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Abstract

Rehearsal-based methods have shown superior
performance in addressing catastrophic forgetting
in continual learning (CL) by storing and training
on a subset of past data alongside new data in
current task. While such a concurrent rehearsal
strategy is widely used, it remains unclear if this
approach is always optimal. Inspired by human
learning, where sequentially revisiting tasks helps
mitigate forgetting, we explore whether sequential
rehearsal can offer greater benefits for CL com-
pared to standard concurrent rehearsal. To address
this question, we conduct a theoretical analysis of
rehearsal-based CL in overparameterized linear
models, comparing two strategies: 1) Concurrent
Rehearsal, where past and new data are trained
together, and 2) Sequential Rehearsal, where new
data is trained first, followed by revisiting past
data sequentially. By explicitly characterizing
forgetting and generalization error, we show that
sequential rehearsal performs better when tasks
are less similar. These insights further motivate
a novel Hybrid Rehearsal method, which trains
similar tasks concurrently and revisits dissimilar
tasks sequentially. We characterize its forgetting
and generalization performance, and our experi-
ments with deep neural networks further confirm
that the hybrid approach outperforms standard
concurrent rehearsal. This work provides the first
comprehensive theoretical analysis of rehearsal-
based CL.
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1. Introduction

Continual learning (CL) (Parisi et al., 2019) seeks to build an
agent that can learn a sequence of tasks continuously without
access to old task data, resembling human’s capability of
lifelong learning. One of the major challenges therein is the
so-called catastrophic forgetting (Kirkpatrick et al., 2017),
i.e., the agent can easily forget the knowledge of old tasks
when learning new tasks. A large amount of studies have
been proposed to address this issue, among which rehearsal-
based approaches (Rolnick et al., 2019) have demonstrated
the state-of-the-art performance. The main idea behind is
to store a subset of old task data in the memory and revisit
them for new task learning, where a widely adopted strategy
for training is concurrent rehearsal (Goldfarb et al., 2024),
i.e., train the model concurrently on new data and past data.

While the concurrent rehearsal strategy seems very natural
and has shown successful performance to address catas-
trophic forgetting, it is indeed questionable whether this
strategy is always the right way for rehearsal in CL as we
consider the following aspects. 1) From the perspective of
human learning. In daily life, a common strategy to prevent
forgetting is to review old knowledge. For example, suppose
a student needs to learn a series of topics over a semester be-
fore taking an exam, and each topic corresponds to one task
in CL. Intuitively, if these topics are highly related to each
other, incorporating the knowledge of old topics into learn-
ing a new topic can be an effective strategy to strengthen the
new learning and simultaneously reduce the forgetting of
old knowledge, which is analogous to concurrent rehearsal.
However, if the topics are very different from each other, a
common practice is to learn new topics first and then go over
old topics to mitigate forgetting. Here, such a sequential
rehearsal may lead to better outcome in the exam. 2) From
the perspective of multi-task learning. Learning multiple
tasks all at once may lead to poor learning performance due
to the potential interference among gradients of different
tasks (Yu et al., 2020), whereas standard CL without regu-
larization and rehearsal may even achieve less forgetting for
more dissimilar tasks (Lin et al., 2023). Thus motivated, an
interesting and open question to ask is:

Question: Whether sequential rehearsal will serve as an
appealing rehearsal strategy to complement the standard
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concurrent rehearsal, and when will it be advantageous
over concurrent rehearsal for CL?

To answer this question from a theoretical perspective, we
study rehearsal-based CL through the lens of overparame-
terized linear models to gain useful insights, by following a
recent series of theoretical studies in CL (Lin et al., 2023;
Evron et al., 2022; Ding et al., 2024; Li et al., 2024). How-
ever, none of those previous studies analyzed the rehearsal-
based methods. The only theoretical work that studied the
rehearsal-based methods is the recent concurrent work (Ba-
nayeeanzade et al., 2024). But this work considered only
the standard concurrent rehearsal method, not from the new
perspective of sequential rehearsal.

To capture the idea of sequential rehearsal, we propose a
novel rehearsal strategy, in which the agent sequentially
revisits each old task and trains the model with the corre-
sponding past data after the current task is well learned.

‘We summarize our main contributions as follows.

