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Abstract

Integer-order calculus fails to capture the long-
range dependence (LRD) and memory effects
found in many complex systems. Fractional calcu-
lus addresses these gaps through fractional-order
integrals and derivatives, but fractional-order dy-
namical systems pose substantial challenges in
system identification and optimal control tasks.
In this paper, we theoretically derive the opti-
mal control via linear quadratic regulator (LQR)
for fractional-order linear time-invariant (FOLTT)
systems and develop an end-to-end deep learning
framework based on this theoretical foundation.
Our approach establishes a rigorous mathematical
model, derives analytical solutions, and incorpo-
rates deep learning to achieve data-driven optimal
control of FOLTI systems. Our key contributions
include: (i) proposing a novel method for sys-
tem identification and optimal control strategy in
FOLTI systems, (ii) developing the first end-to-
end data-driven learning framework, Fractional-
Order Learning for Optimal Control (FOLOC),
that learns control policies from observed trajec-
tories, and (iii) deriving theoretical bounds on the
sample complexity for learning accurate control
policies under fractional-order dynamics. Experi-
mental results indicate that our method accurately
approximates fractional-order system behaviors
without relying on Gaussian noise assumptions,
pointing to promising avenues for advanced opti-
mal control.
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1. Introduction

Many real-world systems, including biological systems, neu-
ronal networks, organ networks, financial markets, and
cyber-physical systems, exhibit long-range dependence
(LRD) and memory effects that traditional integer-order
models struggle to capture (Lundstrom et al., 2008; Ivanov
et al., 1999; Ghorbani & Bogdan, 2013; Ghorbani et al.,
2018). Fractional-order linear time-invariant (FOLTTI) sys-
tems extend classical integer-order models through frac-
tional calculus, providing a more flexible framework for
modeling such complex behaviors. Due to their ability to
represent non-local dependencies and history-dependent dy-
namics, FOLTI systems have found broad applications in
control systems (Baleanu et al., 2011; Monje et al., 2010;
Reed et al., 2023b), bioengineering (Magin, 2004; 2010;
Ghorbani & Bogdan, 2013), neuroscience (Pequito et al.,
2015; Gupta et al., 2019; Reed et al., 2022; 2023a), cyber-
physical systems (Xue & Bogdan, 2017), and financial mod-
eling (Granger & Joyeux, 1980). However, the practical
deployment of FOLTI systems faces significant challenges
in system identification and optimal control. Unlike Marko-
vian systems, where the current state depends solely on the
immediate past state, FOLTI systems exhibit non-Markovian
properties, meaning their evolution is influenced by a wide
range of past states. This memory effect introduces addi-
tional complexities, making it difficult for traditional meth-
ods to generalize effectively to FOLTI systems.

Despite their advantages, FOLTT systems present signifi-
cant challenges in both modeling and control. Identifying
system parameters for fractional-order dynamical systems
remains an open research problem. One major difficulty in
system identification arises from the non-Markovian nature
of fractional-order systems, where the state evolution is not
solely determined by recent states but depends on an entire
history of past observations. Additionally, the fractional
derivative operators, such as the Griinwald-Letnikov frac-
tional derivative (Hilfer, 2000; Monje et al., 2010; Oldham
& Spanier, 1974), introduce combinatorial complexity and
nonlinearities, making standard parameter estimation tech-
niques ineffective. Existing methods often rely on strong
assumptions, such as noiseless data or constrained data gen-
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eration processes, limiting their applicability in practical
scenarios.

Beyond system identification, optimal control of FOLTI
systems remains a major challenge. Unlike integer-order
systems, where well-established control frameworks exist,
fractional-order systems exhibit long-range dependencies
and memory effects, making classical control strategies
inadequate. In particular, the lack of analytical solutions for
optimal control in FOLTT systems requires new approaches
that account for their unique dynamics. Addressing these
challenges is crucial for enabling real-world applications of
FOLTI systems in control systems.

A well-established framework for optimal control in integer-
order systems is the Linear Quadratic Regulator (LQR),
introduced by Rudolf Kalman in 1960 (Kalman et al., 1960).
LQR determines an optimal control policy that minimizes
a quadratic cost function defined over the system state and
control input, subject to weighing matrices, for systems
governed by linear dynamics. The traditional integer-order
LQR problem has been extensively studied over the decades
(Dean et al., 2018; 2020; Tu & Recht, 2019). For linear
time-invariant (LTT) systems with known parameters, the
LQR problem has a closed-form solution on the infinite
time horizon and can be solved efficiently using dynamic
programming on finite horizons (Anderson & Moore, 2007).
Furthermore, numerous researchers have developed end-to-
end guarantees for LQR in the context of LTI systems. These
guarantees often involve a two-step process: (i) estimating
the unknown system parameters, and (ii) designing robust
controllers to account for model uncertainties.

While the LQR problem for integer-order LTI systems is
well understood (see related work in Appendix B), far less
attention has been devoted to the case of fractional-order dy-
namical systems (Monje et al., 2010). These systems, which
originate from fractional calculus (Hilfer, 2000; Ionescu
et al., 2017), differ significantly from their integer-order
counterparts. Unlike Markovian systems, where the current
state depends solely on the immediate past state, fractional-
order systems exhibit a non-Markovian behavior, with the
current state influenced by a memory effect spanning a
broad range of past states. This memory effect makes the
analysis and control of fractional-order dynamical systems
particularly challenging. Estimation of unknown parame-
ters in fractional-order dynamical systems remains an open
problem (Yaghooti & Sinopoli, 2023; Chatterjee & Pequito,
2022; Zhang et al., 2025), even under the assumption of lin-
ear fractional operators. For finite horizons, optimal control
problems have been addressed under specific assumptions
(Li & Chen, 2008), but no comprehensive results exist for
infinite horizons. Moreover, achieving end-to-end guaran-
tees for fractional-order systems is particularly challenging,
as both system identification (Yaghooti & Sinopoli, 2023;

Zhang et al., 2025) and robust control present significant
technical difficulties.

To address these challenges, this work establishes a the-
oretical framework for fractional-order LQR, deriving a
principled end-to-end learning approach for FOLTI opti-
mal control. Specifically, we formulate the mathematical
structure of FOLTI systems, enabling a rigorous extension
of LQR to the fractional-order setting. Given the diago-
nal elements of the system matrix, we propose a method
to estimate the unknown system parameters from multiple
observed trajectories. Using this estimated model, we de-
rive the optimal control policy using LQR, leveraging least
squares optimization and Lagrange multipliers to obtain ana-
lytically tractable solutions despite the inherent complexities
introduced by fractional-order dynamics.

Beyond theoretical derivations, we develop an end-to-end
data-driven learning framework, fractional-order learning
for optimal control (FOLOC), that jointly performs system
identification and optimal control. Unlike classical control
methods that require pre-specified system dynamics, our
approach learns both the system parameters and control poli-
cies directly from observed trajectories. We further analyze
the sample complexity of this learning process, quantifying
the number of samples required for the estimated LQR loss
to converge to the true LQR loss under unknown input con-
ditions. Unlike classical approaches that assume structured
noise distributions, our framework is designed to operate in
realistic, noisy environments. Specifically, we incorporate
deep learning-based modeling techniques to ensure that the
control policy remains robust under non-Gaussian noise,
distributional shifts, and real-world uncertainties.

In summary, this work makes the following key contribu-
tions: (i) We provide theoretical foundations for optimal
control of fractional-order linear time-invariant (FOLTT) sys-
tems. (ii) We develop a principled end-to-end data-driven
learning framework, FOLOC, that jointly optimizes system
identification loss and control policies, ensuring robustness
to non-Gaussian noise and real-world uncertainties. (iii)
We analyze the theoretical sample complexity, providing
convergence guarantees for learned control policies under
unknown system dynamics. (iv) We conduct extensive ex-
periments, demonstrating the FOLOC’s robustness across
noise distributions, scalability to different system complexi-
ties, and computational efficiency in real-time control tasks.

2. Preliminaries and Problem Formulation

In this section, we introduce key theoretical foun-
dations from fractional calculus, focusing on the
Griinwald-Letnikov fractional-order derivative and its role
in modeling FOLTI systems. By extending LQR to FOLTI
systems, we then formulate the end-to-end learning problem,



End-to-End Learning Framework for Solving Non-Markovian Optimal Control

where the objective is to identify system parameters and op-
timize control policies directly from data. This formulation
integrates system identification and control optimization,
addressing challenges arising from memory effects and non-
Markovian dynamics in FOLTT systems.

2.1. Fractional-Order Derivative

Definition 2.1 (Griinwald-Letnikov fractional-order deriva-
tive). The left-side and right-side Griinwald—Letnikov
fractional-order derivatives of order « on the finite inter-
val I = [a, b] are defined as follows:
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where z € R, 0 < h < b —a, and o > 0. Here, (})

denotes the generalized binomial coefficient, defined as
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2.2. Griinwald-Letnikov Difference Operator

The fractional-order Griinwald—Letnikov difference opera-
tor allows to discretize the fractional-order derivative and
represent it as a finite difference as follows:

k
A%y =Y D(a,j)zr—j, 3)

=0
where 7, € R", a = [a1,a9,...,a,]" € R” represents

the order of the difference operator, and D(a, j) € R™*" is
an n X n diagonal matrix defined as
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2.3. Fractional-Order Linear Time Invariant System

The state-space representation of the discrete-time
fractional-order linear time invariant system reads:

A%y = Az + Buy, (6)

where x;, € R"™ is the state vector, ug, € R™ is the system
input, matrices A and B are constant matrices with size
n x n and n X m, respectively.

Using the Griinwald-Letnikov difference operator, we can
write the system as follows:

k+1
Trr1 = Az + Buy — ZD(a,j)xk+1_j. @)
j=1

The last term in Eq. 7 represents the memory-dependent
nature of fractional-order dynamical systems, making them
suitable for modeling non-Markovian and long-range depen-
dent processes.

