., 2024a;b; 2022). Offline robust RL, except for the two mentioned above, either relies
on strong assumptions, such as global coverage or absorbing states (Panaganti et al., 2022; Yang
et al., 2021), or employs fitted type algorithm designs (Yang et al., 2022; Panaganti et al., 2022; Liu
et al., 2023). More importantly, most of them are model-based, while we develop the first model-free
algorithm for offline robust RL. Another line of research aims to improve robustness and scalability
through function approximation (Liu & Xu, 2024b; Wang et al., 2024a; Ma et al., 2022), yet we focus
on the tabular setting to develop a more fundamental understanding of offline RL. Another line of
robust RL aims to optimize the performance under the environment from a corrupted dataset collected
under the same environment (Yang et al., 2023; Zhang et al., 2021b; 2022), which is different from
our setting.

8 EXPERIMENTS

We use numerical experiments to demonstrate the advantages of our framework in terms of robustness.
We consider two sets of environments: simulated MDPs with controllable transition dynamics and
Classic Control environments. More experiments are further provided in Appendix B.

8.1 SIMULATION MDPs

We first evaluate the performance of our algorithm on the Garnet problem (Archibald et al., 1995), a
randomly generated MDP G(a, b, ¢) with a states, b actions, and ¢ branches (see Appendix A for a
more detailed description). Both the nominal kernels and reward functions are generated randomly.
The uncertainty set is constructed using the /o-norm, with the radius R; , € [0.1,0.5].

We first generate a dataset of size N from the nominal kernel and apply our double-pessimism
algorithm, with the single-pessimism baseline (Yan et al., 2022), to learn policies. We then compute
the robust value functions of the learned policies and plot the difference between these values and
the optimal robust value functions, referred to as the optimality gap, in Figure 1. The results are
averaged over 10 times, with the maximum and minimum gaps as an envelope around the average
value. The results show that our double-pessimism algorithm converges to the true optimal robust
value as the dataset size increases, maintaining a lower optimality gap, while the single-pessimism
approach results in a larger gap. These findings demonstrate that our double-pessimism principle
significantly enhances robustness while remaining model-free and scalable.

8.2 CLASSIC CONTROL PROBLEMS

To further demonstrate the improvements in both scalability and robustness offered by our approach,
we consider more complex Classic Control tasks from OpenAl Gym (Brockman et al., 2016),
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Figure 1: Optimality gaps under different Garnet problems.

specifically MountainCar and CartPole (results are shown in Figure 4 in Appendix). The dynamics
of these environments are indirectly controlled by their parameters, e.g., the length of the pole in
CartPole, the gravity and the force in MountainCar, and it is of interest to improve the robustness
against their uncertainty. Since these model mismatches are hard to model, model-based approaches
become ineffective,yet our model-free method remains applicable and effective in such scenarios.

For each dataset generated under the nominal environment with the default parameters, we imple-
mented our algorithm alongside the baseline (Yan et al., 2022) to learn policies. To evaluate the
robustness of the learned policies, we test their performance in modified environments with parameter
perturbations (Pinto et al., 2017; Wang & Zou, 2021), where we randomly perturbed these parameters
within the range of [—7, 7] for 800 trials. As shown in Fig. 2, our double-pessimism algorithm
maintains a higher average performance under environment perturbations, demonstrating superior ro-
bustness, which aligns with our theoretical findings. This illustrates the enhanced robustness achieved
by our approach. Moreover, given the large-scale and complex dynamics of these environments
which are difficult for model-based approaches, our model-free algorithm effectively addresses these
challenges, further demonstrating the scalability of our method.
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Figure 2: Reward profiles with different parameter perturbations.

9 CONCLUSION

We explored offline RL with a focus on improving scalability and robustness simultaneously. We
framed the problem as offline robust RL and developed a model-free algorithm to optimize the
worst-case performance within an uncertainty set accounting for the possible model mismatch. To
address two key challenges—uncertainty from the under explored dataset and model mismatch
between data collection and deployment environments—we introduced a double-pessimism principle
that conservatively estimates the agent’s performance in a model-free manner. Building on this, we
designed a universal model-free algorithm that eliminates the need for model estimation, adapts to
various uncertainty sets, and scales to large problems. We further analyzed its performance for the
widely studied [, -norm uncertainty set, showing near-optimal data efficiency of our approach. Our
approach significantly improves the robustness, scalability, and efficiency of offline RL compared to
existing methods, pushing the boundaries of offline RL research.

10
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A  EXPERIMENTAL SETUP OF SECTION &

A.1 GARNET PROBLEMS

For simulated MDP environments, we implement Algorithm 3 on Garnet problems G (20, 30, 20),
G(30,50,30) and G (50,100, 50). Here, the branch number denotes the number of states that can
be achieved after taking an action. The uncertainty radius R, , is randomly drawn from a uniform
distribution ranging from 0.1 to 0.5 for all state-action pairs. The true robust expected values for
the Garnet problems, over a certain state distribution, can be obtained via the model-based robust
value iteration method. For each problem, we first generate a stochastic behavior policy with partial
coverage over state-action pairs. To obtain a near-optimal stochastic behavior policy, we compute
the Q-values for the nominal kernel, and adopt a softmax transformation to assign probabilities
for all state-action pairs. The randomness (i.e., optimality) of the behavior policy is controlled via
temperature parameter ¢, = 1. State-action pairs with probabilities Ps , < 0.03 (for G(20, 30, 20)),
P, , < 0.02 (for G(30,50,30)) and Ps , < 0.01 (for G(50,100,50)) are then excluded to achieve
partial coverage. Finally, non-zero elements are re-normalized to maintain a valid probability
distribution. By deploying the behavior policy on the nominal kernel, 10 datasets are generated at
each dataset size from 7" = 1000 to 7" = 20000. We compared the double-pessimism method with
the single-pessimism method in (Yan et al., 2022). We set v = 0.95, C, = 1 x 10~* and § = 0.02.

A.2 CLASSIC CONTROL PROBLEMS

Note in the Classic Control problems, the underlying uncertain environments may not be modeled
using our perturbation-based uncertainty set in equation 8, but we can still implement our algorithms
to enhance the robustness. We generate the dataset according to a random behavior policy, and
implement Algorithm 3 with the radius R = 7. In our experiments, we set v = 0.95, C, = 1 x 10~
and § = 0.02. After a policy is learned, we test its performance under a perturbed environment with
the parameter randomly generated from [—7, 7] for 800 times, and plot the average performance
among them.

B ADDITIONAL EXPERIMENT RESULTS

B.1 COMPARISONS IN TABULAR ENVIRONMENTS

In this section, we include additional experiment results under three simulated environments. Specif-
ically, we consider the Frozen-Lake and Taxi environments from OpenAl Gym (Brockman et al.,
2016), and the American Option problem (Panaganti et al., 2022; Shi & Chi, 2022; Zhou et al., 2021).
The transition dynamics of these environments can be directly controlled, and we construct ,-norm
uncertainty sets centered at their nominal kernels. Similarly, we trained our double-pessimism
Q-learning together with the single-pessimism baseline, and plotted the optimality gap between the
learned and optimal robust value functions. As the results in Figure 3 show, our double-pessimism
Q-learning effectively obtains the optimal robust policy, whereas the single-pessimism Q-learning
only achieves sub-optimal performance. The results hence indicate that our additional pessimism
effectively enhances robustness against model uncertainty, verifying our theoretical results.
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Figure 3: Optimality gaps under different Gym environments.
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Figure 4: Reward profiles with different parameter perturbations.

B.2 SCALABLE ALGORITHM WITH FUNCTION APPROXIMATION: DOUBLE-PESSIMISM CQL

In this section, we extend the evaluation of our double-pessimism framework to large-scale problems
using function approximation techniques. The algorithms presented earlier (Algorithm 1, Algo-
rithm 3), while model-free, are designed for tabular settings and require memory space of O(SA)
for the @)-table, making them less efficient for large-scale applications. To improve scalability,
replacing the (Q-table with low-dimensional function approximations (e.g., neural networks) to reduce
memory costs is a widely adopted approach. On the other hand, existing offline RL algorithms like
Conservative Q-learning (CQL, (Kumar et al., 2020)) and Implicit Q-learning (IQL, (Kostrikov et al.,
2021)), along with others (Ross & Bagnell, 2012; Laroche et al., 2019; Fujimoto et al., 2019; Kumar
etal., 2019; Agarwal et al., 2020b; Liu et al., 2020; Jin et al., 2021; Xie et al., 2021a; Yin et al., 2021a;
Rashidinejad et al., 2021; Xie & Jiang, 2021; Jiang & Huang, 2020), have focused solely on offline
RL without model mismatch, resulting in degraded performance when model mismatch is present.

Aiming to enhance both robustness and scalability, we design and evaluate a double-pessimism
CQL algorithm, demonstrating that our framework is not limited to tabular settings but can also be
integrated with function approximation or deep RL techniques, significantly improving robustness
against model mismatch. Specifically, we employ the CQL method to impose pessimism on the
limited dataset, and further incorporate an additional penalty term into the robust Bellman operator
estimation to effectively mitigate model mismatch. Based on this construction, we can similarly
design a double-pessimism CQL algorithm, from which enhanced robustness is expected.

