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ABSTRACT

Continual learning (CL) has garnered significant attention because of its ability
to adapt to new tasks that arrive over time. Catastrophic forgetting (of old tasks)
has been identified as a major issue in CL, as the model adapts to new tasks.
The Mixture-of-Experts (MoE) model has recently been shown to effectively
mitigate catastrophic forgetting in CL, by employing a gating network to sparsify
and distribute diverse tasks among multiple experts. However, there is a lack of
theoretical analysis of MoE and its impact on the learning performance in CL. This
paper provides the first theoretical results to characterize the impact of MoE in
CL via the lens of overparameterized linear regression tasks. We establish the
benefit of MoE over a single expert by proving that the MoE model can diversify
its experts to specialize in different tasks, while its router learns to select the right
expert for each task and balance the loads across all experts. Our study further
suggests an intriguing fact that the MoE in CL needs to terminate the update of the
gating network after sufficient training rounds to attain system convergence, which
is not needed in the existing MoE studies that do not consider the continual task
arrival. Furthermore, we provide explicit expressions for the expected forgetting
and overall generalization error to characterize the benefit of MoE in the learning
performance in CL. Interestingly, adding more experts requires additional rounds
before convergence, which may not enhance the learning performance. Finally, we
conduct experiments on both synthetic and real datasets to extend these insights
from linear models to deep neural networks (DNNs), which also shed light on the
practical algorithm design for MoE in CL.

1 INTRODUCTION

Continual Learning (CL) has emerged as an important paradigm in machine learning (Parisi et al.
(2019); Wang et al. (2024)), in which an expert aims to learn a sequence of tasks one by one over time.
The expert is anticipated to leverage the knowledge gained from old tasks to facilitate learning new
tasks, while simultaneously enhancing the performance of old tasks via the knowledge obtained from
new ones. Given the dynamic nature of CL, one major challenge herein is known as catastrophic
forgetting (McCloskey & Cohen (1989); Kirkpatrick et al. (2017)), where the expert can perform
poorly on (i.e., easily forget) the previous tasks when learning new tasks if data distributions change
largely across tasks. This becomes a more serious issue if a single expert continues to serve an
increasing number of tasks.

Recently, the sparsely-gated Mixture-of-Experts (MoE) model has achieved astonishing successes in
deep learning, especially in the development of large language models (LLMs) (e.g., Du et al. (2022);
Li et al. (2024); Lin et al. (2024); Xue et al. (2024)). By adaptively routing different input data to one
of the multiple experts through a gating network (Eigen et al. (2013); Shazeer et al. (2016)), different
experts in the MoE model will be specialized to grasp different knowledge in the data. Thus inspired,
there have emerged several attempts to leverage MoE in mitigating the forgetting issue in CL (e.g.,
Hihn & Braun (2021); Wang et al. (2022); Doan et al. (2023); Rypes¢ et al. (2023); Yu et al. (2024))
by training each expert to handle a particular set of tasks. However, these studies have primarily
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focused on experimental investigations, whereas the theoretical understanding of MoE and its impact
on the learning performance in CL is still lacking. In this paper, we aim to fill this gap by providing
the first explicit theoretical results to comprehensively understand MoE in CL.

To this end, we study the sparsely-gated MoE model with M experts in CL through the lens of
overparameterized linear regression tasks (Viele & Tong (2002); Anandkumar et al. (2014); Zhong
et al. (2016)). In our setting of CL, one learning task arrives in each round and its dataset is generated
with the ground truth randomly drawn from a shared pool encompassing /N unknown linear models.
Subsequently, the data is fed into a parameterized gating network, guided by which a softmax-based
router will route the task to one of the M experts for model training. The trained MoE model then
further updates the gating network by gradient descent (GD). After that, a new task arrives and
the above process repeats until the end of CL. It is worth noting that analyzing linear models is an
important first step towards understanding the performance of deep neural networks (DNNs5), as
shown in many recent studies (e.g., Evron et al. (2022); Lin et al. (2023); Chen et al. (2022)).

Our main contributions are summarized as follows.

We provide the first theoretical analysis to understand the behavior of MoE in CL, through the lens of
overparameterized linear regression tasks. By updating the gating network with a carefully designed
loss function, we show that after sufficient training rounds (on the order of O(M)) in CL for expert
exploration and router learning, the MoE model will diversify and move into a balanced system state:
Each expert will specialize either in a specific task (if M > N) or in a cluster of similar tasks (if
M < N), and the router will consistently select the right expert for each task. Another interesting
finding is that, unlike existing studies in MoE (e.g., Fedus et al. (2022); Chen et al. (2022); Li et al.
(2024)), it is necessary to terminate the update of the gating network for MoE due to the dynamics of
task arrival in CL. This will ensure that the learning system eventually converges to a stable state
with balanced loads among all experts.

We provide explicit expressions of the expected forgetting and generalization error to characterize
the benefit of MoE on the performance of CL. 1) Compared to the single expert case (M = 1), where
tasks are learned by a single diverged model, the MoE model with diversified experts significantly
enhances the learning performance, especially with large changes in data distributions across tasks. 2)
Regardless of whether there are more experts (M > N) or fewer experts (M < N), both forgetting
and generalization error converge to a small constant. This occurs because the router consistently
selects the right expert for each task after the MoE model converges, efficiently minimizing model
errors caused by switching tasks. 3) In MoE, initially adding more experts requires additional
exploration rounds before convergence, which does not necessarily improve learning performance.

Finally, we conduct extensive experiments to verify our theoretical results. Specifically, our experi-
mental results on synthetic data with linear models not only support our above-mentioned theoretical
findings, but also show that load balancing reduces the average generalization error. This effectively
improves the capacity of the MoE model compared to the unbalanced case. More importantly, the
experiments on real datasets suggest that our theoretical findings can be further carried over beyond
linear models to DNNs, which also provides insights on practical algorithm design for MoE in CL.

2 RELATED WORK

Continual learning. In the past decade, various empirical approaches have been proposed to tackle
catastrophic forgetting in CL, which generally fall into three categories: 1) Regularization-based
approaches (e.g., Kirkpatrick et al. (2017); Ritter et al. (2018); Gou et al. (2021); Liu & Liu (2021)),
which introduce explicit regularization terms on key model parameters trained by previous tasks to
balance old and new tasks. 2) Parameter-isolation-based approaches (e.g., Chaudhry et al. (2018);
Serra et al. (2018); Jerfel et al. (2019); Yoon et al. (2019); Konishi et al. (2023)), which isolate
parameters associated with different tasks to prevent interference between parameters. 3) Memory-
based approaches (e.g., Farajtabar et al. (2020); Jin et al. (2021); Lin et al. (2021); Saha et al. (2020);
Tang et al. (2021); Gao & Liu (2023)), which store data or gradient information from old tasks and
replay them during training of new tasks.

On the other hand, theoretical studies on CL are very limited. Among them, Doan et al. (2021)
and Bennani et al. (2020) introduce NTK overlap matrix to measure the task similarity and propose
variants of the orthogonal gradient descent approach to address catastrophic forgetting. Lee et al.
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(2021) consider a teacher-student framework to examine the impact of task similarity on learning
performance. Peng et al. (2023) propose an ideal CL framework that can achieve no forgetting by
assuming i.i.d. data distributions for all tasks. Evron et al. (2022) provide forgetting bounds in
overparameterized linear models on different task orders. Further, Lin et al. (2023) provide explicit
forms of forgetting and overall generalization error based on the testing error. These works collectively
suggest that learning performance with a single expert tends to deteriorate when subsequent tasks
exhibit significant diversification. In contrast, our work is the first to conduct theoretical analysis to
understand the benefit of multiple experts on CL.

Mixture-of-Experts model. The MoE model has been extensively studied over the years for
enhancing model capacity in deep learning (e.g., Eigen et al. (2013); Riquelme et al. (2021); Wang &
Van Hoof (2022); Zhou et al. (2022); Chi et al. (2022); Zadouri et al. (2023)). Recently, it has found
widespread applications in emerging fields such as LLMs (e.g., Du et al. (2022); Li et al. (2024);
Lin et al. (2024); Xue et al. (2024)). To improve training stability and simplify the MoE structure,
Shazeer et al. (2016) propose to sparsify the output of the gating network. Subsequently, Fedus et al.
(2022) suggest routing each data sample to a single expert instead of multiple experts. For theoretical
studies, Nguyen & Chamroukhi (2018) propose a maximum quasi-likelihood method for estimating
MOoE parameters, while Chen et al. (2022) analyze MoE mechanisms in deep learning for single-task
classification. Unlike these works, which do not address sequential task training in CL, our study
focuses on MoE in CL, introducing distinct training phases for the gating network. Additionally, we
derive explicit expressions for forgetting and generalization errors.

MOoE in CL. Recently, the MoE model has been applied to reducing catastrophic forgetting in CL
(Lee et al. (2020); Hihn & Braun (2021); Wang et al. (2022); Doan et al. (2023); Rypesc et al. (2023);
Yu et al. (2024)). For example, Lee et al. (2020) expand the number of experts using the Bayesian
nonparametric framework to address task-free CL. Rypes¢ et al. (2023) propose to diverse experts by
routing data with minimal distribution overlap to each expert and then combine experts’ knowledge
during task predictions to enhance learning stability. Additionally, Yu et al. (2024) apply MoE to
expand the capacity of vision-language models, alleviating forgetting in CL. However, these works
solely focus on empirical methods, lacking theoretical analysis of how the MoE performs in CL.

3  PROBLEM SETTING AND MOE MODEL DESIGN

Notations. For a vector w, let ||w]|2 and ||w||s denote its ¢-2 and ¢-oo norms, respectively. For
some positive constant ¢; and ¢z, we define © = Q(y) if z > caly|, x = O(y) if c1]y| < = < e2ly
and z = O(y) if < ¢1]y|. We also denote by z = o(y) if z/y — 0.

)

3.1 CL IN LINEAR MODELS

General setting. We consider the CL setting with T training rounds. In each round ¢ € [T], one
out of N tasks randomly arrives to be learned by the MoE model with M experts. For each task,
we follow most theoretical work on CL by fitting a linear model f(X) = X " w with ground truth
w € RY (e.g., Evron et al. (2022); Lin et al. (2023)), which serves as a foundation for understanding
DNN generalization performance (Belkin et al. (2018); Ju et al. (2020)). Then, for the task arrival in
the ¢-th training round, it corresponds to a linear regression problem, where the training dataset is
denoted by D; = (X4, y:). Here X; € R4%st is the feature matrix with s; samples of d-dimensional
vectors, and y; € R is the output vector. In this study, we focus on the overparameterized regime,
where s; < d. Consequently, there exist numerous linear models that can perfectly fit the data.

Ground truth and dataset. Let W = {ws,--- ,wy} represent the collection of ground truth
vectors of all N tasks. For any two tasks n,n’ € [N], we assume |w,, — Wy ||cc = O(0p), where
oo € (0,1) denotes the variance. Moreover, we assume that task n possesses a unique feature signal
v, € R? with [|v, [0 = O(1) (Chen et al. (2022); Huang et al. (2024)).

In each training round ¢ € [T, let n, € [IN] denote the index of the current task arrival with ground
truth w,,, € W. In the following, we formally define the generation of dataset per training round.

Definition 1. At the beginning of each training round t € [T, the dataset Dy = (X;,y+) of the new
task arrival n; is generated by the following steps:

1) Uniformly draw a ground truth w,, from ground-truth pool VW and let w,,, = wy,.
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2) Independently generate a random variable 5, € (0, C|, where C' is a constant satisfying C = O(1).

3) Generate X as a collection of s; samples, where one sample is given by v, and the rest of the
s¢ — 1 samples are drawn from normal distribution N (0, UEId), where oy > 0 is the noise level.

4) Generate the output to be y; = X;'— Wh,.

In any training round ¢ € [T, the actual ground truth w.,,, of task arrival n; is unknown. However,
according to Definition 1, task n; can be classified into one of NV clusters based on its feature signal
v,,. Although the position of v, in feature matrix X; is not specified for each task n;, we can
address this binary classification sub-problem over X, using a single gating network in MoE (Shazeer
et al. (2016); Fedus et al. (2022); Chen et al. (2022)). In this context, we aim to investigate whether the
MoE model can enhance the learning performance in CL. For ease of exposition, we assume s; = s
for all ¢ € [T7] in this paper. Then we will introduce the MoE model in the following subsections.

