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GLOBAL WELL-POSEDNESS AND SCATTERING FOR THE DEFOCUSING
MASS-CRITICAL SCHRODINGER EQUATION IN THE
THREE-DIMENSIONAL HYPERBOLIC SPACE

BOBBY WILSON AND XUEYING YU

ABSTRACT. In this paper, we prove that the initial value problem for the mass-critical defocusing
nonlinear Schrédinger equation on the three-dimensional hyperbolic space H® is globally well-posed
and scatters for data with radial symmetry in the critical space L? (]HI3)
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1. INTRODUCTION

In this paper, we consider the initial value problem for the defocusing mass-critical nonlinear
Schrédinger (NLS) posed on the three-dimensional hyperbolic plane H? with radial initial datum

¢:

u(0,z) = ¢(x). (11)

The primary objective of this work is to establish the global well-posedness of equation (1.1) and
demonstrate scattering behavior in the critical space L?(H?3).

4
{z’@tu—FAHw:\u!Su, teR, zecH?

1.1. Setup. To provide a more general context for the problem, we consider the initial value
problem for the NLS equation defined on a manifold M:

O+ Apqu = [ulP u, (1.2)
where u : Ry x M — C is a complex-valued function of time and space and M is a manifold. The

NLS equation is characterized as defocusing due to the positive sign of the nonlinearity.
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Equation (1.2) possesses two essential conserved quantities: mass and energy, defined as follows:
M (u)(t) =/ lu(t, )* dz = M (u(0)), (1.3)
M
1 9 1
E)(t)= [ $IVu(t,z)” +
M 2 p

1 lu(t, z) [Pt dz = E(u(0)). (1.4)

These conservation laws provide control over the L2 and H! norms of the solutions, respectively.
In Euclidean spaces, NLS exhibits a scaling symmetry
2
u(t, ) — \rTu(N\%t, \z),

under which the only invariant, homogeneous, L2-based Sobolev norm is the H*(R?) norm. This
symmetry establishes its critical scaling exponent of (1.1) on R?, which is given by

d 2
Sei= = — ——.
T2 p—1
Accordingly, the problem NLS can be classified as subcritical, critical or supercritical depending on
whether the regularity of the initial data is above, equal, or below the scaling s. of NLS. We will

adopt the language in the scaling context in other manifolds M.

1.2. History. In the cases when the equation becomes scale invariant at the level of one of the

conserved quantities (1.3) and (1.4), we refer to these situations as the mass-critical NLS (s, = 0,

p =1+ %) and the energy-critical NLS (s, = 1, p = 1+ d%42) respectively, and they have

received special attention in the past. It has now become standard that within the critical regime,
2(d+2)

establishing a uniform a priori bound for the spacetime Lt‘f; **¢ norm of solutions to the critical

NLS implies both global well-posedness and scattering for general data.

In the energy-critical case (s = s, = 1), Bourgain [7] first introduced an inductive argument on
the size of the energy and a refined Morawetz inequality to prove global existence and scattering in
three dimensions for large finite energy data which is assumed to be radial. A different proof of the
same result is given in [15]. Then, a breakthrough was made by Colliander-Keel-Staffilani-Takaoka-
Tao [9]. They removed the radial assumption and proved global well-posedness and scattering of
the energy-critical problem in three dimensions for general large data. They relied on Bourgain’s
induction on energy technique to find minimal blow-up solutions that concentrate in both physical
and frequency spaces, and proved new interaction Morawetz-type estimates to rule out this kind of
minimal blow-up solutions. This milestone was later extended to higher dimensions by Ryckman
and Visan [32] and Visan [38], following the groundwork laid by [9].

In [23] Kenig and Merle proposed a new methodology, a deep and broad road map to tackle
critical problems. In fact, using a contradiction argument they first proved the existence of a critical
element such that the global well-posedness and scattering fail. Then, relying on a concentration
compactness argument, they showed that this critical element enjoys a compactness property up to
the symmetries of this equation. This final step was reduced to a rigidity theorem that precluded
the existence of such a critical element.

The mass-critical (s = s. = 0) global well-posedness and scattering problem was also first studied
in the radial case as in [25, 37]. Then Dodson proved the global well-posedness of the mass-critical
problem in any dimension for nonradial data [10, 11, 12]. A key ingredient in Dodson’s work is
to prove a long-time Strichartz estimate. This estimate played a crucial role in handling the error
term within frequency-localized Morawetz estimates, ultimately enabling the exclusion of minimal
blow-up solutions.
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In contrast to the energy- and mass-critical problems, for any other s. # 0,1, there are no
conserved quantities that control the growth in time of the H* norm of the solutions. In [24],
Kenig and Merle showed for the first time that if a solution of the defocusing cubic NLS in three
dimensions remains bounded in the critical norm H3 in the maximal time of existence, then the
interval of existence is infinite and the solution scatters using concentration compactness and rigidity
argument. See also [13, 29, 40] for results of critical problems at the non-conservation law levels.

On non-Euclidean manifolds, using the Kenig and Merle road map and an ad hoc profile de-
composition technique, Ionescu-Pausader [17, 18] and Ionescu-Pausader-Staffilani [19] were able to
transfer the already available energy-critical global existence results in Euclidean spaces into their
corresponding R x T3, T3 and H? settings. Their method (which is known as blackboz trick) has
been successfully applied to other general settings, see [30, 35, 41, 42, 43, 44, 45]. The central idea
behind this approach involves breaking down the minimal blow-up solution into a combination of
Euclidean-like solutions and scale-1 solutions through profile decomposition. Leveraging the well-
established critical global well-posedness theory in Euclidean spaces, they employ it as a blackbox
trick to achieve global well-posedness on the given manifold, effectively adapting and transferring
the theory to non-Euclidean settings.

1.3. Motivation. In Euclidean spaces, where the sectional curvature is constant zero, the global
wellposedness and scattering problem of NLS is well understood. However, in curved spaces with
negative curvatures, the distinctive geometric properties introduced by the metric geometry pose
unique obstacles, such as the lack of a Fourier convolution theorem. As a result, extrapolating
results from the Euclidean to the hyperbolic case is often nontrivial. There are only very few
results studying the global wellposedness and scattering of NLS in the hyperbolic case.

However, hyperbolic spaces represent the simplest symmetric spaces of noncompact type charac-
terized by a constant negative sectional curvature. In the papers, [1, 5, 20], this negative curvature
leads to dispersive estimates which are slightly improved compared to those that can be obtained
in Euclidean spaces. Such enhanced dispersion has, in fact, facilitated the establishment of global
well-posedness and scattering results for subcritical NLS in these spaces, see [2, 3, 4, 6, 20, 28, 34].
In [19], the authors establish global well-posedness and scattering for energy-critical NLS on H3. In
this paper, we aim to establish the global well-posedness and scattering theory for the mass-critical
NLS on the three-dimensional hyperbolic space, which to the best of the authors’ knowledge, is the
first mass-critical global well-posedness and scattering result obtained on non-Euclidean manifolds.

1.4. Main result and discussion. Now we consider the initial value problem for the mass-critical
(1.1) (that is p = % in (1.2)) NLS posed on the three-dimensional hyperbolic plane H?.

Now let us state the main result of this paper.

Theorem 1.1. Let ¢ € L?>(H?) and let ¢ be rotationally symmetric.

(1) Then there exists a unique global solution u € C(R;L?*(H3)) of (1.1). In addition, the
mapping ¢ — u is a continuous mapping from L*(H?) to C(R; L*(H?)) and ||lul|2ys) is
conserved.

(2) We have the bound of the global solution

lll 2073 e szsy Sz s, L (1.5)

which implies u scatters to a linear solution, that is, there exists uy € L?(H3) such that

: A _
i lu(t) = e u | 2 @s) = 0.
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Remark 1.2. Recall that it is sufficient to prove a uniform a priori bound for the spacetime
Li’(;/ ? norm of solutions in (1.5), as the scattering part follows from a standard argument (see, for

example, [8, 36]).

One would expect that the stronger dispersion in hyperbolic space would play a role in a well-
posedness argument. However, the most important observation for the following argument is that
in three dimensions, one can reduce the bilinear Strichartz estimate in hyperbolic space with radial
data to a Euclidean bilinear Strichartz estimate using a simple change-of-variables. For hyperbolic
space of any dimension greater than 3, this change-of-variables does not produce a nice correspon-
dence between Euclidean and hyperbolic bilinear Strichartz estimates. Since we have an assumption
of radial data, we can use improved Euclidean radial bilinear Strichartz estimates of Shao [33]. It
is important to note that, due to the presence of frequency localization in bilinear estimates, the
most challenging part is to show that this frequency localization is preserved under the change of
variables. If this preservation does not hold, the Euclidean bilinear estimate will not be applica-
ble, potentially leading to undesirable error terms. The question of whether one can prove better
general-data bilinear Strichartz estimates in hyperbolic space remains.

For the scattering argument, one would expect a Morawetz estimate to be an essential feature of
a contradiction argument. In this case, we use the Morawetz estimate for NLS on hyperbolic space
of Tonescu and Staffilani [20] combined with the strategy of Dodson [10] to construct a suitable
contradiction argument. The Morawetz estimate of [20] was used to establish scattering for the
energy-critical NLS on H? in [19]. Of course, the difficulty in our setting is that we are assuming a
measure of regularity that falls below the scaling regularity of the Morawetz estimate. To overcome
this difficulty, we consider the frequency localized version of the Morawetz estimate. This is similar
to the strategy employed in [10], which makes it a perfect strategy to emulate. Fortunately, the
blackbox trick allows for a simplification of the strategy of Dodson.

The structure of the paper is as follows: Section 2 contains an assortment of important definitions
and tools necessary for analysis of Schrodinger equations on Hyperbolic space. Then Section 3
presents the local wellposedness statement as well as local stability estimates and the Morawetz
estimate. In Section 4, the proof of Theorem 1.1 is presented as a reduction to two key propositions:
Proposition 4.1 and Proposition 4.6. Section 5 presents the bilinear Strichartz estimate (as well as
a nonlinear corollary) followed by estimates that allow for Euclidean approximations in the profile
decomposition in Section 6. Section 7 details the profile decomposition machinery. Finally, Section
8 is a presentation of the proof of Proposition 4.1, and Section 9 discusses the proof of Proposition
4.6.

Acknowledgement. Both authors would like to thank Gigliola Staffilani for suggesting this prob-
lem, and Sohrab Shahshahani for very insightful conversations. B. W. is supported by NSF grant
DMS 1856124, and NSF CAREER Fellowship, DMS 2142064. This material is based upon work
supported by the National Science Foundation under Grant No. DMS-1928930 while B.W. was
in residence at the Simons Laufer Mathematical Sciences Institute (formerly MSRI) in Berkeley,
California, during the summer of 2023. X. Y. is partially supported by NSF DMS-2306429.

2. PRELIMINARIES

In this section, we establish notation and provide a basic framework for understanding Schrodinger
equations on hyperbolic spaces.
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2.1. Notations. We define

1

1F Lo o () = [/J (/HS |f(t,z)|" da;>r dt] :

where J is a time interval.

We adopt the usual notation that A < B or B 2 A to denote an estimate of the form A < CB,
for some constant 0 < C' < oo depending only on the a priori fixed constants of the problem.
Furthermore, we let A ~ B denote the double estimate A < B and B < A. We also use a+ and
a— to denote expressions of the form a + ¢ and a — ¢, for any 0 < ¢ < 1.

2.2. Hyperbolic geometry. We consider the Minkowski space R4*! with the standard Minkowski
metric

—(dz®)? 4 (dz")? + (d2?)? + - - + (dz)?
and we define the bilinear form on R4*1! x R+1,

[,y = 2% —aly! —a?y? — o —ay”.

The hyperbolic space H? is defined as
He = {z € R¥: [z,2] =1 and 2° > 0}.

Let 0 = {1,0ga} = {(1,0,0,--- ,0)} denote the origin of H?. The Minkowski metric on R%*+!
induces a Riemannian metric g on H? with covariant derivative D and induced measure d.

We define G := SO(d,1) = SO.(d,1) as the connected Lie group of (d + 1) x (d + 1) matrices
that leave the form [-,-] invariant. Clearly, X € SO(d,1) if and only if

rx. Id71 - X = —[d,la det X =1, Xy >0,

where I;; is the diagonal matrix diag[—1,1,...,1] (since [z,y] = —'z - Iz - y). Let K = SO(d)

denote the subgroup of SO(d, 1) that fixes the origin 0. Clearly, SO(d) is the compact rotation
group acting on the variables (z!,...,2%). We define also the commutative subgroup A of G,

coshs sinhs 0
A:=<{as= |sinhs coshs 0 |:seR,
0 0 Iy

and recall the Cartan decomposition
G=KA,K, A, :={ass€0,00)}. (2.1)

The semisimple Lie group G acts transitively on H? and hyperbolic space H? can be identified with
the homogeneous space G/K = SO(d,1)/SO(d). Moreover, for any h € SO(d,1) the mapping
Ly : HY — H?, Ly (x) = h-z, defines an isometry of H?. Therefore, for any h € G, we further define
the L? isometries

m: LP(HY) — LY, m(f)(2) = f(h" - ).

We fix normalized coordinate charts which allow us to pass in a suitable way between functions
defined on hyperbolic spaces and functions defined on Fuclidean spaces. More precisely, for any
h € SO(d, 1) we define the diffeomorphism

Uy RS HE, Uh(0r, .. 0d) =k (/14 v, 0t 0d). (2.2)

Using these diffeomorphisms we define, for any h € G,
T CRY) = CHT),  7u(f)(x) = £, (2)).
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We will use the diffeomorphism W7 as a global coordinate chart on H? where Z is the identity
element of G. We record the integration formula

[ @ du) = [ szena+ )t
Hd Rd

for any f € Co(HY).