2.4. Linear Quadratic Regulator for FOLTI systems

The linear quadratic regulator (LQR) problem is that of op-
timal control of a dynamical system given known and fixed
quadratic costs. Formally, the goal of LQR is to find the
optimal control w; that minimizes the quadratic loss fitting
in the FOLTI systems, which in turn solves the following
optimization problem.

Definition 2.2 (LQR for FOLTI systems). The LQR prob-
lem for FOLTI systems is defined as follows:

?

(xk Qxy + uy Ruk) + 20 Qfrr

0
(®)
s. t. A%y = Axy, + Buy, 9)

min Jr(u) :=
{u; LT 01

£
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where € R™™ and @y € R™ ™ are positive semi-
definite matrices representing the state cost and terminal
state cost, respectively, where n is the dimension of the
state vector x. Similarly, R € R™*"™ is a positive semi-
definite matrix representing the control cost, where m is the
dimension of the control input vector wy.

2.5. Problem Formulation

Consider a fractional-order linear time-invariant system de-
fined using the Griinwald-Letnikov difference operator. The
goal is to find an optimal control sequence via solving LQR
problem based on system identification from observed data.

Specifically, we are given N trajectories, each tra-
jectory consisting of T time steps, sampled from
a joint distribution II over initial states, process
noise, system parameters and cost matrices, i.e.,
{$07{wk}k Oa{uk}k Ov{A B,a} {Q R}y ~ 1L
Thus, we can represent the dataset as D =
=i i Oa{uk}k 00 Q' R {ug” (xh, A, B, )}y o Has
where u}’ denotes the optimal control input. We aim to
solve the following two-step problem:

(i) System Identification. The fractional-order system
dynamics are parameterized by © := {A, B, a}, where
A € R"™™ and B € R™ ™ are system matrices, and
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a € (0,1)" is the fractional order. The system identifi-
cation problem is posed as:

N T
A~ . i in2
@:argmanZHx}f(@)—kaQ, (10)
®  iZik=1
where &4 (©) represents the predicted state at time k for the
i-th trajectory, obtained using the identified parameters O.

(ii) Optimal Control. Once © = {A, B, 4} is estimated,
the optimal control problem is formulated as:

T-1
min Jr(u) = Z (m,;rQa;k + u;Ruk) + 21Q T,
{un}iZo k=0
(11)

subject to the identified system dynamics:

A%z i1 = Axy, + Buy. (12)
Deep Learning-Based Reformulation. The optimal con-
trol problem can be framed in a deep learning context as
learning an operator £ : D — U, where U represents
the set of optimal control inputs. Formally, the operator
L : D — U computes the optimal control policy {u$}7 "
directly from the observed trajectory, while simultaneously
uncovering the system parameters © = {A, B, o} that en-
capsulate the dynamics of the fractional-order system.

3. Methodology

3.1. Mathematical Foundations for Fractional-Order
Learning and Control

Lemma 3.1 (Discrete-time FOLTI system solution). The
solution to the discrete-time FOLTI system is given by (Guer-
mah et al., 2012):

k—1
zi = Grxo + Z Gr-1-;Buy, (13)
Jj=0
where the matrices Gy, are defined recursively as:
I ork =0,
Gr=1 ’ (14)
Zj:O Aij—l—j fork Z ].,
and the matrices A; are given by:
A—di o) ifj=0,
Aj = gl ovn) 1 (1)

The proof is provided in Appendix D.2. The first compo-
nent of the FOLTI system solution represents the unforced
response of the system. The term G, exhibts the particular-
ity of being time-varying, attributed to the fractional-order
« which inherently accounts for all the past states. The
second component takes the role of the convolution sum
corresponding to the forced response.

Theorem 3.2 (LQR solution for FOLTI systems). The least-
squares optimal control solution for the LOR problem of a
FOLTI system is given by:

U=—(G'QG+R) " G'Q"Hxy,  (16)
whereas the Lagrange multiplier optimal control solution
is:

U=-R'B"® I -Gy 'Hyxo. (17)
Here, U, G, Gy, H, Hy, R, and Q are defined in Appendix
D.3, and ® denotes the Kronecker product. Notably, U =
[UT S . ]T

0 1 T-1

Using the optimal control solution via LQR, a natural ques-
tion arises: given a system identification algorithm and a
threshold error €, how many samples are required for the
system identification process to ensure that the error be-
tween the estimated LQR loss J and the true LQR loss J
(computed with the true system parameters) remains within
the threshold d(J — J) < ¢, where d(-) denotes the metric.
We derive the following sample complexity results.

Theorem 3.3 (Sample Complexity for FOLTI systems).
Consider a FOLTI system with a known matrix A, fractional
order o, and an unknown matrix B. The following sample
complexity bounds hold using the system identification in
Appendix D.1: Let

1
Kp = N(¢T¢)71¢TKU;¢(¢T¢)717
(a) Least-squares solution.

E{|J = J|] < I2031R " 12(1 + 1BIZIE2)1512)
-(Te(Kp) + 2| Bllav/Tr(KE)), (18)

(b) Lagrange multiplier solution. Assume Léé([ —-L,) =
0,

E[|7 - 7] < IzlalHazoll2l B 2IL I (1 + 1 BI3
AR 2Ll | Lag o) ( Tr(Kp)+

2||Bll2y/Tr(Kp)), (19)

where z = GjQTHxzo, S = GJQGq, |Ll2 =
I(Loa) 2l Loz, and Ga, Q, and H are system matri-
ces as defined in Appendix D.4.

Corollary 3.4 (Simplified Sample Complexity for FOLTI
systems). Let K,, = 021 and u}, ~ N(0,I). Forp >
m + 1, then:

nmo?

- (20)

Tr(Kp) = m,
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where p denotes the number of initial conditions, and N
denotes the number of trials adding Gaussian noise to
fractional-order dynamics from these p initial conditions,
and m is the dimension of control inputs (see Appendix
D.5).

The sample complexity results demonstrate that the overall
convergence rates of the least-squares solution and the La-
grange multiplier solution are both O(ﬁ) differing only
in their constant factors.

3.2. Theoretical Approach for Fractional-Order System
Identification and Optimal Control

Our end-to-end theoretical learning method follows a similar
strategy to those used in Markovian processes, specifically
for LTI systems. The learning procedure can be summarized
in two main steps. Given N noisy trajectories, each of T'
time steps, and assuming the diagonal elements of the sys-
tem matrix A are known, we first formulate a least-squares
problem to identify the system parameters by using the lin-
earity of the Griinwald—Letnikov difference operator. The
state evolution with noise can be represented as

Aa$k+1 = Az, + Buy, + Wi, 21)

where {wy}] - is an independent and identically dis-
tributed (i.i.d) Gaussian noise process. Using the linearity
of the fractional difference operator, the state evolution for
each trajectory can be expressed as:

T = AZL’O + BUO + Cal'o + wo (22)

Using this formulation, we define the following optimization
problem across N trajectories

0= argmein | X — 6|3, (23)

with the closed-form solution
A -1
0=("¢) ¢'X, (24)

where system parameters C, 6 and feature matrices X, £
are detailed in Appendix D.1.

In the second step, the derived system parameters are used
to compute the optimal control solution as described in The-
orem 3.2. For a given identified FOLTI system and a time
horizon 7', the optimal control sequence can be derived for
any cost matrices () and R, along with the initial condition
Zo.

Remark. Knowing the diagonal elements of the system
matrix A is a strong assumption and represents a limitation
of the theoretical system identification approach. It serves
a similar role to assumptions commonly made in classical
system identification, where the exact (integer) order of the

system is often presumed known in advance. In the context
of fractional-order dynamical systems, estimating the sys-
tem order—i.e., the fractional derivatives—is substantially
more challenging, and to the best of our knowledge, no
existing method provides theoretical guarantees in a gen-
eral setting. To address this limitation, we propose FOLOC
framework, which can give accurate optimal control policies
without this assumption.

3.3. Fractional-Order Learning for Optimal Control
Framework

Our end-to-end deep learning framework FOLOC is guided
by the mathematical derivation of the optimal control pol-
icy for FOLTI systems (see Methodology 3.1). Generally,
FOLOC framework can be structured into two main compo-
nents.

System Identification Module: Inspired by traditional LTI
and our proposed FOLTT system identification, we use deep
learning based time-series models to estimate system param-
eters and approximate intermediate variables. The objective
is to learn the underlying function that maps trajectories to
the variables required for solving the LQR problem.

Theoretical system identification for both LTI and FOLTI
systems predominantly relies on least-squares methods,
which can be viewed as operators learning a function that
maps from the trajectory and control input space X" to the
system parameter space S. Consider the temporal nature
of the trajectory, we choose a recurrent neural network to
estimate the system parameters. The mapping is defined
as Rg : X € RTX(m4m) 4 § ¢ R Hmmtn quch that
vectorize(Ag, By, &p) = Ro({zi, u;}1-!). From Lemma
3.1, the function mapping between the system parameters to
the time-varying matrices Ay, and then to the matrices Gy,
can be represented as follows respectively

Ap = gr(A, a3 T),
Gr = (Ao, , Ak_1), (25)

where gi(-;T') is obtained as a function of the Gamma
function, which governs the fractional-order dynamics. To
model the first mapping, we use MLPs with injecting time
embeddings to approximate the function R, : S — H €
RT*" such that {Alq Y =Ry (Ag, dg, {ei} 2y ), where
h can be chosen based on the dynamics complexity and
{ei ;F:_Ol represents an embedding of a specific timestamp
1. The second mapping is approximated by an Encoder-
only Transformer Ry : H — G ¢ RT*" guch that
{G; S = Rf({Aig =), where G; ; represents the
learned approximation of the intermediate parameters GY;.