3.2 STRUCTURE OF THE MOE MODEL

As shown in Figure 1, an MoE model comprises a collection OUtpUtT
of M experts, a router, and a gating network which is typically ! W)
set to be linear (Shazeer et al. (2016); Fedus et al. (2022); Chen

et al. (2022)). In the ¢-th round, upon the arrival of task n; ’EXpert l‘ ’ EXpertz‘ e ’EXpert M‘

and input of its data D; = (X4, y:), the gating network com-
putes its linear output Ay, (X¢, 0.™) for each expert m € [M],
where Ot(m) € R? is gating network parameter for expert .
Define h(X;, ©¢) = [h1 (X, 0") -+ har(Xs,0:™)] and

0, = [0,51) . Ot(M)] as the outputs and the parameters of the

gating network for all experts, respectively. Then we obtain . . .

h(Xt7 ®t) _ Ze[ ] @IXt ;, where X ; is the i-th sample Figure 1: An illustration of the
relse ' ' MoE model.

of the feature matrix X;.

To sparsify the gating network and reduce the computation cost, we employ top-1 “switch routing",
which maintains model quality while lowering routing computation, as demonstrated by Fedus et al.
(2022); Chen et al. (2022); Yang et al. (2021). Although this top-1 gating model is simple, it is
fundamental gaining a theoretical understanding of the behavior of MoE in CL, and its theoretical
analysis is already non-trivial. Extending to the top-k routing strategy (as introduced by Shazeer et al.
(2016)) is nontrivial and falls outside the scope of this work. However, we still provide a discussion
on the learning performance of the top-k routing strategy later in Section 5.2.

In each round ¢, as depicted in Figure 1, for task n;, the router selects the expert with the maximum

gate output b, (X4, Bﬁm)), denoted as my;, from the M experts (Chen et al. (2022); Nguyen et al.
(2024)). In practice, to encourage exploration across experts and stabilize MoE training, we add
perturbations to the router (Shazeer et al. (2016); Fedus et al. (2022); Chen et al. (2022)). Specifically,
task n; will be routed to the expert that satisfies

my = arg max,, { hm (X, Ot(m)) + rt(m)}, )
where rim) for any m € [M] is drawn independently from the uniform distribution Unif[0, A]. We
analyze in Appendix B that this routing strategy Eq. (1) ensures continuous and stable transitions for
tasks. Additionally, the router calculates the softmax gate outputs, derived by

xp(hm (X¢,00™
T (X, ) = et s Y € M), @

m/=1

for the MoE to update the gating network parameter @ for all experts.

3.3 TRAINING OF THE MOE MODEL WITH KEY DESIGNS

Expert model. Let 'wt(m) denote the model of expert m in the ¢-th training round, where each model

(()m) = 0 for any m € [M]. After the router determines the expert m;

by Eq. (1), it transfers the dataset D; = (X4, y;) to this expert for updating 'wt(mt). For any other

expert m € [M] not selected ( i.e., m # my), its model 'wt(m) remains unchanged from wt(:nl) . In

is initialized from zero, i.e., w
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each round ¢, the training loss is defined by the mean-squared error (MSE) relative to dataset D;:
Ly (wi™, Dr) = (X)) Tw™ — yi 3. 3)

Since we focus on the overparameterized regime, there exist infinitely many solutions that perfectly

satisfy ﬁ?(wt(m"), D;) = 01in Eq. (3). Among these solutions, gradient descent (GD) starting from

the previous expert model w,E:n{) at the convergent point provides a unique solution for minimizing

cir (wt(m")7 D) in Eq. (3), which is determined by the following optimization problem (Evron et al.
(2022); Gunasekar et al. (2018); Lin et al. (2023)):

min ;- w2, st X{w =y @)
t

Solving Eq. (4), we update the selected expert in the MoE model for the current task arrival n; as
follows, while keeping the other experts unchanged:

wi™) = w)™) + Xy (X X)) (- X w"). 5)
Gating network parameters. After obtaining wgmt) in Eq. (5), the MoE updates the gating network
parameter from ®; to ®;; using GD for the next training round. On one hand, we aim for Ot(fl)
of each expert m to specialize in a specific task, which helps mitigate learning loss caused by the
incorrect routing of distinct tasks. On the other hand, the router needs to balance the load among
all experts (Fedus et al. (2022); Shazeer et al. (2016); Li et al. (2024)) to reduce the risk of model
overfitting and enhance the learning performance in CL. To achieve this, we introduce our first key
design of multi-objective training loss for gating network updates.

Key design I: Multi-objective training loss. First, based on the updated expert model w?”“ in Eq. (5),
we propose the following locality loss function for updating ©,:

L0, D) = 3 e ar) T (X, ) 0™ = wi™) |, ©)

where 7, (X¢, ©;) is the softmax output defined in Eq. (2). Since our designed locality loss in

Eq. (6) is minimized when the tasks with similar ground truths are routed to the same expert m (e.g.,

wgm) = wiTl)), it enjoys several benefits as shown later in our theoretical results: each expert will

specialize in a particular set of tasks which leads to fast convergence of expert model wém), and the

performance of CL in terms of forgetting and generalization error will be improved. Note that in
Eq. (6), we only need to calculate the locality loss for the single expert my, as [|w!™ — w!™ |, = 0

for any expert m # m; that has not updated its model, leading to low computational complexity.

In addition to the novel locality loss in Eq. (6), we follow the existing MoE literature (e.g., Fedus
et al. (2022); Shazeer et al. (2016); Li et al. (2024)) where an auxiliary loss is typically defined to
characterize load balance among the experts:

Lo (©,D) = a- MY, cnn £ P, %)

where « is constant, ftm) = Aleorithm 1 Trainine of the MoE model for CL
1 23:1 1{m, = m} is the fraction of tasks gorfthm ° Traming o - ; o mo el ;;r o
dispatched to expert m since t = 1, and 1: Input: 7, 08’5F = O(Uo'o 2,/\ = @(09'1 ), It =
Pt(m) - %23:1 T (Xr, ©) - L{m, = 2: O"a' 1: O((f%) );77 § Z(U?m))fpl =va7 AJ/Q
m} is the average probability that the router ~ 2* Initialize 65" = 0 and wy™* = 0, ¥m € [M];

. _ - 3:fort=1,---,Tdo
chooses expert m since ¢t = 1. The auxiliary (
loss in Eq. (7) encourages exploration

4:  Generate ™ for any m € [M];

(m¢)

across all experts since it is minimized Select my in Eq. (1) and update w; """ in Eq. (5);
d if i ith (m) _ 1 if t > T} then
under a uniform routing with f;"™ = for Vim € [M] with [ — hum,| < T do

and Pt(m> = . Although the definition It™ =1; // Convergence flag

of auxiliary loss in Eq. (7) is not new, it end for

is necessary and plays a crucial role for 10:  endif

balancing the load across experts in the MoE ~ 11: if 3m, st 1™ =0 then

model for CL. 12: Update Bim) as in Eq. (9) for any m € [M];
13:  endif

Based on Eq. (3), Eq. (6) and Eq. (7), we fi- 14: end for

nally define the task loss for each task arrival

R A
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n; as follows:

L8 (@, w(™), Dy) = LI (w'™), Dy) + L1°(Oy, Dy) + LI (O, D). (8)
Commencing from the initialization ®, the gating network is updated based on GD:
017} = 0™ — - Voo LIH (O, w ™) Dy), ¥ € [M], ©)

where 7 > 0 is the learning rate. Note that wg ) in Eq. (5) is also the optimal solution for minimizing

Liask (@, wimt) D) in Eq. (8). This is because both £!°¢(©, D;) and L& (@, D;) are derived
after updating 'wt me) , making Lir( (me) , D;) the sole objective for w(mt) in Eq. (8).

Key design II: Early termination. To ensure the stable convergence of the system with balanced
loads among experts (which we will theoretically justify in Section 4), after training sufficient (i.e.,
T1) rounds for expert exploration, we introduce an early termination strategy in Algorithm 1 by
evaluating a convergence flag I(™ for each expert m. This flag assesses the output gap, defined as
[hm (Xt, 0:) — hun, (X4, 64)], between the expert itself and any selected expert m; for ¢ > T7. If this

gap exceeds threshold I' for expert m, which indicates that gating network parameter 0§m) has not
converged, then the MoE model continues updating ©; for all experts based on Eq. (9). Otherwise,
the update of ®, is permanently terminated.

4 THEORETICAL RESULTS ON MOE TRAINING FOR CL

In this section, we provide theoretical analysis for the training of expert models and the gating
network in Algorithm 1, which further justifies our key designs in Section 3. Specifically, (i) we
first support our key design I by proving that the expert model converges fast via updating ®; under
our designed locality loss in Eq. (6). (ii)) We then show that our key design II, early termination in
updating ®,, is necessary to ensure a stable convergence system state with experts’ balanced loads.
For clarity, we study the case with M > N in this section (labeled as M > N version), and further
extend the results to the M < N version in appendices. To characterize expert specialization, we
first show that each expert’s gate output is determined by the input feature signal v,, of X;.

Lemma 1 (M > N version). For any two feature matrices X and X with the same feature signal
vy, With probability at least 1 — o(1), their corresponding gate outputs of the same expert m satisfy

|hn (X, 00™) = hon(X, 0™ = O(03). (10)

The full version containing M < N case and the proof of Lemma 1 are given in Appendix C.
According to Lemma 1, the router decides expert m; for task n; based primarily on its feature signal
v,,,. Consequently, given [V tasks, all experts can be grouped into IV sets according to their specialty,
i.e., their gating parameter 0,5"” ’s to identify feature signal v,,, where each expert set is defined as:
M., = {m € [M]|n = arg max ;¢ (eﬁm))%j}. (11)

The following proposition indicates the convergence of the expert model after sufficient training
rounds under Algorithm 1.

Proposition 1 (M > N version). Under Algorithm 1, with probability at least 1 — o(1), for any
t > Ty, where Ty = [~ M], each expert m € [M] stabilizes within an expert set M,,, and its
expert model remains unchanged beyond time T}, satisfying w%ﬂl =-.. = w;m).

The full version and the proof of Proposition 1 are given in Appendix E. Proposition 1 demonstrates
that after 77 rounds of expert exploration, each expert will specialize in a specific task, enforced by
minimizing locality loss in Eq. (6). After that, expert models remain unchanged until the end of 7T'.

Next, the following proposition characterizes the dynamics of gate outputs if there is no termination
of updating gating network parameters ®, in Algorithm 1.

Proposition 2 (M > N version). If the MoE keeps updating ©; by Eq. (9) at any round t € [T}, we
obtain: 1) At round t; = fn_1060'25M1 the following property holds

1 75 : l
(m) ) ), ifm,m’ € My,
2) At round to = fn_lao_o'%]\/ﬂ, the following property holds
i (X1, 0™) = s (X1, 0| = O(04 ™), ¥, m € [M]. (13)
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The full version and the proof of Proposition 2 are given in Appendix F. According to Proposition 2,
if the MoE updates ©®; at any round ¢, the gap between gate outputs of experts within the same expert
set converges to O(o47®) by round ¢; (Eq. (12)). In contrast, the gap between experts in different sets
is sufficiently large, i.e., ©(c(-75), indicating that the MoE has successfully diversified experts into
different sets at round ¢; as in Eq. (11). However, unlike MoE in single-task learning that can stop
training at any time after the expert models converge (e.g., Celik et al. (2022); Li et al. (2024)), MoE
in CL requires both the gating network and the experts to be suitably updated with the continuous
arrival of new tasks. This is necessary to balance the load on each expert and maximize the system
capacity utilization. However, continuing updating ®; according to Eq. (9) will eventually reduce the
output gap between any two experts to O(o$-"®) in Eq. (13) at training round o, causing the router to

select wrong experts for subsequent task arrivals and incurring additional training errors.

Based on Proposition 2, it is necessary to terminate the update of ®; to preserve a sufficiently large
output gap between any two experts in different sets, ensuring expert diversity as in Eq. (12) at round
t1. This motivates our design of early termination in Algorithm 1, outlined from Line 7 to Line 13.
In the next proposition, we prove the benefit of terminating updating ®; in Algorithm 1.

