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Abstract

We study the intersecting family process initially studied in [6]. Here k = k(n) and
FEq, Es, ..., E,, is arandom sequence of k-sets from ([Z]) where E, 1 is uniformly chosen
from those k-sets that are not already chosen and that meet E;,i = 1,2,...,r. We
prove some new results for the case where k = en!/3 and for the case where k > nl/2.

1 Introduction

We study the following process introduced by Bohman, Cooper, Frieze, Martin and Ruszinko
[6]: consider the random sequence Zj, = (Ey, Es, ..., E,,) where E; € ([Z]) fori=1,2,...,m
and (i) E; is uniformly random and (ii) E;4; is randomly chosen from the k-subsets of [n]
that are not already chosen and that intersect each of Ey, Fs, ..., E;. The process continues
until no further sets can be added ie. until {E}, Es, ..., E,} is a maximal intersecting
family. We will abuse terminology and sometimes consider Z; to be a set of edges (i.e. a
k-uniform hypergraph) instead of a sequence of edges.

We denote the hypergraph comprising the first r accepted edges by H,. For a set S C [n],
we let e,.(S) denote the number of edges E;,i < r such that E; NS # (). For our purposes,

an intersecting family is trivial if it is of the form A, = {E € ([Z]) tx € E} where x is some
fixed element of [n]. Now |A,| = (}7]) and the famous result of Erdés, Ko and Rado [9] is
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that if & < n/2 then any intersecting family of k-sets is bounded in size by (Zj) and that
the maximum is achieved only by trivial families. The aim of [6] was to see when the process
7, produces a trivial family w.h.p. Their main result is the following:

Theorem 1. Let & be the event that Tj, = A, for some x € [n]. If k = c,n'/? < n/2 then

1 ¢, — 0
7}1320 P&) =415z cn—c
0 Cp — 00

So if ¢,, — ¢ in this theorem, then in the limit, there is a positive probability of IfCS that Zy
is not trivial. What can be said about this case?

Patkds [14] considered this question and showed that in the random intersecting process we
study here that for k = ¢,n'/? with ¢, — ¢ with probability

(%) (55)

7, is a Hilton—Milner-type hypergraph. A Hilton—Milner-type hypergraph was first described
in [I1] and is a k-uniform hypergraph obtained by specifying a single vertex v and a single
edge F' that does not contain v and the edges are F'U {E € ([Z]) |ve E,FNE # 0}
Our goal here is to extend beyond the two possibilities considered so far, the trivial system
and the Hilton—Milner system, to further understand the full distribution of the asymptotic
behavior in the critical regime.

Our first result (Theorem [2| below) applies to the case where k = ¢,n'/® where ¢, — c¢. We
describe two randomly generated families Z*, 7**, which are approximately the same size,
such that w.h.p. Z* C Z,, C 7**. Furthermore Z*, 7** can be determined from the very early
evolution of the process.

We define two hitting times which will help determine Z*, Z**. We let ry be the first step r
such that H, has a vertex of degree three. We let J be the set of vertices of degree two in
H,,—1. A set S C J is said to be independent if no edge of H,,_; contains more than one
member of S. For r > rq we let S, be the family of all S C .J that are independent and which
meet every edge E,,,...,E,. Let r; be the first step r when &, is an intersecting family,
and set § := §,, to be that intersecting family. (We show below that w.h.p. S, becomes an
intersecting family before the process terminates.) To summarise:

ro = the first step r such that H, has a vertex of degree three.

r1 = the first step » when &, is an intersecting family.

In the limit as n — oo, S has a natural interpretation as an intersecting family of matchings

of a complete graph. Both the size of this complete graph and the actual intersecting family
are random, and in general § will not be a uniform hypergraph. In the appendix we explain
this random process to generate S outside the broader context of its role in Theorem [2]

2



Theorem 2. Let k = Lcnl/SJ for some positive constant c. Then we have the following.

(a) Let b=0b(n) — oco. Then w.h.p. 1o < r; <b.
(b) W.h.p. T# C I, C IT** where

" =Hpy—1 U{E : E contains some S € S and intersects every edge of H,,—1},
I = H,o,—1 U{E : E intersects each S € S and intersects every edge of H,,—1}-

(¢) W.h.p. |T"*\ Z*| = o(|Z*]) and

T 3(r0—1-1S))
Ll = (1+0(1))ZS€SC as n — oo.

0 =

(d) The sequence

limy,, 00 P(ro =i+ 1)
limy, o P(ro > i+ 1) J .o,

has exponential generating function

ex(emQ/(203) i 1)

Theorem [2] recovers the eariler results of [6] that the probability of & is asymptotically
1/(1+¢?) and the result of [14] about the probabiliy of a Hilton—Milner-type hypergraph as
special cases. After carefully describing the distribution of S, we explain how these results
are recovered in Example

Note that the distribution of ry can be recovered from part @ Regarding part (]E[), we note
that the containment 7* C Z;,, C 7** is not in general strict at either end. For example Z*
may not be maximally intersecting, and Z** may not be intersecting at all. We suspect that
it may be possible to give a better estimate for where the final Z; falls in between Z* and
Z**, but that this information cannot be determined from the first few edges.

We say that a family J C ([Z]) is a j-junta if there is some J C [n] with |J| =j > 0 and a
family J* of subsets of J such that

J:{Te(ﬁD:TﬁJejﬂ.

We say that J is generated by (J, J*). Juntas are relevant here because, roughly speaking,
they can provide a simple “certificate” that a family is intersecting. Specifically if H C J
for some junta J generated by (J, J*) with J* intersecting, then  must be intersecting.
For example a trivial intersecting family is a 1-junta, sometimes called a dictatorship. For a
second example a Hilton—Milner-type hypergraph is almost (with the exception of one edge)
contained in a dictatorship. Using this terminology, Theorem [2| has the following corollary.



Corollary 3. Let k = |cn'/?| where ¢ > 0, and b = b(n) — co. Then w.h.p. there is some
b-junta J such that |Zy \ J| = o(|Zx|). Furthermore J is determined by the hypergraph H,.

Bohman, Frieze, Martin, Ruszinké and Smyth [7] considered the case where n!/? < k <
n®12. They prove that w.h.p. the structure of 7, satisfies the following: there exists a hy-
pergraph H with 7 edges and a vertex v such that the following holds: (i) n73/6k3 converges
to the exponential distribution with mean 1 and (ii) Z; consists of all F € ([Z]) that (a)
contain v and (b) meet every edge of H that does not contain v. So in this regime we also
have that w.h.p. Zj is almost (with the exception of the poly(n) edges of H) contained in
a dictatorship. It is interesting to note that, combining the results of [6], [7] and Theorem
[ for the whole regime k < n%'? we have that w.h.p. Zj is almost contained in a rela-
tively small junta of order k?/n'/3, and furthermore this small junta is a dictatorship unless
k = ©(n'/3). This is not a shortcoming in our proof: indeed, for k = ©(n'/?) and sufficently
small fixed ¢ > 0, Theorem [2] implies that there is a probability bounded away from zero
that no dictatorship contains more than 1 — e proportion of Zj.