An alternative definition for the hyperbolic space is
H? = {z = (s,t) € R, (s,t) = ((sinhr)w, coshr),r > 0,w € S}
One has
dt = sinhrdr, ds = coshrwdr 4+ sinhrdw
and the metric induced on H is
dr? + sinh? r dw?,
where dw? is the metric on the sphere S 1.

Then one can rewrite integrals as

f(z)dx = / f(r,w)sinh?1 r drdw.
Hd 0 Jsi-t
The length of a curve
v(t) = (coshr(t), sinhr(t)w(t)),

with ¢ varying from a to b, is defined

b
L(v) =/ \/|7/(t)|2 + [sinhr(t)[* |w'(¢)[ dt.

Recall 0 = {(1,0pa)} denote the origin of H?. The distance of a point to 0 is
d((coshr,sinh rw),0) = r.
More generally, the distance between two arbitrary points is

d(z,z') = cosh™ ([, 2']).

The general definition of the Laplace-Beltrami operator is given by

A= P4 (A1) o b A

. s .
sinh r sinh? r

Remark 2.1. The form of the Laplace-Beltrami operator implies that there will be no scaling
symmetry in H? as we usually have in the R? setting.

2.3. Fourier transforms.
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2.3.1. Fourier transforms on H?. For § € S¥~! and X a real number, the functions of the type
A d=1
hae(@) = [z, M)A 77,

where A(6) denotes the point of R¥! given by (1, 8), are generalized eigenfunctions of the Laplacian-
Beltrami operator. Indeed, we have

d—1)?
—AHdh)\ﬂ = <)\2 + ( ) ) h)\’g.

4

The Fourier transform on H¢ is defined as
FOu0) = [ ina@)f(a) da,
Hd
and the Fourier inversion formula on H¢ takes the form of
dOd\
/ / Ay oz )\ ,0)—— 5

sd-1 c(N)]

where ¢()) is the Harish-Chandra coefficient

11 rix+45h
eV 2@2m)d TN

In particular, when d = 3, the Harish-Chandra coefficient is simple, that is,

In the radially symmetric case, Fourier transform is given in the following form

:/mﬂm@@ﬁmm*rw,

d—1
fr) = — /f Yo (r) [e(0)] 2 d.

27‘( Wd—1
In particular, in three dimensional radially symmetric case, we have

¢ sin(Ar)

OAlr) = A\ sinhr

which implies

f\) = §/000 f(r)sin(Ar) sinh r dr,

) = C/OOO f()\)sing\)\ﬂ

A2 dA.
sinh r

Also Plancherel formula reads

/000 ]f(r)]2sinh27‘dr:c/ooo ‘f()\)‘2)\2d)\.
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2.3.2. Radial Fourier transform on R?. We define the Fourier transform on R? by

8
N 1 —ix-€
= d
fler= s [ et
and Fourier inversion
1 ix-& 7
= d€.
f0= o JGRNIGL:

Before defining the radial Fourier transforms, we recall Bessel functions and their properties. The
<x > 27+n
] .

Bessel function of order n, J,(z), is defined by
(Y
2

In(@) :Zj!F(j+n+1

J=0

In particular, J1 has the following explicit formula
2
2
J =4/ —sinz.
1(2) =4/ —, sinz

In the radially symmetric case, the Fourier transform is given in terms of the Bessel function
o
Flk) = ) [ gaa (o))t
0 2

d _d—2
k2r~ 2 dk.

~

f (k)

and its inversion is given by
£y = @m? [ Jaa(er)
0

2.4. A change of variables between R? and rotationally symmetric manifolds. In this
subsection, we recall a change of variables computation for rotationally symmetric manifolds (see

[5, 31]).
dz? = dr® + ¢*(r) dw®

where dw? is the metric on the sphere S~!, and ¢ is a positive function C([0,00)), such that
$(0) = 0, ¢'(0) = 1, and ¢()(0) = 0 (for k € 2Z, ). For example, R and H¢ are such manifolds,

In the case of rotationally symmetric manifolds M, the metric is given by
r
with ¢(r) = r and ¢(r) = sinhr respectively. The Laplace-Beltrami operator on M is
1

ASd*l .

Ap =0+ (d— 1)‘2’;((:))@ * 20

Consider the linear Schrédinger equation posed on M
10yu + Apu = 0,

{

u(0,z) = ug.
We define an auxiliary function
d—1
o(r)\ 2
k(r) =
0= (2

Under the following change of variables
u(t,r,w) = R
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we see that v solves the equation
1 1
O

Cd—-1¢" (d-1)(d-3) [ [¢) 1
=y i ((a) “)

In particular, when considering on H? with radial data, we simplify to obtain

10yv + Agav + < > Agi1v —V(r)v =0,

where

sinh r

ult,rw) =ult;r), k)= V@) =1
and we can see that
inh
o(t,r) = sinhr (1)
r
solves
10w 4+ Agsv — v = 0.
Now let

w(t,r) = eu(t,r),
then we see that w solves the linear Schrodinger equation
10yw + Agsw = 0.

It is clear that the radial, 3-dimensional regime is a very special case of such a change of variables

in rotationally symmetric manifolds. We will rely heavily on the simplicity of relating the generic
rotationally symmetric case to the Euclidean case throughout the course of this manuscript.

2.5. Strichartz estimates. In this subsection, we recall the Strichartz estimates proved in both
Euclidean spaces and hyperbolic spaces.

2.5.1. In Euclidean spaces. We say that a couple (g, r) is admissible if (1/¢,1/r) belong to the line
1 1.,2 d d
Sl x O3] —+ =2}

11
Lg={(-,- -
a={(;:7) €05 2|q
Then we have the following

Proposition 2.2 (Euclidean Strichartz estimates in [14, 22, 39]). Assume u is the solution to the
inhomogeneous initial value problem

i0pu+ Agau = F, tcR, zcR?
U(O,l‘) = gb(:l?),
For any admissible exponents (q,r) and (q,7) we have the Strichartz estimates:
lull Lo rr mxray S 1€l L2may + HFHL;?’L?(RXW)’
where 1/q+1/¢ =1 and 1/r +1/r' = 1.
Definition 2.3 (Strichartz spaces in R%). We define the Banach space
Spa(l) = {f € C(I; L*(RY) : Ifllso, iy =~ sup I e r (1 xmay < OO}-

(g,r) admissible
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2.5.2. In hyperbolic spaces. We have a larger class of admissible pairs. We say that a couple (g,r)
is admissible if (1/¢,1/r) belong to the triangle
Ty = {(%,%)e (0,%] X (0,%)\24% > g}u {(0,%)}.
We then have the following theorem:
Proposition 2.4 (Hyperbolic Strichartz estimates in [1, 20]). Assume u is the solution to the
inhomogeneous initial value problem
i0pu+ Agau=F, teR, zcH?,

{ u(0,z) = ¢(x).

Then, for any admissible exponents (q,r) and (q,7) we have the Strichartz estimates:
oz sy S N6lzzn + 1F g o g

where 1/q+1/¢' =1 and 1/r +1/r' = 1.

Note that the main inequality we need is the dispersive estimate

it 2d 11
HdHLpﬁLp’Slt’ G 2)7 Pe[m72]7 ]—?-i-]?:l. (2.3)

Remark 2.5. Strichartz estimates are better in H? in the sense that the set T); of admissible pairs
for H? is much wider than the corresponding set, Ly, for R% which is just the lower edge of the

triangle. See also Figure 2.1 below.

H eitA

= =

N[
NI
<

FIGURE 2.1. Strichartz admissible pair regions for the hyperbolic space H¢.

Definition 2.6 (Strichartz spaces). We define the Banach space

(g,r) admissible

Sa(I) = {f € C(I; L*(H%)) : I£llso, )=~ sup Il arr (rxmey < OO}-
Also we define the dual Banach space NH(_)Hd(I) of S%d (),
0 _ - T2(mdy - — ;
NHd(I) - {f € C('[?L (H )) . ”f”N]I?]Id(I) T (q,r) ahrrfissible Hf”LglL;/(IXHd) < OO}?

where 1/¢+1/¢' =1 and 1/r+1/r' = 1.
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2.6. Tools needed on H®. In this subsection we recall some important and classical analysis
developed for the hyperbolic spaces.

2.6.1. Local smoothing estimates in the hyperbolic space.

Proposition 2.7 (Theorem 1.2 in [21]: Local Smoothing Estimates in H?). For any ¢ > 0,
| (2)72 7% 1% e )

<
12, RxE) ~ 1l 22 (et

¢
(x>_%_EV/ =2 (s, x) ds
L2 (RxHY)

0

sl

L7 (RxHI
where the Japanese bracket notation is given by (x) = (1 + d(m,O)z)%.

Remark 2.8. In [21], the author considered more general manifolds that there are denoted with
X. To obtain the theorem above one needs to take p(\) = |A]%, p(D) = —Ax — |p|* and m = 2.

2.6.2. Heat-flow-based Littlewood-Paley projections and functional inequalities on H3. The Little
wood-Paley projections on H? that we use in this paper are based on the linear heat propagator
e*®. Tt turns out, in fact, that in HY this is a great substitute for the standard Littlewood-Paley
decomposition used in R?, since in H¢ one cannot localize in frequencies efficiently. We report
below several results that first appeared in [27].

Definition 2.9 (Section 2.7.1 in [27]: Heat-flow-based Littlewood-Paley projections). For any
N > 0, we define

Penf=eN s f Pyf = N"2Agse dus f.

By the fundamental theorem of calculus, it is straightforward to verify that

N
dM
P<Nf:2/ Pyf—— for N > 0.

In particular, we have
& dM
=2 Pyf—
=2 PurSr
which is the basic identity that relates f with its Littlewood-Paley resolution {Py f} Ne(0,00)- We
also have

o dmM

Remark 2.10. Intuitively, Py f may be interpreted as a projection of f to frequencies comparable
to N. P<y and P>y can be viewed as projections into low and high frequencies, respectively.

Proposition 2.11 (Theorem 3.2 in [16]). Let (M, g) be a smooth, complete Riemannian d-manifold
with Ricci curvature bounded from below. Assume that

:clen/{/t Volg (B;(1)) >0

where Volg (By(1)) stands for the volume of B,(1) with respect to g. Then for any q € [1,d),
WP(M) = LI(M)

where 1/g=1/p —1/d.
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Lemma 2.12 (Sobolev embedding).

1 1
WHP(HY) — LI(H?), if1<p<q<ooand P 2
Lemma 2.13 (Refined Fatou). Suppose {f,} C LP(HY) with limsup,,_, ||fullz» < 00. If fr — f
almost everywhere, then

[ 18l = 1= 117 = 1£P) do 0.
Hd
In particular,

1 fallTe = o = FlEe = N2 -
3. LocAL THEORY, STABILITY AND MORAWETZ ESTIMATES

In this section, we include a local well-posedness argument, a stability theory, and Morawetz
estimates.

Definition 3.1 (The partial ordering on trajectories). Let
P = {(I,u) : I C Ris an open interval and u € C(I; L*(H*))}
with the natural partial order

(I,u) < (I',u') if and only if I C I’ and u'(t) = u(t) for any t € I.

We denote the solution norm

£z = IF0 a0

sz (IxH3)

Proposition 3.2 (Local well-posedness). Assume ¢ € L*(H?®). Then there is a unique mazimal

solution (I,u) = (I(¢),u(4)) € P,0 € I, of the initial-value problem (1.1) on I x H3. The mass

defined in (1.3) is constant on I, and ||UHS03(J) < oo for any compact interval J C I. In addition,
H

lull z(r,y =00 if I :=1N[0,00) is bounded,
lull zpy =00 if I-:=1MN(-00,0] is bounded.

Proposition 3.3 (Stability). Assume I is an open interval, p € {0,1}, and v € C(I; L*(H?))
satisfies the approximate Schrédinger equation

4
0w+ Agsv=p |3 v+e
on I x H3. Assume in addition that

ol 0l e g ey < M (3.1)

10
L3, (IxH3)
for some M € [0,00). Assume to € I and u(ty) € L*(H?) is such that the smallness condition
[u(to) — v(to)ll p2esy + llellno, ) <€
H

holds for some 0 < & < &1, where €1 < 1 is a small constant e1 = 1(M) > 0. Then there exists a
solution u € C(I; L*(H?)) of the Schridinger equation

i0yu + Agpu = p |u|% u
on I x H?, and

”u”S]?HS(IXHS) + ”U”sﬂgﬁ(leS) <C(M),
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Ju— U”sﬂgls(leS) < C(M)e.

Proposition 3.4 (Morawetz estimates in [20]). Assume that I C R is an open interval, and
u € C(I; L?(H?)) is a solution of (1.1). Then for any ty,ty € I

10
3 <
HUHLfi([tLtQ]XH?’) ~ Hu”Li’oLi([tl,tzleg’) Hu|’L?°H%([t1¢2}XH3)’

Proposition 3.5 (Modified Morawetz estimates, Proposition 4.1 in [34]). If u solves

i+ Agsu = Jul3 u+ N, (3.2)
then the modified Morawetz estimate becomes
10
[l * S llullpee 2 3 lull oo 2 3
:,T‘;([tl’w]xw) Lo L3 ([t1 2] xH?) Lg° Hy ([t1 2] xH?)

+ ||Nﬂ‘|Lg,x([t1,t2}XH3) + ||NVﬂ||Lg,z [t1,t2] X H3) -

4. THE PROOF OF THE MAIN THEOREM

In this section, we present the proof of Theorem 1.1 by reducing the statement to Proposition
4.1. The remainder of the paper is devoted to proving Proposition 4.1 and other important results
used throughout this section.