Proposition 3 (M > N version). Under Algorithm 1, the MoE terminates updating ®, since round

T = (9(77*100_0'25M). Then for any task arrival ny at t > T, the router selects any expert

m € My, with an identical probability of ITll where | M, | is the number of experts in set M.,.
ng

The full version and the proof of Proposition 3 are given in Appendix G. According to Algorithm 1,
once the MoE terminates updating ®;, the random noise rgm) in Eq. (1) will guide the router to select
experts in the same expert set with identical probability, effectively balancing the loads across experts

therein. Our theoretical analysis will be further corroborated by the experiments later in Section 6.
5 THEORETICAL RESULTS ON FORGETTING AND GENERALIZATION

For the MoE model described in Section 3, we define &, (w,ﬁ’”t)) as the model error in the ¢-th round:
E(wi™) = 0™ — w3, (14)

which characterizes the generalization performance of the selected expert m; with model 'w,gmt)

for task n; at round ¢. Following the existing literature on CL (e.g., Lin et al. (2023); Chaudhry
et al. (2018)), we assess the performance of MoE in CL using the metrics of forgetting and overall
generalization error, defined as follows:

(1) Forgetting: Define F; as the forgetting of old tasks after learning task n; fort € {2,--- ,T}:
t—1
1

Fy = = D (E(wf™) = & (wlm)). (15)

T=1

(2) Overall generalization error: We evaluate the generalization performance of the model w(Tm)

from the last training round 7" by computing the average model error across all tasks:

T
L 3 (m-)
GT = TT:15-,—(’LUT ) (16)

In the following, we present explicit forms of the above two metrics for learning with a single
expert (i.e., M = 1) as a benchmark (cf. Lin et al. (2023)). Here we define r := 1 — 3 as the
overparameterization ratio.

Proposition 4. If M = 1, for any training round t € {2,--- , T}, we have
t—1 T N Tt
BLF = o S0 LR S w2 4 S S e w2} )

rT N 7rT
E[Gr] = T Yo lwall® + 155 2,20 lwn — wy, |12 (18)

Note that the setting here (with M = 1) differs slightly from Lin et al. (2023) as we have NV tasks in
total. Hence a proof of Proposition 4 is provided in Appendix H. Proposition 4 implies that distinct
tasks with large model gap 3°, ., [lw, — wy, ||? lead to poor performance of both E[F;] in Eq. (17)

and E[G;] in Eq. (18), which is missing in the existing CL literature (e.g., Lesort et al. (2023)).
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Next, we investigate the impact of MoE on CL under two cases: (I) when there are more experts than
tasks (M > N), and (II) when there are fewer experts than tasks (M < N). The benefit of MoE will
be characterized by comparing our results with the single-expert baseline in Proposition 4.

5.1 CASE I: MORE EXPERTS THAN TASKS

Based on Proposition 1, we derive the explicit upper bounds for both forgetting and overall gener-
alization error in the following theorem. To simplify notations, we define L\™ := ¢ - £\ as the
cumulative number of task arrivals routed to expert m up to round ¢, where ft(m) is given in Eq. (7).

Theorem 1. If M = Q(N In(N)), for each round t € {2,--- , T}, the expected forgetting satisfies
1 -1 TLEm,T)_TL(TnLT) N 9 TLgrnLT)_TLgnLT) 9
B[R] < 75 22 {7 Tl lwall® + 2 s 0 = wa2 .
(19)

Foreacht € {T\ +1,--- , T}, we have E[F,] = ZL=LE[Fr, |. Further, after training task ny in the
last round T the overall generalization error satisfies

(mr) (mz)

T — N _r
]E[GT] < % 2721 { 7]3 Zn:l ||wn||2 + % Zn;ﬁn’ ||’l.Un/ - wn||2} (20)

The proof of Theorem 1 is given in Appendix I, and we have the following insights.

)

1) Forgetting. If t < Ty, in Eq. (19), the coefficient 72" — 15" of the term S [lw, |2 s
(m+) (ms)

smaller than 0 because L, > Ly 7/ and r < 1, indicating that the training of new tasks enhances
the performance of old tasks due to the repeated task arrivals in this phase. Meanwhile, the coefficient
of model gap >, ./ [|wy — wy, ||? is greater than 0, indicating that the forgetting is due to experts’
exploration of distinct tasks. However, as stated in Proposition 1, once the expert models converge at
t = T}, training on newly arriving tasks with correct routing no longer causes forgetting of previous
tasks. Consequently, fort € {T} + 1, , T}, E[F}] = L= E[Fr, | decreases with ¢ and converges
to zero as 1" — oo. This result highlights that, unlike the oscillatory forgetting observed in Eq. (17)
for a single expert, the MoE model effectively minimizes expected forgetting in CL through its
correct routing mechanism. Furthermore, a decrease in task similarity, i.e., larger model gaps, further
amplifies the learning benefit of the MoE model.

2) Generalization error. Note that the second term Ziv 2o || W —wy, |2 dominates the generalization

(mr)
error when tasks are less similar with large model gaps. In Eq. (20), the coefficient 1 — rEr of
the model gaps Zﬁ;n, |wn: — w,||? is smaller than 1 — T in Eq. (18), due to the convergence of

expert models after round 7. Therefore, the generalization error under MoE is reduced compared to
that of a single expert, especially as T increases (where 1 — r7 approaches 1 in Eq. (18)).

3) Expert number. According to Theorem 1, for ¢ > T3, E[F;] increases with T} as additional rounds
of expert exploration accumulate more model errors in Eq. (19). Regarding E[G7] in Eq. (20), a

(mr)
longer exploration period 73 for experts increases the coefficient 1 — =71 of the model gaps,
leading to an increase in E[G] when the model gaps across tasks are large. Since 7T} increases

with expert number M, adding more experts does not enhance learning performance but delays

convergence. Note that if M = 1 in Theorem 1, Lgmf) becomes t for the single expert, causing

Eq. (19) and Eq. (20) to specialize to Eq. (17) and Eq. (18), respectively.
5.2 CASE II: FEWER EXPERTS THAN TASKS

Next, we consider a more general case with fewer experts than tasks, i.e., M < NN, where Algorithm 1
still works efficiently. In particular, we assume that the N ground truths in WV can be classified into
K clusters, where K < M, based on the task similarity. Let W), denote the k-th task cluster. For any
two tasks n, n’ € [N in the same cluster with w,,, w,,, € Wi, we assume ||w,, — Wy ||oc = O(a}-5).
Then we let set M}, include all experts that specialize in tasks within the k-th task cluster.

Recall Proposition 1 indicates that expert models converge after 77 rounds of exploration if M > N.
However, in the case of fewer experts than tasks (M < N), each expert has to specialize in learning
a cluster of similar tasks. Consequently, as similar tasks within the same cluster are continuously
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routed to each expert, the expert models keep updating after round 77, behaving differently from the
M > N case in Proposition 1. Given the above understanding, we have the following theorem.
Theorem 2. [f M < N and M = Q(K In(K)), forany t € {1,--- , Ty}, the expected forgetting
E[F}] is the same as Eq. (19). While forany t € {T1 + 1,--- , T}, the expected forgetting satisfies

(mr) (mr) (ms)  plmr)
t—1 oL —rl N T Li _p T
ElR] < i3 i 3 Snm lwnl® + 75 0L i Y Wi — wi?
m mr ( 7)7 ( 7—)7
+ tr:Tlﬂ(l — "L ))rLtm b (21)

_ 2 .
where U = % 25:1 D nneWs % is the expected model gap between any two tasks in

the same task cluster. After training task nr in round T, the overall generalization error satisfies

mr L(nLT)iL(TnT) L(m'T)

(mr)
T L N T r T 1—r T
ElGr] < 73 " Lnm lwal® + 73275, T Y s — wi?
(mr) _p(me) (mr) _p(mr) (mr)
n %{ ST (1 - e A S7 P LT =L () )}
T (""7')_ (m7)
+ B (L=t TR, (22)

where Uy = Zﬁ;l + Zszl ﬁ > owew, lwnr —w,||? is the expected model gap between a
randomly chosen task in VW and any task in a fixed ground-truth cluster W.

The proof of Theorem 2 is given in Appendix J, and we provide the following insights.

1) Forgetting. Compared to Theorem 1, E[F}] in Eq. (21) introduces an additional term ¥, which
measures the forgetting of task arrivals during {7} + 1, -- - , 7} caused by updating expert models
for new task arrival in round 7 € {T} + 1,--- ,T'}. However, since tasks routed to the same expert
during {T7 +1,--- , T} belong to the same cluster, their small model gaps lead to minimal forgetting.
If there is only one task in each cluster, ¥ becomes 0 and E[F}] becomes the same as Eq. (19).

2) Generalization error. As expert models continuously update at any ¢, E[Gr] in Eq. (22) comprises
three terms: a) the expected model gap Zf:[ s || W — w,,||? between any two random task
arrivals for ¢ < 77, b) the expected model gap ¥, between two tasks in the same cluster for ¢t > 71,

and c) the expected model gap W45 between a random task arrival for ¢ < T3 and any task arrival in a
fixed ground-truth cluster W, for ¢ > T7. If each cluster contains only one task, the coefficient of

(mr)
U, simplifies to EZ:TI (1= rEm), given L(TmT) = L(TTT) without updates after T;. Moreover,
Uy = 15 Zﬁ;n, |wn — w,||? and ¥y = 0, resulting in Eq. (22) specializing to Eq. (20).

Note that under our assumption ||w,, — W,/ |« = O(c{-®), the router cannot distinguish between
similar tasks n and n’ within the same cluster. Consequently, adding more experts cannot avoid
the errors ¥y and W5 in Eq. (21) and Eq. (22). Therefore, similar to our insights of Theorem 1,
when there are enough experts than clusters (i.e., M = Q(K In(K))), adding more experts does not

enhance learning performance but delays convergence. Although the learning performance degrades
compared to Theorem 1, it still benefits from MoE compared to the single expert in Proposition 4.

Note that if we extend to the top-k routing strategy in Eq. (1), the router will select k experts to train
the same data at a time. In this case, the forgetting described in Eq. (21) may decrease, as each expert
may handle a smaller cluster of tasks compared to the case with top-1 routing strategy. However,
similar tasks that belong to the same cluster in the top-1 case now may be divided into different
clusters and handled by different expert, which may reduce the potential positive knowledge transfer
among these tasks. Consequently, the generalization error in Eq. (22) may not be smaller for the
top-k case.

6 EXPERIMENTS

In this section, we present extensive experiments on both linear models and DNNs to validate our
theoretical analysis. Due to space constraints, we include detailed experimental setups and additional
results on datasets such as MNIST LeCun et al. (1989), CIFAR-100 Krizhevsky et al. (2009) and
Tiny ImageNet Le & Yang (2015) in Appendix A.

Key design of early termination. In the first experiment, we aim to check the necessity of terminating
the update of ®; in Line 11 of Algorithm 1. Here we set 7' = 2000, N = 6, K = 3 and vary
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expert number M € {1,5,10,20}. As depicted in Figure 2(a) and Figure 2(c), both forgetting and
generalization error first increase due to the expert exploration and then converge to almost zero for
all MoE models with termination of update, verifying Theorem 1 and Theorem 2. In stark contrast,
learning without termination leads to poor performance with large oscillations in Figure 2(b) and
Figure 2(d), as the router selects the wrong expert for a new task arrival after the continual update
of ®;. In addition, in both Figure 2(a) and Figure 2(c), the MoE model significantly improves the
performance of CL compared to a single model. The comparison between M = 10 and M = 20
also indicates that adding extra experts delays the convergence if M > N, which does not improve
learning performance, verifying our analysis in Theorem 1 and Theorem 2.
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(a) With termination. (b) Without termination. (c) With termination. (d) Without termination.

Figure 2: The dynamics of forgetting and overall generalization errors with and without termination
of updating ©; in Algorithm 1. Here we set N = 6 with K’ = 3 clusters and vary M € {1, 5, 10, 20}.

Real-data validation. Finally, we extend our Algorithm 1 and insights from linear models to DNNs
by conducting experiments on the CIFAR-10 dataset (Krizhevsky et al. (2009)). The details of our
experiment setup is given in Appendix A.3. We set K = 4, N = 300 and vary M € {1,4,12}. In
each training round, to diversify the model gaps of different tasks, we transform the d X d matrix into
a d x d dimensional normalized vector to serve as input for the gating network. Then we calculate the
variance o of each element across all tasks from the input vector, which is then used for parameter
setting in Algorithm 1. Figure 3 illustrates that our theoretical insights from linear models also hold
for DNNGs, in terms of the impact of MoE and early termination on the performance of CL in practice.