—— Vanilla coL
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Figure 5: Double-Pessimism CQL vs. Vanilla CQL under CartPole.

To validate the effectiveness of our double-pessimism principle, we compare our double-pessimism
CQL with the vanilla single-pessimism CQL under CartPole from OpenAl Gym. The policy is trained
in the nominal environment and evaluated in randomly perturbed environments (perturbation radius
7) over 800 trials. The results, shown in Figure 5, display the average performance as solid curves,
with envelopes representing standard deviations.

As the results indicate, our double-pessimism CQL consistently outperforms the vanilla CQL in
perturbed environments, demonstrating enhanced robustness. This experiment confirms the universal
applicability of our double-pessimism framework in improving robustness, regardless of the specific
algorithm used. It also highlights the scalability of our approach, which can be integrated with
advanced deep offline RL algorithms for large-scale problems using function approximation.
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B.3 ABLATION EXPERIMENTS

Our double-pessimism principle addresses two key challenges: the first component tackles the limited
dataset coverage in offline RL to handle out-of-distribution issues, while the second addresses model
mismatch between the data generation and deployment environments.

In this section, we conduct ablation experiments to evaluate the effectiveness of this principle. Specif-
ically, we compare four algorithms in an offline setting: vanilla Q-learning (with zero pessimism),
robust Q-learning (with model-mismatch pessimism only), offline non-robust Q-learning (with dataset
pessimism only), and our proposed offline robust Q-learning (with double pessimism). The experi-
ments are conducted on two Garnet problems, where we evaluate the robust value functions of the
learned policies with respect to an uncertainty set defined by the /,-norm.

The results are shown in Figure 6. The solid curve represents the average value across 10 independent
runs, while the shaded area indicates the maximum and minimum values observed.

Our double-pessimism approach outperforms all four algorithms, including those with a single source
of pessimism, demonstrating the effectiveness of our framework. Furthermore, the single-pessimism
methods achieve better performance than the vanilla algorithm with no pessimism, highlighting
the benefits of incorporating pessimism in offline robust RL. However, both are ultimately outper-
formed by our double-pessimism method, underscoring the importance of addressing both sources of
uncertainty through the double-pessimism principle.
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Figure 6: Robust value functions in Garnet problems.

C FURTHER DISCUSSION OF K

C.1 A UNIVERSAL CONSTRUCTION OF K

In this section, we discuss the design of the penalty function x for universal uncertainty set models
defined by some distribution divergence/distance functions F'(-||-):

P={P+qecA(S): F(P+4||P) < R}. (24)

Note that this uncertainty set includes perturbed environments within a region centered around the
nominal kernel, effectively modeling environmental uncertainty in practical applications. This is
because, in practice, perturbed environments should not deviate significantly from the nominal kernel
and should therefore fall within a defined region.

We first present the following theorem for a universal construction of the penalty function x.

Theorem 4. Let (V') be the optimal value of the following constrained problem:

- Vi, S.t i =0, F(P P)<R. 25
=D Vi st D (P +q|[P) (25)
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Then, (V') satisfies equation 15, i.e.,

PV — k(V) < ap(V). (26)

Proof. Note that the problem in equation 25 is equivalent to the problem

—qV, wh = {q € R, i =0,F(P P) < R}. 27
aneaé( qV, where Q = {q Ei:q (P +4l|P) < R} ©2))

The proof is then straightforward by noting that P C Q, hence

PV — (V) <minpV = op(V). (28)
pEP

O

Such a result provides a universal construction of the penalty function , for the perturbed-based
uncertainty set as in equation 24. Note that x(V") depends on P, which is unknown in practice, but
any unbiased estimation of it is sufficient. To illustrate this and show the generality of our design, we
develop a case study for the y2-divergence uncertainty set in the following section.

C.2 CASE STUDY: [,-NORM UNCERTAINTY SET

In this section, we provide a more detailed discussion on the /,,-norm uncertainty set. As discussed,
we consider the relaxed [, -norm uncertainty set:

755,11 = {Ps,a +q: ZQz = Oa ana < Rs,a}7 (29)

where we relax the condition P, , 4 ¢ > 0. Then the worst-case transition w.r.t. P can be derived as

op. (V) =Ps.V —k(V), (30)
where
K(V) = Rmin we — Vs, 31
we
with 8 = 171 . For popular choices of «, the optimization problem in equation 31 has a closed-form

solution, spegiﬁed in Table 2 (Kumar et al., 2023). Note that for the three choices of @ = 1,2, 0o,

K(v)

max, v(s)—ming v(s)

«
o0
2
2 J 5, (v(s) - 2
S S
1 ZiL(:1+1) ) v(si) — Zi:[(s+1) 2] v(si)

Table 2: Penalty term for /,-norm uncertainty set

the resulting penalty terms incur a computational complexity of O(.S). When combined with our
algorithm, this leads to an overall implementation complexity of O(SA) per step. In contrast, the
model-based methods proposed in (Shi & Chi, 2022; Blanchet et al., 2023) have a computational cost
of O(S?A) per step (Kumar et al., 2023), highlighting the superior efficiency and scalability of our
approach.

Our algorithm and theoretical result will then characterize the convergence to the optimal robust
policy w.r.t. P. More importantly, when the uncertainty radius R is small, the relaxation will not be
effective, i.e., P = P (Zhou et al., 2024).
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C.3 CASE STUDY: X2 UNCERTAINTY SET
We adapt the construction we obtained to the widely used x2-divergence as a case study. The design
of k for other uncertainty sets can be obtained in a similar way.
Specifically, the uncertainty defined for the (s, a)-pair is
7)s,a = {Ps,a + q e A(S) : DX2 (Ps,a + qHP&a) < Rs,a}; (32)

where D, 2(p|lq) = >, (;)i;i?,-)? is the x2-divergence. We aim to design a model-free function « that

serves as the penalty term to address the uncertainty from the model mismatch.
We first establish the following lemma.
Lemma 5. The constrained problem

i i‘/i; L l:()vD P, Ps.a < Rs,q 33
mqln;q s Zq v2(q + Psal|Ps.a) , (33)

7

has the solution

—y/Rs.aVarp, , (V). (34)

Proof. To simplify the notation, we omit the subscript s, a from P , and I ,. We note that if any
entry P; = 0, then any feasible ¢; = 0, otherwise the X2 -divergence will be infinite. Thus, we can
simply ignore the i-th entry in this case and only consider the remaining ones. Hence, we assume
P; > 0,Vi without loss of generality.

Note that the condition D, 2(q + P||P) < R is equivalent to

q?
<
Ei B <R (35)

hence the Lagrangian function L of the constrained problem is

LZE:%W+A§:%+M( §§—R>~ (36)

From the KKT conditions (Bertsekas, 1997), the solution ¢* and the Lagrangian multipliers A* and
w* must satisfy

+24;
P;
We first show that if ¢* is the optimal solution, then D,2(¢* + P|[P) < R. To show that this

statement always holds, our claim is that there exists an optimal solution such that p* = 0, then we
have

*

Vit AN +pu =0, Vi. (37)

Vi+ A" =0,Vi (38)

and hence,
Y gVi=-\D g =0. (39)

To prove that this claim is not possible, we provide a counterexample to demonstrate that ©* = 0 and
3. a4 Vi # 0, which is a contradiction:

For V' = [V4, V5] and P; , = [p1, p2], where p1,p2 # 0. We have g2 = —¢i, then

2 2
% _p (40)
P1 P2
Hence,
R
ol <7/ 41)

p1 P2
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The optimal value of the optimization problem is

> aiVi = qi (Vi = Va). (42)

Obviously, the optimization problem does not have an optimal solution, but instead an infimum.
There always exists a feasible solution ¢ such that

> avi <o, (43)
which means that ©* # 0 always holds.
Thus,
*)2
Vi = —xqr— oD (44)
P;
and hence,
) N (@)? ]
quiw = -2 Z B = 2R, (45)
where we use the constraint ), ¢ = 0and ), % = R.
Again, from equation 37, we have that
N
4y’ (‘;) = (Vi+ A2, (46)
and hence,
2
* ‘/’L )\* 2
@\ _ WA (47)
P ()
Taking the sum over ¢ implies that
(4)? (Vi +A%)?
- =R= P; , 48
275 PR TIOE (48)
and hence,
2R = \/RZB—(VHA*)? (49)
On the other hand, note that equation 37 further implies that
0= PVi+A\") P, (50)
and hence,
x =Y BV (51)

Plugging in equation 49 implies that

2u*R = v/ RVarp(V). (52)

Hence, from equation 45, the optimal solution of the constrained problem is then —y/RVarp(V),
which completes the proof. O

With the optimal solution to equation 33, we can then design the penalty function x for the x?
uncertainty set defined as in equation 32. Firstly, we note that equation 33 is a relaxation of the
support function over equation 32, therefore the optimal solution to equation 33 is not greater than
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op(V), and therefore is a pessimistic penalty of the model mismatch. We thus design the penalty
function as
K(V)=>_ PV;—/RVarp(V). (53)

We note that in the model-free setting, it is straightforward to obtain an unbiased estimation of k,
which however requires more than 1 sample. Specifically, for n i.i.d. samples (s, a, s}),i =1,...,n,
the model-free penalty function is defined as

V)V VE \/ V) 7 s

where V = Z+(s/) Such a penalty function satisfies the condition equation 15 of the pessimism

principle, and hence we can extend our model-free algorithms to the y2-divergence model. We
present the algorithm for the infinite horizon in Algorithm 2. Different from Algorithm 3, for the

Algorithm 2 Double-Pessimism Q-Learning for infinite-horizon RMDPs with y2-divergence uncer-
tainty set.