We also make a little progress on the case where k > n'/2. In particular we give non-trivial
upper and lower bounds on |Zg|. Let N = (Z) and d = (”;k) There is a trivial lower bound
of N/(d+ 1) on the minimum size of a maximal intersecting family. We prove that w.h.p.

|Z| is significantly larger.

Theorem 4. For all fized and sufficiently small ¢ > 0 there exists some n = n({) > 0
such that we have the following. For all k such that (~'n'/? 10g1/2n < k < (% — C) n,

whp. Q(Flog ) <|Lil <O (N (£)").

Our proof of Theorem (4] will resemble the analysis of some similar processes that have been
studied. Suppose we are given a graph G. In the random greedy independent set process, or
just independent process, we choose a random sequence (vy,...,v,,) of vertices of G where
v;11 is randomly chosen from all vertices not already chosen and not adjacent to any chosen
vertex. Then the process we are studying is equivalent to the independent process on the

Kneser graph K (n, k) which has vertex set {vs S e ([Z}) }, and where vg is adjacent to vg

whenever SN S" = (). Wormald [I5] was the first to study the independent process, which
he analyzed on random regular graphs. Lauer and Wormald [13] extended the analysis from
random regular graphs to all regular graphs of sufficiently high girth. Bennett and Bohman
[4] analyzed a generalization of this process to d-regular hypergraphs with d — oo sufficiently
fast assuming a relatively mild upper bound on codegrees. So, one could hope that we could
just use some existing analysis of the independent process and apply it to the Kneser graph.
Unfortunately, all the results for general deterministic graphs (or at least the ones we could
find) assume a similar upper bound on vertex codegrees which the Kneser graph does not
satisfy. Indeed, for say k = cn for constant ¢, the graph K (n, k) has pairs of vertices whose
codegree is the same order of magnitude as their degrees. Even worse, every vertex in the
whole graph has high codegree with a few other vertices. Thus, our main contribution in
this regime is to carry out an analysis of the process that resembles previous work but allows



for a few pairs of vertices with high codegree. The analysis uses the so-called differential
equation method (see [5] for a gentle introduction).

To put the above results in some context we point out another related but distinct random
model of intersecting families. Improving a result of Balogh, Das, Delcourt, Liu and Shar-
ifzadeh [I], Balogh, Das, Liu, Sharifzadeh and Tran [2] and Frankl and Kupavskii [12] showed
that if n > 2k + Q((klog k)'/?) then almost all intersecting families are trivial. Balogh, Gar-
cia, Li and Wagner [3] reduced the lower bound on n to 2k + 1001log k. Dinur and Friedgut
[8] proved that when k = pn for constant 0 < p < 1/2, every intersecting family is (up to
a small number of members) contained in an O(1)-junta. In [8] they also proved that when
k = o(n) every intersecting family is almost contained in a trivial family (a dictatorship).

The organization of the paper is as follows. In Section [2| we prove Theorem [2, In Sections
and [] we prove Theorem [4] where in each of the two sections we consider a certain range
of k. The proofs for each regime are almost identical, but the error bounds are somewhat
different. In Section [5| we give some concluding remarks.

2 Proof of Theorem [2

2.1 The first o(y/logn) steps: generating S

We examine the first 7 steps in the process for r = o(y/logn). The most important part of
the random intersecting process in these first few steps is the generation of a (not necessarily
uniform) intersecting hypergraph S that will be the S in the definition of Z* and Z**. The
random intersecting hypergraph S in the limit as n — oo is described on its own in the
appendix. To describe § here we introduce some notation.

Denote by V(H,) the set of all vertices of degree at least one in H,, and by U(H,) the set
of vertices of degree exactly one. For any set S of vertices of degree at least two in H,, let
E,(S) denote the set of edges of H, that contain a vertex in S and let e,(S) = |E,.(S)|. Let
xr(S) = e,(S) —2|S| and let x* = max{x,(S) | S C V(H,)\U(H,)}. At each step r, we let

Sr ={S CV(H)\UH:) [ x:(5) = x7}

It will become clear in the proof that this S, is indeed the same as the S, mentioned in the
introduction. Here we will describe three regimes for S,: a growing regime, a diminishing
regime, and a stable regime. As the name suggests, S will denote the unchanging S, within
the stable regime.

The growing regime coincides with all steps before vertices of degree three show up. Letting
ro denote the number of edges when the first vertex of degree three appears we have by the
following lemma that w.h.p. for » < ro, S, is just the collection of all independent sets of



vertices of degree two in ‘H,. and x* = 0. A hypergraph H is simple if Ey, Es € E(H) implies

Lemma 5. If r = o(y/logn) and H,_q is simple and has no vertices of degree at least 3 then
the probability that H, is not simple is O(1/k*=°W).

This lemma will follow as a corollary to another lemma we prove shortly, so we save the
proof for later. By part @ of Theorem , ro will take some value bounded by any slowly
growing function of n, and we use without further remark that with high probability r( is
smaller than any function that tends to infinity.

By simplicity, before vertices of degree three appear the size of S, is given by the following
lemma: a hypergraph will be called intersecting if its edge set defines an intersecting family.

Lemma 6. If H is a k-uniform simple intersecting hypergraph on r edges with mazimum
degree two then for each 1 < m < r/2 the number of independent sets of vertices of degree
two of size m is

7!

(r — 2m)!m!2m’

Proof. Let I, ,, denote the number of independent sets of vertices of degree two of size m
when H satisfies the assumptions. Then, I, ,, satisfies the recurrence,

po- Q2

)

m

Indeed we can pick any of the (;) vertices of degree two to start building an independent
set. We then delete the selected vertex and the two edges that contain it and then take
an independent set of vertices of degree two of size m — 1 from the remaining hypergraph.
However, this overcounts by a factor of m because of the choice of the first vertex.

'I’) _ r!
2) = (r—2)liet-

rlr = 1)(r -2 : Y (27
I’/‘m — = — 2 m.
' 2m(r — 2 —2m +2)!(m — 1)127=1  (r — 2m)!m!2™ 2m )\ m

Now clearly I,; = ( And by induction using the recurrence above we have

]

We next show that once vertices of degree three appear ; starts to increase by one at each
step, and that S, decays, until it reaches an intersecting family at time r with S := §,,.

Before we prove how the random intersecting process stabilizes to &, we introduce some
definitions:

Definition 1. An edge E that extends the intersecting family H, to an intersecting family
H,11 1S said to be an almost simple extension if for every pair of distinct x,y € E that are
already contained in a common edge in H,, both x and y have degree at least two in H,.



Definition 2. Given a k-uniform intersecting family H, on r edges, an edge E that extends
the intersecting family is good if it is an almost simple extension and the set of vertices S
of H, of degree at least two that belong to E satisfies x,(S) = xi. Otherwise we say the
extension is bad.

Lemma 7. Suppose that r = o(y/logn) and that H, has been generated by the random
intersecting process via good extensions with S, as defined above, then the probability that
H,11 is generated by selecting a bad extension of H, is at most 1/k'=°W).