03 ’\\,J\”/\/’_\ .
0.3 Lo
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i/ M=4 / M=4
} - M=12 I - M=1 i
00 0 50 100 150 200 250 300 0 0 50 100 150 200 250 300 0 50 100 150 200 250 300 [ 50 100 150 200 250 300
Rounds
(a) With termination. (b) Without termination. (c) With termination. (d) Without termination.

Figure 3: The dynamics of overall generalization error and test accuracy under the CIFAR-10 dataset
(Krizhevsky et al. (2009)). Here we set K = 4, N = 300 and M € {1,4, 12}.

7 CONCLUSION

In this work, we conducted the first theoretical analysis of MoE and its impact on learning performance
in CL, focusing on an overparameterized linear regression problem. We establish the benefit of
MoE over a single expert by proving that the MoE model can diversify its experts to specialize in
different tasks, while its router learns to select the right expert for each task and balance the loads
across all experts. Then we demonstrated that, under CL, terminating the updating of gating network
parameters after sufficient training rounds is necessary for system convergence. Furthermore, we
provided explicit forms of the expected forgetting and overall generalization error to assess the impact
of MoE. Interestingly, adding more experts requires additional rounds before convergence, which
may not enhance the learning performance. Finally, we conducted experiments on real datasets using
DNNss to show that certain insights can extend beyond linear models.

10
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A EXPERIMENTAL DETAILS AND ADDITIONAL EXPERIMENTS

A.1 EXPERIMENTS COMPUTE RESOURCES

Operating system: Red Hat Enterprise Linux Server 7.9 (Maipo)
Type of CPU: 2.9 GHz 48-Core Intel Xeon 8268s
Type of GPU: NVIDIA Volta V100 w/32 GB GPU memory

A.2 EXPERIMENTAL DETAILS OF FIGURE 2

Synthetic data generation. We first generate NV ground truths and their corresponding feature signals.
For each ground truth w,, € R%, where n € [N], we randomly generate d elements by a normal
distribution A/ (0, o). These ground truths are then scaled by a constant to obtain their feature signals
v,,. In each training round ¢, we generate (X;,y:) according to Definition 1 based on ground-truth
pool W and feature signals. Specifically, after drawing w,,, from W, for X; € R**, we randomly
select one out of s samples to fill with v,,,. The other s — 1 samples are generated from N(0,021,).
Finally, we compute the output y; = X, w,,. Here we set 09 = 0.4,0; = 0.1,d = 10 and s = 6.
In Figure 2, we set = 0.5, = 0.5 and A = 0.3.

A.3 EXPERIMENTAL DETAILS OF FIGURE 3

Datasets. We use the CIFAR-10 (Krizhevsky et al. (2009)) dataset, selecting 512 samples randomly
for training and 2000 samples for testing at each training round.

DNN architecture and training details. We employ a non-pretrained ResNet-18 as our base model.
Each task is learned using Adam with a learning rate governed by a cosine annealing schedule for
5 epoches, with a minibatch size of 32, a weight decay of 0.005. The initial learning rate is set to
0.0005, and it is reduced to a minimum value of 10~ over a total of 300 rounds.

Task setups. We define the ground truth pool as W = {(0), (4), (5), (9)}, representing K = 4 clusters
of tasks for recognizing the image classes airplane, deer, dog, truck, respectively. The experiment
spans 17" = 300 training rounds with N = 300 tasks. We randomly generate the task arrival sequence
[n4)¢er), Where each ny is drawn from (0), (4), (5), (9) with equal probability . We then conduct
two experiments (with and without termination) using the same task arrival order. For each task
t € [T, we randomly select its type (e.g., task (0) for recognizing the airplane class image) and 512
corresponding samples, ensuring that tasks have distinct distributions and features.
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Figure 4: The dynamics of forgetting under the CIFAR-10 dataset. Here we set N = 4 and
M e {1,4}.

A.4 EXPERIMENTS ON THE MNIST DATASET

Datasets. We use the MNIST dataset LeCun et al. (1989), selecting 100 samples randomly for
training and 1000 samples for testing at each training round.

DNN architecture and training details. We use a five-layer neural network, consisting of two
convolutional layers and three fully connected layers. ReLU activation is applied to the first four
layers, while Sigmoid is used for the final layer. The first convolutional layer is followed by a 2D
max-pooling operation with a stride of 2. Each task is learned using SGD with a learning rate of
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0.2 for 600 epochs. The forgetting and overall generalization error are evaluated as described in

Eq. (15) and Eq. (16), respectively. Here, st(wﬁ"‘”) is defined as the mean-squared test error instead
of Eq. (14).

Task setups. We define the ground truth pool as W = {(1), (4), (7)}, representing K = 3 clusters of
tasks for recognizing the numbers 1, 4, and 7, respectively. The experiment spans 1" = 60 training
rounds with N = 60 tasks. Before the experiments in Figure 5, we randomly generate the task
arrival sequence [n];c (7], where each n; is drawn from (1), (4), (7) with equal probability . We
then conduct two experiments (with and without termination) using the same task arrival order. For
each task ¢ € [T, we randomly select its type (e.g., task (1) for recognizing the number 1) and 100
corresponding samples, ensuring that tasks have distinct distributions and features.
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Figure 5: Learning performance under the MNIST dataset (LeCun et al. (1989)). Here we set
K =3,N=60and M € {1,4,7}.

A.5 EXPERIMENTS ON THE CIFAR-100 DATASET

Datasets. We use the CIFAR-100 (Krizhevsky et al. (2009)) dataset, selecting 192 samples randomly
for training and 600 samples for testing at each training round.

DNN architecture and training details. They are the same as the experiments on the CIFAR-10
dataset in Appendix A.3.

Task setups. We define the ground truth pool as W = {(28), (40), (52), (72), (79), (99)}, rep-
resenting K = 6 clusters of tasks for recognizing the image classes telephone, bee, mountain,
bear, turtle, tractor respectively. The experiment spans 7" = 350 training rounds with N = 350
tasks. We randomly generate the task arrival sequence [n],c[r], Where each n; is drawn from
(28), (40), (52), (72), (79), (99) with equal probability 3. We then conduct two experiments (with
and without termination) using the same task arrival order. For each task ¢ € [T], we randomly select
its type (e.g., task (28) for recognizing the telephone class image) and 192 corresponding samples,
ensuring that tasks have distinct distributions and features.
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Figure 6: Learning performance under the CIFAR-100 dataset. Here we set N = 6 and M €
{1,8,10}.

A.6 EXPERIMENTS ON THE TINY IMAGENET DATASET

Datasets. We use the Tiny ImageNet (Le & Yang (2015)) dataset, selecting 192 samples randomly
for training and 300 samples for testing at each training round.
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Table 1: The average incremental accuracy under the CIFAR-100 dataset.

Expert number Test accuracy (%)

M=1 17.1
M=28 25.5
M =8 w/o ET 10.3
M =10 32.9
M =10 w/o ET 9.1

DNN architecture and training details. They are the same as the experiments on the CIFAR-10
dataset in Appendix A.3.

Task setups. We define the ground truth pool as W = {(20), (50), (83), (145), (168), (179)}, repre-
senting K = 6 clusters of tasks for recognizing six disjoint image classes from Tiny Imagenet respec-
tively. The experiment spans 7' = 300 training rounds with N = 300 tasks. We randomly generate
the task arrival sequence [n;];c[7), where each n; is drawn from (20), (50), (83), (145), (168), (179)
with equal probability %. We then conduct two experiments (with and without termination) using the
same task arrival order. For each task ¢ € [T'], we randomly select its type (e.g., task (20)) and 192
corresponding samples, ensuring that tasks have distinct distributions and features.
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Figure 7: Learning performance under the Tiny ImageNet dataset. Here we set N = 6 and M €
{1,8,10}.

Table 2: The average incremental accuracy under the Tiny ImageNet dataset.

Expert number Test accuracy (%)

M=1 17.4
M=S8 37.6
M = 8 w/o ET 10.5
M =10 28.3
M =10 w/o ET 10.3

A.7 EXPERIMENTS ON TERMINATION THRESHOLD AND LOAD BALANCE

In additional experiments, we vary termination threshold I' € {007, 00, 04-2°, 04-5} in Line 7 of
Algorithm 1 to investigate its effect on load balance and learning performance, under the same
synthetic data generation as Figure 2 in Appendix A.2.

Initially, we set g = 0.4, A = 0425, M = 5, and N = 6 with K = 3 task clusters: W; =
{1,4}, Wy = {2,5}, and W5 = {3, 6}. Figure 8 illustrates the recorded task arrivals per round and

their routed experts. Figure 8(a) and Figure 8(b) depict that if the MoE model terminates the update

based on I' > ), the small noise r,ﬁ"” cannot alter the router’s decision from the expert with the

maximum gate output for each task cluster (e.g., expert 5 for W5 = {2, 5} in Figure 8(a)) in Eq. (1),
leading to imbalanced expert load. While for I' < X in Figure 8(c) and Figure 8(d), the random
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noise r,gm) in Eq. (1) can mitigate the gaps of gate outputs among experts within the same expert set,

ensuring load balance (e.g., experts 3 and 4 for W, = {2, 5} in Figure 8(c)).
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Figure 8: The records of task arrivals and their selected experts under different termination thresholds
in Line 7 of Algorithm 1: T € {0075, 0¢,042°,0{°}. Here we set M = 5, N = 6 and K = 3.

To further examine how load balance affects learning performance, we increase the task number to
N = 30. We repeat the experiment 100 times and plot the average forgetting and generalization
errors in Figure 9. Figure 9(a) illustrates that the forgetting is robust to a wide range of I', due to the
convergence of expert models after 77 rounds’ exploration. However, Figure 9(b) shows that balanced
loads under I' € {0¢?%, 0{-°} lead to smaller generalization errors compared to imbalanced loads
under I' € {0075, o} }. This is because diverse expert models help mitigate model errors compared
to a single overfitted model.
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Figure 9: We run the experiment for 100 times to take the average learning performance under four
termination thresholds: I' € {00-"®, 00, 042°,04-5}. Here we set M = 5, N = 30 and K = 3.

B SMOOTH ROUTER

We first prove that Eq. (1) ensures a smooth transition between different routing behaviors, which
makes the router more stable. Suppose that there are two different datasets (X,y) and (X, y)
simultaneously acting as input of the MoE. Let h and h denote the corresponding output of the gating
network, respectively. Denote the probability vectors by p and p, which tell the probabilities that each
expert gets routed for the two datasets. For example, p,,, = P(arg max,, c[as){hm/ + rm)} = m)
and p,, = P(arg maxm/G[M]{ﬁm/ + (M)} = m) according to Eq. (1). Then we propose the
following lemma to prove the smooth router.

Lemma 2. The two probability vectors satisfy ||p — Plloc < AM2||h — I .

Proof. Let m; = arg max,, {h,, + "} and my = arg maxm{fzm + (™)}, We first consider the
event that m; # meo. In this case, we have

By A 7™ > By M2 R (M) > (M)
which implies that

Buny — oy > 7M0) —pm2) > p (23)
R T
2

Define C'(my,ms) = "m1 Based on Eq. (23), we obtain
Bny — hany, — hamy + R

) —r72) — Oy, ma)| < 2

™ < |[h - b (24)
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Therefore, we calculate that m; # my below
P(arg max{hy, + ™} # arg max{hn, +r™1)
<P(3my #my € [M],s.t. [r™) — (M2 — C(my,my)| < ||h - hl|s)
< z P(\r(ml) — plm2) _ C(mi,ma)| < H}Al* h”oo)

m1<mso

= > E[P(™) + Clmi,ma) — || — bl < 7™ < 70" 4 Clmy, ma) + [ — bl o) [r"?)]
mi<ma

<AM?||h — hl|s,

where the first inequality is derived by Eq. (24), the second inequality is because of union bound, and

the last inequality is due to the fact that (™) is drawn from Unif [0, \].

Then for any j € [M], we have

Ipi — pi| < ‘]E {]l(arg max{h, +r™ =i}) — 1(arg max{h,, +r™ = Z})} ‘
m m
<E H]l(arg max{h, +r™ =i}) — 1(arg max{h,, +r™ = z})H
<P(arg max{h,, + r™} # argmax{h,, + r™})

<M?|h - h .
This completes the proof of Lemma 2. O

Intuitively, Lemma 2 tells that if the outputs h and h of the gating network are similar for two tasks,

their data sets (X, y) and (X, ¥) will be routed to the same expert with a high probability. It means
that the router transitions are smooth and continuous.

