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Abstract

This dissertation considers two problems regarding the structure of isogenies between su-
persingular elliptic curves which are motivated by isogeny-based cryptography. The first
problem is inspired by the setup of OSIDH, a recent proposal for an isogeny-based protocol
whose security relies on the hardness of finding a “horizontal” isogeny between two “oriented”
supersingular elliptic curves. A basic question is to ask if it is harder to find horizontal
isogenies between oriented curves than it is to find isogenies between oriented curves. Under
certain conditions, the answer is no. We give conditions for which all or most isogenies of
fixed degree between oriented supersingular elliptic curves are horizontal, and we classify the
exceptions. Our work can be applied to extend an attack on OSIDH by Dartois and de Feo.

The second problem is to compute the endomorphism ring of a supersingular elliptic
curve. Most problems in isogeny-based cryptography have polynomial-time reductions to
computing the endomorphism ring of a supersingular elliptic curve, so an efficient algorithm for
computing endomorphism rings of supersingular elliptic curves would have consequences for
isogeny-based protocols. We give a deterministic polynomial time algorithm which computes
the endomorphism ring of a supersingular elliptic curve from the input of two noncommuting
isogenies. Our algorithm uses techniques of higher-dimensional isogenies to navigate towards
the local endomorphism ring in the Bruhat-Tits tree.
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Chapter 1
Introduction

1.1 Motivation: Isogeny-based cryptography

The problems considered in this dissertation are motivated by isogeny-based cryptography.
Today, all widely-used public key cryptosystems are based on factoring or discrete log
problems which can be solved efficiently by quantum algorithms [46]. This makes it necessary
to investigate post-quantum alternatives. In 2016, NIST began a process to solicit, assess,
and standardize public-key cryptographic protocols which would be secure against attacks by
quantum computers. At the end of its fourth round in 2022, four cryptographic schemes were
chosen for standardization. Three of the schemes chosen for standardization are from lattice-
based cryptography and are based on similar hard problems, so it is important to continue
studying diverse alternatives. The only isogeny-based proposal was SIDH (Supersingular
Isogeny Diffie-Hellman) [5], which had comparatively smaller key sizes. It was selected as an
alternate candidate for further evaluation at the end of the fourth round. However, SIDH
was broken later that year by a series of groundbreaking attacks [10,33,42] and could no
longer be considered for standardization.

Despite the break of SIDH, isogenies are still of cryptographic interest. The fundamental
hard problem for isogeny-based cryptography is the /-isogeny path-finding problem: Given two
supersingular elliptic curves, compute an /-power degree isogeny between them. This problem
can be phrased as finding a path in the /-isogeny graph, whose vertices are supersingular
elliptic curves and whose edges represent (-isogenies between supersingular elliptic curves.
The ¢-isogeny graph is an expander graph [39]. In SIDH, one is also told the image of certain
points under the desired isogeny; this is the key information exploited by the attacks against
SIDH. This means that the fundamental hard problem for isogeny-based cryptography is
not broken and is not made easier by the techniques of the SIDH attacks, leaving many

isogeny-based protocols unaffected. A related problem, which is equivalent to the path-finding
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problem under polynomial time reductions [57], is the problem of computing endomorphism
rings of supersingular elliptic curves. An algorithm to solve either problem efficiently would
affect all isogeny-based cryptosystems [20, 57, 58], but the current best algorithms have
exponential complexity.

This dissertation highlights the interplay between these two problems. First, we will
consider a variant of the path-finding problem which underlies the security of OSIDH (Oriented
Supersingular Isogeny Diffie-Hellman). In this setting, we only consider curves which are
“oriented” by a fixed quadratic imaginary ring . This gives information about the structure
of the endomorphism ring, which we use to characterize the structure of isogenies between
QO-oriented curves. While we are motivated by the setting of OSIDH, our results apply more
generally. In the second part of our dissertation, we will give a deterministic algorithm
for computing the endomorphism ring of a supersingular elliptic curve from the input of a
full-rank subring. We use techniques similar to those used to break SIDH in order to navigate

to the endomorphism ring locally in the Bruhat-Tits tree.

1.2 Oriented elliptic curves and horizontal isogenies

In 2020, Colo and Kohel introduced OSIDH [14], a public key exchange protocol based on the
action of the class group CL(QO) on the set of supersingular elliptic curves which are “oriented”
by a fixed quadratic imaginary ring O. These are exactly the elliptic curves obtained by
reducing CM elliptic curves modulo an appropriate prime, and the action of the class group
is inherited from the action on CM elliptic curves. Isogenies which are in the image of the
reduction map, corresponding to action by an invertible ideal, are called “horizontal.” A
more precise definition of both terms will be given in Chapter 3. Many other isogeny-based
cryptosystems are based on this group action for different orders . The first isogeny-based
cryptosystem, CRS [16,45,49], used ordinary elliptic curves, which are oriented by their
endomorphism rings; and CSIDH [11] uses a set of F,-rational supersingular elliptic curves,
which are oriented by Z[/—p]. OSIDH was the first public key exchange to consider this
structure in a more general setting, motivated by replacing the ring Z[/—p] in CSIDH by a
more general quadratic imaginary order O in the hopes of increasing the number of curves in
the keyspace.

In 2021, Dartois and De Feo [18] described an attack on OSIDH which makes use of the
public information about the group action to construct a horizontal endomorphism. However,
they rely on heuristics to argue that they can construct a horizontal endomorphism from
the public group action alone [18, Section 4|. If 5 cannot be constructed this way, then

one can construct a horizontal isogeny using the public group action and supplement by
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using a meet-in-the-middle attack, which a priori does not produce a horizontal isogeny,
only an isogeny of the correct degree. Even under their heuristic assumptions, the attack
has exponential complexity and relies on solving a shortest vector problem in a particular
lattice, so OSIDH is still of interest from a security perspective. In addition to the attack,
Dartois and De Feo propose a set of countermeasures which they suggest could even make
OSIDH secure against subexponential complexity quantum algorithms for solving hidden
shift problems, which are known to apply to CRS and CSIDH. We will give conditions for
which an isogeny of degree NN is likely to be horizontal, which extends Dartois and De Feo’s
attack in the event that the heuristics do not hold.

In addition to being useful for constructing cryptographic schemes (in addition to those
mentioned, see [29] and [22]), orientations have been used to compute endomorphism rings
of supersingular elliptic curves [3,24,38,58]. Most work in this direction assumes knowledge
of the orientation. However, a recent preprint shows that under certain conditions, knowing
that a curve is orientable (without the full data of an orientation) can be used to compute
the orientation [4].

In Chapter 3, we state and give new proofs of basic facts about O-oriented supersingular
curves and the class group action. While they are “basic” facts, they were only proved
recently and highlight the differences between the ordinary case and the supersingular case.
The main results of this chapter are not new, but we give original proofs. We show that any
supersingular elliptic curve is oriented by infinitely many quadratic imaginary orders O, and
we show that there are quadratic imaginary orders O such that every supersingualar elliptic
curve is O-oriented; a proof of this statement was given in [29, Proposition 5.10], but it does
not work for all primes p, so we give a corrected proof. It was proved in [2] that the group
action is free and that the number of orbits (one or two) depends on the splitting behavior of
p in O. We re-prove this statement, along the way proving some lemmas which appear to be
new and may be of independent interest.

In Chapter 4, we restrict our attention to the setup of OSIDH, although our techniques
can be applied more generally. The security of OSIDH depends on the hardness of the
following problem: Given F, b x E, and information about how to compute the group action
(see [14, Section 5.2, page 23]), recover the ideal class b. Onuki observed (and Dartois and De
Feo made more explicit) that one can recover b by constructing a non-integer endomorphism
f which generates the image of O in End(b * E) ( [37, Section 6.3] and [18, Section 4]). In
the specific setting of OSIDH, this condition on [ is equivalent to 5 being horizontal.

We study the structure of isogenies, not necessarily horizontal, between O-oriented elliptic
curves and give conditions for which any or most isogenies of the correct degree are likely to

be horizontal. We use an explicit description of endomorphism rings of O-oriented curves
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given by Lauter and Viray [31]. As an application, we extend the attack of Dartois and De
Feo in the event that the heuristics in Dartois and De Feo’s attack do not hold.

We prove the following, which is our main tool for understanding horizontal N-isogenies.

Theorem 1.2.1. Let (E, ) be an O-oriented supersingular elliptic curve over F,, where O is
a quadratic imaginary order of discriminant D, and let K be the field of fractions of O. Let
b be an invertible ideal in O with norm coprime to p, and let E' such that bx (E, ) = (E', ().
Let N be a positive integer. There are primitive positive definite binary quadratic forms @)
and Q' of discriminant D such that the following hold.

1. If p is inert in K, there is an injective map

{N-isogenies ¢ : E — E'} — {(w,2,y,2) € Z* : Q(w,z) + pQ'(y,2) = —DN}.

2. If p ramifies in K, there is an injective map
{N-isogenies ¢ : E — E'} = {(w,z,y,2) : Q(w,z) + Q' (y,2) = —DN/p}.

In the setting of OSIDH, horizontal isogenies correspond to the solutions with y = z = 0,
and it is straightforward to describe all ways that non-horizontal N-isogenies may arise.
Moreover, in the special case that p is inert in O and —DN < 2p, this map extends to a
bijection up to a certain equivalence, and in this case, we give a more complete classification

of N-isogenies between O-oriented supersingular elliptic curves.

1.3 Computing endomorphism rings of supersingular elliptic

curves

Outside of cryptographic interest, computing the endomorphism ring of an elliptic curve
is a fundamental problem in computational arithmetic geometry. Faster algorithms are
known in the ordinary case. Bisson and Sutherland [9] gave a subexponential time algorithm
to compute the endomorphism ring of an ordinary curve under certain heuristics, later
improved to rely only on GRH [8]. Recently, Robert outlined an algorithm to compute the
endomorphism ring of an ordinary elliptic curve in polynomial time, given the factorization
of its discriminant [43, Theorem 4.2].

For supersingular elliptic curves, the problem is more complex. In the ordinary case, there
is a convenient subring of finite index which is generated by the Frobenius endomorphism,

which is no longer true for supersingular elliptic curves. One approach to endomorphism ring
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computation is to first compute a subring of finite index, then to compute the endomophism
ring from the subring. The first step was first accomplished by Kohel, who gave an algorithm
for generating a subring of finite index by finding cycles in the ¢-isogeny graph of supersingular
elliptic curves in characteristic p [27, Theorem 75], running in time O(p'*¢). In [23], it was
shown that a Bass suborder of End(E) can be computed in O(p'/?*¢) time, assuming GRH.
Our algorithm focuses on the second step, computing the endomorphism ring from the
input of a subring of finite index. We give a deterministic polynomial time algorithm that
computes the endomorphism ring of a supersingular elliptic curve, given two non-commuting
endomorphisms and a factorization of the reduced discriminant of the order they generate.
We build on [21] which gave a subexponential algorithm, under certain heuristics, if the input
suborder was Bass.

Our algorithm is an improvement and a generalization of the main result in [21], which
we summarize briefly here. Given a Bass suborder Oy of the endomorphism ring End(E) and
a factorization of the reduced discriminant, they compute all local maximal orders containing
Oy ®Z, at each prime ¢ dividing the reduced discriminant. They then combine local maximal
orders to obtain all global maximal orders containing Oy and check each one until they find
End(FE). In the general case, Oy may be contained in exponentially many maximal orders, so
the Bass restriction is needed to reasonably bound the number of maximal orders.

We also approach the problem locally. However, we are able to compute the local maximal
order End(FE) ® Z, without constructing all global candidates for End(£). We also do not
require the Bass restriction, although we give a more efficient algorithm in the Bass case.

There are two key tools. The first is a polynomial-time algorithm which, when given an
endomorphism 3 and an integer n, determines if % is an endomorphism. This algorithm is
implicit in Robert’s algorithm for computing an endomorphism ring of an ordinary elliptic
curve [43, Section 4]. A detailed proof and runtime analysis are given in [24, Section 4].
This technique is also used in [38], which gives a probabilistic polynomial time reduction to
compute the endomorphism ring from an oracle which computes a non-scalar endomorphism.
In contrast, our deterministic algorithm applies this algorithm to test if certain local orders
are contained in the endomorphism ring.

The second tool is a theorem by Tu [51, Theorem| which expresses an intersection of
finitely many maximal orders in M5(Q,) as an intersection of at most three maximal orders,
which can be constructed explicitly [51, Theorem 8]. This theorem allows us to relate the
placement of the local endomorphism ring in the Bruhat-Tits tree to its containment of certain
local orders, which allows us to use the containment testing to find the local endomorphism
ring in the Bruhat-Tits tree.

In Chapter 6, we describe the algorithm and give a proof of correctness and complexity
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analysis.

Theorem 1.3.1. There exists an algorithm that computes the endomorphism ring of a
supersingular elliptic curve E when given E, two noncommuting endomorphisms o and vy
which can be evaluated efficiently on powersmooth torsion points, and a factorization of the
reduced discriminant A of the order generated by o and . The algorithm runs in polynomial
time in logp, the size of a and 7, log A, and is linear in the number of primes dividing A/p

and the largest prime dividing A/p.

Our algorithm enlarges the order O, generated by a and v by finding the appropriate
local maximal order at each prime ¢ dividing A/p. The complexity of this step is linear in q.
At the cost of a higher degree polynomial complexity in ¢, one could instead enlarge Oy at ¢

by searching for an endomorphism in Oy which is divisible by ¢ and adjoining its division by

q.



Chapter 2
Preliminaries

In this chapter, we briefly review background on supersingular elliptic curves and their

endomorphism rings which will be used throughout.

2.1 Elliptic Curves

2.1.1 Elliptic curves

Definition 2.1.1. An elliptic curve is a smooth, projective curve of genus one, together with

a distinguished point.

In this text, we will mainly be concerned with elliptic curves defined over a finite field of
large characteristic, so we consider a more concrete definition: An elliptic curve defined over
a field K of characteristic not equal to 2 or 3 is the set of solutions (x,y) to an equation in

Weierstrass form
E:y’=2>+Az+B

with A, B € K such that the function 2® + Ax + B has no repeated roots, together with a
point at infinity denoted Og. There is a group law on the points of E.

For an elliptic curve E : y? = 2° + Az + B, we define the j-invariant of E to be
J(E) :=4A34+27B% 1f F is defined over K, then it is clear that the j-invariant is defined over
K. The converse is true as well: If the j-invariant is an element of K, then there is a model
for E with coefficients in K. The j-invariant classifies elliptic curves up to isomorphism over

the algebraic closure of K.

2.1.2 Isogenies and endomorphisms

One of the fundamental properties of elliptic curves is that the points of an elliptic curve

form an abelian group under a geometric group law, where Op is the identity. For a positive



integer n and a point P, we let [n]P:= P+ P+ ...+ P and [—n|P := [n|(—P), where —P

n times
is the inverse of P. The multiplication-by-n map,

[n] : P+ [n]P,

is an example of an endomorphism.

Definition 2.1.2. Let £ and E’ be elliptic curves. An isogeny ¢ : E — E’ is a morphism
such that ¢(Og) = Op. When E = E’, we call ¢ an endomorphism. If there exists an

isogeny between F and E’, we say E and E’ are isogenous.

In addition to being geometric morphisms, isogenies are group homomorphisms. If ¢ is
nonconstant, then ¢ is surjective and has finite kernel. An isogeny can be computed explicitly
from its kernel using Vélu’s formula.

For a separable isogeny ¢ : E — E’, the degree deg(¢) is the size of the kernel. Over a
field of characteristic zero, all isogenies are separable. Over a field of characteristic p > 0,
every isogeny ¢ : £ — E' factors as ¢ = @sep © Pinsep, Where @ingep is the p"-th power Frobenius
endomorphism and ¢, is separable (see [48, Chapter II, Corollary 2.12]). In this case,
deg(¢) = p" deg(¢sep)-

If deg(¢) = N, we call ¢ an N-isogeny. Each isogeny ¢ : E — E’ comes with a dual
¢ : E' — E. The dual ¢ is the map such that ¢¢ = [deg(9)].

2.1.3 Endomorphism rings of elliptic curves

A fundamental object of interest is the endomorphism ring.

Definition 2.1.3. Let E be an elliptic curve. The endomorphism ring of E, denoted

End(FE), is the ring consisting of all endomorphisms of F defined over an algebraic closure.

One can restrict to endomorphisms defined over a finite field and potentially obtain
different structures, so we emphasize that in this dissertation, we consider all endomorphisms.

For any elliptic curve E, there is an injection Z — End(F) given by n + [n]. When F is
defined over a finite field with p* elements, End(E) contains the Frobenius endomorphism
T8 (z,y) — (@, y7").

The endomorphism ring is isomorphic to one of Z, a quadratic imaginary order, or a

maximal order in a quaternion algebra [48, Chapter III, Corollary 9.4].



2.1.4 Supersingular elliptic curves

For most of this dissertation, we will be concerned with elliptic curves over finite fields. For
these elliptic curves, the endomorphism ring is larger than Z. We can classify curves based

on the kinds of endomorphism rings they have, in the following way:

Definition 2.1.4. An elliptic curve is called ordinary if End(FE) is isomorphic to a quadratic

imaginary order and supersingular if End(F) is a maximal order in a quaternion algebra.

One can show that all supersingular elliptic curves over an algebraic closure of a finite

field of characteristics p are defined over IF ..

2.2 lIsogeny graphs

Definition 2.2.1. The supersingular (-isogeny graph over F,, is the directed graph whose
vertices are isomorphism classes of supersingular elliptic curves and edges between vertices
correspond to f-isogenies between the corresponding curves, up to equivalence. The isogenies
¢: By — Eyand ¢ : Ey — E; are considered equivalent if and only if there is an isomorphism
W By — Ey such that ¢ = ¢/. We denote this graph by G,(p).

There are approximately 2-F vertices (see [48, Theorem 4.1(c)]). In the setting of Theorem
1.2.1, we consider a subset of the vertices, and when N = (¥, we are considering walks of
length & which begin and end at a vertex in this subset.

When p =1 (mod 12), we can identify isogenies with their duals and view G(p) as an
undirected graph. In this case, Pizer showed that the graph is Ramanujan [39]. This means
that Gy(p) is (¢ + 1)-regular and has largest possible spectral gap, and as a consequence, the
(-isogeny graph is an expander with rapid mixing properties. When p Z 1 (mod 12), we can
no longer identify duals due to vertices with extra automorphisms (corresponding to curves
with j-invariants 0 and 1728). However, the f-isogeny graph still has out-degree ¢ + 1 and has
rapid mixing properties (see [7, Theorem 3] with d = 1 for example).

Starting at a vertex, it is easy to compute neighbors via Vélu’s formula. The fundamental
hard problem for isogeny-based cryptography is the f-isogeny pathfinding problem: find a
path between two given vertices in the (-isogeny graph.

We can compare the supersingular /-isogeny graph with the analagous graph for ordinary
curves defined over a finite field F,». The connected components of the ordinary (-isogeny
graph form a volcano (see [50]).

In Chapters 3 and 4, we will consider the structure of isogenies of fixed degree between

oriented supersingular elliptic curves. For f-isogenies, this can be viewed as considering a
9



subgraph of the ¢-isogeny graph. We will show when all such isogenies are horizontal, which

is precisely when this subgraph represents the ordinary case.

2.3 Quaternion algebras

In this section, we describe background on quaternion algebras.

Definition 2.3.1. Let R be a domain with field of fractions F', and let B be a finite-
dimensional F-algebra. A subset M C V is an R-lattice if M is finitely generated as an
R-module and M F = B. An R-order O C B is an R-lattice that is also a subring of B. An

order is maximal if it is not properly contained in another order.

Definition 2.3.2. Let F' be Q or Q, (with ¢ > 2). For a,b € F*, let H(a,b) denote the
quaternion algebra over F' with basis 1,4, j,ij such that i> = a, j2 = b and ij = —ji. That is,
H(a,b)=Q+Qi+Qj+ Qij.

Any quaternion algebra over F' can be written in this form. For the case of F' = Qs,
see [54, Section 6.2].

There is a standard involution on H(a,b) which maps a = ay + agi + agj + a4ij to its
conjugate @ := a; — ast — a3j — asij. The reduced trace of such an element « is defined
as Trd(a) = @ + @ = 2a4,. The reduced norm is Nrd(a) = aa = a? — aa3 — ba? + aba3.

We say that a quaternion algebra B over QQ ramifies at a prime ¢ (respectively oo) if
B ® Q, (respectively B ® R) is a division algebra. Otherwise, B is said to be split at ¢. In
this case, B® Q, = M(Q,).

The discriminant of a quaternion algebra B, denoted disc B, is the product of the finite
primes ramifying in B. For an order O C B with Z-basis {a1, as, a3, a4}, the discriminant
of O is defined to be disc(O) = | det(Trd(;)): ;| € Z > 0 [54, p. 242]. The discriminant of
an order is always a square. The reduced discriminant discrd(Q) is the positive integer
square root of disc(Q) [54, p. 242].