Input: D, target success probability 1 — §, ' = [ﬁ log %TT—‘
Initialize: Qo (s,a) = 0, Vo(s) = 0, ng(s,a) =0, Vs, a
fort=1,...,T do

Sample 2 samples (s;_1,a;—1, s;),(s¢—1,a¢_1, s2) from D

ne (Se—1,a8-1) < ne—1(8¢-1,a1-1) + 25 n4(s,a) <= ny_1(s,a), V(s,a) # (s¢-1,a1-1)

n < ny(s,a); < (U +1)/(T +n)
T'log(ST/5)

711(1*“02 ,
Vi (st)+Vt, (St)

M ¢ =t

K 4= =/ Ro, 0, (Vici(s) — M)? + (Vioa(s7) — M)?)

Qi (si—1,ai-1) = (1 = mp) Q-1 (5¢-1,a0-1) + nn{r (st—1,at-1) +YM — vk — bn}
Q:i(s,a) = Qi—1(s,a) forall (s,a) # (S4—1,a1—1)

Vi (Stfl) = max { maXgea Qs (Stflv a) ) Vt71(8t71) s

Vi(s) = Vii(s) forall s # sp_1.
end for
7(s) = argmaxge s Qr(s,a),Vs
Output: 7

bn%cb

x2-divergence model, we require 2 samples at each step to estimate . However, the estimation does
not required any information on F; , and hence Algorithm 3 is still model-free.

Note that generally the penalty function « is biased, thus the algorithm may not converge to the
optimal robust policy. However, the robustness can still be enhanced due to the additional pessimism.
We validate the effectiveness of our algorithm in optimizing performance under model mismatch
in an offline setting through numerical experiments. Specifically, we implemented our algorithm
alongside the baseline single-pessimism Q-learning algorithm (Yan et al., 2022) on Garnet problems
with varying parameters, and three simulation environments: Frozen-Lake, Taxi, and American
Option. Using datasets of different sizes, we computed the robust value function of the learned
policy via dynamic programming (Iyengar, 2005), and plotted the results in Figure 7 and Figure 8.
Each curve represents the average over 10 independent runs, with the shaded region indicating the
maximum and minimum values. As demonstrated in the results, our double-pessimism Q-learning
significantly outperforms the single-pessimism approach, showcasing the robustness of our algorithm
to model mismatch and confirming the efficacy of our double-pessimism design.
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Figure 7: Robust value functions of two Granet problems over y2-divergence uncertainty set. Solid
lines represent the mean values over 10 independent runs. Shaded areas represent the maximum and
minimum values.
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Figure 8: Robust value functions of three simulation environments over the x2-divergence uncertainty
set. Solid lines represent the mean values over 10 independent runs. Shaded areas represent the
maximum and minimum values.

D ANALYSIS OF THE FINITE HORIZON SETTING

D.1 NOTATION

Recall the learning rate defined by
_H+1

 H+n
for the n-th visit of a given state-action pair at a given time step h. We further adopt two sequences
of related quantities for any integers N > 0 and n > 1 from (Shi et al., 2022):

(55)

n

N I, (1—m)=0, if N>0,

B 56
"o 1, ifN=0" (56)
Mo (1= mi), ifN >n,
IR ifN =n, . 7
0, if N <n
It has been shown in (Shi et al., 2022; Yan et al., 2022) that
N
n=0

We also introduce the following notation:
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* N }’f(& a), or simply N, ,’f: The number of episodes that have visited the state-action pair
(s, a) at step h before the start of the k-th episode.

* k}'(s,a), or simply k™: The index of the episode in which the state-action pair (s, a) is
visited at step A for the n-th time. We adopt the convention that k° = 0.

. P,’f € {0,1}*5: A row vector corresponding to the empirical transition at step h of the
k-th episode, defined as

Pi(s)=1(s=s},,) forallseS. (59)

o 78 = {7F}E_ with 7f(s) £ argmax, Q% (s,a) forall (h,s) € [H] xS: The deterministic
greedy policy at the beginning of the k-th episode.

» 7: The final output of the algorithm, corresponding to 7% 1 as defined above. For simplicity

in our analysis, we treat 7 as 7K, which does not affect the result.

D.2 LEMMAS FOR THEOREM 2

In this section, we present the lemmas that are utilized in the proof of Theorem 2.

The first lemma demonstrates how our choice of the penalty term « can address the uncertainty arising
from model mismatch.

Lemma 6. (Theorem 1 in (Kumar et al., 2023)) Let P o be the uncertainty set defined using the
lo-norm. For any vector V, the following relationship holds:

0P, (V) = P50V = ks.a(V), (60)
where k is defined as in equation 18.

The following lemma provides properties concerning the learning rates and is adapted from (Jin et al.,
2018; Li et al., 2021).

Lemma 7 (Lemma 1 in (Li et al., 2021)). For any integer N > 0, the following properties hold:

N N
! n 2 1
<D < I -~<a<1 61
T aone T Ne forall 5 sa<l (6l1a)
N o0
20 2H 1
N o 222 Ny2 o 2 N L
max ) < = Zl(nn) <5 §Nnn <1+ (61b)
n= n=

The following lemmas concern the concentration properties of the sample generation.

The first lemma below is adapted from Xie et al. (2021b, Lemma A.1).

Lemma 8. (Lemma 8 in (Shi et al., 2022)) Suppose N ~ Binomial(n, p), wheren > 1 and p € [0, 1].
Forany ¢ € (0,1), we have

P 8log (3)

2
Nv1~— n ©2)
and
np . 1
N>— > 8l -1, 63
~ Slog (3) ifnp=> Og(6> (63a)
e2np ifnp > log (1)
< = o/
N< {262 log (%) ifnp < 2log (%) . (63b)

with probability at least 1 — 49.

The following lemma is a standard concentration inequlity result.
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Theorem 9 (Freedman’s inequality (Freedman, 1975)). Consider a filtration Fo C F1 C Fo C ---,
and let By, stand for the expectation conditioned on Fy. Suppose thatY,, = >/ _; X € R, where
{ X1} is a real-valued scalar sequence obeying

| Xk <R and Ei_1 [Xk] =0 forallk > 1
for some quantity R < oo. We also define

W, = Z Ev_1 [X7].
k=1

In addition, suppose that W,, < o2 holds deterministically for some given quantity 0> < co. Then,
for any positive integer m > 1, with probability at least 1 — 0§ one has

2m

5 (64)

2 2 4
|Y,| < \/SmaX{Wn, ;—m} log Tm + gRlog

The Freedman’s inequality further implies several important results related to our problem.

Lemma 10. Ler {W} € R® |1 <i < K,1 < h < H + 1} be a collection of vectors satisfying the
following properties:

. Wfl is fully determined by the samples collected up to the end of the (h — 1)-th step of the
i-th episode;

* Wil < Cu.
For any positive integer N > H, consider the following sequence:

Xi(Sa a,h, N) £ Tl%;y(s,a) (P;;LW}Z;-‘,-l - RS,a/{(W}i+1) - Uh,S,a(Wli-f-l))I{(Szf.u a’;’b) = (57 a)}.

(65)
> Xi(s,a,h,N)

| H SAT
< 22 2047

holds simultaneously for all (k, h,s,a,N) € [K] x [H] x § x A x [K].

With probability at least 1 — 6,

k

Proof. Letul (s,a,N) From equation 61b in Lemma 7, we have

—_ N
- nN}i(s,a)'

’uﬁl(s,a,N)‘ < % £ O,

Given that Vary, s o (Wﬁ(ls’a)) < O2, we can apply Lemma 7 from (Li et al., 2021) to obtain, with

probability at least 1 — 4,

k
ZXi(Saa7haN)‘
i=1
NF(s,a)
SAT | ¥ C SAT
< log? 22— N (2 “u loe2 241
S \/Culog” — ; nnCer(Cquﬂ/NCw) og" —5
H SAT HC. SAT
<) log? T W log? 2
SV w log 5 Cw + N log 5
HC2 SAT
< W oe? 2
~ N %% 5
where the final line uses equation 61b from Lemma 7 again. O
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Lemma 11. Let {W}(s,a) € R% | (s,a) € S x A,1 <k < K,1 < h < H + 1} be a collection

of vectors satisfying the following properties:

. V[/,’f(s7 a) is fully determined by the given state-action pair (s, a) and the samples collected

up to the end of the (k — 1)-th episode;
« [Wi(s,0)|leo < Cy.

