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Abstract

We consider the constrained sampling problem where the goal is to sample from a target
distribution 7(z) < e=f(®) when x is constrained to lie on a convex body C C R?. Moti-
vated by penalty methods from continuous optimization, we propose and study penalized
Langevin Dynamics (PLD) and penalized underdamped Langevin Monte Carlo (PULMC)
methods for constrained sampling that convert the constrained sampling problem into an
unconstrained sampling problem by introducing a penalty function for constraint viola-
tions. When f is smooth and gradients of f are available, we show O(d/e'?) iteration
complexity for PLD to sample the target up to an e-error where the error is measured in
terms of the total variation distance and @() hides some logarithmic factors. For PULMC,
we improve this result to O(v/d/e7) when the Hessian of f is Lipschitz and the bound-
ary of C is sufficiently smooth. To our knowledge, these are the first convergence rate
results for underdamped Langevin Monte Carlo methods in the constrained sampling set-
ting that can handle non-convex choices of f and can provide guarantees with the best
dimension dependency among existing methods for constrained sampling when the gra-
dients are deterministically available. We then consider the setting where only unbiased
stochastic estimates of the gradients of f are available, motivated by applications to large-
scale Bayesian learning problems. We propose PSGLD and PSGULMC methods that are
variants of PLD and PULMC that can handle stochastic gradients and that are scaleable
to large datasets without requiring Metropolis-Hasting correction steps. For PSGLD and
PSGULMC, when f is strongly convex and smooth, we obtain an iteration complexity of
O(d/e'®) and O(dv/d/e) respectively in the 2-Wasserstein distance. For the more general
case, when f is smooth and f can be non-convex, we also provide finite-time performance
bounds and iteration complexity results. Finally, we illustrate the performance of our al-
gorithms on Bayesian LASSO regression and Bayesian constrained deep learning problems.
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1. Introduction

We consider the problem of sampling a distribution 7 on a convex constrained domain
C C R? with probability density function

7T(.CE) X exp(—f(:v)), S C? (1)

for a function f : R — R. This is a fundamental problem arising in many applications,
including Bayesian statistical inference (Gelman et al., 1995), Bayesian formulations of
inverse problems (Stuart, 2010), as well as Bayesian classification and regression tasks in
machine learning (Andrieu et al., 2003; Teh et al., 2016; Giirbiizbalaban et al., 2021).

In the absence of constraints, i.e., when C = R in (1), many algorithms in the literature
are applicable (Geyer, 1992; Brooks et al., 2011) including the class of Langevin Monte Carlo
algorithms. One popular algorithm for this setting is the unadjusted Langevin algorithm:

Tyt = 2k — NV f (k) + /20841, (2)

where & are independent and identically distributed (i.i.d.) N(0,I;) Gaussian vectors in
R¢. The classical Langevin algorithm (2) is the Euler discretization of the overdamped (or
first-order) Langevin diffusion:

dX (t) = =V f(X(t))dt + V2dW, (3)

where W; is a standard d-dimensional Brownian motion that starts at zero at time zero.
Under some mild assumptions on f, the stochastic differential equation (SDE) (3) admits
a unique stationary distribution with the density 7(z) oc e=/®), known as the Gibbs dis-
tribution (Chiang et al., 1987; Holley et al., 1989). In computing practice, this diffusion
is simulated by considering its discretization as in (2) whose stationary distribution may
contain a bias that a Metropolis-Hasting step can correct. However, for many applications,
including those in data science and machine learning, employing this correction step can
be computationally expensive (Bardenet et al., 2017; Teh et al., 2016); therefore, our focus
will be on unadjusted algorithms that avoid it.

Unadjusted Langevin algorithms have a long history and admit various asymptotic con-
vergence guarantees (Talay and Tubaro, 1990; Mattingly et al., 2002; Gelfand and Mitter,
1991); however non-asymptotic performance bounds for them are relatively more recent
(Dalalyan, 2017a; Durmus and Moulines, 2017, 2019; Durmus et al., 2018; Cheng and
Bartlett, 2018). The unadjusted Langevin algorithm (2) assumes availability of the gra-
dient Vf. On the other hand, in many settings in machine learning, computing the full
gradient V f is either infeasible or impractical. For example, in Bayesian regression or
classification problems, f can have a finite-sum form as the sum of many component func-
tions, i.e., f(z) = > I, fi(x) where f;(x) represents the loss of a predictive model with
parameters x for the i-th data point and the number of data points n can be large (see,
e.g., Giirbiizbalaban et al. (2021); Xu et al. (2018)). In such settings, algorithms that rely
on stochastic gradients, i.e., unbiased stochastic estimates of the gradient obtained by a
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randomized sampling of the data points, is often more efficient (Bottou, 2010). This fact
motivated the development of Langevin algorithms that can support stochastic gradients.
In particular, if one replaces the full gradient V f in (2) by a stochastic gradient, the re-
sulting algorithm is known as the stochastic gradient Langevin dynamics (SGLD) (see, e.g.,
Welling and Teh (2011); Chen et al. (2015)).

Unadjusted underdamped Langevin Monte Carlo (ULMC) algorithms based on an al-
ternative diffusion called underdamped (or second-order) Langevin diffusion have also been
proposed; see e.g. Dalalyan and Riou-Durand (2020); Ma et al. (2021). Their versions
that support stochastic gradients are also studied (see e.g. Chen et al. (2014); Zou and Gu
(2021); Gao et al. (2022)). Although ULMC algorithms can often be faster than unadjusted
(overdamped) Langevin algorithms on many practical problems (Chen et al., 2014), this is
rigorously proven for particular choices of f (Chen et al., 2015; Gao et al., 2022; Mangoubi
and Smith, 2021; Chen and Vempala, 2022) rather than general non-convex choices of f
and the convergence of ULMC algorithms remains relatively less studied.

In this paper, we focus on the constrained setting when C is a convex body, i.e., when
C is a compact convex set with a non-empty interior, and we consider both settings when f
can be strongly convex or non-convex. We also consider both deterministic and stochastic
gradients. Among the existing approaches that are the most closely related to our setting,
Bubeck et al. (2015, 2018) studied the projected Langevin Monte Carlo algorithm that
projects the iterates back to the constraint set after applying the Langevin step (2) where
it is assumed that f is f-smooth, i.e. ||V f(z) =V f(y)| < B||lx —y|| for any x,y € C and the
norm of the gradient of f is bounded, i.e. ||V f(z)|| < L. It is shown in Bubeck et al. (2018)
that O(d'?/e'?) iterations are sufficient for having e-error in the total variation (TV) metric
with respect to the target distribution when the gradients are exact where the notation
O(-) hides some logarithmic factors. Lamperski (2021) considers the projected stochastic
gradient Langevin dynamics (P-SGLD) in the setting of non-convex smooth Lipschitz f on a
convex body where the gradient noise is assumed to have finite variance with a uniform sub-
Gaussian structure. The author shows that O (d4 / 54) iterations suffice in the 1-Wasserstein
metric. More recently, Zheng and Lamperski (2022) study P-SGLD for constrained sampling
for a non-convex potential f that is strongly convex outside a radius of R where data
variables are assumed to be L-mixing. They obtain an improved complexity of O (d2 / 52)
for P-SGLD in the 1-Wasserstein metric with polyhedral constraints that are not necessarily
bounded. Constrained sampling for convex f and strongly-convex f is also studied in Brosse
et al. (2017), where a proximal Langevin Monte Carlo is proposed and a complexity of
O (d°/€°) is obtained. Salim and Richtdrik (2020) further studies the proximal stochastic
gradient Langevin algorithm from a primal-dual perspective. For constrained sampling
when f is strongly convex, and the constraint set is convex, the proximal step corresponds to
a projection step, and they obtain @(d/ £2) complexity for the proximal stochastic gradient
Langevin algorithm in terms of the 2-Wasserstein distance.

Mirror descent-based Langevin algorithms (see e.g. Hsieh et al. (2018); Chewi et al.
(2020); Zhang et al. (2020); Li et al. (2022a); Ahn and Chewi (2021)) can also be used for
constrained sampling. Mirrored Langevin dynamics was proposed in Hsieh et al. (2018),
inspired by the classical mirror descent in optimization. For any target distribution with
strongly-log-concave density (which corresponds to f being strongly convex), Hsieh et al.
(2018) showed that their first-order algorithm requires O(e~2d) iterations for € error with
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exact gradients and O(e~2d?) iterations for stochastic gradients. Zhang et al. (2020) estab-
lishes for the first time a non-asymptotic upper bound on the sampling error of the resulting
Hessian Riemannian Langevin Monte Carlo algorithm that is closely related to the mirror-
descent scheme. This bound is measured according to a Wasserstein distance induced by
a Riemannian metric capturing the Hessian structure. In contrast to Hsieh et al. (2018),
Zhang et al. (2020) studies a different scheme in which an appropriate diffusion term is used
that entails a Gaussian noise in the discrete scheme with iteration-dependent covariances
that account for the Hessian Riemannian structure instead of a standard Gaussian noise
adopted in Hsieh et al. (2018). Moreover Zhang et al. (2020) relaxes the strong-convexity
assumptions to relative versions. Motivated by Zhang et al. (2020), Chewi et al. (2020)
propose a class of diffusions called Newton-Langevin diffusions and prove that they con-
verge exponentially fast with a rate that has no dependence on the condition number of the
target density in continuous time. They give an application of this result to the problem
of sampling from the uniform distribution on a convex body using a strategy inspired by
interior-point methods. In Jiang (2021), the author relaxes the strongly-log-concave den-
sity assumption in mirror-descent Langevin dynamics and assumes that the density function
satisfies the mirror log-Sobolev inequality. Further improvements Zhang et al. (2020) have
been achieved in Ahn and Chewi (2021); Li et al. (2022a). The analysis of Zhang et al.
(2020) gives an error bound that contains a bias that does not vanish even if the stepsize
goes to zero. The solution to this problem was first attempted by Ahn and Chewi (2021)
who proposed an alternative discretization which achieves a vanishing bias, but requires
an exact simulation of the Brownian motion with changing covariance. Finally, Li et al.
(2022a) proved this bias is an artifact of analysis by building upon the mean-square analysis
in Li et al. (2019, 2022b).

1.1 Our Approach and Contributions

Recent years have witnessed techniques and concepts from continuous optimization being
used for analyzing and developing new Langevin algorithms (Dalalyan, 2017b; Balasubrama-
nian et al., 2022; Chen et al., 2022; Giirbiizbalaban et al., 2021). In this paper, we develop
Langevin algorithms for constrained sampling, leveraging penalty functions from contin-
uous optimization. More specifically, penalty methods are frequently used in continuous
optimization (Nocedal and Wright, 2006), where one converts the constrained optimization
problem of minimizing an objective f(x) subject to x € C to an unconstrained optimization
problem of minimizing f5(x) := f(z) + %S (x) on R?, where § > 0 is called the penalty pa-
rameter, and the function S : R — [0, 00) is called the penalty function with the property
that S(z) = 0 for x € C and S(z) increases as = gets away from the constraint set C. For
0 > 0 small enough, it can be seen that the global minimum of f5 will approximate the
global minimum of f on C. Motivated by this technique, our main approach is to sample
from a penalized target distribution in an unconstrained fashion with the modified target
density:

7s() o exp <_ (f(m) + ;S@))) . zeRr?

for suitably chosen small enough & > 0. Here, a key challenge is to control the error between
w5 and 7 efficiently, leveraging the convex geometry of the constraint set and the proper-
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ties of the penalty function. We then use the unconstrained SGLD or stochastic gradient
underdamped Langevin Monte Carlo (SGULMC) algorithm to sample from the modified
target distribution and call the resulting algorithms penalized SGLD (PSGLD) and penal-
ized SGULMC (PSGULMC). If the gradients are deterministic, then we call the algorithms
penalized Langevin dynamics (PLD) and penalized underdamped Langevin Monte Carlo
(PULMC). Our detailed contributions are as follows:

e When f is smooth, meaning that its gradient is Lipschitz, we show O(d/e'?) itera-
tion complexity in the TV distance for PLD. For PULMC, we improve this result to
O(Vd/e™) when the Hessian of f is Lipschitz and the boundary of C is sufficiently
smooth. To our knowledge, these are the first convergence rate results for under-
damped MC methods in the constrained sampling setting that can handle non-convex
choices of f and provide guarantees with the best dimension dependency among ex-
isting methods for constrained sampling when subject to deterministic gradients. To
achieve these results, we develop a novel analysis and make a series of technical con-
tributions. We first bound the Kullback-Leibler (KL) divergence between 75 and 7
with a careful technical analysis and then apply weighted Csiszar-Kullback-Pinsker
inequality to control the 2-Wasserstein distance between 75 and 7. To obtain the con-
vergence rate to ms, we first regularize the convex domain C so that the regularized
domain C? is a-strongly convex (a notation which will be defined rigorously in (13)
and in the proof of Lemma D.1) and then show that f+4.5%/d is strongly convex outside
a compact domain, where S¢ is the penalty function we construct for the regularized
domain that has quadratic growth properties. Moreover, we quantify the differences
between C* and C, and between the regularized target 7§ (defined on the regularized
domain C®) and 7s and show their differences are small for the choice of small values
of a. Finally, we show that f + S%/§ is uniformly close to a function that is strongly
convex everywhere and apply the convergence result for Langevin dynamics in the
unconstrained setting to obtain our main result for PLD. The analysis for PULMC is
similar but requires an additional technical result showing Hessian Lipschitzness.

e We then consider the setting of smooth f that can be non-convex subject to stochastic
gradients. For the unconstrained sampling of 75, when the gradients of f are estimated
from a randomly selected subset of data; the variance of the noise is not uniformly
bounded over x but instead can grow linearly in ||z||? (see e.g. Jain et al. (2018);
Assran and Rabbat (2020)). Therefore, unlike the existing works for constrained
sampling, we do not assume the variance of the stochastic gradient to be uniformly
bounded but allow the gradient noise variance to grow linearly. For PSGLD and
PSGULMC, we show an iteration complexity that scales as O(d'7/)2) and O(d" /u?)
respectively in dimension d, where A\, and u, are constants that relate to overdamped
and underdamped Langevin SDEs and will be defined later in (29) and (36). These
constants can scale exponentially in the dimension in the worst case (due to hardness of
the non-convex setting) but can also be independent of the dimension (see Section 4 in
Raginsky et al. (2017)). Our iteration complexity bounds for PSGLD and PSGULMC
also scale polynomially in ¢ (see Table 1 for the details).! To our best knowledge, these

1. In Table 1, we used various metrics TV, Wi, W, and KL to measure the complexity and it is worth
noting that they may scale differently. In general, it is always true that Wi < W, and TV < O(VKL)
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are the first results for ULMC algorithms in the constrained setting for general f that
can be non-convex. Compared to Lamperski (2021), our dimension dependency is
worse, but our noise assumption is more general, and we do not require sub-Gaussian
noise. To achieve these results, in addition to bounding the difference between s
and m, we show that f + S/§ satisfies a dissipativity condition, which is the key
technical result, that allows us to apply the convergence results in the literature for
unconstrained Langevin algorithms with stochastic gradients where the target is non-
convex and satisfies a dissipativity condition. Here, we also note that the standard
penalty function we choose involves computing the distance of a point to the boundary
of the constraint set. This is also the case for many algorithms in the literature, such as
projected SGLD methods. However, often the set C is defined with convex constraints,
ie. C:={x: hi(r) <0,i=1,2,...,m} where h; : R? = R are convex and m is the
number of constraints. In this case, we discuss in Section 2.4 that the projections can
be avoided when h;(z) satisfies some growth conditions.

e When f is strongly convex and smooth, we obtain iteration complexity of O(d/e'®)
and O(dv/d/e*) for PSGLD and PSGULMC respectively. To achieve these results,
in addition to bounding the difference between w5 and 7, we also extend the existing
result in the unconstrained setting for ULMC with a deterministic gradient to allow
stochastic gradient for strongly convex and smooth f, which is of independent interest.

The summary of our main results and their comparison with respect to most closely-related
approaches are given in Table 1, where in our results it is assumed that the constraint set
is compact and convex. We also note that when dealing with target densities where f is
smooth but non-convex, the literature typically assumes growth conditions towards infinity
such as dissipativity or isoperimetric inequalities (Raginsky et al., 2017; Gao et al., 2022;
Jiang, 2021), but in our results we do not require such a condition. This is due to the
fact that the constraint set is taken to be a convex body which is a compact set where the
growth of f can be controlled.