For a supersingular elliptic curve E defined over a finite field of characteristic p, the
endomorphism ring End(E) is isomorphic to a maximal order of the quaternion algebra B, .,

the unique (up to isomorphism) quaternion algebra ramified at the primes p and oc.
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Chapter 3
Properties of supersingular oriented
elliptic curves

For this chapter, O will always refer to a quadratic imaginary order, with K its field of
fractions. Unless otherwise stated, all elliptic curves in this chapter are supersingular.

We prove some basic facts about oriented supersingular elliptic curves which highlight
the difference between the ordinary case and the supersingular case. The main results of this
chapter are not new, but we give different proofs from those appearing in the literature.

In Section 3.1, we give background for quadratic imaginary orders and their class groups,
which play a central role in the discussion of oriented elliptic curves. In Section 3.2, we give
background on oriented curves and the action of the class group on them.

In Section 3.3, we show that End(E) admits optimal embeddings of infinitely many orders
when F is supersingular. In fact, for any quadratic imaginary field K in which p does not
split, End(£) admits optimal embeddings of infinitely many orders contained in K. This is
in contrast to the ordinary case, where the order is uniquely determined by FE.

In Section 3.4, we show that the action of the class group defined in Chapter 3 is transitive
when p is ramified in K and has two orbits when p is inert in K. A proof of this fact appears
in [2, Proposition 4.2, Proposition 4.3]. We give a different proof, along the way proving new
statements about when optimal embeddings which are complex-conjugate or Galois-conjugate

are K-isomorphic or appear in the same orbit.

3.1 Quadratic imaginary orders

In this section, we define the class group of a (not necessarily maximal) quadratic imaginary
order and describe a bijection between ideals in the class group and binary quadratic forms.

The theory of binary quadratic forms is classical and was developed in large part by Gauss.
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Many details are omitted for simplicity of exposition; see [17, Chapter 3] for a complete

treatment of the topic.

3.1.1 Definitions and Notation

An order in a quadratic imaginary field K is a subring O C K such that O is a finitely-
generated Z-module and O ® Q = K. The maximal order Ok is the set of integral elements
of K.

Definition 3.1.1. Let O be a quadratic imaginary order. The conductor of O is its index
f =[0k : O]. If O has basis {1, a2} as a Z-module, the discriminant of O is

2
disc(O) = (det (Oél OQ) ) ,
a1 Q9

where the bar denotes complex conjugation.

It is well-known that every order O C K is of the form O = Z + fOg, where f is
the conductor. If O has conductor f, it is not hard to see that disc(Q) = f2Dy, where
Dy = disc(Ok), and D is a negative integer with D = 0,1 (mod 4). (See [17, Lemma 7.2]
and the discussion immediately following the proof for details.)

The main subject of interest will be actions of ideals on a set of elliptic curves whose
endomorphism rings contain a copy of O in an “optimal” way, which we will make precise
later.

For an ideal a C O, the quotient O/a is finite. We define the norm of an ideal, denoted
N(a), to be |O/al.

Definition 3.1.2. Let O be an order. A fractional ideal of O is a subset of K which is a
nonzero finitely-generated O-module. A fractional O-ideal a is principal if a = aO for some
a € K*, and P(O) denotes the set of principal fractional ideals of O. A fractional ideal is
invertible if there exists a fractional O-ideal b such that ab = O, and I(O) denotes the set

of invertible ideals of O.

One can show that any fractional ideal is of the form aa for a € K* and an integral ideal
a. We extend the definition of the norm in the natural way, to define N(aa) = N ()N (a).

Definition 3.1.3. The class group of O is the quotient CL(O) := [(O)/P(O). An element
of CL(O) is called an ideal class.

12



3.1.2 Properties of class groups

We list some basic properties of the class group which will be used later. It is well-known
that CL(Q) is an abelian group under ideal multiplication.

For a non-maximal order, it is no longer true that all ideals are invertible.

Proposition 3.1.4. [17, Lemma 7.18, Proposition 7.4] Let f be the conductor of O. Every
O-ideal a with N(a) coprime to f is invertible.

In the other direction, starting with an ideal class, we can always choose a representative

of norm coprime to the conductor.

Proposition 3.1.5. [17, Proposition 7.19] Let f be the conductor of O. Let I(O, f) denote
the subgroup of I(O) generated by ideals of norm coprime to f. Let P(O, f) denote the
subgroup of 1(O, f) generated by principal ideals O where o € O has norm N(«) coprime
to f. Then the inclusion map 1(O, f) — I(O) induces an isomorphism:

(O, )/ P(O, f) = 1(0)/P(0) = CL(O).

In fact, we may choose a representative to avoid any finite number of primes.

Proposition 3.1.6. [15, Theorem 5.2] Let [a] € CL(O), and let n be a nonzero integral
ideal in O. A representative a for the ideal class can be chosen so that a is integral and a is

coprime to n.

3.2 Oriented elliptic curves

3.2.1 Definitions

Definition 3.2.1. An O-oriented elliptic curve (F,:) is an elliptic curve E defined over
F, with an embedding ¢ : K — End(E)®Q such that «(K)NEnd(E) = ¢(O). The embedding
¢ is called an optimal embedding of O into End(E).

Remark 3.2.2. In other papers, what we call an “optimal embedding” is often referred
to as a primitive orientation, and what we call “O-oriented” is often called “primitively

O-oriented.”

Definition 3.2.3. Let (E,t¢) be an O-oriented elliptic curve, and let ¢ : E — E’ be an
isogeny. The pushforward of ¢ by ¢ is denoted by

1

P = Geald) ™
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If ¢, is also an optimal embedding of O into End(E’), i.e. ¢.e(K)NEnd(E') = ¢.0(O),
then ¢ is horizontal. Otherwise, ¢, is optimal for a different order. It is called ascending
if p.o(K) NEnd(E") 2 ¢.4(O) or descending if ¢..(K) N End(E") C ¢..(O).

Remark 3.2.4. If deg(¢) = /¢ is prime, then ¢ can only be horizontal, ascending, or
descending, and ¢, is optimal for an order with relative index 1 or £ in O (see [2, Proposition
2.15]). The order for which ¢, is optimal may not be comparable to O if deg(¢) has more
than one distinct prime factor (for example, ¢ may factor into coprime descending and

ascending isogenies).

Definition 3.2.5. We say (£,¢) and (E’,/') are K-isomorphic if there is an isomorphism
1 : ' — E’ such that /' = 1,.. Here, 1) may be defined over any field. In this case, we use
the notation (E,t) =g (£, /). If © and ¢/ are optimal embeddings of O into End(F), we will
say ¢ and ¢/ are K-isomorphic if (E, 1) =g (E, ).

For ordinary elliptic curves, an optimal embedding is an isomorphism with the endomor-
phism ring, and there are exactly two optimal embeddings which are complex conjugates of
each other. By contrast, the situation for supersingular elliptic curves is more interesting,
owing to the rich structure of the endomorphism ring. A supersingular elliptic curve F admits
optimal embeddings of infinitely many quadratic imaginary orders into End(F). Even for
a fixed quadratic imaginary order O, there may be many optimal embeddings into End(E)

which are not K-isomorphic.

3.2.2 Action of ideals on oriented curves

In [37, Theorem 3.4], Onuki shows that the class group CL(O) acts on the set of O-oriented
curves up to K-isomorphism. This action is defined as follows. Suppose a C O is an invertible
ideal of norm prime to p. Then Ela] = Nyeqker(t(ar)) is a subgroup of E of size equal to
N(a). Let ¢, be the isogeny with kernel equal to E[a]. We define a * E to be the codomain
of ¢q, and we define a * ¢ to be the embedding (¢g).t.

Onuki also shows that the action is free and has one or two orbits. It was shown
in [2, Proposition 4.2, Proposition 4.3] that the action is transitive when p is ramified in K

and has two orbits when p is inert in K. We will give a different proof of this fact.

3.3 Infinitely many optimal embeddings

In this section, we show that End(E) admits optimal embeddings of infinitely many quadratic
imaginary orders when E is supersingular. By the Deuring correspondence, this is a statement

purely about maximal orders in a quaternion algebra.
14



For this section, let B, o, denote the quaternion algebra ramified at p and oo.

3.3.1 Restricting and extending to optimal embeddings.

We start with two straightforward propositions which show that embeddings are always

optimal for some order.

Proposition 3.3.1. Let K be a quadratic imaginary field. Let R be a mazimal order of B, «.
Any embedding  : K — B, restricts to an optimal embedding of some order O C K into R.

Proof. We take O = 7! (4(K) N R). O

Proposition 3.3.2. Any embedding of O into R extends to an optimal embedding of O’ into
R for some O' D O.

Proof. Let 1 : O — R be an embedding. Let ¢/ denote the extension of ¢ to K by Q-scalars. By
Proposition 3.3.1, ¢/ restricts to an optimal embedding of some order @' C K. In particular,
O =/"Y/(K)NR). Since /(O) C R, it is clear that O C O'. O

3.3.2 Quadratic imaginary fields embedding into quaternion algebras

We give a splitting condition for quadratic imaginary fields embedding into B, .

Proposition 3.3.3. Let K be a quadratic imaginary field. There is an embedding of K into
B, o if and only if p does not split in K.

Proof. As B, , ramifies at p, B, . ® Q, is a division ring and therefore has no zero divisors.
But if K is a number field in which p splits, say pOx = p1ps, then K ® Q, = K, @ K,

which contains zero divisors. Therefore, B, o, does not contain any field in which p splits.

27

If K is a number field in which p does not split, there is an elliptic curve E defined over
the Hilbert class field of K such that £ has CM by the maximal order Ok [47, Theorem 4.1
and Remark 4.2]. As j(F) is algebraic, F has potential good reduction [47, Theorem 6.1], so
there is a finite extension of H over which FE' is defined and has good reduction at a prime
over p.

By [30, Theorem 12 in Chapter 13|, since p does not split in K and E has good reduction
at a prime over p, the reduction Eisa supersingular elliptic curve over F,. Reduction induces
an embedding ¢ : End(F) — End(E) [47, Proposition 4.4]. Composing with isomorphisms
gives an embedding of O into a maximal order of B, . Extending scalars to QQ gives the

desired embedding into B, . O]
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Remark 3.3.4. The result of Proposition 3.3.3 is part of [54, Proposition 14.6.7]; our proof

uses elliptic curves and theory of lifting and reduction.

Proposition 3.3.5. Fiz a supersingular elliptic curve E/F 2. If K is a quadratic imaginary
field such that p does not split in K, then there is an order O C K such that O embeds
optimally into End(E).

Proof. Fix E' and K as in the statement. Let R C B, . be a maximal order such that
End(F) = R.

By Proposition 3.3.3, there is a supersingular elliptic curve Fx which admits an optimal
embedding of Ox — End(Ek).

Let Rk C B, be a maximal order such that End(Ex) = Rg. Since R and Ry are
full-rank Z-modules, R N Rk is a full-rank submodule of R and thus the index [R : RN Rg]
is finite. Let n = [R: RN Rk]. Then nRx C R. As there is an embedding of Ok into Ry,
this shows that there is an embedding of nOf into R. Since Z C R, we have an embedding
7 & nOk — R. By Proposition 3.3.2, this embedding extends to an optimal embedding of

an order containing Z @ nOk. O

3.3.3 Optimal embeddings into all supersingular elliptic curves

Fix a supersingular elliptic curve £. We have just shown that every quadratic imaginary
field K in which p does not split contains an order O which embeds optimally into End(F).
One can ask if O can be chosen to optimally embed into the endomorphism ring of every
supersingular elliptic curve.

It was observed in [29, Proposition 5.10] that the answer is yes. However, the proof given
requires a slight modification for p for which 7 = 0 and j = 1728 are supersingular. They use
the result that andom nonbacktracking walks in regular, undirected expander graphs converge
to the uniform distribution (see [1]) to prove the next proposition. However, when p # 1
(mod 12), the ¢-isogeny graph is no longer a regular, undirected graph. A small modification

is needed to obtain the result for all primes p.

Proposition 3.3.6. Let { # p be a prime. There exists an integer N such that for all
k > N and for any two supersingular elliptic curves E and E', there exists a cyclic ¢V -isogeny
¢o:E— FE.

Proof. Random nonbacktracking walks in the ¢-isogeny graph converge (in total variation) to
the stationary distribution by [7, Theorem 11]. The stationary distribution weights the vertex

corresponding to the elliptic curve E; by i, where w; is half the size of the automorphism

group of F;. For the curve with j-invariant 1728, w; = 2, and for the curve with 7 = 0,
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w; = 3; for all other curves, w; = 1. More precisely, the total variation between the stationary
distribution and the probability distribution obtained after a random nonbacktracking walk
of length k is bounded above by a function in k£ which decreases and approaches 0. For
sufficiently large k, this guarantees that there exists a nonbacktracking walk of length &

between any two vertices. O
The rest of the proof proceeds as in [29, Proposition 5.10]:

Proposition 3.3.7. Let K be a quadratic imaginary field in which p does not split, and
fix any quadratic imaginary order Oy C K with conductor coprime to p. Let £ be a prime
which is inert in K, coprime to the conductor of Oy, and is not equal to p. Let n > N in
Proposition 3.3.6, and let O C Oy have index [Oy : O] = (". Every supersingular elliptic
curve E admits an optimal embedding O — End(E).

Proof. Let (Ep,tp) be an Op-oriented elliptic curve, and let E' be any other supersingular
elliptic curve. By Proposition 3.3.6, there is a cyclic ¢"-isogeny ¢ : Ey — E. By decomposing
¢ as a sequence of n (-isogenies such that no isogeny is followed by its dual, we see that
each step must be descending: since ¢ does not divide the conductor of Oy, there are no
ascending f-isogenies, and since / is inert in K, there are no horizontal ¢-isogenies. Every
(-isogeny starting at (Ey, to) induces an optimal embedding of the index ¢ subring of Oy into
the endomorphism ring of the image; at each subsequent step, ¢ divides the conductor, so
there are no horizontal /-isogenies, and the only ascending /¢-isogeny is dual to the previous
descending isogeny. Hence, ¢ induces an optimal embedding of O, the ¢"-index subring of
Oy, into the endomorphism ring of the target curve, E. Since E could be taken to be any
supersingular elliptic curve, O embeds optimally into End(FE) for all supersingular elliptic

curves E. O

In fact, we can get arbitrarily many optimal embeddings into every supersingular elliptic

curve by starting with Oy with a large class number.

Corollary 3.3.8. Keeping K, ¢, Oy, O, and n the same as in Proposition 3.3.7, every
supersingular elliptic curve E admits at least h(Oy) optimal embeddings of O — End(E). If
p is inert in K, there are at least 2h(Qy) optimal embeddings of O — End(FE).

Proof. We repeat the proof of Proposition 3.3.7 for all choices of (FEjy, to). n

It would be interesting to see if the splitting condition on ¢ can be dropped. This would
show that “most” orders optimally embed into all endomorphism rings with as many optimal

embeddings as desired.
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3.4 Orbits of the group action

The main result of this section is that the action of CL(O) on O-oriented curves is transitive
when p ramifies in K, and the action has two orbits when p is inert in K. This result appears
in [2, Proposition 4.2, Proposition 4.3] with a different proof. In particular, while they also
consider K-isomorphisms among conjugate embeddings, we show more precise statements

about when conjugate embeddings may be K-isomorphic.

3.4.1 Conjugate embeddings

Fix a quadratic imaginary field K in which p does not split. Fix an order O C K such that
p does not divide the conductor. Let ¢ : O — End(FE) be an optimal embedding.

There are two “conjugate” embeddings related to ¢, which we define as follows:

Definition 3.4.1. The complex conjugate of ¢ is the embedding 7 : O — End(F) defined
by 7(a) = «(@), where the overline denotes complex conjugation.

The Galois conjugate of ¢ is the embedding ) : O — End(E®), which is obtained
by action of the Frobenius. If 7, : E — E® is the Frobenius endomorphism, then +(?)(a) =
%pr(a)frp.

Later, we will show that when the class group action has two orbits, one orbit will contain
(E,.) and (E® ) and the other will contain (F,7) and (E® ). To prove this, we will
first classify when there are K-isomorphisms among these four embeddings.

First, we consider (E,¢) and (E,1).

Lemma 3.4.2. Letp > 3. Let E be supersingular with an optimal embedding v : O — End(FE).
If (E,v) and (E,t) are K-isomorphic, then j(E) = 1728 and p ramifies in K.

Proof. Let w be a nonzero element of O with trace zero. Note that w may not be a generator
of O, but since K = Q(w), the embedding ¢ is determined by its action on w. Thus, (F,¢)
and (F,t) are K-isomorphic if and only if there is an automorphism v : F — E such that
Yi(w) = T(w)y = 1(wW)y. Since the trace of w is zero, W = —w, so (E,:) and (F,) are
K-isomorphic if and only if there is an automorphism 1) such that (w) = —i(w)e.

Thus, (E,t) and (F,t) are K-isomorphic if and only if there is an automorphism ) such
that ¢ and «(w) can be embedded as anticommuting elements of B, .

Anticommuting elements of B, », have zero real part and therefore have zero trace. The
automorphisms of elliptic curves with zero trace arise only for j(£) = 1728, which are the

automorphisms of order 4, so we must have j(E) = 1728.
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To show that p ramifies in K, we use that the endomorphism ring for £ can be wrtten
explictily, from which we can express K explicitly. For j(F) = 1728, E is isomorphic to the
curve y? = 2% + . Let i denote the automorphism (z,y) — (—z, ay) where a?> = —1, so that
i = —1. Then End(E) has basis {1,7, =5, “2"} [28, Lemma 2.

One can check that the set of elements of End(F) anticommuting with i are Q-linear

combinations of 7, and im,. Replacing ¢(w) by an integer multiple if necessary, we may write
t(w) = (a+ bi)m, for some a,b € Z. Therefore the order Z[w] has discriminant 4(a? + b%)p.
Since F with j(E) = 1728 is supersingular if and only if p = 3 (mod 4), a? 4+ b* can contribute
only even powers of p. In particular, this implies 4(a® + 0*)p is exactly divisible by an
odd power of p, and therefore p divides the fundamental discriminant. Thus, p ramifies in
K =Q(w). O

Now, we consider when (£, ) and (E,:®) are K-isomorphic. We require the following

lemma.

Lemma 3.4.3. Suppose ¢ : E — E® has degree n. If ¢ satisfies %qﬂ(a)q@ = 1) (a) for all
a € O, then myé € 1(O)

Proof. The condition %gbb(@)qg = 1P)(q) is equivalent to the condition that

by composing on the right with ¢.
We will show that 7,¢ commutes with ¢(a). By hypothesis, m,¢t(a) = 7,0 (a)é. By
definition of the action of Frobenius, mt®) = im,, so m,tP(a)¢ = 1(a)m,¢. Hence m,¢

commutes with all elements of ¢(«), and therefore m,¢ € +(O). O

Lemma 3.4.4. Let E be defined over F, and p > 3. If (E,¢) and (E, ")) are K-isomorphic,
then K = Q(v/—p) and O D Z[\/—p].

Proof. If (E,1) and (E,:?) are K-isomorphic, there is an automorphism v : E — E’
such that ¢up~! = 1?). By Lemma 3.4.3, this implies that 7,1 € ¢(O). Since ¢ is an
automorphism, this implies O contains an element of norm p. Thus, there is an ideal of norm
pin O (and also in Ok), so either p splits in K or p ramifies in K. By Proposition 3.3.3, p
does not split, so p must ramify in K and divide the discriminant of O.

Let a € O such that ¢(a) = m,9). Then o and @ generate the same ideal of norm p in O,
so a and @ must differ multiplicatively by a unit of Og. Since p > 3 divides the discriminant
of K, the only units of Ok are 1, so @ = —a. Equivalently, « is an element of trace zero

and norm p. So, O contains £, /p. O]
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3.4.2 Orbits of the class group

Now, we will show that the orbit of the class group action depends on the splitting behavior

of pin K.

Proposition 3.4.5. Let K be a quadratic imaginary field in which p does not split, and fix
an order O C K. Let So be the set of O-oriented supersingular elliptic curves considered
up to K-isomorphism. Then CL(O) acts on So. If p ramifies in K, the action is free and
transitive. If p is inert in K, the action partitions Sp into two orbits, which are related via
the bijections (E,1) — (E,7) or (E, i) — (E,1®).

The proof is not much more than highlighting details in the proof of [37, Proposition 3.3].

Proof. Let ELLo be the set of roots of the Hilbert class polynomial of O; these are precisely
the j-invariants of elliptic curves over C with CM by O.

There are a number field L and a prime p over p such that for every j € ELLp, there is an
elliptic curve E; defined over L with j-invariant j and with good reduction at p. By CM theory,
the j-invariants generate the Hilbert Class Field, H [47, Theorem 4.1], so we may assume
H C L. Onuki shows that CI(O) acts freely and transitively on the set p({E; : j € Lo}),
where p(E;) = (E;,0) € So: Ej is the reduction modulo p and 6 is the embedding induced
by the reduction of the normalized embedding [-|g, : O into End(Ej).