For any positive Cq > 0, consider the following sequences:

[ d, (sh, ab) . _
Xni 2 Ca | g e Wialsha) = > disaWia(al, 6D
i P,h\°h>“h (s,a)ESx A i

= A ;th(sfi?az) k k _k T & k
Xk 2 Cy mWh+1(sh,ah)— > dp,(s,a)Wh (s,a) (68)
i P,h\°h>“h (s,a)eESx A i

Consider any § € (0,1). Then with probability at least 1 — 6,

X S . N 2, 2H X 2H
> Xnk| <, |D8C3Cr > d(s,0) [PrsaWE(s,a)] log — +2C4C"Cylog =,
k=1 k=1 (s,a)eSxA

(69)

K K

— 2H 2H
Z Xhk| < Z 8C3C* Z dp5(8,0)Phs,a [Wi’fﬂ(sa a)]2 log e +2C4C*Cy, log o
k=1 k=1 (s,a)eSxA
(70)
hold simultaneously for all h € [H].
Proof. The proof similarly follows from (Shi et al., 2022). O

We then prove Lemma 1 showing the effectiveness of our double pessimism principle, i.e., that our
estimation is a conservative estimation of the robust value function.

Lemma 12. Consider any § € (0,1), and suppose that ¢, > 0 is some sufficiently large constant.
Then, with probability at least 1 — 6,

NF(s,a) . N (s,a) N
S O V) — OOV 4 o) [ €S O,
n=1 n=1 (71)
holds simultaneously for all (k,h, s,a) € [K] x [H] x S x A, and
ViE(s) S VT () < Vi () (72)

holds simultaneously for all (k, h, s) € [K] x [H] x S.

Proof. Proof of inequality equation 71. We show it by invoking Lemma 10. Let
Wit = Vi1,
which satisfies
Whiilloo < H = Cy.
Note that it holds that
k™ (s,a k™ (s,a) 1 k™ (s,a k™ (s,a
Uft,s7a(vh+£ )) - b, ( )Vh+£ )‘*‘Rs,a“(vmf ))
= Ph,s,avhk+£87a) - Rs,a’i(vhk+§s’a)) - P}f (S’a)vhk+1(87a) + Rs,a"f(viﬁrl(sya))
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_ Ph . thk+£s ,a) . P;]: (S’a)th+£S’a), (73)

where the first equation is from Lemma 6. Hence applying Lemma 10 implies that with probability at
least 1 — 6,

Ni (59) NP (s,a) L R k R
> it (ona (VL) = BV 4 Rean (Vi)
n=1
k
Nl NF(s,a) k"™ (s,a) (s,a)
= Z 'I’]n : <Ph_’57a - P )Vh+1
n=1

k
ZX’ s,a,h, NJ (s, a))|
i=1

3,2
< opy| (74)
Ny (s,a)
holds simultaneously for all (s,a, k,h) € S x A x [K | x [H], provided that the constant ¢; > 0 is
large enough and that N = N} K (s a) > 0. When N[ (s, a) = 0, we have the trivial bound
Ny (s,a) i
> O (P = BV <0 (75)
n=1

2
H22 e observe that

Ny (s,a N s,a / . . :
Z h§ ) y( )b - |:Cb Nk (s a), N%I?S,Qa) :| s if N,’j(s, Cl) >0

NF(s,a) N (s,a) . & (76)
Sk by if Ny (s,a) =0

n=1

Additionally, from the definition b,, = ¢}

holds simultaneously for all s,a, h, k € S x A x [H| x [K], which follows directly from the property
equation 61a in Lemma 7.

Combining the above, equation 74 and equation 76 hence imply that

N,’f(s,a)
NF(s,a k" (s,a k" (s,a)y k" (s,a k™ (s,a
Z Tin w )(Uh,sya(vh-u( )) - b, ( )Vh+£ ) + Rsya’f(Vh-s-f ))>‘

n=1

Nh sa)b

Mw

Proof of inequality equation 72. Note that the second inequality of equation 72 is straightforward as
Vir(s) < V*(s)
holds for any policy 7. As a consequence, it suffices to establish the first inequality of equation 72:
VE(s) <V (s)  forall (s, h, k) € S x [H] x [K]. (77)
Define
ko(h, k, s) == max {l (1< kand Vii(s) = max QL (s, a)} (78)

for any (h, k, s) € [H] x [K] x S, which denotes the index of the latest episode — before the end
of the (k — 1)-th episode — in which V},(s) has been updated. We abbreviate k,(h, k, s) as k,(h)
whenever it is clear from the context.

We utilize an induction approach to show that. Assume that

v

V() <V (s)  forall (K,T,s)€k—1]x [H+1] xS, (79a)
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VE(s) < VE' (s)  foralll >h+1landseS. (79b)
We need to verify
ViF(s) < Vhﬂk(s) forall s € S. (80)

Step 1: base case.

Let us begin with the base case when h + 1 = H + 1 for all episodes k € [K]. Recognizing the fact
that V7, = V., = 0forany m and any k € [K], we directly arrive at

Vi (s) < VAL (s)  forall (k,s) € [K] x S. (81)

Step 2: induction. To justify equation 80 under the induction hypothesis equation 79, we decompose
the difference term to obtain

Vi (s) = Vit (s) = Vi () — max { max Qf (s,a), Vi~ (s)}
= QF (s,7h(s)) — max { max Qf (s,a), V;" " (s)}, (82)

where the last line holds since V}, (s) has not been updated during episodes k,(h), ko(h)+1,- -+, k—1
(in view of the definition of k,(h) in equation 78). We shall prove that the right-hand side of
equation 82 is non-negative by discussing the following two cases separately.

Case 1. Consider the case where V¥ (s) = max, Q¥ (s, a). Note that
m,(s) = argmax Q}i(s,a),  when V;i(s) = max Qj(s, a) (83)
holds for all (k, h) € [K] x [H], Thus
Vi (s) = Vif(s) = QF (s, 7h(s) — max Qf(s, a)
= QF (s.7h(s)) — QR (5,7 (5)). (84)

To continue, we turn to controlling a more general term Q;{k (s,a) — QF(s,a) forall (s,a) € S x A.

Invoking the fact 7 i + ZN"l Nn NE_ = 1 (see equation 56 and equation 58) leads to

NF .
Q' (s.a) = Q7 (s.0) + > NP QF' (s, a).

n=1

This relation combined with equation 106 allows us to express the difference between Q’,{k and QF
as follows

QF (s,a) — Qk(s,a)

NFE ok N} n n n

=" (Qh (s,a) = Qp(s,a ) Z ' { sa) —ra(s,a) = ViE (shh) + Rsaw(Vi) + bn}
n=1

(a) NF ok <k ok n n n
=" (Qh (s,a) = Q}(s,a ) Z nn " [Ph,s,avhﬂ — Re ok (ViTi1) = Viita (shih1) + Reai(Vid) + bn}

k
(b) & L L - .
> M {Ph,s,thH — Ry or(Vih1) = Vilpa (Shq1) + Rear(Vih) + bn}

n=1

h
(C) N k ﬂ_k n RO n n n
= Z " [Uh,s7a(vh+1) - Uh7s,a(V}f+1> + Uh,s7a(vhk+1) - V}f+1(52+1) + Rs,a“(v}ﬁrl) + bn}
Nk:
(d) h k n n
>3 it [(Pusa — PE") Vi + 0] (85)
n=1
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Here, (a) invokes the robust Bellman equation ng (s,a) =rp(s,a) + ah7s,a(Vh“+k1); (b) holds since
ng (s,a) > 0= Q}(s,a); (c) is from Lemma 6; and (d) comes from the fact
ﬂ_k n
Vil = Vil 2 Vil

owing to the induction hypothesis in equation 79 as well as the monotonicity of V4 in Lemma 12.
Consequently, it follows from equation 85 that

Qh (s, a) Qh(s a)

( n Nh(‘“l)
Z (Phsa_P;k (sa)) h+1sa + Z Nh(sa
.
23

Nj, (s,a
Z Nh s,a) <Ph,s’a B P:ﬂ(g,g,)) thjis,a)

>0 (86)

for all state-action pair (s, a), where the last inequality holds due to the bound in equation 71 in
Lemma 12. Plugging the above result into equation 84 directly establishes that

Vi (s) = ViE(s) = QF (s, 7%(s)) — QF (s, 7" (s)) > 0. (87)

Case 2. When V¥ (s) = Vk (h)( ), it indicates that
V, ”(h)(s) = max Qfl“(h) (s,a), Wzo(h)(s) = arg max QZ"(}L) (s,a), (88)

which follows from the definition of k,(h) in equation 78 and the corresponding fact in equation 83.
We also make note of the fact that

mh(s) = m " (), (89)
which holds since V},(s) (and hence 7, (s)) has not been updated during episodes k,(h), ko(h) +
1,--- ,k — 1 (in view of the definition equation 78). Combining the above two results, we can show

that
Vi (s) = Vit(s) = Q7 (s.75(9)) = V() = Q7 (5,7 (s)) — max Q3" (s,a)
_ Qh (S o (h)(s)) o QZU(h)(S o (h)( ))
>0, (90)

where the final line can be verified using exactly the same argument as in the previous case to show
equation 85 and then equation 87. Here, we omit the proof of this step for brevity.