1.2 Related Work

Mirror-descent Langevin algorithms can be viewed as a special case of Riemannian Langevin
that can be used to sample from some subset D C R¢ by endowing D with a Riemannian
structure (Girolami and Calderhead, 2011; Patterson and Teh, 2013). Geodesic Langevin
algorithm is proposed in Wang et al. (2020) that can sample a distribution supported on a
manifold M. They showed that geodesic Langevin algorithm can sample a target distribu-
tion on a d-dimensional compact manifold M without boundary that satisfies a log-Sobolev
inequality with parameter o with € accuracy in KL divergence after O(% log(1/¢)) iter-
ates. More recently, Gatmiry and Vempala (2022) showed that the Riemannian Langevin
algorithm converges to the target that satisfies a log-Sobolev inequality with parameter «
with accuracy ¢ in KL divergence after O(fz/j log(1/¢)) iterates where d is the dimension
for general Hessian manifolds that are second-order self-concordant where the log-density is
gradient and Hessian Lipschitz. Very recently, Kook et al. (2022) used a Riemannian version

(Pinsker’s inequality). On the other hand, W» < O(vKL) (Otto and Villani Theorem) if a log-Sobolev
inequality is satisfied and more generally Wy < O(VKL + (KL)'/*) (Bolley and Villani (2005)).
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. Assump. | Assump. Stoc. | Bdd. grad. | Conv. .
Algorithms on f on C grad. | noise var.’) | meas. Complexity
. Convex,
Projected LD Smooth, Eg;lvex No N/A TV A (%)
(Bubeck et al., 2018) LlpSChltZ y
Projected SGLD Smooth, | Convex (6] A (d*
(Lamperski, 2021) LlpSChltZ bOdy Yes Yes Wl O (E )
Str. cvx.
. . Polyhedral
Projected SGLD out81del with 0 in Yos Yos Wy A ( % )
(Zheng and Lamperski, 2022) a ball,[ ] . . €
. . mterior
Lipschitz
Proximal SGLD Str. cvx. | Convex? | Yes | Yes Wo @, (E%)
(Salim and Richtérik, 2020)
Mirrored LD Convex, ~d
(Hsieh et al., 2018) Str ovx. Bounded NO N/A W2 O (?)
Mirrored SGLD Str. cvx. Convex, Yes Yes KL A ( % )
(Hsieh et al., 2018) Bounded €
MYULA Convex, | Convex ~ (&b
(Brosse et al., 2017) SmOOth bOdy No N/A TV O (876>
PLD Convex =~ d
Prop. 2.11 in our paper SmOOth bOdy NO N/A TV O (Eﬁ)
Smooth,
PULMC Hessian ]S O(Iiweix No N/A TV @, (?)
Prop. 2.15 in our paper Llpschltz (0] y
PSGLD Str. cvx., | Convex ) = d
Prop. 2.21 in our paper SmOOth bOdy Yeb NO W2 O (ETS)
PSGULMC Str. cvx., | Convex = [ av/d
Prop. 2.22 in our paper SmOOth bOdy Yes NO W2 O <6W>
PSGLD Convex A (a7 \[3]
Prop. 2.23 in our paper SmOOth bOdy Yes NO W2 O (ESQQ)‘Q
PSGULMC Convex A d \[4
Prop. 2.24 in our paper SmOOth bOdy Yes NO W2 O (8132 i)

Table 1: Comparison of our methods and existing methods.

1: ¢ C R? is a convex hypersurface of class C3 and SUP¢ec ID2n(¢)|| is bounded, where n is the unit normal vector

of C. 11l “Str. cvx.” stands for “Strongly convex”. Also, in Zheng and Lamperski (2022), it is assumed that f is

p-strongly convex outsize a Euclidean ball. (2] Salim and Richtérik (2020) consider the situation, where the target

distribution is 7 o« e~ V(@) with V(z) := f(z) + G(x).

Function G is assumed to be nonsmooth and convex, and

if G is the indicator function of C, then proximal SGLD can sample from the constrained distribution.l3l A, is the

spectral gap of penalized overdamped Langevin SDE (10) which is defined in (29). Ml 1, is the convergence speed
of penalized underdamped Langevin SDE (17)-(18) defined in (36). [/ This column specifies whether the methods

assume that the gradient noise variance is uniformly bounded or not. [0 The gradient noise is assumed to have a

uniform sub-Gaussian property.
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of Hamiltonian Monte Carlo to sample ill-conditioned, non-smooth, constrained distribu-
tions that maintain sparsity where f is convex. Given a self-concordant barrier function
for the constraint set, they empirically demonstrated that they could achieve a mixing
rate independent of smoothness and condition numbers. Moreover, Chalkis et al. (2023)
proposed reflective Hamiltonian Monte Carlo based on reflected underdamped Langevin dif-
fusion to sample from a strongly-log-concave distribution restricted to a convex polytope.
They showed that from a warm start, it mixes in O(kd?¢?log(1/¢)) steps for a well-rounded
polytope, where & is the condition number of f, and £ is an upper bound on the number of
reflections.

It is also worth mentioning that the idea of adding a penalty term to the Langevin
diffusion (3) has appeared in the recent literature but in a very different context (Karagulyan
and Dalalyan, 2020). By adding a penalty term to the Langevin diffusion with the log-
concave target, the resulting target becomes strongly log-concave, and as the penalty term
vanishes, Karagulyan and Dalalyan (2020) were able to obtain new convergence results for
sampling a log-concave target.

SGLD algorithms have been studied in the unconstrained setting in a number of papers
under various assumptions for f. Among these, we discuss closely related works. Dalalyan
and Karagulyan (2019) study the convergence of SGLD for strongly convex smooth f. In
a seminal work, Raginsky et al. (2017) show that when f is non-convex and smooth, un-
der a dissipativity condition, SGLD iterates track the overdamped Langevin SDE closely
and obtained finite-time performance bounds for SGLD. More recently, Xu et al. (2018)
improve the £ dependency of the upper bounds of Raginsky et al. (2017) in the mini-batch
setting and obtained several guarantees for the gradient Langevin dynamics and variance-
reduced SGLD algorithms. Zou et al. (2021) improve the existing convergence guarantees
of SGLD for unconstrained sampling, showing that O(d*e~2) stochastic gradient evalua-
tions suffice for SGLD to achieve e-sampling accuracy in terms of the TV distance for a
class of distributions that can be non-log-concave. They further show that provided an
additional Hessian Lipschitz condition on the log-density function, SGLD is guaranteed
to achieve e-sampling error within @(d'®/4e=3/2) stochastic gradient evaluations. There
have also been more recent works on SGLD algorithms that allow dependent data streams
(Barkhagen et al., 2021; Chau et al., 2021) and require weaker assumptions on the target
density (Zhang et al., 2023). Rolland et al. (2020) study a new annealing stepsize sched-
ule for Unadjusted Langevin Algorithm (ULA) and they improve the convergence rate to
O(d®/T %) for unconstrained log-concave distribution, where d is the dimension and T is the
number of iterates. They also apply the double-loop approach to the constrained sampling
algorithm Moreau-Yoshida ULA (MYULA) from Brosse et al. (2017). They improve the
convergence rate to O(d®5 /) in the total variation distance for constrained log-concave
distributions. Lan and Shahbaba (2016) propose a spherical augmentation method to sam-
ple constrained probability distributions by mapping the constrained domain to a sphere in
the augmented space. Several other works have also studied SGULMC algorithms in the
unconstrained setting. Zou and Gu (2021) propose a general framework for proving the
convergence rate of Hamiltonian Monte Carlo with stochastic gradient estimators for sam-
pling from strongly log-concave and log-smooth target distributions in the unconstrained
setting. They show that the convergence to the target distribution in the 2-Wasserstein
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distance can be guaranteed as long as the stochastic gradient estimator is unbiased and its
variance is upper-bounded along the algorithm trajectory.

Lehec (2023) considers the projected Langevin algorithms and improves upon the work
of Bubeck et al. (2018). The author considers the constrained sampling case when the
potential f is a convex function that is Lipschitz on a convex constraint set C C R%. In
this setting, Lehec (2023) obtains an upper bound on the discretization error between the
iterates x of the projected Langevin algorithm and its corresponding points in the Langevin
diffusion based on the Wy distance (Lehec, 2023, Thm 1). Using this bound, under the
additional assumptions that the target 7 satisfies a log-Sobolev inequality with constant
Cs and the initial iterate x( is a point in the support of 7, a bound on the W, distance
between the law of the iterates and the target is proven (Lehec, 2023, Thm 2). Assuming
further that the initial iterate z¢ is such that oy := f(x¢) — min, f(z) = O(1), the latter

3 g2 1.2
result implies that Wa(L(xy), 7) < € after k = O* CLgiﬁd max 7%, —+ | | iterations, where
0

L(x}) denotes the law of the k-th iterate xj, where Ly is the Lipschitz constant of f on
C, ro is the distance of initial point xy to the boundary of C, with the convention that ©*
hides universal constants and possible polylog(d) dependencies. Here, when f is strongly
convex and when the constraint set C is bounded, as discussed in Lehec (2023), we can take
Crs = i where 4 is the strong convexity constant of f. Also, when the constraint set is a

ball of radius R and when the target measure 7(z) oc e~/(®) is isotropic in the sense that its
covariance matrix is the identity matrix, then we can take Crg to be R up to a universal
constant where by the isotropy condition it holds that R > v/d (Lehec, 2023). Some convex
choices of f may not necessarily satisfy the log-Sobolev inequality, but they do satisfy the
Poincaré inequality for some finite constant C'p. For convex f (that does not necessarily
satisfy the log-Sobolev inequality), Lehec (2023) also obtains Wasserstein bounds between
the iterates and the target (that depends on the Poincaré constant Cp) when f is globally
Lipschitz on the domain C under a warm-start strategy where the initialization zg is taken
as a random point taking values in C whose chi-square divergence to  is finite (Lehec, 2023,
Thm 2). This result is applicable to the case when the constraint set C is unbounded, and
when op = O(1) and all the other parameters are at most polynomial in d, it implies in the
C3L2d4

unconstrained case that Wh(L(xy), m) < € after k = ©F - iterations. Compared to

Lehec (2023), when f is strongly convex, we can get a better dimension dependency but
our dependency on ¢ is worse. We can also allow f to be non-convex as long as it is smooth
and our analysis can support stochastic gradients for both overdamped and underdamped
dynamics; however, we require the constraint set C to be bounded.

In a recent work, Sato et al. (2022) considers the problem of constrained sampling when
the potential f is C* with a Lipschitz gradient on the constraint set and when the constraint
set C has a smooth (C*) boundary, allowing it to be non-convex. The authors also assume
that the projection to set C is unique and that the projections can be efficiently computed
where they study a reflection-based overdamped Langevin algorithm that can be viewed
as a discretization of a reflected Langevin diffusion, assuming access to (non-stochastic)
exact gradients of f. To compute the reflections, their algorithm necessitates to compute
projections at every step. The authors show that the optimization error converges to the
target distribution and it suffices to have (7)(%) iterations for the suboptimality to be at
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most € in expectation where A, is the spectral gap of the reflected Langevin diffusion. In our
paper, we require C to be convex but its boundary can be non-smooth. For the overdamped
Langevin version of our algorithm which we call PLD, we require @(6%) iterations which is
better dependency to the dimension when C is convex; furthermore we can avoid projections
and therefore we do not necessarily require the projections to be efficiently computable, in
addition we do not necessarily require a smooth boundary. Moreover, our results can also
handle underdamped dynamics and stochastic gradients which are key to handle machine
learning applications, whereas the stochastic gradient setting is not considered in Sato et al.
(2022).

Finally, we note that “hit-and-run walk” achieves a mixing time of O(d*) iterations
(Lovész and Vempala, 2007). However, they assume a “zeroth order oracle”, i.e., assuming
access to function values without access to its gradients. Thus, our setting is different where
we work with gradients.

The notations to be used in the rest of the paper are summarized in Appendix A.

2. Main Results

Penalty methods in optimization convert a constrained optimization problem to an uncon-
strained one, where the idea is to add a term to the optimization objective that penalizes for
being outside of the constraint set (Nocedal and Wright, 2006). Motivated by such meth-
ods, as discussed in the introduction, we propose to add a penalty term %5’ (x) to the target
distribution, and sample instead from the penalized target distribution in an unconstrained
fashion with the modified target density:

o) e (1) - 35)) aeR

where S(x) is the penalty function that satisfies the following assumption and 6 > 0 is an
adjustable parameter.

Assumption 2.1 Assume that S(x) =0 for any x € C and S(z) > 0 for any x ¢ C.

There are many simple choices of S(z) for which Assumption 2.1 is satisfied. For in-
stance, if we choose S(z) = g(d¢(x)), where d¢(z) = min.ec ||z — ¢|| is the distance of the
point z to a closed set C and g : R>g — R is a strictly increasing function with g(0) = 0,
then Assumption 2.1 is satisfied. Throughout our paper, we will also discuss other choices
of S(z). In many of our results, we will also make the following assumption on the set C.

Assumption 2.2 Assume that C is a convex body, i.e., C is a compact convex set, contains
an open ball centered at 0 with radius r > 0, and is contained in a Fuclidean ball centered
at 0 with radius R > 0.

The fact that 0 is in the set C in Assumption 2.2 is made for simplifying the presentation
but all our results will hold even if that is not the case. Assumption 2.2 has been commonly
made in the literature (Bubeck et al., 2018, 2015; Lamperski, 2021; Brosse et al., 2017). In
addition, for many applications including those arise in machine learning, this assumption
naturally holds; for instance, when the constraints are polyhedral (Kook et al., 2022) or
when the constraints are £,-norm constraints with p > 1 or for p = oo (Schmidt, 2005; Luo
et al., 2016; Ma et al., 2019a; Giirbiizbalaban et al., 2022).

10
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2.1 Bounding the Distance Between 75 and =

In this section, we aim to bound the 2-Wasserstein distance between the modified target s
and the target m with an explicitly computable upper bound that goes to zero as § tends
to zero. We will first bound the KL divergence between 75 and 7 and then apply weighted
Csiszar-Kullback-Pinsker inequality (W-CKP) (see Lemma B.1) to bound the 2-Wasserstein
distance between 75 and 7. To start with, we first bound the KL divergence between g4
and 7, which relies on a series of technical lemmas. The two main ideas are: (i) when the
penalty value S is small, the Lebesgue measure of the set with small penalty values is also
small so that its contribution is negligible; (ii) for small values of J, the penalty % is large
and the integral with respect to that is also negligible. We start with the following lemma.
The proofs of this lemma and our other results can be found in the appendix.

Lemma 2.3 Suppose Assumption 2.1 holds and e~f is integrable over C. For any § > 0,2

ST ety @

Next, we provide a technical lemma that provides an upper bound on the Lebesgue
measure of the set with small penalty values S. A special case of the following lemma can
be found in Lemma 10.15 without a proof in Kallenberg (2002).

Lemma 2.4 Assume the constraint set C is a bounded closed set containing an open ball
with radius r > 0. Let S(x) = g (d¢c(x)), where d¢c(x) = mincec ||z —¢|| is the distance of the
point x to the set C and g : R>o — Rxq is a strictly increasing function with g(0) = 0 with
the property g(x) — 0o as x — o0o. Then, for any € > 0,

< (<1+g_;(6))d— 1) cl,

1

zeRNC: S(z) <e

where |-| denotes the Lebesgue measure and g~ is the inverse function of g.

We are now ready to provide an upper bound for D(7||7s), the KL divergence between
the target distribution 7 and the penalized target distribution 7.

2. If e~ 55W=1®) ig not integrable over RY\C, we take the term fRd\C e_%s(y)_f(y)dy to be oo as the
convention and the upper bound in equation (4) becomes trivial.

3. Note that Lemma 10.15 in Kallenberg (2002) requires the set C to be convex since it estimates both the
outer e-collar of C, defined as the set of all points that do not belong to C but lie within distance at most
€ from it, as well as the inner e-collar of C, whereas we only need to consider the outer e-collar of C so
that we can remove the convexity assumption on the set C.

11
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Lemma 2.5 In the setting of Lemma 2.4, assume e~{ is integrable over C, then for any
5,& >0, we have

n¥?_ pde= My epa\cis(y) <aston(1/s) 1Y)

1/~ p _nt2
D(rl||ms) < <<1+ 9 1(a510g(1/5))> B 1) (2D

r fC e—f(y)dy

_1 _
+ &% Jrane eI Way
fC e—f) dy ’

(5)
where I' denotes the gamma function.

In Lemma 2.5, we obtained an upper bound of the KL divergence between 7 and my.
In the literature of Langevin Monte Carlo, it is common to use the 2-Wasserstein distance
to measure the convergence to the target distribution (Cheng et al., 2018; Dalalyan and
Karagulyan, 2019). The celebrated W-CKP inequality (see Lemma B.1) bounds the 2-
Wasserstein distance by the KL divergence of any two probability distributions where some
exponential integrability condition is satisfied (see Lemma B.1), which in our case can be
applied to control the 2-Wasserstein distance between 75 and w. From Lemma 2.4, recall
the function d¢(z) = distance(x,C) := min.cc ||z — ¢/, for € RY. The convexity of the set
C implies that the function S(z) = (J¢c(z))? satisfies some differentiability and smoothness
properties, which is provided in the following lemma.

Lemma 2.6 If C is convez, then the function S(zx) = (d¢(x))? is convex, (-smooth with
¢ = 4 and continuously differentiable on R with a gradient VS(z) = 2(x — Pe(x)), where
Pe(x) is the projection of x to the set C, i.e. Pe(x) := argmin.ec ||z — ¢|.

In the rest of the paper (except in Section 2.4), we always take penalty function S(z) =
(6¢(x))? unless otherwise specified. Building on Lemma 2.6, we have the following result,
which quantifies the 2-Wasserstein distance between the target m and the modified target
w5 corresponding to the penalized target distribution.

Theorem 2.7 Suppose Assumptions 2.1 and 2.2 hold. Moreover, we assume that f is

continuous and e~! is integrable over C and there exist some & > 0 and & € R? such that
N N S(x)
and fRd etlle=2? = =57 =1 (@) < oo, Then, as 6 — 0,

Wa(ms, ) < O (6% (10g(1/8))*) . (6)

Theorem 2.7 shows that by choosing § small enough, we can approximate the compactly
supported target distribution 7 with the modified target ms which has full support on
R?. This amounts to converting the problem of constrained sampling to the problem of
unconstrained sampling with a modified target. In the next remark, we discuss that if we
take C to be the closed ball and g(x) = 22, and apply the W-CKP inequality, we obtain
the same bound in (6) except the logarithmic factor. This shows that it is not possible to
improve our bound with an approach that relies on W-CKP inequality except for logarithmic
factors.

4. If inf, cpa\c.s(y)<astog(1/s) [ (¥) = —oo, we take the right hand side of equation (5) to be oo as the
convention and the upper bound in equation (5) becomes trivial.