We will show that the image of p depends on the splitting behavior of p.

By the Deuring Lifting Theorem (see [30, Chapter 13, Section 5, Theorem 14]), any elliptic
curve F in characteristic p and endomorphism « € End(F) can be lifted to an elliptic curve
defined over a number field and an endomorphism, whose reductions modulo a prime over p
are F and « respectively. In particular, for every (E,t) € So, we can lift F and the image of
a generator of O under ¢ to an elliptic curve E’ defined over a number field L' and with good
reduction at a prime p’, such that the reduction £’ = E and End(E’) is isomorphic to @. By
taking L larger if necessary, we may assume L’ is Galois and contains K. Thus, p(E’) is one
of (E,¢) or (E,7). For ease of notation, we relabel the image by (F,¢).

From (F,:), we will determine conjugate elements of Sy, which are elements of the form
p(E'"?) for o € Gal(L'/Q) which fix the prime p’. Any such curves must be conjugate to F
as they are related by action of o (mod p’) € Gal(F,s/F,). The induced embeddings of O
are obtained by reducing the normalized embedding [-]g= modulo p. As [-|ge = ([o(-)]g)°
(see [47, Theorem 2.2]), the resulting embedding is determined by both the action of o
restricted to K (which is the identity or complex conjugation, as K is quadratic imaginary),
as well as the action of ¢ modulo p’ (a power of Frobenius). We get four possibilities for
p(E'?), corresponding to the conjugate embeddings: (E,¢), (E, 1), (E® ®) (E®) P),
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Let G = Gal(L'/Q), and let H = Gal(L'/K). Define the decomposition group
D:={ceG:op =yp'}
and the inertia group
I:={0€G:oa=amodp forall o € L'}.

We want to first consider the action of D on E.
Since p does not split in K, K is not contained in the fixed field of D, Lp. The fixed field
of DN H is KLp, so DN H is an index 2 subgroup of D.

Case 1: p ramifies in K.

When p ramifies in K, we have D/I = (DN H)/(I N H) = Gal(F} /F,) (where f is the
inertial degree). Reaching E or E(p) depends on if o modulo p’ acts as an even or odd power
of Frobenius. The isomorphism of (DN H)/(I N H) with D/I implies that each such choice
can be lifted to elements o € D either belonging to D N H, which acts trivially on K, or to
o € D\ H, which acts as conjugation on K. As all choices can be made in this case, each of
the four possibilities listed are realized as the reduction of (£’)? for some o.

Since p is reduction mod p, we apply an automorphism moving p’ to p. Let M be Galois
so that LL' C M, and let P’ be a prime of M over p’ and P a prime of M over p. Since
there is only one prime over p in K, we can choose 7 € Gal(M/K) with 7(P’) = P.

Then (E'7)™ has good reduction at P. If j is the j-invariant of (E'7) and g € K|x] reduces
to the minimal polynomial of j over F,, then g(j) € P, so g(7(j)) = 7(g(j)) € 7(P), hence
(E")7™ reduces mod p to one of E or E®). Furthermore, []p)re = [{gr)e» since T fixes K. If
p ramifies in K, this ranges over all conjugate embeddings as ¢ ranges through elements of
D, and therefore we must be in the transitive case.

Case 2: p is inert in K.

When p is inert in K, we have (DN H)/(I N H) is a subgroup of D/I of index 2. To
reach E or E® depends on if ¢ modulo p’ acts as the p-power Frobenius, all of whose lifts
are necessarily nontrivial on K, or the p?>-power Frobenius, all of whose lifts are necessarily
trivial on K. Thus, the only pairs that can be reached via an automorphism in D followed
by reduction mod p’ are (E, ) and (E®, (P).

If j(E) ¢ F,, then (F,:) and (E®, 1)) are not K-isomorphic (as, in particular, £ and
E®) are not isomorphic). By Lemma 3.4.2, (E, () is also not K-isomorphic to (E,7). Hence,
there are four distinct K-isomorphism classes among these four possibilities, and two of them
can be reached via action of D.
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If j(E) € F), then E and E®) are isomorphic. But by Lemma 3.4.4, as p is inert in K
(and in particular K % Q(y/—p)), we have that (E,:) and (E,?)) are not K-isomorphic.
Either there are 4 distinct K-isomorphism classes among these four possibilities, or if there
is an identification, then (E,:) = (E®,7P)), in which case there are only two possibilities
(E,.) and (E,7), and action by D only reaches one of them. In any case, this gives half of
the possibilities from action by D: {(E, ), (E® )},

Since p is reduction mod p, we apply an automorphism moving p’ to p. As in the ramified
case, we obtain an elliptic curve (E'°)” which reduces to E or E®). Since p is inert, the two
possibilities we obtain are {(E,¢), (E®,7®)} or {(E® ) (E,1)}, depending on the action
of 7 mod P.

When p is inert in K, we have shown that half of the conjugate embeddings appear in the
image of p. We need to rule out the possibility that the rest of the conjugate embeddings
could appear in the image of p.

So, assume p is inert in . Suppose (£, ) and (E®,P)) appear in the same orbit, so they
are given by reductions of elliptic curves E’, E” over a number field L with good reduction at
p and with CM by O. Using the class group action on curves with CM by O, there is an ideal
a C O such that ax £/ = E”. We can choose a to be coprime to the conductor of O and p.

Correspondingly, there is an isogeny ¢ : E' — E” of degree N = N(a). Note that ¢
is necessarily separable, as N has degree prime to p. Normalized embeddings satisfy the
commuting property ¢[-]g = [-]gr¢ [47, Chapter II, Cor 1.1.1], so by reducing mod p, we get
oL = L(p)fb-

This means in particular that m,¢ commutes with the image of ¢, so that m,¢ = ¢(a) for
some o € O by Lemma 3.4.3. The endomorphism 7,¢ has degree IV - p. Since ¢ is separable,
the reduction of ¢ mod p has the same degree, N = N(a). So « has reduced norm Np. Thus,
the ideal O is divisible by a prime of K over p. The only prime of K over p is pO, which
has norm p?. Hence if p | N(«a), necessarily p? | N(«). This contradicts that N(a) = N - p
such that p{ N.

Hence, there is no such a such that a * (E, 1) = (E® @), O
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Chapter 4
Horizontal isogenies between ori-
ented elliptic curves

In this chapter, we fix a prime p, a quadratic imaginary field K in which p does not split, and
an order O C K of discriminant D and conductor coprime to p. In this chapter, we describe
the structure of isogenies of fixed degree between O-oriented supersingular elliptic curves.
We are motivated by the setting of OSIDH and will usually assume that O is chosen so
that any supersingular elliptic curve E has at most one optimal embedding of O into End(FE)
up to conjugation, as in the setting of OSIDH. We give conditions under which all or most
N-isogenies between O-oriented curves are horizontal, and we classify the exceptions. As an

application, we extend an attack on OSIDH by Dartois and De Feo.

4.1 Orders in a quadratic imaginary order

4.1.1 Binary quadratic forms

A binary quadratic form is a function of the form f(z,y) = az® + bry + cy?, where
a,b,c € Z and a and c are nonzero. A form is primitive if a, b, and c are relatively prime.
The discriminant of such a form is o> — 4ac. A form is called positive definite if the
discriminant is negative. Positive definite forms are precisely those such that f(z,y) takes
only positive values when (z,y) # (0,0).

For this dissertation, all quadratic forms considered will be positive definite, primitive,
binary quadratic forms.

Two forms f and g are properly equivalent if there are integers p, ¢, r, and s such that
f(z,y) = g(pr + qy,rx + sy) and ps — gr = 1. One can consider g to be obtained from an

q
r s

€ SLy(Z) on f. It is a calculation to see that proper equivalence
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fixes the discriminant. Proper equivalence defines an equivalence relation on the set of binary
quadratic forms of some fixed discriminant.

Let C(D) be the set of primitive, positive definite, binary quadratic forms of discriminant
D considered up to proper equivalence. Gauss defined a group law on C'(D) (see [17, Theorem
3.9] for details), under which C'(D) is isomorphic to the ideal class group CL(O), where O is

a quadratic imaginary order of discriminant D.

Theorem 4.1.1. [17, Theorem 7.7, Exercise 7.17] Let O be the order of discriminant D.
Then the map

~b+ VD
2

induces an isomorphism betwen C(D) and CL(O). If a = Za + Zf is an invertible O-ideal,
then the map

ar? +bry+cy’ = Za+7

N(za+yp)

is the inverse map.

4.2 Classifying N-Isogenies Using Positive Definite Quadratic

Forms

Our main tool is a correspondence between N-isogenies and a solution to an equation involving

quadratic forms of discriminant D.

Theorem 1.2.1. Let (E, ) be an O-oriented supersingular elliptic curve over F,. Let b be
an invertible ideal in O with norm coprime to p, and let E" such that bx (E, 1) = (E',). Let
N be a positive integer. The following hold:

1. If p is inert in K, there is an injective map

{N-isogenies ¢ : E — E'} — {(w,x,y,2) € Z* : Q(w,z) + pQ'(y,2) = —DN}.

2. If p ramifies in K, there is an injective map

{N-isogenies ¢ : E — E'} = {(w,z,y,2) : Q(w,x) + Q'(y,2) = —DN/p}.
Here, (Q depends only on b, and Q)" depends on both E and b.
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To prove this theorem, we give an explicit description of Hom(E’, E') and use the corre-

spondence between invertible ideals and quadratic forms.

Lemma 4.2.1. With notation as in Theorem 1.2.1, Hom(E', E) = End(E)u(b), where =
is an itsomorphism of End(E)-modules. Under the isomorphism, an isogeny of degree N

corresponds to an endomorphism of degree N x N¥(b).

Proof. From the action of CL(O) on O-oriented curves, there is an isogeny ¢, : £ — b * E
with deg(¢y) = N¥(b) and ker(¢p) = Naeo ker(6(a)). We consider the End(E)-module
homomorphism

Hom(b * E, E) — End(FE).(b)

¢ — OPy.

It is clear that the degree is multiplied by deg(¢y) = N (b). It remains to show that the
image is End(E)c(b).

By [56, Theorem 3.15], the left ideal I := End(F)¢(b) is a kernel ideal in the maximal
order End(E). In other words, I = {« € End(F) : aH(I) = 0}, where H(I) = Nyey ker(a).
Since Nyer ker(a) = Naep ker(e(ar)) = ker(¢y), we have

End(E)u(b) = {a € End(FE) : a(ker(¢py)) = 0}.

This shows that the image of the map ¢ — @@y is contained in End(E)c(b). Moreover, for
any a € End(E)u(b), we know that a(ker(¢p)) = 0, and by [48, Corollary 4.11], this implies
a = ¢¢y for some ¢ € Hom(E', E), hence « is in the image of the map. Thus, this mapping

is an End(E)-module isomorphism. O

We combine this isomorphism with the description of maximal orders with optimal
embeddings by a quadratic imaginary order given by Lauter and Viray in [31]. First, we
set notation which we will use for the remainder of this chapter. More details are given
in [31, Section 5, Section 6.1].

Fix a prime p, a quadratic imaginary order O of discriminant D, and a prime ¢ satisfying
certain congruence conditions mod |D|. In particular, for an integer k& depending on D, there
is a map ¥ : (Z/|D|Z)* — {£1}* such that a positive integer m € Ker(¥) if and only if
there exists an ideal a € CL(O)? with N(a) = m [31, Theorem 5.1]. If p is inert in O, q is
chosen so that —pgq € Ker(V). If p ramifies in O, ¢ is chosen so that —¢ € Ker(¥). Finally, a
prime q lying over ¢ is chosen.

With this notation, for any fixed embedding ¢ : K — B, «, By can be written as

B, = t(K) @ 1(K)j for an element j € B, , and elements of B, ., can be expressed as
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matrices in the following way:

a p

By = {[0f]: = (m ’

)},a,BGK

where (o) = [a,0]. Here, j € B, is chosen to satisfy j? = —pgq if p is inert in O and
j? = —q if p ramifies in O.
The maximal orders of B, o, into which O embeds optimally are described explicitly by

the following proposition.

Proposition 4.2.2. [31, Section 6.2, Section 6.3] For each invertible ideal a C O coprime
to the conductor, there exists A\, € O and a ring R(a, \,) C B, satisfying the following

properties:
1. g taa™t C O.
2. N(A\) = —pgq (mod D) if p is inert in O.
3. N(Aa) = —q (mod D/p) if p is ramified in O.
4. R(a, ;) is a mazimal order.
5 R(a,\g) NK = 0.

6. The optimal embedding v : O — R(a, \,) is isomorphic to the embedding End(E(a)) —

—_~—

End(E(a)), where E(a) is the elliptic curve with CM by O corresponding to a.

7. For any invertible ideal b C O coprime to the conductor, R(a, ;)b = bR(ab, Ag).
When p is inert in K,
R(a, M) : {[a,8l:a e VD ‘0,8 € q VD da!,a— Af € O).
When p ramifies in K,
Ra, A : {[, 8] : a € VD O, 5 € VD aa'p,a — Aoff € OV,

Lauter and Viray construct A\, explicitly for each ideal so that the above properties hold,
but we omit details of the construction here beyond the properties which are summarized
above. We will usually refer to R(a, \;) by R(a).
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Corollary 4.2.3. Let E and E' be O-oriented curves with D = disc(O). For integral ideals
a and b depending on E and E', Hom(E', E) is isomorphic to one of the following ideals
depending on the splitting behavior of p in K:

If p is inert in K, then

Hom(E', E) = {[a, 8] : a € (VDO)™'b, € (VDO) g taba™, v — A3 € b}.
If p is ramified in K, then
Hom(E', E) = {[a, 8] : « € (VDO) 'bp, B € (VDO) 'q~raba~'p, o — Agp3 € b}

Proof. By Lemma 4.2.1, Hom(E', E') = End(E)¢(b). Under the isomorphism End(E) — R(a),
we have End(F)i(b) = R(a)b. By [31, Lemma 6.5, Lemma 6.9], R(a)b = bR(ab). We will
show that bR(ab) can be written as described in the corollary. There are two cases depending
on the splitting behavior of p. We will show the inert case and note that the ramified case is
similar.

First, we show that the set

H:={[a,f]: a € (VDO)™ b, 5 € (VDO) 'qtaba™!, a — A3 € b}

is a right R(ab)-ideal.

Let [o/, 5'] € H and let |«, 5] € R(ab). We need to show that [o/, f'|[a, ] € H. For ease
of notation, let A = Ay, @ = VDo, ’ = vVDa/, b=+/Dp, and I/ = vVDj'. We need to show:

(1) d'a + pgbl/ € /Db,

(2) a'b+ab € vVDg 'aba~!, and

(3) d'a+ pgb'b — \(a'b+ab') € Db.

The proofs of these three statements are completely analagous to the proof of [31, Lemma
6.3].

To prove (1), rewrite a’a + pgb’b as

(a' — Xb)a + b/ (a — Ab) 4+ AW/ (Ab — XB) 4+ (N (N\) + pq)b'D.

Using Proposition 4.2.2 properties (1) and (2), the definition of H, and the fact that for
any ¢c € O, ¢ —¢ € VDO, it is clear that each term is in v/Db.

To prove (2), rewrite a'b+ ab’ as (/' — \b')b — (@ — Ab)b' + b(AY' — \V).

To prove (3), let ¢ and ¢ such that @ = A\b+ v/Dc and o/ = A\ + V/Dc/. Note that
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c € VDO and ¢ € vVDb. We can rewrite a'a + pgh'b — A(a’b+ ab') as
Decd + (N(N) + pg)b'b + WDV (¢ — &) € DO.

This shows that H is a right R(ab)-ideal. Furthermore, the generators of bR(ab) are
of the form [v, 0][c, 8], and multiplying through the corresponding matrices, we obtain the
matrix [y, 8] with v € b and [«, 8] € R(ab), and it is clear that [a7y,8v] € H. Thus, H
contains bR(ab).

Finally, to see that H = bR(ab), we show that every element of H has norm divisible
by N(b). Let [a,3] € H. Then N([a, 5]) = N(a) + pgN(5). As vVDa € b and VDj €
q~'aa~'b, it follows that N(v/Da) and ¢N(v/DJ3) have norm divisible by N(b). We have
N(VDa) 4 pgN(v/Dp) is divisible by D, since N(v Da — A\Dp) = N(v/Da) +pgN (v DJ3)
(mod D). Since VDo — \/ﬁ)\ﬁ e VDb by construction, the norm must be divisible by D,
and therefore N(a) + pgN(p) is an integer. Since D and b are coprime, N(«) + pgN(f) is
divisible by N(b). This shows that H has norm divisible by N(b), and since it contains an
ideal of norm N(b), they must be equal.

This gives the result when p is inert. When p is ramified, an identical argument for the

corresponding set H gives the result. O

Now, we prove Theorem 1.2.1 using the explicit description from Corollary 4.2.3 and the

correspondence between ideals and binary quadratic forms described in Section 4.1.1.

Proof of Theorem 1.2.1. By Lemma 4.2.1, if ¢ corresponds to [a, 3] under the described
isomorphism, then deg(¢)N*(b) = det([o, 8]) = (N¥(a) — j2N%(B)). Write b = Za +
Z(™YD), where a,b € Z.

We have two cases.

Case: p is inert in K

Write aw = % such that o/ € b. Then all possible values of o’ range over wa—l—x(bg/5 ) for

all integers w, x € Z. Letting Qy(w, z) = NK(wa—l—x(%))/NK(b) denote the corresponding
N (0)Qp (w,z)
_D .

binary quadratic form, we have N¥(a) =
Similarly, write 5 = % such that 8’ € g 'aba~'. We can rewrite this ideal _aS qN}( @ a’bq.
Then f' ranges over N%(a)q(ya’ + z(%)) such that Z o’ + Z% = a?qb for y,z € Z.

Letting Quq3(y, 2) = N¥ (ya' + 2(YEYDY) /(gNE (a)2N¥ (b)) denote the corresponding binary

2
quadratic form, we have
N (6)Qa2g5(y, 2)

NK(§) = S
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Hence

Qh(w> [E) + pQﬁQﬁE(ya Z) .

deg(¢) = )

Case: p is ramified in K.

O/

In this case, we have @ = 7D such that o’ € bp, and hence, replacing b with bp in the

preceding section, we have
PN (6)Qpo(w, )

N¥(a) = i)
Similarly, g = \/% such that 3’ € qNIl((a) a2bgp. Then
NE(0)pQazpao (Y,
NK(B) _ ( )anqup (y Z) ‘

_Dq

Hence
p(QPb(w7 :B) + QEQqu (yv Z))

O
-D

deg(¢) =

4.3 Classifying Horizontal and Non-Horizontal Isogenies

Fix an integer N coprime to p. In this section, we use Theorem 1.2.1 to count horizontal
N-isogenies, assuming that O is chosen so that embeddings are unique up to conjugation.
If @ and 6" are both optimal embeddings of E into End(E), then 0(O) = ¢'(O). This holds
whenever —D < p by [25].

Lemma 4.3.1. Let (E,0) be an O-oriented elliptic curve and further assume 6 is unique up
to conjugation. Let b be an integral ideal of O of norm coprime to D. Let ¢ : bx E — E be
an isogeny, and let o, f € K so that ¢ corresponds to [a, ] € End(E)b. Then ¢ is horizontal
(with respect to the orientation on b x E induced by the action of b on 6) if and only if B =0
(in which case the induced orientation is 6) or o = 0 (in which case the induced orientation
is ).

Proof. The optimal embedding induced by the action of b on (E,8)) is

’_ 1 N
V=m0

and therefore the embedding of K < End(F) induced by ¢ is

0" = —deg(¢)NK(b)¢¢be¢¢b'
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By hypothesis, #” is an optimal embedding of O — End(FE) if and only if §” = 6 or
0" = 0.
Write ¢y = |, 8] = a+ (7 and note that the dual Db = (&, —f]. Then

o 1 a BY (0 0\ a -8
NE(a) - >NE(B) \j28 a) \o 6) \=23 «

. 1 NK(@)f— PNE@8 —aB(e-0)
NG = PNEB)\ Papo—0)  N¥(@)d - ANE@)8)

0" is an optimal embedding of O into End(FE) if and only if

1 NE(a)0 — 2NE(3)0 —ap(0—0) (o0
NE(a) — 2N5(B) FfapO—0)  NX(@)o-2N%B)w)  \o o

or

1 NE(a)§ — j2NE(3)0 —aB(6 — ) (60
NE(a) — j2NK () FapO—0)  NE(@)o-72N%(B)e) o 0]

As 6 — 0 is nonzero on K \ Q, we have 6" = 0 if and only if 3 = 0 and #” = 6 if and only
if « =0.
O

In the case that p is inert in K and ¢ is separable, the asymmetry in the expression for

deg(¢) restricts horizontal isogenies further.

Corollary 4.3.2. In addition to the hypotheses of Lemma 4.3.1, assume p is inert in K and
that ¢ is separable. Then ¢ is horizontal if and only if 5 =0, i.e. the induced embedding is 6.