C FULL VERSION AND PROOF OF LEMMA 1

Lemma 1 (Full version). For any two feature matrices X and X with feature signals v, and v),,
if w, = wy, under M > N or w,,w,, € Wy, under M < N, with probability at least 1 — o(1),
their corresponding gate outputs of the same expert m satisfy

| (X, 0™)) = B (X, 0™ = O(0}). (25)

Proof. We first focus on the M > N case to prove Lemma 1. Then we consider the M < N case
to prove Lemma 1. For dataset (X;,y;) generated in Definition 1 per round ¢, we can assume that
the first sample of X, is the signal vector. Therefore, we rewrite X; = [Giv, X2 -+ Xy 4. Let

X, = [Btvn, O --- 0] represents the matrix that only keeps the feature signal.

Based on the definition of the gating network in Section 3, we have hm(Xt76,Em)) =

525, (6"™)TX, ;. Then we calculate

hon (X1, 6") = hin(X1, 0| = | (6)T " X
=2

s d
= 1222265 X

i=2 j=1

s d
(m)
< Htlg‘.x{at,j }‘ : ’ZZXt,(i,j)

i=2 j=1

)

where Gt(?) is the j-th element of vector Ot(m) and X; (; ;) is the (4, j)-th element of matrix X;.
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Then we apply Hoeffding’s inequality to obtain
032d2
('ZZXt () <s-d- ao> >1—2exp(— Xl ).
i=2 j=1 t,1]loc0
As Xy ;.5 ~ N(0,07), we have | X i[|oc = O(0y), indicating exp (—%) = o(1). Therefore,
with probability at least 1 — o(1), we have | Zf 9 Zj L Xt (i.)| = O(00). Consequently, we obtain
| (X, 0™) = B (X, 8™)| = O(03) due to the fact that |§;Z 2 X0 Xeiq)| = Olo)

and Ht(?) = O(c°) proven in Lemma 6 later.

If M < N, we calculate

[ (X1, 0™) = o (X, 60| = | (65 Zx

IN

CAON ZX\ |60™) (v~ var)

(m)
< E E
>~ Htl’E}X{e }’ ’ Xt ,(4,7)

=2 j=1

+ O( 00)

= 0(03.5)’
where the second inequality is based on the union bound, the third inequality is because of 9;7;) =

O(035) and our assumption ||v,, — Vp||ec = O(0}9), and the last inequality is based on our proof
of the M > N case above. This completes the proof of the full version of Lemma 1. O

Based on Lemma 1, we revisit Lemma 2 to obtain the following conclusion for the smooth router.

Corollary 1. If datasets (X,y) and (X, V) are generated by the same ground truth, then the two
probability vectors in Lemma 2 satisfy |p — P|loc = O (AM?c(5).

D ANALYSIS OF LOSS FUNCTION

In this section, we analyze the loss function for both gating network parameters and expert models
before analyzing MoE.

Lemma 3. Under update rule Eq. (5), if the current task n; routed to expert m; have the same

ground truth with the last task n., where T < t, routed to expert my, i.e., Wy, = Wy, then the model

of expert my satisfies 'w( me) ET{) == w&"’”.

It is easy to prove Lemma 3 by the updating rule Eq. (5) such that we skip the proof here.

Next, we examine the training of the gating network parameter.

Lemma 4. For any training round t > 1, we have that Z%zl Vgom Liask = 0.
t

Proof. As the training loss Vg(m) LI = 0, we obtain
Vg(m)[:mSk = Vg(m)ﬁloc + Vg(m)[:?ux. (26)

Next, we will prove Z e(m)ﬁ °¢ =0 and Zm 1 e(m> Ei"c = 0, respectively. Based on the

m=1
two equations, we can prove Lemma 4.

According to the definition of locality loss in Eq. (6), we calculate

oc aﬂ' (XaG) my me
Vgim L} :W\\wg F—w™,. 27)
t
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Ohum (X, 00™)

If m = m;, we obtain
87Tm (Xt7 G‘)t)
—_— = T (Xm (“)t) : ( Tm/ (Xt7®t))
06{™ m,gmt 06.™
= Tm, (X, Op) - ( Z T (X, Op) ) Z Xti- (28)
m/Fmy i€[s¢]
If m # my, we obtain
O, (X, ©
# =~ (Xt,©0) - 7 (X1, ©) - ) X (29)
aet 1€ [s¢]
Based on Eq. (27), Eq. (28) and Eq. (29), we obtain
M
oc mi + aTrm, (Xta @t)
> Voem £ = llw™ —wi™||3 Z e =0
m=1 m=1 t
According to the definition of auxiliary loss in Eq (7), we calculate
m’)
aur __ m ) aP
vef"”‘ct = oM Z ft e(m)
M my) OTm, (X¢, ©
:—at f ). DX, O] (30)
00,
mt) (m”)
where the second equality is due to the fact that 5 =1 6”"‘523&; ©) and %Z‘(m) = 0 for any
m' # my by Eq. (7). Then based on Eq. (28) and Eq (29) we 51mllarly obtain t
m on Xt @t)
Vgom L% = 0y mest Il o,
O

In summary, we finally prove Zm 1 Bim)ﬁgask = 0in Eq. (26).

In the following lemma, we analyze the gradient of loss function with respect to each expert
Lemma 5. For any training round t € {1,--- , T}, the following property holds
Qog), ifted{l,---,Th}
YV im Etask _ : ) ) ) 31
R P AR =i G1)
for any expert m € [M), where Ty = [~ M is the length of the exploration stage.
Proof. We prove Eq. (31) by analyzing V g(m) £°¢ = O(00) and V gm) LIVT = O(‘*TM) in Eq. (20),
respectively.
First, we calculate ||V9<m)£ioc||oo. Based on Eq. (27), we have
oc o, t (Xta ®t) (my my
Vet(mlli = W‘lwt ) ’LUIE 1) 2

aﬂ'mf (Xt, @f)
O(m)

w2

=Hw,, =wy,} -0+ Hw, #w,}- ||'wt(mt

a’ﬂ'mt (Xt, Gt)
< Jlwf™ = w Ty = =
00,
where 7 is the index of the last task that routed to expert m;, the second equality is derived by
Lemma 3. As 8””5(§fif>’@‘) = O(1) and w,, ~ N (0, 03), we finally obtain
IV gm £l = O(00).

(mt)H

Y

Next, we further calculate ||V gom) L§"? ||, Which contains the following two cases.
t
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Ift € {1,---,71}, by Eq. (30), we have
aux aM (my) aﬂ-ﬂh (Xt7 et)
Voo 2l 2 I A7) = 2=
O m, (X, )

oo™
where the second inequality is derived by setting ) = Q(c{:°) to make T} = [o **M].

Ift e {Ty +1,---,T}, we calculate
aux oM (my)
|‘v9£’">£t oo < I T fe :

lloo

> [|ao fi™ - oo = 2(00),

O, (Xt, Oy)

YO lloo
= O(0yp).

Based on the derived ||V9§m)£i"c||OC and Hvef(m)E?“mHm above, we can finally calculate

|\V9§7,L>£§“5k|\oo based on Eq. (26).

Fort € {1,---,T1}, if m # my, we have
vagmﬁﬁmHoo = ||V9§m>5ioc + Voo L7 oo

aM m,y Omm, (X, ©
<1010 + S i) e B2
= Q(o0).
Similarly, for any ¢t € {T; + 1,--- , T}, we can can obtain
vagmﬁﬁmHoo = ||V9§m>5ioc + Vgom L5 ||oo
aM m,y Omm, (X, ©
zmwww+735>~éggﬂu
= O(09).
This completes the proof of Eq. (31). O

Given Oém) = 0 for any expert m € [M], in the next lemma, we obtain the upper bound of 8" at
anyround t € {1,--- ,T}.

Lemma 6. For any training round t € {1,--- , T}, the gating network parameter of any expert m
satisfies ||0t(m)||oO = O(a?).

Proof. Based on Lemma 5, for any ¢ € {1,--- , T3} the accumulated update of Gt(m) throughout the
exploration stage satisfies

16 |loe <1+ Ti - aM = O(a§).

Foranyt € {1y + 1,--- ,T}, the accumulated update of H,Em) throughout the router learning phase
satisfies
m m aM
165" oo < 105 lloe + 1+ (7' = T1) - 2=
= 0(0(") + O(0(® — 00) = O(03”).
In summary, ||9t(m) loo = O(035) for any round t € {1,--- ,T}. O

E FULL VERSION AND PROOF OF PROPOSITION 1
Proposition 1 (Full version). Under Algorithm 1, with probability at least 1 — o(1), for any t > T1,
where Ty = [~ M, each expert m € [M] satisfies the following properties:

1) If M > N, expert m stabilizes within an expert set M, and its expert model remains unchanged

beyond time Ty, satisfying w(TTJ)rl == 'w(Tm).
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2)If M < N, expert m stabilizes within an expert set My, and its expert model satisfies ||w§m) —
Wil = O(04%) for any t € {Ty +2,-+- T},

We first propose the following lemmas before formally proving Proposition 1. Then we prove
Proposition 1 in Appendix E.8.

Lemma 7. At any training round t € {1,--- ,T1}, for any feature signal v,,, the gating network
parameter of expert m € [M] satisfies
m m —0O(0y) ifm=my
g™ _ g(m) L) = ) )
(01 £ Vn) O(M~Yog), ifm # my.

Lemma 7 tells that for any expert m; being selected by the router, its softmax value under the updated
07}, is reduced since the next task ¢. While for any expert m without being selected, its softmax
value is increased. This is to ensure fair exploration of each expert m under the auxiliary loss function

in Eq. (7). In addition, for any expert m without being selected, its gating network parameter B,Sm) is
updated at the same speed with others for any signal vector v,,.

Lemma 8. At the end of the exploration stage, with probability at least 1 — 0, the fraction of tasks
dispatched to any expert m € [M] satisfies

(m)_i _ 0.537—1
1 = 37| = oM. (32)

Lemma 8§ tells that during the exploration stage, all the M experts are expected to be evenly explored

by all tasks. Therefore, the gating network parameter Bt(m) of expert m is updated similarly to all the
others.

Lemma 9. At the end of the exploration stage, i.e., t = 11, the following property holds
|of: - 0] _ = 060,
forany m,m’ € [M] and m # m/'.

Define 6o = Ay (Xs, 0™ — by (X¢, 0™)|. Then we obtain the following lemma.
Lemma 10. At any round t, if de, is close to 0, it satisfies |7 (X, Or) — T (Xy, 1) = O(de).
Otherwise, |mp, (X, ©1) — Ty (X, ©4)| = Q(de).

Lemma 11. If M = Q(NIn(N)), we have |M,| > 1 for all n € [N] with probability at least
1—0(1). If M < N, given M = Q(K In(K)), we have |My| > 1 for all k € K] with probability
at least 1 — o(1).

Lemma 12. At any round t, we have the following properties:

1) for task arrival n; with ground truth w,,, = w, under M > N, if it is routed to a correct expert

my € M, then Vet(m>£ioc = 0 for any expert m € [M].

2) for task arrival ny with ground truth w,,, € Wy, under M < N, if it is routed to a correct expert
my € Mg, then ||V g Li%|| 0o = O(04°°) for any expert m € [M].
t

Let X,, and X, denote two feature matrices containing feature signals v,, and v,,+, respectively.

Lemma 13. Ifn and n' satisfy: 1) n # n' under M > N or 2) w,, € Wy, and w,, € Wy with
k # k' under M < N, then if expert m satisfies 1) m € M, under M > N or 2) m € My, under
M < N, at the beginning of the router learning stage t = 11 + 1, then the following property holds
atany roundt € {Th +2,--- , T}:

T (X, Or) > T (Xir, O4), Vm € [M]. (33)

Based on these lemmas, the proof of Proposition 1 is given in Appendix E.8.
E.1 PROOF OF LEMMA 7

Proof. According to Lemma 5, for any round ¢ € {1,--- ,T}, the auxiliary loss is the primary loss

to update ©; of the gating network. Then based on the update rule of 9,57") in Eq. (9) and the gradient
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of Vewt)/v‘(aw) in Eq. (30), we obtain
16571 = 6 lloe =l - Vg £1 oo

20(0'8'577) : Hﬂ'mt (Xt7®t) : Z 7Tm’(Xt7®t) : Z Xt,i -

m/#Emy 1€ [s¢]

=0(o0y),
based on the fact that 7,,, (X4, G()t)')Zm’;émt Tt (X, Op) = T, (X4, ©)-(1—7, (X4, ©4)) < 1
and || X,]|oo = O(1).
While for any m ;é m;, we calculate
= 0" loo =lln - Vgom £

O(Uo 77 Hﬂ'mt(xu@t)'ﬂ'm(xt’@t)' Z Xy -

1€ [s¢]

2%

:O(Mil()'o),
due to the fact that 7, (X, @) - T (X4, @t) =0(M™1).