(1) First of all, we provide the first explicit closed-form
expressions for the expected value of forgetting and gen-
eralization error for both concurrent rehearsal strategy and
sequential rehearsal strategy under an overparameterized
linear regression setting. Note that the blending of samples
from old tasks in concurrent rehearsal introduces significant
intricacies related to task correlation in theoretical analysis.
To address this challenge, we partition training data into
blocks based on different tasks, which enables us to further
calculate the task interference using the properties of block
matrix. In particular, our theoretical results demonstrate
how the performance of rehearsal-based CL is affected by
various factors, including task similarity and memory size.

(2) Secondly, we propose a novel rehearsal strategy, i.e., se-
quential rehearsal, to sequentially revisit old tasks after the
current task is fully learned. By characterizing the explicit
closed-form expressions for the expected forgetting and gen-
eralization error for sequential rehearsal and comparing with
the concurrent rehearsal, we give an affirmative answer to
the open question above. More importantly, we rigorously
characterize the conditions when sequential rehearsal can
benefit CL more than concurrent rehearsal, in terms of both
forgetting and generalization error, which is also consistent
with our motivations above: Sequential rehearsal outper-
forms concurrent rehearsal if tasks in CL are dissimilar, and
the performance improvement is larger when the tasks are
more dissimilar. Numerical simulations on linear models
further corroborate our theoretical results.

(3) Last but not least, our theoretical insights can indeed go
beyond the linear models and guide the practical algorithm
design for rehearsal-based CL with deep neural networks
(DNNSs). More specifically, we merge the idea of sequential
rehearsal into standard rehearsal-based CL with concurrent

rehearsal, leading to a novel hybrid rehearsal approach
where 1) old tasks dissimilar to the current task will be revis-
ited by using sequential rehearsal (guided by our theory that
suggests more benefit if dissimilar tasks are revisited sequen-
tially) and 2) the past data for the remaining old tasks (that
are sufficiently similar to the current task) will still be used
concurrently with current task data. Our experiments on
real datasets with DNNs verify that our hybrid approach can
perform better than concurrent rehearsal and the advantage
is more apparent when tasks are more dissimilar.

2. Related Work

Empirical studies in CL. CL has drawn significant atten-
tion in recent years, with numerous empirical approaches
developed to mitigate the issue of catastrophic forgetting.
Architecture-based approaches combat catastrophic forget-
ting by dynamically adjusting network parameters (Rusu
et al., 2016) or introducing architectural adaptations such as
an ensemble of experts (Rypes¢ et al., 2024). Regularization-
based methods constrain model parameter updates to pre-
serve the knowledge of previous tasks (Kirkpatrick et al.,
2017; Magistri et al., 2024). Memory-based methods ad-
dress forgetting by storing information of old tasks in the
memory and leveraging the information during current task
learning, which can be further divided into orthogonal pro-
jection based methods and rehearsal-based methods. The
former stores gradient information of old tasks to modify the
optimization space for the current task (Saha et al., 2021; Lin
et al., 2022b), while the latter stores and reuses a tiny sub-
set of representative data, known as exemplars. Exemplar
sampling methods involve reservoir sampling (Chrysakis
& Moens, 2020) and an information-theoretic evaluation of
exemplar candidates (Sun et al., 2022). Other work such
as Shin et al. (2017) retains past knowledge by replaying
’pseudo-rehearsal” constructed from input data instead of
storing raw input. Rehearsal methods mostly use a concur-
rent scheme that trains the model using a mix of input data
and sampled exemplars (Chaudhry et al., 2018; Dokania
et al., 2019; Rebuffi et al., 2017; Garg et al., 2024). Other
exemplar utilization methods include Lopez-Paz & Ranzato
(2017) and Chaudhry et al. (2018), which use exemplar to
impose constraints in the gradient space.