Optimal Control Module: Building upon the mathematical

derivation of the LQR problem using Lagrange multipliers,
we use a neural operator to learn the mapping between the
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Figure 1. Overview of FOLOC framework architecture. The pipeline first infers fractional-order system parameters (A, ., B) from input
X using an RNN+MLP based system identification module, These parameters are then encoded as embeddings of sequential tokens A;
for time-dependent modeling. An attention-based Sequence Encoder processes these embeddings to obtain latent representations, which
along with cost matrices @), R, estimated system matrix B are fed to the Stack MLPs (see Appendix E.1.4) with residual connection input
X for Fourier Neural Operator to predict optimal control signals. Finally, a composite loss function unifies system identification and
control prediction, enabling end-to-end training of both system parameter estimation and control law synthesis.

input space (variable required for solving the LQR problem)
and the output space {ug Z-Tgol(optimal control sequence).

The core of optimal control module mirrors the process of
solving the linear system derived from the LQR problem
through Lagrange multipliers. The mathematical formula-
tion of the linear system is expressed as:

(I - G)\)A = 2H,\$0, (26)
where ) is defined in Appendix D.3 and I — G, € RT"xT"
is a block Toeplitz matrix (see Definition D.2). Using the
solution of the Lagrange multipliers, the optimal control
sequence {u ZT:_Ol can be given by:

U=-R'BT® I -Gy 'Hyx. (27)

Luo et al. (2024) has demonstrated that solving linear sys-
tems via Krylov iterations can be significantly accelerated
by using the Fourier Neural Operator (FNO) (Li et al.,
2021). Specifically, FNO learns the mapping from the
linear system to its corresponding invariant subspace, us-
ing the predicted subspace to guide iterative solvers. In-
spired by this approach, we use a neural operator to directly
learn the mapping between two Hilbert spaces, denoted as
T : A— U € RT*™ Due to the block Toeplitz structure of
the linear system, the input to FNO is the reduced relevant
function variables @ € RT*% The transformation opera-
tor L first lifts the input a to a higher dimensional channel
space vg € R ¢ where ¢ is the number of channels. Then

iteratively applying several Fourier layer to update the repre-
sentation v; — v;41, we have the final vy € R4 *¢_ which
has the same dimensionality as vg. The FNO outputs opti-
mal control sequence U = Q(vr) through the projection
of vr by the transformation operator Q : R%*¢ — RT*n
This design enables efficient computation of the optimal
control sequence by leveraging the special properties of the
block Toeplitz linear system and the expressive capabilities
of the FNO.

The loss function used in the training process is defined as
follows:

Et(o) = )\wﬁs(e) + (1 -

where £, quantifies the loss due to system identification
errors, and £, quantifies the loss due to optimal control
errors. Specifically,

L(0) = ||A— Ag|3+ B — Boll} + [l — dg|l3,
Lo(0) = |U° - Ugll3-

Aw) Lo(6), (28)

(29)

Note that A, € [0, 1] is a user-defined weighting parameter
that determines the balance between system identification
and optimal control errors during the learning process.

Joint optimization pipeline: The system identification loss
L is a physical constraint for FOLOC framework that en-
courages the model to accurately identify system dynamics,
further ensuring accurate control—the ultimate goal of our
method. During training, we use system parameters as guid-
ance to ensure accurate system identification, and we do not
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need these parameters in testing. Some methods, such as
PINN (Raissi et al., 2019), couple multiple loss terms by
incorporating physical constraint losses. This helps the sys-
tem learn representations that are both physically grounded
and task-relevant, reducing error propagation and avoiding
reliance on purely minimizing prediction error. For real-
world datasets where the system parameters are unknown,
we can first pretrain the model on synthetic datasets with
known parameters (A, B, «). Then, we do not need sys-
tem parameters (set A\, = 0) and finetune the model on
the real-world dataset. We provide results for A\,, = 0 for
comparison in Appendix H.2.

Remark. The fractional-order dynamical system param-
eters A, B and « can be extracted from an intermediate
layer in the network because of the underlying loss func-
tion. Though our end-to-end deep learning framework is
guided by the theoretical optimal control solution derived
by using Lagrange multipliers, certain learned parameters
do not directly correspond one-to-one with their theoretical
counterparts (see Appendix E.1 for details).

4. Experiments

In this section, we empirically evaluate the proposed system
identification algorithm and FOLOC framework using both
synthetic and real-world system dynamics. The synthetic
data is categorized into two primary types: (i) data generated
from a single FOLTI system with fixed system parameters
A, B, and «; and (ii) data generated from multiple FOLTI
systems, where A, B are fixed, and « vary across systems.
The real-world data is simulated from a cart pole and a
quadrotor dynamical systems.

4.1. Performance Evaluation on Synthetic Data

We evaluate our theoretical end-to-end learning approach
and FOLOC framework using synthetic data. Due to the
strict assumptions required for the theoretical learning pro-
cess, we test it using synthetic data generated from a single
underlying FOLTI system, with data corrupted by Gaussian
noise. Our empirical analysis examines the performance of
FOLOC framework from different perspectives.

The underlying fractional-order dynamics used to generate
the data for our model are defined as follows:

k+1

Tp+1 = Az + Bug, — ZD(a,j)SEkHﬂ' +wg, (30)
=1

where wy, represents the process noise.

Theoretical approach validation. By varying the number
of trajectories used in the system identification process, we
empirically validate Lagrange multiplier based sample com-
plexity results presented in Theorem 3.3 as shown in Fig. 2.

We also compare our method with the traditional end-to-end
learning framework for LTI systems (see Appendix I). The
mean MSE of FOLTI system learning framework decreases
by 81.36% compared to LTI system learning framework.
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Figure 2. Lagrange multiplier based sample complexity simula-
tion.
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Figure 3. Numerical simulation of theoretical approaches for learn-
ing fractional-order dynamics.

FOLOC framework evaluation. We evaluate our proposed
data-driven approach by varying different variables. Our
main findings are as follows: (i) FOLOC framework ef-
fectively captures the underlying system dynamics with
high accuracy and remains robust to variations in fractional
orders, system dimensions, noise types, noise scales, and
training samples. (ii) The model’s ability to learn the sys-
tem dynamics improves as the time horizon increases. (iii)
FOLOC framework can be trained using a small number of
samples.

Varying fractional orders. By varying the fractional order
«, we observe that FOLOC framework effectively captures
long-term dependencies. The results of our experiments
on commensurate FOLTT systems (see Appendix C) with
different fractional orders a = 0.1, 0.3, 0.5, 0.7, 0.9
are shown in Table 1. As the fractional order « increases,
we observe that the MSE and MAE remain approximately
the same, with an overall mean MSE of 0.40% (standard
deviation: 0.21%) and an overall mean MAE of 0.95%
(standard deviation: 0.55%).

Varying time horizons. We show the results of learn-
ing fractional-order dynamics with different time horizons
T =8, 16, 32, 64, 128 in Table 1. As the time hori-
zon increases, FOLOC framework demonstrates improved
ability to capture the fractional-order dynamics. Compared
with at 7' = 8, the MSE and MAE at T = 128 of FOLOC
framework decrease by 97.37% and 92.23%, respectively.



End-to-End Learning Framework for Solving Non-Markovian Optimal Control

Table 1. Experimental results on synthetic FOLTI system under varying input conditions. All reported values are in units of 10>, Bolded

values represent the minimum in each row.

Metrics MSE/MAE MSE/MAE MSE/MAE MSE/MAE MSE/MAE
Fractional alpha =0.1 alpha =0.3 alpha=0.5 alpha=0.7 alpha=0.9
Order 3.39+0.52/8.04+0.42 5.04+1.82/12.54+1.11 5.6140.84/16.5+0.61 5.184+0.06/9.22+0.08 4.94+0.09/10.5+0.09
State n=1 n=2 n=4 n==~6 n=2=8
Dimension | 1.98+0.08/6.60+0.13 5.61+0.84/16.54+0.61 5.8440.71/13.4£0.55 4.8840.34/13.4£0.26 4.26+0.22/12.3+0.14
Time T=8 T=16 T=32 T=64 T=128
Horizon 101£18.4/111+£4.40 43.24+8.20/59.1+1.12 14.242.96/31.5£1.70 5.61+0.84/16.5£0.61 2.66+0.64/8.62+0.70
Noise Type Cauchy Gamma Sinc-squared Uniform Poisson
6.984+1.89/17.0£0.71 5.84+1.15/16.7+1.16 6.874+1.46/17.6£0.75 6.46£1.29/17.0+1.30 6.594+1.59/16.5+£0.90
Noise Scale o = 0.0001 o =0.001 o =0.01 c=0.1 c=1
(Gaussian) | 5.8540.65/16.9£0.65 6.09+0.74/17.44+0.87 5.7440.83/16.7£0.86 5.65+0.70/16.0+0.39 10.24+8.11/20.5£7.37
Training Size Nr = 1000 Nt = 2000 Nz = 4000 Nr = 6000 N = 8000
5.18+1.13/12.9£0.80 4.44+1.30/11.44+0.38 3.984+0.89/10.9+£1.01 4.79+2.11/10.44+0.58 5.224+2.31/10.1+£0.78

Varying state dimensions. We vary the system state di-
mension n = 1, 2, 4, 6, 8 to evaluate its impact on the
learning process (assume n = m). Increasing the state di-
mension significantly raises the learning complexity due
to the larger number of variables and the interactions or
couplings between the states. Despite this, FOLOC frame-
work demonstrates consistent performance, with an overall
mean MSE of 0.45% (standard deviation: 0.15%) and an
overall mean MAE of 1.24% (standard deviation: 0.36%).
Compared with at n = 2, the MSE (MAE) of FOLOC
framework decreases by 13.01% (18.79%) at n = 6 and
24.06% (25.45%) at n = 8. This experiment demonstrates
the scalability of our model on moderate-dimensional sys-
tems. We further evaluate the scalability of the FOLOC
framework in high-dimensional settings (n = m), as shown
in Table 2. The results verify its ability to capture inter-
actions within the fractional dynamics of the state as the
system dimensionality increases.