Proof. We first show that the number of extensions that are not almost simple is at most
k*(?‘i’l*){i‘l’o(l)) (Z) )

We have two cases to consider, either E contains two vertices of degree one in the same edge
of H, or else it contains one vertex of degree one and one vertex of degree two from an edge
of H,. To build such an extension in the former case we first choose an edge (r choices)
and then two vertices of degree one from it (at most k% choices). Next we choose a set S of
vertices of degree at least two to belong to the new edge. Since H, has been built out of good
extensions, the number of vertices of degree at least two is at most (;) So we have at most
2 choices for S. Once the two vertices of degree one in a common edge and S have been
selected for E' we have covered 1+ e, (S) edges, so we have r —e,(S) — 1 edges still to cover.
We cover these remaining edges with vertices of degree one since S already accounts for the
vertices of degree larger than 1 that we will use. So we have to pick at least one vertex from
the remaining r — e,(S) — 1 edges. Lastly we choose another k — (r —¢,(S) — 1) — |S| — 2
vertices from the ground set. So, using the fact that k ~ cn'/3, we see that the number of
extensions that are not almost simple is at most

n k r—er(S)+|S|+1 n
erQTrifer(S)fl < krfer(5)+1+o(1) _
k—(r—e(S)+|S|+1)) — n k

B 1 n
T rtl—(er(8)=2|S])+o(1) \ L

This is therefore at most what we claimed since e, (S) — 2|S| < x;.

For the other type of not almost simple extensions we have the upper bound of

2072 1 .r—en(S) " ! "
rkr<2" k (k C(r—en(S) + S| + 1)) = kr+1=(er(S)=2IS))+o(1) <k)

So again using e,.(S) — 2|S| < x* we arrive at the same conclusion as in the first case.

Next we turn our attention to almost simple extensions for which the chosen set S has
Xr(S) < x&— 1. Let v(S) for S a collection of vertices of degree at least two in H, be the
number of almost simple extensions which contain S and otherwise meet each edge of H, at
a vertex of degree one. To build such an extension we choose a vertex of degree one from



the 7 — e,(S) edges not covered by S. For each such edge E there are between k — r? and k
choices. This leaves k — (r — e,.(S)) — | S| vertices of E to be chosen from [n]\ V(#,). Thus,

. T2 r—er(S) n— kr y r—er(S) n
(k=7%) (k—(r—er<s>>—|5|>§ () <k (k—(r—er<s>>—|5|)' @

Thus, since r = o(k'/?),

2r—2e,(S)+|S 2r—2e,(S)+|S

() — coumk I (Y gy KOS
nr—er(S)+|S| k (C—1k>3(r—er(5)+|5\) k
r—er(S)+|S]) r—er(S)+|S|)
0(2/)( ($)+1Sh /', C( ($)+ISD /' o)
kr—er(S)+2|S| \ k k»T er(S)+2lS] \ k |°

Thus the number of almost simple extensions with x,.(S) < x: — 1 is at most

o~ (r—er(S)+2/S|+0(1)) (n> < J—(rHlx+o(1) (">
k) — k

The total number of extensions of H, is at least the number of good extensions and by
our estimate on v(S) when x,(S) = x* we have the number of good extensions is at least
ke~ e)) (M) and the claim follows. O

We see that Lemma [l follows from Lemma

Proof of Lemmal[3 If H, is simple with no vertices of degree at least 3 then H, has been
generated by good extensions with &, as the collection of independent sets of vertices of
degree two. If H, has no vertices of degree at least 3 and is simple then the only good
extensions of H, are simple extensions, thus the probability of a non-simple extension is at
most 1/k'=o0), O

Lemma [7] implies that w.h.p., step 7o coincides exactly with the first time we take S € S,
with S # () and take a good extension with S as the set of vertices in H, of degree at least
two. It follows from that S € S, is selected at each step for the next good extension with

probability proportional (¢7*)/*l. So, if #, has maximum degree two and |S,| = o = (})
then
60(7‘2/]6) Z (0> 38 ) 1
Plro=r+1|rg>r)= o=l s = O /k) (1——). (3)
Yoo (D) (L+ ey

and so for r = o(y/logn),

: r? 1+ O(r®/k)

p=1




Clearly a maximal intersecting family has size at least k. Thus w.h.p. ry < w = w(n) for
any function w — oo, w = o(k).

Note that in general x,41(T) < x.(T)+1 for T C S,. Now for any T' € S, so that TN.S = 0,
with S selected for the good extension to #H,,1 we observe that x,4+1(7") = x,(7") while for
any T € S, such that TNS # 0, x,41(T) = x(T) + 1. Thusif TNS =0 then T ¢ S,44
while if NS # () then T remains in S,;.

Suppose now that S, is not intersecting and that 7' € S,. Then if SNT = () then T ¢ S, 4.

So,
60(T2/k)c_3|T‘

P(TeS) <1-— m

and so, assuming r; > o + p,

d O((ro+i)?/k) »—3|T| ' O((ro+p)?/k) _3(30)
€ C e C
P(T € Sy1p) < 1-— — < expq —p -
e E ESESTO c=3ISl ZSGSTO c3151

— (%)
Lsesyy ¢ 17!
have that with high probability r; is smaller than any function of n tending to infinity. This
verifies part (a) of Theorem

This implies that if p > then r1 < rg+ p w.h.p. So, without further remark we

2.2 Step o(y/Iogn) to step n*()

We’ve shown that with high probability in the first o(y/logn) steps we have only made good
extensions. Moreover we have also described the growing regime, diminishing regime, and
stable regime for S,. We now want to show that conditioned on knowing the final, stable
family S, and the two hitting times ry and r; (each of which is a random positive integer
that is sampled according to some asymptotic distribution) that we have Z* C 7, C 7**,
with Z* and Z** depending on 7y and S.

In order to prove Z* C Z,, C IT** we first show that for any » > ry, the probability that we
add E € ([Z]) \ Z** is at most O (HLM) where M can be set to be any constant. This means
that H, C Z** for n®® steps; we handle the rest of the process in the next subsection.

We say that an edge is open after r steps if it is in H, or if it meets Fy, F», ..., F,, otherwise
we say that it is closed, and let O, be the set of open edges at step r. By what we showed
in the first o(y/logn) steps we have H,, C Z** w.h.p. For r > rq, all of Z* remains open as
long as we have H, C Z**. If an edge E does not meet all of H,, then E is already closed
at step r1. Thus the only edges that concern us here are those edges £ that meet all of H,,
but are not in Z** because they are disjoint from some S € S.

We first lower bound |Z*|. Let S € S. Then S meets E,, ... F,, and also 2|S] of the edges
Ey,...E,,_1. Thus to choose an edge £ € 7%, ' D S we can choose one vertex from each of
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the ro — 1 — 2|S] edges of H,, that are disjoint from S, and then there is no restriction on
the other k — o + 1 4 |.S| vertices of E. So, assuming that H, C Z**, the number of edges
in Z* at step r is at least

ro—1—|S
k . 7‘071*2|S| n — TOk kr07172|5| E " | ‘ n — kf(TO*1+O(1)) n 4
(k= mo) k—ro+1+]S]) "~ n k) k) W

Of course some (at most r) of the edges in Z* are only open because they are already in H,,
but if r < n®(® then this has a negligible effect on the above estimate.