Note that by Eq. (30), we have Ve(mt)ﬁ ) > 0and V(’(,,L)E(aw) < 0 for any m # m;. Conse-

quently, for expert m, its correspondmg output h,,, at the gating network will be reduced by O(o¢)
for the same feature signal v,, since task ¢ 4+ 1. While for any expert m # my, its corresponding
output h,, is increased by O(M ~1ay). O

E.2 PROOF OF LEMMA 8

Proof. By the symmetric property, we have that for any m € [M], E[f}, "] = .
By Hoeffding’s inequality, we obtain
P(| £ —| <€) > 1 2exp (—2ET0).
Then we further obtain
P(AY — 21 < e m € [M]) >(1 — 2exp (~2T0)
>1 — 2M exp (—26*Th)).
Let § = 1 — 2M exp (—2€2T})). Then we obtain € = O(n°5M~1). Subsequently, there is a

probability of at least 1 — ¢ that | f; | (m) _ =005 M), O

E.3 PROOF OF LEMMA 9

Proof. Based on Lemma 7 and Lemma 8 and their corresponding proofs above, we can prove
Lemma 9 below.

For experts m and m/’, they are selected by the router for 7 - ( ) and T - fq(fln/) times during the
exploration stage, respectively. Therefore, we obtain

HB(TT)HOO = f%w) Ty - O(op) — (1 - (m)) Ty - O(M™ay),
||0(m)||oo*f(m) 1-O(o0) — (1 — (m)),Tl,O(Mflao).
Then by Eq (9) and Lemma 7. we calculate

|65 = 05, = [ = 15 Ty - Olo0) = (1= £57) = (1= F77) - Ty - O(M )|
= 155" = £ T - O(o0)
_ 0(77 0.50,0)7
where the first equality is derived based on the update steps in Lemma 7, and the last equality is
because of T} - | f7- (m) (’1” )| = O(n~%%) by Eq. (32) in Lemma 8. O
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E.4 PROOF OF LEMMA 10

Proof. At any round ¢, we calculate
T (Xt ©1) = T (X @) = [ (X, ©0) € (o (X, 6™) = o (X, 6")) = o (X, ©4)

= 7t (X4, )] exp (R (Xy, 0™ — B (X, 057)) — 1
where the first equality is by solving Eq. (2). Then if g, is close to 0, by applying Taylor series with
sufficiently small g, we obtain

7 (X1, ©4) = T (X ©0)| & T (X ©0) o (X, ") = B (X, 0|
= 0(de),
where the last equality is because of ﬂ'm(Xt, 0, <1

)

While if g, is not sufficiently small, we obtain
[T (X1, ©4) — Tt (X, ©)| > T (X, ©1) | (X, 05™)) — hr (X, 047
= Q(de)-
This completes the proof. O

E.5 PROOF OF LEMMA 11

Proof. If M > N, by the symmetric property, we have that for all n € [N],m € [M],
1
Therefore, the probability that | M, | at least includes one expert is

1\ M
]P’(\Mn\zl)21—<l—ﬁ) .
By applying union bound, we obtain

P(|M,| > 1,Yn) > (1—(1—%)1\/{)]\’Zl—N(l—%)M21—Nexp(—%) >1-4,

where the second inequality is because (1 — N 1) is small enough, and the last inequality is

because of M = Q(N In (%))

While if M < N, we can use the same method to prove that P(|My| > 1,Vk) > 1 — 4, given
M = Q(KIn (X)) and P(m € M) = # by the symmetric property. 0O

E.6 PROOF OF LEMMA 12

Proof. In the case of M > N, as |[M,| = 1, if task n; with n; = n is routed to the correct
expert m; € M,, we have w;" = w;"4 by Eq. (5). Consequently, the caused locality loss

L°¢(@;,D;) = 0, based on its definition in Eq. (6).

In the case of M < N, as | My| > 1 for each cluster k, if task n; with w,,, € W is routed to the
correct expert m; € My, we have
o™ = wi™ oo = X (X X0) " (e = X[ w1 oo
= X (X X)X (wn, —wi") |

= O(|w; — w"|| )

= 0(06‘5%
where the second equality is because of y; = X, w;, and the third equality is because of || X¢||oo =

O(1). Therefore, we obtain Ve(mﬁi"c = O(0}5) by solving Eq. (27), for any m € [M].

E.7 PROOF OF LEMMA 13

Proof. We first focus on the M > N case to prove Lemma 13. Based on Eq. (35), we obtain
T (X, O1y) — T (X, Oy ) = Q(095) for m € M, given ||0{™ ||oe = O(09%) derived in
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Lemma 6. To prove Eq. (33), we will prove that 7,, (X, ©;) — 7 (X, ©;) = Q(05) holds for
anyt > 17 + 1.

Based on Lemma 5, we have ||V0(m)£§“5k||oo = O(0y), leading to (G,ET{) —Ht(m"), v,) = —0(cd®)
for expert m; and <0t(rl) — 0™ v,) = O(cb") for any other expert m # m;. As Ty =

[0y Py~ M, we calculate
167 oo < O(08°) = IV i L low - 1+ (T2 = T1)

< 0(03°) = O(00) - O ")

= 0(a0?).
Therefore, 0™ ||oc = O(c0) is always true for t € {Ty +1,--- , T3}, and thus 7, (X,,, ©,) —
Tm (X, ©1) = Q(a) holds, meaning 7., (X, ©;) > 7, (Xinr, ©;), Vm € [M].

For the case of M < N, we can use the same method to prove Eq. (33). This completes the proof. [

E.8 FINAL PROOF OF PROPOSITION 1

Proof. In the case of M > N, to prove Proposition 1, we equivalently prove that at the end of
the exploration stage with ¢ = T7, for any two experts m € M,, and m’ € M,,, with n # n/, the
following properties hold:

ﬂ-m(Xny G)t) > 7T-'m’()(n» ®t>7 TTm/! (Xn’ 5 G)t) > T (Xn’a ®t)7 (34)
where X, and X,/ contain feature signals v,, and v,,+, respectively. Based on Eq. (34), we have each
expert m € [M] stabilizes within an expert set M,,.

According to Lemma 1, the gating network only focuses on feature signals. Then for each expert m,
we calculate
o (X, 07) = (Ko, 6;)] = (6, 01— w)|
= 10" llso - o — v lloc
= 0(08'5)7

where the last equality is because of [|6{"™||sc = O(¢0-*) in Lemma 6 and |[v,, — v,/||cc = O(1).

Then based on Lemma 10, we obtain
[T (X, @) — T (Xr, ©4)| = Q(005). (35)

Next, we prove Eq. (34) by contradiction. Assume there exist two experts m € M,, and m’ € M,
such that
Wm(Xn» G)t) > Wm’(Xnv ®t)7 '/Tm(Xn’; ®t) > Ty (Xn’a et)v
which is equivalent to
7T-171()(717 G')t) > 71-m()(n’; ®t) > Ty (Xn’ ) G)t) > 7T-171’(}(11» ®t>7 (36)
because of 7, (X, Of) > 7 (X, ) and (X, ©4) > 1y (X, ©4) based on the definition
of expert set M,, in Eq. (11). Then we prove Eq. (36) does not exist at ¢t = T7.
For task ¢t = T}, we calculate
o (X, 07 = e (X, O)| < 1657 = 05 oo [0
= O(oon"?), (37)
where the first inequality is derived by union bound, and the second equality is because of ||vy, ||cc =
O(1) and ||0¥1n) - 05}? Mloe = O(oon~"5) derived in Lemma 9 at the end of the exploration phase.

Then according to Lemma 10 and Eq. (37), we obtain
[T (X, O1,) = T (Xin, O13)| = O00m ™). (38)

Based on Eq. (36), we further calculate
|7Tm(Xna ®T1) - 7T’m’()(na ®T1)‘ Z |7Tm(Xn7 ®T1) - 7Tm(}(n’a ®T1)|

~ (e4)
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where the first inequality is derived by Eq. (36), and the last equality is derived in Eq. (35). This
contradicts with Eq. (38) as oo~ < ¢35 given n = O(c):?). Therefore, Eq. (36) does not exist
for t = T4, and Eq. (34) is true for ¢t = T7.

Based on Lemma 13, we obtain that each expert set M,, is stable during the router learning stage.

Therefore, at any round ¢ € {17 + 1,--- , T}, task n; with ground truth w,,, will be routed to one of

its best experts in M,,,. Then based on Lemma 12, we have that V o™ Lioc = 0 holds in the router
t

learning stage. Subsequently, 'wt(m) of any expert m remains unchanged, based on Lemma 3.

In the case of M/ < N, we similarly obtain that at the end of the exploration phase with ¢ = 71, for
any two experts m € My and m’ € My, with k # &, the following property holds

Wm(Xk, ®t) > Wml(Xk, ®t)7 Tm/! (Xk/, ®t) > Wm(Xk/, @t),
where X, and X/ contain feature signals v, and vy, respectively.
Then during the router learning stage with ¢ > T3, any task n; with w,, € W}, will be routed to
the correct expert m € M. Let w(™) denote the minimum ¢2-norm offline solution for expert m.

Based on the update rule of wt(m‘) in Eq. (5), we calculate

wf™) — w0 = wl™) 4 X, (X)X (1 — X[ w™)) — w0

— (I — XX X)X )wl™) 4+ X (X X)X ™) — ()

= (=X, (X[] X)X (") — ™),
where the second equality is because of y; = X, w(™). Define P, = X,(X, X,)"*X/ for task
nt, which is the projection operator on the solution space w,,,. Then we obtain

w™ —w™ = (I~ Py)- (I - Pr,)(w§]” —w™)
for each expert m € [M].
Since orthogonal projections P,’s are non-expansive operators, it also follows that
Vi E{Ty+ 1 T ™ — w ™ < ") — ™| <o < gl — ™

As the solution spaces W is fixed for each expert m € My, we further obtain
(m)
t

= w0l = flwf™ = w™ 4+ w™ —wi o

w
< [lwi™ = w™| oo + [wi), — w™ |

< —
= w, 7213}éwk ||wn Wy ||oo

= 0(05.5)?
where the first inequality is derived by the union bound, the second inequality is because of the

orthogonal projections for the update of wt(m) per task, and the last equality is because of ||w,, —

Wy ||oo = O(a§?) for any two ground truths in the same set W,.

F FULL VERSION AND PROOF OF PROPOSITION 2

Proposition 2 (Full version). If the MoE keeps updating ©; by Eq. (9) at any round t € [T, we
obtain: 1) At round t; = [0y *-2° M|, the following property holds
) O(at™), ifm,m" € M,, under M > N
‘hm(th,ng)) - hm/(th,Bgn ))’ = orm,m’ € My, under M < N,
O(a3 ™), otherwise.
2) At round ty = [~ oy O " M), the following property holds
| (X3, 07 = By (X, 07)) | = O(04 ™), Ym, m' € [M].

We first propose the following lemmas as preliminaries to prove Proposition 2. Then we prove
Proposition 2 in Appendix F.3.
For any two experts m, m’, define Ag = |m, (X, Or) — T (X, O]
Lemma 14. Arany roundt € {T1 + 1,--- ,t1}, Ym # my, the following property holds

||V0£m)£§a5k — VGET,L,)£§QSI€|‘OO = O(O’()). 39)

28



Published as a conference paper at ICLR 2025

Let X,, and X,/ denote two feature matrices containing feature signals v,, and v,,/, respectively.