Proof. Assume the hypotheses of Lemma 4.3.1 and suppose ¢ is a horizontal isogeny. Let
la, B] be the corresponding matrix. By Lemma 4.3.1, ¢ is horizontal if and only if & = 0 or
£ = 0. We will show that if a = 0, then ¢ is not separable.

If o = 0 and ¢,0 = 0, the associated tuple (w, z,y, z) has w = 2 = 0, so deg(¢) = %ﬁ;z).
Since p is inert in K and does not divide the conductor of O, it follows that p | deg(¢). This

implies ¢ is not separable. O

Proposition 4.3.3. Assume p is inert in k and let N < 25. If E,E' are curves with

O-orientation, then all isogenies ¢ : E — E' with deg(¢) = N are horizontal.
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Proof. Every isogeny of degree N can be expressed with a tuple (w,x,y, z) such that

Qo (w, 7) + Qg2 (¥ 2)

= N.
-D

Since Qy and Qgzp are positive definite forms, N < 25 implies that Qggzg(w, z) = 0,
hence w = z = 0 and thus 5 = 0. Thus ¢¢, corresponds to [a, 0] and is in the image of K in
End(F) ® Q. O

Corollary 4.3.4. With N, E, and E' as in Proposition 4.3.3, let b such that E = b x E'.
(1) If there is a non-integer element of b of norm NX(b)N, then optimal embeddings
0: O — End(E) are unique (up to conjugation and K-isomorphism,).
(2) If there is no non-integer element of b of norm N¥(b6)N, then there are no isogenies
¢ E — E' with deg(¢) = N.

Proof. (1) If there is a non-integer element o of b of norm N¥(b)N, then there is an isogeny
¢ : E— E’ (corresponding to [«, 0]) of degree N. Suppose 6 and ' are optimal embeddings
of O < End(F). Then ¢¢y is in the image of 6 and in the image of ¢, hence the images of 0
and 6’ must agree.
(2) In this case, there is no « such that ¢ corresponds to [a, 0]. There are therefore no
horizontal isogenies of degree N, and thus there are no isogenies of degree V.
O

Proposition 4.3.5. Suppose p | N and —DN < p*. If E is O-oriented and ¢ : bx E — E
has deg(¢) = N, then there is an element of B € ﬁﬁzﬁﬁk(a) such that N¥(8) = %NK([J)

Proof. As —DN < p? we must have pt D, so we are in the case that p is inert in K. Thus

¢ corresponds to a matrix [a, §] which corresponds to a tuple (x,y,w, z) such that

Qo(,y) + pQszog(w, z) = —DN.

An integer M is represented by Qp(x,y) if and only if there is an element of b of norm
MNE(b). As p is inert in O, any element of O of norm divisible by p must be divisible by
an even power of p. As —DN < p?, we must have Qy(z,y) = 0 (hence z = y = 0 and thus
a = 0) and thus pQgz5(w, 2) = —DN.

In particular, the corresponding [a, 3] = [0, 8] satisfies pgN¥(3) = NNX(b). O

Corollary 4.3.6. Suppose —D < p. Then the number of F,-rational curves E with an
optimal embedding of O into End(E) is #CL(O)[2] if and only if there is an element of
CL(O)?* of norm q, where q is the prime defined at the beginning of Section 4.2. Otherwise,

there are no IFy-rational curves.
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Proof. E is F,-rational if and only if End(E) contains an element of degree p. So, we apply

the above Proposition with b = (1) and N = p.

1

If End(F) = R(a) contains an element of degree p, then there is an element 3 € ga? N ()

of norm é and such that A\, € O.
But N*¥(ga? qN}K(a) = %, hence contains such a 3 if and only if qa® is principal (and
generated by ), which is true if and only if [q] = [¢]* and [a] € [¢]CL(O)[2]. Thus, E is

[F,-rational implies that [q] is a square, and there are at most CL(O) possibilities for the

corresponding ideal classes [a].

Now, we see that every choice of [a] € [¢]CL(O)[2] yields an endomorphism, i.e. that
A3 € O. As )\, is chosen so that \,qa? qN},((a,
have A\, € O.

Hence we have two cases: Either q is not a square in CL(0)? and there are no F,-rational
O-oriented curves, or q € CL(0)? and we have exactly #CL(O)[2] F,-rational O-oriented

curves.

C O, and we choose 3 to generate qa?

1

]

Remark 4.3.7. Li, Li, and Ouyang also consider factorization of the Hilbert Class Polynomial
mod p, including counting the number of F,-rational roots [32, Theorem 4.1]. They obtain
the same number (#CL(0)[2] or 0), under slightly different assumptions.

4.4 Special Case: —DN < 2p

In general, the injection in Theorem 1.2.1 is not a bijection. The expression with quadratic
forms does not account for the condition depending on A. Moreover, the quadratic forms
only depend on the ideals b and a?, rather than b and a. In other words, there are CL(O)]2]
O-oriented curves (F,#) which give rise to the same binary quadratic forms.

In the special case that —DN < 2p, the injection in Theorem 1.2.1 can be extended to a
bijection (up to a certain equivalence), and we give a more complete characterization of how

non-horizontal isogenies arise.

Corollary 4.4.1. Assume —DN is coprime to p. Further assume that O-orientations are

unique up to conjugation. Then we have the following:

1. If =DN < p, all N-isogenies between O-oriented curves are horizontal.

2. Ifp < —=DN < 2p, write —DN = p+r with 0 < r < p. For each integral invertible ideal
b with N(b) = r, there is an O-oriented curve E such that there is a non-horizontal

N-isogeny b x E — FE. If ¢ is a non-horizontal isogeny between oriented curves,
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¢:bx E — E, then b is in the same ideal class as an integral invertible ideal of norm

r.

Proof. Since —DN is coprime to p, p is inert in K and any N-isogenies are separable.

In the case that —DN < p, all N-isogenies correspond to a solution (w,z,y,z) of
Q(w,z) + pQ'(y,z) = —DN. Since the forms @ and @’ are positive definite, any solution
must have y = 2z = 0. By Lemma 4.3.1, the corresponding isogeny is horizontal.

Now suppose —DN = p + r with 0 < r < p.Let b be an invertible ideal of norm
r. First, we show that for some a, there exists is a solution (w,z,y,2) of the equation
Q(w,x)+pQ'(y,z) = —DN such that (y, z) # 0. Here @ is the form associated to b and @’ is
the form associated to gba?. In this case, it is clear that the only solutions with (y, z) # (0, 0)
satisfy Q'(y,z) =1 and Q(w,x) = r.

There is a solution to Q'(y, z) = 1 if and only if the ideal gba® is principal. We have that
qba? is principal if and only if [a]> = gb. Since N(bg) = rq = —pq (mod D), it follows from
construction of ¢ that bq € CL(O)?, so a can be chosen so that Q’'(y, z) = 1 has a solution.

N(r) _

Since N(b) = r, the integer r is an element of b and No = Therefore, there is a

solution (w, z) to Q(w,x) = r.

We obtain a solution (w,x,y, z) for any a such that a®> = bq. Note that if (w,z,y, 2) is a
solution, then so is (w,z, —y, —z). We will show that exactly one of the two corresponds to
an isogeny.

From (w, z) and (y, ), we construct the corresponding a € b and § € q~*baa~"! such that
N(a) + paN($) = ~DNN(b).

We will show that there is exactly one choice of a such that one of % + )\ab% € b.

Fix any choice of a such that a? = gb, and let Ay, be as described in Section 4.2. By
construction, Agpq 'aa=tbb™! C O, s0 Agpf3 € b.

By construction, N(Ag) = —pg (mod D). Thus, N(a) = N(AepS) (mod D). Since p is

coprime to D, we also have N(a) = r? is coprime to D. By [31, Lemma 7.8], there exists

¢ € O such that o — cAp3 € VDO and N(c¢) =1 (mod D). Replacing § with —3 replaces
¢ with —c. By [31, Lemma 7.7], there is a unique ideal ¢ € CL(O)? such that A is one of
Fchgp.

If F is the elliptic curve associated to ac, then we have shown that one of [o/v/D, £3/+/D]
is an element of Hom(b x E, F). Since § # 0, it corresponds to an isogeny which is not
horizontal.

To see that every non-horizontal N-isogeny between O-oriented curves arises this way,
suppose ¢ : b x E — F is an isogeny which is not horizontal. Under the isomorphism in
Corollary 4.2.3, there is a corresponding o € b and 8 € q~*baa~! such that N(a)+pgN(8) =

—DNN(b). Furthermore, because ¢ is not horizontal, it follows that N(/3) # 0 and N(a) # 0.
33



Since fqa C ab, it follows that N(j3)q is an integer. As —DN = p + r, the only possibility
with § and a nonzero is that N(3)/N(b) = . and N(a)/N(b) =r.

Now, we show that the ideal class of b contains an ideal of norm r. Since a € b, the
conjugate @ € b, and ab~! is an integral ideal of norm 7. Since b is in the same ideal class as

b~!, this shows that ab~! is in the same ideal class as b and has the desired norm.
O

When —DN < 2p, the existence of non-horizontal N-isogenies depends only on the
existence of ideals of norm —DN — p, and every solution to the norm form equation gives
rise to an isogeny. In the more general case that —DN = mp + r where 0 < r < p, we cannot

classify the situation as completely.

Corollary 4.4.2. Assume —DN s coprime to p. Further assume that O-orientations are

unique up to conjugation. Then the following hold:

1. All pairs of O-oriented curves connected by a non-horizontal N-isogeny are of the form
(E,bx E) where N(b) € {r,p+r,2p+7r,....,(m—1p—+r}

2. Suppose (m — 1)p + r is prime to the conductor of O. For each integral invertible ideal
with N(b) = (m — 1)p + r, there exists an O-oriented curve E and a non-horizontal

N -isogeny between E and b x E.

Proof. To see (1), every non-horizontal N-isogeny arises from a solution to —DN = Q(w, )+
pQ'(y, z), where @ is the binary quadratic form associated to an ideal b. The possibilities for
Q(w, ) = n satisfying this equation and corresponding to non-horizontal isogenies are the
integers n € {r,p+r,2p+r,...,(m —1)p+r}. Asin the last step of Corollary 4.4.1, any
such solution corresponds to an element a € b with norm N(a) = N(b)n, and ab~! is an
integral ideal in the ideal class of b of norm n.

To see (2), we repeat the first part of the proof of Corollary 4.4.1: our choice of ¢
guarantees a solution to @'(y,z) = 1 for some choices of a (corresponding to #CL(O)[2]
choices of F), and if there exists an integral invertible ideal with N(b) = (m — 1)p + r, there
is a solution to Q(w,x) = (m — 1)p + r (corresponding to b). Since N(b) is coprime to
D, we can use [31, Lemma 7.7] to show there is a unique E such that one of (w,z,y, z) or

(w,x, —y,—z) corresponds to an isogeny in Hom(FE, b x E). ]

4.5 Multiple Embeddings

We have been assuming that O-oriented curves have optimal embeddings which are unique

up to conjugation, which allows us to give a simple classification of which tuples correspond
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to horizontal isogenies. However, our proof of Theorem 1.2.1 does not require uniqueness of
optimal embeddings. In this section, we use Theorem 1.2.1 to give sufficient conditions for
embeddings to be unique up to conjugation. When p is inert in K, this is equivalent to the
statement that the Hilbert Class Polynomial has no repeated roots.

Let b be non-principal (so that E and b x E correspond to different oriented curves). To
check if F and b E are isomorphic, we want to check if Hom(bx E| F) contains any elements
of degree 1. In other words, we consider solutions to the following over all pairs of ideal

classes (a,b):

Q(w, ) +pQ'(y,2) = =D

We make the following easy observation.

Proposition 4.5.1. Let E be an elliptic curve over Fp. If —D < p, then there is at most
one optimal embedding (up to conjugation) of O into End(E).

Proof. Since () and @’ are positive definite forms, the only solutions to this equation occur
when Q(w,z) = —D. There is a corresponding a € b such that N(«) = —DN(b) and
o € v/Db. This implies that o generates v/ Db, and therefore b is principal and generated by
%. Since b is principal, (F,0) and b * (E, ) are K-isomorphic, and the embedding induced
by b is equal to 6. n

The above also follows from work of Kaneko, who gives sufficient conditions for two (not
necessarily distinct) quadratic imaginary orders to simultaneously embed into a maximal
order in B, ~ [25, Theorem 2’]. We can extend the work of Kaneko using our techniques to

the following situations.

Proposition 4.5.2. Suppose —D = p+1r for 0 < r < p. If there are no non-principal
ideals of norm r in O, then there is at most one optimal embedding of O into End(E) (up to

K-isomorphism) for any elliptic curve E over Fp.

Proof. Note that the statement is only interesting for supersingular F (optimal embeddings
for ordinary curves are necessarily isomorphisms), so we assume p does not split in K. Also
note that since p{ p + r, we are in the case that p is inert in K = Q(v/D).

Let b be an ideal which is not principal, so that (F,¢) and b * (E,¢) are not K-isomorphic.

An isomorphism (on the level of elliptic curves) b x £ — E corresponds to a solution:

Qb(wVT) +]9Qqazg(y, Z) =—-D.
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The forms are positive definite, so we have exactly two cases:

(1) (y,2) = (0,0) and Qp(w, z) = p + r. Equivalently, the corresponding [« 3] has 5 = 0,
so o — A3 € b, and N(v/Da)/N(b) = p+r = —D. But this implies N(a) = N(b), so b is a

principal ideal.
(2) Qp(z,y) = Q5525 = - But by hypothesis, Qp(z,y) = r implies b is principal.

In either case, we obtain a contradiction. O

Proposition 4.5.2 extends Kaneko’s result, for example, to the case that —D =p+1 or
—D = p+ { where /( is inert in O.

4.6 Extending the Attack on OSIDH

In this section, we will show how these results can be applied to extend Dartois and De Feo’s

attack to generate horizontal endomorphisms of higher degrees.

4.6.1 Dartois and De Feo’s Original Attack.

In the setup of OSIDH, K is chosen to be a quadratic imaginary field of class number 1, and
O C K is chosen to be an order of conductor ¢" for a prime ¢ (usually ¢/ = 2) and a large
exponent n. A set of primes ¢y, ..., q splitting in K and an integer r are chosen so that
(heuristically) each ideal class of CL(O) can be represented by an ideal of norm N := []t_, ¢f
for |e;| < r, without "too much" overlap in the ideal classes.

Dartois and De Feo’s algorithm to construct a horizontal endomorphism 3 has two steps:
First, compute an integer N = [['_, ¢i* which is the norm of a principal ideal in O; they
do this by computing the shortest vector in the rank ¢ relation lattice associated to CL(O).
Then, construct [ as a composition of isogenies corresponding to prime ideals over ¢;. If
le;] < 2r, the corresponding isogenies are public knowledge and 5 can be computed and
guaranteed to be horizontal.

Heuristically, the integer N output by the first step has sufficiently small exponents e;.
Our application examines the case that for some ¢;, we have |e;| > 2r, in which case the
best-known approach is meet-in-the-middle. This case would be relevant in the event that
the heuristics fail. Even under the heuristics, this analysis would be relevant for a version of

the attack which does not use the shortest vector (which would be desirable, as this step is
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exponential time in the number of primes ¢;), as well as for Dartois and De Feo’s proposed

countermeasure, for which the corresponding exponents e; would be much larger.

4.6.2 Meet-in-the-Middle Extension

We describe how to supplement the approach of Dartois and De Feo via a meet-in-the-middle
attack. Dartois and De Feo, following Onuki, propose this extension in their paper; however,
they have no guarantee that the resulting isogeny is horizontal as desired. We describe
parameters which guarantee that the resulting isogeny is horizontal, as well as parameters
where it is easy to analyze the exceptional cases.

Let N = [I!_, ¢ be the norm of a principal ideal in O, which can be computed by finding
the shortest vector of the relation lattice associated to CL(Q). Let Ey be an O-oriented curve.
N is the degree of the horizontal endomorphism 5 we would like to produce in End(Ey).

Write N = N’N” where N’ = [I'_, ¢* with |d;| < 2r, and assume N” # 1. N’ is the
degree of the isogeny that we can produce via the public information of OSIDH, and N” is
the degree of the isogeny that we must supplement. We obtain an N'-isogeny ' : E — b* E
which factors through Ey and decomposes as a sequence of isogenies corresponding to the
prime ideals g;.

Next, we use a meet-in-the-middle attack to generate an N"-isogeny " : E — b * E.

We examine the probability that 5” is horizontal in the two simplest cases below.

Proposition 4.6.1. Let N” be an integer coprime to p. Assume —DN" < 2p. Fix an
invertible ideal b C O.

1. Suppose —DN" < p. Then for all O-oriented curves E, all N"-isogenies between FE

and b x E are horizontal.

2. Suppose —DN" = p+r with 0 < r < p. At most #CL(O)[2] curves E admit non-
horizontal N"-isogenies E— b * E.

3. Let k be the number of invertible integral ideals of norm r in the ideal class of b. As
E ranges over all O-oriented curves, there are exactly k non-horizontal N"-isogenies

starting at E and ending at b x E.

As an easy example, let —DN" = p 4+ r where r is prime. If r is inert in O, there are
no ideals of norm r, so in particular, 1(c) implies that all N”-isogenies are horizontal. If
r splits in O, there are two ideals b and b of norm r. Then there are two non-horizontal
N'"-isogenies, given by the N”-isogeny £ — b+ F and its dual b* F — bxbx E = E. for a

unique O-oriented curve E.
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We can detect if the meet-in-the-middle attack fails by computing the discriminant of 3
and checking if it is equal to —D. If not, then [ is not horizontal, and we search for another
N"-isogeny until we succeed. Without computing relations in the class group, we can bound
the number of isogenies to try by the number of ideals of norm r in O, which is determined
only by the splitting behavior of prime factors of r in O.

In more general parameter ranges, the situation becomes more complicated; one expects
that horizontal isogenies become less likely as L%j, but it depends heavily on the structure

of the class group.

4.6.3 Specialization to OSIDH

We consider the specific parameters of OSIDH. When £ = 2 and K = Q(i) or K = Q(v/-3),
#CL(0)[2] is 2 or 4 (respectively) and #CL(O) = 271 so the probability that there exist
any non-horizontal N”-isogenies between E and b * E' is 2"%2 or 271%3, where n = 256. As n
grows, the probability decreases (keeping in mind that the N” covered is also changing as D
increases).

If the ring class polynomial associated to O can be computed efficiently, we can, under
the parameters of OSIDH, modify the meet-in-the-middle algorithm so that we will always
output a horizontal isogeny, regardless of the size of —DN". This is because the only known
way to make the group action computation described by Colo and Kohel well-defined is to

ensure —Dg; < p for all primes ¢; considered [37, Section 6.2].

Proposition 4.6.2. Let ¢;(x,y) denote the g;-th modular polynomial mod p, whose roots
(4,5') are j-invariants of q;-isogenous elliptic curves over F,. Let H(x) denote the ring class
polynomial associated to O, whose roots are j-invariants of O-oriented elliptic curves. If
—Dgq; < p, we have the following:

For each root j of H, there are two roots of ged(¢;(j, x), H(x)), corresponding precisely

to the action by q; orq, on j. The corresponding q;-isogenies are horizontal.

In the case that we can compute the required polynomials and geds, we can modify the
meet-in-the-middle algorithm: We construct isogeny paths of j-invariants ji, jo, ..., jm by
selecting jj from roots of ged(¢;(jr—1, ), H(x)). Every step is necessarily horizontal, and any

two paths meeting at a j-invariant j,, can be composed to form a horizontal isogeny.

4.6.4 Modification to OSIDH

One implication of our work is that N-isogenies between (O-oriented curves are less likely

to be horizontal as L%J grows, although a more precise statement would depend on the
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structure of CL(O). Dartois and De Feo’s countermeasure to their attack increases D as well
as (heuristically) increasing N by considering the same set of primes, chosen to only cover a
portion of the class group [18, Section 5.2]. An additional countermeasure to explore is to
decrease the prime p, which would need to be done in a way to make the group action still
possible to compute via modular polynomials. The group action computation can be reduced
to an assumption about when two isogenies induce the same orientation [37, Assumption

5.1], which we can analyze via the same techniques that we introduce here.
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Chapter 5
Notation and preliminaries for local
orders and the Bruhat-Tits tree

In this chapter and the next, all orders O will be orders in a quaternion algebra. We consider
the problem of computing the endomorphism ring of a supersingular elliptic curve E from a
given order Oy C End(FE) of finite index. Our strategy is to work locally by enlarging O, at

each prime dividing the reduced discriminant and finding a path in the Bruhat-Tits tree.

5.1 Notation and preliminaries for orders in a quaternion

algebra

One key fact that we will use is the local-global principle for orders in a quaternion algebra.
This states that an order in a global quaternion algebra is determined by its completions at
each prime, see [54, Theorem 9.4.9, Lemma 9.5.3]. Maximality is a local property, i.e. an
order O C B, » is maximal if and only if for all primes ¢, O ® Z, is a maximal order. Being
maximal can also be expressed in terms of the reduced discriminant: an order O in B,  is
maximal if and only if the reduced discriminant discrd(O) is equal to p [54, p. 375]. The
primes at which O fails to be maximal are exactly those primes dividing discrd(O)/p.