Table 2. Experiments on high-dimensional systems.

MSE/MAE

3.85+0.05/12.7 £ 0.08
2.8 £0.04/11.0 £ 0.07
1.8 £0.001/8.39 + 0.007
1.43 £0.01/7.27 £ 0.03

Metrics

Dimension 16
Dimension 32
Dimension 64
Dimension 128

Varying training samples. We show the model perfor-
mance with different number of training samples N =
1000, 2000, 4000, 6000, 8000. Compared with at N =
8000, the MSE only decreases by 1.65% at N = 1000. This
demonstrates that FOLOC framework is sample-efficient
and capable of learning the underlying fractional-order dy-
namics with a limited number of samples.

Varying noise distributions. By varying the distribution of

0.10 MSE 10.10
—— MAE
[im} L
0 <
= 0.05 0.05=
0.00 0.00
23 24 25 26 27

Time Steps
Figure 4. Vary time horizons.

process noise, we demonstrate the robustness and effective-
ness of FOLOC framework. We evaluate the model’s per-
formance by simulating the noise from the following prob-
ability distribution functions: Gaussian, Poisson, Uniform,
Gamma, Sinc-squared (Adigun & Kosko, 2023; Zhang et al.,
2024), and Cauchy. Compared with using Gaussian noise,
the maximal increases of MSE/MAE by 24.42%/6.67%
(Cauchy/Sinc-squared). The empirical results (Table 1)
show that FOLOC framework can not only predict an ap-
proximately accurate optimal control sequence but also ef-
fectively estimate the system parameters.

Varying noise scales. FOLOC framework shows the abil-
ity to learning the fractional-order dynamics with data cor-
rupted by different Gaussian noise scales. As data is cor-
rupted by different scales of Gaussian noise, FOLOC frame-
work demonstrates consistent performance, with an overall
mean MSE of 0.67% (standard deviation: 0.19%) and an
overall mean MAE of 1.75% (standard deviation: 0.18%).

The additional results also demonstrate that the FOLOC
framework is computationally efficient (see Appendix J.3)
and capable of learning from multiple FOLTI systems (see
Apendix J.2). We also evaluate the performance by vary-
ing the weight parameter \,, in the loss function (28) (see
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Appendix H.2).

4.2. Performance Evaluation on Real-World Systems

To demonstrate that our deep learning model can effectively
capture complex system dynamics, we evaluate it on two
practical scenarios: cart-pole dynamics and quadrotor dy-
namics (Zhou & Tzoumas, 2024). The details of the system
dynamics are given in the Appendix E.3.

Cart Pole. The empirical experiments show that FOLOC
framework can correctly capture the underlying system dy-
namics even when we add some large-scale Gaussian noise.
The overall mean MSE is less than 3.99 x 107> and the
overal mean MAE is less than 3.39 x 1073,

Table 3. Model performance in the cart pole experiment.

Metrics Noise Scale (o) No
1 107' 1072 1073 "¢
MSE (107°%) 4.0 3.9 4.1 3.9 3.9

MAE (107%) 34 34 34 33 33

Table 4. Baseline Model Evaluation on cart-pole dynamics.
Bolded values represent the minimum in each column.

Metrics MSE/MAE Run Time (s)
MBRL 0.195/0.411 0.045
CMA-ES 0.237/0.472 16.405
MPC 0.237/0.473 0.674
PID 0.254/0.499 0.001
iLQR 0.238/0.474 0.263
FOLOC 0.00004/0.0034 0.0004

Quadrotor. The empirical experiments show that FOLOC
framework is robust to different Gaussian noise scales when
learning the Quadrotor dynamics. The overall mean MSE
is 0.13 (standard deviation: 0.052), and the overall mean
MAE is 0.21 (standard deviation: 0.086).

Table 5. Model performance in the quadrotor experiment.
Noise Scale (o) No
1 10 10* 10° Moise

MSE (107') 127 127 125 132 1.23
MAE (10™%)  2.10 214 208 213 206

Metrics

Baseline Comparisons. We compare the proposed FOLOC
framework against several existing control methods, includ-
ing model-based reinforcement learning (MBRL), covari-
ance matrix adaptation evolution strategy (CMA-ES), model
predictive control (MPC), proportional-integral—derivative
(PID) control, and the iterative linear quadratic regulator
(iLQR), evaluated on both cart-pole and quadrotor dynam-
ics. For each method, we report predictive performance
and runtime. FOLOC framework consistently achieves the

Table 6. Baseline Model Evaluation on quadrotor dynamics.
Bolded values represent the minimum in each column.

Metrics MSE/MAE Run Time (s)
MBRL 0.489/0.546 0.385
CMA-ES 0.613/0.590 115.151
MPC 0.612/0.552 71.943
PID 1.143/0.909 0.0053
iLQR 0.628/0.570 3.387
FOLOC 0.211/0.127 0.00027

highest accuracy and the lowest computational cost across
both tasks. Notably, FOLOC framework reduces the mean
squared error (MSE) by up to 99.99% and the mean abso-
lute error (MAE) by up to 99.32% compared to existing
baselines on the cart-pole dynamics task. All experimental
code is available at the link provided in Appendix A.

Remark. The FOLOC framework, an end-to-end learning-
based LQR in FOLTI systems, offers several key advantages:
(1) FOLOC framework generalizes across different FOLTI
systems (see Appendix J.2), predicting system parameters
and optimal control policies directly from trajectories. No-
tably, system parameters are not used during testing on
synthetic data, and are not used entirely during both training
and testing on real-world dynamics. (ii) FOLOC framework
enables fast and accurate real-time control. While closed-
form solutions (Eqs. 16 and 17) are available given full sys-
tem knowledge, they require large-scale matrix inversions
and become computationally infeasible for long horizons
or high-dimensional systems. MPC, though an alternative,
also struggles with the memory effects in fractional-order
dynamics. FOLOC framework addresses these challenges
by learning a direct mapping from observed trajectories and
cost matrices to optimal control solutions.

5. Conclusion

This paper introduces a theoretical learning framework for
optimal control of FOLTI systems, addressing key chal-
lenges in system identification, control design, and sample
complexity analysis. By extending LQR to the fractional-
order setting, we derive analytical solutions and provide
sample complexity guarantees. Based on this theoretical
foundation, we propose FOLOC, an end-to-end framework
that jointly estimates system parameters and learns opti-
mal control policies from noisy trajectories. Unlike clas-
sical methods, FOLOC framework is designed to operate
effectively in real-world, noisy environments, ensuring ro-
bustness against non-Gaussian noise and limited training
samples. Extensive simulations and real-world applications
demonstrate the scalability, robustness, and computational
efficiency of our approach.
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Impact Statement

Fractional-order dynamical systems can model complex
dynamical behaviors characterized by long-range dependen-
cies and memory effects, yet their practical implementation
remains challenging due to the lack of system identifica-
tion and control strategies. This work advances the field by
formulating both theoretical and deep learning frameworks
for solving fractional-order optimal control via the LQR.
For theoretical learning, we provide a new fractional-order
system identification and a new sample complexity analysis
that gives guarantees on the number of samples required for
achieving reliable control performance. Beyond theoretical
contributions, we develop a novel end-to-end data-driven
learning framework that jointly estimates system parame-
ters and optimizes control policies directly from observed
trajectories. Unlike traditional methods that rely on strong
assumptions (e.g., noiseless data or structured disturbances),
our approach remains robust under realistic, noisy environ-
ments with non-Gaussian uncertainties.

By bridging theoretical foundations with deep learning tech-
niques, our work enables scalable and efficient optimal con-
trol for fractional-order dynamical systems in domains such
as biomedical engineering, neuroscience, and financial mod-
eling. Experimental results validate the effectiveness of our
approach, demonstrating accurate system identification and
control policy learning across various noise distributions
and system complexities.
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This research lays the groundwork for future advance-
ments in learning-based control of fractional-order dynami-
cal systems, paving the way for real-world deployment of
fractional-order optimal controllers in autonomous systems,
robotics, and large-scale networks.
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Limitation: While our framework is effective for FOLTI systems, its LTI-based design requires further validation in non-LTI
settings. Future work will extend the framework to non-LTI dynamics, enhancing its applicability to more complex systems.

A. Code Availability

The source code is available at https://github.com/zpykillcc/Fractional-Order-Learning-for-Optimal-Control-Framework.

B. Related Work

While research on system identification and optimal control for FOLTTI systems remains limited, significant progress has
been made in LTI systems. Estimating unknown parameters of linear dynamical systems is a well-established subfield
of system identification in control theory (Sarkar et al., 2021; Faradonbeh et al., 2018; Simchowitz et al., 2018), where
the task is to estimate parameters from input-output time series generated by the underlying system. With the increasing
interest in machine learning and deep learning, many researchers use different deep learning based modeling techniques to
solve general nonlinear system identification. Chen et al. (1990) shows a single hidden layer neural network can identify
discrete time nonlinear systems and derives new parameter estimation algorithms based on a prediction error formulation.
Narendra & Parthasarathy (1990) demonstrates that neural networks can be used effectively for both identification and
control of nonlinear dynamical systems. The hierarchical structures of multilayer feedforward neural networks can include
dynamic systems features (Zancato & Chiuso, 2021) and bring extra flexibility for probablistic approaches (Hendriks et al.,
2020). Kernel-based methods also have been studied in system identification. Linear system identification can be seen as an
application of learning the impulse response function, which can be approximated by kernels (Aronszajn, 1950; Dinuzzo
& Scholkopf, 2012; Cho & Saul, 2009). Deep state-space models (Gedon et al., 2021) like recurrent neural networks
(Hochreiter, 1997; Cho et al., 2014) and autoencoders (Masti & Bemporad, 2021; Lusch et al., 2018) are also gaining in
popularity for system identification. For Another critical aspect of optimal control via LQR is the design of control inputs,
which are typically formulated as linear combinations of disturbance processes (Dean et al., 2020).