To conclude, substituting the relations equation 87 and equation 90 in the above two cases back into
equation 82, we arrive at

VI (s) = Vif(s) 2 0
as desired in equation 80. This immediately completes the induction argument. O

Lemma 13. With probability at least 1 — 6, it holds that

N;’f(s,a)
m* N (s, * (s,
Z Z dp (s, a) Z nnh(s “ (Uh,sya(vhﬂ) - C”us,a(vfwrh?S a))) D
=1(s,a)eSxA n=1

1 i / 2H 2H
= (1 + H) ; édnhﬂ(s) (Vitia (s) = Vit (5)) + 244/ H2C*K log 5 7 12HC” log 5
Proof. Tt is sufficient to show that

Nh(s a) N i
A = Z Z df, (s, a) Z "n Hee (05,0 (V1) — Ufus,a(vhﬂs a))) ©2)
k=1 (s,a)eSxA n=1

=:An,k
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1 . / 2H 2H
+ H) Z A i1 (8) (Viia (s) = Viri (s)) 4244/ H2C* K log = 12HC* log 5

seS

S

k=1

=:Bp K

Define two auxiliary sequences {Y}, ;. }X_, and {Z), .}, which are the empirical estimates of Ay,
and By, 1, respectively. For any time step h in episode £, Y3, i and Zj, j, are defined as follows

k(. k _k
T k k\ Ny (spar)
dpp(sp,ap) " NP (sEak k" (s ak)
n

o ) Shoap
Yk = (Uh,s’,j,aﬁ(vifﬂ) = sk at (Vs " )) )

d%,h(sfﬂaﬁ) n=1

1 d;*h(sé;)ag) *
o= (14 37 ) S (7 V) = )

Note that
K K r* ok ky Nh(sha
dp(shyah) "R N( ) k™ (sf,ak)
D Viw =3 gty 2w (e (Vi) — Thgap (GE7)
k=1 k=1 P:h\7h>Th n=1
Nyt (shv“h)

) Ky, (sh,ab)

§ : N * l
dp, (Sl al ) nN}lL(SﬁL’aD (O—h,slh,alh (Vh+1) - O—h,slh,alh (Vh+1))
1=1 ~P,h\"h>™h

N=N; (s}, .a},)
(93)

1) & d};jh(sﬁ, aj,) " k o
s\t g > &5 (s ak) (Uh,s;g,a;g(VhH) - Jh,s;g,a;g(VhH)) = Zng (94)
= dp sy, ap) =1
Here, (a) holds by replacing k™ (s}, a¥) with  and gathering all terms that involve V%, | — V!, s in the

last line, we have invoked the property > "1 i (5,0) Y <> N_,nN =1+ 1/H (see equation 61b)
together with the fact V;*, Vh 41 = 0 (see Lemma 12), and have further replaced [ with k.

With the above relation in hand, in order to verify equation 93, we further decompose A}, into several
terms

K K K (a) K K
A= Ank = Y+ (Ank = Yir) <> Zni+ Y (Ank — Yir)
k=1 k=1 k=1 k=1 k=1
K K K
:ZBh,k Z(th*Bhk +Z (An ke — Ynr) 95)
k=1 k=1 =1

where (a) follows from equation 94.

As a result, it remains to control Zszl (Znx — Bp) and Zszl (Ap.i; — Yn. i) separately in the
following.

Step 1: controlling Zi{:l (A — Y r). We shall first control this term by means of Lemma 11.
Specifically, consider

N,’f(s,a) N
W (s,0) = 3 gt (ama(v,;ﬂ)—ah,,(g,a(vhﬁ{s“))), Ca=1  (96)
n=1
which satisfies
Ny (s,
N (s,a k" (s,a
Wi (s, )] Z O (Wil + [Vl ) s =cv. @)
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k k k
Here, we use the fact that név k4 Z;V;l 77,]1\7 h =1 (see equation 56 and equation 58). Then, applying
Lemma 11 with equation 96, we have with probability at least 1 — d, the following inequality holds

true
K K
Z (Ap ke — Yo = ZXh,k
k=1 k=1
4 o 2H °H
<\ [Do8Cicr Y dp,(s,a) [Wh(s,a)] log 5 +2C4C"Cy log =
k=1 (s,a)eSx.A
2H 2H
< 16\/H2C*Klog7 + 4HC™ log 5 (98)

where the last inequality is from [WF, (s, a)| < ||V;7, — V:IES’G)HOO < H.

Step 2: controlling Eszl (Zn 1 — B, ). Similarly, we shall control Zszl (Zh,k — Bh,r) by invok-
ing Lemma 11.

Recall that

1 d?jh(slﬁﬂﬁ) * k
Zh,k: - Bh,k =1+ E m (O-h,s’;:,az’ (Vh+1) — ah,sﬁ,aﬁ (Vh-i-l))

(14 5) S ) 0al6) = Vo). 99)
and let us consider -
WEi1(5,) = 0 ot (Vire) — Ok ot (V) Ca = (1 n If,) <2 (00)
which satisfies
Wi (s 0l < [1Vikalle + 1Vl < 2H = Cw. (101)

Similarly, in view of Lemma 11, we can show that with probability at least 1 — ¢,

K K
Z (Bhk — Zhk) ZXh,k
k=1 —1

k=

< 16\/H2C’*K10g? + 8HC™ log ? (102)

Step 3: putting all this together. Substitution results in equation 98 and equation 102 back into
equation 95 completes the proof of equation 93 as follows

K K K
An <Y Buk+ | (Znk = Bug) |+ | D (Ank — Vi)
k=1 k=1 k=1
i / 2H 2H
< B 244/ H?C*K log — + 12HC" log —.
< 1;::1 hk t+ og 5 + og 5
This hence completes the proof. O

* k S,a
Lemma 14.  Denote the term S, 2 (s.ayesxA Ap (s, a)névh( YH o+

* ke S,a ke S,a . .
22;{.(:1 Y (s.ayesxA dp (s a) ZN”'( ’ )nflv"( p, by Iy. Consider any § € (0,1). With

n=1

probability at least 1 — §, we have

H h—1
1 2H 2H
Z <1 + H) <Ih + 244/ H2C*K log 5 + 12HC" log 5)

h=1
< H2SC*1L+ VH5SC*K 13, (103)
where we recall that 1 :== log (S‘?%T).
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Proof. The proof can be obtained by directly following the proof in (Shi et al., 2022), and is hence
omitted here.

O
D.3 PROOF OF THEOREM 2

We then proceed to the proof.

Theorem 15. (Restatement of Theorem 2) Consider any 6 € (0, 1). Suppose that the behavior policy
L satisfies Assumption 1. There exists some universal constant c,, such that if we set v := log (S AT)
and set T > SC™*, then the policy T returned by Algorithm 1 satisfies

- HSSC*3
Vi'lp) =i (p) < ca\| —F— (104)

with probability at least 1 — 0.
Proof. For any state-action pair (s, a), according to the update rule specified in Algorithm 1, we have
k _ k”f'? +1
Qh(sva) - (S’a)
N (3 N 3
= (1 —nn0) Q" " (s.0) + g { n(s,0) + VT (sE3h) — Roan(ViELT) — by } . (105)
where the first identity holds because & " denotes the most recent episode before k that visits (s, a) at

step h, and the learning rate is defined as in equation 55. Note that & > kv " always holds. Applying
the above relation recursively and using the notation defined in equation 56, we obtain

QF(s,a) =, th s,a) + Znn (rh s,a) + VEL (s5) = Ry ak(ViEL) — bn> . (106)

Applying Lemma 12, the optimality gap term equation 104 can be decomposed as follows
Vi'(p) = Vi (p)
ﬂ_K
= E [W(s)]— E [V (s1)]

s1~p si~p
(@)
SRR Rty
b 1 & .
S PACACEVERREED)
1 & \
=22 2.2 AT (5) (Vi (s) = V() , (107)
k=1 scS

where (a) follows from Lemma 12 (i.e., Vi* (s) > Vi (s) for all s € S), (b) results from the
monotonicity property in Lemma 12, and the final equality holds because d7 (s) = p(s).