First, for any M € [0,00), define
S(M) :=sup {|lullziy : llullpzms)y < M}

where the supremum is taken over all solutions u € C(I; L?(H3)) to (1.1) defined on the interval I.
We further define

Mpax :=sup{M : S(M) < oc}.

Stability at the trivial solution implies that Mp.x > 0. Proposition 3.2 then implies that if
[l 2@y < Mmax then u exists globally and scatters. Now, if Mpa = oo, then Theorem 1.1
is proven. Therefore, we assume, by contradiction, that My, < oo.

If Myax < 00, then we can construct a sequence of functions, uy € C((—Tk, T*); L2(H?)) such
that the hypotheses of the following proposition hold:

Proposition 4.1 (Key proposition). For k=1,2,---, let (=T}, T*) C R be a sequence of intervals
and let uy, € C((=T, T*); L>(H3)), be a sequence of solutions of the nonlinear equation

4
10 + Apsu = |u|3 u,
such that M (uy) — Mpax. Let ty € (=T), T*) be a sequence of times with
gl 7oy ) = 0 (el 7y, ) = Fo00- (4.1)
Then there exists wyg € L*>(H?) and a sequence of isometries hy € G such that, up to passing to a
subsequence, uy(tg, h,;l -x) — wo € L? strongly.

(The proof of Proposition 4.1 is presented in Section 8.)

Let u € C((—T,, T*); L?>(H?)) be the maximal solution to (1.1) with initial data wq. If lull z(0,r+y) <
oo, then stability and the fact that u is maximal implies that T = oo and

sup [kl 2((t,00)) < Cllull 20,000
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which presents a contradiction. Therefore, ||ul|z(,r+)) = o0. Local wellposedness (Proposition 3.2)

now implies that v can be extended to a global solution, v € C(R, L?(H3)), such that ||ul| L2(H3)
Max and

1wl z((0,00)) = lell Z((=00,0)) = 0-

Proposition 4.1 (with u; = u for all k) and Arzela-Ascoli theorem now implies that u can be
assumed to be almost periodic modulo G. Here, the notion of almost periodicity modulo G is
defined in the following sense:

Definition 4.2 (Almost Periodic Modulo G). A solution u to (1.1) with lifespan I is said to be
almost periodic modulo G if there exists a function h : I — G and a function C : R™ — R™ such
that

/ [(magey ) ()| dpa(@) + [|(Pocpyu) (£ )z sy <
d(z,0)>C(n)

In the three-dimensional Euclidean case [10], Dodson’s notion of almost periodicity requires three
additional functions &, z, and N so that

ut. )P do+ [ a(t, ) dE < n.
[E—E®)>C(mN ()

We refer to the function N(¢) as the frequency scale function, z(t) is the spatial center function,

&(t) is the frequency center function, and C(n) is the compactness modulus function. In particular,

one can prove the following properties (Lemma 4.3 and Lemma 4.5) of the frequency scale function:

/Ir—w(t)IZC(n)/N(t)

Lemma 4.3. Let u be a minimal mass blow-up solution to (1.1) on I that is almost periodic modulo
G. Then there exists 6(u) such that for all to € I,

[t() — (5N(t0)_2, to + 5N(t0)_2] clI
and
N(t) ~ N(to).

Definition 4.4. Divide [0,00) into consecutive intervals Jj such that |[|ull 139( . = 1. We call
Jk, x H

t,x

these Ji’s the intervals of local constancy and
N(t)= Ny >1 foreach te J.

If J C [0,00) is a union of consecutive intervals of local constancy, then
> ON(J) ~ / N(t)3dt =: K.
i 7

For convenience let Ji(t) denote the intervals Jj to which ¢ belongs.

Lemma 4.5. If u(t,x) is a minimal mass blow-up solution on an interval J, then

10

/N(t)2 dt < |ul| 3y, <1+ / N(t)* dt.
J L3, (JxH?3) J

Combining with conservation of mass and Strichartz inequality, we have

1 K
lull p216 §1+/N(t)2dt§1+T/N(t)3dt§1+N -, (4.2)
J min JJ

min

where Npin = [,c; N(t).
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We make the observation that, since we have eliminated rescaling symmetries from our almost
periodic solutions, N(t) =1 for all ¢t € J. Therefore, Lemma 4.5 implies that

10
llwll ®1
3

t,x

~ ).
)

(JxH
Using a Morawetz estimate we can prove the following proposition for solutions similar to w:
Proposition 4.6. Let u € C(R; L2(H?)) be an almost periodic solution to (1.1). Then for every
n > 0 there exists To(n) and C' = C(||ul|r2(ms)) such that T > Ty implies

10
C7'T < || P<rul
L

<nCT.
([T, T xH?3)

s

t,x

(Proposition 4.6 is proven in Section 9)

For n > 0 small enough, this presents a contradiction. Therefore, Mpy.x = 0o, which proves
Theorem 1.1.

5. BILINEAR STRICHARTZ ESTIMATES AND IMPROVED STRICHARTZ INEQUALITIES

In this section, we establish a bilinear Strichartz estimate for linear solutions in hyperbolic spaces.
Then we subsequently derive an improved Strichartz inequality, which will be used in Section 7.

5.1. Bilinear Strichartz estimates. Note that in this subsection, we use the convention that
upper case letters denote functions in ﬁ3 while lower case letters denote functions in R3. Also f
denotes Fourier transforms in R? and F denotes Fourier transforms in H?.

Lemma 5.1 (Bilinear estimates on R?, Corollary 6.5 in [33]). Suppose fN s a radial function and
compactly supported on {£ € Re: |¢| ~ N} and gy, is a radial function and compactly supported on
(€ eR™: [¢] ~ L} with N < L/A.

Then
||eftAzd £y edegLHLg’z(Rde) SCW,L) 1Nl g2 may 192l L2 @ay -

where C(N, L) varies under different constrains of q.

2d+1 _ d+2 1 )
Sy o<
4d—1 _2d4+1 3 | 1 .
C(N,L)=§ N0 50 L7ath i 2<q< 2000,
d d_ di2 .
NEL2 if q> 25

Proposition 5.2 (Bilinear estimates on H?). Suppose F N is a radial function and compactly

supported on {\ € [0,00) : A ~ N} and Gy is a radial function and compactly supported on
{A€0,00) : A~ L} with N < L/4.

Then
HeitAHBFN eitAHBGLHLgZ(RXHS) 5 O(N7 L) HFNHL%(H3) ||GLHL3(H3) )

where C(N, L) is the same coefficient in Lemma 5.1 (with d = 3) under different constrains of q.

N2 a3 if $<q<2,

C(N,L) = N%‘%L‘%JF% if 2<¢q< %7
3,8-3 : 14
N2L2 « if q=> %
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Proof of Proposition 5.2. We first recall the radial Fourier transform and its inversion on R3:

fi = |

1) = [y k) Flkyiie = a,

(k:r)f(r)r% k3 dr,

[NIES

J

and the radial Fourier transform and its inversion on H?:
F(\) = %/ sin(Ar)F'(r) sinh r dr,
0

Fr) = C/OOO ﬁ()\)sin()\)\r) 1

2
sinh r AT dA,

with Plancherel theorem

> 2 ;12 i Eal? e
/ |F'(r)|” sinh rdr:c/ ‘F()\)‘ A dA.
0 0

Recall from Section 2.4. We can write the radial Laplacian in R3 and H? of the following form
Ags = 02 + %a,,
Ags = 0% 4 2coth r,.
Hence if u € L?(H?) solves
10w + Agpu = 0,
then
i4sinhr

w = e Z—u € L*(R?)
r

solves
10yw + Agsw = 0.
Also under this change of variables, we have the invariance of the L? norms, that is,

”U”L2(H3) = ”w”L2(R3)‘

We wish to use this change of variables to convert linear solutions on H? to those on R?, then use
the known bilinear estimates on R? to derive a bilinear estimate on H? using the following detour

wish to obtain

Hyperbolic bilinear Fy, Gy, in H3 — — — =/="=2020 0 — = C(N, L) [|Enl 2 sy 1GLll 2 qms)

(1) change of variables (3) change of variables back

(2) Shao’s bilinear in R3

Euclidean bilinear fxv, gz in R? CN", L") 1INl t2rsy 921l L2(ws)

More precisely, assuming N < L, we wish to prove

H citBus Fry et G, HL? R (1) H RN itA

RxH3) = fnet T g L ,(RxR3) (5-1)
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(2) 3)
S C(vaL/) HfN’HLZ(RB) ||9L’||L2(R3) ~ C(N,L) HFN||L2(H3) HGL||L2(H3)-

where the inequality (2) is some suitable bilinear estimate on R3. Moreover, we need to verify that
under the change of variables, the frequency location preserves in (1) and (3), that is, N ~ N’ and
L~ L.

Recall the linear solutions on R3 and H?
eitRe3 f(r) = / J%(kr)k%r_%e_“k2f(k) dk,
0

itA 3 _ > —it(A24p2?) 1 sin(Ar) o
e 2us F(r) /0 e F(A)i)\sinhr)\ d,

where J, is Bessel functions of the first kind of order «. Recall that J 1 has the following explicit

Ji(2) = \/g sin 2. (5.2)

Under the change of variables, we have

formula

sinhr .
O(t,r) = eltﬂe“AWFN(r)

r

i /oo e_it()\z_i_pz)ﬁ,N()\) sinhr sin.()\r) A2 )
0 r  Asinhr

— e’it /OO e_it()\2+p2)ﬁ1N()\) Sin()\r) )\2 d}\,
0 Ar

here we note that ® is a linear solution in R3.
Then
B(t, k) :/ @(t,r)J, (kr)rdk dr
0
it & & —it()\2+ 2) ~ Sin()\r) 2 3.1
=e e PIFN(A)——=2AJ1 (kr)r2k™ 2 d\dr
0 0 AT 2
= et / / e~V T B () sin(Ar)J%(/ﬁr)Ar%k—% ddr
o Jo

it / ( / Jé(kr)sin()\r)rédr> e NP By (M2 dA
0 0

Thanks to the exact expression of J 1 in (5.2), we write
/000 J%(kr) sin()\r)r% dr = k™2 /000 sin(kr) sin(Ar) dr.
We wish to show [;* J% (kr) Sin(/\r)r% dr is a delta like function in k, A. In fact, let
dp* (k) = k™2 /000 sin(kr) sin(Ar) dr,

then, since the integrand is even,

dp* (k) = gk_% /Rsin(k;r) sin(Ar) dr



18 WILSON AND YU

= Zk_% / cos((A — k)r) — cos((A + k)r) dr
R
— %k 3 Re </ etA—k)r _ gi(Atk)r dr)
4 R
2mc, _1

=~ k72 (0a(k) = 3-x(K)).
As k, A > 0, we have
dp (k) = ck™ 26, (k). (5.3)
Then
O(t, k) = ceite_it(szrpz)ﬁN(k).

which implies that in (5.1), N = N’ and L = L/, that is, under that change of variables, the linear
solutions in R3 and H? share the same frequency location range.

Remark 5.3. Let us stress that such frequency stability is the key feature in applying Euclidean
bilinear estimates. In fact, in higher dimensions, due to the presence of the nontrivial potential in
the change of variables trick (see Section 2.4), the identity in (5.3) does not hold, but holds in a
weak sense, that is, it will be a Dirac delta function plus an error term. However, the error term
is not small enough to generalize this argument to higher dimensions. Thanks to (5.3), we can
proceed with the bilinear estimate as follows.

Now the initial data fy of ® can be found in the following form
fN — e—itARg(p
fz\v(k:) = eitk221\>(t, k)= eitk2ceite_it(k2+p2)FVN(k) = ceite_itp2ﬁ]v(k)

and

”fNHL2(R3) =¢ HﬁN‘ =c HFN”LQ(HS)a

L2 (&%)
where the last equality is due to Plancherel theorem.

In fact, the constant ¢ above should be ¢ = 1, since

_sinhr
elt eltA]HI?’ FN (T)
r

18 pouey = [le w2 = 12l 23y =
L2(R3) | HLQ(R3) L2(R3) L)

= HeitAHgFN(T)HLQ(HS) = HFN(T)||L2(H3) :

Now we proved that ®(t,r) = e"t%eimﬁﬁ Fy(r) solves a linear Schrédinger equation on R3
with initial data fy localized around frequency N and invariance of its L? norm under change of
variables. That is,

i sinhr

eZtAHg FN : e—lt eZtARg fN — eZtAHg FN7

eltARg fN —e i
sinh r

then

2
. . o r . .
eztAHg FN eztAH:; GL —e 2it — eztARg fN eztARg qgr.
sinh” r

For p > 1, we claim

H eitAus fy (itAus GLHLP(H3) < H eitBzs f it gLHLP (®3) -
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In fact,

. . » . . v .
HeZtAH3 Fy s Gy [ ) = / ‘e“AH3 Fy etAm Gy " sinh® r dr
- ' ' P
= / e 2t —— eitAgs In eithgs JrL sinh? r dr
sinh* r
. . »
— / ‘eltARg fN eZtAR;; gL‘
2p—2
itA itA p T
:/ ‘e Pine ngL‘ sinh2p_2rr

< / G858 fry 5 g1 [P 2 g = (|50 fy eites QLHip(RPr) .

r2p—2 )
———5 T dr
sinh“P=*r

2 dr

Hence we are able to apply the result in Lemma 5.1 and write
[ I ol moms) < €% fv eitAR?)gLHL?,x(RXR3)

SO, L) vl porsy 1192l L2 msy

=C(N, L) |Fnllp2msy 1GLl 2 -

We finish the proof of Proposition 5.2. O

We also have the following nonlinear version of Proposition 5.2 that follows as a corollary.