Thus, the local-global principle reduces finding End(E) to finding End(E) ® Z, at each
prime ¢ dividing discrd(Q)/p. When ¢ = p, there is a unique maximal order in the division
algebra B, « ® Z,. In the case that g # p, the local order End(E) ® Z, is a maximal order of
Bppo ® @q = M2(Qq)'

Our strategy will be to enlarge Oq locally. We give the following definitions for the orders

we obtain in this way.

Definition 5.1.1. Let Oy be an order. We say that an order O is a g-enlargement of Oy if
Op COand ORZy = Oy ® Zy for all ¢ # %0 We say that O is a g-maximal g-enlargement



if O is a g-enlargement such that O ® Z, is maximal.

Let O C B be a Z-order We call O an Eichler order if © C B is the intersection of two
(not necessarily distinct) maximal orders. The codifferent of an order is codiff(O) = {a €
B : Trd(aQ) C Z}. We say that O is Gorenstein if the lattice codiff(O) is invertible as a
lattice [54, 24.1.1]. We call O Bass if every superorder O’ O O is Gorenstein.

5.2 Local orders and the Bruhat-Tits tree

Given an order Oy of finite index in End(E), we will compute End(E) from Oq by enlarging
it so that locally at a prime ¢ it is maximal and equal to End(E) ® Z,. When g = p this step
follows from work of [53] since B, - ® Z, is a division algebra and has a unique maximal
order. When ¢ # p we will first compute some maximal order containing Oy ® Z, and then
find a path from that maximal order to End(E) ® Z,. Here we view both orders as vertices

in the Bruhat-Tits tree for GL2(Q,).

Remark 5.2.1. Throughout this paper, a path in the Bruhat-Tits tree always refers to a
nonbacktracking path.

For the remainder of this section, fix a prime ¢ # p. We use the labelling conventions
described by Tu [51].

Definition 5.2.2. The Bruhat-Tits tree is the graph whose vertices are rank 2 Z,-lattices up
to homothety. Two lattice classes [L] and [L'] are connected by an edge if and only if there
are representatives L and L’ such that ¢ C L C L.

Equivalently, one can consider the vertices of the Bruhat-Tits tree as maximal orders of
M5(Q,), via the correspondence [L] — End(L). In this case, two maximal orders A and A’
are neighbors if and only if [A: ANA]=[A:ANA]=q.

Fixing a basis for a lattice Ly and identifying End(Ly) with M(Z,), we associate to each
basis defining a lattice L a 2 x 2 matrix T that transforms the basis of L into that of L.
Then End(L) = T~'My(Z,)T. Given Ly and L, the matrix T is well-defined as an element

of Q GLa(Z,)\ GL2(Qy), so we may assume that 7" is of the form 7' = (qO qcb) with a,b > 0,

¢ € Z/¢"Z, and v,(c) = 0 if both a and b are positive.
The Bruhat-Tits tree is a (¢ + 1)-regular tree. Each neighbor of a lattice L corresponds

to a choice of cyclic sublattice of index ¢, which corresponds to a choice of matrices of the

10
form (g i) and (0 ) More generally, a path of length n starting at the root Ms(Z,)
q
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(labelled by the 2 x 2 identity matrix) corresponds to a product of such matrices. We make
the following definition.

1 0
Definition 5.2.3. For each ¢ such that 0 < ¢ <q—1, let v, := (0 C). Let 70 = (g 1).
q

Let X ={7.:0<c¢<qg—1}U{vx}. We call a finite sequence of matrices {¢;}_, a matriz
path if each ¢; € ¥ and ¢;11¢; & qMs(Z,). The length of the matrix path {¢;}}', is n. Each
path of length n starting at the root corresponds to a matrix path. If {¢;}?, is a matrix

path, we call the product T" = ¢,c,,_1 ... c; the associated matrix.

There is a bijection between paths of length n in the Bruhat-Tits tree starting at Ms(Z,)
and matrix paths of length n. The endpoint of the path corresponding to the matrix path
{c;} is the order T~*My(Z,)T, where T is the associated matrix. The vertices of the path

are
MQ(Z(]), Cl_lMQ(Zq)Cl, Cl_lcz_lMQ(Zq)Cgcl, ey (01_1C2_1 tee C;l)M2<Zq)(Cn s CgCl).

Depending on the context, we may represent vertices in the Bruhat-Tits tree as maximal

orders in My (Z,), lattices, or 2 x 2 matrices T" as above.

5.2.1 Distance

We have the usual notion of distance in the Bruhat-Tits tree.

Definition 5.2.4. The distance between two vertices in the Bruhat-Tits tree v and o/,
denoted d(v,v'), is the length of the unique path between v and v'. We denote the distance
between v and v’ by d(v,v’). Here, v and v may be represented by homothety classes of

lattices, maximal orders in Ms(Z,), or the matrices associated to the matrix path.

Definition 5.2.5. Let ¢ be a postive integer and v a vertex in the Bruhat-Tits tree. The
(-neighborhood of v is the set

Ny(v): = {v :d(v',v) < (£}

We also have the analogous notion of distance to a path and neighborhood of a path.

Definition 5.2.6. Let P be the set of vertices along a path in the Bruhat-Tits tree. The
distance between a vertex v and P is min{d(v,v’): v' € P}. The distance between v and P
is denoted d(v, P).
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Figure 5.1. The (truncated) Bruhat-Tits tree for ¢ = 3, with vertices labelled by the corresponding
matrices. The root of the tree, labelled I, corresponds to Ms(Zg). The vertex labelled with matrix
T corresponds to the order T~ Ms(Z,)T.

Definition 5.2.7. Let P be the set of vertices along a path in the Bruhat-Tits tree and let ¢
be a nonnegative integer. The ¢-neighborhood of P is the set

Ny(P): ={v' :d(v', P) < (}.

5.2.2 Distance and matrix labelling

This section relates the distance between two vertices in the Bruhat-Tits tree to the matrix
labelling just described. We will also get a bound on the distance in terms of the reduced
discriminant of the intersection of the two maximal orders.

Proposition 5.2.8. Let T = b, ---bybiay---asa; and T' = c,---cra -+ - asay, such that

a;,b;, ¢; € ¥, the product of two consecutive matrices is not in Ms(qZ,), and by # c¢1. Then
A(T ' My(Z)T, T ' My(Z)T') = 1 + s.

Proof. Let v = ay, - - - a;. The unique path from T~ My(Z,)T to My(Z,) and the unique path
from T"~'*My(Z,)T" intersect exactly in the path from y~'My(Z,)y to My(Z,). Thus, we
obtain a (nonbacktracking) path from T My(Z,)T to T'~'My(Z,)T’ by first taking the path
of length r from T My(Z,)T to v~ 'My(Z,)7, and concatenating it with the path of length
s from v My(Z,)y to T My(Z,)T". O

We can relate the reduced discriminant of an order to the distance between maximal

orders containing it.

Lemma 5.2.9. Let A be a Z,-order in My(Q,) such that A C Ay N Ay for mazimal orders

A1, Ay Then vy(discrd(A)) > v, (diserd(Ay NAy)).
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Proof. By [54, Lemma 15.2.15], discrd(A) = [A; N Ag : A]discrd(A; N Ag). The index is an
integral ideal, so v,(discrd(A)) > v,(discrd(A; N Ay)). O

From the lemma, we obtain the two following useful corollaries.

Corollary 5.2.10. Suppose A C M5(Q,) is a Z,-order. Let e = v,(discrd(A)). If A is

contained in two mazximal orders Ay and As, then d(A1, As) < e.

Proof. When A; and A, are maximal orders, the distance between them is v, (discrd(A; NAg)).
The result then follows from Lemma 5.2.9. [

Corollary 5.2.11. Let A be a Zg-order of finite index in My(Qy,). Then A is contained in

finitely many maximal orders.

Proof. This is immediate from Corollary 5.2.10. If Ay is a maximal order containing A, then

all maximal orders containing A are at most v,(discrd(A)) steps from A;. O

Remark 5.2.12. Suppose A C End(E) ® Z,. If we can construct a maximal order A; which
contains A, the preceding corollaries give us a starting point for how to locate End(E) ® Z, in

the Bruhat-Tits tree. A naive approach would be to check all orders within e = v,(discrd(A))

el
=y
maximal orders at most e steps from A;. Working with each of these orders is computationally

steps from A; in the Bruhat-Tits tree. However, when e > 1, there are 1 + (¢ + 1)

infeasible for general A.

5.3 Finite intersections of maximal orders

In this section, we review Tu’s results on finite intersections of maximal orders in M(Q,).
As an application, for each path P and ¢ > 0, we construct an order A which is contained
in a maximal order A’ if and only if A" € Ny(P). This construction allows us to work with

many maximal orders at once.

Definition 5.3.1. [51, Notation 7] Let S be a finite set of maximal orders. We define
dg(S) = max{d(Al, AQ) + d(AQ, Ag) —+ d(Ag, Al)},

where the maximum is taken over all choices of Ay, Ay, A3 € S. The orders A; need not be

distinct.

We restate Tu’s main theorem, specialized to our case K = Q.
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Theorem 5.3.2. [51, Theorem 8] Let S be a finite set of mazimal orders in Ms(Q,). Let
Ay, Ao, Ay € S be such that d3({A1, Ae, A3}) = d3(S). Then Npes A = A1 N AN A;. The

orders Ay, Aoy, A3 need not be distinct.
Our first lemma relates d3(S) to the reduced discriminant discrd(Nyeg A).

Lemma 5.3.3. Let S be a finite set of maximal orders in My(Q,). Then

vg(diserd( () A)) = ds(S5) /2.
AeS

Proof. 1f S consists of a single maximal order Ay, then d3(S) = 0. Furthermore, NycsA = A;
is conjugate to My(Z,), and therefore v,(discrd(Ay)) = v,(discrd(M2(Z,))) = 0 = d3(5)/2.

Suppose NpaesA is Eichler, say Naes = Ay N Ay with Ay, Ay € S and such that d3(S) =
ds({A1,A2}). Then v, (discrd(A; NAg)) = d(Ay, Ag). Writing Ay N Ay = Ay N Ay N Ay, we have
ds(S) = d(A1, Ag) + d(Ag, o) + d(Ag, Ay) = 2d(Aq, ). Hence v, (discrd(NpaesA)) = ds(S)/2.

If NpesA = A1 N Ay N Ag is not Eichler, there is an order Ay which lies on the path
between any two of the A;. Letting m = d(Ay, Ag), n = d(Aa, Ag), and ¢ = d(As, Ay), we have
ds3(S) = d(A1, A2) + d(Ag, As) +d(As, Ay) = (m+n)+ (n+0)+ (£ +m) =2m + 2n + 2(.

Furthermore, the intersection Ay N Ay N A3 is conjugate to the order with basis

(o3 0) ) 6 2

(See [51, proof of Theorem 2] for details.) As disc({a1, a2, as3,a4}) = det(Trd(a;a;)), a
computation shows
diSC(Al N AQ N Ag) = _q2m+2n+26 = _qd;;(S).

Hence v, (discrd(Ay N Ay N A3)) = ds(5)/2. O
We'll also use the following lemma which is key to the proof of Tu’s Theorem 8.

Lemma 5.3.4. [51, Lemma 12] Let S = {A1, Ay, A3} be a set of mazimal orders, and let Ay
be a mazimal order such that d3(S U {A4}) = d3(S). Then Ay D Ay N Ay N As.

The converse is also true, which is shown in the next Lemma.

Lemma 5.3.5. Let S = {Ay, Ay, A3} be a set of mazimal orders. Suppose Ay D Ay N Ay N A3.

Proof. We have v,(discrd((Naes A) N Ayg)) = d3(S U {A4})/2, and v,(discrd(Npaes A)) =
d3(S)/2. But Npes A C Ay implies that (Naeg A) N Ay = N sA, hence the reduced discrimi-

nants are equal. By Lemma 5.3.3, d3(S U {A4}) = d3(5). O
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Corollary 5.3.6. Let P be the set of mazimal orders along a path, and let £ > 0. Let A
Naen,(py A- Then the set of maximal orders containing A is Ny(P). Moreover, vy(discrd(A)) =
30 + card(P) — 1.

Proof. We will describe A as an intersection of at most 3 maximal orders.

If / =0 and P is a single point, then N,(P) consists of a single order, which is equal to A.
In this case, as A is maximal, we have v,(discrd(A)) = 0 = card(P) — 1.

If ¢ = 0 and card(P) > 1, then Ny(P) = P. In this case, A = A; N Ay where A,
and A, are the endpoints of P. The only orders containing A are those in P. We have
vg(diserd(Aq N A2)) = d(Aq, Ag) = card(P) — 1.

Now, assume ¢ > 0. Let Aj, Ay, A5 denote any choice of three orders in Ny(P), and let /~\;
denote the order on the path P which is closest to A;.

By the triangle inequality, we have d(A;, A;) < d(A;, A}) + d(A;,fX;) + d(./N\;-, Aj) <20+
d(Aj, A}). Hence d3({A1, Az, Az}) < 60+ d(A7, Ay) + d(A5, Ay) + d(A3, A}). Since A}, A5, Ay
lie along the same path P, this sum is at most 2(card(P) — 1). Hence d3(Ny(P)) < 6¢ +
2(card(P) — 1).

Now, choose orders A; € N,(P) in the following way: Choose a path of length ¢ starting
at an endpoint A} of P which is otherwise disjoint from P; the end of this path will be A;.
To construct Ag, choose a path of length ¢ which starts at the opposite endpoint A/, of P and
is otherwise disjoint from both P and the path from A; to A}. As the Bruhat-Tits tree is
(¢ + 1)-regular and ¢ > 2, this can be done. By construction, d(Ay, Ay) = 2¢ + card(P) — 1.

We then construct Aj as follows. Choose a path of length ¢ starting at any point of P
which is otherwise disjoint from the paths P, the path from A; to A}, and the path from
Ay to AL, The path from Ay to A} and As to A, are automatically disjoint unless P is a
single point. Thus, this disjointness restriction can be accomplished if and only if we can
choose a path starting at any point of P to avoid two adjacent edges. As the Bruhat-Tits
tree is (¢ + 1)-regular and ¢ > 2, we can choose Ay, A2, and A3 as specified. By construction,
d(Ay, As) + d(Aa, Ag) = d(Ay, Ag) + 20 = 40 + 2(card(P) — 1).

P
A2
A A A, L@
P W ¢
\
A ®
® A

Figure 5.2. Constructing A1, Az, A3 such that Nyen,(py A = A1 N A2 N As.

For this choice of Ay, Ay, A3, we have d3({A1,As, As}) = 60 + 2(card(P) — 1). Thus,

d3(Ny(P)) = 6¢ + 2(card(P) — 1). By Theorem 5.3.2, we can write A = A; N Ay N Ag, and by
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Lemma 5.3.3, we have v,(discrd(A)) = 3¢ + card(P) — 1.

Now, we want to show that the set S := {A maximal: A C A} is equal to N,(P). It is
clear that N,(P) C S by construction. Suppose Ay & Ny(P), so that d(Ay, P) > ¢. We will
show that d3({A1, Ao, As, Ay}) > 60+ 2(card(P) — 1) and hence Ay € S by Lemma 5.3.5.

Let A, be the point of P which is closest to A4. By construction, the paths A; to A} for
i < 3 are pairwise disjoint except possibly at A]. Thus, there is at most one k such that the
paths Ag to A} and A4 to Al intersect in more than one point.

Case 1: There is no such k, or A is not one of the endpoints of P.

Consider ds({A1, Ag, Ay}). For distinct ¢, € {1,2,4}, the path between A; and A; passes
through A} and A, We have d(A;, Aj) = d(Ay, A}) + d(Aj, A}) + d(A;, A)). By construction,
d(A;, A) = if i € {1,2,3}, and since A} and A}, are the endpoints of P, we have d(A7, A}) +
d(Ay, A) + d(A}, A}]) = card(P) — 1. Hence d3({A1, A2, Ay}) = 40 + 2(card(P) — 1) +
2d(Ay, Ny) > d3(S) if d(Ay, N)) > ¢. Hence Ay & S.

Case 2: Either A} = A} or A, = Aj.

Say A, = A}. Then consider ds({A2, A3, A4}). Arguing as in the previous case, and noting
that A} and A} are endpoints of P, we similarly get ds({A2, As, Ay}) = 40+ 2(card(P) — 1) +

2d(Ay, N)) > ds(S) if d(Ay, A)) > £. Hence Ay € S. O
Case 1: Case 2:
Ay Ay
[ )
o
A Ay= A A ’
[ Y R P RRRRRORRRRTIRRRRRE @ A= Aj
I N @ B O @
- o ) Ay
® Ay oA A
A, ® /s

Figure 5.3. Case 1 and Case 2 in the proof of Corollary 5.3.6.
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Chapter 6

Connecting Kani’'s Lemma and the
Bruhat-Tits tree to compute super-
singular endomorphism rings

In this chapter, we describe our algorithm for pathfinding in the Bruhat-Tits tree from a
given order Oy C End(F). In Section 6.1, we give background on higher-dimensional isogenies
and describe an Endomorphism-Testing Algorithm which determines if a rational multiple
of an endomorphism is still an endomorphism. In Section 6.2, we give an algorithm which
computes the distance between a g-maximal enlargment of Oy and End(E) ® Z, by testing
if End(E) ® Z, contains certain orders. In Section 6.3, we give an algorithm to compute
an explicit embedding of Oy into Ms(Z,) and for testing containment of a local order in
End(E) ® Z,. In Section 6.4, we give an algorithm which constructs the path from M(Z,)
to the endomorphism ring in the Bruhat-Tits tree. In Section 6.5, we give a more efficient
algorithm when the input order Oy is locally Bass. In Section 6.6, we describe the full
algorithm to compute the endomorphism ring End(E) from input Oy C End(F). In Section
6.7, we describe a more efficient algorithm if more is known about the subgraph of orders

containing Q.

6.1 Using Higher-Dimensional Isogenies for Endomorphism-

Testing

One of the key tools we will use is an algorithm which determines if a rational multiple of an
endomorphism is an endomorphism. This algorithm first appeared in [43, Section 4], and a
detailed algorithm with correctness proof and complexity analysis were given in [24]. The

content of Section 6.1 was written before [24] was posted and is formulated slightly differently.
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Proposition 6.1.1. [Divide algorithm] There exists an algorithm which takes as input an
elliptic curve E defined over F s, an endomorphism 8 € End(E), and an integer n, and outputs
TRUE if% € End(E) and FALSE if% ¢ End(E). The algorithm runs in polynomial-time in
log(p*) and log(deg(8)).

This algorithm was first outlined by Robert in a special case to compute endomorphism
rings of ordinary curves [43, Section 4]. The main idea is to use Kani’s Lemma to translate the
problem into a higher dimension, where there is enough flexibility to impose powersmoothness.
A proof of Proposition 6.1.1 is given in [24, Section 4]. Before [24] was posted, we had
written down the details for the algorithm, proof of correctness, and run-time analysis,
which we include here. We will refer to this algorithm by our original name for it, the
Endomorphism-Testing Algorithm.

We also note that higher-dimensional isogenies will only be used in this section, so one

could take Proposition 6.1.1 as a blackbox and skip to Section 6.2 if desired.

6.1.1 Isogenies between polarized abelian varieties and their degrees

Definition 6.1.2. [35, p. 126] A polarization of an abelian variety X defined over a field k
is an isogeny A : X — XV to the dual variety X" so that Ay = ¢, for some ample invertible
sheaf £ on X7. Here ¢ : A(k) — Pic(A) is the map given by a — ¢:£ ® L~ with ¢, the

translation-by-a map.

Notation: Given an isogeny ® : A — B between abelian varieties we denote by ¥ : BY — AY
the dual isogeny (see [36, p. 143]).

Definition 6.1.3. Given a positive integer N, an N-isogeny ® : (A, 4) — (B, Ap) between
principally polarized abelian varieties (A, A4) and (B, Ag) is an isogeny such that ®¥olgo® =
NMA4. An (N, N)-isogeny ® : (A, \4) — (B, Ap) of abelian varieties of dimension ¢ is an
N-isogeny whose kernel is isomorphic to (Z/NZ)9.

Let A be an abelian variety with a polarization A. Since A is an isogeny A — A, it has an
inverse in Hom(A, A) ® Q. The Rosati involution on Hom(A, A) ® Q corresponding to \ is

ar—sal=X"Tod&o\

In this paper we will consider endomorphisms of products of elliptic curves and abelian
varieties. Given an abelian variety A, an integer r > 1 and isogenies ¢;; : A — A for

1 <i,5 <r, the r x r matrix M = (¢; ;)1<i j<r represents the isogeny

®: A" — A" sending
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(Pla"'7PT> to (¢1,1(p1) + "'+¢1,T(PT)>"'7¢7",1(P1) ++¢T,T(P’r‘>>

We refer to this as the matriz form of .