12
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Remark 2.8 In the setting of Theorem 2.7, consider the special case C = {z : ||z| < R}
to be the closed ball of radius R. In this case S(x) = s(r), with r = ||z|| and s(r) =
(r — R)*1,>R, where s(r) =0 for any r < R and s(r) > 0 for any r > R and moreover s
is differentiable and s(r) is strictly increasing in r > R. Moreover, we assume that f > 0.
Then, by Lemma 2.3 and using the spherical symmetry, we can compute that

i 5% —ds(r),.d—
Dlrling) < 2 Wy fiypre My fogem i Ortar .
B e TWdy f||y||<R e=fWdy fIIyH<R T dy

Since s(r), for r > R, achieves the unique minimum at r = R and s'(R) = 0, we can apply
Laplace’s method (see e.g. Bleistein and Handelsman (2010)), and obtain

—lS(T) d—1 — ™ d—1 . 1 1
/TZRe s pt=2dy 1/23”(R)R V- (1+0(1)), as 0 — 0. ()

Therefore, it follows from (7) and (8) that for any sufficiently small 6 > 0,

8”271' Rd—l
D(|ms) < | L0 V. 9)
Jwi<re "y

By applying W-CKP inequality (see Lemma B.1) and (9), we conclude Wa(ms, m) < O (61/8).

2.2 Penalized Langevin Algorithms with Deterministic Gradient

In this section, we are interested in penalized Langevin algorithms with deterministic gra-
dient when f is non-convex. Raginsky et al. (2017) and Gao et al. (2022) developed non-
asymptotic convergence bounds for SGLD and SGULMC, respectively, when f belongs to
the class of non-convex smooth functions that are dissipative. This is a relatively general
class of non-convex functions that admit critical points on a compact set. In our case, since
C is assumed to be a compact convex set, we will not need growth conditions such as the
dissipativity of f. The only assumption we are going to make about f is that f is smooth,
i.e. the gradient of f is Lipschitz. We will show that the penalty function S is dissipative
and smooth, so that f + %S is dissipative and smooth for § > 0 small enough.

Assumption 2.9 Assume that f is L-smooth, i.e. |V f(x) —Vf(y)| < L||x — yl|, for any
z,y € RY,

If Assumption 2.9 and Assumption 2.2 hold, then the conditions in Theorem 2.7 are
satisfied (see Lemma C.4 in the Appendix for details). Building on this result, next we

derive iteration complexity corresponding to the penalized Langevin dynamics.

2.2.1 PENALIZED LANGEVIN DYNAMICS

First, we introduce the penalized overdamped Langevin SDE:
1
dX () = =V f(X(£)dt — <VS(X(t))dt + V2dW, (10)

13
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where W, is a standard d-dimensional Brownian motion, and under mild conditions, it
admits a unique stationary distribution 7s(z) o exp (—f(z) — $5(z)); see e.g. Hérau and
Nier (2004); Pavliotis (2014). Consider the penalized Langevin dynamics (PLD):

Tyl = Tp — 1) <Vf(1‘k) + ;VS(:;:H) + V206541, (11)

where &, are i.i.d. N(0, I;) Gaussian noises in R

In many applications, the constrained set C is defined by functional constraints, i.e.
C:={z:hi(x) <0,i=1,2,...,m}, where h; is a (merely) convex function defined on an
open set that contains C and m is the number of constraints. For example, when C is an ¢,
ball with radius R with p > 1 or when C is an ellipsoid. In this case, we can write

C:={x:h(z) <0}, (12)

where h(x) := max; h;(z) is convex and therefore locally Lipschitz continuous (see e.g.
Roberts and Varberg (1974)). The choice of the h(z) function here is clearly not unique.
In fact, such an h(x) can be constructed even if we do not possess an explicit formula for
the functions h;(z). More specifically, Minkowski functional || - || -, also known as the gauge
function, is defined as ||z||x := inf{t > 0,z € tC} such that given that O is in the interior
of C, we can write C := {z : h(xz) < 0} where h(z) = ||z||[x — 1 (Rockafellar, 1970;
Thompson, 1996). It is also well-known that the gauge function is merely convex. Thus, we
can conclude that any convex body C admits the representation (12) where h(z) is convex
and finite-valued and therefore Lipschitz continuous on C (Roberts and Varberg, 1974).
Equipped with this representation given by (12), we now consider a regularized constraint
set

C* ={x: h%(z) <0}, where h%(x) := h(x) + %Htz, (13)

is a-strongly convex for a > 0 as h(x) is merely convex, and it holds that C* C C C R?%. We
define the regularized distribution 7@ supported on C* with probability density function

7 (z) < exp(—f(x)), x € C?.

We also consider adding a penalty term %So‘ () to the regularized target distribution 7%,
and sample instead from the “penalized target distribution” with the regularized target
density:

o) e (f0) - 55°@)), acR

where $%(z) = (J¢o(x))? is the penalty function that satisfies S%(z) = 0 for any 2 € C®
and S%(z) > 0 otherwise. Our motivation for considering the penalty function S%(x) =
(6ca(2))? is that as we show in the Appendix, under some conditions, S is strongly convex
outside a compact set (Lemma D.1); it can be seen that the function S(z) = (d¢(z))? does
not always have this property.> Consequently, as a corollary, the function f + %SO‘ becomes

5. For example, when C is the unit /o ball in dimension 2, the function S is not strongly convex at any
point (0,y) for y € R.

14
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strongly convex outside a compact set for § small enough (Corollary D.2). Our main result
in this section builds on exploiting this structure to develop stronger iteration complexity
results for sampling 7§ compared to sampling 7 directly, and then controlling the error
between 7§ and 7 by choosing J and « small enough appropriately. For this purpose, first
we estimate the size of the set difference C\C*.

Lemma 2.10 For the constrained set C* defined in (13), we have

|C‘é§‘ | < O(w), as o — 0. (14)

Second, we show that there exists a function U that is strongly convex everywhere and
the difference between U and f + S%/é can be uniformly bounded (Lemma D.3). Then by
combining all these technical results (Lemma D.1 and Corollary D.2, Lemma D.3, Lemma
2.10) discussed above, and estimating the distance of 7§ to m, we obtain the following result.

Proposition 2.11 Suppose Assumptions 2.1, 2.2, and 2.9 hold. Given the constraint set C,
consider its representation as C = {x : h(x) < 0} given in (12) where h(x) = maxi<j<m hi(z)
for some m > 1 with h; convex fori=1,2,...,m. Let v be the distribution of the K-th
iterate x g of penalized Langevin dynamics (11) with the constrained set C that is defined
in (13) and the initialization vy = N (0, L%Id), where we take o = 0 if h is strongly convex
and we take o = €2 is h is merely conver. Then, we have TV(vg,m) < O(e) provided that
§=¢c* and
K:@(d/elo), n=0("4),

where O ignores the dependence on logd and log(1/¢).

Remark 2.12 In Proposition 2.11, when h is 3-strongly convex (with B > 0 and o = 0)
the leading-order complexity K = O (E%) does not depend on 5. It can be seen from from
the proof of Proposition 2.11 that the complexity K has a second-order dependence on 3,

such that K = O (E%) +0 (6;::[6)’ where we ignored the dependence on the other constants

when we consider the second-order dependence on 3. When h is merely convex (with B =0
and o = £2), we have K = (’)(6%) +(’)(6i8),

2.2.2 PENALIZED UNDERDAMPED LANGEVIN MONTE CARLO

We can also design sampling algorithms based on the underdamped (also known as second-
order, inertial, or kinetic) Langevin diffusion given by the following SDE:

AV (t) = =V (t)dt — V(X (t))dt + /2vdWs, (15)
dX (t) =V (t)dt, (16)

(see e.g. Cheng et al. (2018); Cheng et al. (2018); Dalalyan and Riou-Durand (2020);
Gao et al. (2022, 2020); Ma et al. (2021); Cao et al. (2023)) where v > 0 is the friction
coefficient, X (t), V() € R? model the position and the momentum of a particle moving in
a field of force (described by the gradient of f) plus a random (thermal) force described
by the Brownian noise W;, which is a standard d-dimensional Brownian motion that starts

15



GURBUZBALABAN, HU AND ZHU

at zero at time zero. It is known that under some mild assumptions on f, the Markov
process (X (t), V(t))¢>0 is ergodic and admits a unique stationary distribution 7 with density
m(z,v) o exp (— (3[|v]|? + f(2))) (see e.g. Hérau and Nier (2004); Pavliotis (2014)). Hence,
the z-marginal distribution of the stationary distribution with the density 7(x,v) is exactly
the invariant distribution of the overdamped Langevin diffusion. For approximate sampling,
various discretization schemes of (15)-(16) have been used in the literature (see e.g. Cheng
et al. (2018); Teh et al. (2016); Chen et al. (2016, 2015)).

To design a constrained sampling algorithm based on the underdamped Langevin diffu-
sion, we propose the “penalized underdamped Langevin SDE”:

AV (t) = -V ()dt — V(X (£))dt — %VS(X(t))dt + /2y, (17)

dX () = V(t)dt, (18)

where W, is a standard d-dimensional Brownian motion. Under mild conditions, it admits a
unique stationary distribution ms(xz,v) o exp (—f(z) — $5(z) — §||v[|?), whose z-marginal
distribution is 75(z) o exp (—f(z) — $5(z)), which coincides with the stationary distribu-
tion of the penalized overdamped Langevin SDE (10).

A natural way to sample the penalized target distribution 75(x, v) is to consider the Euler
discretization of (17)-(18). We adopt a more refined discretization, introduced by Cheng
et al. (2018). We propose the penalized underdamped Langevin Monte Carlo (PULMC):

Vg1 = Yo(n)vr — P1(n) (Vf(ﬂfk) + (1$VS(xk)> + V2941, (19)
Tpy1 = T + P1(n) v — Y2(n) (Vf(fﬂk) + ;VS(%)> + V2911, (20)

(see e.g. Dalalyan and Riou-Durand (2020)) where (&, §),) are i.i.d. 2d-dimensional Gaus-
sian noises and independent of the initial condition vg, zg, and for any fixed k, the random

vectors ((&k)2, (€1.)2), ((§k)2, (§4)2), - - - ((§k)as (§},)a) are ii.d. with the covariance matrix

Cn) = /0 "o (), (O] [olt). b (£))dt, (21)

where
t

Yo(t) :=e " and Ypy1(t):= [ Yr(s)ds for every k > 0. (22)
0

Dalalyan and Riou-Durand (2020) studied the unconstrained kinetic (underdamped)
Langevin Monte Carlo algorithms (subject to deterministic gradients) for strongly log-
concave and smooth densities, and Ma et al. (2021) investigated the case when f is strongly
convex outside a compact domain. When f is non-convex, Gao et al. (2022) studied the
unconstrained underdamped Langevin Monte Carlo algorithms (which allows stochastic
gradients) under a dissipativity assumption. Since the x-marginal distribution of the Gibbs
distribution of the penalized underdamped Langevin SDE (17)-(18) coincides that with the
penalized overdamped Langevin SDE (10), we can bound W (7, 75) using Theorem 2.7 with
the same bounds as in the overdamped case.
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Under some additional assumptions, we showed in Lemma D.1 that f + S/¢ is strongly
convex outside a compact domain, and thus one can leverage the non-asymptotic guar-
antees in Ma et al. (2021) for unconstrained underdamped Monte Carlo to obtain better
performance guarantees for the penalized underdamped Langevin Monte Carlo. Before we
proceed, we first provide a technical lemma that shows that under some additional assump-
tions on C, S is Hessian Lipschitz.

Lemma 2.13 Suppose C C R is a convex hypersurface of class C® and SUPgec | D?n(€)||
is bounded, where n is unit normal vector of C. Then S is Mg-Hessian Lipschitz for some
Mg > 0.

As a corollary, if f is Hessian Lipschitz, then f + S/¢ is Hessian Lipschitz and we
immediately have the following result.

Corollary 2.14 Under assumptions of Lemma 2.13 and assume that f is My-Hessian Lip-
schitz for some My > 0. Then f + S/§ is Ms-Hessian Lipschitz, where Ms :== My + %

Now, we are ready to state the following proposition that provides performance guar-
antees for the penalized underdamped Langevin Monte Carlo.

Proposition 2.15 Suppose Assumptions 2.1, 2.2, and 2.9 hold, and also assume the condi-
tions in Corollary 2.1/ are satisfied. Given the constraint set C, consider its representation
as C = {z : h(x) < 0} given in (12) where h(x) = maxj<i<m hi(x) for some m > 1 with h;
convex for i = 1,2,...,m. Let v be the distribution of the K-th iterate xx of penalized
underdamped Langevin Monte Carlo (19)-(20) for the constrained set C* defined in (13)
and the distribution of (vo, o) follows N (0, %Id) QN(0, L%Id), where we take o = 0 if h is
strongly convex and we take o = €2 if h is merely convex. Then, we have TV(vg,n) < O(e)
provided that 6 = *, o = €2 and

K=0 <\/&/€7> ,
where O ignores the dependence on logd and log(1/e).

Remark 2.16 When we compare the algorithmic complexity in Proposition 2.15 with Propo-
sition 2.11, we see that for the underdamped-Langevin-based penalized underdamped Langevin
Monte Carlo has complexity K = @(\/&/{57), which improves the dependence on both the
dimension d and the accuracy level € compared to the overdamped-Langevin-based penal-
1zed Langevin dynamics where the complexity is K = @(d/a‘w). This is obtained under
additional assumptions on the smoothness of the boundary of C and Hessian Lipschitzness
of f. To the best of our knowledge, (5(\/;1) is the best dependency on dimension for the
constrained sampling.

Remark 2.17 In Proposition 2.15, when h is (-strongly convex (with 5 > 0 and o = 0)
the leading-order complezity K = O (\/&/57> does not depend on (. It can be seen from
the proof of Proposition 2.15 that the complexity K has a second-order dependence on (3,
such that K = O <§) +0 (%) , where we ignored the dependence on the other constants
when we consider the second-order dependence on 3. When h is merely convex (with =0

and a = ¢2), we haveKz@(?)Jr@(g).
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2.3 Penalized Langevin Algorithms with Stochastic Gradient

In the previous sections, we studied penalized Langevin algorithms with deterministic gra-
dient when the objective f is non-convex. In this section, we study the extension to allow
stochastic estimates of the gradients in our algorithms. Supporting stochastic gradients
becomes especially key in machine learning and data science applications where the exact
gradients can be computationally expensive but stochastic estimates can be obtained effi-
ciently from data. We start with the case when f is assumed to be strongly convex and
smooth.

2.3.1 STRONGLY CONVEX CASE

In this section, we assume that the target f is strongly convex and its gradient is Lipschitz.
More precisely, we make the following assumption.

Assumption 2.18 Assume that f is pu-strongly convex and L-smooth.

Assumption 2.18 is equivalent to assuming that the target density m(z) o e~/ @) is
strongly log-concave and smooth. This assumption has also been made frequently in the
literature (see, e.g., Bubeck et al. (2018, 2015); Lamperski (2021)). Such densities arise in
several applications including but not limited to Bayesian linear regression and Bayesian
logistic regression (see, e.g., Castillo et al. (2015); O’Brien and Dunson (2004)). Under
Assumption 2.18, we have the following property for the target function f.

Lemma 2.19 Under Assumptions 2.18 and Assumption 2.2, the minimizers of f + % are
uniformly bounded in § such that there exists some ¢ > 0 and the norm of any minimizer
of [+ % is bounded by (1 + c¢)R.

When § is large, the minimizers of f + % are close to the minimizers of f, which are
uniformly bounded, and when § is small, by the definition of the penalty function S, the
minimizers of f + % will concentrate on the set C. Moreover, if the minimizers of f are
inside the constrained set C, then, the minimizers of f + % must also lie in the set because
S(z) = (d¢(x))? = 0 for = € C. Hence, the above lemma naturally holds.

Moreover, under Assumptions 2.18 and 2.2, the conditions in Theorem 2.7 are satisfied
(see Lemma C.5 in the Appendix for details). Building on this result, in the following
subsections, we study penalized Langevin algorithms and the number of iterations needed
to sample from a distribution within € distance to the target.

Penalized Stochastic Gradient Langevin Dynamics. We now consider the exten-
sion to allow stochastic gradients, known as the stochastic gradient Langevin dynamics in
the literature (see, e.g., Welling and Teh (2011); Chen et al. (2015); Raginsky et al. (2017)).
In particular, we propose the penalized stochastic gradient Langevin dynamics (PSGLD):

Thy1 = Tk — 1 (Vf(xk) + ;Vs(ﬂfk)> + v/ 20&k41, (23)

where § are i.i.d. N(0,1;) Gaussian noises in R? and we assume that we have access to
noisy estimates V f(zy) of the actual gradients satisfying the following assumption:
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Assumption 2.20 We assume at iteration k, we have access to @f(xk,wk) which is a
random estimate of V f(xy) where wy, is a random variable independent from {wj};‘f:é and

satisfies E [Vf(xk, wg) — Vf(xk)\ack} = Vf(z) and

B[V wn) - Vi an)o]| < 207 (L2l + 1950)1?). 24)

To simplify the notation, we suppress the wy dependence and denote Vf(:nk, wg) by @f(xk)

We note that the assumption (24) has been commonly made in data science and ma-
chine learning applications (see, e.g., Raginsky et al. (2017)) and arises when gradients are
estimated from randomly sampled subsets of data points in the context of stochastic gradi-

- 2
ent methods. It is more general than the assumption E HVf(:J;k) - Vf(mk)‘xH < o%d that

has also been used in the literature (Dalalyan and Karagulyan, 2019) and allows handling
gradient noise arising in many machine learning applications where the variance is not uni-
formly bounded (Raginsky et al., 2017; Aybat et al., 2019; Giirbiizbalaban et al., 2021).
In (24), if f(x) takes the form f(x) = I, fi(z), and Vf(z) = 3 ,cq Vfi(z), where
) is a random subset of {1,2,...,n} with batch-size b, due to the central limit theorem,
we can assume that o2 = O(1/b), where b is the batch-size of the mini-batch. We have
the following proposition, which characterizes the number of iterations necessary to sample
from the target up to an € error using the penalized stochastic gradient Langevin dynamics.