Theoretical studies in CL. Compared to the vast amount
of empirical studies in CL, the theoretical understanding of
CL is very limited but has started to attract much attention
very recently. Bennani & Sugiyama (2020); Doan et al.
(2021) investigated CL performance for the orthogonal gra-
dient descent approach in NTK models theoretically. Yin
et al. (2020) focused on regularization-based methods and
proposed a framework, which requires second-order infor-
mation to approximate loss function. Cao et al. (2022); Li
et al. (2022) characterized the benefits of continual represen-
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tation learning from a theoretical perspective. Evron et al.
(2023) connected regularization-based methods with Pro-
jection Onto Convex Sets. Recently, a series of theoretical
studies proposed to leverage the tools of overparameter-
ized linear models to facilitate better understanding of CL.
Evron et al. (2022) studied the performance of forgetting
under such a setup. After that, Lin et al. (2023) character-
ized the performance of CL, where they discuss the impact
of task similarities and the task order. Ding et al. (2024)
further characterized the impact of finite gradient descent
steps on forgetting of CL. Goldfarb & Hand (2023) illus-
trated the joint effect of task similarity and overparameter-
ization. Zhao et al. (2024) provided a statistical analysis
of regularization-based methods. More recently, Li et al.
(2024) theoretically investigated the impact of mixture-of-
experts on the performance of CL in linear models.

Different from all these studies, we seek to fill up the theo-
retical understanding for rehearsal-based CL. Note that one
concurrent study (Banayeeanzade et al., 2024) also investi-
gates rehearsal-based CL in linear models with concurrent
rehearsal. However, one key difference here is that we pro-
pose a novel rehearsal strategy, i.e., the sequential rehearsal,
and theoretically show its benefit over concurrent rehearsal
for dissimilar tasks. Our theoretical results further motivate
a new algorithm design for CL in practice, which demon-
strates promising performance on DNNs.

3. Problem setting

We consider a common CL setup consisting of 7' tasks
where each task arrives sequentially in time ¢ € [T']. Here
[T] = {1,2,...,T} for any positive integer T'. Let I, de-
note the p X p identity matrix and let ||-|| denote the £3-norm.

Data Model. We adopt the setting of linear ground truth
which is commonly used in recent theoretical analysis of
CL, e.g., (Lin et al., 2023; Li et al., 2024; Banayeeanzade
et al., 2024). Specifically, for each task ¢ € [T], a sample
(z+,y:) is generated by a linear ground truth model:

Y = T, Wi + 2, (1)

where ; € RP denotes features, y; € R denotes the output,
wy € RP denotes the ground truth parameters, and z; € R
denotes the noise.

Dataset. For each task ¢ € [T, there are n; training sam-
ples (¢4, Yt i)icin,]- We stack those samples into ma-
trices/vectors to obtain the dataset D; = {(X;,Y;) €
RP*™t x R™}. By Equation (1), we have

Y, = X, w + z, )

where X, =[x
[ea Yoo - Yen,) s and zp = 201 212 -+

Ty o wt,nt], Y: =
Zt’nt]—r. ‘Wi

consider i.i.d. Gaussian features and noise, i.e., each ele-
ment of X follows i.i.d. standard Gaussian distribution, and
z¢ ~ N(0,071,,) where o; > 0 denotes the noise level.
To make our result easier to interpret, we let oy = ¢ and
ny =nforall ¢t € [T].

Memory. For any task ¢t > 2, besides Dy, the agent has an
overall memory dataset M, that contains separate memory
datasets M, ;, for each of the previous tasks h € [t — 1],
ie., M; = UZ_:11 M@h where Mt,h = (Xt,h, Y;g}h) S
RP*Men 5 RMen denotes the samples from previous task
h and we define M, ;, as the number of samples in M, .
In most CL applications, the memory space is fully utilized
and the memory size does not change over time. We denote
this memory size by M that does not change with ¢. In
this case, we have 22;11 My = M forany t > 2. To
simplify our theoretical analysis, we focus on the situation
in which the memory data are all fresh and have not been
used in previous training. We equally allocate the memory

to all previous tasks at each time ¢, i.e., M; ), = % for
h € [t — 1]. For simplicity, we assume L is an integer!

foranyt € {2,3,---,T}.

Performance metrics. We first introduce the model error
of parameter w over task ¢’s ground truth.

Li(w) = ||Jw — w|?. 3)

We note that this formulation is widely adopted in recent
theoretical studies(Evron et al., 2022; Lin et al., 2023). The
performance of CL is measured by two key metrics, which
are forgetting and generalization error. Let w; be the param-
eters of the training result at task ¢.