Lemma 15. In the router learning stage witht € {T1 + 1, --- | t1}, for any two experts satisfying
I)m € M, and m' € M, withn # n’ under M > N, or2) m € My, and m’ € M, with
Wy, € Wi, Wy € Wy and k # k' under M < N, the following properties hold:

Wm(Xn, ®t) > T/’ (Xn, ®t)7 Tm/ (Xn/ 5 ®t) > Tm, (Xn/, ®t) (40)

F.1 PROOF OF LEMMA 14

Proof. Based on the proof of Lemma 5, for any m # m;, we calculate

my my M
[ ¥ 217 = Vg £ |, = | Caof™ =+ S5 77}

aM O, 87rmt

aﬂmt aﬂ'mt
aaEm) o aet(mt) ) H

= O oo -|— ] —t

= O(O’()),
where the last equality is because of m,,,(x,.0,) < 1. [|X¢[loo = O(1) and 2 < o for any
te{Th+1,--- ,t1}. O

F.2 PROOF OF LEMMA 15

Proof. We will use the same method as in Appendix E.8 to prove Lemma 15 by contradiction. Here,
we only prove the case of M > N. The proof for the case of M < N is similar.

Recall Proposition 1 that Eq. (40) is true at ¢ = 73 + 1. Based on Lemma 13, we have
[Tm (X, ©4) — T (X, ©4)| = Q(00-). Then in the following, we aim to prove |7, (X,,, O 1, ) —
Tt (X, O, )| = O(aon~°9) in Eq. (38) is always true for any m € M, and m’ € M,,, during
the router learning stage. Then according to the proof of Proposition 1 in Appendix E.8, Eq. (40) is
also true.

Under Eq. (40) at t = T} + 1, the router will route task ¢ to its best expert m; € M,,, leading

to V*,., £1°¢ = 0 by Lemma 12. Therefore, V* (,,L)Ct“k O(0p) makes <0§T1’) 0™ v,) =

(m
—0O(0}®) for expert m; and <9t(T1) Ot(m), n) = O(0}®) any other expert m # m, at task
t="11+1
Subsequently, for any two experts m € M,, and m’ € M,,,, we calculate
1657~ 61" lloe < 105,75 = O3yl + (11 = Ta) - O )

< Olowr™?) + Oy 05°%) - 0(0}?)

= 0(0077_0.5)7
where the first inequality is because of <0§T1) 6™ v,) = O(cl"5), and the second inequality is
because of t1 — T < t5.

As 0™ =6 || = O(oon=05) and |7 (X, ©1) — o (X, ©,)] = Q(093), Eq. (40) is true
forany t € {T1 4+ 2,--- ,t1}, based on our proof of Proposition 1. O

F.3 FINAL PROOF OF PROPOSITION 2

Proof. We first focus on the M > N case to prove |h, (X4, , Ot(zn)) — B (th,Bt(:”I))\ = O(a}™)
for any two different experts m,m’ € M, in the same expert set in Eq. (12). Then we prove
|hm(Xt1,0§:n)) — By (th,Hgn | = ©(09™) for any two experts m € M,, and m € M, in
different expert sets in Eq. (12). After that, we prove Eq. (13) atround t2 = [n~ 1oy 075 \p 1. Finally,
we prove that the above analysis can be generalized to the case of M < N.

In the case of M > N, let M’ and m’ denote the two experts within set M,, with the maximum and
minimum softmax values, respectively. In other words, we have
M' = arg max {m,(X¢,O¢)}, m' = arg min {7, (X, 0,)}, 41)
meM,, meM,,
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where v, € X;. If the two experts satisfies |hps (X4, , 0§f‘“) — b (X, s Bt(:"',))| = O(0}:™), then
this equation holds for any two experts in M.

At the beginning of the router learning stage, we have
a0 (X, ©1,) = T (X, , ©1,)| = O00m %) = O(09 ™),
based on Proposition 1.

According to the routing strategy in Eq. (1), if the new task ¢ has ground truth w,,, it is always routed
to expert M’ until its softmax value is reduced to smaller than others. Therefore, we calculate the
reduced output of gating network for expert M’ in the router learning stage:
M’ M’
(05" — 01" va) < O(00) - (1 = Th)

= 0(a) ™).
While for expert m/, it will not be routed until its softmax value increased to the maximum. Therefore,

we similarly calculate the increased gating output <0t(:n/) - G(TTJ/F)D v,) = O(0§7°) for expert m’.

Based on Lemma 4 and Lemma 14, the gating network parameters of experts m’ and M’ will
converge to the same value, with an error smaller than the update step of ®;. Therefore, we obtain

M/ !
1651 = 05 oo = IV s, -0 L8224 - mllo
t1—1

= ||v9(7r%171)£?1uf1 : 77Hoo
ty—1

- 0(e}™),
based on the fact that V cm,, 1) L") = O(0-25) and n = O(005). Then according to Lemma 10,
t1—1

we obtain |h s (X4, , Bt(fw)) — b (X, 015?1'))\ = O(a:™), which also holds for any two experts
in the same expert set M,,.

Next, we prove |, (X, Bgn)) — hr (X, Bt(In/))\ = 0O(09-") in Eq. (12) for expert m’ in Eq. (41)
and another expert m ¢ M,,.

Let m € M, denote the index of the expert in other expert sets with the maximum softmax value
of dataset X,,, where v,, € X;. In other words, m = arg max,,¢ yq,, {7m (X¢, ©;)}. According to
the proof of Proposition 1, we obtain 7,/ (Xr,, O, ) — 75 (X1, , O1,) = O(c§7). This equation
indicates that during the router learning stage with ¢t € {77 + 1,--- ,¢1}, any task arrival n; with
ground truth w,,, = w,, will not be routed to expert 7. Therefore, 77 (X, ©;) keeps increasing
with ¢. Then we calculate the difference between the parameter gradient of expert m and expert m’
per round ¢:

vgyﬂ)ﬁ%ask - vogm/>£1tfask = QTM tm't’ﬂ'mt (Xt, @t)(’ﬂ'm/ (Xt7 ®t) - Wﬁl(Xt, @t)) . Z

>0,
based on the fact that m,,,/ (X¢, ©1) — 77 (X¢, ©¢) > 0 under Lemma 13. As Vom)ﬁias’“ < 0and

V pmn) Liask < (), we obtain that h,, (X, Bt(m/)) — hap (X, Bt(m)) increases with ¢ during the router

Xt

i€ [s¢]

learning stage. According to our former analysis of h,,/ (X4, Ht(m/)), we obtain

o (X1, 07 = (X, 017"
=l (X, 07 = (X, OF) | + [V g £19F = Vg L1l -1 - (01 = T1)
—0(0}™) +O(o ™) = O(s§ ™),
where the first equality is because of ||V ,cm) £{5F — V
proof of Eq. (12).

aim/)ﬁimkﬂm = O(0yp). This completes the

Subsequently, we prove |hm(Xt2,9,§;n)) — hm/(th,GE;n/)ﬂ = O(a§™),Ym,m’ € [M]inEq. (13)

by proving |k (Xs,, 0§Ml)) - hm(thﬁt(;“))l = O(0}™) between expert M’ € M,, in Eq. (41)
and any other expert m é M,,.
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Based on Lemma 7, we obtain
(O — o™y >:{ Olog™), — itm=m,,
t+ Un O(M~tal2%), ifm # my.
According to our analysis above, expert M’ € M., is periodically selected by the router for training
task arrivals n; = n during t € {t1,--- ,t2}. After each training of task n at expert M’, its gate

output h (Xt, 0( ') ) is reduced by O(o}-25). While at other rounds without being selected, its
gate output is increased by O(M~1o}-25). Under such training behavior, we obtain

|hM' th’aM)) hM/(thﬂeM)M *0(03'75)7
by assuming v,, € X;, and v,, € Xy,.
While for expert m ¢ M., its gate output A, (Xt, O(m)) keeps increasing for any data X; of task n.
Forany t € {t1,--- ,ta2}, we have |V jom LE*|| oo = O(0*) for expert m. Assuming that expert
m is never selected by the router for training task n; = n in the period, we obtain
[ (Xez, 05") = o (Xey, 057))| = |V g L5 lox - (12 = 11) -

> [har (X, 01) = hn (X, 0177
where the inequality is because of ||V o) L8| - (ta — 1) -1 = O(00®) and [har (X, , O(M ))
hon (X, , 6 (m))| = O(03™). This inequality indicates that there exists a training round ¢ €

{t1,--- ,tg} such that h,, (X, 0 ) > hap (Xt/ 9 )) for task arrival ny = n. Consequently,
expert m/' is selected to train task n again, meaning that m’ € M, at round t’. Then the gating
network parameters of experts m and M’ will converge to the same value, with an error of O(a-7%),
based on Lemma 4 and Lemma 14. This completes the proof of Eq. (13) in the case of M > N

In the case of M < N, let M’ and m’ denote the experts of set M, with the maximum and minimum
softmax values, respectively. In other words, we have
M' = arg max {m,(X;,® m' = arg min {m,(X;, ®
gme./\/lk{ m( ts t)}a ngMk{ m( ts t)}v

where the ground truth of task ¢ satisfies w,, € W.

According to the proof of Proposition 2 in Appendix F.3, the gating network parameters of experts m/’
and M’ will converge to the same value at the end of the router learning stage, with an error smaller
than the update step of ®@;. Therefore, we obtain

M/ 7
16 — 6" | = |V <m61,1>£z?i’a lloo

H(v (’”t1 1>£’1 1+V ('"11 1>£t1 1) 7]||oo

t1 t1

( 1. 75)
b
based on the fact that V9<mt1 1)£t1 L= (’)(cr 25) and Vom0 loc | = O(0}®) derived in

t1— t;—1
Lemma 12. Then we obtain |hM/(th7 ) Py (th,Bt(:n ))\ = O(o:™), which also holds
for any two experts in the same expert set Mk

Similarly, for any two experts in different expert sets, we can derive |hj, (th,O(m)) —

Ty (th,OiTi))’ = O(0)™). For training round t,, the proof for the case of M < N is the
same as the case of M > N above, and thus we skip it here. O

G FULL VERSION AND PROOF OF PROPOSITION 3

Proposition 3 (Full version). Under Algorithm 1, the MoE terminates updating @y since round
Ty = O(n~toy 0-25 r ). Then for any task arrival n at t > Tb, the following property holds:

1) If M > N, the router selects any expert m € M.,,, with an identical probability of ﬁ where
ng
| Mo, | is the number of experts in set M.,.
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2)If M < N and w,,, € Wk, the router selects any expert m € My, with an identical probability of
IMilkl’ where | M| is the number of experts in set M.

Proof. In the case of M > N, according to Algorithm 1 and Proposition 2, after the termination
of gating network update, the following properties hold: 1) |h,, (X¢, Ht(m)) — hp (X, Ht(m ))| =
O(c§™) forany m € M, and m’ € M, and 2) B (X, 0™ = B (X4, 00™)| = O(T) for
any m,m’ € M,,, where I' = O(0}:2%).

If the ground truth of task arrival n; satisfies w,,, = w,,, for any experts m € M,, and m’ ¢ M,,,
we have

B (X, 0™) + 18™ = (B (X, 0)) 4 2 )Y > By (X, ™) = B (X, 0 4 (™)
@( 0. 75)
given réml) = O(0}-?°) and h,, (X, Ht(m)) — ho (X, aﬁm ) = O(09:7). Therefore, any expert
m’ ¢ M,, will not be selected to learn task ¢, and only experts in set M,, will be selected.

For any experts m € M,,, we calculate

]P’(mt =m|m € /\/ln) = ( = arg max {hm/(Xt,Gt(m/)) + rt(m/)})
m’'eM,

= P (X1 0) (™ = (o (X1, 00™7) + 7{™) > 0,9m" € My, )
L

AT |
where the third equality is because of 7™ = ©(0{:25) and |, (X¢, 0™) — By (X, 0™ )| =

O(0§?%) derived under Algorithm 1, and the last equality is due to the fact that r§ ™) satisfies a
unlform distribution Unif[0, A].