Now we upper bound the number of open edges E ¢ Z** at some step r with 1 < r <
VIogn. To determine the number of choices for £ we first choose some subset T' of the
vertices of H, of degree at least two with TN.S = () for some S € S. T will be the set of
vertices of degree at least two in H, that belong to . The number of choices for T is at
most 2" = n°M. Once T is selected there is S € S with TN S = (). For ¢ = U(ry,re) we
have that x,.(T") <r —ry+ 1 —£. Now for each ¢ with r; < ¢ = o(v/logn) we have at least

S 13)# probability to take S to be the set selected from S for the good extension. (The
+c?)'1

lower bound on probability is derived as in (3)).) If

T

— — oo then w.h.p. we pick S at
(14+e3)'T

least ¢ times between steps 1 and r, and at these steps x,.(T") does not increase. Thus at
step r we have the number of sets F ¢ I** with T as the set of vertices of degree at least
two in E is at most

jor—er(T) n < f—(ro—1+t+o(n)) (V)
(k;—(|T|+7‘—eT(T)) - k (5)

So at step r the number of open edges E ¢ Z** is at most n=™ (Z) where M can be set as
any large constant with an appropriate choice of £. However as long as H, is contained in
Z** all edges of Z* remain open. For r < o(y/logn), by step r we have not yet selected an
edge not in Z** and from then on the probability that we pick an edge outside of Z** is at
most n (1), This follows from and (f]). Thus with high probability H,.q) C I**.

2.3 From step n*Y) onward

In this section we handle the remainder of the process. We will show that for L sufficiently
large (depending on r¢) O, C Z**, which together with results in the previous subsection
implies that 7, C 7**, and that in turn implies that Z* C Z,.. Let L =rq+ 3. For E € ([z])
and knowing rg, 1, and S, let

DE)={FeI'|FNE =0}

Suppose E' € O, \Z**, so that E’ is disjoint with some set S € S. We lower bound |D(E")].
Quite crudely, there is at least one choice for some set of vertices S € § that is disjoint with
E’ and such that |S| < 7y, and from here we can pick from each edge Ey,--- , E,,—1 not
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intersecting S a single vertex v; € E; \ E’. Such a choice always exists since E' NS = 0 and
E' #FE, - ,E,_1. So we count edges £ € D(E’) to be at least

n—=k—2rg 1 n
>
k—2rg — kAroto() \ k

If we pick a set from D(E') before we pick E’ then E’ can never be selected. For r < n“(1)
the probability at each step that we pick a set in D(FE’) is at least

k7(3r0+1+0(1)).

This estimate again uses the estimate of k7ot +o(l) (Z) for the total number of extensions.
Thus the probability that £’ remains open at step n” is at most

(1 _ k—(3r0+1+o(1)))nL < exp {_k3L—3r0+1+o(1)} ]

Thus, the expected number of open edges E’ ¢ Z** at step n’ is at most

k
since L = 1o + 3. This completes the proof of part (b) of Theorem

<n) exp {_k3L73r0+1+0(1)} < exp {3klog k — k3L7(3ro+1+o(1))} — o(1),

2.4 The size of 7* and 7**

Theorem [2 tells us that our final intersecting family Z, satisfies
" CI, CIT™.

While in general we do not have a complete description of Z;, we do have enough to conclude
that following

Lemma 8. Conditional on the process having reached step r1 with stable family S, = S, we

have w.h.p.
T 3(ro—1-|S|)
Il _ (1—1—0(1))28686 as n — 0o.

@ =

Proof. 1t suffices to find a lower bound on Z* and an upper bound on Z**. Both approxi-
mations are based largely on the fact that in the growing regime every S € S,, r < rg—1
has x,(S) = 0 and in the diminishing regime and stable regime every S € S,, ro < r has
Xr(S) =r—ro+1. Thus x,,(S) =11 —ro+ 1. We now bound |Z**|. For any set T of vertices
of degree at least two in H,, we have x,,(T) < r; —ro+ 1 with x,,(T) =1, —ro+ 1 if and
only if T € S. For each choice of T' the number of hyperedges of Z** so that T is the set of
vertices of degree at least two in H,, belonging to the hyperedge is at most

e <k — (|| +Zl —en (T)))’
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We sum this over the at most 2 choices for T, but the largest order terms come from 7" € S,
so we have

ok 63(7’17(6” (5)=1S1) n
|I | < (1 + 0(1)) g Eri—(er (5)=2[S])) <k‘)
S

_— +o<1>>2w<z)’

Ses

after using x,, (S) =1 —ro + L.

On the other hand we have that for any fixed S € & the number of sets that contain S and
meet all other sets in H,, in a vertex of degree one is at least

— kr cro—1=181 7y
k, _ 2 7’1—6(5) n 1 — 1 _ 1 - )
=k 1814 = ents)) = oD T
We can sum this over all choices of S € S to arrive at the conclusion. O

This completes the proof of part (c) of Theorem [2|

We finally consider part (d). The distribution of 7y can be recovered from the following
generating function.

Theorem 9. Consider the random intersecting process with k = Lcnl/ﬂ where ¢ > 0 s a
constant and let X be the random variable counting the number of steps until a vertex of
degree three appears, then for n — oo the following sequence

{hmTHOOIP’(X:r—i—HX >7")}
r>0

lim, ;oo P(X >7r4+1| X >1)

has exponential generating function

61(612/(203) . 1)

Proof. By Lemma [5| we have that if r = o(y/logn) then w.h.p. either H, has a vertex of
degree at least three or it is a simple hypergraph. Let SIM PLE(r) denote the event that
H, is simple. We first verify the following lemma.

Lemma 10.
PX=r+1|X>r)

PX>ril|X>r) (6)

1s asymptotically equal to

P(X:T+1|X>r75]MPLE<T)) (7)
P(X >r+1| X >r,SIMPLE(r))’

12



Proof. The ratio of the expressions in @, is

P(X =r+1,X >r,SIMPLE(r)) P(X >r+1)
P(X =7r+1,X >r) P(X >r+1,SIMPLE(r))’

(8)

Now we bound the probability p, that X > r holds but that SIMPLE(r) fails to hold.
Clearly
p1=P(X > 1,-SIMPLE(1)) < P(~SIMPLE(1)) = 0.

For 1 < r = o(y/logn) we have
pr =P(X >r,~SIMPLE(r))

=P(X > r,~SIMPLE(r), SIMPLE(r — 1)) + P(X > r,~SIMPLE(r — 1))
<P(-SIMPLE(r) | X >r—1,SIMPLE(r — 1)) + P(X > r — 1,~SIMPLE(r — 1))

1
< o) + Pr-1,
after using Lemmalp|to bound the first summand. Thus p, = O(y/Togn/k'=°M) = O(1/k'—°M).

Going back to ,

P(X > r,~SIMPLE(r))

P(X=r+1,X >rSIMPLE(r)) _
P(X =r+1,X >r) '

1_
P(X=r+1,X>r) =

<

Now clearly,
PX=r+1,X>r)=PX=r+1)>P(X=r+1,SIMPLE(r)).