1. Forgetting: It measures the average forgetting of old tasks
after learning the new task. In our setup, forgetting at task
T w.r.t. previous tasks [T" — 1] is defined as follows.

2. Generalization error: It measures the overall model
generalization after the final task is learned. In our setup,
generalization error is defined as follows.

Gr = %ZE[ﬁi(wT)]. )

The definitions are consistent with the standard CL perfor-
mance measures in experimental studies (Saha et al., 2021).

"We note that without the assumption of % € 7, memory can
still be allocated as equally as possible, resulting in only a minor
error. Our theoretical results remain of referential significance.
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4. A Novel Sequential Rehearsal vs. Popular
Concurrent Rehearsal

In this section, we first introduce the popular concurrent
rehearsal strategy that is widely used in current CL appli-
cations to mitigate catastrophic forgetting. We will then
propose a novel sequential rehearsal strategy, which has
appealing advantage compared to concurrent rehearsal.

To describe these rehearsal strategies, note that the training
result w; at task ¢ will be used as the initial point for the
next task ¢ + 1. The initial model parameter of task 1 is
set to be 0, i.e., wg = 0. The training loss for task ¢ is
defined by mean-squared-error (MSE). We focus on the
over-parameterized case, i.e., p > n + M. As shown in
(Zhang et al., 2022; Gunasekar et al., 2018), the convergence
point of stochastic gradient descent (SGD) for MSE is the
feasible point closest to the initial point with respect to the
{5-norm, i.e., the minimum-norm solution.

Concurrent rehearsal. We first introduce the popular con-
current rehearsal strategy as follows. At each task ¢t > 2, we
apply SGD on the current dataset and the memory dataset
jointly to update the model parameter. Specifically, as il-
lustrated in Figure 1, at time ¢, we minimize the MSE loss
via SGD on the combined dataset D, | M, with the initial
point w,_; and obtain the convergent point w; as

w; = argmin ||w — w, 4>
w

st. X w=Y,, X w=Y,, Vhelt—1]

Novel sequential rehearsal. In scenarios where previous
tasks are very different from the current task, concurrent
rehearsal may result in contradicting gradient update di-
rections, and can hurt the knowledge transfer among tasks.
Consequently, concurrent rehearsal may not always perform
well. This motivates a novel rehearsal strategy that sequen-
tially revisits history tasks one by one after training the
current task, analogously to the way how a student reviews
previously learned topics to avoid forgetting before exams.

To formally describe the training (see Figure 1 for an illus-
tration), at each task ¢ > 2, we first train on the current
dataset D; to learn the new task until the convergence to the
initial stopping point wt(o). Then, forh =1,2,...,t
start from the previous stopping point w,ﬁhil) and train on
the memory dataset M, j, to converge to the next stopping

point. Eventually, w; is obtained after rev151t1ng all memory

sets, i.e., w; = wt(

— 1, we

2 . To simplify, we define Xt 0 = X,
f’t,o :=7Y; and wt( b w;_1. Then, the training process
is equivalent to solve the following optimization problems
recursively for h = 0,1, ...,¢t — 1:

()—argmlnHw wth DH s.t. X BW = Yth

ML,Z
D,
M o =
M{,IVML,Zr---er,Lfl m/;vu) W(Z?\
.w(o) t t ®
P SGD ® D, t Mies
SGD SGD
We-1 w;
Concurrent ® Sequential ®
Rehearsal Wi-1  Rehearsal Wi

Figure 1. An illustration of concurrent and sequential rehearsal.

5. Main Results

The main theoretical results consist of two parts. First, we
derive closed forms of forgetting and generalization error for
both concurrent and sequential rehearsal methods. Second,
we compare the performance of these two rehearsal-based
schemes, concluding that sequential rehearsal outperforms
concurrent rehearsal when tasks are dissimilar.

5.1. Characterization of Forgetting and Generalization
Error

In rehearsal-based CL methods, the interference among
tasks throughout the entire training process is intricate, due
to the presence of the memory dataset. This introduces
an unavoidable challenge in understanding the impact of
memory on the performance of rehearsal-based methods.