Proposition 2.21 Suppose Assumptions 2.2, 2.18 and 2.20 hold. Let vk denote the distri-
bution of the K-th iterate xx of penalized stochastic gradient Langevin dynamics (23). We
have Wa(vie, ) < O(e), where O ignores the dependence on log(1/e), provided that § = €,
the batch-size b is of the constant order, and the stochastic gradient computations K := Kb
and the stepsize n satisfy:

3 8 2 18,2
e d(leS—i—BéL) 7 n— e .
el8y d(Le® +4)2

In terms of the dependence on the condition number x := L/u, Proposition 2.21 implies
that the batch-size b is of constant order, the stochastic gradient computations K = O(x? /1)
and the stepsize n = ©(1/k?).

Penalized Stochastic Gradient Underdamped Langevin Monte Carlo. Next,
we consider the extension to allow stochastic gradient, which we refer to as the stochas-
tic gradient underdamped Langevin Monte Carlo (SGULMC). Such algorithms have been
studied previously in the unconstrained setting in the literature (Chen et al., 2014, 2015;
Gao et al., 2022). We propose the penalized stochastic gradient underdamped Langevin
Monte Carlo (PSGULMC):

V41 = Yo(n)ve — P1(n) (Vf(xk) + (15V5($k)> + V29841, (25)
i = ot (o = o) (VF0) + 3950 ) + VG (29
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where (&, &).) are i.i.d. 2d-dimensional Gaussian noises independent of the initial condition
vo, o, centered with covariance matrix given in (21) and vy (t) are defined in (22), where we
recall that the gradient noise satisfies Assumption 2.20. Then we can provide the following
proposition for the number of iterations we need to sample from the target distribution
within ¢ error using PSGULMC with a stochastic gradient that satisfies Assumption 2.20.

Proposition 2.22 Suppose Assumptions 2.2, 2.18 and 2.20 hold. Let vk denote the dis-
tribution of the K-th iterate xx of penalized stochastic gradient underdamped Langevin
Monte Carlo (25)-(26) and (vo,zo) follows the product distribution N (0,1;) ® vy. We have
Wa(vie,m) < O(e) provided that § = €3, and the batch-size b satisfies:

L2(Le® + 4)('%du + (Le® + 4)?)
526N4 ’

b= (o2) = Q (
and the stochastic gradient computations K := Kb and the stepsize n satisfy:

k=0 (LQ(Leg +4)’( 0+ (L + 4)(pr DS +d (\/g’ W) ) |

£39,,6

_ 1 & 1 el
=min | — , .
! Vd (Le® +4)" \/(u+ L)ed + 4 (Le® +4)

In terms of the dependence on the condition number k = L/, Proposition 2.22 implies
that the batch-size b = Q(L5/u*) = Q(Lk*), the stochastic gradient computations K =
O(x%) and the stepsize n = O(1/(V/Lk)).

2.3.2 NON-CONVEX CASE

This section discusses the case when f is non-convex and smooth.
Penalized Stochastic Gradient Langevin Dynamics. First, we consider the pe-
nalized stochastic gradient Langevin dynamics (PSGLD):

Tl = T — 1 <Vf($k) + ;VS(ﬂﬁk)) + V206541, (27)

whereby following Raginsky et al. (2017) we assume that the initial distribution x( satisfies
the exponential integrability condition

ko := log E [eHJCOIIZ} < 00, (28)
and we recall that the gradient noise satisfies Assumption 2.20. For instance, we could
take x¢ to be a Dirac measure or any distribution that is compactly supported. Similar to

Proposition 2.21, we have the following proposition about the complexity analysis of the
PSGLD for the non-convex case.
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Proposition 2.23 Suppose Assumptions 2.1, 2.2, 2.20 and 2.9 hold. Let vk be the distri-
bution of the K-th iterate x of penalized stochastic gradient Langevin dynamics (27). We
have Wa (v, m) < O(e) provided that § = €8, the batch-size b = Q(n~') and the stochastic
gradient computations K := Kb and the stepsize n satisfy:

- s ~ 196
K O (d )\ (1§9g2(A* )) ) 7 n= (e} ( —~ € — ) )
c dg)\* (log()\* ))4

where O and © ignore the dependence on logd and log(1/e), and A, is the spectral gap of
the penalized overdamped Langevin SDE (10)5:

Vy|*d
Ay := inf {fRd I g” s
fRd g dﬂ'é

Moreover, if we further assume that the assumptions of Corollary D.2 hold, then /\% <0O(1),
and we have K = O ( 392> and n = 5} (%).

g€ CHRY N Pns)g £ 0. [ gdm:O}- (20)
Rd

Penalized Stochastic Gradient Underdamped Langevin Monte Carlo. Next,
we consider the extension of underdamped Langevin Monte Carlo to allow stochastic gra-
dient, which we refer to as the stochastic gradient underdamped Langevin Monte Carlo
(SGULMC). Such algorithms have been studied in the unconstrained setting in the litera-
ture (Chen et al., 2014, 2015; Gao et al., 2022). We now consider the penalized stochastic
gradient underdamped Langevin Monte Carlo (PSGULMC):

Vg1 = Yo(n) vk — ¥1(n) (Vf(l’k) + 5VS T, > + /2741, (30)

Tit1 = x) + Y1(n) vk, — Ya2(n) (Vf(ka) + 5VS Ty, > + V27841 (31)

where (&, &),) are i.i.d. 2d-dimensional Gaussian noises independent of the initial condition
vo, g, centered with covariance matrix given in (21) and (t) are defined in (22), and
finally, we recall that the gradient noise satisfies Assumption 2.20. We follow Gao et al.
(2022) by assuming that the probability law o of the initial state (xo,vo) satisfies the
following exponential integrability condition:

/ V@) o (da, dv) < (32)
R2d
where V is a Lyapunov function:

S 1
Vo) = £@) + 2D 12 (e ey ol [yl - Al (39
and A is a positive constant less than min(1/4,ms/(Ls + v%/2)), and o = A(1 — 2))/12,
where we recall from Lemma C.2 that f + % is (ms, bs)-dissipative where myg, bs are defined
n (39). Notice that there exists a constant A € (0,00) so that

(.97 + T5Y 2 mslal? b5 2 20 (1) +7alP0) - 2.

6. This definition of the spectral gap can be found in Raginsky et al. (2017).

21



GURBUZBALABAN, HU AND ZHU

Indeed, Gao et al. (2020) showed that one can take

A= %min(l/él,m(g/(L(;Jrfy2/2))7 (34)
m VFOI? b 1
P <H2Lf(+>7”2 + g <L5 - 272> +f (0)) ’ (35)

where we recall from Lemma C.2 that f + % is Lg-smooth with Ls = L + g.

The Lyapunov function (33) is constructed in Eberle et al. (2019) as a key ingredient to
show the convergence speed of the penalized underdamped Langevin SDE (17)-(18) to the
Gibbs distribution ms(z, v) o exp(—f(z) — $5(z) — 3|v||?). Eberle et al. (2019) shows that
the convergence speed of (17)-(18) to the Gibbs distribution s is governed by

e = %min{)\Lg’y_2,A1/26_AL57_2,A1/2€_A}, (36)

where
12
A= = (14201 + 204%) (d+ A)Lsy 22711 — 2071, o= (1+ A_l) Lsy™2.

The Lyapunov function (33) also plays a key role in Gao et al. (2022) that obtains the non-
asymptotic convergence guarantees for (unconstrained) stochastic gradient underdamped
Langevin Monte Carlo. We have the following proposition about the complexity of PS-
GULMC with stochastic gradient that satisfies Assumption 2.20 for the non-convex case.

Proposition 2.24 Suppose Assumptions 2.1, 2.2, 2.20 and 2.9 hold. Let vk be the distri-
bution of the K-th iterate x of penalized stochastic gradient underdamped Langevin Monte
Carlo (30)-(31). We have Wa(vi, ) < O(e) provided that § = &%, the batch-size b= Q(n~1)

A~

and the stochastic gradient computations K := Kb and the stepsize n satisfy:

- _ 5 (47 (log(1/pn.)” T
K_O< el ) "= <d3 (log(l/u*))2>’

where © ignores the dependence on logd and log(1/¢).

In Proposition 2.24 (resp. Proposition 2.23), p. (resp. \.) governs the speed of conver-
gence of the continuous-time penalized underdamped (resp. overdamped) Langevin SDEs
to the Gibbs distribution. It is shown in Proposition 1 in Gao et al. (2022) that when the
surface of the target is relatively flat, p,. can be better than A, by a square root factor, i.e.

1/pe =0 (VI/A).

2.4 Avoiding Projections

We recall our discussion from Section 2.2.1 that the constraint set is often defined by
functional inequalities of the form

C:={z:hi(x) <0, fori=1,2,...,m},
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where h;(x) : R"™ — R is convex and differentiable for every i. This would, for instance, be
the case if C is the /,-ball in R? for p > 1. So far, our main complexity results involve the
choice of S(z) = (6c(z))? as a penalty function where computing S(z) requires calculating
projection of x to the set C. Computing such projections can be carried out in polynomial
time, but it can be costly in some cases, for instance, when the number of constraints m is
large or if the constraints are not simple. A natural question to ask is whether our results
will hold if we use

S(e) =" max (0, hi(x))’,

as a penalty function and sample from the modified target

7s(x) ox exp (—f(x) — % Zl max (0, hz(m))2> ) z € RY, (37)

instead. After all, this (alternative) choice of S(z) would still satisfy our Assumption 2.1.
In this section, we will show that this is indeed possible, provided that the functions h;(x)
satisfy some growth conditions. The advantage of the formulation (37) is that the modified
target does not require computing the projection and the distance function d¢(z) to the
constraint set as before, and it allows directly working with the functions that define the
constraint set. This is computationally more efficient when computing the projections to
the constraint set is not straightforward. For example, if h;(z)’s are affine (in which case
the constraint set C is a polyhedral set as an intersection of half-planes) and the number
of constraints m is large, computing the projection will be typically slower than evaluating
the derivative of the penalized objective in (37).

We first show that when h;(x)’s are differentiable and convex for every i, then the
function S and therefore the density (37) is differentiable despite the presence of the non-
smooth max(0, -) part in (37). Under some further assumptions, we also show in the next
result that S is /-smooth with appropriate constants.

Lemma 2.25 If h;(x) is differentiable and convex on RY for every i = 1,2,...,m, then
S max(0, hi(x))? is differentiable and convex on RY. Furthermore, assume that on the
set B; := {x € R : hi(z) > 0}, hi(z) satisfies the following three properties for every
i=1,2,...,m: (i) hi(x) is continuously twice differentiable, (ii) the gradient of h;(x) is
bounded |[Vhi(z)|| < N;, (iii) the Hessian of h;(x) satisfies |hi(x)|V2hi(z) < P, i.e., the
large eigenvalue of the matriz |hi(z)|V2hi(z) is smaller than or equal to a non-negative
scalar P;. Then, 1" max(0, hi(x))? is {-smooth, where £ :=23"1", (N? + P;).

The 7, ball constraint arises in several applications that we will also discuss in the

numerical experiments section (Section 3). Next, we show that the conditions in Lemma 2.25
can be satisfied for £, ball constraints.

Corollary 2.26 If we choose C = {x : h(z) < 0} with h(z) = ||z|, — R for a given R >0
with p > 2, then max(0, h(z))? is {-smooth on R?, where { := (% + (d—1)) (p—1).

In the rest of this section, we will argue that our results can be extended to the penalty
function S(z) = Y7, max(0, h;(x))?, when h; satisfies certain growth conditions so that
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projections required by the distance-based penalty functions can be avoided. First of all,
by applying the same arguments as in Lemma 2.3, we can show that for any § > 0,

o b T max(0,h(2))* ~ (2) g

fcl @_f(m)d]; ’

D(x||s) < Jenc,

where
C = {a: eR?: Zz’:l max(0, h;(x))? < O} = {x € R : max)<j<m hi(x) < 0} .

Next, we provide an analog of Lemma 2.4 that upper bounds of the Lebesgue measure
of the set of all points that are outside C; yet in a small neighborhood of C;. Consider the
constraint map H : R? — R™ defined as H(z) := [h1(z), ha(z), ..., hm(z)]". We assume
that H is metrically subreqular everywhere on the boundary of the constrained set, i.e. we
assume there exists some constant K > 0 such that for any sufficiently small € > 0,

‘x eRAC Y "

=1

max (0, h;(z))? < e‘ < ‘x e RINC, : d¢, (z) < \/I?e‘ ;

(see, e.g., Ioffe (2016a,b) for more about metric subregularity and its consequences). For
instance, the last inequality is satisfied when the constraint set is the ¢; ball with radius
R which is a a polyhedral set that can be expressed in the form (62) with affine choices of
hi(x). Another example, would be the ¢, ball of radius R; i.e when C = {z : h(z) < 0} with
h(x) = max; hi(z) = ||z||,— R and p > 1. By applying the same arguments as in Lemma 2.4,
we conclude that there exists some constant K > 0 such that for any sufficiently small € > 0,

< ((1 + \/E/n)d - 1) |C1l,

where we assumed that C; contains an open ball of radius r; centered at 0. Furthermore,
Lemma 2.5, Lemma 2.6 and Theorem 2.7 still apply with minor modifications and it follows
that as 0 — 0, Wa(ms,m) < O <(6log(1/5))1/8>, which is an analogue of Theorem 2.7. We
can then obtain analogous results for PSGLD, and PSGULMC in Section 2.3. We can
then utilize the conclusions of previous sections to get the convergence rate and complexity
by using penalized Langevin and underdamped Langevin Monte Carlo algorithms in this
setting.

’x € RU\C; : Zm max(0, h;(x))* < e

=1

3. Numerical Experiments

3.1 Synthetic Experiment for Dirichlet Posterior

As a toy experiment, we consider our proposed PLD and PULMC algorithms for sampling
from a 3-dimensional Dirichlet posterior distribution. The Dirichlet distribution is com-
monly used in machine learning, especially in Latent Dirichlet allocation (LDA) problems;
see, e.g., Blei et al. (2003). The Dirichlet distribution of dimension K > 2 with parameters
ai,...,ax > 0 has a probability density function with respect to Lebesgue measure on
RE=1 given by:

K
1 L
f(xlv"wa;alv"-yaK):i x@% ) (38)
s 1l
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Figure 1: Wasserstein distance between the target distribution and our proposed methods.
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Figure 2: Density plots of the target distribution and samples obtained by PLD and
PULMC.

where {z;}2 | belongs to the standard K —1 simplex, i.e. Zfil zi=1and z; > 0 for all i €

{1,..., K}, and the normalizing constant B(«) in equation (38) is the multivariate alpha
K .
function, which can be expressed as B(a) = %, for any o := (aq,...,ax) € RIZ{O,

where I'(-) denotes the gamma function.

In our experiment, we set a = (1,2,2) and use uniform distribution on the simplex as
the prior distribution. For PLD, we set 6 = 0.005 and learning rate n = 0.0001, and 7 is
decreased by 25% every 1000 iterations. For PULMC, we set 6 = 0.01, v = 0.6, and we
take the learning rate n = 0.0012, where 7 is decreased by 10% every 200 iterations. We
obtain 1000 samples from the posterior distribution using our methods and calculate the
2-Wasserstein distance for each of the three (coordinates) dimensions with respect to the
true distribution based on 1000 runs. The results in Figure 1 illustrates the convergence
of our methods where we observe that the 2-Wasserstein distance decays to zero in each
dimension for both PLD and PULMC methods. In Figure 2, on the left panel we illustrate
the target distribution whereas in the middle and right panels, we illustrate the density
of the samples obtained by PLD and PULMC methods, based on 1000 samples. These
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Figure 3: Average number of iterations required for achieving a target accuracy ¢ (measured
in terms of the Wasserstein distance) for the Dirichlet sampling problem as ¢ is
varied for PLD (left panel) and PULMC (right panel).
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Figure 4: Dimension (d) dependency of PLD and PULMC on the Dirichlet distribution
sampling problem.

figures illustrate that PLD and PULMC can sample successfully from the true Dirichlet
distribution for this problem. In Figure 3, we also plot the (expected) average number of
iterations k required for achieving an accuracy ¢, i.e. for achieving Wa(L(zx), ) < € where
xy, are the iterates and 7 is the target Dirichlet distribution. In Figure 3, the x-axis is
the accuracy € whereas the y-axis is the number of iterations required. PULMC and PLD
performs similarly, especially when the accuracy required is not small. It may be that both
algorithms admit a better scaling in practice on this example with respect to £ than the
worst-case theoretical bounds we provide in Table 1. In Figure 4, we also vary the dimension
d while keeping the target accuracy e fixed. More specifically, we report the (estimated)
expected number of iterations needed to achieve the Wasserstein distance at most € = 0.25.
The parameter o = (a1, ag,. .., aq) of the Dirichlet distribution in dimension d is generated
randomly, where q; is set to a uniformly random integer from 1 to 5 independently for every
i =1,2,...,d. We tuned the parameters for both algorithms. In the PLD case, we use
9 = 0.0004,n = 0.0003/d. In the PULMC case, we use § = 0.001,7 = 0.0012/d,~v = 0.7. We
observe that the number of iterations required for PLD grows (approximately) linearly in
the dimension d, whereas for PULMC we have roughly a sublinear growth in the dimension.
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Figure 5: Prior and posterior distribution with 1-norm constraint in dimension 2.

The experimental results are more or less inline with our theoretical findings, where we prove
that for the TV distance, PULMC admits better (O(v/d)) guarantees compared to O(d)
guarantees of PLD.