Moreover the rest of the proof of Theorem [9] shows that if H, is simple then the number of
simple extensions and the number of almost simple extensions that add vertices of degree
three have the same order of magnitude, so for fixed r if H, is simple there is a positive
probability that H,.; is simple as well, so inducitively we have that for r fixed,

P(X =r+1,SIMPLE(r)) = ¢
where (. is some positive constant. So with our estimate on p, we have that

P(X =r+1,X >r, SIMPLE(r))

_ 1 — O(k—(-e)y.
P(X=r+1,X >r) ( )

A similar argument deals with the second quotient in (). m

If H, is a simple k-uniform intersecting hypergraph with maximum degree two then each
pair of edges of H, intersect in a unique vertex of degree two. In this case H,; will have
vertices of degree three if and only if we select a nonempty set S of the vertices of degree
two of H, to belong to the new edge. The event that S is not an independent set of vertices
of degree two is negligible as is the event that the extension of H, to H,,; is not almost

13



simple by Lemma 7] Thus the number of almost simple extensions that do not add a vertex

of degree three is .
(1+ o(1))&" (k " T) ~ K (%) (Z) (9)

On the other hand to count the number of almost simple extensions that do add a vertex of
degree three we have a choice of how many vertices of degree three we add. To add m vertices
of degree three we must (with high probability) select an independent set of m vertices of
degree two in H,.

Applying Lemma [6] we see that the number of almost simple extensions of H, that create
vertices of degree three is

Lr/2]

(1+o(1)) Y = 2;!)gm!2mkr2m (k —(r —an) - m) ~ f Am(r = ;!m)!mlzm a4 (/%D <Z)
(10)

Thus from (9) and (L0, we have for each r = o(y/log n),

PX=r+1|X>r) Wfr(r—l)---(r—?m—i—l irr—l (r—=2m+1)
PX>r+1|X>r) ml(2¢3)™ [(2¢3)™

m=1 m=1

as r — 00.

Now we just verify the exponential generating function is what we claimed:

e r(r 1) (r—=2m+1) ,
ZZ< 2!m!((203)m = Z;r—m )tml(2¢%)™

o & Wy &
0 x2/(2c3))™ OO s
- ey

= (exp{2®/(2¢”)} —1)¢”
[

Example 11. Using this generating function and Theorem [§ we can recover two previous
results. Using the generating function we have that P(rq = 3) = H% In the case that ro = 3
we see that S is consists of just a singleton set and it stabilizes at the third step of the process,
sory = 3. In this case T* = I** and is the star centered at that first vertex of degree three.
So this recovers the ¢, — ¢ case of Theorem [1]

Moreover we can also recover the Hilton—Milner-type statement of Patkds from our methods.
If ro = 4 then at the fourth step of the process we have three edges that all contain a single

14



common vertex and there is a fourth edge not containing that vertex but meeting all three
edges. In this case T* = IT** and is a Hilton—Milner type system. We have

IP)(’I“O:4) :]P(’l“():4 | To >3)]P)(’I“0 >3) :]P(T():4 | To >3)]P)(’I“07é3)

Using the generating function

P(ro=4) = (633_3) (1 JC:)C?’) 7

and so we recover Corollary 1.6 of [17).

Naively we might expect that ry determines S which determines the final intersecting family.
This however is only the case when ry happens to be small. When rq < 6 it isn’t too difficult
to see that S must stabilize to be a star, i.e. it will stabilize as all independent sets of vertices
of degree two in H,,_; that contain some fixed vertex. If ry = 7 however, we see that we can
get a S that is not a star. If ro = 7 it is possible that S = {{u, v}, {v,w}, {u, w}, {u, w,v}}
for {u,v,w} an independent set of vertices of degree two in Hs.

This completes the proof of Theorem [2|

3 Proof of Theorem 4] when &k = O(n)

In this section we assume k = cn where ¢ = ¢(n) such that { < ¢ < % — ( for some constant
¢ > 0. Let G = K(n, k) be the Kneser graph. Recall that G has vertex set (vs S e ([Z])),

and vg is adjacent to vy when SN S" = (.

Let g(z) := zlog(z) for z > 0 and let ¢g(0) = 0. Stirling’s formula gives us that for
a>b=Q(1) we have

(ZZ> = exp{[g(a) — g(b) — g(a — b)]n + O(logn)}. (1)

Thus G has N vertices and is d-regular for

V= (1) et where py(e) = ~gfe) ~ g(1 o)

d= (" ;ncn> = era(ntOlogn)  where py(c) = g(1 —¢) — g(c) — g(1 — 2¢).

We claim that
Nt < d < N'™= (12)

for some ¢ = €;(¢) > 0. Indeed, first note that both p,

(¢),pn(c) are continuous and
positive for ¢ € (0,1/2), and so p4(c), pn(c) = O(1) for ¢ € ((,

)P (c)
1/2 — (). Now observe that
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0 < pa(c) < pn(c) for all ¢ € (0,1/2). Indeed, pg(0) = py(0) = 0, and since ¢'(z) =1 +logz
we have

(€)= pa(e)) = - (~29(1 = ) + g(1 — 20)) = 2log(1 — ) — 2log(1 — 2¢) > 0,

Thus pn(c) = palc) + Q(1) for ¢ € (¢,1/2 — (). Now since

logd pa(c)n + O(logn) N pa(c)
logN' pn(c)n+O(logn)  pn(c)

we see that holds.

€ <Q(1), 1 9(1))

Now we claim that

each vertex has codegree at most d/N~°? with all
but at most dN ™2 vertices, for some g9 = £9((). (13)

Indeed, suppose |[SNS’| < (¢ — §)n for some § > 0. Then |S US| > (¢+ d)n, and so the
number of sets S” that are disjoint with both S and S’ (i.e. the codegree of vg,vg) is at
most

(" - (§n+ ‘5)”) = en(edn+0losn)  whore pi(c,8) = g(1—c—8)—g(c)—g(1—2c—8)]n. (14)
We claim that pi(c,d) < pg(c) for any 6 > 0 such that pi(c, ) is defined. Indeed, we have
p1(c,0) = pa(c) and
Ip1
S
Thus the codegree bound on line is at most dN 2 for some €53 = £5(().

(¢,0) = —log(1l —¢) + log(1 — 2¢) < 0.

Now for a fixed set S, the number of S’ such that |S N S’| > (¢ — d)n is at most

((c Ena)n) (52) = er2(e0mrolosn) where py(c, 6) = g(c) — g(c — 8) — 2g(6) — g(1 — 6).

We claim that for some sufficiently small 6 we have ps(c,d) < pq(c). This follows from the
fact that pg(c) > 0, pa(c,0) = 0 and p, is continuous in §. This verifies (13)).

We let ¢ = min {1, 5} for the remainder of Section 3 Both of and remain true
with €; and g5 replaced by ¢ respectively.

3.1 The good event

Let G be any d-regular graph on N vertices where N¢ < d < N'7¢. Assume that for each
vertex v, there are at most dN~° vertices u whose codegree with v is at least dN~°. We
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run the random greedy independent set process on G: initially 1(0) = (). After r steps, let
I(r) ={v1,...,v.} be the set of vertices in the independent set constructed so far. Let V (r)
be the set of available vertices (i.e. the vertices not adjacent to any vertex in I(r)). We
choose a random vertex v € V(r) and put v,41 = v.