Definition 6.1.4. Let A be a principally polarized abelian variety. Consider ® : A” — A"
with matrix form M = (¢;;)1<ij<r as above. Let gb;j : A — A be the Rosati involution of

¢i ;. Define ® : A" — A" as the endomorphism represented by the matrix M = (QS;i)lgi,jgr.

Definition 6.1.3 can also be rephrased as follows, see [42, Section 3.1].

Proposition 6.1.5. Let A be principally polarized, and let ® : A" — A" be an isogeny with
matrixz form M. Then M-M=N-Id, if and only if ® is an N-isogeny with respect to the

product polarization.

Proposition 6.1.6. Let E be an elliptic curve. Let ® : E™ — E" be an N-isogeny of
principally-polarized abelian varieties whose matriz form is M = (¢;;)1<ij<r- Then the

degrees of the isogenies ¢; ;j : £ — E are bounded above by N.

Proof. By the previous proposition, M-M=N-1d,. In particular, the ¢-th diagonal entry
of M- M is given by 3374 qﬁjngﬂ = N. For elliptic curves, gbjz is the dual isogeny of ¢, ;, so
we have 3-7_, deg(¢;;) = N (by convention, the degree of the 0 map is 0). As the degree of
an isogeny is nonnegative, this implies that deg(¢;,;) < N for 1 <i4,j <r. O

6.1.2 Isogeny Diamonds and Kani's Lemma

We now give the definition of an isogeny diamond in the setting of abelian varieties. This was
first introduced by Kani [26] for elliptic curves and generalized in [42] to principally polarized

abelian varieties.

Definition 6.1.7. A (dy, dy)-isogeny factorization configuration is a dy - dy-isogeny f : A — B
between principally polarized abelian varieties of dimension g which has two factorizations
f = flofi = fiofywith fi a di-isogeny, fo a dy-isogeny. If, in addition, d; and dy are

relatively prime we call this configuration a (dy, dy)-isogeny diamond configuration.

A—>A1

A
le f{J

A2T>B
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Lemma 6.1.8 (Kani’s Lemma). Let f = f{o fi1 = f} o fo be a (dy,ds)-isogeny diamond

/
configuration. Then F = hoh is d-isogeny F': A x B — Ay x Ay with d = dy +dy and

—fa [
kernel Ker F = {(f1(P), fi(P)) : P € A;[d]}.

Proof. This is Lemma 6 in [42], which generalizes Theorem 2.3 in [26]. O

6.1.3 Endomorphism-Testing Algorithm

The following gives more details for the algorithm described in [43, Section 4], which we will
use repeatedly. This algorithm also appears as the Divide algorithm in [24, Section 4]. We

will refer to this algorithm by our original name for it, the Endomorphism-Testing Algorithm.

Algorithm 6.1.9. Endomorphism-Testing Algorithm

Input: Elliptic curve E defined over F; 8 € End(£) which is written as a sum
B = b1 + by + b33 + byBy where (; are linearly independent endomorphisms which can
be evaluated efficiently at powersmooth points of F and b; € Z; n a positive integer; () the
norm form such that Q(x1, s, x5, z4) = deg(XF, z:/3:)

Output: TRUE if g is an endomorphism of E and FALSE if g is not an endomorphism.

1. Compute deg(/). If n? t deg(3), conclude that g is not an endomorphism and output
FALSE. Otherwise, set N := deg(f3)/n?.

2. Choose a € Z such that N’ := N + a is powersmooth and gcd(N',n) = 1.

3. Compute integers ay, as, az, a4 € Z such that a? + a2 + a2 + a3 = a. Let o € End(E*)

be the a-isogeny given by the matrix

a; —QAg —aAz —Q4
az m aqg  —as
as —agy aq a9

g4 ag —a2

4. Compute K := {(£ -1d4(P),a(P)) : P € E'[N + a]}. Note that K can be computed
even if g is not an endomorphism: we can compute fon E [N + a], and by choice of a,

n is invertible mod N + a.

5. Determine if F' : E® — FE®/K is an endomorphism of principally polarized abelian

varieties. (We do so by computing an appropriate theta structure for £%/K and checking
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that the projective theta constant of E® is the same as the projective theta constant of

E®/K.) If not, then terminate and conclude that % is not an endomorphism.

6. Choose M > \/deg(ﬁ) + \/nQ(N + a) which is powersmooth. We check if F;|ppg =
¢§’E[M] for some ¢ € Aut(E), by evaluating the composition £ - E8 L5 E
on E[M]. If for some Fj; we have Fj;|gpg = ¢g|E[M], then we terminate and output
TRUE. If no entry Fj; satisfies F}; = 1&%, then terminate and output FALSE.

Proposition 6.1.10. Algorithm 6.1.9 is correct and runs in time polynomial in log(p*) and
log(deg(3)).

The proof of Proposition 6.1.10 follows from Lemmas 6.1.12, 6.1.15, and 6.1.16 below.

Lemma 6.1.11. Let ¢ € Aut(E", \), with A the product polarization. Suppose 1 is given by
its matriz form M = (1; ;)1<i j<n as in Section 6.1.1. Then M has ezactly one nonzero entry

in each row and each column. Whenever 1;; is nonzero, 1;; is an automorphism of E.

Proof. As v preserves the polarization A\ on E™, A = ¥V \i). Therefore ¥T1) = 1, with 9T the
image of ¢ under the Rosati involution. By [42, Lemma 3|, the matrix form of ¥ is given by
the matrix (¢§j)i7j, with wlj the Rosati involution of 1; j, which for elliptic curves equals the
dual isogeny ¢; ;. Call this matrix M. Since 1!y = 1, it follows that MM = Id,.

Fix 1 <i <n. Wehave >}, 171;@/% =Y r_, deg(vir) = 1. As deg(tix) is a positive integer
whenever 1y, is nonzero, deg(1;;) is nonzero for exactly one k, and for this k, deg(ty) = 1.

For j # i, we have Y, @%’k = (0. By the above argument, 1;;, = 0 for all but one &.
For this k, the fact that @@/ij = 0 implies that ;;, = 0.

This shows that there is a unique nonzero entry in the i-th row, and that it is the only
nonzero entry in its column. As there are n rows and n columns, this shows that there is a

unique nonzero entry in each column, which is necessarily an automorphism. O]

Lemma 6.1.12. Let § € End(E) and n a positive integer. [f% is an endomorphism, then
Algorithm 6.1.9 outputs True.

Proof. Let ¢ = £ € End(E). Then deg(¢) = deﬁgﬁ) = N. Since « is built out of scalar
multiplications, we have the following commutative diagram, which is an (N, a)-isogeny

diamond configuration.

E4 ¢-1dy E4
@ «a

Jormat gy o8
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By Kani’s Lemma, there is an (N+a)-endomorphism G : (E®, \) — (E®, \), where A is the
¢-1dy, af

—a  $-ldy
was chosen such that (N,a) = 1, we can write ker(G) = {¢ - Id4(P), «(P) : P € E*[N + a]},
which is the subgroup K constructed in Step 4.

product polarization, such that G is given by the matrix ) . Moreover, as a

If F' is an isogeny with ker(F') = K, then F is an (N + a)-endomorphism of principally
polarized abelian varieties and the computed theta constants are equal. Therefore, we proceed
to Step 6.

By [26, Proposition 1.1], there is an automorphism 1 : E® — E® which preserves the
product polarization and such that F' = ¥ G. By Lemma 6.1.11 each row and each column
of the matrix form of ¢ has exactly one nonzero entry, which is an automorphism of E.
Thus, the entries of the matrix form of F' are precisely the entries of the matrix form of G,
composed with an automorphism of E. In particular, four of the nonzero entries of F' will be

given by ;¢ for some automorphism v;; € End(E). H

Lemma 6.1.13. The subgroup K in Step 4 of Algorithm 6.1.9 is a mazimally isotropic
subgroup of E®[N + a] (whether or not g is an endomorphism). Thus, K is the kernel of an

(N + a)-isogeny with respect to some polarization on E®.

Proof. Let K denote the subgroup in Step 4 of Algorithm 6.1.9, which is precisely the image

15.1d —af
of FT = nf - 1ds . “ on (E* x EY)[N + a
(0% Eﬁ . Id4
Let m € Z such that mn =1 (mod N + a). Consider the following isogeny factorization
configuration:

By Kani’s Lemma, there is an m?n?(N+a)-endomorphism of E® with respect to the product

mp-1dy  mnal

polarization, given by F’ = and with kernel equal to the image of

—mnao mg - 1dy

P mB Idy  —mnat
mna  mp-1Idy
By Kani’s Lemma, K’ is a maximal isotropic subgroup of E¥[m?n?(N + a)].

) on (E*x EY)[m?n?(N+a)]. Let K' = F'T{(E*x E*)[m*n?(N +a)).

First, K’ N E®[N + a] is a maximal isotropic subgroup of E*[N + a]. Let €,2,2(n-ta)
be the Weil pairing on E8[m?*n?(N + a)] and P,Q € E®[N + a] N K'. By compatibility
of the Weil pairing, 1 = ep2,2(n10) (P Q) = enta(mnP,mn(@). By choice of m, we have
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enta(mnP,mnQ) = exio(P,Q). Thus, K' N E®[N +a] is an isotropic subgroup of E¥[N + a.
Since K’ is a maximal isotropic subgroup of E¥[m?n?(N + a)], and (m?n* N +a) =1, we
have K’ N E®[N + a] has order (N + a)® and is therefore a maximal isotropic subgroup of
E®[N + a.

Finally, we have K = K'N E8[N +a]. It is clear that K C K'N E8[N +al, since FT = F't
on E®[N + a]. Moreover, by the description of K as {(g -1d4(P),a(P)) : P € E*N + a]},
where 3 and o have degrees coprime to N + a, it is clear that the order of #K = (N +a)® =
#(K' N E®[N + a]). Thus, K is a maximal isotropic subgroup of E®[N + al.

By [26, Proposition 1.1], K is therefore the kernel of an N + a-isogeny with respect to

some polarization. O

The following lemma shows that an endomorphism is uniquely determined by its degree

and its action on M-torsion, for suitably large M (depending on the degree).

Lemma 6.1.14. Let E be an elliptic curve and ¢, € End(E). Let M > \/deg(¢)+\/deg(w)
If Y|gpn = @lEpa, then ¢ = ¢.

Proof. For contradiction, assume the hypotheses of the lemma and that ¢—1) is nonzero. Since
Y| e = O|epy, E[M] C ker(¢—1). Since ¢—1) is nonzero, we must have ¢—1) = My for some
nonzero vy € End(E) Thus, deg(¢ — 1) = M?*deg(v). By the Cauchy Schwartz inequality,
deg(p — 1) < (\/deg() + \/deg(v))?. Hence M? < M?deg(y) < (y/deg(¢) + \/deg(v)))?
which is a contradlctlon. O]

Lemma 6.1.15. [f% is not an endomorphism, Algorithm 6.1.9 outputs False.

Proof. Assume F : E® — E® respects the product polarization and has kernel K as defined in
Step 4. Let Fj; be an entry in the matrix form of F'. Then deg(Fj;) < (N + a). If Fyj|gnm) =
%ﬁ]E[M} for some M > \/deg(ﬁ) + \/nQ(N + a) and an automorphism ¢, then nF;|ppnn =
YB|e. As we know ¢, nFj; are endomorphisms, and M > \/deg(ﬁ) + \/nQ(N +a) >
\/deg(wﬁ) + \/n deg(Fi;), Lemma 6.1.14 implies that £ = ¢~'F; € End(E). O

Lemma 6.1.16. Algorithm 6.1.9 runs in time polynomial in log(p*) and log(deg(3)).

Proof. Let B be a powersmoothness bound for N + a (as in Step 2), and let C' be a
powersmoothness bound for M (as in Step 6). Given @, computing the degree deg(S)
amounts to evaluating @ at (b1, by, b3, by). The complexity of computing ay,as,as, a4 is
O((log(a))*(loglog(a))™), see [40,41].

Computing a basis for K means first computing a basis for E[N + a]; decomposing

into at most log(N + a) prime power parts, this can be done in O(B?log(p*)?log(N + a))
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operations [42, Lemma 7]. Evaluating 3 on a basis for E[N + a] and a on the induced basis
for E*[N + a] can be done efficiently by our assumption on 3 and powersmoothness of N + a.

For Step 5, we need to check that F' is truly an endomorphism. We place the additional
data of a symmetric theta structure of level 2 on E®, by taking an appropriate symplectic basis
of E[4] if N+a is odd, or E[2™2] where 2™ is the largest power of 2 dividing N + a otherwise.
(See Proposition C.2.6 of [19] and the preceding remark about how to choose a basis which
is compatible with K in different cases.) Decomposing K into prime components, we can
compute the theta null point of £®/K with the induced theta structure in O(¢%,, , log(N +a))
operations, where £y, is the largest prime dividing N +a. (See Theorem C.2.2 and Theorem
C.2.5 of [19].) Finally, as F' may not preserve the product theta structure even if it is the
desired endomorphism, we need to act on the theta null point by a polarization-preserving
matrix in order to directly compare theta null points. When N + a is odd, this matrix is
computed explicitly [19, Proposition C.2.4] from the action of F' on E[4], which can also be
evaluated in O(£3;,, log(N + a)) operations. This gives O(B®log(N + a)) operations for this
step.

In Step 6, computing a basis for the prime-power parts of E[M] takes O(C?log(p*)?log(M))
operations. If F' is an endomorphism, then having already computed theta coordinates for E®
and E8/K in the previous step, we can evaluate F in terms of theta coordinates [19, Theorem
C.2.2, Theorem C.2.5] and translate back to Weierstrass coordinates to check the equality.
Note that there are only finitely many, and usually two, automorphisms to consider. Each
evaluation costs O(f%,,log(N + a)) operations where (y, is the largest prime dividing
N + a. There are 64 entries Fj; to check, by checking the equality on at most 2log(M) points.
Thus, this step requires at most O(C?log(p*)?log(M) + B¥log(N + a)log(M)) operations.

Now, we show that B and C can be taken polynomially sized in deg(/3), that N + a is
O(deg(p3)), and that M is O(1 +n) \/log(deg(ﬁ)) deg(f3). Here, O ignores logarithmic factors.

M and C' are easier to analyze, as we have no restrictions on the primes which can divide
M. When k > 6, we have that the k-th prime py, satisfies klog(k) < pr < k(log(k)+loglog(k))
[44, Corollary of Theorem 3|. Therefore, we can take M to be a product of the first k& primes

where k is at most log(y/deg(8) + /n2(N +a)) and C = O(log(y/deg(f) + /n2(N + a)).

Such a product is bounded by O ((log( \/deg )+ \/n2 N+ a) \/deg )+ \/n2 N +a))).

We can bound N + a and B similarly. However, N + a is chosen to be coprime to Nn

(equivalently, coprime to deg(f3)), so we instead take N + a to be the product of the first
at most log(N) primes which are coprime to Nn. Then we can take B = O(log(deg(f))),
noting that Nn has at most log(deg(3)) prime factors, so the largest prime we use is the k-th
prime for k£ < 2log(deg(f)). The smallest such product which is larger than N is at most
O(log(deg(3))N). Thus, we have N + a = O(deg(3)).

95



Returning to M and C, we get \/deg(ﬁ) + \/nZ(N +a) < O((1 —l—n)\/log(deg(ﬁ)) deg(p)).
Hence M = O((1+n),/log(deg(8)) deg 8)) and C' = O(log((1 +n)y/log(deg(8) deg(3))). O

One can get speedups by replacing E® by E* and tweaking parameters as discussed by
Robert in [42, Section 6]; for simplicity and for a proven complexity we don’t go into those

details here.

6.2 Computing the Distance From the Root

Let O be a ¢-maximal g-enlargement of a suborder of End(£). In this section, we show
how to compute the distance between End(E) ® Z, and O ® Z,, viewed as vertices on the
Bruhat-Tits tree.

In the following proposition, we give a convenient expression for yen, (a(z,)) A-
Proposition 6.2.1. Fiz an integer v > 0. Let A = Naen, (Mazo) A Then A =7,+q My(Z,).

Proof. We first give an explicit basis for A. For any 7. € X as in the notation of Definition 5.2.3,
we have d(~7,1d) = r by Proposition 5.2.8. Hence . " My(Z,)7: € N,(Mx(Z,)). It also follows
that for ¢ # ¢, d(~.,~%) = 2r. In particular,

d3({7ad Ma(Zg)Vo0s Vo " Ma(Zg)yg, 71 " M2(Zg)1 }) = 67

By Corollary 5.3.6 and Lemma 5.3.3, we have d3(N,(Mz(Z,))) = 6r. It follows from
Theorem 5.3.2 that

A = Ma(Zg)vo N g " Ma(Zg)ve N vy " Ma(Zg)7y -

A basis of 73 Ma(Zq) V5, N Yo Ma(Zg)7g is

(3o o) (8) ()

An element of v, "My (Z,)~] can be written as

10 01 —Aq" ¢ 0 —A
a + b vl T 1) ha
0 1 0 0 qa" 0 0 1
where A =1 (mod ¢"). Hence an element is in the triple intersection if and only if ¢ = 0
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Figure 6.1. The maximal orders containing ﬂA/CNl(Mz(Zq)) A when q = 3.

(mod ¢*) and d =0 (mod ¢"). In other words, a basis for the triple intersection is given by

o )Gt 6 )

which can be rewritten as
10 (0 1 . (0 0O (0 0
o 1% Vo o/ "\ o) \o 1)

We will use Proposition 6.2.1 to compute the distance between O and End(E) ® Zq under
an appropriate embedding into M>(Q,). Namely, if O ® Z4 is mapped to the root of the
Bruhat-Tits tree, the distance will be the least r for which Z, + ¢"M(Z,) C End(F) ® Z,.
We compute 7 by finding the least 7 for which ¢"O C End(E). We show that such an 7 exists

]

and is bounded in terms of the reduced discriminant of the input order.

Proposition 6.2.2. Let Oy be an order, and let O be a q-enlargement of Oy for a prime q.
If k > v, ([0 : Oy)), then ¢*O C Oy.

Proof. For any prime ¢/, the power of ¢’ exactly dividing the global index [O : O] is a
generator for the local index at ¢/, [O ® Z(y) : Oy ® Zy], by [54, Lemma 9.6.7]. As O is a
g-enlargement of Oy, we have O ® Zy = Oy ® Zy, and thus Oy ® Zgy = O @ Z(g) [54, Lemma
9.5.3]. Hence [O ® Zyy : Oy ® Zy] is generated by a unit of Z,y whenever ¢’ # ¢. Thus,
the global index [O : Oy] is a power of q. If e = v,([O : Oy]), then ¢°O C Oy. If k > e, then
7*O C ¢*O C O,. O

Corollary 6.2.3. Let Oy C End(E) be an order, and let O be a g-mazimal q-enlargement of
Oo for q # p. Let e = vy(discrd(Oy)). Then ¢°O C End(E).

Proof. We have discrd(Og) = [O : O] discrd(O) by [54, Lemma 15.2.15]. As O is maximal

at ¢, and q # p, we have v,(discrd(O)) = 0. Thus e = v,(discrd(Og)) = v4([O : Op)). Tt now
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follows from Proposition 6.2.2 that ¢¢°@ C @y, and since Oy C End(F) by hypothesis, we
have ¢°O C End(E). O

The next proposition shows that the distance can be computed without reference to an
embedding into My(Q,).

Proposition 6.2.4. Let Oy be a suborder of End(E) and let O be a g-mazimal g-enlargement
of Op. Let f be any isomorphism f : O @ Q, — My(Q,) such that f(O ® Z,) = My(Z,).
Let Ap = f(BEnd(E) ® Z,). Let r be the least integer such that ¢'O C End(E). Then
r=d(My(Z,), k).

Proof. Let f be any isomorphism satisfying the hypotheses of the proposition, and let
Ap = f(End(F) ® Z,). Let k be a nonnegative integer, and let A = Naen, (Mazo) A By
Corollary 5.3.6, d(My(Z,), Ag) < k if and only if A C Ap. By Proposition 6.2.1, we have A =
Zy,+ q"My(Z,). This shows that d(My(Z,), Ag) is the least r for which Z, + ¢"My(Z,) C Ag.
We will now show that Z, + ¢*My(Z,) C Ag if and only if ¢*O C End(E).

As Z, is contained in every Z,-order, we have Z, + ¢*My(Z,) C Ag if and only if
q"My(Z,) C Ag. By hypothesis, ¢*My(Z,) = f(d*O ® Z,). Tt follows that ¢"*My(Z,) C Ag
if and only if ¢*O C End(E) ® Zg. Since O is a ¢-maximal order, at primes ¢’ # ¢ we have
O ® Ly = O® Zy =0y @ Zy C End(E) ® Zy. It follows from the local-global principle
that ¢*O C End(E) if and only if ¢*O ® Z, C End(E) ® Z,. This shows that d(My(Z,), Ag)
is the least r for which ¢"O C End(E). O

We now give an algorithm to compute the distance d(Ms(Z,), Ag), where Ag is the image
of End(FE) ® Z, under any isomorphism satisfying the hypotheses of Proposition 6.2.4. We
will construct both @ and f in Section 6.3.