Solving the optimal control problem via LQR involves addressing a potentially large linear system with a block Toeplitz
matrix of size R7”*7™_ While solutions for Toeplitz and block Toeplitz systems have been extensively studied (Trench,
1986; Kalouptsidis et al., 1984; Chandrasekaran & Sayed, 1998), they still present significant computational challenges.
Direct solution methods for Toeplitz systems typically exhibit a computational complexity of O(N?), where N represents the
degrees of freedom. However, the high memory requirements of these methods often limit their applicability to large-scale
problems. Iterative solvers (Chan & Jin, 2007; Strang, 1986) are more memory-efficient and can achieve a complexity
of O(N log2 (N)) for a single linear block Toeplitz system. Advanced approaches, such as global and block variants of
the generalized minimal residual (GMRES) method (Saad & Schultz, 1986), can efficiently address sequences of block
Toeplitz systems with multiple right-hand sides (Jelich et al., 2021). Machine learning-based methods, such as neural
operators (Li et al., 2021; Gupta et al., 2021; 2022; Xiao et al., 2022), offer a promising alternative for accelerating the
solution of linear systems. Neural operator-assisted Krylov iterations (Luo et al., 2024), for example, have demonstrated
significant computational advantages, achieving up to a 5.5x speedup in computation time and a 16.1x reduction in the
number of iterations. These advancements underscore the potential of machine learning techniques to address computational
bottlenecks in optimal control for FOLTI systems.

C. Why Fractional Order?

According to the well-known definition, the first-order derivative of the function f(t), denoted by D! f(t), is defined by

_df(t) . f(t) = f(t—h)

le(t)_T_A%T’ 1)

that is, as the limit of a backward difference. Similarly,

d2
027ty = T i L (70 2700y + 10— 2m) (32)
and .
) d 1

D7 1) = I i L (76 - 35— 0) + 37— 2m) — £t~ 3m)]. (33)
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Iterating n-times, we can obtain

Iﬂfu>=dzgﬂ=3gg;n§:bdﬁ(2)ﬂt—km, (34)
k=0
where (n—1)(n—2) - (n—k+1)

n nn—1)(n-2)---(n—

(k) = il : (35)

Naturally we can extend the common binomial coefficients for any n € R by letting (n — 1)! = I'(n). So the Riemann-
Liouville fractional-order integral can be defined as a consequence of Cauchy’s formula for repeated integrals.

Definition C.1 (Riemann-Liouville fractional-order integral). Given a positive real number «, the Riemann-Liouville
fractional-order integral is defined as

¢
Iof(t) = 1)/(t—7)°‘*1f(7’)d7’, t>c, acRT. (36)

()

Consider an integer-order derivative operator D™ (n € N). The derivative operator D™ is only a left-inverse of the
integral operator Z" such that D"Z" = [ and Z"D" # L. In order to generalize integer-order derivatives, the fractional-
order derivative operator D¢ should follow the same left-inverse rule. We show the definition of the Riemann-Liouville
fractional-order derivative as follows.

Definition C.2 (Riemann-Liouville fractional-order derivative). Let f : R — R be a function and let I = [a, b] be a finite
interval on the real axis R. The left-side and right-side fractional-order derivatives # D% ' fand RL Dy fof order @ € R
are defined by

RLpya _ 1 faN" [t fat

i@ = 155 (5) [ e o
d\" [* d

(0@ = iy (i) [ e G8)

wheren — 1 < a <n,z > ain(37),and x < bin (38).

The Griinwald-Letnikov fractional-order derivative is defined as the limit of finite differences and is mathematically
equivalent to the Riemann-Liouville fractional-order derivative. The Griinwald—Letnikov fractional-order derivative plays
an important role establishing fractional-order dynamical systems. The equations for a continuous-time fractional-order
dynamical system can be written as follows:

H ('Daoaloéz“'an) (yla Yz, 7yl) =G (Dﬁ0ﬁ1ﬁ2ﬁm) (uh U2,y * 7uk7)a (39)
where y;, u; are functions of time and H (-), G(+) are the combination laws of the fractional-order derivative operator.

A single-input single-output LTT fractional-order system can be described by a fractional differential equation of the form
D arDy(t) =Y bpD*u(t), (40)
k=0 k=0

with a corresponding transfer function of the form:
Y(s) Yo, by 55
U(s) Yoo ans®’

where ay, by € R. The system is said to be commensurate if o, = B; = ka, where o € R, otherwise the system is
non-commensurate.

G(s) = (41)

We can use the Griinwald-Letnikov fractional-order derivative to rewrite the fractional-order differential equation as follows
in the discrete-time case:

D arAnEy(t) =Y beAgru(t), (42)
k=0 k=0
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with a corresponding transfer function of the following form:

— 221:0 by (W(Z—l))ﬁk
ZZ:o ag (w(z=1))**’

G(2)

where w(z 1) is the Z transform of the operator A} .

D. Theorems and Proofs
D.1. System Identification

We aim to estimate the parameters © = {A, B, o} of the following FOLTI system:

k+1
Tp1 = Azy + Buy, — Zw(mj)ﬂ?mkj-

j=1
To note, we can not identify © jointly so we make some assumptions during the system identification.

D.1.1. DATA GENERATION

In this step, we generate data following the procedure outlined below:

r1 = Axp + Buy — (o, 1)ag + w
= Az} + Bup + Coad + w}

r] = Az + Bul — (o, 1)zd + wp
= Az§ + Buj + Coxf + wj

x = Azl + Buf, — (o, 1)ah) + wh

= Az + Bub + Cpal + wh

(43)

(44)

(45)

(46)

(47)

where z{) are the i-th initial conditions, z¢ represents the corresponding state at the second time step generated from the

initial condition, and w{ are independent and identically distributed (i.i.d.) white Gaussian noise for i = 1, ...

C, = diag(ag, ag,...,an).

D.1.2. ESTIMATION

We can write (86) as follows

z} = Az{ + Buj) + Coxl + w}

Mt wm i By
71 V3 taz - Tn i 1 2 m i i
= . . . To+ | . . .| U+ wy
L ™M V2 Yn + an st By m
A, B
2’0 ui" 0 3
0 ' 0 - n 0w’ 0 - ! .
=1 . . . N B .. . o | T wo
L N : : L 3
L0 Pl 0 o0 eeoud! "
T ¢L
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Thus, given the generated data, we solve the following least squares problem:

xf m| (mn o) B wg
L=l ] (49)
le) Tp| | In bp| [Bn wg
~—— —— ——
™ v ¢ B w
X=my+¢f+w=[r ¢ m+w (50)
Then we have the following optimization problem
6 = argmin ||.X — ¢0]3, (51)
with the solution R .
0=(c"¢) ¢'X, (52)

where § = [y7,37]T, and € = [r, ).

Follow (Zhang et al., 2025), we can revise the above strategy and formulate the sample complexity problem as follows:

Ory1 = 04,

Xt = &0 + w, (53)
where the state vector §; = [y, 37]T, and wy, is a white Gaussian noise vector w; ~ N(0, K.,), where K, is a diagonal
covariance matrix, and t = 1,2, ..., N. Thus, the solution # has the following Gaussian distribution:

a 1 _ _
O~N (9,  ETO T ETELE(ETE) 1) : (54)

Notice that the matrix A and the fractional order « are coupled. Therefore, if the diagonal elements of A are known, the
fractional order « can be identified by subtracting these constant values from the corresponding positions in the estimated
parameter vector 6.

D.2. Proof of Lemma 3.1

Proof. By mathematical induction as follows:

(1) When t = 0, 2[0] = Goz[0] = z[0]. When ¢t = 1, 2[1] = G12[0] + Bu|0]

(2) Assume we have z[k] = Gjx[0] + Zf;é Gj—1-;Bulj], when t = k.

Whent =k +1,

.
= Grp1z[0]+ Y > Aj(Gr1-i—;Buli]) + Bulk] (55)

By expanding the second term, thus

k
alk+1] = Gra2[0] + Y G Bulj]. (56)
j=0
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D.3. Proof of Theorem 3.2
Proof of least-squares solution. Rewrite as follows:

o 0 0 0 0 0 Uuop I
T GOB 0 0 0 0 Uy G1
T GlB G()B 0 0 0 (] G2
T3 | — GoB G1B GyB 0 0 Uus + Gs | *o-
xrr GT_lB GT_QB GT_3B GT_4B e GoB ur—1 GT
LT | L 4L J LT ]
G H
X =GU + Hxy
Rewrite as follows: - -
Jr(U) =min{XTQX +U"RU}
where ~ _
Q 0 0 O 0
0 @ 0 O 0
_ 0 0 @ O 0
Q=10 0 0 Q 0
10 0 0 0 - Q]
[R 0 0 0 0]
0 R 0 O 0
_ 0 0 R O 0
R=10 0 0 R 0
10 0 0 O R
Substitute (59) using (58):
mLifn Jr(U) = mUin {(GU + Hz¢) "Q(GU + Hzo) + U RU}
The solution for the least squares problem is
(GTOG+R)U = -GTQT Hay
U=—(G"QG+ R)'G"Q" Hxy
Proof of Lagrange multiplier solution.
Lemma D.1 (Lagrange multiplier condition). The Lagrangian function L is given by:
T-1
L(z,u,\) = Z (achxk + u, Ruy, + )\;—H(Axk + Buy, — Ao‘xk+1)) + x;QfxT.
k=0

and the solution is given by:

1
up = fiR*IBT/\kH,

T
Mo =2Qup + A N1 — > D(oi— k)
i=k+1
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with xg = xg and A\r = 2Q sxr.