Following from the definitions of forgetting and generaliza-
tion in Equations (4) and (5), the key to evaluating their per-
formance lies in calculating the expected value of model er-
rors over any previous task i ground truth after learning the
final task (i.e., E[£;(wr)]). Indeed, for a generic ¢t < T, the
explicit expressions of E[L; (w;)] and E[L;(w;) — L;(w;)]
share the same structure for both rehearsal methods. Thus,
further following from the definitions of forgetting and gen-
eralization error, we present a common performance struc-
ture shared by both concurrent rehearsal and sequential
rehearsal methods in the following theorem.

Theorem 5.1. Under the problem setups in this work, the
forgetting and the generalization error at time T > 2 in
both rehearsal-based methods take the following forms.

T—-1T-1

1
Fr=5—7 ch i l* 4370 7 eige [lwg — i
i=1 j,k=1
T-1
+ Z (noiser (o) — noise; (o)) | ,
i=1

Gr % dOTZ jw;|® +Z Z dijir ||w]

i=1 j,k=1

+ noiser (o), (6)

where coefficients and the noise term depend on p,n, M, as
provided in Appendix C for both rehearsal-based methods.
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Theorem 5.1 indicates that both rehearsal-based methods
share the same high-level performance dependence on the
system parameters. It can be seen that both of their for-
getting and generalization error consist of the following
three components. The first component exhibits the form of
C||lw}||? for some constant C, which arises from the overpa-
rameterized linear regression error. The second component
captures the impact of task dissimilarities, representing the
interference among different tasks during the training pro-
cess. Extracting central information from this component
is particularly useful for understanding how task dissimilar-
ity affects the comparison between the two rehearsal-based
methods, which is the focus of Section 5.2. The third part
captures the impact of the noise level.

Here, we first provide some basic conclusions for the coeffi-
cients in Theorem 5.1. (i) By letting M = 0, both training
methods yield the same result, which is consistent with the
memoryless case shown by Lin et al. (2023). (ii) We can also
observe that low task similarity negatively impacts model
generalization, as d;;,r (defined in Proposition C.2) are
non-negative. When p — co, we observe that the value of
coefficients d; ;7 approaches to 0 for both rehearsal meth-
ods, which implies the negative influence of task dissimi-
larities will be alleviated if the model has enough capacity
(i.e., when p is sufficiently large). (iii) We observe that the
forgetting approaches to 0 when p — oo. This implies that
a model with substantial capacity will facilitate effective
learning for each task without forgetting, which can also
alleviate the negative impact of task dissimilarity.

Outline of Proof of Theorem 5.1. We provide a brief
outline of the proof of Theorem 5.1 here, and the detailed
proof is given in Appendix C. By the definition of forgetting
and generalization error, it is sufficient to analyze E[£; (w;)]
and E[£;(w;) — £;(w;)]. We next explain how to obtain
the explicit expression for E[L;(w;)], and E[L;(w;)] can
be calculated in a similar way by substituting ¢ with 4.

The derivation of E[£;(w;)] is carried out through an iter-
ative procedure as follows. We first split E[£;(w;)] into
three terms as follows:

E[L;(w:)] = g:(E[L;(wi—1)]) + termg + termyppise,

where g;, terms and term,,;s. are given in Equation (26) in
Appendix C. We then analyze each of those three terms.

The first term g;(E[L;(w;—1)]) can be evaluated by iter-
atively rolling out to the initial term, which can then be
derived explicitly. Note that the function g(-) takes a linear
form, which simplifies the iteration. The second term cap-
tures the interference among different tasks during training
process. For concurrent rehearsal method, we further derive
it by partitioning the data from different tasks and leveraging
the properties of block matrices. For sequential rehearsal,
we follow the same idea as the memoryless case (Lin et al.,

2023) since different tasks in the memory dataset as well as
the current task are learned one by one. The third term cap-
tures the noise, which can be analyzed by applying “trace
trick” and the properties of Inverse-Wishart distribution.

5.2. Comparison Between Concurrent rehearsal and
Sequential rehearsal

The main challenge to compare the performance between the
two rehearsal-based methods lies in the complexity of the
second term in forgetting and generalization in Theorem 5.1,
which captures how the task similarity as well as memory
data affect the performance. Here the task similarity is
characterized by the distance between the true parameters
for two tasks. In this section, we will first study a simple
case with two tasks, i.e., when T" = 2, to build our intuition,
and then extend to the case with general 7" based on the
central insight obtained in the simple case.