:]P’<rt( )>Ttm)Vm eM ):

In the case of M < N, we similarly derive the following properties: 1) |hm(Xt,9§m)) —
Bt (X0, 0™ )| = ©(097%) for any m € My and m' € My and 2) |hy, (X, 0™) —
B (X0, 0™ )| = O(T') for any m, m’ € M. Based on the two properties, Ay, (X, 0™ +

™ (e (X, 08™) + ™)) = ©(6975) is always true for any two experts m and m’ not in
the same expert set M. Furthermore, we can similarly calculate
1

P(mt =m|m € Mk) :P( (m) Ttm) vm' € Mk) \Mk|

This completes the proof of Proposition 3. O

H PROOF OF PROPOSITION 4

Proof. In the single-expert system, based on the definition of forgetting in Eq. (15) and Eq. (42) in

Lemma 16, for any training rounds ¢ € [T] and i € {1,--- ,t}, we calculate:
t—1
1 m; m;
B[R] = ;— ;E[nwi [P~ ) w1
= t
“T {0 = Elwn, 2]+ D

= > (1= ) Bl wn, — wa, ]}
j=1
t—1

1 rT—riN 9 T
- AT e+
=1 n=1
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where we let w,,, denote the ground truth of the task arrival at round 7. Here the last equality is

)= £ | lw,ll? and
N
El|wn, — wn,[?) = B[ X0 [wn, —wa|?] = 32 X0 wnr — w,?

when there is only a single expert.

derived by E[||w,,

Similarly, we can calculate the generalization error
E[Gr] = 7 Zimy Ellwy™ — wy, |

=+ 5 (P Ellwa, 2]+ S, (0 = )T E s, — wn,

2]>
rT N —rT
=% Pon=t lwnll® + 55 X lwn — w12,
where the second equality is because of Eq. (42) in Lemma 16. This completes the proof of
Proposition 4. O

I PROOF OF THEOREM 1
Before proving Theorem 1, we first propose the following lemma. Then we formally prove Theorem 1
in Appendix 1.2.

For expert m, let 70™) (1) € {1,--- , T} represent the training round of the [-th time that the router
selects expert m during the exploration stage. For instance, 7(1) (2) = 5 indicates that round ¢ = 5 is
the second time the router selects expert 1.

Lemma 16. Az any roundt € {Thy +1,--- , T}, fori € {T1 + 1,--- ,t}, we have

HMW’wMWWwWme?
While at any round t € {1,--- ,T1}, foranyi € {1,--- ,t}, we have
Lg'mi)
m; (my) \ (mg) _
Elllw;™ = wn, 7] = " Ellwn, ]+ > (@ = )rt T Elwono gy~ wa |, @2)
=1
where L,E”“) =t- ft(mi) andr =1— 3.
I.1 PROOF OF LEMMA 16
Proof. Atanyround t € {Ty +1,--- 7T} we have wgm) = wT ™) , based on Proposition 1 and
Proposition 2. Therefore, [|w\™) — w,, ||> = = |lwy, (m) _ ap,, |2 is true for any round ¢t € {T} +
1,---,T}tandi e {Ty +1,...,t}.

Next, we prove Eq. (42) forround t € {1,--- ,T1}. Define P, = X, (X X;) !X/ for task ¢. At

)

current task ¢, there are totally L{™ = ¢ - £{™ tasks routed to expert m, where f"™ is in Eq. (7).

Based on the update rule of 'wt(m) in Eq. (5), we calculate

(mb) 2 (mz
™) = w2 = 7)) =]
— _ (mi) _ 2
=||(I Pt)wﬂ'"w)(Li’"”fl) + thrmi(Limi)) wy, ||
_ _ (my) _ _ 2
= [|( Pt)(wr<"w>(L§"Li)_1) W)+ Po(w ., ooy = wa)l
where the first equality is because there is no update of wt(mi) for t € {r(m) (L,E"“))7 -+« ,t}, and

the second equality is by Eq. (5).

As P, is the orthogonal projection matrix for the row space of X, based on the rotational symmetry
of the standard normal distribution, it follows that E[|P(w _,,, (L) T wy, )| = 5w
) t

Mg (LE"”i)) -
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wy,, ||%. Then we further calculate

my S my S
Elllw;™ — wa,[*] = (1 = 2)E[lw'?) —wy |’ + E[w

2
o am ) —wa, |}

7(my) (LEM7) )

o S

’]

S (mi) ;8
+ > (1_E)Lt lEIE[HwT(mi)(Limi)) — wh,

Limi)

(m;) (m;) _
=P Elwn 7T+ Y0 (1 =)t T Ew oo ) — wal|],
=1
where the second equality is derived by iterative calculation, and the last equality is because of

'w(()m) = 0 for any expert m. Here we denote by 7 = 1 — % to simplify notations. O

1.2 FINAL PROOF OF THEOREM 1

Proof. Based on Eq. (42) in Lemma 16, we obtain
LQ”’i)
mi (my) - (mi) _
Elw™ —wy, |2 =% Ellwn, 12+ Y (1= )BT B w o o) — wn,

=1

],

where 7(m) (L)) = .

Then at any round ¢t € {2,--- ,T;}, we calculate the expected forgetting as:

t—1

B[R] = = S E[lwf™ ~w,, d
=1
t—1 Lo

(my) (m3) (mg)
= S e B w7+ Y (@ ) E ) w1
=1 =1

(ms)

%

P |w

— Wy,

L/(7n7<’)

: (my) -

Z (1 _ T)quz ']E[”w,r(m,i)(j) — Wy, ”2}}
=1

=
(my) _ g (my) (mq)_ o (ma)
where ¢; j = (1 —r)(rke "L pple " =0 —pi=Li,
As task ¢’s ground truth w,,, is randomly drawn from ground truth pool WV with identical probability

A we have

1 N
Effwn %) = 5 2 lwn*
n=1

According to Lemma 8 and Proposition 1, each expert m will converge to an expert set M, before
t = T7. Therefore, we obtain

N
1

E[Hwﬂnm(z) — Wy, 2] = ]E[N Z ||w7-(mi>(l) - wnHQ]
n=1

n=1 n’=1
1 N
=5 O llwnr —wal?, (43)
n#n’

where the inequality is because the expected error E[[|w, on,) ) — w,||?] per round for ¢ < Ty is
smaller than the uniformly random routing strategy with expected error E[[|w,.cn;) ;) — wn %] =

LS llwnr — w,||?, and the last equality is because of [|w,, — w,,||> = 0 for n’ = n.
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Therefore, we finally obtain

(m )_rLgm'i) N 9 1—p LgmL) L("”i)_l N 2
E[F) < 5 3002 {# Dopm llwnll® + FF 22y 7T s [[0n = wn

Y S A S R v
- % j;1 rbi J Zn;én' Hwn/ - wnHQ}
T g 3 Ly T
= =7 21 {* Yot lwnll® + =z
M AN
— e S o — wnHQ}
| il L o S
o1& { Z o * +
1_

Foranyt e {T1+1,---
m € [M]. Therefore, we calculate the caused forgetting

1 t—1
B = 7= SB[l —
:7ZE|: mJ—w,” 2
Ty —1
= T ElF).

, T}, based on Proposition 2, the expert model w; ~ =

- sz — W,

- sz — Wnp,

N
S I = w2 |

LS

AL T ).

n#n’

(m) — wg”) for any expert

(m3)

"
]

(m3)

Based on Eq. (42), we can also calculate the close form of the generalization error:

E[Gr] = TZE [y = wn, |

1 T
= 5 S Bl — wn, |
i=1

T Ly
Z (5 Ellfaon, 171 +

=1

T L(nl)
rh
< Zv 1 Z HwnH2

=1 [=1

Z (1—mr)r L - 'E

r LD
N2T Z Z "

L(m )

Elllw, o0y — wn %)

N
(m;)
LT1 -1 Z ||wn’ _ wnH2

n#n'

where the inequality is because of Eq. (43).

J PROOF OF THEOREM 2

Proof. Foranyroundt € {1,---

Z [wnr —w, %,

n#n’

, T }, the forgetting is the same as the case of M > N in Theorem 1,

as tasks randomly arrive and are routed to different experts. Therefore, we skip the proof for ¢ < 7.

Forte {Tn +1,---

35

, T}, the router will route tasks in the same cluster to each expert per round.
Therefore, we divide the ¢ rounds into two subintervals: ¢ € {1, - -

,Thandie {Th +1,--- ,t} to
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calculate the forgetting as
E[F] = 21 Tis B[ lw{™ - w,

— Jlw{™ — wy,

’]
1 T L(mi) L(_mi) 2 LE""“ L(mi>_l 2
= 1 in {(7“ o =t DE[lwe P14+ 202 (T —r)rt Efllw oo @) — wn, [I°]

L(m ) (my)
- (=t I}

(mg)
2+ Z (1 —r)rke l]E[||wT<mq,>(l) — Wy,
=137 41

i

7jE[||wr<m1'>(j) — Wy,

T (m;) (jnﬁ
P S {5 =B o,

term a

(m;)
L;

(mg) _
- Z (1 —r)rks TE[[|w,omi () — Wa,

J=LE 41

)

term b
where the first term in the second equality is similarly derived as forgetting in Eq. (19). For the
term a — term b in the second equality, we calculate
term a — term b

Lm0 L Lm0 41

(my)
- Z (1 =)™ TR Jw omo) gy — wn, ||°]
=L 41
(my) _ g (my) (m;) (mj;)
=P I (1 = BT LR [, ) — W, |I?)
TLEmj)_L(IZl”)_l(l770L’Emi)7l‘§tm”) N ,
= N ZE[IIwT<mi><l> — wh[|7]

r,nLim”_Lg"Ti)_l(l _ TL(mI) L(m’) |wn/ B wn”2
B N Z Z |)/\;]c ’
n=1n,n"eEWy
where the third equality is derived by E[||w, o, ) — Wy, =% Zn:l Elflw ooy — wy||?],
and the last equality is because the router always routes task w_(n,) ) = wy/ within the same cluster
Wi to expert m;. Taking the result of term a — term b into E[F}], we obtain

1 t—1 TLgmq) rL(m i) N 1 T TL(ml) rL(rlnl) N
_ L ) i _ )
E[F] < t—1 Z N Z l[wn|” + t—1 Z N2 E : W — w,||
i=1 n=1 i=1 n#n’

t T.Limi)—L(Tmi)—l( L(ml) L('m.l)

1 1 1—r ||wn’ _wnH
A Z N Z Z oWk

1=T1+1 n=1n,n' €W
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Similarly, we can calculate the overall generalization error as

BGr) = £ 3 el - wn )
=1
a (m iy (m;)
Z( L B, 7]+ Y (= 0 E w0y — wa, )
i=1 =1
(m;)
T T LT1
1 (my) 1 (my)_
=7 > ot R w, %) + T > { o (=)t T E fw oo gy — wn,ll]
=1 1=1 =1
term 1
L (m;)
+ Y A= T E fw o gy —wa | }
l:L(TTi)Jrl term 2
v Lyt

1 (m;)
7 2 {2 A= T E w ) — wn )

i=T1+1 =1
2
1}
term 3

where the second equality is derived by Eq. (42), and the third equality is derived by dividing T’
rounds into two subintervals {1,--- 71} and {T7 +1,--- ,T}.

term 2

(m;)
+ > A=t T E w,n ) - wa,
=LY 41

In the above equation, term 1 means both wy,, and w_.(m,) ;) are randomly drawn from the NV ground
truths, due to the fact that 7 < 77 and T(mi)(l) < Tj. Term 2 means one of w,,, and W (m) (1) is
randomly drawn from the NV ground truths before the 7} -th round, while the other one has fixed to
a cluster M, after the T%-th round (i.e., ¢ < 77 and T(m")(l) > Ty ori > T; and T(m’i)(l) <Ty).
Term 3 means w,, and W, m,) ;) are in the same cluster My, asi > T; and 707 (1) > Ty.

Fori € {1,--- ,T1}, based on the proof of Theorem 1 in Appendix I, we obtain term 1:

1
E[er(mi)(l) - wm||2] < N2 |wn, — w, H2
n#n’

While for i € {Ty + 1,--- ,t}, we calculate term 3 as:

N
1
Elllwrno @y = wn ] = 5 D Elllwrcno g = wall’]

n=1

gy 3l
N n=1n,n"eEWy |Wk|
Finally, we calculate term 2:

=2 =
M=

Elw, oy — wn,]*] = El|w, gy — wall’]

n=1

1

M=

1
& L] o o =l
k

=1 n’ €Wy

n=1
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Based on the expressions of the three terms above, we obtain

T (my) N T () _ g (mi) 1.lma) N
1 rlr s 1l =rT (1=t ) 9
E[Gr] < 7 Z ~ Z lwnl|* + 7 Z i Z lwn — wy|
i=1 n=1 i=1 n#n’
Ty Lmo_pmia_4 N K
11— pbr b 1 1 )
A S LS S

+

\
M- !

-
2 —

|

-

el
] =
==
W

Z |wn — wn”2

n=1 k:ll kln’GWk
;I Ly 1 N

1 oo — 0,2
D Tlezu

which completes the proof.
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