3.2 Bayesian Constrained Linear Regression

We consider Bayesian constrained linear regression models in our next set of experiments.
Such models have many applications in data science and machine learning (Brosse et al.,
2017; Bubeck et al., 2018). For example, if the constraint set is an £,-ball around the origin,
for p = 1, we obtain the Bayesian Lasso regression, and for p = 2, we get the Bayesian
Ridge regression. We will consider both synthetic data and real-world data settings.

3.2.1 SYNTHETIC 2-DIMENSIONAL PROBLEM

In our first set of experiments, we will consider the case when p = 1, which corresponds
to the Bayesian Lasso regression (Hans, 2009). For better visualization, we start with a
synthetic 2-dimensional problem. We generate 10,000 data points (a;,y;) according to the
model:

5j NN(O,O.25), a; NN(O,I), Yj :w*Taj+5j, Ty = [1,1]T.

We take the constraint set to be
C=A{z:|z|: <1}.

The prior distribution is the uniform distribution, where the constraints are satisfied. This
is illustrated in Figure 5(a). The posterior distribution of this model is given by

N1y —aTa)?
(@) oc eXimt Tz W Ay,

where 1¢ is the indicator function for the constraint set C and n = 10,000 is the number
of data points. For this set of experiments, we take the batch size b = 50 and run PSGLD
with § = 0.001, the learning rate n = 10~° where we reduce 1 by 15% every 5000 iterations.
The total number of iterations is set to 50,000. For PSGULMC, we have a similar setting
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with § = 0.001, v = 0.1, and learning rate n = 0.0001, where we reduce n by 15% every
5000 iterations. The results are shown in Figure 5 where the point z, is marked with a red
asterisk. In Figure 5, we estimate the density of the samples obtained by both PSGLD and
PSGULMC methods based on 500 runs. We see that the densities obtained by PSGLD and
PSGULMC algorithms are compatible with the constraints, and they sample from a target
distribution that puts higher weights into regions closer to z, as expected (where without
any constraints x, would be the peak of the target).
We also consider an ellipsoidal constraint set

C .= {a? D —a) Qi —ar) < 131} ,
for the same posterior distribution
m(x) o eXg=1 ~awimeTa)? oy,

where Q7 € R?*2 is positive definite, a; € R? is a real vector and b; > 0 is a real scalar.
We take z, = [2,2]" and

_ - 1 0
ap = [LO]T? bl = 17 Ql = <O 2) .

If we use the squared distances S(z) = (minyec ||x — y||)? as a penalty, then this will neces-
sitate calculating projections to the ellipsoid constraint. However, we can avoid projections
by following the methodology described in Section 2.4. Namely, we take

S(z) = max (o, (z—a) Qi(z —a) — 61) .

The ellipsoid constraint set and a contour plot of the densities obtained by PSGLD and
PSGULMC algorithms are reported in Figure 6, where the lighter colors in the contour plots
(including the white and light blue colors) correspond to regions with a smaller estimated
density compared to darker blue regions. In these experiments, we tuned the parameters
for each algorithm: For PSGLD, we set § = 0.0001,n = 0.00005, the number of iterations
k = 20,000 and we reduce the stepsize n by 15% every 10,000 iterations. For PSGULMC,
we set § = 0.001,7 = 0.1,7 = 0.00001, the number of iterations k = 17,000 where the
stepsize n is reduced by 5% every 5,000 iterations. We see that the densities lie within
the constraints, and PSGLD and PSGULMC sample from a target distribution that puts
higher weights into regions closer to x, as expected.

We also considered another example where the aim is to sample from a Gaussian mixture

2 1
m(z) o S exp(=|lz = z1[*/2) + 3 exp(= [l — 2[*/2),

where 21 = [2,2]", 20 = [-2,—2]". We consider the non-convex constraint set C = C; N Ca
obtained by intersecting the ellipsoids

C;:= {:E : (xf&i)TQi(xf&i)fl_)l go}, fori=1,2.
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Figure 6: The density plot of the posterior distribution with ellipsoid constraints.

We take

=107 a=0 =00 b= Q=(g ). @=(; ),
and consider the penalty

S(x) = max <0, (x — dl)TQl(x —ay) — 51> + max <0, (x — &Q)TQQ(x — dg) — 52) .

For both PLD and PULMC, we take 10,000 iterations. The results are given in Figure 7
where we densities of the distributions that are outputs of PLD and PULMC algorithms are
given as a contour plot and where the constraint set C is the intersection of the two ellipsoids
displayed in the figure. We can see that the output distributions obtained PLD and PULMC
are within both of the constraints, and the peaks of the two Gaussian distributions that are
part of the mixture can be clearly observed in the figures.

3.2.2 DIABETES DATASET EXPERIMENT

Besides the synthetic dataset, we consider the Bayesian constrained linear regression on the
Diabetes dataset.” Similar to Brosse et al. (2017), we take the constraint set to be

C={z:llzlr < sllzowsli},

where s is the shrinkage factor and xorg is the solution to the ordinary least squares problem
without any constraints. The posterior distribution of this model is given by

n 1y _2Ta)?
ﬂ(x)ocezjil P P

where 1¢ is the indicator function for the constraint set C, and (a;,v;),7 = 1,2,...n are the
data points in the Diabetes dataset. We experiment with different choices of s ranging from

7. This dataset is available online at https://archive.ics.uci.edu/ml/datasets/diabetes.
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Figure 7: The contour plot of the density for a Gaussian mixture with ellipsoid constraints.

0 to 1. For penalized SGLD, we set 7 = s||zoLs|| X 1075, b = 50, and § = 0.05, for penalized
SGULMC, we set n = s|lzoLs|| x 107°,b = 50,6 = 0.05, and v = 0.6. We take the prior
distribution to be the uniform distribution on C. We run our algorithms 100 times, and for

the ¢-th run, we let ng) denote the k-th iterate of the /-th run of our algorithms. First, we

compute the mean squared error MSESf) =1 >y — (:L‘,(f))Taj)Q corresponding to the k-
th iterate of the /-th run. In Figure 8(a) and 8(b), we report the average of the mean squared
error values of each iteration, averaged over 100 runs, i.e. we plot MSE := ﬁ Z}i"l MSE,(f)
over the iterations k. The results of averaged MSE over 100 samples are shown in Figure 8(a)
and 8(b). We can observe from these figures that with s increasing from 0 to 1, the average
mean squared error will decrease to the mean squared error of zors for p = 1 as expected.
As the number of iterations increases, the error of iterates decreases to a steady state. To
illustrate that the final iterates of both algorithms are still lying in the constraint set C, we
plot the maximum values of ||Z1ast|/1/||zoLs||1 calculated among 100 samples in Figure 8(c),
where x),5 is the last iterates of each sample from both algorithms, against the shrinkage
factor s. The results from PSGLD and PSGULMC are shown as the blue and orange lines
in the figure, where we plot the equation ||xj.stll1/]|zoLs|lt = s as a dashed black line.
We can observe that ||2jast|/1/]|zorns||1 is always smaller than s for various s values. We
illustrates that the final iterates for both PSGLD and PSGULMC stay in the constrained
set C as expected. In Figure 9, we also plotted the (expected) average number of iterations
required for achieving a target MSE value, as the target value is varied for both PSGLD and
PSGULMC algorithms. Here, the dimension d is fixed and is determined by the Diabetes
dataset. Although we do not provide theoretical guarantees for the MSE, comparing both
algorithms in practice, PSGLD admits slightly better accuracy (measured in terms of MSE)
on this example for the same number of iterations.

3.3 Bayesian Constrained Deep Learning

Non-Bayesian formulation of deep learning is based on minimizing the so-called empirical
risk f = % >y fi(x, z;) where f; is the loss function corresponding to the i-the data point
based on the dataset z = (21, 22,...,2,) and has a particular structure as a composition
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Figure 8: Penalized SGLD and Penalized SGULMC results for Diabetes dataset with 1-
norm ball constraints in dimension 2.
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Figure 9: Target MSE vs. average number of iterations needed to reach the target for the
Diabetes dataset.

of non-linear but smooth functions when smooth activation functions (such as the sigmoid
function or the ELU function) are used (Clevert et al., 2016). Furthermore, here z denotes
the weights of the neural network and is a concatenation of vectors z = [:v(l), 2@z )]
(Hu et al., 2020) where () are the (vectorized) weights of the i-th layer for i = 1,2,...,1
and I is the number of layers. We refer the reader to Deisenroth et al. (2020) for the details.

Constraining the weights = to lie on a compact set has been proposed in the deep
learning practice for regularization purposes (Goodfellow et al., 2016). From the Bayesian
sampling perspective, instead of minimizing the empirical risk function, we are interested
in sampling from the posterior distribution 7(z) o e~/ (see, e.g., Giirbiizbalaban et al.
(2021) for a similar approach) subject to constraints. We first consider the unconstrained

setting where we run SGLD for 400 epochs and draw 20 samples from the posterior. We
(1) (2) ()
x

) . e . denote the average of the samples, which is an
optimal’ ““optimal’ » “optimal ’

let Zoptimal = |:«T x

approximation to the solution of the unconstrained minimization problem. We consider the
constraints ||z ||, < sHa:(()gtimalﬂp for the i-th layer in the network with p = 1. Since ¢;-norm
promotes sparsity (Hastie et al., 2009), by adding these layer-wise constraints, we expect
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to get a sparser model compared to the original model. Sparser models can be preferable
as they would be more memory efficient, if they have similar prediction power (Srivastava
et al., 2014).

Note that f will be smooth on the constraint set if smooth activation functions are used
in which case our theory will apply. In our experiments, we use a four-layer fully connected
network with hidden layer width d = 400 on the MNIST dataset.® The results are shown in
Table 2 and Table 3, where the results are based on the average of 20 independent samples.
We set the stepsize n = 1077 for PSGLD and SGLD methods, and we decay 7 by 10%
every 100 epochs. We set penalty term 6 = 0.1 and report results after 350 epochs. For
PSGULMC and SGULMC methods, we set v = 0.1 and the stepsize n = 5 x 10~%, which
decreases 10% every 100 epochs. We set penalty term § = 100 and report results after 400
epochs. For both PSGLD and PSGULMC, we use the batch size b = 128. In Table 2 we
report the accuracy of the prediction in the training and test datasets, where we compared
SGLD (without any constraints) to PSGLD algorithms with constraints defined by s = 0.9
and s = 0.8. We also report the maximum values of § among 20 samples, where § is defined

~ T
as & e ol

T ||Ioptima1H1
algorithms for 400 epochs. We can see from the results that for different s values, the value

of § is always smaller than s, which indicates that the parameters of our algorithms satisfy
the constraints. Table 3 reports similar results for PSGULMC. Basically, by enforcing ¢;
constraints, we can make the models sparser with a smaller ¢; constraint at the cost of a
relatively small decrease in training and test accuracy.

and z are the parameters from the last iteration, after running the

training  testing P TR

accuracy accuracy ||Toptimail|,
SGLD 90.60% 89.95% 1
PSGLD (s=0.9)  89.37% 88.89% 0.8954
PSGLD (s=0.8)  87.35% 87.80% 0.7999

Table 2: Training and testing accuracy of fully-connected network with different constraints
using PSGLD based on 20 samples.

training  testing . TR

accuracy accuracy = | Zoptima |,
SGULMC 89.88% 90.22% 1
PSGULMC (s=0.9) 89.72% 89.49% 0.8918
PSGULMC (s=0.8)  87.28%  87.80% 0.7931

Table 3: Training and testing accuracy of fully-connected network with different constraints
using PSGULMC based on 20 samples.

8. This dataset is available online at http://yann.lecun.com/exdb/mnist/.
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4. Conclusion

In this paper, we considered the problem of constrained sampling where the goal is to
sample from a target distribution m(x) o e~/(*) when z is constrained to lie on a convex
body C. We proposed and studied penalty-based overdamped Langevin and underdamped
Langevin Monte Carlo (ULMC) methods. We considered targets where f is smooth and
strongly convex as well as the more general case where f can be non-convex. In both cases,
under some assumptions, we characterized the number of iterations and samples required to
sample the target up to an e-error while the error is measured in terms of the 2-Wasserstein
or the total variation distance. Our methods improve upon the dimension dependency
of the existing approaches in a number of settings and to our knowledge provides the first
convergence results for ULMC-based methods for non-convex f in the context of constrained
sampling. Our methods can also handle unbiased stochastic noise on the gradients that arise
in machine learning applications. Finally, we illustrated the efficiency of our methods on
the Bayesian Lasso linear regression and Bayesian deep learning problems.
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Appendix A. Notations

A function f : R — R is said to be u-strongly convex if there exists u > 0 such that for
any x,y € Rd,

f@)—fly)—g'(x—y) > %Hw —yll>,  forall g€ df(y),

where 0f denotes the subdifferential. If f is differentiable at y, then 9f(y) = {V f(y)} is a
singleton set. If the latter inequality holds for p = 0, we say f is merely convex (see e.g.
Nesterov (2013)).

The function f : R? — R is L-smooth if for any z,y € R%, the gradients Vf(z), Vf(y)
exist and satisfy |V f(x) =V f(y)|| < L||lx—yl. If f is both p-strongly convex and L-smooth,
it holds that (see e.g. Bubeck (2015)):

L
%Hw —yl* < f@) = @) =V (@ —y) < Sllz—yll’,  forany 2,y € RY

We say that a function f : R? — R is (m, b)-dissipative if for some m,b > 0, (Vf(x),z) >
m||z||?> — b, for any = € R%

For any z,y € R, x V y denotes max(z,y) and = A y denotes min(z,y). For any
r = (v1,...,74) € R? its f,-norm (also referred to as p-norm) is denoted by ||z||, :=

1/p
(Zle \xi|p> . For any measurable set A C R?, we use | 4| to denote the Lebesgue mea-

sure of A. For a set A, the indicator function 14(y) = 1 for y € A and 14(y) = 0 otherwise.
We denote R>( the set of non-negative real scalars.

A subset C of R? is called a hypersurface of class C¥, if for every xy € C there is an
open set V C R? containing x( and a real-valued function ¢ € C*(V) such that V¢ is non-
vanishing on SNV = {z € V : ¢(z) = 0}, where C¥(V) is the set of functions defined on V'
with k& continuous derivatives. We denote Dn(¢) and D?n(€) as the first and second-order
derivatives of unit normal vector n in the sense of Leobacher and Steinicke (2021).

Next, we introduce three standard notions often used to quantify the distances between
two probability measures. For a survey on distances between two probability measures, we
refer to Gibbs and Su (2002).

Wasserstein metric. For any p > 1, define Pp(Rd) as the space consisting of all the
Borel probability measures v on R? with the finite p-th moment (based on the Euclidean
norm). For any two Borel probability measures vy,vy € Pp(Rd), we define the standard
p-Wasserstein metric (Villani, 2009): Wy (v1,1v2) = (infE[||Z; — Z||P))*? | where the in-
fimum is taken over all joint distributions of the random variables 71, Z5 with marginal
distributions vy, vs.

Kullback-Leibler (KL) divergence. KL divergence, also known as relative entropy,
between two probability measures p and v on R¢, where p is absolutely continuous with

respect to v, is defined as: D(pul|v) := [ga % log (%) dv.

Total variation distance. The total variation (TV) distance between two probability
measures P and @) on a sigma-algebra F is defined as sup 47 |P(A) — Q(A)].
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Appendix B. Weighted Csiszar-Kullback-Pinsker Inequality

The KL divergence can bound the Wasserstein distances on R? under some technical con-
ditions, known as the weighted Csiszar-Kullback-Pinsker (W-CKP) inequality.

Lemma B.1 (page 337 in Bolley and Villani (2005)) For any two probability mea-
sures pu and v on R, we have

Walp,v) < C <D(MHV)5 + (DU;M)) |

1
where C' := 2infzega g0 <é (% +log [pa G&Hx_iHQdu(aU))) *, provided that there exists some
& >0 and & € R? such that [5q etllz=21 g (z) < oo.

Appendix C. Technical Lemmas

In this section, we provide some technical lemmas that are used in the proofs of the main
results. The proofs of these technical lemmas will be provided in Appendix D.

Lemma C.1 If Assumption 2.2 holds, then the penalty function S(x) = (8¢ (x))? is contin-
uously differentiable, £-smooth with { = 4 and (mg, bs)-dissipative with mg = 1,bg = R? /4,
i.e. {x,VS(x)) > mg|z||? - bs, for any x € R

Lemma C.2 If Assumption 2.9 and Assumption 2.2 hold, then f + %S 1s Ls-smooth, with
Ls:=L+ % and moreover f + %S is (msg, bs)-dissipative with

o 1 mg 1 2, bs
my= Lo+ 50, b= LSO+, (39)

provided that § < mg/(L + %), where mg, bg are defined in Lemma C.1.

Lemma C.3 Under Assumption 2.9 and Assumption 2.2, then f —1—% is lower bounded for

S(z) = (6c(x))?, i.e. there exists a real non-negative scalar M such that f(x)+ % >-M

for any x € R, where we can take

M = —f(0) + 5 IVFO)IP + 25 log 3, (40)

provided that § < % where mg, bg are defined in Lemma C.1.

Lemma C.4 If Assumption 2.9 and Assumption 2.2 hold, then the conditions in Theo-
rem 2.7 are satisfied with & = "¢ and & = 0, where mgs is defined in (39).

Lemma C.5 If Assumptions 2.18 and 2.2 hold, then the assumptions in Theorem 2.7 are

satisfied with & = § and & = x., where x, is the unique minimizer of f.