Proof of Lemma 1. Taking the partial derivative with respect to ug, Tx, Ag, we have

oL 1
—— =2Rup+ B " M\y1 =0 = up = —=R B \py1,
8uk 2
oL d
— T ; o
o = 2Qx; + AT Ajy1 — ;D(a,z — k) =0,
T
= M =2Qup + A Ny — Y D(ayi— k)N
i=k+1
oL
87/\k = Az, + Buy, — Aakarl =0.

Explanation for Eq. (66): From Eq. (3), we have

Then, we have

0
aimk ()\;frAaIk) = D(O{7O))\k
0
87(516 (Ak—‘rlA Ik.ﬁ,_l) = l)(O{7 1)Ak+1
9 TAQ
aixk ()‘TA J?T) = D(CK,T — k)AT

Solve the ) jointly and then substitute in (65) to get uy.
Note we have the following equations by (56), (65) and (66):

1
up = —53—1BTAk+1,
T
Mo =2Qz + AT Neyr — Y D(ayi—k)\;
i=k+1
k—1
k] = Gpa[0] + > Gr_1—; Bulj]
j=0
Obeserve that
A = [2QG,  —QG_1BR'BT ... —QGoBR'BT AT —D(a,1) - —D(a,T k)]
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(65)

(66)

(67)

(68)

(69)

(70)

(71)
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We have the following matrix form, where GG and I — G are block Toeplitz matrices (see Definition D.2).

A —QGoBR™'BT AT — D(a, 1) —D(a,2) o =D, T-1)7 [N
A2 ~QG1BR'BT  —QGoBR'BT AT —D(a,1) -+ —D(@T-2) | |
As| — | —QGsBR™'BT  —QGiBR™'BT  —QG¢BR'BT ... —D(a,T—3) | | s

AT —QGT_lBR_lBT _QGT_QBR_lBT s cee —QGoBR_lBT AT

G

QG
QGs
12| QGs| 4. (73)
QCr
N—_——
Hy

A=Gr\A+2H)xq

(I - G,\)/\ = 2H)\.130

A=2(I —Gy\) 'Hyxzo (74)
Definition D.2 (Block Toeplitz matrix). A block Toeplitz matrix is a block matrix where the block structure follows a

Toeplitz pattern. Specifically, let 7 € R""™*"" be partitioned into m x m blocks, each of size n x n. The matrix 7 is
defined as:

7 N A
Yo7 Ay D ()
T = . . . . ’
L1 Dpn - =2

where each 7}, € R™*"™ represents a block matrix.

Using (65), we have
U=-R'B"® (I -Gy "Hyzo (75)

D.4. Proof of Theorem 3.3

Proof of least-squares sample complexity result. If we know A and «, then 6 will reduce to vectorize(B) and the distribution
reduces to the following:

0 = vectorize(B) ~ N (vectorize(B), ;(¢T¢)_1¢TKLU¢(¢T¢)_1) . (76)
Then

E[lJ = JI| =E [ = Jll2] =E[}a - all]

VAR N N1 . .
—E |7 P(PTSP+R) PT—P((PTSP+R)" P | 2|,

F(P) F(P)

<E[IF(P) - F(P)llo] l121 77)
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We rewrite F'(P) — F'(P) as follows:
F(P)—-F(P)=P(P'TSP+R)"YP"T —PT)
+ (P(PTSP YR P(PTSP+ R)—l) PT
N o N1 /.
—p (PTSP + R) (PT - PT)
N . N _ N . _\ 1 I
+ ((P ~P)PTSP+R)"'+P ((PTSP + R) — (PTSP+R) 1)) pPT
N . N1 /.
—p (PTSP + R) (PT - PT)
N N . _ N N _\—1 I
+(P-P)PTSP+R)'PT +P ((PTSP + R) — (PTSP+R) 1) PT
Then we have

E[lJ - JI| <E[IF(P) - F(P)ll] l121

<E H’P (PTsp+R) " (PT-PT)

2
] )2
2
(%)

+E [H(zﬁ ~P)(PTSP+ R)*lPTHJ 1113

+E H’P ((PTSP(T R)fl — (PTSP + R)”) pT

2
] )2
2

(i)
We bound term (1) as follows:

(i) E H‘P (PTSP + R)fl (PT - PT>

J

7=l

<& e {12], 2= 7]

<E [HPHQ (PTsP+ R)fl

‘We now use the following:
|2[, =2~ P+P|, <|2~P|,+ 0PI,
2 9 5
. N R R A ) )
|21, 12 -2, = (|2 = [, + 171) |2 - [, = [[2 - 2], + 120 [ - ]
2 2 9 9 ) )

<|[RLE||[2- P +1P1,||P- PM

= |R,E || 8- 8| + 1Pl |5 - BHZ]

NN o N V)

<|[B,E||B- B+ 1Pl ’B—BHF}

< B, (Te(n) + 1P, V/Te(E))
= [BY, (Te(K) + 1Bll, VI (KR))
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We bound (ii) as follows:

(i) E [H(P _ P)PTSP+ R)*PTHJ

<|&Y,E]

P—p| |18,
= |B7,E ]| 5 - B|| ] 181,
<&, {8 - 5], s,

<R, VTe(Kp) || Bll, - (82)

We bound (iii) as follows:

3) E [HP <(PTSP + R)fl —(PTSP+ R)*) P’

J
1

<||PIPE [H (PTsP+R)" (PTsP—PTsP) (PTSP+R)

<|PIPE [H (PTSP + R)_l — (PTSP+R)~

1

J

<IPIZ IR E [|PTsP - PTsp ]
=PI R R ]| 2T sP - Py + (BT - PT)sP)| ]

=PI || GE[||(PT = PT) S(P— P)+ PTS(P - P)+ (PT - PT) SPHJ

<P IR [|(PT - PT) s = P, +[PTse - P+ [ (PT - PT) 5P
< IPI3 [R5 (IS, Te(Es) + 1Bl 151, /T (Ks) + 151, 1| Bll, vTr(Kg))
= IBIF IR (IS1; Te(KB) + 2Bl ISl v Tr(Kg)) (83)

Put everything together, we have the following bound:

B[ =] < 203 | 1R, (Te(KB) + 1Bl v/ Tr(Ks) )
+ || R, /T (K ) 1Bl

+ B 5 (1S1, Te(KR) + 2Bl 1S, ﬂr(KB))]

2
= ll=l2

(IR, + 1BI3 [R5 151, ) Te(K )

+ (2B, 1B, + 2 UBI3 |25 151 ) Tr(@)]

= IEI3IR 2 (L4 IBIBIR " 21S2) (Te(Kp) + 21 Blloy/Tr(K)) (34)
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Proof of Lagrange multiplier sample complexity result.

U=-R'B"® (I -Gy 'Hyzo

R'BT

—_ E (I = G\)™" Haxo
R'BT
Drp

= 7DRB(I — G)\)ilH)\IQ

R™1 BT
= — - - (I—GA)_lHAJfO

Rfl . BT
R-1 PT

= —R'PT(I -G\ 'Hyxo (85)

J=xq H' QGU + x4 H' QHz,
= —a H QGDrp (I —Gy)™" H,\xo + 29 H'QHzxg

= — 20 H QG4PR'P" (I — Gy\) " Hyzo+xg H QHuzq (86)
a b
E(l/ = JI| =E I = T2] = E[la - all (87)

Then
Ellla - all] = E [|ag HT QGaPR™PT(I ~ Gx)™ Hazo — 2 H' QGaPR™PT(I = Gx)™ Hao: |
—E [||x§HTQGd (PR*PT(I — G = PRT'PT(I - GA)”) HA:COHQ]
< |lag HTQGallol| Hawol2 E [IPR™PT(I = Gr) ™' = PRTPT(I = Ga) 72 (88)
Then
E[|PRPT(1 -Gy~ — PRPT( -Gy ]
_E_Hﬁ_P RPT(I -Gyt + PR (PT(I—G‘,\)”—PT(I—GA)”) ||2}

—E[||(P-P)R'PT(I -Gy

(P~ P) >

=E||[(P~ P)RPT(I =G\ 4+ PR (PT = PT)(I =Gy 4 PT(IL =Gy = PT(L =GN 2]
(P~ P) )T PRTVPT = PTY(I = Go) ™ 4 PRTPT (1= G = (1= G ) e
(P~ P) >

<E[I(P = PYRPT(I =G\ o] +E [ PR (PT = PTY(I = Gr) o]

(4) (i7)
+E[IPRPT (1= G = (1= Gy Il (89)

(i)
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Let us rewrite G as follows:

Grx=Lg+ L,
[ QG o ... o ][BR'BT
QG QG - 0
=— . : . . +L,
_QGTA QGr—2 ... QGy . BR1BT
Lac DgrB
K Go 0 0
Gy Go 0
= - . . . . | DBrB + Ly
Q GT_1 GT_2 GO
Do Le
= —DqgLgDBRrB + Ly, (90)
where
0 AT —-D(a,1)  -D(a,2) -+ —D(a,T—1)
0 0 AT - D(ay,1) -+ —D(a,T —2)
Lu: 0 0 0 —D(Oé,T—?)) (91)
0 0 0
Then using the psd assumption Léé([ —-L,) =0,
I(I = Gx)"Hl2 = I(I = Lu + DoLaDgrr) ™2
_ -1
= || [DoLc (DoLa)~'(I — Lu) + Dgre)| |2
_ _ -1
< (DgLa) 2l (DoLa) ™" (I = Lu) + Dpre) |2
_ _ -1
< (DgLa) M2l (DoLe) ™ (I = Lu)) |2
< I(Lge) M2l Laall2l(I = Lu) ™2 92)

We bound () as follows:

E[I(P = PYRPT(1 = G) 7|l

<E[|P — PR ol BT alI(7 = Ga) o]