Algorithm 6.2.5. Computing the distance d(My(Z,), Ag)
Input: E/F, supersingular; a prime ¢ # p; a basis B for a ¢g-maximal g-enlargement of
Op C End(FE) with elements of B expressed as elements of Oy @ Zy); € := v,y(discrd(Oy))
Output: r = d(My(Z,), Ag)

1. Set i :=¢e—1.
2. While 0 <i<e—1:

(a) Use Proposition 6.1.1 to determine if ¢°b € End(E) for each b € B.
(b) If for any b € B, ¢'b ¢ End(E), output i + 1. Otherwise, set i := 7 — 1.

3. Output 0.
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Proposition 6.2.6. Algorithm 6.2.5 is correct and uses at most 4(e + 1) applications of
Proposition 6.1.1, with input n = q and 8 € End(E). The run time is polynomial in log(p?)
and elog(q) max{log(Nrd(b)) : b € B}.

Proof. Let O be the order generated by B. By Corollary 6.2.3, we have ¢°O C End(E), so
the least 7 for which ¢"O C End(E) is at most e. This shows that the output is the least
7 for which ¢’O C End(E). By Proposition 6.2.4, this is the distance d(M(Z,), Ag). In
each iteration of the while loop, we apply Proposition 6.1.1 at most 4 times, and there are
at most e + 1 iterations of the while loop. At the i-th stage, we can express each candidate
endomorphism as @, where ¢"*'b € End(E) was verified in the (i — 1)-th stage. We have
deg(q"*'b) = ¢*+Y Nrd(b), so the run-time follows from Proposition 6.1.1. O

6.3 Using global containment to test local containment

In this section, we show how to translate between computations in End(F) ® Q and computa-
tions in the Bruhat-Tits tree. In the former, we have Proposition 6.1.1, and we would like to use
this algorithm to deduce information about End(E) ® Z,. Using work of Voight, we construct
a ¢-maximal g-enlargement O of our input order and an isomorphism f : O ® Lq — My(Zy).
This maps the global order O to the root of our Bruhat-Tits tree, so that O C End(E) if and
only if M5(Z,) = f(End(F) ® Z,). The main result of this section is Corollary 6.3.7, which
shows that for any finite intersection of orders A in M(Q,), we can construct a global order
O such that O C End(F) if and only if A C f(End(E) ® Z,). This will allow us to test many
candidates for End(E) ® Z, at once.

Our first task is to construct an explicit embedding of a given order Oy into My(Z,). We

first construct a g-maximal g-enlargement of Q.

Proposition 6.3.1. Suppose an order Oy C End(FE) is given by a basis and a multiplication
table, and let q be a prime. Then there is an algorithm which computes a q-mazximal q-
enlargement O of Oy. The run time is polynomial in the size of the basis and multiplication
table. The basis elements which are output are of the form qﬁk, for an endomorphism 8 € O,
and k < e = v,(discrd(Oy)). Furthermore, log(deg(5)) is polynomial in the pairwise reduced

traces of the basis elements of Oy.

Proof. On input Oy, specified by the multiplication table and @, we compute a g-maximal
g-enlargement of Oy, denoted O [53, Algorithms 3.12, 7.9, 7.10]. More specifically, Algorithm
3.12 produces a basis for Oy ® Z, such that the norm form is normalized. Algorithm 7.9 gives

a basis for a potentially larger “g-saturated" order, whose elements are of the form i Here,

2 has coefficients in terms of the original basis at most max(Trd(5;3;))*, where 3; and 3,
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range over basis elements of the original basis. The power k£ in the denominator is at most
|7/2| where j is the valuation of the atomic form corresponding to the basis element, and
hence k < e = v (discrd(Oy)).

Since | Trd(8:5;)] < 2\/ deg(B;) deg(;), the coeflicients are polynomial in the original basis.
Applying Algorithm 7.10 of [53] adjoins a zero divisor mod ¢, which is of the form = here, @

is expressed as linear combinations of the original basis with polynomially-sized coefficients.
Thus, the basis which is output for O has coefficients which are polynomially-sized in the
degrees of the original basis elements and ¢. Therefore, a basis element qﬁk satisfies log(deg(f))
is at most polynomially-sized in log(deg(/3;)), where [3; ranges over the original basis elements,

and log(q). O

Once we have obtained a g-maximal g-enlargment O, we compute an explicit isomorphism
of O® Z, with the matrix ring M(Z,), specified modulo ¢"**. In the context of our larger
algorithm, r will be the distance computed by Algorithm 6.2.5.

Proposition 6.3.2. Given a basis and multiplication table for a g-mazimal order O, and
an integer r, there is an algorithm which computes a zero divisor v € O ® Z, mod q"*1.
In other words, there is an algorithm to compute an element x € O ® Lyqy such that there
exists a zero divisor ' € O ® Z, with v,(x — x') > r 4+ 1. The element x is expressed as
a linear combination of the given basis such that coefficients are polynomially-sized in ¢"+!
and deg(B;) deg(B;), where 5; and [5; range over elements of the given basis. The runtime is

polynomial in log(¢"+') and the size of O.

Proof. First, use [53, Algorithm 3.12] on O ® Zg to obtain a normalized basis {fi, fo, f3, fa}
for O ® Zq. By clearing denominators by units in Z, if necessary, we can ensure f; € Oy ®Z).

As O is ¢-maximal, the output basis being normalized means that the reduced norm form
Q(z1, T, 73, 74) = Nrd(Xi, 24 f;) is given by a sum of atomic forms.

When ¢ is odd, this means that Q(z1, 29,23, 74) = 2, a;2? where a; € (Z,)* and
Trd(f; f]) = 0 when ¢ # 5. When ¢ = 2, atomic forms are of one of the two following
types: (i) az? for a € (Z,)* or (ii) a;z? + ajjz;x; + a;a7 such that va(a;;) < va(a;) < va(ay)
and vq(a;)ve(a;;) = 0. Up to reordering basis elements if necessary, we may therefore write
Q(z1, T2, w3, 24) = A1a(21, T2) + Asga(xs, x4), where A;; is either atomic of type (ii) or a sum
of atomic forms of type (i).

We split up rest of the proof into the case that ¢ is odd and ¢ = 2: We first produce a
nonzero element x € (Z/qZ)* such that Q(x) =0 (mod ¢). Then, we show that there exists
a lift ' in O ® Zg, and we compute and output a lift of z in O ®Q up to our desired precision

q". In each case, the coefficients (in terms of the f;) x1, z9, x3, x4 will be chosen mod ¢", so
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the resulting output coefficients (in terms of the input basis) is polynomially-sized in ¢" and
deg () deg(3;).

Case 1: ¢ is odd. In this case, the resulting reduced norm form is Q(z1, g, 3, 24) =
Nrd(Sh, oifi) = Si, a;z?. The coefficients a; may be rational, but v,(a;) = 0, so we may
replace a; by an integer mod ¢". Then there is a nonzero solution (zy, s, z3) € (F,)? to
the equation 37 | a;2? = 0, which can be found by a deterministic algorithm running in
polynomial time in log(q) [52]. Reindexing the basis elements f; and the corresponding a; as
necessary, we can assume x; # 0, so that the quadratic polynomial Q,(z) = Q(z, z2, x3,0)
has a nonzero solution, x;, mod ¢. Furthermore, Q) (z1) = 2a;x;, which is nonzero mod gq.
Thus, by Hensel’'s Lemma, x can be lifted to a solution to @1(z) = 0 over Z,. A solution
"1 can be recovered in (at most) r Hensel lifts, each running in polynomial time in
log(q) (see [55, Algorithm 15.10 and Theorem 15.11] or [13, Theorem 3.5.3 ]).

Case 2: ¢ = 2. In this case, the resulting reduced norm form is given by the normalized

mod ¢

form Q(x1, 2, w3, 74) = A1 2(21, 22) + Aga(ws, v4). Here A; (2, 15) = a;x7 + a; jz:0;5 + aa3.
The discriminant of @, and therefore of O ® Zg, is (4a1a — ai 5)(4asas — a;;)*. As O ® Zg is
2-maximal, a;» and ag4 are necessarily nonzero (mod 2).

Let A(y,z) be an atomic form of type (ii), say A(y,z) = ay® + byz + cz? such that
v2(b) < wo(a) < wy(c). Further assume vy(b) = 0. We show that we can choose v, 2o € Z/2Z
such that A(yo, 2z0) = 1 (mod 2) and at least one of y, or 2g is odd. If vy(a) > 1 (and therefore
vo(c) > 1 as well), or if va(a) = va(c) = 0, we can set yp = 29 = 1 (mod 2). Otherwise, in the
case that vy(a) = 0 and ve(c) > 0, we can set yg = 1 (mod 2) and zp =0 (mod 2).

The quadratic form Q(xy, 2, x3, z4) is the sum of two atomic quadratic forms A; 5 and
As 4 as above. We obtain a solution mod 2 by choosing x1, x5, 3, x4 mod 2 as just described.
If 1 and x5 are both odd, i.e. in the case that a; and as are of the same parity, we lift
To, T3, x4 to Z/q"Z to obtain a quadratic polynomial Q;(z) = Q(z, x3, x3,x4) with a solution
mod 2 at x =1 (mod 2). Then the derivative @} (1) = 2a; + a1 272 is a unit in Z,. Otherwise,
in the case that z; is odd and x5 is even, we fix integers x, 23,24 € Z/q"Z to obtain a
quadratic polynomial Qy(x) = Q(x1, x, 3, x4) with a solution mod 2 at z = 0 (mod 2). Then
the derivative Q5(0) = a1 271 is a unit in Zs. In either case, we obtain a solution to @ =0
mod 2 which can be lifted to a solution in Zg via Hensel’s Lemma. As in the case that ¢ is

r+1

odd, a solution mod ¢"*' can be recovered in 7 lifts, running in polynomial time in log(q). [

Finally, we construct the isomorphism.

Proposition 6.3.3. Let ¢ # p. Given a g-mazimal order O C End(E)®Q and a nonnegative
integer r, there is an algorithm which computes an isomorphism [ : @@Zq — M5(Z,) modulo

q" L. This isomorphism is specified by giving the inverse image of standard basis elements i’
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and j' determined mod ¢"t' in O, such that

and
1 0 01
i i 2, otherwise.

The run time is polynomial in log(q") and the size of the basis and multiplication table for 0.
In terms of the basis for O, the representatives i' and j' are expressed with coefficients which

are determined mod q"*

Proof. By Proposition 6.3.2, there is an algorithm to compute z € O ® Zyqy such that
Nrd(z) =0 (mod ¢"™'). We first use z as input for [53, Algorithm 4.2]to compute nonzero
ecO® Z, such that e* = 0. As in the proof of Proposition 6.3.2, we only specify e up to
precision ¢’ and can therefore approximate e with an element of @ ® Z. Furthermore, we
can choose e = 3.+, e; f; such that for some i, q 1 e;.

Then, on input e, we use [53, Algorithm 4.3] to compute i’ and j’ as a Z-linear combination
of Le and 1 fie, for a basis element f; such that s = Trd(f;e) is nonzero.

In fact, we will modify the algorithm by choosing f; such that Trd(f;e) is nonzero mod g.
If no such i exists, then Trd(ye) = 0 for all y € O, so we show this cannot happen. Write
Y= 2?21 y;fj and e = 3} | e;f;, and consider the expression for Trd(ye) = — Trd(ye) given
by 2?11 St —yie; Trd(fi f]) As {f1, f2, f3, f1} is a normalized basis, the equation simplifies
in the following ways, depending on if ¢ is even or odd.

If ¢ is odd, then the expression simplifies to 33, —e; Trd(f; ﬁ)yl This is identically 0 mod
q if and only if ¢ divides e; Trd(f; fz) for all 7. In the notation of the proof of Proposition 6.3.2,
Trd(f; f;) is exactly 2a; and hence is not divisible by ¢ by ¢-maximality. Hence, this expression
is identically 0 mod ¢ if and only if ¢ divides e; for all 7, and we chose e such that this does
not happen.

If ¢ = 2, we have that Trd(fif;) = 2Nrd(f;) = 0 (mod g¢) for all i, so the only nonzero
terms are —e; Trd(fgfl), —ey Trd(flfg), —e3 Trd(f4f3), —ey Trd(f3f4). We have Trd(flfg) =
T?"d(fgfl) = ay 2 and Trd(f3f4) = Trd(f4f3) = ag 4, which are not divisible by ¢ as we showed
in the proof of Proposition 6.3.2. Hence this expression is identically 0 mod ¢ if and only if ¢
divides e; for all ¢, but we chose e such that this does not happen.

This shows that vy(Trd(ef;)) = 0 for some i, so that 1 € Z,, and the elements 7’ and j'
output by Algorithm 4.3 of [53] (with this modification) are elements of O ® Z, and furnish
an isomorphism of O ® Ly — My(Zg). To get i’ and j' in O rather than in O ® Q, replace %
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by an integer m = s~ (mod ¢"). O

The other maximal orders that we will work with in the Bruhat-Tits tree are of the form
T~*My(Z,)T, where T is a matrix associated to a matrix path, as described in Definition 5.2.3.
The next lemma shows that 7' can be replaced with 7" such that 7= T" (mod ¢" ™), where
T > v,(det(T)).

a

q

Lemma 6.3.4. Let T = with a,b >0, ¢ € Z/¢"Z, and v,(c) = 0 if both a and b

b 7
q
are positive. Let T" =T + ¢°M where M € Ms(Z,) and e > a +b. Then there is x € Q; and

C € GLa(Z,) such that T = xCT'. In particular, T~'My(Z,)T = T' "' Ma(Z,)T".

¢"+dg° e+ fq°

9q° q° + hq°

1 dgt—@ —1 0 a

L 1 € GLy(Z,) gives ¢ ? , where
—9¢ (1 +dg)7" 1 0 ¢'8

a=(c+ fe)(1+dg=*) " and =1+ hg=* — 9qc*a.

For any e > a + b, we have v,(3) = 0 and v,(a) > 0. We also have ¢ = a + ¢*(dg*~*Pa —

1 Bfl(dqefafba _ f(]efb)
g1

operations are invertible over Z, provided e > a + b. O

Proof. We write T" = ( with d, f,g,h € Z,.

Multiplying on the left by (

fq°="). Multiply on the left by ) € GLy(Z,) to arrive at T'. All

To check that a finite intersection of local maximal orders is contained in End(E) ® Z,,
we will check that the intersection of related maximal orders is contained in End(F). The
following lemma allows us to compute the basis of an intersection of Z-orders in polynomial

time.

Lemma 6.3.5. Let Ly, Ly C Z* be two Z-lattices of full rank, specified by a possibly dependent
set of generators. A basis for each lattice, a lattice basis for the sum L+ Lo and for the

intersection Ly N Ly can be computed in polynomial time.

Proof. A basis for each lattice from a set of m generators can be computed by writing the
generators as the columns of a matrix and the compute the Hermite Normal Form (HNF) of
the matrix (see [34, p. 149] for the definition). The HNF of this 4 x m matrix can be computed
in time polynomial in m, and the bit length of the matrix entries, see [?,?]. Computing a
basis for the sum of two lattices immediately reduces to the problem of computing a basis of
a lattice from a set of generators. To compute the intersection of two lattices Lq, Ly each
specified by a 4 x 4 basis in matrix form By, By, we first compute (Bf)~! and (BI)~!. Here
BT denotes the transpose of B;. The matrix (BY)~! is a basis for the dual L; of L; [34, p. 19].

By Cramer’s rule, the inverse of this 4 x 4 matrix can be computed efficiently. Since the dual
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of a lattice L consists of all vectors y in L ® R whose real inner product (z,y) is an integer
for every x € L, it follows easily that the dual of Ly N Ly is f)l + ﬁg, i.e. the smallest lattice
containing both Ly and L,. So a basis for the intersection is obtained by computing a basis
for the lattice L := L; and L, and then computing the dual of L. By the above argument,

this can be computed in polynomial time. O

Corollary 6.3.6. Let O(i),i =1,...,3 be orders in B, such that (disc(Oy))Oy C O(i). A
basis for NO(i) in which each basis vector is given as a Q-linear combination of the basis

vectors for Oy can be computed in polynomial time.

Proof. We can reduce this to matrix computations with 4 x 4 integer matrices and use the
previous lemma. We identify our starting global order Oy with Z*, whose Hermite Normal
Form is just the 4 x 4 identity matrix. Since (disc(Oy))Oy C O(i), we can scale the matrices
representing the orders O(i) by disc Oy and work with integer matrices. See [13, page 73f.]
for generalizing the computation of the HNF to matrices with bounded rational coefficients.

By the previous lemma, NO(i) can be computed in polynomial time. O

The following is the main result of this section, which shows that we can check local

containment by checking global containment.

Corollary 6.3.7. Let Oy C End(E). Let A be a finite intersection of maximal orders of
Ms(Q,), and let r < vy(discrd(Oy)) be an integer such that A C Nyren, (vazn - Let O be a
g-maximal g-enlargement of Oy and let f be the isomorphism computed in Proposition 6.3.35.
Then there exists a global order O such that f(O ® Z,) = A and O C End(E) if and only if
A C f(End(E) ®Z,). The basis of O can be computed in polynomial time in the size of Oy

and log(q), and the basis elements of O have degree polynomial in the size of Oy and q".

Proof. We will show that O can be computed such that f(O®Z,) = A and ORZy C OyQZLy
for all primes ¢’ # q.

Suppose that A is maximal. Write A = T~'My(Z,)T where T is the matrix associated to
q

a

a matrix path of length at most r, written T" = where a + b < r.

qb

We construct an element ¢t € O such that f(t) =T (mod ¢"t1). Let i, j € O denote the

inverse image of the standard basis elements of Ms(Z,) modulo ¢"*!, as in Proposition 6.3.3.

1 0 01
If ¢ is odd, then with f(i') = (O 1) (mod ¢" ) and f(5') = (1 O) (mod ¢" 1), we can
take , ,
_qa+q qa_Q-/ E~/ E-/-/
t= 5 + 5 T+ 2] + 2@].
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As written, ¢ is an element of @ ® Q, but we can replace division by 2 with multiplication
by an integer m = 2~' (mod ¢"t!) to ensure t € O and f(t) =T (mod ¢"t'). If ¢ = 2, then

with f(i') = ((1) 1) (mod ¢"t') and f(j') = (?

1
0) (mod ¢"™'), we can take

t=(g"+0)+ ("= ¢+ (c—q¢"+q")j + (—c)i'j".

Let O = qa—ﬂbf@t, where " denotes the dual isogeny. At ¢’ # ¢, we have O ® Z, C
Oy ® Zy C End(E) ® Zy. This is because O ® Zy = Oy @ Zy, and Ot C O. At g,
we have f(O® Z,) = T *My(Z,)T D f(Oy ® Z,). By the local-global principle, we get
f(O®7Z,) C f(End(F) ® Z,) if and only if O C End(E).

In the general case, let Ay, Ay, A3 be maximal orders in M(Q,) such that A = N3_;A;. We
can choose three orders A; for which this is true by Theorem 5.3.2. Let O(i) denote a global
order such that O(i) ® Zy C Oy ® Z, for all ¢ # q and f(O(i) ® Z,;) = A;, as constructed in
the previous paragraph.

Let O = N?_,0(i). By construction, ¢***O(i) C O, and by Corollary 6.2.3, we have
U5 @) O € Oy, As a+ b < r < v,(diserd(Oy)), we have ¢?a(dserd©)IO(G) € Oy, and
thus disc(Og)O(i) C Oy. By Corollary 6.3.6, the basis of O can be computed in polynomial
time.

Tensoring by Z, for any prime ¢’ commutes with taking intersections, as Z, is a flat
Z-module. Hence O @ Zy = N}_10(i) @ Zy C Og @ Zy for all ¢ # ¢, and f(O R Z,) =
N1 f(O(i) ® Lq) = N_iAi = A

We have that O®Z, C Oy®@Zy C End(E)®Z, for all ¢ # ¢, so O C End(F) if and only
if O ®Z, C End(E) ® Z,. As f is an isomorphism, this is equivalent to A C f(End(E) ® Z,),
as desired. ]

6.4 Finding Ag in the Bruhat-Tits Tree

Let Ag = f(End(F) ® Z,) and r = d(Ag, M2(Z,)). Once we have computed r, we know that
Ag is of the form T~'My(Z,)T, where T is a matrix associated to a matrix path of length r.
In this section, we show how to recover the matrix path one step at a time, which will allow
us to compute Ag.

For each matrix path {¢;}¥_, of length at most 7, the next two propositions define an

order which is contained in A if and only if the corresponding path begins with {c;}*_;.