Lemma 5.4 (Equivalent to Lemma 3.4 in [9] (see also Lemma 2.5 in [38])). For any space-time
slab I x H3, any to € I, and any 6 > 0, we have for N < L

IPxuProllpg (1xmsy S CWN, L) [|Pnullgo [[Prollso (5.4)
where the SO norm is defined as follows

[ Prvullgo := [[Pyvulto)ll 2 + (20 + Ags) Pyull 12 rumsy = [[1Pnuto)ll gz + 1PN EF (W)l p1p2 (rxms) »
[Prollso :== l[Pro(to)ll 2 + 1(i0; + Aps) Proll pap2 (g xms) = [1PLo(o)ll e + IPLF (@) 1212 (1xm3) »

and C(N, L) is the coefficient in Lemma 5.1 for different range of q.

In particular, when q =2, (5.4) agrees with the result in Lemma 3.4 in [9].

Proof of Lemma 5.4. The proof is adapted from Lemma 3.4 in [9]. Using the Duhamel formula, we
write

t
u = 1008y (40) — ’L/ =983 (10, + Aps)u(s) ds,

to

t
v = 100 Am3 g (40) — z/ e =983 (10, + Aps)v(s) ds.

to
We obtain

|1 PyuPLll e

<

ei(t_tO)AHS PNu(to)ei(t_tO)AH?’ PLU(tQ) ‘

q
t,x
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¢
1 ||eie02 pyuty) ( |20, + Ags) Pro(s) ds)
to Lg,:c
¢
+ ei(t—t0)Ays Pru(to) </ eit=5)Ays (i0s + Aps ) Pnu(s) d8>
to Lg,:c
t t /
+ </ ' t=9)83 (39, 4+ Ags) Pyu(s) d8> (/ =583 (39, + Ags) Pro(s") ds’)
to to

L.
=L +1Ih+ I3+ 1.

Term I is treated in Proposition 5.2. For Term I, by the Minkowski inequality (since ¢ > 1),
we write

I < ei<t—to>AH3PNu(to)ei@—S)AHB(z'as+AH3)PLU(S)( ds

t,x
then this case follows from the homogenous estimate in Proposition 5.2. Term I3 can be treated
similarly.

For Term I, by the Minkowski inequality, we have

I, < /R/R H (ei(t—s)AHB (i0s + AHg)PNu(S)) <ei(t_s,)AH3 (i10s + AHS)PLU(S/)>‘

then the proof follows by inserting in the integrand the homogeneous estimate in Proposition 5.2.
This completes the proof of Lemma 5.4. O

dsds’,

t,x

5.2. Improved Strichartz inequalities. In this subsection, we prove a useful inequality that will
be utilized in profile decomposition (see Section 7.1).

Proposition 5.5 (Improved Strichartz inequalities).

A3 < HN 2 itA 3 ]
e fHLSmXMU sup e 5 (RxHY) 1122 ey
More generally, for 3 1<g< 3
itAys3 < HN 2
le fH P iy S 5P [V sy M)
Proof of Proposition 5.5. Take q = § € (%, 2] in Lemma 5.2
; ; 11
€2 fy e’tAH39LH SNSL™z [[fnllp2 sy N9z llL2 s -

£z (RXH3)

Then breaking f into different frequenmes, using triangle inequality, interpolation, and Proposition
(5.2), we write

wlot

10 ; ]
H itAys fH_ 5 Z [eZtA]HIS PNf] [eltAHS PLf]
L_S_(R H?) N<L Lt’ifz(RxH?’)
< 3 [l Pyt P
N<L i (RHS)

NZ:L [e"5 Py f '35 Py fHLoo (RxTH?3) |e%s2 Py ertAHBPLfH 2, (RxH3)
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5 5
Z HN 8 it . ‘L‘— itA . (N3L3)S(NSL™2)2 ||Pyf|2, |PLf2,
t,x t,x x x
itA 11 2 3
< sup ||NEe - Z<:LN2L F PN AN gy | PLF N 2
itA 3
<sup [N7Ee sy 12

Note that the second inequality is not always true, one needs to use almost orthogonality (see, for
example, Lemma A.9 in [26]).

As one notices in the computation above % norm is not essential, any ¢ norm (% <qg< g) would

work. In fact,

HeZtAHBfH 3;39 ) 5 Z [eztAHg PNf] [eztAHB PLf]
L7 (RxH?) N<L L% (RxH3)
t,x
S 3 s Pl Pl
N<L i (RXH?)
S Y et Py ertAH?’PLfHLoo T e ® 0 i A PR
N<L ’
. 3¢ . —q
<S> HN—%ezmngNf ; |LFete pyg|| T (VELA TN LT R P Y, 1P,
N<L

t,x

10_9q
< sup HN 3itd SO ONTERLE 2 P[0, o | PLF ]

LEa(RXH?) 529

f_gq
it A
N SUP HN 262 . (RxH?) ”f”LQ(HS
Where we needed 2 — 2q < 0 to sum the dyadic coefficient, which implies ¢ > . Also, we need

< q < 2 to be able to use Shao’s bilinear estimates in Lemma 5.1, and ¢ < 3 to make sense of
the interpolation.

In the last inequality above, we sum for a > 0, p > 1,
Nia a 1 N
Z(f) 1PN FI7e 1PL I 2 N(Z( ) I1Pn f\lz”)z(Z(f

N<L N<L N<L

2p\ L
NP2 S HfHLz,

where the first sum above is controlled by

S ez =N el S
L z L

N<L N L:L>N

a 2
S E NP fI s ~a Na E 1PNl < E 1Py fII72)” = (£
and the second sum above is bounded by

N, 1 “
D (DI IPLflie =D 2 1Pl > N

N<L L N:N<L
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1 2 2 2
S IR Lt =30 NP < 1%
L L

Now we complete the proof of Proposition 5.5. O

6. EUCLIDEAN APPROXIMATIONS

This section marks the beginning of the profile decomposition argument. For profiles whose
support localizes in hyperbolic space, we would like to use established well-posedness results in
Euclidean space along with the fact that hyperbolic space is locally Euclidean to guarantee the
global well-posedness of profiles defined by what will be known as “Euclidean profiles”.

We fix a spherically symmetric function n € C§°(R?) supported in the disk of radius 2 and equal
to 1 in the disk of radius 1. Given ¢ € L?(R?) and a real number N > 1 we define

on € CERY),  on(@) = (1) (/N o)(a),
Nz (6.1)
Tyo € C(H?), Tno(y) = N*2on(NU' (y)),
where U7 is defined in (2.2). Thus ¢y is a regularized, compactly supported modification of the
profile ¢, N3/2¢(N-) is an L*-invariant rescaling of ¢y, and Tiy¢ is the function obtained by
transferring ¢ to a neighborhood of 0 in H3.

Note here the scaling of N3/ 2¢n(N-) is due to the scaling symmetry of the equation i0;u + Au =
[uf? ™
u(t,z) — )\P%lu()?t, Az).
Theorem 6.1 (Mass-critical global well-posedness on R? in Tao-Visan-Zhang [37] and Dodson [10]).

Assume ¢ € L*(R3). Then there is a unique global solution v € C(R; L?(R?)) of the initial-value
problem

104V + Agsv = \fu]% v,
U(Ov‘r) = (25(1'),

and
‘|UHS§3(RXR3) < O( ||¢||L2(R3))-
This solution scatters in the sense that there exists v € L2(R®) such that

lim Hv(t) - eitAR?’viOOHLQ(RS = 0. (6.2)

t—+o00

If ¢ € H5(R?), then v € C(R; H?(R3)) and

)

<
ilellg Hv(t)HH5(R3) Nl s r3) 1

Lemma 6.2. Assume ¢ € L*(R3), Ty € (0,00) and p € {0,1} are given, and define Tx¢ as in
(6.1).

(1) There is No = Ny(¢,Ty) sufficiently large such that for any N > Ny there is a unique
solution Uy € C((=ToN~2, TyN~2); L2(H?)) of the initial-value problem

{’L'atUN + ApUn =p |UN|% Uy

(6.3)
Un(0) = Ty o
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Moreover, for any N > Ny,

HUN||SH?I3((_TON727TON*2)) §||¢|IL2(R3) 1

(2) Assume g1 € (0,1] is sufficiently small (depending only on (@] 12(rsy), and let ¢’ € H5(R3)
satisfy ||¢ — ¢/l 2gay < €1. Let v' € C(R; H5(R?)) denote the solution of the initial-value
problem

10" + Agsv’ = p |v’|% v’
v'(0) = ¢'.
For R,N > 1 we define

ot ) = (L) (1), (t,2) € (~Tp, Tp) x R3

Vg n(t,@) = N2vjp(N?t, Na),

(t,z) € (~ToN"2, TyN?) x R3
Van(t,y) = v v (8, 97 (1)),

(tvy) € (_TON_27T0N_2) X H3
Then there is Ry > 1 (depending on Ty, ¢’ and 1) such that, for any R > Ry,

I — <
h]{/n—fllop ”UN VR7NHsﬁg((—ToN*Z,ToN*Q)) N||¢’||L2(R3) €1-

Proof of Lemma 6.2. Part (1) follows from part (2) in a straightforward manner, so we proceed
with the proof of part (2):

Let us note first that the implicit constants may depend on Mps(¢). By Theorem 6.1, we have,
lvllso, @) < 1. Sup [0 £rs 2y SHl s g

We will prove that for any Ry sufficiently large there is Ny such that Vg, n is an almost-solution
of (6.3), for any N > Nj.
Let
4
er(t,x) = [(i0, + Aps )V — p [vR|® vE](t,2)
=p-[n(

2
4
2) = (G 0] 0 (t2) + R (@) Agan(5) + 2R Y 05 (8,2)9jm(%)-
j=1
Then

2
lerllp p2((—mo.m)xre) S | XiR<lei<amy | V() + D 90 (¢, @)
=1

—0
- LIL2((—To,To)xR3)
as R — oo.
Letting
erN(t,z) = (10 + Ags)vp x — p |U}%,N|% v N](t, ) = Nzep(N%, Nu),
there exists Ry > 1 such that, for any R > Ry and N > 1,
HeR’NHL%L%((—TON*Z,TON*Q)><]R3) = ||€R||Lng((—TO,TO)xR3) < €1. (6.4)

Turning to Ve n(t,y) = vi N (2, U-(y)), we write

4
Ern(t,y) : = [(10 + Ag)Vr N — p [VRN|? VR N](E, )
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= ern(t, U7 (1) + AgVR N (t:y) — (Apsvi n)(t, U7 (1))-

We write 9, j = 1,2,3 as the standard vector fields on R? and 5] = (¥7) * (0;) as the induced
vector fields on H3.

o~ ~ VU
gii(y) == 8y(0i,05) = 6ij — L,y =Uz(v).
1+ |y
Using the standard formula for the Laplace-Beltrami operator
_1l x 1 7
Agf = |g[72 0i(lg]? 8705 f),
then we have
1 ~
|Agf(y) = A(f o wr)(W |NZ vzt ) |V
for any C3 function f : H®> — C supported in the ball Of radius 1 around 0, where
ka(y)‘ =) ‘55155255%(@/)( :
k1+ko+ks=Fk

Then

2
_ _ k—1 _
Ern(ty)l S lern& U7 @) +> > |97 Ww) ‘8?552853%1%&‘Ile(y))‘
k=1 k1+ko+ks=k
fr N2N2 > (afl N2 ksl (t, NS (y ))(
k1+ko+kse{1,2}
= lenn(t VT @)+ BNZ YT |oPapopi(t NI ).
k1+ko+kse{1,2}

S |€R7N(t,\I/ ‘ +

Therefore, combining with (6.4), we have that for any Ry sufficiently large there is Ny such that
for any N > Ny

5 3
1ERN N1y 2 (- 1yn—2 1 n-2)cme) < €1+ CRN2NT2(LHNT?) < 2e1.

Check the smallness condition (3.1) in Proposition 3.3.

Vi + su V t
Vo %(( ToN—2,Tp N—2)xH3) te(—ToN*E,ToNfz) Vo, (O] 2 e
+ su v t
< e RO’NHL3 ((~ToN—2,TyN~2)xR3) te(—ToN*E,ToNfz) 5o, € )HLQ(W)
= ||v + su vl (t
H ROHL3 ((—To,To) xIR3) te(—T(I)),To) H o )HLQ(RB)
S L

Finally,
_ 3/2 D — o

< HQSN - ¢HL2(R3) + H¢ - ¢/HL2(R3) + HQS/ - ,U/RO(O)HLQ(RS) < 351.

= |’¢N - U}fO(O)HLQ(R%

The proof of Lemma 6.2 is then finished. O

As a consequence, we have
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Corollary 6.3. Assume ¢ € L*>(R3), ¢ >0, J C R is an interval, and
{ RN

3
* wHLi’Lg(JxRi%) S 6

where (p,q) is admissible in R3, ¢ > 2. For N > 1, we define as before,
x _
N (z) = n(—Nl ) (23N ) (), Tni(y) = N*2on (NUZ (y)).

2

Then there exists Ny = N1(1,€) such that, for any N > Ny,

HeitAHgTN¢|‘L§Lg(N*2JXH3) N

Proof of Corollary 6.3. As before, the implicit constants may depend on Mpgs(1)).
We assume that ¢ € C§°(R3).

3_3 3_3

A 3 3 3 3
Helt HSTNwHLg(HS) S.; ’t’q 2 ”TNTZJHLZI(H:S) 5 ‘t‘q 2 ”wN”LgI(R3)
3_3 3_3 3_3 3_3

S |te 2 N2 ”T/JN”LE(R?’) Sy ftle 2 Na 2,

1 1 _
where : + 7= 1.