< IR E 1P = Plla (1P = Pllz + 1Pll2) 1 = G2) 7" l2]

< |[R7HE (1P = Plla (IP = Plla + I1Pll2) ] I(Zae) 2| Zaallzll (7 = Zu) ™2

< IR 2l (Laa) 2| Laall2 (T = L)~ 2 (B [I1B = BI3| + B[l - Bll] IBIl2)

< IB 2l (Lae) Lo = L) 2 (Te(Kp) + v/TH(Kp) | Bll2) (93)
We bound (%) as follows:

E[IPRPT = PT)(I = G) 7'l

< 1Bl2l1B2ll(Zoe) ™ 2l Logll2 (I = Lu) ™2 v/ Te(Kp).- (94)
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We Bound (4i7) as follows:

i) E[|PRPT (=G = (=G 2]
< |IPIBIRJE [I(1 = G2~ = (1= Ga) 7]
= PRBIRE I = G2~ (G = Ga ) (1= Gl
< IPIBIR sl (Lae) I EaalBI(T — Lu)  IBE[IGx — Galle]
= IPIZIR 2l (Laa) I3 a3 (I = L) I3E [lLqa(Dsrs — Dins)e]
{

< IPIBIR 2l (Loe) M I3l Locl3I (I = Lu) M I3E || BRT'BT ~ BR‘lBTIIQ}

= | PIZIR l2ll(Loe) " B Loa 3111 = L) "M IZE| II(B — B)R™(B — B)T

+(B-B)R'B" + BR™Y(B—-B)"|2

<IBIZIR B (Loe) ™ 31 LoalBIN(T = Lu) I3 (Tr(KB) + 2|\B||2\/TY(KB)> : (95)
Using ||(I — L,)"!||2 = 1 and putting everything together we have
E [|j - J\]

< llzll2ll Hxzoll2| R [2Lll2 (1 + 1 BISIIR™[2lILll2] Logll2) lTr(KB) + 2IIBIIQ\/Tr(KB)l :

where [|L||2 = [|(Loc) ™" 2 Locl2- (96)

D.5. Proof of Corollary 3.4

Proof. We first expand K g as follows

1 _
Kp= (670) ¢7o%lo(676)"
Te
WW) 6)"
o2 P -
A}”[z_j 1 , 97)
where
» Sy 0
Y oli= : : : (98)
= 0 S SR

Then we have
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2 p
O-IU
i=

-1
Trace(Kp) = ~ E | Trace lz ¢I¢i]

1

—1
2 p
= %E Trace Zu’oua—r)
i=1
no? P T -
= T“’Trace E (Z U . (99)
i=1

p
uh ~ N0, 1) = > wiul, " ~W(I,p), Wishart Distribution (Wishart, 1928)
=1

-1
p
1 = (Z uéué—r> ~ W™YI,p), Inverse Wishart Distribution

-1
P
o 1
= E (E U6u6T> =TT forp > m+ 1.

=—"— forp>m+1. (100)

E. Experiment Details
E.1. Model Architecture

Our proposed Fractional-Order Learning for Optimal Control Framework (FOLOC) is a deep learning framework designed
for fractional-order optimal control tasks, combining the strengths of nerual operater, sequential modeling, and parameter
regression. The architecture is structured into four key components, enabling end-to-end learning of complex control
dynamics from system states and parameters. Fig. 1 illustrates the overall pipeline.

E.1.1. SYSTEM IDENTIFICATION

The system identification module is designed to infer fractional-order time-invariant system parameters, including the
fractional-order « of size n and the constant matrices A and B of sizes n x n and n x m respectively, as introduced in Eq.
6. These parameters are directly inferred from the observed control input space X, which is formed by concatenating zj, and
uy, where x;, € R is the state vector and u;, € R™ is the system input. This component leverages a hybrid architecture to
accommodate both static and temporally correlated systems. Specifically, we use an MLP with residual skip connections
and a Sequence Model (e.g., Recurrent Neural Networks, Gated Recurrent Unit Networks, or Long Short-Term Memory
Networks) as the backbone of system identification module.

For non-Markovian systems with long-range temporal temporal dependencies, sequential encoders—such as bidirectional
LSTMs, GRUs, or RNNs—are adopted. These models process the input sequence autoregressively, capturing latent temporal
patterns through hidden state evolution. Bidirectional processing further enables context aggregation from both past and
future observations within the horizon T. The regressor outputs a flattened tensor, which is decomposed into A, B and « via
learned linear projections, ensuring dimensional consistency with the underlying physical system. We formalize this module
as follows
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For non-Markovian systems, bidirectional LSTMs model temporal dependencies:
hi, et :LSTM([SCt; wg], (he—1, thl))v (101)
where h; € R?? (bidirectional hidden states). The final state h aggregates sequence information.

Then we apply a stack of residual MLP blocks processes final state hp:
h(©® — pp h® = BatchNorm(a(W”> R0 40 4 h”—l)), (102)

where ¢ is an activation function (e.g., ReLU) and 1, ..., L indexes the residual blocks.
The regressor outputs a flattened tensor 6 € R”2+nm+", which can be decomposed into A, B and «
6 = W, h™, (103)
A = Reshape(01.,2), B = Reshape(0,211:n24nm), @ = 02 4 nmt1in2 tnman (104)
The module minimizes a multi-task regression loss:

Ls=||A—A*|3+ B - B*||3 + lla — o*||3. (105)

This module is trained under a multi-task objective, jointly optimizing the reconstruction of system parameters while
preserving their interpretable structure (e.g., enforcing A as a state transition matrix). By unifying static and sequential
modeling paradigms, the regressor adapts to diverse dynamical regimes, laying a foundation for downstream control
synthesis.

E.1.2. TEMPORAL EMBEDDING FOR A MATRIX EVOLUTION

In order to obtain the temporal embedding of matrix A, we propose an embedding estimation module that transforms
the estimated fractional-order system parameters into time-aware representations. These representations capture both the
spectral properties of the dynamics and their temporal evolution. By addressing the challenge of modeling parameter drift in
partially observed systems, this approach maintains physical consistency throughout.

Our architecture implements a novel parameterization of the system matrix A, explicitly encoding hierarchical damping
effects. This allows for both stability guarantees and adaptive temporal evolution. Building on Eq. 15, the module constructs
time-dependent embeddings A¢™ € RY through a dual-branch architecture.

Let A € R"*™ and o € R™ denote the estimated constant matrix and fractional-order from the system identification module.
To compute the embedding of the first token Ag, we decompose the system matrix A, = A — diag(a) through spectral
analysis:

Aq =VAV™Y, A =diag(\, ..., \n), (106)
hepee = o (W, [Re(A), Im(A)]), (107)

where A; € C are eigenvalues encoding system stability. A residual MLP processes the concatenated real/imaginary
components [Re(A), Im(A)] to produce base embeddings Ag.

In parallel, time embeddings e; are generated via an embedding layer that encodes sequential time indices. These are
concatenated with embeddings derived from «, enabling the model to capture both temporal and parametric variations:

hstate = @u(€t) ® do(@), s, dq : Linear Projections. (108)

Next, the adaptive fused embeddings pass through a series of stacked residual multi-layer perceptron (MLP) blocks with
normalization and an activation function (e.g., ReLU or GELU). This produces the final embeddings that serve as inputs to
the temporal processor. This residual architecture enhances the model’s capacity to learn complex representations while
preserving information from earlier layers:

Aemb — ResMLP hs e @ hstate ;Wla blL: 7‘Aemb e RTXhidden,size (109)
P =1
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This embedding mechanism enables the model to generate time-dependent parameter representations without directly relying
on the input state vector . By encoding dynamic properties through eigenvalues and temporal embeddings, the model
effectively captures system behavior over time, making it suitable for tasks such as time-series forecasting and control
parameter prediction.

E.1.3. SEQUENCE ENCODER PROCESSOR

The Sequence Processor translates spectral-temporal embeddings A¢™? into latent states G¢"¢ that encode the system’s
temporal evolution, enabling adaptive control under time-varying dynamics. The sequence processor computes latent states
G¢™¢ through a recursive hierarchical structure, enabling efficient modeling of temporal dependencies while preserving
stability, rooted in the governing Eq. 14.

we implements this recurrence through a deep encoder architecture, which projects the raw recursive computation into a
latent space. For systems requiring global temporal context, we use Transformer as backbone:

G = Trans former Encoder(AS™ + PE), (110)

where P, is a positional encoding encoding the step &£. Multi-head self-attention layers implicitly approximate the summation
in Eq. 14 by learning attention weights that mirror the hierarchy A;.
E.1.4. STACK MLPS FOR FOURIER NEURAL OPERATOR

The final stage of our architecture synthesizes hierarchical system representations into spatiotemporal control signals through
a two-step process: feature unification via the Stack MLPs and spectral control synthesis via the Fourier Neural Operator
(FNO). This combination enables efficient learning of distributed control laws while preserving physical consistency.
Given temporal states G, system parameters B, LQR cost matrices (), R, and residual skip connection input [x; u], the
transformation constructs an enriched input tensor X € RT*< for the FNO:

Xt = ¢c(Gt) ® ¢o(B) & ¢q(Q) ® dr(R) &zt & uy (111)

where ¢ are a series of stacked residual multi-layer perceptron (MLP) blocks and & denotes channel-wise concatenation.
Next, The FNO processes X’ through spectral convolutions and residual connections as we introduced in Section 3.3:

Fx)(k) = W(k) - x(k) + b(k), kez? (112)

where x (k) = F(x) is the Fourier transform of the input, and W, b are learnable parameters in frequency space. Only
low-frequency modes || k|| < knax are retained, enforcing spectral sparsity.

Then, we apply the inverse transformation to predict the optimal control U:

L
U=r""! (H((sz—l-Kl)]:(X))> +MLP(x), (113)

=1
where K are local kernel integrations in physical space.