Let D,(r) be the set of available neighbors of v, for v € V(r). Let B(r) be the set of vertices
w (available or not) such that some vertex u € I(r) has codegree with w at least dN~°. Note
that B(r) is nondecreasing in r. Let C,(r) := D,(r) N B(r). Let

d
t=1(r) = T

Define the error function
f(t) := N=5/2010¢ (15)

Let the good event &, be the event that the following inequalities , and all hold
for all v < r and where t' = ¢(r'):

V()] = Ne | < Nf(E) (16)
“DAMM—@4/SWUQENMUEVWO\B@Q (17)
1C, ()| < AN~/ for all v € V(r). (18)

We will show that w.h.p. the good event &, , holds where

. e Nlog N
“d 10000 d

In particular this will imply that w.h.p. the process lasts to at least step 7,4, proving the
lower bound on |Zj| in Theorem 4| for the case of k = ¢n. Indeed,

el < N¥/1% implying that f(t) < min {e”", N_e/%} =o(1).
for all r < r.,q, inequalities and imply that for all r < r.,; we have
[V (r)| = (1+o0(1))Ne ™, |Dy(r)| = (1 +o(1))de™" for all v € V(r) \ B(r).

In particular |V (re,q)| is positive and so the process lasts to step renq. The upper bound in
Theorem [4] comes from the upper bound on |V (re,q)| implied by (L€]). Indeed, gives

|V(Tend)| < Ne—t(rend) ‘|“Nf(t(rend)) < N1_6/1000+N1_5/25.

We will sometimes use the bounds (which hold for all r < r.,4 in the good event &,)
V(r)| > N1 |B(r)] < N2, (19)

The first bound follows from our estimate of V(7e,q). The second bound follows since
|B(r€’l’bd)| S renddNis-
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3.2 Dynamic concentration of V(r)

Here we bound the probability that &, , fails due to condition (L6)). We define variables V'
and V'~ as follows.

VE — V) {|V(r)| ~ N(e™* £ f(t)) if &1 holds,

20
VEr—1) otherwise. (20)

For r = 0 above, we interpret £_; as the trivial event that always holds. Note that if &, , fails
due to condition then we either have that V' (re,q) > 0 or V7 (reuq) < 0. To show that
those events are unlikely we will establish V' is a supermartingale, i.e. E[A(|V T (r)|) |1(r)] <
0, where we use the notation A(|[V*(r)]) = |[VT(r+ 1)] — |V (r)|. Similarly we will show
that V'~ is a submartingale.

First we show E[A|V*(r)| |I(r)] < 0. If €, fails then AV T (r) = 0 by definition, so we assume
&, holds. We have

E[A[V ()] [I(r), £] = er Z (1+ Dy (21)
veV(r
<~ (V)| - B (e~ a0)
1—¢/2
< - ( - %) (de™ —df(t))
< = (1) + 0 (N

We turn to bounding the one-step change in N(e™* + f(¢)) (the deterministic part of V).
We use Taylor’s theorem:

Theorem 12. Let g : R — R be a function twice differentiable on the closed interval [a,b].
Then, there exists a number T between a and b such that

o)~ g(a) = ¢ (@)(b— a) + T3 0 — a)? (22)
Since At(r) = £, we have for some 7 € (¢(r), t(r + 1)) that
AN(e™ & (1) = N(—e™ & /(1)) - -+ 5N % () - 3
—d(—e "t f1(£) + O (g)

Thus we have

E[AV(r) [I(r), &]

IN

—d (7" = f(t)) —d(—e" + ['(t)) + O (AN /%) (23)
— d(f(t) - /(1) + O (AN—*1?)
(dN 8/20)
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Thus V7 is a supermartingale. Now we will show that V'~ is a submartingale. From (21]) we
have

EIAV()] [1(r).&] = ‘ﬁ S (14 D,(r))

veV(r)

1 —t
z =T (V) = 1B(r)]) (de™ + df (t)) + |B(r)ld
> — (de™" +df(t)) — Nl;://j)d -1

> — (de™" +df(t)) + O (dN~/%).
Thus, similar to , we have

E[AV=(r) [I(r),&] > —d (e + f(t)) —d(—e™" = f'(t)) + O (dN’E/?’)
= Q (dN~?).

We use the following concentration inequality of Freedman [10].

Theorem 13 (Freedman). Suppose Yy, Y1, ... is a supermartingale such that AY; < C for
all j, and let W, = Z Var[AY,|F,]. Then, for all m and positive real A,

r<m

2
P(W,, <band Y,, — Yy > \) < exp (—ﬁ) . (24)

We apply Freedman’s theorem to the supermartingale V*. In particular we want to bound
the probability that it is positive at step 7e,q. We have at step 0 that V(0) = —Nf(0) =
—N1==/20 If V*+(re,uq) is positive then V*F(req) — VFE(0) > N'7¢/20. Thus we will use
A = N'=¢/20. We bound the one-step change to determine C. We have |A|V(r)|| < d and
AN (e "+ f(t))| < 2d so we can use C' = 3d. Note that we have

Var[AVE(r)|F, &) = Var[AV (r)| | Fr, E] < EBIAIV ()| F, E] < d.

Thus we have W, < repq-d? = O(Ndlog N) and we can take b = O(Ndlog N). Freedman’s

Tend —

theorem gives us that the probability that VT (r.,q) is positive is at most

22 N2—5/10
P ( 2(b + CA)) P ( (Nd log N + le—s/QO)) o(1)

Similarly one can apply Freedman’s theorem to the submartingale —V = using the same
values of A\, C, b to show that w.h.p. —V ™ (r,q) is not positive. Thus we have w.h.p. that
..., does not fail due to condition ((16]).
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3.3 Dynamic concentration of D,(r)

Here we bound the probability that &, , fails due to condition (17). We define variables D,
and D, as follows.

25
DE(r —1) otherwise. (25)

D = D) e {|Du(r)| —d(et £ f(t)) if &_; holds and v ¢ B(r),
If &, , fails due to condition then we either have that D} (renq) > 0 or D (repq) < 0
for some v. Similarly to the last subsection, we will show these events are unlikely using
Freedman’s theorem. First we verify that D is a supermartingale. We can assume &, holds,
since otherwise AD; (r) = 0. Of course if v € B(r 4+ 1) we will also have ADS(r) = 0 by
definition (25). Thus we just need the expected one-step change in |D,(r)| in the case when
v ¢ B(r+1). We have

E(Logpesr) - AlDy(r)] [(r),&] == > Pu¢ V(r+1)and v ¢ B(r+ 1))
u€D, (1)
B D,(r)—dN~*
ST 2 T
(de™ — df (t) — dN—5/10)2
= Ne t+ Nf(t)
d2 » (1 _ etf(t) _ etN—s/lo)Q
A T
— _szet . (1 _ 3€tf(t)) +0 (dZN—l—s/w)

Meanwhile the one-step change in d(e™" + f(t)) is

o _
e F (1) + 0 (PN?)
by Taylor’s theorem. Thus we have

. 2, t &

= L610) — 1/0) + 0 (N1
——Q0 (dQN—l—a/QO)

(—e_t—}-f’(t)) +0 (d2N—1—s/15)

Thus D! is a supermartingale, and similarly D, is a submartingale. Now we apply Freed-
man’s theorem. As in the last section, bounding the probability that —D. (renq) > 0 is
entirely similar to bounding the probability that D} () > 0, so from here we will only
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show the work for the latter. Recall that |[AD(r)| = 0 unless v ¢ B(r + 1), in which case
we have |A|D,(r)|| <1+ dN~¢. We have

[ADT (r)] < [A[Dy(r)|| +|Ade™| + |Adf (1))
<1+ dN ¢+ O(d*/N)
< 2dN"°.