Two-task Case (IT' = 2): Given the noise level o, we de-
note noise; = noise; (o) for simplification. Following from
Theorem 5.1, the performance of both rehearsal methods
shares the common form:

Fy =& ||w?|)® + éa |Jw? — w}||® + noisey — noisey,

G = di(|wi|” + l[ws||*) + da |wi — w3]|* + noises,

where the specific expressions of constants ¢;, ¢o, dl, dg
for both rehearsal methods are provided in Appendix D.
To compare between the two rehearsal-based methods, the
following lemma captures how their coefficients compare
with each other.

Lemma 5.2. Under the problem setups of the two-task case,
we have

~(sequential)

> Cy s
J(z concurrent) > d(zsequenlial).

~(concurrent,
P )

1 <
J(concurrent) J(sequential)
dy <d

~(sequential, ~(concurrent,
C(l q )7 C(2 )

)

Intuitively, when the task dissimilarities are sufficiently
large (i.e., |w? — w3 is large), then & and dy will domi-
nant forgetting and generalization error respectively. Then
Lemma 5.2 suggests that sequential rehearsal will have less
forgetting and generalization error than concurrent rehearsal.
Alternatively, if the tasks are very similar and the noise is
small, then ¢; and ch will dominate the performance, and
concurrent rehearsal will yield better performance. The fol-
lowing theorem formally establishes the above observations.

Theorem 5.3. Under the problem setups considered in the
work, we have

FQ(CDncurrent) > FQ(‘vequential) lﬁc &1 llwi —wi || +&20° > 1,

,
||w1

G(;oncurrent) > G(Qsequenlial} iff ulefinHz-ﬁ-ung >,
wy
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where £1,&2, l11, [io are positive constants with detailed ex-
pressions given in Appendix D.

Theorem 5.3 provably establishes an intriguing fact that the
widely used concurrent rehearsal may not always perform
better, and sequential rehearsal can perform better when
tasks are more different from each other. We further elabo-
rate our comparison between the two methods for the case
with 7' = 2 in Appendix D (where the impact of noise is
also considered) and with 7" = 3 in Appendix E. The in-
sights obtained from Theorem 5.3 can also be extended to
the general case as follows.

General Case (1" > 2): Comparing the performance in two
rehearsal methods provided in Theorem 5.1 under general T'
is significantly more challenging, because the mathematical
expression of the coefficients become highly complex. How-
ever, our insights obtained from the two-task case can still
be useful, i.e., sequential rehearsal tends to performance
better when tasks are very different. To formalize such
an observation, the following lemma compares the coeffi-
cients in forgetting and generalization error between the two
rehearsal methods.

Lemma 5.4. Under the problem setups considered in the
work, the value of coefficients c;, ¢;ji, dor, dijrT in Theo-
rem 5.1, as derived from different rehearsal methods, satisfy
the following relationship.

(concurrent) (sequential) (concurrent) (sequential)
G <¢ ) ik 2 Cijk )

(concurrent) (sequential) (concurrent) (sequential)
dor < dyr v dier > digr -

The above lemma suggests that if the tasks are all very dif-
ferent from each other, then sequential rehearsal will have
smaller forgetting and generalization error than concurrent
rehearsal because cﬁ?}?cumm) > cgsf,?uem’al) and di?}:;”rrem) >
d;?,?;emlal) will dominate the comparison. While it is chal-
lenging to provide an exact closed-form characterization of
the conditions under which sequential rehearsal outperforms
concurrent rehearsal, the following theorem presents an ex-
ample where sequential rehearsal outperforms concurrent
rehearsal, based on the understanding outlined above.