Thus for 77 > 0,

itAgs < T N“2li:tE iR < >
e NT/’HLng([R\(—Tlel,TlNﬂ)}xHS) S |Th | BRSNS

Therefore we can fix T} = T1(v,€) such that for any N > 1,

[17AN
[ TN¢|‘LfL%([R\(—Tlel,TlN*Q)]><]HI3) Sq &

The desired bound on the remaining interval N=2J N (—=TyN~!, T3 N~2) follows from Part (2) in
Lemma 6.2 with p = 0.

Then
[ TN?X)HL?L%(N*QJX]HB) S [lefe TNQZ}HLng([N*QJH(R\(—TlN*l,TlN*Z))}><IHI3)
+ HeitAH3TN¢HLfL%([N*Jﬂ(—TlN*l,TlN*2)]><]HI3)
Se.
Now we have finished the proof of Corollary 6.3. O

7. PROFILE DECOMPOSITION IN HYPERBOLIC SPACES

In this section, we present a profile decomposition of the linear solutions and nonlinear solutions.
We note that, in this section and Section 8, we will (regrettably) recycle the f notation. In this

section, f will not denote the Fourier transform on H?, but a different operation to be specified in
Definition 7.3.

Definition 7.1. Given (f,tg, ho) € L?>(H?) x R x G we define

Wi ho f (@) = (€705 f)(hgtx) = (mp,e™ 102 f)(x). (7.1)
Given ¢ € L?(R?) and N > 1, we recall the definition
Y

on(y) = W(F) -efr /N (y)

2
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and
Tno(z) := N3 2pn(NUS (2)), (7.2)

and observe that Ty : L2(R3) — L?(H3) is bounded linear operator with ||Tx¢|| sy S 0l 2 gsy-
We also define Ty : L?(H?) — L?*(R3) by

) NP (N )|

2

Ti f(y) == =/ |

7.1. A Tool for the profile decomposition argument.
Proposition 7.2 (Inverse Strichartz Inequality). Let {fi} € L2(H?). Suppose that

. . . itA _
i, Welligey = B and g €5 el g gy =

Then exists a subsequence in k, { Ny} C (0,00), and {tx, hx} € Rx G so that along the subsequence,
we have the following:

(1) If limy Ny = oo, then there exists ¢ € L2(R3) such that
() Tig, (01, 1 fi) () = 6(x)  weakly in L2(R?),

(b) T soo || fill 22 sy — 1k — Prll72 sy = 19ll72ms) 2 BHEH)™ = 2(5)",
(¢) limsupy,_, He B3 (fy, — <Z5k)HL£(H3) <ell - c(%)?,o] 10,

where ¢ and B are constants and
o (@) =y, (T, 0) ().
(2) If limy Ny < oo, then there exists ¢ € L2(H?) such that
(a) I, 1 fi(x) = b(x)  weakly in L2(H),
(b) N soo (| FillZa sy — I1fk — DkllT2 ) = 16172 sy 2 BH(H)% = ().
(¢) limsupy_, HeitAIHIS (fx — (bk)HLﬁ(HS) <eg[l-— c(%)?’o]%,

where ¢ and 3 are constants and
dr(x) := gy, P().
Proof of Proposition 7.2. Passing to a subsequence, we may assume that

; 1
. . itA
Jon, Wiligory <28 and im0l g ) 2 50

By Proposition 5.5, there exists { Ny, tg, 71 }32, C R4 x R x H3 such that
3
! < liminf |V, 2itkBus Py fr(g)| B,
k—o0

_3
0879 <liminf|N, e’ 2u Py, fi.(a)].
k—o0
By taking subsequences we can assume that { Ny} is either Ny — oo or Ny — N for some N € R.
If N — oo, let hy -0 := x; and
gk =Ty, (T, 1 fi) € LA(R?).
We see that

”ngLg(H@) S ka”Lg(HB) < B.
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Then choose ¢ such that g — ¢ weakly in L2(R?) (Alaoglu’s theorem). If h € L2(R3), then

| ()13 o) (1 T3, (I 1 £0))

= lim
k—o0 L2(R3)

2 Jim [ o, T, Tty 200 3

_3
If we let h := e®234, then o p, TN, h — N, ? PN, 0z, — 0 in L?(H3). Therefore,

lim | (Ilp p, TN, R, 1y, 7Ifk>L§(H3)

= lim
k—00 k—o00

_3 A
<Nk 2 Py, O, € H3fk>

L3(H3)

: =5 |[itsA < \10
:klggoNk 2 He b H3PNkfk]($k)| ZB(E) .

Therefore, [|¢[|f2rs) 2 B (£)'0. A similar computation yields the following estimate for e/ ¢:

£
B

B( )10 S_, HeitARS(ﬁH 10

L3, (RxR3)
By local smoothing estimate and the Rellich-Kondrashov Theorem,
A fi(z) — P gy (z) - 0 ae. (t,x) € R x H°.

and by Refined Fatou Lemma (Lemma 2.13), we have

itA 3 itA 5 itA 3
Hez HkaH °10 - Hez = (fr — ¢k)H ’10 - Hel HS(ka °10 — 0.
L3, (RxH3) L3, (RxH3) L3, (RxH3)
This implies
. 10 . 10 . 10
limsup || (f, — é)| *1o < limsup [[e"2s* fi]| 2 — [l 2= g]| %y
k—o0 L3, (RxH3) k—o0 L3, (RxH3) L3, (RxR3)

<es(1-c(5)%).
Now if N, — N, let
ge =11, ,-1fi € L2(H?).
We see that

||9k||Lg(H3) = ||fk||Lg(H3) S B.
Then choose ¢ such that gp — ¢ weakly in L2(H3). If h € L2(H?3), then

‘ (h, ¢>L%(H3) 2 kh—>H;o ‘ <H0,hkh,H—tk,Ifk>Lg(H3) .

k—o00

= lim ' (T, o k)

12(R?)
Tf we let h := N~3 Pydp, then

Mo sl — N, 2 Py 60, = N~ Pybs, — N 2 Py, 6a, 5 0
in L?(H?3). Therefore,

hm <H0,hk h7 H—tk ’Ifk>La2¢ (]HIS)

k—00

_3 .
= lim ‘ <Nk 2PNk&Ek,eZt’cA1HI3]"k>
k—o00

L3(H3)

3
— . -3 itkA 3 > i 10
klggoNk He H PNkfk](xk)‘ NB(B) :

27
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A similar computation yields the following estimate for e**2#3 ¢:

E .
B(=— 10 <« itAps )
(B) ~ He ¢HL,§%(RXH3)
By local smoothing estimate (Theorem 2.7) and the Rellich-Kondrashov Theorem,
ethus fi(z) — P gp(x) = 0 ae. (t,z) € R x H?

and by Refined Fatou Lemma (Lemma 2.13), we have

itAys ¢ |5 ~litBgs g 5  ||itAgs 4 |5
€775 fr|| 2 |28 (fr — or)|| 10 €778 || 3 — 0.
L3, (RxH3) L3, (RxH3) L3, (RxH3)

This implies

lim sup HeZtAHS (fk - Cbk)H 310 < limsup HeZtAHkaH 310 - HeZtARS(bH 310
k—o0 L3, (RxH3) k—o00 L3, (RxH3) L3, (RxH3)
<eF(1-c(5)Y).
Now we finish the proof of Proposition 7.2. O

7.2. Frames.

Definition 7.3. (1) We define a frame to be a sequence Oy = (N, tr, hi) € [1,00) x R x G,
k € NT, where N, > 1is a scale, t;, € R is a time, and hj, € G is a translation element. We
also assume that either Nj, = 1 for all £ (in which case we call {0} };>1 a hyperbolic frame)
or that Ni * oo (in which case we call {0} }1>1 a Euclidean frame). Let .%, denote the set
of Euclidean frames,

Fe ={0 = {(Ng, tg, h) bi>1 : Ng € [1,00), N 7 00,t € R, hy, € G}
and let .%;, denote the set of hyperbolic frames,
Fn={0 = {(L,ty, i) Y1 : t € R Iy, € G}
(2) We say that two frames {(Ny, tg, hi) }e>1 and {(N}, t}, hi) }k>1 are orthogonal if

lim [
k—o0
Two frames that are not orthogonal are called equivalent.
(3) Given ¢ € L*(R?) and a Euclidean frame & = {0} };>1 = {(Nk, tk, hi) }e>1 € Fe, we define

the Euclidean profile associated with (¢, ) as the sequence ¢4, , where
gﬁk = Htk,hk(Tqub)? (74)
The operators I and T are defined in (7.1) and (7.2).
(4) Given v € L?*(H?) and a hyperbolic frame & = {0 }r>1 = {(1, tx, hi) }i>1 € Fh we define
the hyperbolic profile associated with (1, 0) as the sequence 1), , where
'{Eﬁk = Htk,hk/l/}7

Definition 7.4. We say a sequence ( fj ), bounded in L%(H?) is absent from a frame & = {(Ny, tr, hi.) }x
if its localization to & converges weakly to 0, that is, if for any profile ¢, associated to &, we have

klin;o <fk’ gﬁ’“> =0

L2 x L2(H3)

+ ng ‘tk - t“ + Nid(hy - 0, k), - 0))| = +o0. (7.3)

N,
111(@)
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Remark 7.5. (1) If & = {(1,tk, hg) }x is a hyperbolic frame, this is equivalent to saying that
H—tk,hglfk -0
as k — oo in L2(H3).
(2) If 0 = {(Nk,tk, hi) }x is a Euclidean frame, this is equivalent to saying that for all R > 0

v

gl (v) = U(E)Nk _(H_tk,hglfk)(‘yz(m)) —0

as k — oo in L2(R3).
(3) If 0 is a Euclidean frame and ¢” is a hyperbolic frame, then the two frames are orthogonal.

Lemma 7.6. (1) Assume {Oy}r>1 = {(Nk,ti, hi) }e>1 and {0} }p>1 = {(N],t}., b)) }e>1 are
two equivalent Buclidean frames (or hyperbolic frames), and ¢ € L*(R3) (or ¢ € L*(H?)).
Then there is ¢' € L?(R3) (or ¢/ € L?(H?)) such that, up to a subsequence,

lim H% O =0, (7.5)

L2(H3)

where $ﬁk, 5’@; are defined as in Definition 7.3.
(2) Assume {Op}i>1 = {(Nk, tg, hi) bre>1 and {@}RZL: {(N[,t}., i) }k>1 are two orthogonal
frames (either Euclidean or hyperbolic) and ¢g, , wg}; are associated profiles. Then

lim '/HB b0, Vo du‘ =0. (7.6)

k—o0

(3) If QNSﬁk, Jﬁk are two Fuclidean profiles associated to the same frame, then

Jm (800900) 1 g = i ‘ L. aﬁkzz_ﬁkdu\ = [, #@)- T do = 6.9 sz

Proof of Lemma 7.6. (1) We will prove the claim in the following subcases.
Case 1: In the case of two hyperbolic frames, {0} }r>1 and {ﬁk}k>1, by passing to a
subsequence we may assume limy_, —tk +t; =t and limy_ oo h 1hk = h, and define

¢ =11, 5.

Case 2: In the case that {0} }r>1 and {0 }r>1 are equivalent Euclidean frames, we
decompose hj 'hy using the Cartan decomposition (2.1)

h;ﬁ_lhk = mias, N, Mg,k €K, s €[0,00). (7.7)
Therefore, using the compactness of the subgroup K and the definition (7.3), after passing

to a subsequence, we may assume that

Ny, _
hm — =N, lim N,?(tk —t) =%, lim mp=m, lim np=mn, lim Nis, =3. (7.8)
k—o0 N k—o0 k—o0 k—o0 k—o0

We observe that for any N > 1,9 € L?(R?),t € R, g € G, and ¢ € K
Mt gq(Tn) = Teg(Tntg),  where y(z) = ¥(q ™" - x).
Therefore, in (7.7) we may assume that
m=mn =21, h;f_lhk = Qg
With = = (5,0,0), we define
¢(x) =N

3
2

(e ™) (Nz —7), ¢ € L*(RY),
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and define QNS%;C as in (7.4). The identity (7.5) is equivalent to

HTN,Q ¢ = myry, €A (TNM)‘

lim =0. (7.9)
k—o0 L2(H3)

To prove (7.9) we may assume that ¢ € C°(R?),¢ € H?(R3), and apply Lemma 6.2 (2)
with p = 0. Let v(t,z) = (e?#3 ¢)(z) and, for R > 1,

T 3 _
E)U(tax)7 ’URJVk(t,.Z') = NkzvR(NI?tu ka), VR,Nk(t7y) - UR,Nk(t7 \Ill'l(y))

It follows from Lemma 6.2 (2) that for any ¢ > 0 sufficiently small there is Ry sufficiently
large such that, for any R > Ry,

UR(t7 LZ') = 77(

. i(t), —ti)A
hgl_ilip =t a3 (T ¢) — Vi, (th — tk)‘ Loy = (7.10)
Therefore, to prove (7.9) it suffices to show that, for R large enough,
lim sup H%% (Tny ) — Vi, (th — tk)‘ oy 56 (7.11)

k—o00

which, after examining the definitions and recalling that ¢’ € C$°(R?), is equivalent to

3 3
limsup || N2 ¢/ (N} U7 (B b, - y)) = NZor(NE(t, — te), Ne¥7 (1)) Se
k—o0 L2 (H3)
After changing variables y = Wz(x) this is equivalent to
3 3
limsup || N2 ¢/ (N U (R hy, - Or(2))) — N2op(NE(H, — tr,), Nia) Se.
ko0 L3 (R3)

N
Since, by definition, ¢/(z) = N2v(—t, Nz — T), this follows provided that
klim N O (W hy - Uz(2/Ny)) — 2 =T for any o € R®.
—00

This last claim follows from explicit computations using (7.8) and the definition (2.2).
Finally, for arbitrarily small € > 0, combining (7.10) and (7.11)

lim sup HTN/ ¢ — -y, et —th) Ag3 (TN, gb)‘
k—o0 k kR

L2 (H3)

< lim su ei(t;c tr)Ags TN, ¢) —V t, —t ‘
= k—>oop ( N ) RJV}C( k k) L2(H3)
+ lim su H7r7 / T/qS’ -V t —t ‘ < e.
L p hklhk( Ny, ) R,Nk( k k) L2y ~

(2) It suffices to prove that one can extract a subsequence such that (7.6) holds. We analyze
three cases:
Case 1: 0,0 € %,. By taking arbitrarily close approximations, we may assume that
o, € COOO(H?’) and select a subsequence such that either

lim |t), — ;| = o0 (7.12)
k—o0
or
lim t —t, =t€R and  lim d(hg-0,h) -0) = oco. (7.13)
k—o00 k—o0

Using (2.3), it follows that
HHt,h¢”L6(H3) 545 (1+ ’t’)_la
||Ht,h¢||L6(H3) Sﬂli (1+ |t|)_17
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for any t € R and h € G. Thus
- o, 'Jﬁ; d#' = /H3 ﬂ-h;c1hke_i(tk_t;€)AH3¢'Ed;u‘

< tk: t ]HI3
N H?Th;c—lhke (15

9] o5 sy S (1 + [t — th]) !