Thus we can use C' = 2dN . If D} (repq) > 0 then D (reng) — D (0) > df(0) = dN—</20
and so we use A = dN~5/?°. Note that

Var[AD] (r)| 7. &) < E[(A|D (1)1 7. &)
< CE[|AD} (1) |7,.&,]
< CE[|AID,(r)] | 17, &] + ClAde™| + ClAdf ()]
= O(d*N"179),

where the second line follows since we always have |[AD(r)] < C, and the third line fol-
lows from the triangle inequality. Thus we can take b = O(7enq - A*N7175) = O(d*N~/?).
Freedman’s theorem gives us a failure probability of at most

22 0 d2N75/10 1
eXP {_Q(b T ON } . {_ (d2N—€/2 T dN—<- dN—5/20) } - <N) '

This probability is small enough to beat a union bound over N choices of v. Thus we have
w.h.p. that &, does not fail due to condition (17)).

3.4 The upper bound on C,

We now bound the probability that &,
as follows.

fails due to condition (18). We define variables C

end

Cy(r)| — d>N~1=5/2p if £,_; holds,

26
CHir—1) otherwise. (26)

CH=Cfr):= {
We show that C) is a supermartingale. We have

d-dN~° _ &N
E[A[C,(r)] [1(r), &] <

2 n7—1—€/2
< e S Wi S AN

and so E[A|CH(r)| [I(r),&] < d?N7175/2 — @2N~17¢/2 = (0. We apply Freedman’s theorem.
We have AC (r) < AC,(r) < dN~* and so we use C' = dN~¢. Note that we have
Var[ACS ()| Fr, &] = Var[AC,(r)|Fy, & < E[AC,(r)?|F,, &)
< ANTE[AC,(r)[|Fr, &]
< AN ¢ . dQN—l—s/Q
< PBN-1-3/2
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Thus we have W, . < 7¢nq - d>N7173/2 = O(d?N—¢) and we can take b = O(d>N~¢). Using
A = dN~%/*, Freedman’s theorem gives us that the probability we ever have CF (r) > A is at

most ) ) 12
A d2N—¢
oxp ( 200 + C)\)) exp ( (d2N€ fdN—<- st/4)> o(1/N),

which is small enough to beat the union bound over the N choices for v. Thus w.h.p. we
have for each v that C;f (r) < A and so

Co(r) < N2 g4+ X < dAN—/10,

Thus w.h.p. &, does not fail due to condition (18)). This completes our proof of Theorem
for the case when k = ©(n).

4 Proof of Theorem {4 when k = o(n)

In this section we assume ¢~ 'n'/2log'?n < k < (n for a sufficiently small constant ¢ > 0.
We use the same notation as in Section [3| so k = cn.

For say |z| < 1/2, we have g(1 —z) = —x + % + O(2?) and so we can write
1
pn(c) = —g(c) + ¢ — 502 +0(c?),
3
pa(c) = —g(c) + ¢ — 502 +0(c?)

Thus, we have that
d = Nef(02+0(c3))n.

With py, ps as in Section [3, we now have
pi(c,6) — pa(c) = —cd + O(c?).
c 52 )
(e, ) = 6log (ﬁ) +20— =+ 0().

Let 6 = 0.9¢, and

= % = exp{—c®n +O(c’n)}
a:=dexp {—con+ O(c’n)} = dexp{—0.9¢’n + O(c’n)}
2

B := exp { (5 log ( ‘ ) 20— 5—) n+ 0(5%)} — exp {~0.9(clog ¢)n + O(cn)}

52 c

Arguing as in Section [3, we see that for each vertex v, there are at most « vertices u whose
codegree with v is at least (.
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We assume that
v < log_loo N

which holds when ¢ is at least some large constant times n~'/? logl/ >n (ie. for ¢ small
enough).

4.1 The good event

Let t = t(r) = ~yr. Define the error function

f(t) = ,YO.lelot' (27)

Note that this is different from our error function f(t) from Section .1} Let the good event
&, be the event that the following inequalities , and all hold for all " < r:

V) = Ne!| < NF(E) (28)
’|Dv(r’)| —de™t'| < df(t') for all v € V(') \ B(+") (29)
1C,(r")| < v % a for all v € V(r). (30)

We will show that w.h.p. the good event &,  , holds where

N N
Teng := 0.0017 tlogy™' = Q (E log E) )

In particular this will imply that w.h.p. the process lasts to at least step 7,4, proving the
lower bound in Theorem [ for the case ¢, = o(1). Indeed, we have e'% < 47901 and so
et > A% and f(t) < A%% for all 7 < reuq. Now lines and imply that for all

r < Tend We have
[V (r)| = (1+o0(1)Ne ™, |Dy(r)| = (1 +0(1))de™" for all v € V(r) \ B(r).

In particular |V (renq)| is positive and so the process lasts to step 7e,q. The upper bound in
Theorem [4 comes from the bound on |V (renq)| implied by (28).

We will sometimes use the bounds (which hold for all r < r.,4 in the good event &,)

1 1
V()] 2 gNeTerd = SA"0IN, - |B(r)] < areng = 0.001ay  logy™' (31)

4.2 Dynamic concentration of V (r)

Here we bound the probability that &, , fails due to condition (28). We define variables
V*+ and V™ exactly as in (20) (but now f(¢) is as in (27])). We now establish that VT is a
supermartingale.
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First we show E[A|V T (r)| |I(r)] < 0. If &, fails then AV T (r) = 0 by definition, so we assume
& holds. Also, as before we only need the expected one-step change in |D,(r)| in the case
when v ¢ B(r + 1). We have

E[Lugnoin) - AlDy(r)] [I(r), &] = |V17“ 7 Z (1+ Dy
1 L
< wo (IV(r )I 1 B(r)]) (de™ — df (1))
< - (1 - 0.001;;’5.0011](157 ) (de_t - df@))
< —d(e" = f(t)) + O (ay " logy7") .

We turn to bounding the one-step change in N(e™* + f(t)). Since At(r) = £, we have for
some 7 € (t(r),t(r + 1)) that

AN( + (1) = N+ £/8)) -5+ 3N+ F(0) - 13

= d(—eft + f'(t)) + O (dQNfl) )
Thus we have

E[AVF(r) [I(r),&] < =d (7" = f(t)) —d(=e™ + (1)) + O (ay*®'logy™")  (32)
=d(f(t) = f'(t)) + O (ay™*™ 10g7 Y
(d’yo 1) , since a/d < 4%®

| |
{O

Thus V7 is a supermartingale. To see that V'~ is a submartingale, we replace by

E[AV™(r) [I(r),&] = =d (e = f(t)) —d(—e™" = f'(t)) + O (ay """ logy ") = Q (dr"™).