Proposition 6.4.1. Let ¢ > 2. Let v be the matriz associated to a matriz path {c;}¥_,, where
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1<Ek<r. Let
S := N,(My(Z,)) N {A" : A" mazimal corresponding to a matriz path starting with {c;}¥_,}.
Let A, == Npres A and P = {y ' Mx(Z,)v}. Then:

1. A’y,r - mAENrfk(P) A
2. vy(discrd(A, ) = 3r — 3k.

3. Suppose A, C A for a mazimal order A € N,(My(Z,)). Then A corresponds to a

matriz path starting with {c;}¥_,.

Proof. Any order in S corresponds to a matrix path {c,..., ¢, b1,b9,...,b._r}. Letting
0 = by_gbr__1 - - - by, the associated matrix is d. By Proposition 5.2.8, we have d(~, dv) =
7 — k. This shows that S C N, 4(P). To show A, . = Nen, ,(p) A, we will choose AjAy, As
in S which maximize d3 among the orders of N,_,(P) and therefore in S. Choose three
distinct matrices §; € ¥ such that 0;¢, & Ms(gZ,). There are ¢ > 3 possibilities for ¢;. Let
N = (677 %) My(Z,) 07 . 1f i # j, we have d(8]F7, 5§_k7) = 2r — 2k by Proposition 5.2.8.

As i, & Ma(gZ,), the matrices 6] "y correspond to matrix paths of length r starting
with {¢;}¥_,, so A; € S. Therefore, d3({A1, Ay, Az}) = 6r — 6k < d3(S).

By Corollary 5.3.6, we have d3(N,_(P)) = 6r — 6k, so d3(A1, Ae, As) = d3(N,—(P)) =
ds(S). By Theorem 5.3.2, this shows A, = Ay N Ay N A3 = Nacn,_,(p)AA, which gives (1) and
(2).

It follows from (1) and Corollary 5.3.6 that the set of maximal orders containing A,
is N,_1(P). To show (3), we must show that N,.(My(Z,)) N N, (v *My(Z,)) consists of
those orders corresponding to a matrix path of length r starting with {c;}¥_,.

Consider a matrix path {g;}/_; and the associated matrix ¢ = ¢,g,_1---¢g1. The order
g *My(Z,)g is in the intersection N,(My(Z,))NN, (v~ M(Z,)7) if and only if d(g, ) < r—k.
But by Lemma 5.2.8, d(g,v) < r — k if and only if the sequences agree in the first k£ matrices,
which are exactly {c;}¥_,. This shows (3). O

Proposition 6.4.2. Let ¢ = 2. Let 7y be the matriz associated to a matriz path {c;}%_,, where
1<Ek<r Let

S := N.(My(Z,)) N {A : N mazimal corresponding to a matriz path starting with {c;}¥_,}.
Let A, = NaesA and 61,00 € ¥ be such that d1c,, € Ma(qZ,) and dacy, & Mo(qZy). Let

P = {(017) " My(Zq) 01y, v~ Ma(Zg), (027) " Ma(Zy) 027} Then:
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1. A,y’r,n — mAENr—k—l(P) A
2. v,(discrd(A, ) = 3r — 3k — 1.

3. Suppose A, C A for a mazimal order A such that d(A, My(Z,)) = r. Then A corresponds

to a matriz path starting with {c;}*_,.

Proof. Any order in S corresponds to a matrix path {¢i,..., ¢k, d;, 01,00, ..., b1} for one
of i =1,2. Letting 0 = b,_j_1b,_j - - - b1, the associated matrix is dd;y. By Proposition 5.2.8,
d(0yy,06;7) = v — k — 1. This shows S C N,_(P). To show A, = Naen, ,(p) A, we will
choose AjAg, A in S which maximize d3 among the orders of N,._j_;(P) and hence in S.

Let Ay = (07 % 9) " My (Z,)67 F, and Ay = (05 %) "1 My(Z,) (05 "y). Choose &5 € ¥ such
that 630, € My(qZ,) and 65 # 6;. Let Ag = (85 " 71617) " Ma(Z,) (55 " 1617). Tt is easy to see
that A; € S for each 4, as the corresponding matrix paths have length r and begin with {c;}% .
By Proposition 5.2.8, we compute ds3({A1, A2, A3}) =2(r — k) +2(r—k)+2(r—k—1) =
6r — 6k — 2.

By Corollary 5.3.6, d3(N,_r_1(P)) = 6r — 6k — 2, so d3(A1, Ag, A3) = d3(N,—x—1(P)) =
ds(S). By Theorem 5.3.2, this shows A, = A N Ay N A3z = Nacn, . (p)A, which gives (1) and
(2).

It follows from (1) and Corollary 5.3.6 that the set of maximal orders containing A,
is N,_j_1(P). To show (3), we must show that N,(M5(Z,)) N N,_j_1(P) consists of those
orders corresponding to a matrix path of length r starting with {¢;}¥_,.

Consider a matrix path {g;}7_, and the associated matrix g = ¢,g,—1---¢1. The order
g ' My(Z,)g is in the intersection N,.(My(Z,)) N N,_x_1(P) if and only if one of d(g, d;7) <
r—k—1ord(g,y7) <r—k—1. Since v corresponds to a matrix path of length k and
g corresponds to a matrix path of length r, we have d(g,v) > r — k, so the condition
d(g,7) <r—k —1is impossible in this setup. We also have d(g,0;v) < r —k — 1 if and only
if g =c; forall 1 <¢ <k and cx11 = ;. Since d; and 5 are the only two choices for the
(k 4 1)-th entry in a matrix path starting with {c;}%_,, we have d(g, P) <r —k — 1 if and
only if g; = ¢; for all 1 <4 < k. This shows (3). O

We obtain the following algorithm to recover the matrix path {d;}!_; corresponding to Ag.
For each 7, as in Definition 5.2.3, we check if A, , C Ag. By Propositions 6.4.1 and 6.4.2,
we have A, , C Ag if and only if d; = 7., so we recover the first matrix in the path in ¢ + 1
checks. Once we have recovered the first £ — 1 matrices, we test each of the ¢ possibilities for

dj, continuing until we have recovered the full matrix path.

Algorithm 6.4.3. Computing the path from M,(Z,) to Ag
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Input: An order Oy C End(E); a prime ¢ # p; ¢-maximal g-enlargement O of Op; an
isomorphism f : Oy ® Q, — M(Q,) such that f(O ® Z,) = My(Z,) computed mod ¢"*;
r = d(MQ(Zq),AE)

Output: v such that Ap = ' Ms(Z,)y

1. Set k:=1,~ :=1d, dy := Id.
2. While £ < 7r:

(a) For each 7. € ¥ as in Definition 5.2.3 such that y.dy_1 &€ ¢M2(Z,):

i. Set v := 7.
ii. Compute a basis B, for an order O, such that O, C End(F) if and only if
A, C Ap. (See Corollary 6.3.7.)
ili. Apply Proposition 6.1.1 to each b € B, to decide if b € End(E).

iv. If for all b € B, we have b € End(E): Set v :== 1, dy := ., k ==k + 1, and
return to Step 2.

3. Output ~.

Step (2):

IS

NV =Np=Apy 3

Figure 6.2. Algorithm 6.4.3 Step 2 with ¢ = 2 and d(Ag, M2(Z,))) = 3. Black edges correspond to
edges of the path to Ag revealed in previous steps.

Proposition 6.4.4. Algorithm 6.4.3 is correct and requires at most 4(rq + 1) applications of
Proposition 6.1.1. In each application, the input for the algorithm in Proposition 6.1.1 has
n = ¢ and B with log(deg(B)) polynomially-sized in log(q") and the size of O,.

Proof. We know that for some Tg = d,d,_; - - - dy, we have Ap = T My(Z,)Tr. We show

that Ty is the output of the algorithm.
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Let v = ¢x - - - ¢;. By the construction in Corollary 6.3.7, we have O, C End(FE) if and
only if A, C Ag. By Proposition 6.4.1(3) and 6.4.2(3), we have A.,..c,,;, C Ag if and only if
¢; = d; for each i < k. Therefore, Step 2(a)(iv) has b € End(E) for all b € B, if and only if
¢; = d; for each @ < k. The output after the k = r step must be vy =d,d,_1---dy = Tg, as
desired.

When k = 1, there are ¢ + 1 choices for 7.. For 1 < k < r, there are ¢ choices for 7..
Thus, we test O, C End(E) for at most rq + 1 values of 7.

If v = v.7/, then a basis for O, can be written as a Z,-linear combination of elements
of O, + Op. The exponent of ¢ in the denominator is at most 3, since v,([A, : Ay]) =
vy discrd(A4/) — v, discrd(A,)) = 3 by Propositions 6.4.1(2) and 6.4.2(2), and O, ® Zy C
Oy ® Zy when ¢’ # ¢ by construction. As the previous step verifies that O, C End(FE),
this shows that elements of B, can be expressed as g for f € End(FE) and n = ¢*. By

Corollary 6.3.7, we have that log(deg(3)) is polynomially-sized in log(¢") and the size of
Op. O

6.5 Special case: Bass orders

Let Ag = f(Oy ® Z,) and Ap = f(End(EF) ® Z,). If Ay is Bass, the subgraph of maximal
orders containing Ay forms a path which can be recovered efficiently. In this case, we can

give a simpler algorithm which performs a binary search along the path to find Ag.

Algorithm 6.5.1. Finding A When A, is Bass
Input: An order Oy C End(F) which is Bass at ¢; e = v,(discrd(Oy))
Output: v such that Ap = 1 Ms(Z,)y

1. Compute a g-maximal g-enlargement @ > O, and an isomorphism f : @@Qq — M>(Q,)
such that f(O ® Z,) = My(Z,) up to precision ¢°*'. Set Ag := f(Oy ® Z,).

2. Compute a list L of matrices Tj associated to matrix paths such that Ag C T, ' My(Z,)T;.
Index the matrices T}, starting with ¢+ = 1, such that 7; and 7T;,; are adjacent in the
Bruhat-Tits tree.

3. While |L| > 1:

(a) Set m = [Z], Ajare 1= TT Mo (Zo)Th, and Apia := Ty  Mo(Zy) T

(b) Compute a basis B for an order O such that f(O ® Z;) = Astart N Amia and
ORZy C Oy® Ly for all ¢" # q. (Corollary 6.3.7)

(c) For each b € B, use Proposition 6.1.1 to determine if b € End(E).
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(d) If b € End(FE) for all b, set L := {T;:1 <i <m}. Otherwise, set L := {T; : m <
i < |L|}, and reindex the matrices, by replacing the index ¢ + m with the index i
for 1 <i<|L|—m.

4. Output the single element of L.

Proposition 6.5.2. Algorithm 6.5.1 is correct, requires at most 4logy(e + 1) applications of

Proposition 6.1.1, and runs in polynomial time in log(q) and the size of Oy.

Proof. Step 1 can be done in polynomial-time by Propositions 6.3.1 and 6.3.3. The list L
has size at most e + 1, the orders of L form a path, and L can be computed in polynomial
time in log(q) and the size of Ay by [21, Algorithm 4.1, Proposition 4.2]. As Ag contains Ay,
the order Ag must be one of the orders in the list L. Each iteration of Step 3 tests which
half of the path contains Ag and discards the other half. After log,(e + 1) loops, there is

only one order remaining in L, which must be Ag. [

6.6 Computing the Endomorphism Ring

Now we can give the full algorithm to compute the endomorphism ring of End(F) on input
of two noncommuting endomorphisms, « and v, which generate a subring Oy of End(E). At
every prime ¢ for which Oy is not maximal, we find the path from M5(Z,) to End(E) ® Z, in
the Bruhat-Tits tree. We emphasize that the only tool we have to distinguish End(F) ® Z,
from the other orders of the Bruhat-Tits tree is the existence of an algorithm which determines
if a local order A is contained in End(F) ® Z,.

Algorithm 6.6.1. Computing the Endomorphism Ring
Input: A supersingular elliptic curve E defined over F,2; a suborder O, of End(FE)
represented by a basis {1, «,~,ay}, such that a and v can be evaluated efficiently on

powersmooth torsion points of E; a factorization of discrd(Qp)

Output: A basis for End(FE)
1. For each prime ¢ | (discrd(Qp)/p):

(a) Test if Oy ® Z, is Bass. If so, use Algorithm 6.5.1 to compute O, = End(F) ® Z,.

(b) Compute a g-maximal g-enlargement O of Oy. If ¢ = p, output O. Otherwise,
proceed to Step 2. [53, Algorithm 3.12, 7.9, 7.10]

(¢c) Compute the distance r between O ® Z, and End(F) ® Z,, considered as vertices
in the Bruhat-Tits tree. [Algorithm 6.2.5]
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(d) Compute an isomorphism f : O ® Z, — Ms(Z,) given modulo ¢"**, which extends
to an isomorphism f : O ® Q, — M(Q,). [Proposition 6.3.3]

e) Compute the matrix v such that f(End(E)®Z,) = v 1 My(Z,)~y. [Algorithm 6.4.3
q q

(f) Compute a basis for a global order O, such that f(O, ® Z,) = v *My(Z,)v and
O, @Zy C Oy @ Zy for all ¢ # q. [Corollary 6.3.7]

2. Retlll"n OO + Zq|discrd(00)/p Oq'

We now prove Theorem 1.3.1.

Proof. The order Oy ® Z, is Bass if and only if Oy ® Z, and the radical idealizer (Oy ® Z,)’
are Gorenstein [12, Corollary 1.3]. An order is Gorenstein if and only if the associated ternary
quadratic form is primitive [54, Theorem 24.2.10], which can be checked efficiently.

For Steps 1b and 1d, we must compute a multiplication table and reduced norm form @
for Oy. Coeflicients are given by the reduced traces of pairwise products of the basis, which
can be evaluated efficiently using a modified Schoof’s Algorithm by computing the trace on
powersmooth torsion points (see [6, Theorem 6.10]).

Each substep of Step 1 has polynomial runtime. In the worst case, Step 1 requires
>, 4(e;q; + 2) applications of Proposition 6.1.1, where discrd(Og) = IT1%, ¢

By construction, ¢**O, C Oy, and hence disc(Oy)O, C Opy. By Corollary 6.3.6, a basis for
the sum Op + 3 diserd(0,)/p Oq can be computed in polynomial-time. By construction, the
output has completion O, ® Z, = End(F) ® Z, at every prime ¢ | discrd(Op) and also still at
all other primes. By the local-global principle, the output is End(F). O]

6.7 Subgraphs specified by intersection

Suppose we are given Oy C End(E) and, under an isomorphism f : Oy ® Q, — M>(Q,),
we set Ag = f(Op ® Z,). Our paper describes how to find Ay = f(End(F) ® Z,) without
recovering the tree of orders containing Ag. However, in the case that the graph of orders
containing A is a path, we have have seen that Ag can be recovered more efficiently, as in
Algorithm 6.5.1.

In this section, we describe how our algorithm can be made more efficient if we already
know the subgraph of maximal orders containing A, specified by the intersection of three

maximal orders.
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6.7.1 Possible subgraphs

We can use Tu’s results to describe the subgraph of maximal orders containing any order in

M>(Q,). We summarize the possible subgraphs in the following corollary.

Corollary 6.7.1. Suppose A is an order in M2(Qy). Let S = {A" mazimal : A C A'}. Then
there ezists a path Pand an integer £ > 0 such that S = Ny(P).

Proof. By Lemma 5.2.9, A is contained in only finitely many maximal orders even when A is
not a finite intersection of maximal orders. Hence the set S of maximal orders containing A
is a finite set. Let A” = NpegA’. The set of maximal orders containing A is precisely the set
of maximal orders containing A”. Thus, it suffices to prove the statement in the case that A
is equal to a finite intersection of maximal orders.

For the rest of the proof, assume A is a finite intersection of maximal orders. By
Theorem 5.3.2, we can choose Aj, Ay, A3 € S such that A = A; N Ay N Az. We need
to construct a path P and an integer ¢ > 0 such that for a maximal order A’, we have
AN Ay N A3 C Aif and only if A" € Ny(P).

By reindexing if necessary, assume d(A1, Az) is maximal among d(A;, A;). Let P’ denote
the path from A; to Ag, and let £ = d(As, P').

By maximality of d(A;, Ag), the path P’ has length at least 2¢. For i = 1,2, let A} denote
the vertex on the path P’ such that d(A}, A;) = ¢. Let P be the path of vertices from A} to
AL, We will show that S = Ny(P).

First, note that £ = d(As, P). Suppose not. Then the closest vertex v’ of P’ to As lies
between A} and A; for some i, and v" # Al. Then for j # 4,j # 3, we have d(Aj,A;) =
d(Aj, A)) + d(ALA) = d(Aj, A) + d(A,V) + d(v', A;). Since d(v', ;) < € = d(v',A3), we
have d(A;, A;) < d(Aj,v") +d(v', As). But d(A;,v") +d(v', As) = d(A;, As). This contradicts
maximality of d(Ay, Ag).

Let A4 be a maximal order, and let m = d(A4, P). We need to show that A4 € S if and only
if m < /¢. By Lemmas 5.3.4 and 5.3.5, this is the same as showing that ds(S5) = d3(S U {A4})
if and only if m < /.

We have d(Ay, Ag) + d(Aa, Ay) + d(Ayg, A1) = 2d(Ay, Az) + 2m. We will show that d(S U
{A4}) = 2d(A1, Ag) + 2max{l, m}.

If i =1 ori=2,let P, denote the path between A3 and A;, and let n; = d(A4, P;).. We
have d(A;, Ay) + d(Ag, A3) + d(As, A;) = 2d(A;, Az) + 2n;. If n; < m, then this is clearly at
most 2d(Ay, Ay) + 2m. Let v; denote the vertex of P; which is closest to Ay, so d(Ay,v;) = n;
If n; > m, the path P, does not contain the closest vertex v on P to A4 and d(v,v;) = n; —m.
In this case, it follows that v; lies on the path P, as otherwise v; = v and n; = m, and

that v; is the closest vertex of P to As. Thus, d(Ay, Asy) = d(A;,v;) + ny — m + d(v, A;),
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where j # 1,3,4. We also have d(A;, A3) = d(A;,v;) + d(v;, Az). Thus 2d(A;, As) + 2n; =
2(d(Ai,vi) +ny —m) 4+ 2m < 2d(Ay, Ag) + 2m.

We have shown that ds(S U {A4}) = 2d(A1, A2) + 2max{¢,m}. This is equal to ds(5) if
and only if m < /¢, and hence A4 is in S if and only if Ay € Ny(P). O

6.7.2 Special case: known subgraph of the Bruhat-Tits tree

In the general case, Algorithm 1.3.1 works by finding the distance between Ap and My(Z,)
and then finding the path between them. Finding the path is the most costly step. In the
worst case, if e = v,(discrd(Oyp)) and e = d(Mz(Z,), Ag), the algorithm tests eq + 1 steps.

If we can describe the set of maximal orders containing Ay as Ny(P) for a path P and an
integer ¢ > 0, we can obtain Ag more efficiently, by replacing M(Z,) with a closer vertex.
First, we compute the distance r of Ag from the path P; next, we compute the order A’ in P
which is closest to Ag; finally, we recover the path from A’ to Ag, one step at a time. This
last step is the most costly, but in the worst case, we only need to recover ¢ steps, where ¢ is
at most discrd(Ag)/3.

Algorithm 6.7.2. Finding Ay When the Subgraph is Known

Input: An order Oy C End(E); e = v,(discrd(Oy)); a g-maximal g-enlargement O of Oj;
an isomorphism f : Oy ® Q, — My(Q,) such that f(O ® Z,) = My(Z,), given up to precision
q°™!; matrices T} and T corresponding to endpoints of a path P and an integer ¢ > 0 such
that Na>rpez) A = Naen,(p)A-

Output: v such that Ag =y ' My(Z,)y

1. Compute the least 7 < £ such that Naen, (p)A C Ag.

2. Similar to Algorithm 6.5.1, partition P into two disjoint paths Fy and P; of equal
length, and check if Py satisfies A € N,.(Fp). Set P’ = Fy if A € N,.(F) and
P’" = P; otherwise. Then replace P by P’ and continue until P consists of a single order
T~ 'My(Z,)T.

3. Similar to Algorithm 6.4.3, recover the matrix path di,ds,...,d, of length r from
T_IMQ(Z(])T to AE, so that AE = (dr SR d2d1T)_1M2(Zq)d7- <o dodyT.
Output d, - - - dod; T.

Proposition 6.7.3. Algorithm 6.7.2 requires at most 4(£+log(card(P))+€q+ 1) applications
of Algorithm 6.1.9.

Proof. Step 1 is a generalization of Algorithm 6.2.5, replacing Ny(M2(Z,)) by Ni(P) and

testing locally rather than globally. Step 2 is a generalization of Algorithm 6.5.1, replacing
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the path from Agre to Apiq with the r-neighborhood of that path, where r = d(Ag, P). Step
3 is a generalization of Algorithm 6.4.3, replacing My(Z,) by T~ My(Z,)T. O

The extra information about the graph structure allows us to replace My(Z,) with an
order whose which is close to Ag, thus minimizing the most costly step (recovering the path
step-by-step). However, we stress that it is not clear how to efficiently obtain Ay, As, and As

from Ag.
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