We then bound the right-hand side of equation 107. Since 7* is a deterministic policy, dT}rDTh(S) =
d}jh(s,w*(s)). And from the fact that V}*(s) > max, QF(s,a) > Qk(s,7}(s)) and V;*(s) =
Qi (s, 71 (s)), we have that

ZZdPh H(s) = Vii(s)

k=1seS

- szm s, mi(s)) (Vir (s) = ViE(s))

k=1s€eS
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I A

K
szPh s, mh(s (QI*L(SaWI*L(S)) - Qlﬁ(saﬂ(s)))
k=1s€S8

K

>

Z d?’jh(sa a) (QZ(S,(],) - QZ(S’ a)) ’ (108)

k=1 (s,a)eSxA
for any h € [H], where the last identity holds because

d}jh(s, a)=0 for any a # 77 (s). (109)

To further bound the term Q7 (s, a) — Q¥ (s, a) in equation 108, we first adapt equation 58 and have
that

Nf .
N,
a) = Z " Q3 (s, a)
n=0

Ny,
NP NF
=np " Qh(s,0) + > _1n " Q}(s,0)
n=1

Nh
— i Qi(s,a) + SN (ra(s,a) + nsa(Visr)) (110)
n=1

where the second line follows from the robust Bellman’s optimality equation. Combining equation 106
and equation 110 implies that

Qh(s,a) = Q)i (s, a)

Ny
A]\/"C Nk n n n
=1y " (QZ(S,G) - Qllz(s7a’)) + Z " (O'h,S,a(V};—l) - th+1(si+1) + Rs,a/f(vhk-s-l) + bn)
n=1

Nh
(@) N n
=" (Qh(s a) — Qp(s,a) + Znn hb + 277 O'h,s,a (V1) — O'h,&a(vhk-&-l))

Ny
NF n n
+ " (Phsa — BE)VEL (111)
n=1
Nk
<n0hH+22nnhb +Z77" (Ths.0(Viie1) = 0nsa (Vi D)), (112)
n=1 n=1

where (a) is from Lemma 6 and the definition of PF" V¥, = V/E', (sf", ), and the last inequality

follows from the fact Q7 (s,a) — Q1 (s,a) = Q7 (s,a) — 0 < H and equation 71 in Lemma 12. Plug
equation 112 in equation 108, we have that

ZZdPh Vh s) — V;{C(S))

k=1s€eS
K N N,’f(s,a) NE(s0)
Y T ot Oney Y dee 3w,
k=1 (s,a)eSx.A k=1 (s,a)€Sx.A n=1

7
K Ni (s,
N s,a * n
+3 > dp(s.a) Z MO (0 (Vis) = Ohea(VED)). (113)

k=1 (s,a)eSxA n=1
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We then bound the last term on the right-hand side of equation 113. By applying Lemma 13, it
implies that

Zdeh (s) — Vi¥(s))

k=1seS
( ) Z Z dP (s Vh+1( s) — th+1(3))
k=1seS
2H 2H
+Ih+24\/HQC*K10gT+12HC*logT. (114)
Recursively applying equation 114 over the time steps h = H,H — 1,---,1 with the terminal

condition V;,; = V5, | = 0 further implies that

DD A (s) (Vi(s) = Vi¥(s))

k=1s€eS
K

< max Z Zd?h(s) (Vh (s) — Vh (s ))

helH] k=1seS

H h—1

1 / 2H 2H

§Z<1+F> (Ih+24 HZC*Klog6+12HC*1og6> . (115)

h=1

Finally, to bound the right-hand side of equation 115, we combine Lemma 14 and equation 107,
which yields

Vit(p) — Vf(/’)
K
< e Y dr () (Vi) - Vi)
k=1s€S
K

1

7o max ZZdPh( )(Vh( ) — th(s))

K helH] k=1seS

< Ca H35C*3 n ciHQSC*L _Ca H6SC*3 n ciH3SC*L
=2 K 2 K 2V T 2 T
H6 *,3
Sca\/# (116)

for some sufficiently large constant c, > 0, where the last inequality is valid as long as 7" > SC™*..

IN

This hence completes the proof of Theorem 2. O

E ANALYSIS OF THE INFINITE HORIZON SETTING

E.1 ALGORITHM FOR INFINITE HORIZON

In this section, we present the analysis of the infinite horizon robust MDPs.

E.2 NOTATION

The notation used in the proof for the infinite horizon setting is largely similar to that used in the
finite horizon case. For any state s € S and action a € A, we define:

Ps,a:P(' | s,a) ERlXS

to be the (s, a)-th row of a probability transition matrix P € RS4*5,
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Algorithm 3 Double-Pessimism Q-Learning for infinite-horizon RMDPs.

Input: D, target success probability 1 — §, uncertainty set radius R, I' = [ﬁ log STﬂ , penalty

function k
Initialize: Qy (s,a) =0, Vo(s) =0, no(s,a) =0, Vs, a
fort=1,...,Tdo

Sample a sample (s;_1,a;—1, ;) from D

Ny (8p—1, Ge—1) < Np—1(8t—1, ar—1) + 15 ne(s, @) < ny—1(s,a), V(s,a) # (s¢—1, ar—1)

n 4 ne(s,a);nn — (T +1)/(+n)
T log(SAT/0)

bn <y n(1—v)?

Qi (st—1,ai-1) = (1 —mny) Qi1 (s4—1,0-1) + %{T(St—l,atq) + YVisi(sy) —

'VHst,l,a,,,l(Vt—l) - bn}
Q+(s,a) = Qi—1(s,a) forall (s,a) # (St—1,at-1)
Vi (5¢—1) = max{ maxeea Q¢ (s¢-1,a), Vi—1(si-1) ¢,

Vi(s) = Vi—1(s) forall s # s4_1.
end for
7(s) = argmax,c 4 Qr(s,a),Vs
Output: 7

For any t > 0, we define P, € R54*5 to be an empirical probability transition matrix, given by:

1, if(s,a,8") = (st—1,a¢-1,5¢)
0, otherwise

A |50 = {

forall s,s' € Sand a € A.

(117)

For any deterministic policy 7, we introduce two probability transition kernels: P, : S — A(S) and

P7:Sx A— A(S x A), defined as follows:

Pr(s' | s)=P(s" | s,7(s)),

P(s'| s,a), ifad =m(s)
PTr / / — ? ’
(s',a"] s,0) {0, otherwise

for any (s,a),(s',a’) € S x A.

Additionally, we define p™ to be a distribution over S x A such that:

: {pwx ifa = 7 (s)

™ _
p"(s,a) = 0, otherwise

no
1=n

For any sequence {a; ) and two integers m1 and ms, we define:

ma min{ng,ms} . .
E a; = Zi:max{nl,ml} Qs if max{nl, ml} < mln{n% mQ}
0, otherwise

i=mq
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E.3 LEMMAS FOR THEOREM 3

Lemma 16. (Lemma 4.1 in (Jin et al., 2018), Lemma 1 in (Li et al., 2021)) Recall the learning rates

are
t 77LH7 —it1 (1—773) ift > 1,
=[[0=n) ad nl=qn, ift =i, (120)
Jj=1 0, ift <1,

where n; = (I' + 1) /(T' + j). Then

1. For any integert > 1, Zle nf = 1and W(t) =0.

2. Forany integert > 1 and any 1/2 < a < 1,
t
1 1 2
7 S § S
3. For any integert > 1,

2r w2 2T
1;%3[)]{77 < - and Z (771) < i

4. For any integer i > 1,

o0

> b=

We then present the following lemma to establish an upper bound on Q* — @), and simultaneously
justify that the value function estimate V; is always a pessimistic view of V"¢ (and hence V™).

Lemma 17. With probability exceeding 1 — 9, forall s € S and t € [T, it holds that
Q*(577T ( )) Qt S, * < ’YZ”Z Os,m%( s) ) US,T{'*(S)(V]C{,)) +B7L(S77T*(S))a (121)

where n = n(s, 7*(s)) and we define

It
B (s,w*(s)) = B =3¢y | ——;
n(l—7)

in addition, we also have

Vi(s) < VT(s) < V*(s), Vs € S. (122)
Proof. Proof of equation 121. Consider any given pair (s,a) € S x A and denote n = n4(s, a), the
total number of times that (s, a) has been visited prior to time ¢. Set kg = —1, and let

k; == min {{o <k<T:k> ki1, (sp ax) = (s,a) }7T} (123)

foreach 1 < ¢ < T'. Clearly, each k; is a stopping time. In view of the update rule, we have

Z n; { $:a) + Vi, (sk41) = V6(Vi,) — i (s, a) }7
which together with the robust Bellman optimality equation gives
(Q" = Q) (s,0a)

=7 (5,0) + 7700 (V") = S0 {r (5,0) + Wi, (5k41) = (Vi) = bi (s,0) }
i=1
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= 1050 (V") = 2 { WV, (001) = 7(Ve) = bi (s.0) |

1=1
’Z’h (00a(V*) = 000V, +Zm (P P) )saJan (s,a), (124)

where the last two lines are valid since Z?:l 1 = 1 (cf. Lemma 16) and Lemma 6.