Appendix D. Technical Proofs

In this section, we provide technical proofs of the main results in our paper.
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Proof of Lemma 2.3

Note that 7 is supported on C whereas 5 is supported on R, and 7 is absolutely continuous
with respect to m5. We can compute that the KL divergence between 7 and 7s is given by

D(r||ms)
—f()—3S() —f(z)
m(z) Lo Jpe e W5 Wy e
=/ 1 dr = [ 1 dr (41
/Rd o8 (Wa(:ﬁ)) (@) /c o8 (6‘5 Letwdy | e tway™ Y
—fW)-550W) g —f(x)
:/log Jpa € - dz, (42)
c fC e_f(y)dy fC e_f(y)dy
—F)-1SW) g
~log (e M) (43)
fC e—f(y)dy

where we used the definition of 7 and 75 to obtain (41) and the fact that S(z) = 0 for any
x € C to obtain (42). We can further compute from (43) that

Jo e~ fW=35W) gy 1 Jene e~ fW=35W) gy

Dixlma) = log e Twdy
C

fmd\c e~ W=550) gy fRd\C e~ 3501 W) gy
fC e*f(y)dy - fC e*f(y)dy ’

=log | 1+ (44)

where we used the fact that S(y) = 0 for any y € C to obtain the equality in (44) and
log(1 4+ ) < z for any x > 0 to obtain the inequality in (44). This completes the proof. [J

Proof of Lemma 2.4

By the definitions of S(y) and g, we have

’y cRNC: S(y) < e

- ’yERd\Czéc(y) <4,

with § := g~1(e), where g~! denotes the inverse function of g which exists due to the
assumptions on g. Translate C so that the largest ball it contains is centered at 0. The
set (1 + %) C=C+ gC contains the d-neighborhood of C since gC contains a ball of radius
§. The volume of (1 + g) C is (1 + /)% C|, where we used the fact that for any Lebesgue
measurable set A in R? the dilation of A by A > 0 defined as AA is also Lebesgue measurable
with the Lebesgue measure A?|A|. Therefore, the volume of the set of all points that do not
belong to C but lie within distance at most 4 from it has volume at most ((1 + g)d - 1) IC].
The proof is complete.
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Proof of Lemma 2.5

First, we recall from Lemma 2.3 that the KL divergence between 7 and ms is bounded by:

—3+5(W)-f )
3 d
D(rl||ms) < Jare e !

. It is easy to compute that for any 6 > 0,

fC e—f(y)dy
/ e~ 1SW=1w) gy,
RI\C
_ / ¢~ HSW)1w) gy 4 / e~ E5W)=1w) gy,
yeRIC:S(y)<0 yeRINC:S(y)>0

< ’y e Rd\C :S(y) < 0‘ o 0fyerdyc.s(y)<o F(V) + e / e_%s(y)_f(y)dy, (45)
RA\C

where we used S(y) > 0 for any y € R? to obtain the inequality (45).
By taking 6 = adlog(1/d) with & > 0 in (45), and by applying Lemma 2.4, we have

/ e~ 35@—1w) g
RA\C

< ’y c Rd\C :S(y) < ad log(l/&)‘ e*infyeRd\c:S(y)g&a1og(1/a) f(y) + 5&/ e—%s(y)—f(y)dy

RI\C
1/~ d )
((1 + g (a6 lOg(l/(S))) o 1> ‘C‘B_ lnfyeJRd\C:S(y)gaélog(l/é) f(y)
T
P / 351w gy
RI\C

—1/~ d d/2 )
(1 4 9 (a5 log(l/é))) -1 LRde_ 1nfy€]Rd\C:S(y)§&6log(l/é) )
r r¢+1)

Py / AW gy
RA\C

where we used the fact that C is contained in an Euclidean ball with radius R (Assump-

tion 2.2) so that |C| is less than or equal to the volume of a Euclidean ball with radius R
Tl'd/2

r(g+1)

IN

IN

which is

R? where T denotes the gamma function. The proof is complete. O

Proof of Lemma 2.6

Since C is convex, for every € R? there exists a unique point of C nearest to . Then
the fact that S(z) = (d¢(x))? is convex, f-smooth and continuously differentiable with a
gradient VS(z) = 2(z — P¢(x)) is a direct consequence of Federer (1959, Theorem 4.8). To
show that S(z) is convex, consider two points 21 and 2o € R?, and their projections ¢; and
¢ to the set C. By the convexity of the set C, we have ¢ := (01;702) € C and by the definition

of S, we obtain
2 _ _ 2
g 1+ T2 < X1 + X2 | H(xl 01)+(.1‘2 CQ)H
2 4
< 2”:131 — 61”2 + 2”$2 — CQH2 _ S(l‘l) + S(l‘g)
— 4 2 )
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where we used the inequality |la + b||* < 2||a||? + 2||b||* for any two vectors a,b in the last
inequality. Finally, note that by the triangle inequality,

IVS(y) = VS(@)| < 2lly — || + 2[[Pe(y) — Pe(x)]| < 4lly — =],

where we used the non-expansiveness of the projection step. Therefore, we can take the
smoothness constant of S(z) to be £ = 4. This completes the proof. O

Proof of Theorem 2.7
By weighted Csiszar-Kullback-Pinsker (W-CKP) inequality (see Lemma B.1), we have

Wh(m,ms) < C (D(ﬂm)% + (D(g””)) ) : (46)

ol

where € := 2infgeprd a0 (i (% + log [ga 6‘5‘”""”*‘%”2d7r5(x)>> < 00, provided that there ex-
ists some & > 0 and & € R? so that fRd eé‘”I*’Acszm(x) < o0. Furthermore, we can compute
the following:

oo € H PO oy el IO

21 g -
/Rd o Jga e~ f@)- 22 dx fc e~ /@)dx

< 00,

provided that fRd eé‘”x_iuze_f(w)_¥d$ < oo which is increasing in § and hence uniformly
bounded as & — 0.

We now take g(x) = 22 in Lemma 2.5 with S(z) = (d¢(x))? so that by Lemma 2.6, we
have that S is convex, f-smooth and continuously differentiable. Moreover, since S(z) =
(6c())? and f is continuous and the set {y € R?: S(y) < @dlog(1/8)} is compact and we
have that in equation (5) in Lemma 2.5,

nf > nf _ . > —o0,
yERd\C:S(gnglgéﬁ log(1/6) f(y) B yeRd:S(y)lgc% log(1/6) f(y) yeRd:S(yr)ngchilé log(1/96) f( ) o

and it is uniform in § as § — 0 and hence by applying Lemma 2.5 we obtain
Dirlns) < O ((610g(1/5))'"?) (47)

Finally, we get the desired result by plugging (47) into W-CKP inequality (46). The proof
is complete. O

Proof of Lemma 2.10

Recall that we have the representation C = {z : h(z) < 0} given in (12) where h(z) =
maxi<j<m hi(z) for some m > 1 with h; : R? — R being convex for i = 1,2,...,m.
Furthermore, h(0) < 0 as we assumed in Assumption 2.2 that 0 € C. We first define the
function p,, : R* — R>o,

pm(z) :=inf{t > 0: h;(xz/t) <0 for every i = 1,2,...,m}.
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By the convexity of h;, it is easy to check that p,, is subadditive satisfying pp,(z + y) <

m () + pm(y) for every x and y, and it is homogeneous with py,(sx) = spp(z) for any x
and scalar s > 0. Therefore, p,, is convex and consequently locally Lipschitz continuous
(Roberts and Varberg, 1974) and Lipschitz continuous on compact sets. The function h(z)
is also convex; hence, there exists a positive constant B such that ||y|| < B for any y € dh(x)
and z € C. We note that there exist some constants cx,Ck > 0 such that

cxpm(z) < ||z]| < Crpm(z), for any = € RY,

where ||z is the Euclidean norm of # € R%. To show this, let bd(C) denote the boundary
of C and let

cx = min{||z| : € bd(C)} and Ck := max{||z| : x € bd(C)}.

Note that p,,(z) = 1 for € bd(C) and furthermore p,, is homogeneous. For any z, there
exists ¢ > 0 such that tz € bd(C). Moreover, cx < |[tz|| < Ck and py,(tz) = 1. Therefore,
pm(x) =1/t and cx/t < ||z|| < Ck/t. Hence, we showed that

ckPm(7) < pm(tz) < Crpm(T).

Next, we can compute that
[ =S lall? < h(2) < 0| = [o: 1= Slzl* < pml) < 1]

For any z such that p,,(z) < 1, we have ||z| < Ck. Thus, for any x such that py,(z) >
1 — §||lz[|* and pm(z) < 1, we have pp,(z) > 1 — $C%, which implies that

‘x 1 %quz < p() < 1‘ < ‘x 1 %cg( < p() < 1(,

provided that o < 2/C%. Furthermore, by the definition of the functional p,,(x), we have
pm(z) < 1if and only if x € C. Therefore,

)$:1—%C§<§pm(a@)§1‘:]:U:pm(x)§1|—‘:U:pm(x)§1—%cg(‘
el— (1— %2\’
=] (1 20K> cl.
On the other hand,

25 h(a)+ Sl < 0| = |o el < 1]

v

@2 (@) + 5 Chllalf < 1]

Vv

265|268

provided that o < 2/C%. Hence, we conclude that
a d
ee] _ 1= (1= 5Ck)
a - a d
c?] (1-2C%)

as a — 0. Therefore, the inequality (14) is satisfied, and the proof is complete. ]

< O(«),
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Proof of Proposition 2.11

Before we proceed to the proof of Proposition 2.11, we first state a few technical lemmas
whose proofs will be provided at the end of the Appendix. The next technical lemma states
that the penalty function S%(z) is strongly-convex outside a compact domain for o« > 0
if the boundary function h(z) is strongly convex, or for o > 0 when h is merely convex.
Before we proceed, let us recall that since the function h(z) is also convex, there exists a
positive constant B such that ||y|| < B for any y € 0h(z) and = € C.

Lemma D.1 Consider the constrained set C* that is defined in (13) for « > 0. Let 3 be
the strong convexity constant of h with the convention that 8 = 0 if h is merely convex. If

a+ > 0, then the penalty function S“(x) is strongly conver with constant %

the set R\U(C®, p), where U(C®, p) is the open p-neighborhood of C* i.e. U(C%,p) := {x :
dist(z,C*) < p}.

on

We have the following corollary as an immediate consequence of Lemma D.1.

Corollary D.2 Under Assumption 2.9 and the assumptions of Lemma D.1, f + S(S—a 18 s~

2(a+B)p L

strongly convex outside an Fuclidean ball with radius R + p, where us := Bt

provided that § < %'

When f+ 5%/¢ is strongly convex outside a compact domain, one can leverage the non-
asymptotic guarantees in Ma et al. (2019b) for Langevin dynamics to obtain the following
performance guarantees for the penalized Langevin dynamics. Before we proceed, we intro-
duce the following technical lemma, which states that f + %x is close to a strongly-convex
function.

Lemma D.3 Under the assumptions in Corollary D.2, for any given m > 0, there exists a
C' function U such that U is sy-strongly convex on R¢ with

s, (v (160 557) ) = o, (v~ (10 + 5

m+ L (m+L)2)
+ )
2 s

< Ry :=2(R + p)* (

where so := min(m, us/2).

Finally, we can proceed to the proof of Proposition 2.11. We first consider the case that
C ={z: h(z) < 0}, where h is S-strongly convex.
First of all, by running the penalized Langevin dynamics (11), we have

TV(vi,n) < TV(vg,ms) + TV(ms, 7),

where TV standards for the total variation distance. We recall from (47) that in KL
divergence: D(7|ms) < O ((5log(1/5))1/2). By Pinsker’s inequality, we have

TV(ms,m) </ 3 Dls) < O ((3los(1/5) 1)
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Therefore, TV (75, 7) < O(e) provided that § = &*.
By Lemma C.2, f 4+ S/d is Ls-smooth with Ls := L + £. Note that in Lemma D.3, we
showed that there exists a C'! function U that is so-strongly convex and satisfies

sup (0) - 1) - 20) - e (Vo) - 0 - ) <

zeRd zeR?

By Proposition 2 in Ma et al. (2019b), 75 satisfies a log-Sobolev inequality with constant
px > soe T, Moreover, with § = ¢, we recall from Lemma C.2 that so = min(m, pug5/2) and

Ry :=2(R + p)? (m+L + m:%) so that ps = 5(B+ﬁp) —L=9( 4) and thus sg = ©(1),

Ry = ©(1). By the proof of Theorem 1 in Ma et al. (2019b), TV (vg, ms) < O(e) provided

that
2 10 2
Px € € ~( 1 ~ ( Lsd ~( d
n=0 (Lg d) (@) ( y > , and K=0 <,0*77> (0] <p§€2 @) 10

This completes the proof when h is S-strongly convex.
Indeed, we can see that the leading-order term for K we derived above does not depend
on 3. However, we can also spell out the dependence on § through the second-order term

as follows. Notice that, by taking into account 3, we have ps = © (E%) and thus sy = O(1)
and Ry =0(1) +© (%) Then, we have TV (v, 75) < O(e) provided that

2 2
P« € ~ (1 ~ ( Lsd ~ d d
= _— K = = =
=0 <L§ d> o and © <p*n> o (pif:“? © +0 Beb

where we ignored the dependence on the other constants B, m, L, p when we consider the
second-order dependence on f3.
Next, we consider the case when h is merely convex so that

a
h(@) = h(a) + 2
is a-strongly convex. By the previous discussions, TV (v, 7§) < O(e) provided that

g2 - (1 - (L3d
e O(L2d>’ and K_O<pm>_0<pi62>’

where we can take p, = spe 0. Next, we can compute that

D(x®|7) = /R log <7;Q(E:))>7ro‘(x)dm: / log ( fi aeeff"” dz) fcaeef;x) e

B O L W OO v
& fca e~ f@dg & fca e~ f@dg
e da Jleves

< supgec f(#)—infzec f(z
= Jew e T@dr = co]
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where sup,cc f(x) — infzee f(x) is finite since C is compact. We recall from Lemma 2.10

IC\C]
that o]

< O(a), as a — 0. Finally, by Pinsker’s inequality,

TV(r®, 7) < %D(WO‘HW) < 0(Wa),

as a — 0. Therefore TV (7, ) < O(e) provided that a = 2. We recall from Lemma C.2
. 2

that sg = min(m, us/2), and Ry = 2(R + p)? (mTJrL + %), so that pus = 6(%@@ _~L =

S) (a%) with the choice of a = €% and 6§ = ¢*. Hence, we conclude that TV (v, 7) < O(e)

provided that § = €%, a = £? and

2 10 2
P« € £ ~ 1) ~<L5d) ~(d)
=0|=—=]=0|l—), and K=0 =0 =0(—].
! <L§ d) ( d ) (pm ple? gll

This completes the proof. O

Proof of Lemma 2.13

Since C is a convex set, every point in R? has an unique projection on C, which leads to
reach(C) = oo, where

reach(C) := sup {C € [0,00] : every point in C¢ has unique projection on C} )

with C¢ = {z € R? : inf{||lz — £|| : £ € C} < ¢}. According to Corollary 4 in Leobacher
and Steinicke (2021), we can get that D?P¢ is bounded on R?, where P¢ is the projection
operator on C. Then there exists some constant Mp > 0 such that |[D?*Pc||p < Mp,
where || - || is the Frobenius norm. Moreover, we can compute that S(z) = (x — Pe(x))?,
VS(x) = 2(x — Pe(z)) and V2S(z) = 2(I — DPc(x)). Note that for z,y € RY,

[V2S(2) = V2S )| o = 21 DPe(@) — DPe(y)llp < 2Mp|lx — yll.

The proof is complete. ]

Proof of Corollary 2.14

The result follows from Lemma 2.13 immediately. g

Proof of Proposition 2.15

We first consider the case that C = {z : h(z) < 0}, where h(z) is S-strongly convex. First
of all, by running the penalized underdamped Langevin Monte Carlo (19)-(20), in total
variation distance (TV), we have

TV(vi,n) < TV(vg, ws) + TV(ms, 7).

We recall from (47) that the KL divergence between m and 75 can be bounded as: D(rw||75) <
O <(5log(1/5))1/2). By Pinsker’s inequality, we have

TV(ms,m) </ 3 Dls) < O ((3los(1/5)1).
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Therefore, TV (75, 7) < O(e) provided that § = £*. Moreover, by Corollary D.2, f + S/¢ is

us strongly convex outside an Euclidean ball with radius R+ p with ps := % — L and

by Lemma C.2, f 4+ S/ is Ls-smooth with Ls := L + g By Theorem 1 in Ma et al. (2021)
and Pinsker’s inequality, we have

1 ~
TV(I/K,T('(;) g §D(VKH7T5) S 0(6),

3/2
K = O | max L5 Ms ﬁ
2 e )

where fi,, = min {p,, 1}, where p, is the log-Sobolev constant for 75. Note that in Lemma D.3,
we showed that there exists a C'! function U that is sg-strongly convex and satisfies:

sup () = f0) - *) = it (v0) -~ f0) - 5 < 1o

zeRd zeR4

provided that

Therefore, by Holley-Stroock perturbation principle (see Holley et al. (1987)), the log-
Sobolev constant for w5 can be lower bounded as p. > spe o where we recall from

Lemma C.2 that sy = min(m, us/2) and Ry := 2(R + p)? <mT+L + (m:if)z), so that we

can take fi, = min {soe_RO,l}. Finally, we notice that Ly = L +§ = (’)(5%1) and
Ms = My + % =0 (E%) with the choice § = ¢*. Moreover, us = % —-L=0 (54)
so that sp = O(1) and Ry = O(1) and thus g, = O(1). Hence, we conclude that
TV(vk,m) < O(e) provided that K = O (g)

Indeed, we can see that the leading-order term for K we derived above does not depend

on 3. However, we can also spell out the dependence on § through the second-order term

as follows. Notice that, by taking into account 3, we have ps = © (E%) and thus sy = (1)

and Ry =0©(1)+0© (%) Then, we have TV (v, ms) < O(e) provided that K = O (g) +

O (5—@), where we ignored the dependence on the other constants B, m,L,p when we

consider the second-order dependence on S.
Next, we consider the case when h is merely convex so that

a
he(x) = @) + 5l
is a-strongly convex and consider the constraint set
a o 2
co = {a: ha) + Sl < o}.
In the previous discussions, we showed that TV(vg,n¢) < O(e) provided that K =

5 3/2
@) (max{LEQ ,]Kj} ‘@), where we can take fi, = min{soe_RO’l}. By following the

proof of Proposition 2.11, we have TV (7%, 7) < O(e) provided that a = 2. We recall

from Lemma C.2 that sy = min(m, us/2) and Ry = 2(R + p)? <mT+L + (m+L)2), so that

6
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ts = % —L =06 (8%) with the choice of @ = € and § = £* so that sy =
and Ry = O(1) and fi. = ©O(1). Finally, we notice that Ls = L —{—§ = 0(%) and
Ms = Mf—i—% =0 (8%) with the choice § = *. Hence, we conclude that TV (vg, 7) < @(5)

provided that § =& and a =2 and K = O <§> This completes the proof. O

m

Proof of Lemma 2.19

Since f is strongly convex, it admits a unique minimizer, say . . If z, y € C, then for any
x¢C, S(x)>0and

F@)+ 3D s g,y + SO0 g,y

o 1)
which implies the minimizer of f + % must lie within C and hence the conclusion follows.
If 2.5 ¢ C, then S(z.f) = (6c(z4¢))? > 0. Then, for any = such that S(z) > S(z. ), we

have
S(x)

S (s
1)+ 2 s pa 4 2ED s ),

which implies that any minimizer x, of f +% must satisfy S(z.) < S(z4 f) so that d¢(zs) <
dc(x4,f). Since C is contained in a Euclidean ball centered at 0 with radius R > 0, we
conclude that ||| < R+ d¢(x+ ¢), which is independent of §. This completes the proof. [

Proof of Proposition 2.21

First of all, we notice that with S(z) = (J¢(x))?, by Lemma 2.6, S is convex, f-smooth
(with ¢ = 4) and continuously differentiable.