Theorem 5.5. Under the problem setups in this work, sup-
pose the ground truth w; is orthonormal to each other for
i€ [T), M > 2, and p= O(T*n?M?). Then we have:

(concurrent) (sequential) (concurrent) (sequential)
Fy > I G > G .

and

In Theorem 5.5, orthonormal w] is an extreme case to have
very different tasks. Typically, since forgetting and gener-
alization error are continuous functions of the task dissimi-
larity, we expect that in the regime that the tasks are highly
different, sequential rehearsal will still be advantageous to
enjoy less forgetting and smaller generalization error, and

such an advantage should be more apparent as tasks become
more dissimilar. To explain this, we consider the generaliza-
tion error as an example. Assuming that the norm of ground
truth is fixed, a higher level of task dissimilarities exacer-
bates the generalization error since each coefficient d;;xr
(defined in Proposition C.2) is positive for both training
methods. However, a weaker dependence on task similar-
ities indicates that the generalization error of sequential
rehearsal grows slower than concurrent rehearsal as tasks
become more dissimilar, resulting advantage for sequential
rehearsal to enjoy smaller generalization error. A similar
reason is applicable to the forgetting performance, although
it is important to note that c;;;, is not always positive.

Simulation Experiments: To validate our theoretical in-
vestigation, we conduct simulation experiments on CL with
overparameterized linear models. Set ' = 5, p = 500,
n = 24, c = 0 and M = 24. The construction of
ground truth features follows two principles: 1) each fea-
ture is drawn from the unit sphere, and 2) the task gap (i.e.,
ij — w; ||) between any two features is identical. Under
different setups of the task gap, the comparisons between
theoretical results and simulation results are shown in Fig-
ure 2 in terms of both forgetting and generalization error.
Here, the theoretical results are calculated according to The-
orem 5.1, and the simulation results are obtained by taking
the empirical expectation over 10 iterations.

Concurrent (Theory)
Concurrent (Simulated) Concurrent (Simulated)

—— Sequential (Theory) —— Sequential (Theory)
+ Sequential (Simulated) 1.21 + Sequential (Simulated)

Concurrent (Theory)

Forgetting
o
°
3

-0.05

Generalization Error

—0.10

-0.15

-0.20

0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 1.5 2.0
Task Gap Task Gap

(a) Forgetting vs Task Gap (b) Generalization Error vs Task Gap

Figure 2. Forgetting and Generalization Error vs Task Gap

Several important insights can be immediately obtained
from Figure 2: 1) Our theoretical results exactly match with
our simulation results, which can clearly corroborate the
correctness of our theory. 2) When tasks are similar, i.e.,
the task gap ||w} — w}|? is small than some threshold,
concurrent replay is better than sequential replay. However,
when tasks become dissimilar, sequential replay starts to
outperform concurrent replay in terms of both forgetting
and generalization error. And the advantage of sequential
replay becomes more significant as the task gap increases,
which also aligns with our theoretical results.
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Remark. It is clear that the order in which old tasks are
revisited after current task learning is very important un-
der the framework of sequential rehearsal, which affects
both forgetting and generalization errors. Needless to say,
the sequential order considered in this work, where tasks
are reviewed from the oldest to the newest, is not neces-
sarily the optimal strategy for sequential rehearsal, where
however has already demonstrated exciting advantages over
concurrent rehearsal. How to design an effective rehearsal
order to achieve better performance is a very interesting yet
challenging future direction.

6. Implications on Practical CL
6.1. Hybrid Algorithm Framework

As our theory suggests, sequential rehearsal can benefit CL
more than concurrent rehearsal when tasks are dissimilar.
Hence, an interesting idea and a potential way to improve the
performance is to merge sequential rehearsal into rehearsal-
based CL with concurrent rehearsal. Thus inspired, we
propose a novel hybrid rehearsal framework, which adapts
between concurrent rehearsal and sequential rehearsal for
each task based on its similarity with old tasks in the mem-
ory. The details are presented in Algorithm 1.

Algorithm 1 Hybrid Rehearsal Training Framework
Initialization. Model parameters 6.
for taskt =1,2,...,7 do
Retrieve current data D; and memory data M
if M; # () then
M§m MY < DIVIDEBUFFER (M)
end if
6 < CONCURRENTTRAIN(D; U M§™)
for h: M;, € M do
6 < SEQUENTIALTRAIN(M; )
end for
M1 < UPDATEMEMORY (D; U M)
end for