L8(H3)
The claim (7.6) follows if the selected subsequence satisfies (7.12).
If the selected subsequence satisfies (7.13) then, as before,
—i(ty—t})Ays 4 T
/]1.]13 Trh;v*lhke T wdﬂ‘
| —itA =it —t)A
S 1l 2y He o —e T Hagb‘ pges) /]HIB
The limit in (7.6) follows.

Case 2: 0 € F,,0" € F.. We may assume that ¢ € C§°(H3) and ¢ € C§°(R3). We
estimate

‘/ ¢ﬁk7/)ﬁ’ d#‘ ‘/ ey hy, @ - Wy iy (T ) d#‘ So (1 [te — 1))~ H N’¢‘

Yo dp) =

e—iZAH:; ¢

g ] die

1—1
N¢7'¢} Nk :

1,6/5 (HS

The limits in (7.6) follow.

Case 3: 0,0 € F.. We may assume that ¢,9 € C§°(R3) and select a subsequence
such that either

. Ny
klggo F;; =0 (7.14)
or
lim Ne _ N € (0,00), lim N? |ty — th,| = o0 (7.15)
k—00 N,; ’ " koo
or

N, — -
lim —lf =N € (0,00), klim Ni(ty —t},) =T € R, klim Nyd(hy - 0,h}, - 0) = co. (7.16)
—00 — 0

k—o0 k

Assuming (7.14) we estimate, as in Case 2,

o b0, Vo dp

= ‘/ Iy (T @) - Wy e (g o) dﬂ‘
H3

Soar NN

7]

S HTNk¢”L6(H3) L6/5(H3)

The limits in (7.6) follow in this case.
To prove the limit (7.6) assuming (7.15), we estimate first, using (2.3),

I (T ) o) S (1 N2t
for any t € R,h € G, N € [0,00), and f € C§°(R3). Thus
' /H b0, Yo dﬂ‘ = ‘ /H My, e TR Ty, ) TN/wdu‘

< B —i(tp—t},)Ays
~ Hﬂ-h; ' © (TN, )

]

LG(H3 L% ()
Sow (ND)THL+ N2 |t — )"

The claim (7.6) follows if the selected subsequence verifies (7.15).
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Finally, it remains to prove the limit (7.6) if the selected subsequence verifies (7.16). For
this, we will use the following claim:

Claim 7.7. If (gi, My)r>1 € G x [1,00), limp_, oo My = 00, limg_, oo Mid(gy, - 0,0) = oo, and
f,g € L*(R3) then

k—o0

lim ‘ /H (T f) - (T, ) du‘ 0.

Assuming Claim 7.7, we can complete the proof of (7.6). It follows from (7.9) that if
f € L*(R3) and {sk}1>1 1s a sequence with the property that limg NZsp =3 € R then

i o2 (03, 1) T,

k—00

_ 1
P— (7.17)

3
2

where f/(z) = N2 (e %23 f)(Nxz). We estimate

-~ = —i(te—t])A -
‘/HB ¢ﬁkw”}c d,u‘ _ ‘/Hg T Ly € (tr—th) u3 (T, @) 'TN]gl/}d,U‘

S '/]HI3 T, (T @) - Tovg o d#‘

—i(tp—t)A
+ H¢HL2(R3) . Hﬂ-h;;lhke (te—t}) Ays (TNk¢) — ﬂ-h;;lhk(TN,’CQS/)‘ -

In view of Claim 7.7 and (7.17), both terms in the expression above converge to 0 as k — oo,
as desired.
It remains to prove Claim 7.7. In view of the L?(R3) — L?(H?) boundedness of the opera-
3

tors Ty, we may assume that f, g € C§°(R?) and replace Ty, f and Thy, g by M,ff(Mk\I';(x))

3
and M2 g(Mk\I'EI(x)) respectively, up to small errors. Then we notice that the sup-
ports of these functions become disjoint for k sufficiently large (due to the assumption
limy, 00 Myd(gx - 0,0) = 00). The limit in Claim 7.7 follows.
By the boundedness of Ty, , it suffices to consider the case when ¢, € C§°(R?). In this
case, we have

H7%%¢'—ﬁﬁy2¢CNkW513‘

L2 (H?)

as k — oo. Hence, by the unitarity of Il;, , , it suffices to compute

Jim NE (O SN ) o = [ 90) - Bl

which follows after a change of variables and the use of the dominated convergence theorem.

The proof of Lemma, 7.6 is complete. O

7.3. Profile decomposition.

Proposition 7.8. Assume that (fx)>1 is a bounded sequence in L*(H®). Then there are sequences

of pairs (¢, 0") € LAR3) x F, and (", 0") € L2(H3) x Fy, p,v € NT such that, up to a

subsequence, for any A > 1,

o= Y Tt X e

1<p<A 1<v<A
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where gz?éu and ng are the associated profiles in Definition 7.3 and
- /

tA A —
Ah_r}réohgsup | ftAus HLT(RXHS) =0. (7.18)

Moreover the frames {O*},>1 and {ﬁ"}yzl are pairwise orthogonal. Finally, the decomposition is
asymptotically orthogonal in the sense that

- Hwﬁ

o 2
jél_lgohkm_)solip | fi T2 sy — Hqﬁ“ — |l kHLZ(HB) = 0(7.19)

1<p

L2(H3) L2(H3)

Proposition 7.8 is a consequence of the following finitary decomposition.

Lemma 7.9. Let (fi)r>1 be a bounded sequence of functions in L*>(H3) and § € (0, o] be sufficiently
small. Up to passing to a subsequence, the sequence (fi)r>1 can be decomposed into 2A+1 = 0(672)

terms
S Hyt 3 Ty

1<p<A 1<v<A
where a’é# and {/;%Z are Fuclidean and hyperbolic profiles, respectively, associated to the sequences
k ’ ~
(¢H, 0F) € LA(R3) x Z, and (v, 0") € L*(H3) x Py, p,v € N* as in Definition 7.3. Moreover
the remainder ri is absent from all the frames OF, 0, 1 < p,v < A and

. itA
hglsogp et HSTkHLi%(RxH% < 4.

In addition, the frames O* and 0" are pairwise orthogonal, and the decomposition is asymptotically
orthogonal in the sense that
+ 2
L2(H3) 150<A

Il ey = H%u ey + k(D)

L2 (H3
1<p

where o (1) — 0 as k — oo.
Assuming Lemma 7.9, we first prove Proposition 7.8.

Proof of Proposition 7.8. We apply Lemma 7.9 repeatedly for 6 = 27,1 =1,2,--- and we obtain
Proposition 7.8. O

Proof of Lemma 7.9. For (gi)x, a bounded sequence in L?(H?), we define

A3

e((gr)x) := limsup || g || 10
k—00

LT(RXW)
If e((gx)x) < 6, then welet A = 0 and f = ry and Lemma 7.9 follows. Otherwise, we use inductively

the following important claim

Claim 7.10. Assume (gi) is a bounded sequence in L?(H?) which is absent from a family of
frames (0%)a<a and such that e((gg)r) > 6. Then, after passing to a subsequence, there exists a

new frame & which is orthogonal to & for all & < A and a profile qbﬁ;c of mass

lim H‘%

k—00

L2N

such that g — ¢~5ﬁk is absent from the frames ¢ and 0%, a < A.
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By Proposition 7.2, there are two possibilities: (1) there exists ¢ € L2(R3), {N;} C (0,00),
{tk,hk} € R x G and

Or() = gy py [T, 0)(2)
or (2) there exists ¢ € L2(H?), {tx,hr} € R x G and
o () = Iy b, d(2).
In either case, Proposition 7.2 implies
tim [(ge, 66)] = i [[64]22 = 6]z 2 B~((n)e)® = B8,
where B := limsupy_,, |lg|lz2. Since g is absent from & for all « < A and B~?6'° > 0, Lemma

7.6 coupled with the previous inequality imply that {Ng, tx, hi} is orthogonal to 0 for all a < A.
Therefore, gr, — ¢, = g — ¢k is also absent from (0%)a<a.

Furthermore, Proposition 7.2, parts 1(b) and 2(b) imply
(g — Dk 1) = (g — S1s D,) — 0.
Therefore, g — ¢ is also absent from 0.

Now that the claim has been established, one proceeds with the standard induction argument for
profile decomposition. The proof of Lemma 7.9 is complete. O

8. PROOF OF PROPOSITION 4.1

Proof of Proposition 4.1. Using the time translation symmetry, we may assume that ¢y = 0 for all
k > 1. We apply Proposition 7.8 to the sequence (uy(0)), which is bounded in L?(H?) and we get
sequences of pairs (¢*, O0*) € L?(R3?) x %, and (¢¥, 0") € L*(H?) x %, p,v = 1,2, ..., such that
the conclusion of Proposition 7.8 holds. Up to using Lemma 7.6 (1), we may assume that for all p,
either ¢}, = 0 for all k or (N}')? |t}:| — oo and similarly, for all v, either ¢} = 0 for all k or |t}| — oo.

Case 1: All profiles are trivial, ¢* = 0,%" =0 for all u,v.

In this case, we get from Proposition 7.8 that uy(0) = 7‘,? satisfies

HeimHBUk(O)HZ(R) —0
as k — oo. Applying Lemma 8.1, we see that
HukHZ(R) S HeitAHS’LLk HLT(R H3 Huk - eitAH?’uk(O)HS](})Hg(R) — 0

as k — oo, which contradicts (4.1).

Proceeding to the remaining cases: for every linear profile <J~5“ p (resp. QZ%V) define the associated
nonlinear profile U** k (resp. Uy k) as the maximal solution of (l 1) with initial data U, : L(0) = N’é;:
(resp. Uy, (0) = ¢ 5,,)- We may write U} if we do not want to discriminate between Euclidean and

hyperbolic profiles.

The nonlinear profiles are defined in the following way:

(1) If 0" € #, is a Euclidean frame, this is given in Lemma 8.2.
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(2) If tf = 0, letting (I”,W") be the maximal solution of (1.1) with initial data W*(0) = ¢
(maximal in the sense of Definition 3.1), we see that for any interval J € I”,

as k — oo (indeed, this is identically 0 in this case).
(3) If t} — 400, then we define (I¥, W) to be the maximal solution of (1.1) satisfying

[W¥(8) = 12542 ) = 0

as t — —oo. Then, applying Proposition 3.3, we see that on any interval J = (—o00,T) € I”,
we have (8.1). Using the time reversal symmetry u(t,z) — u(—t,z), we obtain a similar
description when ;] — —o0.

Case 2a: There is only one Euclidean profile, i.e., there exists p such that u;(0) =
’;u + o(1) in L2(H3).
k

Applying Lemma 8.2, we see that U, is global with uniformly bounded S]%g—norm for k large
enough. Then, using the stability Proposition 3.3 with @ = U*

. 1-» we see that for all k large enough,

”Uk”z(l) S Minax 1
which contradicts (4.1).

Case 2b: There is only one hyperbolic profile, i.e., there is v such that u;(0) =
V%, + op(1) in L*(HP).
k

If t — 400, then, using Strichartz estimates, we see that

—0

AR T Ty H = HeitAH3¢VHZ((—OO’_tZ’;))

as k — oo, which implies that He“AHS ug (0 — 0 as kK — oo. Using again Lemma 8.1, we
—0,0)) 0 as k — oo, which

contradicts (4.1). Similarly, ¢/ — —oo yields a contradiction. Finally, if t] = 0, we get that

HZ((—O0,0))
see that, for k large enough, uy is defined on (—00,0) and [Jug|| 4

HO,hgl Uk — ¢V
converges strongly in L?(H?®), which is the desired conclusion of the proposition.