We will first show that we can uniformly bound the variance of the gradient noise. Let
, be the unique minimizer of f(z) + $S(x) (the minimizer is unique since f(z) + §S(x)
is strongly convex by Assumption 2.18 and Lemma 2.6). By Lemma 2.19, ||z.]]| < (1 +¢)R
for some ¢, R > 0. This implies that for any % <1,

Ellzpsr — 2.

=K

S (WH§vs<xk>>"2+n2E\\vf<xk> Vi) + B || Vg

1 1 2
<E|x — 90*||2 —2nE <:Ck. —x, Vf(zr) + 5VS(9:k)> + 772E HVf(xk) + EVS(xk)

+20%0® (L?E||lzk | + |V £(0)[|?) + 2nd

L 1
< Bljae = ool =20 (1= 22V B (i — 02, V(o) + $VS(0)

+20°0” (L?E||z|* + [V £(0)[1*) + 2nd
< (1= 2npu + 1’ uLs)E |ax — z.l” + 20°0” (L°E|lzk|® + | VF(0)[I?) + 2nd
< (1= 2np+n*uLs)E |z), — 2.

+20%0% (2L7E||lzg — 2. + 2L (1 + ¢)2R? + |V £(0) 1) + 2nd,
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where we used % < 1, and the fact that f + lS is p-strongly convex and Lg-smooth.

Hence, for any n < s and 128 < 1, we get

WLy 1107 TR
Ellah — 2> < (1 - npE [z — 2.l + 20P0% (L1 + 2B + |V F(0)]%) + 20d,
which implies that
Ellzg]|* < 2E[|lzg — 2.]* + 2(1 + ¢)*R?

4 2

< % (2L2(1 + ¢)2R? + |V £(0)]?) + ; 4 o1 + 2R
Hence, we conclude that

r 2 2 2 2 2 2

E|[Vi(e) = Vi @o)| < 20% (LElanl? + IVF(0)?) < obd. (48)
where
8no?L? 8L? 4L%(1 2R 2 0)[/?

ol = o? <”Zd (2L2(1+c)2R2—|—\|Vf(0)||2)+7+ ( ;C) + Hv";( )l )

(49)

Let v be the distribution of the K-th iterate of the penalized stochastic gradient
Langevin dynamics given by (23). By applying Theorem 4 in Dalalyan and Karagulyan
(2019), under the assumption that f(z) + }S(z) is p-strongly convex and Ls-smooth and
the variance of the gradient noise is uniformly bounded (i.e., (48)) and the stepsize satisfies

n < m and 7 < min (m, L%) (so that (48) holds), we have

5L5 \/} \/ nd
1. 65L5 +ovyi

where oy is defined in (49), so that together with Theorem 2.7 we have

Wa(vie, m5) < (1 — ) Wa(vg, m5) +

1.65Ls o2\/nd 1
< (1—pum)¥ Vv v log(1/6))"/8) .
Walvic, ) < (L) Walon, ms) + == =0 o gm0 ((010g(1/9) )

Moreover, we can compute that

Wa(o,75) < (Extny | X12)"% + (Excms | X [12) 7

and by the definition of =g,

S ll|?e < Juallzl®e”

2 _
B [ X7 = ff(x)*sfsﬂdx B fcef Vda

) (50)

Rd €
where the upper bound in (50) is finite and independent of ¢ since f is p-strongly convex.

By taking 6 = €%, n = e and K =0 <(§f87:3€)), we get

AL+07
) o2 \/d
~ oi/nde ~ - [ o2et T
§O<”O<Ze8+e>§‘°<5”o<u:§+e>2>'
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Therefore Wa (v, m) < O(e) provided that o = O (%) This implies that o2 and

hence o2 and the batch-size b can simply be taken as the constant order, and therefore the
A~ ~ 8 2

stochastic gradient computations satisfy: K := Kb =0 (Cl(?fsi;p) Finally, by Lemma 2.6,

we can take £ = 4. The proof is complete. O

Proof of Proposition 2.22

Before we proceed to the technical proof of Proposition 2.22, we make the following remark
regarding Lemma C.3.

Remark D.4 Note that in Lemma C.3 without loss of generality, we can always assume
M =0 so that f + % > 0. This is because, if M > 0, we can always consider the “shifted”

functz'on f f+M whz’ch will satisfy f > 0 and then apply the proof arguments to

-5 e @)= —f@)-= -
/f = d:c which will be proportional to e 5 . Therefore, in the
rest of the paper cmd the proofs, we will assume M =0 in Lemma C.3.

Now, we are ready to present the technical proof of Proposition 2.22.

First of all, we notice that with S(z) = (6c(z))?, by Lemma 2.6, S is convex, {-smooth
and continuously differentiable. One technical challenge is that we cannot apply the results
directly from Dalalyan and Riou-Durand (2020) because the results in Dalalyan and Riou-
Durand (2020) are for the underdamped Langevin Monte Carlo without the gradient noise.
Therefore, we need to adapt their approach to allow the additional gradient noise. First,
we will obtain uniform L? bounds on penalized SGULMC vy, and zy, in (25)—(26).

Under Assumption 2.18 and by Lemma 2.6, f + % is p-strongly convex so that we have

<Vf(:L‘)—|—(1SVS(x),x—1:*> > | — z.||%, (51)

where z, is the unique minimizer of f + }S. By Lemma 2.19, ||z.|| < (14 ¢)R for some
¢, R > 0. On the other hand,

1
’<Vﬂ@+5V5@%%>‘Smewa—mHSLdl+®Rw—wN,

which together with (51) implies that

<Vﬂ@+§vﬂ@w>>um—xd”—%ﬂ+@RW—xd

T L%(1+ ¢)*R?
> Sllz =z - =0

2 21

Bz B o Li(1+c)°R?
> Zllzll” = Sl -

1 2 2

2 2 p2

Ky w2 H 22 Li(1+¢)°R
>Eiz2-Ea e W
> Lol - 1+ 0R T
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and therefore f + %S is (mo, bp)-dissipative with

L%(1+ c)*R?

T 52)

mg = = by := g(l +¢)?R* +

and moreover by Lemma C.3 and Remark D.4, f+ %S > 0, and it follows from Lemma EC.5
in Gao et al. (2022) that uniformly in k, we have

IE||93k||2 < C’d~ fR?d x,v)po(dx, dv) + (dj\rA)
- (1 —2))2 ;
dzx,d 4(d+A)
E”UkH? < C'd: fRQd ,UO( x,dv) + 1 | .
1(1—2))
where
1 .

__mo_ (IVI/OI® b 1,

AO_ZL&Hz(?LH’Y T ong \FaT277) /O] (55)

and pg is the distribution of (z¢,vo) and

Vo) = £a) + 2 112 (e ol o - Al

Next, we will bound the difference between vgy1,zr41 of the penalized SGULMC and
Uka1, Tk+1, which are the penalized ULMC without gradient noise that also start from vy, xy
of the penalized SGULMC at k-th iterate. We recall from (25)-(26) that

Vg1 = Yo(n)vr — P1(n) (Vf(ﬂﬁk) + 5V5 Tk > + /27811,

Try1 = Tp + V1(n)ve — ¥2(n) (Vf(ffk) + 5VS xp, > + V2941,

and next, we define
Vg1 2= Yo(n)vk — P1(n) (Vf(ﬁk) + 6VS Tk, ) + v 27€k+1,

Tpt1 1= 2k + P1(n)vr — 2(n) <Vf(90k) + 5VS Tk > + V2941,
so that one can easily check that

Bllun 1 — opnal’ < (0 (n)?20° (LBl + [V £(0)]) < 2070 (£2C2 + [V £(0)?)
(56)

and moreover,

Ellznes — @1 < (W2(m)*20% (LEllagl? + [VFO)]?) < 20%0? (1202 + [V 4(0)2)
(57)
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Since ¥py1, 211 are the updates without the gradient noise, by using the synchronous
coupling and following the same argument as in the proof of Theorem 2 in Dalalyan and
Riou-Durand (2020), one can show that

> 1/2

(=
(25

(-2 (o [

where (X (t),V(t)) is the continuous-time penalized underdamped Langevin diffusion (17)-
(18) starting from the Gibbs distribution 75 and

p._t [ Odxa  —71d } ‘
yL la Iq

>1/2

SES )

zp — X (kn)
+ <E

where we can compute from (56) and (57) that
(]E

provided that n < 1, which implies that

2

[P B e |

IN

97\ 1/2
D +0.75Lsn*Vd,

This implies that
Hp_l { vks1 = V((k+1)n) ] ’

(E rry1 — X((k+1)n)

< <1 B 0.75/M7) E
Y

o7\ 1/2
D +0.75Lsn*Vd

)

97\ 1/2
D <|1P7H| (Elltgs1 — vksal® + El|Zrgr — zia]®)

p-1 Ug41 — Vk41
Tpy1 — Thyt

1/2

p-1 V41 — V41
Th41 — Th+1

1/2
< 20 |7 (L2 + IV FOIF)

0.75un 1/2

A < (1 — ) Aj, +0.75Lsn*Vd + 2no || P7Y| <L20g + HVf(o)H?)

A (E D/

where

Jr e ]
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This implies that

WQ(VkﬂT) < ’y_l\[Ak

Léﬁf 1 9 d 0\ 1/2 0.75un LR
< LB, B oo (e + v so)) "+ vE (1 - 220 A
Lan\ﬁ

- V2 o) (22t + v o)

o
0.75um \ ¥
+\/§<1_ fy/’“7> WZ(VOJT)?

where vi denotes the distribution of the K-th iterate xx of penalized stochastic gradient
underdamped Langevin Monte Carlo (25)-(26). By the same argument as in the proof of
Proposition 2.21, we can show that Wa (v, 75) can be bounded uniformly in 4.

Hence, by taking § = %, we get

S\f

Watvie,m) < 06 + 220 |1 (12 + 1w 50)17) .

where O ignores the dependence on log(1/¢), provided that

n=min | — il 1 £ _H
VA (Led +0) \/(u+ L) + £ (LB + () )7

and

K (5( (Wt DS+ UL+ (\/g, NG +€/;)58+e>> |

513/,1,2

where O ignores the dependence on log(1/e). Next, we recall from (53) that

e %(1 - 2)\)
where we recall from (54)-(55) that
1
A =5 min(1/4,mo/(Ls + v?/2)), (59)
mo IVFO)* | bo 1 o
- O (Ls+ =
s (T 2 (L5 502) +40). (60)

where we recall from (52) that mg = 4 and by = (1+c)2R2+M Since Ls = L+% =

L+4 =5, we conclude from (59) and (60) that A = ( 8L+€> and A =0 ((L + 6%)2 i), and it
follows from (58) that C¢ = (9( Pl b (Let +)° ) which implies that Wa(vi, ) < O(e)

2e2A

. B 13,2
provided that o = O <L\/m\/516du+(L58+€)2 , so that we can take

L2(Le® + 0)(e¥%du + (Le® + £)?)
26,1 :

b:Q(a_Q):Q<
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Hence, Ws (v, ) < O(e) with stochastic gradient computations K := Kb:

K=0 <L2(L58 + £)2(616du + (LgS + e)Q)\/W (ﬁ m) )
N max s 83 .

839,LL6

Finally, by Lemma 2.6, we can take ¢ = 4. The proof is complete. O

Proof of Proposition 2.23

Let vx be the distribution of the K-th iterate xx of penalized stochastic gradient Langevin
dynamics (27). We recall from Lemma C.2 that f + £S5 is (mg, bs)-dissipative with mj; =
—L— 3+ and by := %HVf(O)HQ—F%S from (67) and f+$S is Ls-smooth with Ls := L+ £
and we also recall from Lemma C.3 and Remark D.4 that f —}—%S > 0. Under Assumption 2.9
and the assumption that n € (0,1 A 7+%) and kn > 1, by Proposition 10 in Raginsky et al.

L2
(2017), we have
Wa(vi, ) < (0001/2 + éml/4) (Kn) + Coe~Kn/eLs 4 0 ((5 log(1 /5))1/8) . (61)
where Cy, Cy are defined as,
Co == (12 + 8(ko + 2b5 + 2d)) (Co + \@) ,

01 = (12 + 8(ko + 2bs + 2d)) <6L§(Co +d)+ \/6L§(Co + d)) ,

~ d 3 Lsk b 1/2
Cy = 2crg <log lpollco + = log m—é + o0 +[|V£(0)|[v/ko + f(0) + ;log?)) ,

2 3

where rq is given in (28) and

Co 1= L2 (w o <1 v n;) (bs + 2|V F(0)]12 + d)) +IVFO)7,

where py is the density of xg, kg is defined in (28) and cpg is the constant for the logarithmic
Sobolev inequality that 7s satisfies which can be bounded as

2m2+8L%2 1 [6Ls(d+1
CLS<7TZ§+6+<6(+)+2>a

mng )\* ms

where \, is the spectral gap of the penalized overdamped Langevin SDE (10) that is defined
in (29). Moreover, we observe that Cyp = O(C1). By (61), we have Wh(vi, m) < O(e) with

o 84 é 8196
T\ CletslogCayt ) <d8x*4<logu*1>>4>’

5 (d2A7°(log(A1))?
K=0 ( -196 ) J
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and

B 2196
=00 =8 (i)

where A, is defined in (29) so that
/8 —4 —1y\4

196

Hence, the stochastic gradient computations require

A 5 (272 log(A )"
- K- 0 (L0,

Finally, under the further assumptions of Corollary D.2, f + % is pg-strongly convex
(with ps == = 5(Btap) B +ap) — L) outside of an Euclidean ball with radius R+ p and by Lemma C.2,

f+5/0 is Ls-smooth with Ls := L+ g. By applying Lemma D.3, there exists a C'* function
U such that U is so-strongly convex on R¢ with

sup (V) = (#@)+ 250 ) = it (V)= (10 + 7)) <

where sg, Ry are defined in Lemma D.3. We define 7y as the Gibbs measure such that
v < e V@) and we also define:

Vyl|?d
Ny = inf{ﬁRd’gHWU :

e C*(RY N L (ny), 0,/ dm :O}.
T.o g2 g (RY) (Tv), 9 # 9T

Since U is sg-strongly convex, by Bakry—Emery criterion (see Corollary 4.8.2 in Bakry et al.
(2014)), we have )\1 % Finally, by the Holley-Stroock perturbation principle (see Holley

et al. (1987) and Proposition 5.1.6 and the discussion thereafter in Bakry et al. (2014)), we
have i < si Ro < O (1), which is a dimension-free bound, where we chose § = ¢®. Hence,
we have K=0 ( 5392> and n = 5} (%) The proof is complete. ]

Proof of Proposition 2.24

Let v be the distribution of the k-th iterate zjp of penalized stochastic gradient under-
damped Langevin Monte Carlo (30)-(31). We recall from Lemma C.2 that f + 35 is
(Mg, bs)-dissipative with mg := —L— 145 and by := %||Vf(0)||2+b75 from (67) and f+%S
is Lg-smooth with Ls := L + % and we also recall from Lemma C.3 and Remark D.4 that
f+ %5’ > 0. Then, under Assumption 2.9, it follows from Theorem EC. 1 and Lemma EC.6

in Gao et al. (2022) that when the stepsize n < mln{l (d + A), L 2K , /\} where A, A
are defined in (34)—(35) where K1 = K1+ Q1 172/\ + QQ (1_2)\ 72 and K2 = Koy 4+ Q3,

where Ql = @(L5)7 QQ =0 ((L5)3)7 Q3 = Q(Léd)v K =06 ((L5)2)7 Ky = @(1)7 (See
Lemma EC.6 in Gao et al. (2022) for the precise definitions of K, Ky and Q1,Q2,Q3) and
kn > e, we have

Wa(oms) < (Co 2+ /%) - (k)72 - /logll) + O/ Ty o),
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where (1 is given by

2
a::a(j <Gd (20308 + 2|V 5 O)) + 26”)

5 1/2
+\/3L6(0§+(2L§Cg+2uw< 0)[12) + 26”)) , (62)

2y

where 4 is given by:

2 1 a(d+4) 12

where pg is the initial distribution for (zg,vp) and A, A are defined in (34)-(35) and « :=
A(1 —2X)/12 and V(zx,v) is the Lyapunov function defined in (33) and moreover

d+A d+A
et = e V@ Vol d) + THB g g Vi) polde, dv) + THE (64)
@ %(1—2)0 v i(l—%)
where 4, C¢, C¢ are finite due to (32) and furthermore,
[y = % min {)\Lcw AV 2e ALy, Al/QefA} , (65)
o Jol+h 1+ 2 1
C :=+2ett2 min{l,al}\/max{1’4(1+2a1+2a1)(d+A)7 pr -/ min{l, Ry }},

12
A= — (1420 +209)(d + ALy AT (1 =207, o= (1+ AT Ley 7,

g1 =4y /(d+ A), Ry:=4-(6/5)"Y2(14 201 +202)Y2(d + A)2y71 (A — 202)71/2,

and moreover,

_ 1 3
Roio) = o+ Fazmae Lo+ 207, 2 00l

2 mg

2
+ e <L5+ +R1€13d+2R (f(O) +va(0)||) ;

2Ls

where ||(z,v) i= Jgea || (2, 0)]|?po(dz, dv), and finally, Cj is defined as:

HL2 (ko)

1/2
Coi=i (B + 1950)) L+ (st + v o) 1)

where 4 is defined in (63) and C? is defined in (64). Thus, it is easy to see that Cy = O(C1),
where C} is given in (62) and we can choose 0% = O(n) with

1= (et
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and the batch-size b = Q(o~2) such that

o <d3 (log(l/ﬂ*))2> |

50,

where p, is defined in (65). Hence, the stochastic gradient computations require

K:Kb:@@mgw*»j,

1323
The proof is complete. O

Proof of Lemma 2.25

We first show that H;(z) := max(0, h;(z))? is continuously differentiable and convex. Note
that the functions h;(z) and max(0,z) are both convex in z. Since the composition of
convex functions is convex, H;(x) is convex. By the chain rule for convex functions in
Section 3.3 of Borwein and Lewis (2005), the subdifferential of H;(z) is given by

0 if hi(z) <0,

o= {2hi<x)vm<:c> it hi(z) > 0,

where in the case h;(x) = 0, we used the fact that the subdifferential of the convex function
max(0,x) at x = 0 is given by the interval [0, 1]; so that by the chain rule, the subdifferential
of 0H;(x) = 2max(0, hi(z))[0, 1] = 0 is single-valued for h;(x) = 0. Since the subdifferen-
tial of H;(x) is single-valued for any z and is also continuous, we conclude that H;(z) is
continuously differentiable.