We apply Freedman’s theorem to the supermartingales V* and —V~ to show w.h.p. neither
of them becomes positive. The calculations for —V ™ is entirely similar to V1 so we only
show the latter. If V' (rg,q) > 0 then V' (rg,q) — VT(0) > Nf(0) = N4%!. Thus we use
A = NA%!. We bound the one-step change to determine C. We have |A|V(r)|| < d and
AN (e "+ f(t))| < 2d so we can use C' = 3d. Note that we have

Var[AVT (1) F, &) = Var[ AV (r)| | F E] < EAV ()| F E] < &

Thus we have W, = < d*re,q and we can take b = d*repg = O (d*y 'logy™1). Freedman’s

theorem gives us a failure probability of at most

2 2,0.2
exp N =exps — N7y =o(1).
2(b+ CN) d?y~1tlogy~! + Ndn01

Thus we have w.h.p. that &, does not fail due to condition ([2§).
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4.3 Dynamic concentration of D, (r)

Here we bound the probability that &, , fails due to condition (29). We define variables D,
and D, as in (25). We verify that D] is a supermartingale. As before we can assume &,
holds. We have

E[A[D,(r)] |I(r),&] <= Y Pu¢V(r+1)andov ¢ B(r+1))

uEDy(r)
_ D,(r) — «

: uGDZU(r) | (T |

(de! — df (1)~
- Ne=t+ Nf(t)

d2 i (1 _ etf(t) _ et,yfo.la/dfl)Q
TN 1+elf(t)
= et (13 1(0) 4 0 ()
= —dNQe—t (1=3e"f(t)) + O (")

Meanwhile the one-step change in d(e™* + f(t)) is

L (et 10) + O (N )
by Taylor’s theorem. Thus we have
E[ADJ_(T) |](7’),8T] < —dﬁe_t . (1 — 36tf(t)) — dﬁ(—e_t + f/(t)) +0 (’)/0‘904)
= %<3f (t) = f'(£)) + O (*a)
=0 (’}/l'ld)

Thus D is a supermartingale, and similarly D, is a submartingale.

Now we apply Freedman’s theorem. We have
|ADZ ()] < [AD,(r)| + [Ade™| + [Adf ()]
< B+ 0(dv)
< O(dy), (33)
where on the second line we used that Ae™" = O(ve™) = O(y) and Af(t) = O(yf'(t)) =
O(y11el%) = O(y*%). Thus we can use C' = O(dy). If D} (reng) > 0 then DI (renq) —
DF(0) > df (0) = dy*! and so we use A = dy*!. Note that by we have
Var[AD] (r)|F;, €] = Var[A|Dy(r)] |F,, &] < E[(A[Dy(r)])*| F, &/]
= O(d*y%).
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Thus we can take b = O(d?*¥?7¢nq) = O(d*ylogy™!). Freedman’s theorem gives us a failure
probability of at most

)\2 d2’)/0'2
)= e =o0(1/N).
o (~zran) ~ oo (2 (Fme ) ) —oww

This probability is small enough to beat a union bound over N choices of v. Thus we have
w.h.p. that &. . does not fail due to condition ([29)).

end

4.4 'The upper bound on C,

Here we bound the probability that &,_, fails due to condition . We define variables C;F
analogously to (26)):

C, ()| = 20729 if £, holds,
Cihr—1) otherwise.

CrH=CHr):= {

We show that Cf is a supermartingale. We have

E[A|C, ()| |I(r), & ] < |Vd<(J;)| < 2dary OO N = 204899

and so E[A|CS(r)| [I(r),&] < 0. We apply Freedman’s theorem. We have AC) (r) <
AC,(r) < o and so we use C' = . Note that we have

Var[ACS ()| Fr, &] = Var[AC, ()| Fr, E] < E[AC,(r)?|F,, &)
< aE[|AC,(r)||F, E]
< 202,099

Thus we have W, = O(a*y " logy™!) and we can take b = O(a?*y~"1log~y~1). Freed-

man’s theorem gives us that the probability we ever have CF (r) > \ := %7_0'10z is at most

A2 N 40202 .
o (_2(b+0A>> - (_ (QQV_-O(“ log 71 ﬂ_o.laz)) = o(1/N).

Otherwise we have C.f(r) < 177%!a and so

1
Co(r) < 2a7°9%r g + 57_0‘1a
_ - 1
= O(ay~™log y 1)_1_57 0.1,
< 4 0lq,
Thus w.h.p. &, does not fail due to condition (30)). This completes the proof of Theorem
Ml
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5

Summary

We have proved some new results about the random intersecting family process. There is
still much to do. For example, can we say more about the structure of Z; in Theorem [2]
Second, as far as Theorem [4] we say little about the structure of the final family and there
is a large gap between the upper and lower bounds on the family size.
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A Appendix: Describing S as a random matching pro-
cess

In the proof of Theorem [2| we described the process of generating & and ry which determine
7" and Z**. Here we isolate just this process away from the broader context to set up an open
problem that would have to be solved in order to fully describe the distribution of Z;, when
k = cn'/?. Recall that at the beginning of the random intersecting process, before vertices of
degree three appear, H, is a simple hypergraph in which every pair of edges intersects in a
unique vertex. If we represent the hyperedges as vertices then an independent set of vertices
of degree two in H, corresponds to a matching in the complete graph K,. And moreover,
once ¢ is determined S corresponds to an intersecting family M of matchings on K, ;.
For k = ¢,n'/3, and ¢, — ¢ we can describe how S is generated by Procedure [1| below. For
a collection of finite sets A, rand.(N') refers to sampling a set S from N with probability
proportional to ¢!,

By the proof of Theorem [2] we can see that S is generated by Procedure (1| with input equal
to ¢ =3 for k = ¢,n'/?, ¢, — ¢. The situation that Procedure [1| outputs the single edge on
K5 corresponds to the case that the system is trivial. The case that Procedure [1f outputs a
single-edge matching on K3 corresponds to the Hilton—Milner system described by [14].

For K;, t < 5 there is only one combinatorial type for a maximal family of intersecting
matching M on K, namely all matchings that contain some fixed edge (i.e. a star). For

= 6, however, there are two: All matchings that contain some fixed edge and all matchings
that contain at least two out of three edges of some perfect matching. For t =rp —1 <5
we can therefore determine exactly what S will look like. When ¢t = 6 and ¢ = 1, a routine
calculation shows that conditioned stopping at ¢ = 6, there is a 123/128 chance of getting
a star and a 5/128 chance of getting all matchings that contain at least two out of three
edges of a fixed perfect matching. As t gets larger these families of matchings can become
arbitrarily complicated, so a full description of the distribution on & would be quite difficult
to work out even though we do have a generating function in part (d) of Theorem 2| that
captures the distribution on ¢.
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Procedure 1: Random matching procedure

Input :¢>0
Output: A random number n and a family M of pairwise intersecting matchings of
the complete graph K,

n << 1;

G+ K,;

N < All matchings on G;
M 0

while M = ) do
M <+ rand.(N);
if M = () then
n<<n+1;
G+ K,;
N < All matchings on G;

else
Add M to M;
| N <« All matchings on G that intersect M;

while M is not a maximal intersecting family of matchings on K, do
M <+ rand.(N);
if M ¢ M then
Add M to M;
L N < All matchings on G that intersect every matching in M;

return M on K,;
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