Case 3: There exists p or v and n > 0 such that
2n < limsup M( ) lim sup M(wﬁu) Mmax — 2. (8.2)

k—o0 k—o0

Taking k sufficiently large and maybe replacing 1 by 1/2, we may assume that (8.2) holds for all
k. In this case, we claim that, for A sufficiently large,

app Z U:k + Z Uz/ + eztAHg A Upl)\rofk + EZtAk’f’][s (83)
1<u<A 1<v<A
is a global approximate solution with bounded Z norm for all £ sufficiently large. First, by Lemma
8.2, all the Euclidean profiles are global for k large enough. Using (7.19), we see that for all v
and all k sufficiently large, M(Uﬁk) < Mpax — 1. By (8.1), this implies that M (W") < Muyax — 7
so that by the definition of Mmax, W" is global and by Proposition 3.3, Uy, is global for k large
enough and

UV 1 (t) — WY (t — tg)HS]%B(R) —0 (8.4)
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as k — oco. Now we claim that
1
lim sup HUkppHLooL2 < 2M3ax (8.5)
k—o0
is bounded uniformly in A. Indeed, we first observe using (7.19) that

HU;:ppHL;X’LZ = H rOkaLooLZ +M11213X'

= H rokaLooL

Using Lemma 8.3, we get that for fixed ¢ and A,

2 !
[0t s®lza < 3 N0lere +2 3 (0T @),

1<~y<2A £y
< Y MUY+ ok(1) € Miax + 0x(1),
1<y<2A

where o(1) — 0 as k — oo for fixed A.

We also have

hglsup HU ppHL§ SMumaxoy 1 (8.6)

t,x

is bounded uniformly in A by Lemma 8.4. Indeed, from (8.2) and (7.19), we see that for all v and
all k sufficiently large (depending maybe on A), M(U]') < Munax — 1 and from the definition of
Miax, we conclude that U]Z exists globally and therefore, using Proposition 3.3, we see that this
implies that

sup HU H NMnlaX77] 1. (8.7)

Now, using Lemma 8.4 we know that

H roka 10 NMmaxJ] L.
L3

t,x
Using triangle inequality and (7.18), we get (8.6).

Using (8.5) and (8.6) we can apply Proposition 3.3 to U;*? get &1 > 0 such that the conclusion
of Proposition 3.3 holds for u, and U;*". In particular, for F(z) = |52, we have

é a . (8% (07 (0% a
= (i0h + AU — (U5 U = 37 (10, + A)UR —~ FUR) + > F(UR) — FU™).
1<a<2A 1<a<2A

The first term is identically 0, while using Lemma 8.5, we see that taking A large enough, we can
ensure that the Ligc/ "_norm of the second term is smaller than 1 for all k large enough. Then, since
ug(0) = U.PP(0), the conclusion of Proposition 3.3 implies that for all k large, and any interval, J,

||ukHZ(J) /SMmax,n 17

where we have used (8.6). Then, we see that uy is global for all k£ large enough and that wuy has
uniformly bounded Z-norm, which contradicts (4.1). This ends the proof of Proposition 4.1. [
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8.1. Criterion for linear evolution.
Lemma 8.1. For any M > 0, there exists § > 0 such that for any interval J C R, if
”(b”LQ(H?’) S M and |’eitAH3¢H2(J) S 5
then for any to € J, the mazimal solution (I,u) of (1.1) with u(ty) = e"0®u3 ¢ satisfies J C I and
_ itAg3
[ — e ¢HS§I3(J) <9,

(8.9)
lullso, 7y = C (M, 9).

In addition, if J = (—o0,T), then there exists a unique mazimal solution (I,u), J C I of (1.1) such
that

i ult) — 8550 gy =0

and (8.8) holds in this case too. The same statement holds in the Euclidean case when (H?,g) is
replaced by (R3,6;;).

Proof of Lemma 8.1. The first part is a direct consequence of Proposition 3.3. Indeed, let v =

¢™®e3 ¢, Then using Strichartz estimates,
4 . 7
([ e = [|eit2es |5, < g%,
LT, (JxH?) L,3,(JxH3)

Thus the assumptions in Proposition 3.3 are satisfied. Then we can apply Proposition 3.3 with
p =1 to conclude. The second claim is classical and follows from a fixed point argument. O

8.2. Description of a Euclidean nonlinear profile. Let %, denote the set of Euclidean frames,
Fo = {(N, te, hi)s € Fo : ty, = 0 and all k or Jim NE Jty] = oo}
—00
and let .%;, denote the set of hyperbolic frames,

Fn = {(1,te, h)r € Fn it = 0 and all k or Jim ] = oo}
—00

Lemma 8.2. Assume ¢ € L*(R?) and (Ns Loy ) 1 E:/%Ji. Let Uy be the solution of (1.1) such
that Ux(0) = II4, p, (Tn,®). Then there exists C = C(Mgs(¢)) such that for k large enough,
Up € C(R; L?(H3)) is globally defined, and

10k 2y < C-

Proof of Lemma 8.2. We begin with the case ¢, = 0. We may assume that hy = Z for any k. Let
d > 0 and suppose tp = 0. Let T = T'(¢,0) be large enough so that

HeitARS ¢|‘L§?z/3({|t\2T}xR3) < 0.

For k large enough (depending on T'), Corollary 6.3, then implies
itA
le HSTNk¢HL1&/3({N,:2\t|zT}xH3> S
If § is chosen small enough, then Lemma 8.1 implies that
10kl o, (72127 2y S 1

Let k = k(T) also be large enough so that Nj is large enough to apply part (1) of Lemma 6.2.
Lemma 6.2 then implies that the remaining part of the solution norm is bounded. I.e.

10kl so, (g 2ui<ry iy So 1
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For the second case, we consider the Euclidean mass-critical NLS and a trajectory, u € C(R; L?(R?)),
satisfying

(10, + Ags)u = |ul3u (8.9)
with scattering data u™>° defined as in (6.2).

If limy oo N,? |ti| = oo, we may assume by symmetry that N,?tk — +00. Then we let u be the
solution of (8.9) such that

() — €2 6| sy = 0
as t — —oo (thus u=>° = ¢). Therefore,

lim sup ||u(ty) — eit’“AR3¢|‘L2(R3) = 0. (8.10)
k

We let ¢ = u(0) and consider the frame (Ny,0,hy ), € F. and Vj(s), the solution of (1.1) with
initial data V},(0) = w5, T, ¢. From the previous case, we know that for &k large enough, Vj, is a
global solution with

Vel zgy So 1-
In particular, we see from the fact that N2t — +o0o and (8.10) that
[Vi(—tx) — Htk7hkTNk¢|’L2(H3) —0
as k — oo. Then, using Proposition 3.3, we see that
10k = Vil = ti)lls0, =) = 0

as k — oo which completes the argument in Lemma 8.2. O

8.3. Noninteraction of nonlinear profiles.
Lemma 8.3. Let <;~Sgk and Jﬁk be two profiles associated to orthogonal frames O and 0" in %U%
Let Uy, and Uj, be the solutions of the nonlinear equation (1.1) such that Uy(0) = ¢4, and U} (0) =

2
12 <Mmax_77) Zfﬁefh

2 ~
Lo < Mpyax — 1 (respectively, HT[)@L‘

Jﬁllc. Suppose also that H(?Sgk
(respectively, 0" € Fy,). Then

sup | (U(T), UT)) o oy | + 9,5 gy~ © (8.11)

as k — oo.

Proof of Lemma 8.3. It suffices to prove (8.11) up to extracting a subsequence, and fix € > 0
sufficiently small.

We only provide the proof that the second norm in (8.11) decays; the first term follows similarly.
Applying Lemma 8.2 if Uy, is a profile associated to a Euclidean frame (respectively (8.4) if Uy is a
profile associated to a hyperbolic frame), we see that

1Uklls0, + HUI/f|‘S](})H3 < ¢y < +o0
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and that there exist R and § such that
U, U, <
H kHLi,Oac/:s((RXH:S)\yJI\?k,tk,hk) + H kHLigcﬁ ((RXH3)\ NIt h’) =5
(8.12)
sup | ||U . + <e,
wp o)W )]
where
Frn ={tz) eERxH*:d(h™" 2,0) <aN'and [t —T| < a®N?}
A similar claim holds for U;, with the same values of R, ¢
If Ni/N; — oo, then for k large enough we estimate
U,U, U,U, + [|UxU,
L P e T PR
||Uk|| 10 HUkH + ||Uk|| U] 10
( N]’c thoohg R B\, Nk ) Lia
Seo €5
where we used
yNk,t]whk - yNk,tk,hk

since we can choose k large enough so that RN, ' < §N/ !
The case when N/ /Nj — oo is similar. Otherwise, we can assume that C~' < N, /N! < C for
p = @. Using (8.12) it follows as

all k, and then find k sufficiently large that Yﬁwk,hk NS

before that

!
[0l 5 Seo =

Hence, in all cases,
hmsup HUkUkH Sep €
The convergence to 0 of the second term in (8.11) follows
The proof of Lemma 8.3 is complete now O
Lemma 8.4. With the notations in the proof of Proposition 4.1 (See Eqn. (8.3)), assuming that

SupHU H 3 NMmax,U 1 (813)

.’AE

one can conclude that
H roka 10 NMmaxJ]

t x
Proof of Lemma 8.4. Using (8.13) and Lemma 8.3, we see that

o 2 u
DN L2 Y D W (/g

3
b 1<a#£B<2A

1
Lt,:c

~

H rofkui

tac

1<a<2A
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SMmaxJ] Z ”Uk H 3 10

1<a#B<2A L

Uk NMmaxJ] Ok(l) (814)

Additionally, using Lemma 8.1, triangle inequality and linear Strichartz estimates for 5};, we

can see that for v large enough (depending on My,,) M(U]) < & will be sufficiently small to
conclude

2
[T}, 22 < M(U). (8.15)
Combining inequalities (8.14) and (8.15), along with the fact that 10/3 > 2, we get

10
0, roka 0 < Y0 TR 4 0k(1)
L% 1<a<oA L,

1<a<2A

Now we finish the proof of Lemma 8.4. ]

8.4. Control of the error term.

Lemma 8.5. With the notations in the proof of Proposition 4.1 (See Eqn. (8.3)),

lim limsup ||F(UPP) — Z F(Uy) = 0. (8.16)

A—
o k—oo 1<a<2A 7

t,x
Proof of Lemma 8.5. Fix g9 > 0. For fixed A, we let

profk_ Z U£k+ Z Uhk_ Z U’y

1<p<A 1<v<A 1<y<2A

be the sum of the profiles. Then we separate

F(UPP) - Z F(UY) <||F(U) _F(U;/)Xrof,k)HL%g + |F(Uhor) — Z F(U)

1<a<2A L%Q ¢,z 1<a<2A L%Q
t,x t,x

We first claim that for the second term and for fixed A,

limsup | F(Uho ) = > F(UR) =0. (8.17)

k—o0 1<a<2A 2
t,x

Note that given { fz} +, C C, we have the following inequality for p > 1:

Zfz erzrpf, <) [ 5

i=1 j#i

Then

FUpots)— >, FWUD| =|FC D> - > FU

1<a<2A L% 1<a<2A 1<a<2A L
t,x

<

&
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S0 3 ot

B
1
SO LA HU,?Uk
B -

Therefore (8.17) follows from (8.11) since the sum is over a finite set and each profile is bounded
in Ly 5 ' by (8.7).

We now complete the proof of (8.16) by showing that for any given ¢ > 0,

11}\11 sup lim sup || F(U;PP) — pmf "l jo

—00 k—o0 -

We first remark that, from (8.6), Uprof ; has bounded L / norm, uniformly in A for k sufficiently

large. We also note that by the profile decomposition and Lemma 8.1 we have the following uniform
bound

sup lim sup || UZ|| 10 NM,Mz 1. (8.18)
a  k—oo L2,
A straightforward computation yields
|F (U2 prof k T+ eltBus ) — (Uprof k)|
- ‘UII)\rof,k + eZtAH3 A| prof kT eZtAHBT | prof k| prof k
S 0l I8+ et [0+ [0t el
< [l (Ul + et serp ]
Now we compute
4
HF prof.k +eZtA ) (Uprofk)HLt%Q S.z HeZtAHS AH | rofl'c‘3 + |eZtAH3TI/f\|3
T t,x
. 4
S He”AH%?HLf% i mka w [l ]*h0)
s t x t,x
Since He“AH3 T‘AH 0 — 0 by Lemma 7.8, it suffices to show H prof k‘ 10 is bounded. Lemma 8.4

along with 1nequal1ty (8.18) imply that H orof, k‘ 10 is uniformly bounded
L,

,

Now we complete the proof of Lemma 8.5. O

9. PROOF OF PROPOSITION 4.6

Let u € C(R; L?>(H?)) be an almost periodic (modulo G) solution to (1.1) and let 7' € (0, 00).
For n > 0, let Cy := C(n), where C(n) is defined in Definition 4.2.

We first state an obvious consequence of our notion of almost periodicity:
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Lemma 9.1. Let u € C(R; L2(H?)) be almost periodic modulo G, and let I C R. For any n > 0,

3

=0.

1
b Vsl =34+ 10
R 1P Null poo 12 (1 xm3) >N2 || poo L2 (1xH3)

The following is a modification of Lemma 3.8 in [10]

Lemma 9.2. Let u € C(R; L}(H?)) be an almost periodic (modulo G) solution to (1.1) and let
T € (0,00). Forn>0and0<s< %, there exists ¢, such that

M
||PZNU||L§L§C([07T}XH3) Ss ||P2Nu(t0)||[,g + MZN(W)S ||P2Mu||L§Lg([o7T}XH3)
<n

4
+n3 ||P2nNu||L§Lg([0,T]xH3)
1
cyT'2 _1
TANE (”P>”N“||L;’°L%<[0,T1xm3> e HP>nN%“

3
nENz L?L%([O,T}xm) '

Proof of Lemma 9.2. Let I =[0,T]. Strichartz estimates and Duhamel’s principle imply

|Pontl gy S IPexutto)lzs + [IPoxF@ g
t M

where F(u) = |u|% u.