Henceforth, we only focus on the case where a = 7*(s). Define F; to be the o-field generated by
{(s4,a:)}%,. Tt is straightforward to check that for any 1 < 7 < T,

{toer (P = POV (5:7°(5) |

is a martingale difference sequence with respect to {F;};>o. Then, we can invoke the Azuma-
Hoeffding inequality together with the basic bound ||V, || < ﬁ to show that for any fixed s € S
and 7 € [T],

T

i=1

T

1 ST
S : Z (771'7)2 log —
i=1

i L, <rn] ((P - Pki)vk,i) (5,77(s))

i=1

holds with probability exceeding 1 — §/(ST'). Here, the last line utilizes Lemma 16. Taking the
union bound over 7 < T allows us to replace 7 with n = n(s, a) in the above inequality, namely,
for any fixed s € S and a € A, with probability exceeding 1 — 6/S we have

Sy = (125)

;nﬁ(@_P’“)V’“)(S’”*(S)) n(1—7)*

holds for all n = ny(s, 7*(s)) with 1 < ¢ < T'. In view of Lemma 16, for any s € S and a € A we

know that
T § m(ia) o) (5.0) < 2 I (126)
Coy| ————=5 < n; i (s,a) < 2cpy | ———5-
m(s,a) (1-9)° ~ (s, a) (1 - 7)*

Therefore, when ¢, is sufficiently large, it follows that

I

T
-Q < i (O () ( — 05 +(5)(Vi,)) + 3¢ .
(@ — Q) (s VZU (0 (V*) = 0s () (Vi) + 3cp YT
Taking the union bound over s € S and defining
I'e
B (s,7*(s)) =3ep, | ———,
n(l-7)
we can conclude that with probability exceeding 1 — 4,
(Q Qt) < 727}1 Os,mx( s) ) - Us,ﬂ'*(s)(Vki)) +ﬂn(‘93ﬂ-*(5))

forall s € Sandt € [T].

Proof of equation 122. Note that V* > V™ holds trivially due to the optimality of V*. We are
therefore left with showing V™ > V;. Suppose for the moment that with probability exceeding 1 — 6,
forall s € S,t € [T] and j € [t], it holds that

(@ = Q) (5:m(5)) Z 7 (Tom(s) (V™) = Oum(e) (Vi) T{me (s, me(s)) = 1}5 (127)
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the proof of this claim (127) is deferred to later. As a consequence, for every s € S and ¢ € [T, there
exists j(t) € [¢] such that

(Vﬂ't _ (3) Q‘ﬂ't (877Tt 8 ) Qj(t) (S,ﬂ't(s))
(b) Q™ (s,m(5)) — Qo) (5, mj(1)(5))
(c)
> min {v (@) (V™) = 05 mo9) (Vi) 70}
(d)

> min {’y (Us ™ (t)(s)(vm) - 0877T.7’<t>(5)(vt)> ’0} '

Here, (a) and (b) hold since the update rule asserts that there must exist some j(¢) < ¢ such that
Vi(s) = Vi) (s) = Qjt) (5, T (8)) and 7 (s) = m;(4)(s); (c) utilizes (127); and (d) follows from
the monotonicity of V; in ¢ (by construction). By setting

Smin ‘= arg mm (V™ =V (s),

we can deduce that

(Vﬂ't _ ) (smm) > min {’7 (Usmimﬂj(t)(sm;n)(Vﬂ—t) — Uslnin,‘frj(t)(smin)(‘/t)) ,0}

> min {v min (V7™ = V) (s) »0}
= min {y (V™ = V4) ($min) , 0},
which together with the assumption 0 < v < 1 immediately gives
(V™ = Vi) (8min) = 0.
Given that (V™ — V) (s) > (V™ — V) (Smin) for every s € S, we conclude the proof.

Now we show equation 127. First of all, if n, (s, m(s)) = 0, then for all j € [t], Q; (s, m(s)) = 0
since it is never updated; therefore, (127) holds true. From now on, we shall only focus on the case
when n; (s,m(s)) > 1.

Consider any s € S, t € [T] and j € [t]. For the moment, let us define {k;}~_, w.r.t. the state-action
pair (s7 wt(s)) in the same way as (123). We can then repeat the argument in (124) to decompose

(@™ — Q) (s, mi(s))
nj(s,me(s))
_ (7, + ’ycr(Vm)) (vat(s)) _ Z n?j(snrt(s)){r(sth(s)) + Vi, (Sk41) — R;Tt(S)H(VTFt) — b (s (s ))}
i=1
(s, (s)) ,
_ Z n;:nj(s,ﬂt(é))fy{ (O—s,m(s)(vﬂt) — gsm(s)(Vki)) + ((P - Pkl)Vki) (s,wt(s))}

i=1
nj(s,me(s))

+ Z n”J(-S ﬂ't(s))b (S 7rt( ))

nj(é,m(é'))

> > a)  min (00m (V™) = 0 (9(Vi))
i=1 ==
nj(s,me(s))

N Z n;zj(S,m(S)),y((P_Pki)Vki)(Sﬂrt(S))

nJ(s e (s))

£OY T n(o)

> (Us,m(s)(vm) - Us,m(s)(‘/t))
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n;(s,me(s))

N Z n?_j(S,m(s)H((P _ P]ﬁ')Vki) (s, m(s)) + Cb\/

i=1

I
ni(s,m(s)) (1—7)*

ny(smi($)) pns(sm()) _

Here, the last inequality follows from (126), as well as the facts that 21:1 i
(cf. Lemma 16) and that V; is non-decreasing in ¢. It thus boils down to showing that for every s € S,
te[T)andj € [¢],

n;(s,me(s))
nism D (P p VT < I . 128
> 7(( ) ’“) (5:m()) 5 \/nj (s, me(s)) (1 —7)° s

=1

If this were true and if ¢ is sufficiently large, then we could combine the above two inequalities to
conclude the proof of (127).

We then prove the inequality equation 128. Notice that for all (s, 7;(s)) such that n.(s, m¢(s)) > 1, it
must appear at least once in the sample trajectory. Therefore it suffices to show that forall 0 <[ < T
and ¢ € [T, it holds that

ni(si,ar) .
Z mm(sz,az),y((P — Pki)VIw) (sl,al) ,S \/
=1

ne(sisar) (1—7)°

where we abuse the notation by defining {k;}7_; for the state-action pair (s;, a;) in the same way as
(123). Furthermore, it suffices to only check those (s;, ;) in the sample trajectory that were visited
for the first time, i.e., (s, a;) = 0 and n;41(s;, a;) = 1. It is straightforward to check that, for any

1<7<T, -
{1ki<T((P - P,ﬂ)vki) (Sl,al)} 1

1=

is a martingale difference sequence with respect to {F; };>0, where F; is the o-field generated by

{(s4, ai)}fgo. Then, we can invoke the Azuma-Hoeffding inequality to show that: for any such
(s1,a;) and any 7 € [T, with probability exceeding 1 — 6 /72,

Z 1k¢<T7717'—<(P - Pki)vki> (s1,a1)
=1

Taking the union bound over 7 € [T'] allows us to replace 7 with n.(s;, a;) in the above inequality,
namely, this shows that for any such (s;, a;), with probability exceeding 1 — §/7" we have

ne(sy,ar)
Zzz n?t(sl,al)((P_Pki)Vki) (Sl,al) 5\/ I
=1

(st ar) (1—7)°

for all t € [T]. Taking the union bound over all such (s;, ;) (which are concerned with at most T
pairs), we see that with probability exceeding 1 — 4,

n¢(si,a;) L
S (P PO ()| S ¢
i=1

ne(s1,a1) (1 — )

is valid for any 0 < j < T and any ¢ € [T]. This establishes the inequality equation 128, thus
concluding the proof. O

Next, we define two disjoint sets of state-action pairs, divided based on the associated occupancy
probability induced by the behavior policy:

I:= {(s,w*(s)) | s €S, up(s,m*(s)) > ,SfST} : (1292)
I°:= {(s,ﬂ*(s)) | s €S, up(s,m*(s)) < SfST} (129b)

It turns out that the state-action pairs in Z¢ are rarely visited, as formalized by the following lemma.
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Lemma 18. (Lemma 3 in (Yan et al., 2022))With probability exceeding 1 — 6, we have

7°n {(Sha't)}j:tmxx(‘s) -2

Lemma 19. (Lemma 5 in (Yan et al., 2022)) We can construct an auxiliary set of random variables
{(s}c,az) 1<kE< K — 1} satisfying

ii.d.