Let C; be the convex set on which h;(z) < 0, i.e. C; := {x € R? : h;(x) < 0}. Since
hi(z) is continuous, x € bd(C;) if and only if h;(z) = 0 where bd(-) denotes the boundary of
a set. Note that the Hessian of H;, denoted by Hess;, is continuous except at the boundary
of C; and can be computed as

Hess;(z) = 2 [Vhi(x) (Vhi(z))T + hi(x)Vth(x)} :

if z ¢ C;. This is the case when h;(z) > 0. On the other hand, for z € int(C;), we have
H;(xz) = 0 and Hess;(z) = 0 where int(-) denotes the interior of a set. Therefore, for any
r € R4\ bd(C;),

|Hess;(x)| < 2 (HVhZ(:L')H2 + max, cpa |hi(x)| Hvzhz(x)H) </l =2 (NZ-2 + B) , (66)

where || - || denotes the matrix 2-norm (largest singular value), and we used the triangular
inequality and sub-multiplicativity of the matrix 2-norm in (66). So far, we have shown that
H;(z) is ¢;-smooth on the open set that excludes the boundary points of C;. For establishing
smoothness at the boundary points x € bd(C;), our proof relies on a more technical argument
as the Hessian of H; may not even exist for z € bd(C;).? Our argument will roughly use the

9. For example, in dimension one; the unit ball around origin is defined by m = 2 constraints with hy(z) =
z—1<0and ho(z) = —z — 1 < 0 where bd(C1) = {1} and bd(C2) = {—1}. In this case, Hess;(z) =0
for —1 < = < 1 and Hess;(z) = 2 for > 1 and the Hessian does not exist at = 1.
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fact that boundary points constitute a measure zero set and the gradient of H; is continuous
at the boundary. For this purpose, next, we consider the line ¢(t) := z+¢(y — x) that passes
through the points x and y, parameterized by the scalar ¢ € R. Let

T:={t<[0,1] : £(t) € bd(C;)}

correspond to the set of times ¢ when the line segment between x and y crosses the boundary
of the set C;. If we introduce z(t) := VH;({(t)), then z(t) is continuous, and it is continuously
differentiable except when ¢t € T'. Since C; is closed, T is closed. Recalling that C; is convex,
roughly speaking, the line segment cannot go strictly out of the set C; and then re-enter.
We have three different cases:

L.

II.

I11.

T is the empty set: This case can arise when the line segment of z and y (including
the endpoints) never intersects the set C;. In this case, H; is twice continuously
differentiable along the line segment. Thus, by Taylor’s theorem with a remainder,

we have
1
/ z’(t)dtH
t=0

/ Hess: (¢(1))dt
te€(0,1]

IVH;(x) = VHi(y)l| = [[2(1) = 2(0)[| =

T = [t1,t2] for some t; < ty with the convention that T is a singleton when t; = to.
In this case, z(t) may not be differentiable for some points in [0, 1]; however, we can
approximate the interval [0,1] with unions of intervals where z(t) is differentiable.
More specifically, for any given € > 0, we consider the closed intervals I} = [e,t; —
el, Iy = [t1 + &,t2 — €], I3 = [ta + €,1 — €] with the convention that [a,b] denotes the
empty set when a > b. The union | J;_; 4 5 I; approximates the interval [0, 1] when € is
sufficiently small. The function z(t) is ’cbntinuously differentiable for every t € I; for
1 =1,2,3if £ > 0 is small enough except when ¢t € T. Furthermore, by the continuity
of z(t) and the fact that z(t) = 0 for ¢t € T', we have

< Lillz =y,

where we used (66).

VH;(x) = VH;(y) = 2(0) — 2(1)

_ / St + / St + / 2 (t)dt + o(z)
teliNTe telaNTe telsNTe

Hess;(z + t(y — x))dt + o(e),

/te(llulgulc)mTc

where T denotes the complement of the set 7' and we used the fact that z(¢) is
continuously differentiable on the set ¢t € I; T for any i € {1,2,3}. Taking the limit
as € — 0, by a similar argument to Case I, we obtain ||VH;(x) — VH;(y)|| < 4|l —y||,
where ¢; := 2(Ni2 + M;F).

T = {t1,t2} for some t; # to. This case can be treated similarly to Case II by
considering the intervals Iy, Is, and Is.
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Combining these cases, we can conclude that H;(z) is £;-smooth on RY, where ¢; :=
2(N2+ M;P;). Hence > max(0, h;(z))? = > | H;(x) is f~smooth, where £ := Y {; =
25" (NZ2 + MlPZ) This completes the proof. ([l

Proof of Corollary 2.26

To use Lemma 2.25, we need to prove that h(x) satisfies its assumptions. Note that the
function t;(z) := |z;|? is twice continuously differentiable in z = (1, ...,z4) € R? for p > 2,
i =1,2,...,d and the function ¢y : R>g — R>¢ defined as ty(z) := 2P is twice contin-
uously differentiable unless z = 0. Since the sum and composition of twice continuously
differentiable functions remain twice continuously differentiable, we conclude that the p-

1/p
norm ||z, := to <Z?:1 |xi|p> = (Z?:l |xi\p) is twice continuously differentiable unless

x = 0. Therefore, we conclude that h(x) is twice continuously differentiable on the set
B .= {xERd: h(m)ZO},

which does not include x = 0. Since the p-norm is convex, h(x) is also convex. For the rest,
it suffices to prove that on the set B, h(x) has bounded gradients, and the product of |h(x)|
and the Hessian is bounded. For any x # 0, the gradient of h(x) is given by:

Vh(@) = ((il/llall,)"~" sen(a:), 1< <d),
with sgn(z) := —1if 2 < 0, 1 if x > 0, and 0 if x = 0. According to the definition of

1/p
p-norm |z, = (z;; |xi|p> , we have |z;| < ||z]l, for any i, such that [(VA(z))i] < 1,

which implies that || Vh(z)| < v/d. Next, we consider the Hessian matrix of h(z). After
some computations, the entries (4,j) of the Hessian matrix of h are given by

[V2h(z)], . = (=D (=l Hl’”f ) Hisd
v —sgn(ziz;)(p — 1)% if 1 # 7,

Nzl

provided that x # 0. Note that the Hessian matrix V2h(z) is continuous unless z = 0.
Since |z;| < [|z||, for any i, we obtain the following bounds for the elements of Hessian
matrix on the set B={z € R?: h(z) >0} = {z € R?: |z|, > R}:

|z]l, — R lzll, = R _2(p—1)
0 < @) [V2h)] < (0= D7 T o, =" R
P p

2llzP~) < 2(0 1)

and for ¢ # j, we have
], — R
[E4]1

Therefore, by applying the Gershgorin circle theorem (see, e.g., Fan (1958)), we obtain

1,7

h(@)] - | [V2h(@)

<(-1) <p-1
2 2
|h(z)|VZh(z) = = +d-1))(p—1)I.
Hence, max(0, h(z))? is f-smooth with £ = (% + (d — 1)) (p — 1) and the proof is complete.
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Proof of Lemma C.1

The proof is similar to the proof of Lemma 2.6 with some minor differences to the potential
non-convexity of the set C. By the assumption for every z € R? there exists a unique
point of C nearest to . Then the fact that S(z) = (é¢(z))? is £-smooth and continuously
differentiable with the gradient VS(x) = 2(x — Pe(x)) is a direct consequence of Federer
(1959, Theorem 4.8). Note that for z1,zy € R?,

IVS(21) = VS(z2)|| < 2[|z1 — 22l + 2[Pe(21) — Pe(@2)l| < 421 — 22,

where in the last step we applied Federer (1959, Theorem 4.8, part (8)). Therefore, S is
f-smooth with ¢ = 4. Also,

(2, VS(x)) = (2, 2(z — Pe(2))) > 2|«||* = R||z]| = ms|z]? - bs,
for mg = 1, bg = R?/4. This completes the proof. O

Proof of Lemma C.2

Lemma C.1 shows that S(z) is (mg,bg)-dissipative and ¢-smooth. Then it follows that
f+ %S is also Lg-smooth, where Ls := L + g. By (mg, bg)-dissipativity of S, we have

(295) + 3956 ) 2 (2,97 + B2l — 28

m bg
> (2, Vf(x) = VFO) ]l - IV SO + =2l — 5
m b
> ~Llie|* = lle] - [V£O) + =" lo]* = =
1 1 m b
> _ 2 Ly L 2, Mmsy 2_ 9%
> —Lla|® ~ Zllel* = SIVAOI* + S llel* ~ =, (67)

where we used L-smoothness of f. Therefore, f + %S is also (mg, bs)-dissipative with
ms = —L — 3 + ™ > 0 and bs := L[|V £(0)[|> + 5, provided that 6 < mg/(L + ). This
completes the proof. ]
Proof of Lemma C.3

Since f is L-smooth, we have

L
(@) = £0) = [IVFO) - ll=ll = 5 [l
and since S is (mg, bg)-dissipative and bounded below by 0, by Lemma 2 in Raginsky et al.
(2017), we have
> 2 - =1
S() 2 2 el ~ L log3,
for any « € R? and thus

S L ’
7@+ 5 > ) 19Ol — Zhl? + 22 ol - 2 103

1 1 L ms bg
> f(0) — §\|Vf(0)|!2 - §HwH2 - §le!2 + gHwH2 — 55 1083 > —M,
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where M := —f(0) + ||V £(0)]|? + % log 3, provided that § < 3(2171%). This completes the

proof. O

Proof of Lemma C.4

If Assumption 2.9 and Assumption 2.2 hold, according to Lemma C.3, function f + %S
is uniformly lower bounded, i.e. f + %S > —M for an explicit non-negative scalar M
defined in (40), which leads to the result that f + %S + M is non-negative. Then according
to Lemma C.2, function f + %S is Ls-smooth and (myg, bs)-dissipative, where L, mg, bs is
defined in (39). By Lemma 2 in Raginsky et al. (2017), we have

S(x)

ms 5 bs
—~— 4+ M>—= - —1
F@)+ 22 M 2 B - Dlogs,

for any = € R?. Hence e~/ is integrable over C, and moreover,

/ el o= f@) -2 g o Hog3M [ T g oo

Rd Rd

So that the assumptions in Theorem 2.7 are satisfied with & = % and £ = 0. This
completes the proof. O

Proof of Lemma C.5

Since it follows from Lemma 2.6 that S(z) is convex and ¢-smooth, it follows that under
Assumption 2.18, f + %S is also p-strongly convex and Lgs-smooth, where Ls := L + %.
Moreover, we notice that since f is p-strongly convex, f(z) > f(zs) + &z — .||?, where
T is the unique minimizer of f. Hence, e~/ is integrable over C and moreover

/ ehlle=al? =52~ (@) g < / oAlla—eal? (= (@) g < o= F(e) / e~ 4le=2P g < o0,
Rd R4 Rd

so that the assumptions in Theorem 2.7 are satisfied with & = % and & = x,. This completes
the proof. O

Proof of Lemma D.1

We denote z¢o and yeo as the projections of  and y onto C*. Since we can compute that
S%(x) = ||z — x¢ca||? and VS(z) = 2(z — 2ca), we have:

VS z) = VS y) = 2(z — wea) = 2(y — yco) = 2(x — y) — 2 (zCo — Yoo ) -
It follows that:

(VS (@) = VS ()T (z —y) = 2|z — ylI* — 2 (wco —yeo) " (z —y)
> 2l|lz — y|* — 2[|lzce — yea | & — yl|-

By the assumptions, C* := {x : h*(z) < 0}, where h%(x) is a continuous (« + [3)-strongly
convex function. By the convexity of h%, it is Lipschitz on compact sets (Roberts and
Varberg, 1974) and therefore there exists a positive constant B such that ||y|| < B for any
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y € 0h*(x) and = € C*. According to Corollary 2 in Vial (1982), the set C® is strongly
convex with radius B/(a-+/3) in the sense of Definition 1.1 in Balashov and Golubev (2012).19
Then by applying Corollary 2.1 in Balashov and Golubev (2012), for any z,y € R\U(C%, p),
we have:

B
Teo —Yeo|| £ =————||T — Y|
I I szl Yl

a+p

By combining these two inequalities, we have:

(VS*(z) — VS (y) (z — ) > 22T AP

2
= m”l‘_y” .

By Theorem 2.1.10 in Nesterov (2013), we conclude that the penalty function S%(z) is
strongly convex with constant % outside the p-neighborhood of the set C*. The
proof is complete. ]

Proof of Corollary D.2

2(atB)p

B+(a+R)p 1

By Lemma D.1, the penalty function S%(z) is strongly convex with constant
the set RN\U(CY, p), where U(C®, p) is the open p-neighborhood of C* i.e.

U(ce,p) = {x : dist(z,C%) < p}.

Since C% is contained in an Euclidean ball centered at 0 of radius R, it follows that S¢ is

strongly convex with constant % outside a Euclidean ball with radius R + p and
moreover,
1 2(a+pB)p 2
SYz) > S y) + (VS (z),y —x) + -————|lz — 9|7,
(@) 2 S°(0) + (V5% (@)y ) + 5 5o e =]

for any x,y outside an Euclidean ball with radius R 4+ p. On the other hand, by Assump-
tion 2.9, it follows that for any z,y: f(z) > f(y) + (Vf(z),y — ) — &||z — y||%, which
implies:

Sz S
f)+ S 5 iy 4 5
S (x) 1 2(a+B)p 2
(V@ + T ) 45 (e g~ ) e ol
for any z,y outside an Euclidean ball with radius R 4 p. This completes the proof. ]

Proof of Lemma D.3
We start with defining

+u(z),

10. A nonempty subset C C R? is called strongly convex of radius R > 0 if it can be represented as the
intersection of closed balls of radius R > 0, i.e., there exists a subset X C R such that C = Nucx Br(z),
where Br(z) is a closed ball with radius R centered with z, see Def. 1.1 in Balashov and Golubev (2012).
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where
2L |2 for [zl < R+ p,
u(z) = —Ez)? +asl|z|| +bs for R+ p<|z] < (R+p) (1 + W) ,
cs for ||z|| > (R+ p) <1 + %) ;
with

as := (m+ L+ pus/2)(R+ p),
by 1= —5 (Rt p)2(m + L+ p1s/2),

2(m + L)2> '

cs .= (R+p)? <m+L+
s

In the first region, when ||z|| < R+ p, we observe that the function u(x) is a piecewise-
defined quadratic that is clearly (m + L)-strongly convex. Since S%(z) is convex and f is
L-smooth, this implies that U is m-strongly convex in the first region when ||z| < R + p.

In the second region, when R + p < ||z|| < (R + p) (1 + W
is us/2-strongly concave (or equivalently —u(x) is pgs/2-strongly convex) and f + S/9 is
strongly convex with constant pgs, consequently U is strongly convex with constant ps/2.

In the third region, outside the Euclidean ball with radius (R + p) (1 + M), we

), u is a quadratic that

Hs
observe that u(z) = ¢s is a constant. Therefore U = f + 5%/ + u is pg-strongly convex.

Moreover, it is straightforward to check that the piecewise function u has continuous
derivatives and is of class C' and therefore U = f + %1 +u is a C! function. Finally, it is
easy to check that sup,cpd ||u(x)| = ¢s. Therefore,

sup (v - () + *5)) = it (v~ (560 + 57) ) < 205

and the result follows. The proof is complete. O
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