To prove Lemma 9.2, we only need to focus on the nonlinear estimate above. For each ¢t € I,
define a cutoff xp(;) € L>(H?) in physical space,

Xn() (@) = {17 d((t) -, 0) < Om) = Co,

0, d(h(t)-,0) > C(n) = Co.
We note that the L? and L™ invariance of Th(t) implies

o ewe gy = 2 ozl gy < O = 1)

We split the nonlinear term into

PonF
| P>n (u)||L§L§(1xH3)
4
< |PonF(P + H P Pecoul
S 1PN E( S"Nu)HLgL?(IxHa) (Popnw) [Pscoul L2 () (9.1)
4 4
(Psynu)(1 = Xnee)) lul r2 (1) (Psynu)Xn() [P<coul r2 (i)

Now we compute it term by term. For the first term in (9.1), by Bernstein inequality, Holder
inequality and conservation of mass, we write

1
P>yF(P<pnu < — || IV} F(P<ynu
1PN F Pyl 6 S g IV FPail g
1 4
S Ns | |V|SPSnNU\|L§Lg(IxH3) ||PSnNu||zg°L§(1xH3)
1
S N | ‘V‘SPSWNUHLng(IX[mB)

M S
S Z (W) ”PMUHLng(Ix[HIS)-
M<nN
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Then for the second term in (9.1)

S

4 4
H(P>T7NU) ‘P>Cou’3 ‘P>T7NUHL§L3(1xH3) ”P>Cou”z;>°Lg(IxH3)

6
L2L2 (IxHB3)
4
SUE HP>77NUHL§L2(1xH3) ’

and the third term in (9.1)

4
N ||P>nNu||L§Lg(IxH3) H(l - Xh(t))qugoLg(leS)

4
H(P>nNu)(1 — Xn(r)) [ul® ro ()

4
NU/E ||P>nNu||L§Lg([><H3) .

Now take the last term in (9.1). Let I = [0,7] = UJ, where Ji is an interval of local constancy
as defined in Definition 4.4. Using Holder inequality and the nonlinear bilinear estimate in Lemma
5.4 (with ¢ = 2), we obtain

4112
Poonu P<cyul?
i 1Pt

) 2
S H(P>UNU)(PSCOU)|’%§I(kaH3) HXh(t)HLtOOLg(JkXH?’) [l foo 2 (7 s
Co

2 2 2
5 T]—NCI “P>7]NU|’SQ(JkXH3) ”U| SO(J), xH3) » (92)
where the S? norm is defined in Lemma 5.4.
By (4.2), we have
4 7
u 5 U +Hu§u‘ 10 = |lug + |lull® 517
lullgo(sy S Iwoll L2 gy |ul L2 (i) l[woll 2y + | “Lﬁ(JkXHS)
then
4 7
= 3 < 3 < 1
leellsoqiocme) = lvollzqe) + H [ul u‘ L1L2(J), xH3) ™ lruoll ey + HUHL,E;LQ%(J)CXH@ ~
Then

Co

02
92) S 57 IPouvelo e

Lemma 4.5 implies that there are at most a constant multiple of 1" many subintervals .J,. There-
fore, summing over the subintervals Ji, we obtain
2

2 2
L%LE (IxH?) S JZC:I ”(P>nNu)(P§Cou)HL%@(JICX]HIS) HXh(t)HLtooLg(JkXHS)
k

CoC?
SZ N ”P>nNUHsg(kaH3)
JpCI

4
H(P>nNU)Xh(t) | P<coul?

C'()C'2 T 2

Jk

Next, we claim that for any (¢, r) admissible and any k

”uHLgL;(kaH?’) Sq HUHLgoLg(JkXMS) S L (9.4)
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In fact, we divide J, = UJ,f = Ulay, by] with

=¢. 9.5
Il 2,y = (95)

Here we need ¢ < 1 and it will be determlned later. Using the Duhamel principle, Strichartz
estimates and (9.5), we write

<
lll o xsy S M@l qasy + el g2t ciss) ”ull 8 e )

4
< ”U(W)HL2(H3) + HU”LQIL;;(ngHS) £3.
Then by choosing € small enough, a continuity argument gives
HUHL;?L;(JngHS) S HU(CLZ)HL2(H3) S |’UHL§°L§(J,§xH3)-

Adding J,f , we obtain the claimed estimate in (9.4).

To estimate the S? norm in (9.3), we only need to focus on the second term in the S? norm below

HP>77NuH59(Jk><H3) = HP>77NUO||L2(H3) + ||P>77NF(U)||Lt1L§(Jk><H3) )

where F(u) = |u|% u.

First, we decompose

[1Ponn E ()l 11 12 (7 xms) < HP>’7NF(P<77N%U)‘

LIL2(JyxH3)
w)|

Then for the first term in (9.6), we write using Bernstein inequality, Holder inequality and (9.4)

(9.6)

+ HP>,,N(F(u) ~F(P_

LIL2(JyxH3)

Po (P30 o [VF )
H >N ( <nN%u) L} L2 (Jy xHB3) S <nN? L1L2(Jk><[HI3)
1 1 1
< S < 2 =N"2
H ot g0, 1 by S Nt = NH (07
and for the second term in (9.6), using Holder inequality and (9.4), we have
1
_ < 3 2
HP>"N(F(U) F(P<nN%u))‘ LIL2(J, xH3) ™ H SNt L$° L2 (J, xH3) |’uHL%Lg(‘]’“XH3)
< HP Ll . (9.8)
>N2 Lo 2 (), xH3)

Now combining (9.7) and (9.8), we get

(9.6) = HP>77NF(P<77N%u)‘

+ HP F(u) — F(P ‘
L} L2 (J;, xH3) S (F(u) = F( <nN%u)) L1 L2 (J), xH3)

3

v

1U .
>77N? L L2 (Jy xH3)

Therefore, we obtain the following control of the S? norm in (9.3), that is,

4
”P>77Nu”sg(kaH3) = ”P>77NUOHL%(H3) T HP>’7N( [ul? u)‘ LIL2(J, xH3)

3
Lo L2 (J, xH3)

A

||P>nNu||L°°L2(kalH13) +NT : + H >77N7u
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Finally, let CoC? =: 0727, then

CoC2 T 2
9.3) = ~ P
(9.3) ; Niucpl [P nnvullgo 7, <)
< P N7+ |P : 2
/. 2
~ N [ PonNull oo 2 sy + + H SN Y LeL2(IxH3) )

which completes the estimate for the last term in (9.1).

Now putting all the terms above, we obtain Lemma 9.2. O

Lemma 9.3. Let u € C(R; L2(H?)) be an almost periodic (modulo G) solution to (1.1) and let
T € (0,00).

(1) We have the following so-called long-time Strichartz estimates

1
T2
HPZNUHLng([QT}XHS) S1+ —% (9.9)

(2) For any e > 0, there exists Ny(e) > 0 so that for N > Ny,

1
T2
”PZNU”Lng([o,T]XHS) Se(l+ E) (9.10)

(3) The L?LS norm in (9.9) and (9.10) can be replaced by L?LE norm with q € (2,6].

Proof of Lemma 9.3. The proof of this lemma follows the main idea in [10]. We start from the
proof of (1).

Fix T and let

FIN) o= [IPenull g2 ps o7y xms) -
By Lemma 9.2,
M cp T 1
FIN) ST+ Y0 (M) + =1 ()3,
N 5 N
M<nN n
Let
- f(N)
¢ =sup —————
N 1+ (£)z

taking the supremum over all dyadic integers N. Then

Now (2) can be shown with the following argument: Consider

: M. 4
F(N) S jnf 1Povutto)llps + 3 () F(M) 403 [ Peynul g
M<nN
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1
cnT'2 _1
+ 1—]\71 <HP>7]NUHL?°L% +N"2 + HP>77NLU

2

n2N?2
Using the following equation (Lemma 9.1)

1
3
Loz )’

. _1 3
]\}E)noo ||P>77NUHL?°L%(IXH3) T N2 T HP>77N%U L?OL%(IXHS) =0
and part (1), we can write
: M 4
FIN) S jnf [ Ponulto)llz + Y0 (G7)" (M) +03 [Poynul g
M<nN
1
ey’ _1 3
+—4— (P w2+ N2+ HP H
N3Nz (” >nNuHLt % Sy LeL2
1 1
. M T2 4 T2
S inf |Poyulto)lpz + Y () (1+—5 | +05 [ 1+ ——
to€l * M<nN N M2 7]§N§
1
cyl'2 _1 3
L (e crpt NPl .
W%N% <” >nNUHLt LE >nN%u L L2

Using Lemma 9.1 and choosing 7 small enough, then N large enough we conclude

T1/2
”PZNu”Lng([O,T]xH?’) S.z E(l + Nl/g)'

Now we turn to part (3). In fact, the LZLS norm on the left-hand-side of inequalities (9.9) and
(9.10) is not essential, since we only used the L? integrability in time. Thus such norm can be
replaced by any admissible LZL{ norm (q € (2,6]), thanks to a larger range of admissible pairs
(compared to the corresponding Euclidean case) as shown in Figure 2.1. That is,

2
I1Pnullzzpg(smsy S 1+ N

Combining with part (2), we have for any € > 0, there exists Ny(¢) > 0 so that for N > Np,
T
HPZNUHing([QT}XH% Se(l+ N)

which completes part (3).
Then we finish the proof of Lemma 9.3. O

Lemma 9.4. Let u € C(R; L2(H?)) be an almost periodic (modulo G) solution to (1.1), let s €
(3,1], and let T € (0,00). Then for any q € (2,6]

[NIES

1
IV I® P<null g2 o,y xmsy S N°727T2.

Proof of Lemma 9.4. For % <s<1land2<q<6, using Lemma 9.3,

I |V|5P§NUHL%L3([O7T}XH3) Ss Z M ||PMUHL§L3([0,T}xH3)
M<N

S DM <(%)§+1>

M<N
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<o NO=9T3 4 N* = N°? ((%)% + 1> .
In particular, we have

HVPSTUHLng([o,T}xHS) ST

We are now prepared to prove Proposition 4.6.

Proof of Proposition 4.6. Let 0 <n < ||ul|;2ys) be small enough so that Volys(Bo(C(n)) = 1 and

3/5
H ||l/ = </ |(”ht U)(t7x)| d/,t(ﬂf))
2 2(H3 d(z,0)>C(n) ©

for all ¢ € R. Then by Holder inequality,
6/5 10/3
G llulZa(gzay < uCt)]} s g

Therefore,
< lull,
L% (0,T]xH3)
for some C' = C(H?, [|u|| 2 (m3)). Moreover, due to almost periodicity, for " large enough (depending
on 7).
10/3

CT < HP<TUH 10/3([0,T]><H3) .

Now P<nu solves (3.2) with A/ defined by

4
N = Pep(|ul5u) — |P<ruls (P<ru).
Then by Proposition 3.5,

10/3

||P<Tu|| 10/3([0T} H3)

S ||P§Tu||L;>oLg([07T}XH3) ||PSTU||L§OH%([O7T}XH3) (9.11)

+ ANP<rull iy oy + WV P<rull iy o711

(9.12)
Let T 2 ||ull p2@syn~'C(n), then ||P>rull2s) < |Pscgyullp2asy < n and for all t € 0,77,
IVP<ru(t)| oy < IVPocm Prt®] s + [|VP<owm Pru(®)]| )
ST HP>C(77 HL2 H3) + HVP<C
ST+ C)llull 2 ms)
ST

u()|| L s

which implies

(9.11) < nT.

To estimate the terms in (9.12), we write
N = P<rF(u) — F(P<ru) = [F(u) — F(P<pu)] = PorF(u)
= [F(u) — F(P<ru)] = Ps7F(Peeru) — Por(F(u) — F(Peeru)).
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For T > Ny(¢e), using (9.10)

4
| F(u) — F(P<ru)| §L§ S ”P>TU”L§L3 Hu”zg%g Se

Using Lemma 9.4

1 1

4
IVPorF(Pecro)l, & S 7 IV Pecrullzzg [l s
tHx

”P>TF(P<6TU)”L2L§ S

t

< Z(eT)V2TV? = (12,

NHl= N

For eT > Ny, using (9.10)
1Por(Pla) = FPeer)l , ¢ S I1Poerulzzrs lullfe s S 61+ m7s) S

t

/2

Then we conclude

”PSTF(U) — F(PSTU)HLQL;E% 5 61/2,

t

In fact, we also have

1P<r B (u) = F(P<ru)| , s S e'’?, (9.13)
t Lz

where we just need to replace all the L?LS norm above by L?L%~ and combine with part (3) in

Lemma 9.3.
By Lemma 9.4, we have
IV P<rul oy S T.
Hence the second error term has the following bound
[[P<rF(w) = F(P<ruw)]VP<rupy S |[P<rF(u) - F(PSTU)”L?LE IV Perull 2,6 S €'/2T.
For the other error term, using Sobolev embedding, Lemma 9.4 and (9.13)

[[P<rF(u) = F(P<ru)|P<ru|;y < [|P<rF(u) — F(P<ru) _ 1P<ull o+

S | P<rF(u) — F(P<ru) I VP<rull 2 2+

I,

[
L2L2
6
5
t Lz

< gl2pl/epl/2 _ /2
Therefore, we obtain
(9.12) < V2T
and thus

10/3 < 1/2
HPSTUHL%&”([O,T]XH?’) Sm+e )T,

Assuming € < n? completes the argument in Proposition 4.6.
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