{(shrap) : 1<k <K -1} "=, (130a)
P i 1)
IP’{ (i ah) = (Skriirarrii) foralll <k <K — 1} 21— (130b)
and o
(s}, a,) is independent of { (sy,a;) : 0 <t < (k—1)7 +1}. (130c)

Lemma 20. (Lemma 4 in (Yan et al., 2022)) Let T" = {ﬁ log %TT-‘ for some 0 < 6 < 1. For any

vector with non-negative entries V € RY | we have
oo 3
1
14 =
2| ( + r>
Jj=0

E.4 PROOF OF THEOREM 3

J

Py V) S 2 (05, )

0

+m”v“w- (131)

Following (Yan et al., 2022), we similarly define the following terms first:
r R
T ”(”r) > (P V= Vi),

0;:= |7 [p(P-)] (5,7 (5)) min {ﬁm(sm*(s» (5,7 (5)), 1—17} ’

37J+1
7<1+F>] (p(Pre )T V> = V),

)
)3 T tie(5) (p(Pe), V> = Vi) +
)

(
& = 7<1+
(

T n¢(s,a)
> [ > {pﬂ*(Pﬂ*)j} (s,0) 3 0Py (V= Vo)
=1

L . t:tmix(é)

* *N\ g Nt St7at)
1 [pﬂ (Pﬂ— )j] (Stvat) ( ny(Se,at)
—(1+= ; t’tPStat V*_Visf-(lf )

( F) Lib (Staat) ; ; s ( ki(st, ))

s€S,ac A

3j+2 T T T \j
i 1 [p (P )]] (Staat)
=Tl 1+) > 1a Py, 0, V¥ =V,
¢J Y ( T par (s¢,a¢)ET Lib (St,at) ts t( t)

)

~(1+3) T ey eaor.et-w

s€S,ac A

where we recall the definition of Z in equation 129.

We then proceed to the proof.

Theorem 21. (Restatement of Theorem 3) Consider any 6 € (0, 1). Suppose that the behavior policy
u satisfies Assumption 2. The policy T returned by Algorithm 3 satisfies

_ S Cc*S C ) 132

V*(p)_v‘n(p)go< T(1—7)5+T(1—7)2+T(1_7)3

with probability at least 1 — §.
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Proof. Note that
T

* T * T @ * ® 1 * © 1
VEp) = VT (p) = (p,V = VT) < {p, V' = Vi) < = ) {p, V= Vi) = Zao. (133)
t=1
Here, (a) holds true according to Lemma 17; (b) follows from the monotonicity of V; in ¢ (by
construction); and (c) follows simply from the definition of aiy. We then turn attention to bounding

o, towards which we observe that

tmix((s)*l
1
N SRR Sl it pmin { Q" (57°(9)) = Vilo) 72 |
t=1 t=tmix(8) SES v
tmix((s)*l 1
SN e Y Yl mm{ “(s, *<s>)—c2t(sm*<s>),1_7}
t=1 t=tmix(6) SES
i (6) T ne (5,7 () .
<SS Vv =V D el D T (0 (V) = 0 () (Vi)
t=1 t=tmix(8) SES i=1
=:(C
) 1
+> > p(s)min {/ans,ﬂ*(s)) (5,7 (s)), 1_7} :
t=1 seS
—. b0
T 14+R

Here, the first identity holds since V*(s) = Q* (s, 7*(s)) and 0 < V*(s) — V;(s) < 1/(1 — ) for
all s € S, the second line relies on the fact that V;(s) > max, Q:(s,a) > Q+(s,7*(s)), while the
last line invokes Lemma 17. With probability exceeding 1 — 9§, the first term ¢ can be upper bounded
by

ne(s,m*(s))

T
Z Z P (8) Z ﬁ?t(s’w (=)) (US,ﬂ*(S)(V*) - US,W*(S)(Vki))

=tix(8) SES i=1
T pﬂ'* (S, a) mele) n¢(s,a) *
= Z Z b (S, a) W Z 7]2 ’ Ps77r*(s) (V — Vki)
t—tm(5) SES,a€A b 5, i=1
77 (S (l) nilo) n¢(s,a) *
S DD DL P U R)
t=tmix(§) SES,acA b i=1
T pﬂ'* (S, a) nele) n¢(s,a) *
Z Z s (5, a) W Z N Ps,ﬂ'*(s) (V*=Vi,)
=tmi(6) SES,a€A Hb 5, i=1

n¢(s,a)

+ 2y Z > s (s.a) . (<S G))Rs,a oot v - wy),

t=tmix(8) SES,a€A i=1
where we utilize the fact that V* >V}, and & is 1-Lipschitz. Hence we further have that

&
T o ne(s,a)
< (1+ R)y Z Z b (8, @) m Z n?t(s’a)PS,'n*(s) V* = Vi)
t=tmix(5) SES,a€EA po (s, a) i=1
mix(0)
+(1+R) D (p,VF=Vi)+ 6o

t=1
(2) 1 r Pﬂ* (St,at) meeee) nt(se,at) *
s+ R) (1 + r) S H(sia) e P20 NN e entOp (V< Vioran) + Yo

P— b (8¢, ar) =1

42



Published as a conference paper at ICLR 2025

+(1+R) (p, V¥ = Vi) + bo

T nr(sy,at)

® 1 Tr (¢, at) j *
= v (1 + F) Z 1{(s¢,a¢) € I}(i Z nit(shat) Py, a0, V¥ =Vi) + 0

St, At )
t=tumix(J) XD j=n¢(se,ar)

tmlx(
R) Y (p.V* = Vi) + 6o
t=1

T 7T
= ( ) > (s, ar) eI}MPSW (V* = Vi) + 4o

por pi (St ar)
tmlx(g)

t=1

1 3 T X mix ()
=7<1+F> S Y S (5@ Poa (Vi) 4ot b0t (LER) S (0.VF— Vi) 46y
t=0 s€S,acA
T

t=1
1 3 tmix (5)
(14 ) S PV et (LR Y (V-
=0 t=1
1 3 tmix (9)
<o +7/10+¢0+7<1+F> (pPrs, V* = Vo) + (1 + R) Z {(p,V* = V) + b0,

t=1

where we remind the reader of our notation p”* in equation 119. Here, (a) is valid (i.e.,
p(st,ar)/ (s, a) is well defined for ¢t > tmix(d)) due to Lemma 18; (b) holds by grouping the
terms in the previous line; and (c) utilizes Lemma 16 and the property that V* > V; (cf. Lemma 17).
Therefore, we arrive at

mix (8)
}: (0, V* = Vi) + ¢+ g

tmix(9) 3
1
S(l-i-R) E <p,V*—Vt>+OZ1+1/J0+¢0+’V(1+F> <pP7r*,V*—Vb>+90

=1
= a1 + &+ 0o + Yo + ¢o,

where we have used the definition of ). Repeat the same argument to reach
o Loy +&+0; +9 + 05

for all 7 > 1. This in turn allows us to conclude that

a0<hmsupa3+257+29 —l—zwj—&—Z(é] (134)

H_/JO

=«

\v/ \\f-’ \V-’
= =0 = =1¢
We will then bound the terms «, &, 6, 1) and ¢ separately in the subsequent steps. Our proofs are
similar to the ones in (Yan et al., 2022), hence we omit the repeated part.

Bounding «. The bound is similar to (Yan et al., 2022). It is first observed that

(1)

k

(o))

i T

Z<p *_W>§1T7H£Sogp

a = lim sup
Jj—o0

Bounding &.
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By utilizing (131), it holds that

tmix(6) [ oo 1 377 . 0o 1 374+
E= > > 7(1+F) <pP7Z*,V*—Vt> +y 7<1+F> ] (P(Pre YLV = Vo)
t=1 | j=0 j=0
tmix((s)
1 1 le((S) +1
< — A5,V —V,
1—7t:0<p 0t TH(1-7) 1-v
toni 1 tmi 1
< mix 10 - + mix 1 =
=) P T T e

Bounding 6. Following (Yan et al., 2022), we have that Note that

) 3 T
. 1
S R -
j=0 t=1seS
<C*StmixL C*ST2
Y-’ 1-7)°

Bounding ). Note that

oo 1 3
w=;v 7(1+F>

Z)[ > ey sanz 0 CVP . (V= Vi)

t=tmix() Ls€S,ac A
nt(staat)
(P™")7] (51, 1) ne(se,ar) N
1 N Py ar (V= Vi (sy.a,
( - ) Mb(staat) ; i ’ ( ki(se, )>
T n(s,a)
Z Z d (s,a) Z n?t(s a)P V _Vki(s,a))
t=tmix(0) Ls€S,a€A
ne (s
1 St’a’t n st,a
— 1 ttt stat V*_V»Sfat )
< * F) Hb Sfaaf g ’ ( ki(st, ))]
Here,

J

for any (s,a) € S x A. Note that this equation exactly matches with Step 2.4 in (Yan et al., 2022),
hence the remaining proof similarly follows, and is omitted here. Specifically, we have that

tmlx T * tmix T
VS — O bt log2 <>+05210g ()
A PG T G

Bounding ¢. Similar to (Yan et al., 2022), we can employ an analogous argument to show that ¢ can

be bounded as
C* timixt T C* Stmi T
o< Crtmst 1o () J O St ()
(1—7)° o) (1-7)? Y

Now, plugging the bounds on «, 8, ¥ and ¢ further implies that

aw<a+é+0+9Y+9
C*ST12  C*Stmixt  C*tmixt 5 (T
5 + ) 3 10 g .
(1= (1-7" @1-9)
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We then invoke equation 133 to conclude that

~ oy C*S8.12 C*Stmixt

C*tmixLQ

V*(p)—Vﬂ(p)S?s T(1—7)5+T(1—’y)2

This hence completes the proof.
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