The module minimizes the deviations between predicted U; and optimal control trajectories U;'":

1 & .
L, = R;HUt—Ut I (114)

E.1.5. CoMPOSITE LOSS FORMULATION

The training objective combines fractional-order system parameter regression and control prediction errors through a
multi-task loss function, enabling joint optimization of system identification and control synthesis:

Etotal = Es + £u . (1 15)
~~ ~~

System Identification ~ Control Prediction
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This unified framework successfully marries physics-guided feature engineering with data-driven spectral learning, enabling
real-time optimal control in high-dimensional dynamical systems and the unified loss formulation enables end-to-end learning
of control policies while maintaining physically consistent parameter estimates—a critical requirement for deployment in
safety-critical dynamical systems.

remark: Specifically, the system parameters A, B and « can be extracted from an intermediate layer in the network because
of the underlying loss function. The intermediate variable Ay is approximated using a shallow neural network P such
that A, = P(A, o, t) and the variable Gy, is reduced to R”™ instead of R™*™. Similarly, the cost matrices () and R are
transformed into reduced representations via local transformation operators N : R**" — R9@ and Ny : R"*™ — Rz,
The block Toeplitz structure of G indicates that it can be fully represented using the parameters @, R, A, B, a, x¢ and
{Gy}¥_,. Using this property, the input dimension of the FNO is determined as d, = T’ x (2n+m+dg +dg +dg), where
the extra terms n and m correspond to the trajectory and control input dimensions, respectively. These additional features
empirically enhance the performance of the FNO by providing more comprehensive representations of the underlying
dynamics.

E.2. Synthetic Data

The synthetic data is generated as follows:

State Transition Matrix (A): Rondomly sampled from a uniform distribution and normalized to ensure stability by scaling
with its spectral radius.

Control Input Matrix (B): Randomly sampled from a uniform distribution.

Initial State (x(): Randomly sampled from a standard normal distribution.

Control Inputs (u): Sequence of uniformly random inputs.

Cost Matrices (Q, R): Symmetric positive semi-definite matrices constructed via M T M for some uniformly random M.

E.3. Real-World System Dynamics

In our experiments, we simulate the system dynamics to generate trajectories and optimal control sequences by randomly
choosing an initial state and control inputs and then using model predictive control (MPC) to find the optimal control
sequence given the quadratic cost matrices () and R.

E.3.1. CART POLE SYSTEM DYNAMICS

The dynamics of the cart pole is as follows:

mpl (92 sinf — 6 cos 9) +F

fé:

?
me + My

7mpl(92 sin 6—F
me+myp

(4™ cos? 0 ’
3 me+my

where 7 is the horizontal acceleration of the cart, 0 is the acceleration of the pole, m, is the mass of the cart, m,, is the mass
of the pole, and g is the acceleration due to gravity. The control input is the external force F' applied to the center of mass of
the cart.

. gsin9+cosﬂ(
9:

(116)

E.3.2. QUADROTOR SYSTEM DYNAMICS
The quadrotor dynamics is as follows:

b=,
o1 0
mo =mg+ f+ fa,
T = —wx Jw+T. (117)
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Here, p € R? and v € R3 represent the position and velocity in the inertial frame, w € R? is the angular velocity, and the
quaternion g describes the orientation with ® denoting quaternion multiplication. The mass of the quadrotor is given by m,
and 7 denotes the inertia matrix. Gravity is denoted by g, the aerodynamic force is denoted by f, € R?, the total thrust and
body torques are denoted by f € R? and 7 € R3.

F. Training Parameters

The experiments utilizing GPU acceleration on an NVIDIA A100 80GB PCIe GPU. The experiments are conducted on a
machine running Ubuntu 22.04.5 LTS with an Intel(R) Xeon(R) Platinum 8358 CPU (2.60 GHz), featuring 128 cores and
support for 256 concurrent threads.

The training process is configured to optimize model performance using the Adam optimizer with a learning rate of 103, The
model is trained for 300 epochs with a batch size of 128, Learning rate scheduling is managed by a ReduceLROnPlateau
scheduler, which monitors validation loss and reduces the learning rate by a factor of 0.1 after 5 epochs without improvement.
The scheduler uses a relative threshold of 0.0001 to detect improvement. The minimum learning rate is set to zero, and early
learning stabilization is facilitated by an epsilon value of 1 x 10~%. The loss function based on the L,,-norm.

To ensure robust training, data normalization is applied, with both the input data and control signals (U) included in the
modeling process. The architecture supports both encoder-only and sequence-to-sequence configurations; however, in this
setup, the sequence-to-sequence mode is disabled.

G. Metrics
Mean Squared Error (MSE). The Mean Squared Error is given by

n

1
Lwse(9,9) = — D (v = 5:)%, (118)

=1

where n denotes the number of samples, y; € R is the ground truth value, and g; € R is the predicted value for the i-th
sample.

Mean Absolute Error (MAE). The Mean Absolute Error is given by

A 1 )
Lwine(G:) =~ > lyi — il (119)
=1

where n, y;, and g; are defined as in the MSE formulation.

H. Ablation Study

In this section, we provide further analyses to uncover how the choice of encoder models and weight of identification loss
affect the performance of the FOLOC framework.

H.1. Varying Sequence Encoder Module

To investigate the performance of different encoder layers on fractional-order system, we choose four sequence encoder
variants—Transformer, RNN, LSTM, and GRU. We also test FOLOC framework by replacing the sequence encoder module
with a MLP. Our analysis of sequence encoder architectures reveals statistically significant differences in performance and
stability across models. The results are given in Table 7. The Transformer encoder demonstrates superior performance,
achieving the lowest mean squared error (MSE = 0.00495 + 0.00010) with minimal variance, underscoring its robustness to
initialization. These results highlight the ability of our model’s self-attention mechanisms to handle tasks involving global
temporal dependencies. Based on our experiments, the Transformer architecture mitigates the risk of gradient vanishing or
explosion by distributing information through attention, effectively stabilizing the optimization process and demonstrating
strong suitability for safety-critical control tasks.

30



End-to-End Learning Framework for Solving Non-Markovian Optimal Control

Table 7. Ablation study of different sequence encoders.

Model MSE (10%) MAE (10%)
Transformer 4.95 + 0.10 1.05 + 0.10
RNN 6.00 + 1.46 1.15+0.17
LSTM 5.54 4+ 1.49 1.124+0.18
GRU 6.78 £2.36 1.29 +0.34
MLP 591 + 1.57 1.20 + 0.21

Table 8. Varying identification weight. All reported values are in units of 103,

Metrics Aw =0 Aw = 0.1 Aw = 0.2 Aw = 0.3 Aw = 0.4 Aw = 0.5
MSE 7.5443.11 4.9540.10 4.89+0.14 5.19+0.65 5.84+1.36 5.08+0.29
MAE 14.1£0.39 10.5£0.10 10.3+0.07 11.0£0.83 11.441.69 11.1£0.54

H.2. Varying Identification Weight

We evaluate the performance of the FOLOC framework by varying the system identification weight \,, over the values
{0,0.1,0.2,0.3,0.4,0.5}. Experimental results show that FOLOC’s performance remains approximately the same, with a
mean MSE of 0.56% (standard deviation: 0.10%) and a mean MAE of 1.14% (standard deviation: 0.14%). The results are
given in Table 8.

1. Baseline

To the best of our knowledge, no existing end-to-end deep learning framework addresses the optimal control problem under
fractional-order dynamical systems, nor is there a theoretical framework that integrates end-to-end learning with FOLTI
system identification and optimal control laws. Due to the principle that fractional-order calculus generalizes integer-order
calculus, we did some experiments to compare our proposed methods with the traditional theoretical end-to-end approach
for optimal control in LTI systems. The end-to-end learning framework for LTI systems involves system identification using
ordinary least squares, followed by solving the optimal control problem through dynamic programming (Anderson & Moore,
2007).

J. Additional Results
J.1. Test Loss of Different Time Horizons

We present the MSE test loss across different time horizons as shown in Fig. 5, reveals critical insights into its temporal
generalization capabilities. With performance steadily improving as the horizon extends, it reflects the FOLOC framework
capacity to suppress high-frequency errors through spectral filtering while gradually resolving low-frequency dynamics.
T = 128 not only shows a smooth reduction in MSE but also achieves the lowest MSE loss among all tested horizons,
indicating that the model better captures long-range temporal dependencies when provided with more context. The finding
that extending the prediction window enhances both model robustness and accuracy confirms that, when given sufficient
historical information, our approach is better equipped to handle complex dynamics of fractional-order systems.

J.2. Results of Different Fractional-Order Systems

To evaluate the model’s robustness across diverse fractional-order systems, we tested FOLOC framework on a dataset
constructed from 10,000 unique systems with varying parameters. Our approach demonstrates consistent performance on
this heterogeneous evaluation set, achieving a mean squared error (MSE) of (8.0025 + 1.1420) x 103 and mean absolute
error (MAE) of (9.4546 4= 0.7698) x 1073, indicating stable generalization despite substantial system diversity. These
results reflect the architecture’s capacity to adapt to different fractional-order systems without task-specific fine-tuning. Such
findings align with theoretical expectations, as the spectral-temporal embeddings and the FOLOC framework inherently
decouple system-specific features from control synthesis, enabling robust out-of-distribution operation.
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Figure 5. Test MSE loss under each epochs.

J.3. Comparison of Inference Time

The experimental results demonstrate that FOLOC framework achieves superior computational efficiency compares to LTI
model. Specifically, FOLOC framework requires only 1.215 ms per sample for inference, which represents a significant
44.6% reduction in processing time compared to LTI model’s 2.1935 ms per sample.

Table 9. Model inference time comparison.

Model Inference time (ms/sample)
LTI Model 2.1935
FOLOC 1.215
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