In Algorithm 1, prior to training on task ¢, the overall mem-
ory dataset M, is first divided into M$™ and M, de-
pending on whether previous tasks are similar to the current
task or not. Specifically, there are two steps in function
DIVIDEBUFFER(M;): we characterize task similarities
between the current task D; and each previous task & in
the memory M, ; € M,, based on their cosine similar-
ity of gradients with respect to the model parameters, i.e.,
Se(VoL(Dy,0,-1),VoL(My;),0,—1), where L denotes
training loss and S, is the cosine similarity function; 2)
any previous task for which the similarity score is below
a threshold 7 will be regarded as a dissimilar task and its
data will be put into MY, It is important to note that this
framework does not rely on very accurate characterizations

of the task similarity. Instead, a heuristic-based estimation
should be sufficient, by following the gradient-based sim-
ilarity characterization as in previous studies (Lopez-Paz
& Ranzato, 2017; Lin et al., 2022a;b). To learn task ¢, we
first train the model concurrently on the combined dataset
consisting of the current task data D; and the memory sam-
ples from similar tasks M™. Subsequently, we perform
sequential rehearsal by finetuning the learned model on
the memory data from each dissimilar task in M, The
function UPDATEMEMORY represents a general exemplar
sampling strategy, such as Reservoir Sampling (Rolnick
etal., 2019).

Under the problem setups considered in the work, the theo-
retical forgetting and generalization error of hybrid re-
hearsal strategy under linear models follow the same general
expression as described in Theorem 5.1. The explicit expres-
sions for coefficients are provided in Appendix H. In what
follows, we validate the advantage of hybrid rehearsal strat-
egy through experiments conducted on real-world datasets
and DNNS.

6.2. Hybrid Rehearsal for CL in Practice
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Figure 3. Evolution of Accuracy Acc for Concurrent rehearsal and
Hybrid rehearsal across three datasets and their corrupted variants,
corresponding to the results reported in Table 1.

As an extension of our theoretical results, we verify the
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Table 1. Averaged Final Accuracy Acc and Averaged Final Forgetting F'gt of different rehearsal methods (concurrent rehearsal vs. hybrid
rehearsal) on three datasets and their corrupted variations. “Improvement” shows the Acc or Fgt overhead that hybrid rehearsal achieves
over concurrent rehearsal under the same setup. For all datasets, we construct a sequence of 5 tasks for training. The reported results are
presented with + standard deviation. All results are averaged over 10 independent runs.

Metric Acc (1) Fat (1) Acc (1) Fgt (1) Acc (1) Fgt (1)
Dataset Split-CIFAR-10 Split-CIFAR-100 Split-TinyImagenet200
Concurrent rehearsal  86.20 +0.68 9.73+0.76 68.43 +0.93 14.56 £ 1.15 61.10+0.28 13.28 £0.30
Hybrid rehearsal 87.27+0.59 8.25+0.50 69.92+052 11.29+0.79 63.29+0.47 9.62 +0.45
Improvement +1.07 —1.48 +1.49 —-3.27 +2.19 —3.66
Dataset Corrupted Split-CIFAR-10 Corrupted Split-CIFAR-100 Corrupted Split-TinyImagenet200
Concurrent rehearsal ~ 82.01 +0.90 11.14+0.98 62.33 £0.57 17.35+0.75 52.69 +0.44 15.23 £0.49
Hybrid rehearsal 83.45+0.22 6.90 +0.56 64.34+0.36 9.49 + 1.67 55.07 £0.33 1.91 +0.69
Improvement +1.44 —4.24 +2.01 —7.86 +2.38 —13.32

performance of the proposed hybrid framework in Algo-
rithm 1 and compare it with the widely-used concurrent re-
hearsal. We consider three real-world datasets under a task-
incremental CL setup: CIFAR-10, CIFAR-100 (Krizhevsky
et al., 2009), and TinyImagenet200 (Le & Yang, 2015).
Following recent work (Van de Ven et al., 2022), we ran-
domly partition the classes from each dataset into multi-
ple tasks, yielding Split-CIFAR-10, Split-CIFAR-100, and
Split-TinyImagenet200. For example, in Split-CIFAR-10,
the sequence of tasks {77, ..., 75} is constructed such that
each task contains two distinct classes. The objective for
each task 7y is to classify between {1, Y, 2} with the task
label explicitly provided during training and testing. We
employ a non-pretrained ResNet18 as the backbone model
for all three datasets. To evaluate the performance, we de-
note ay ¢ as the testing accuracy on task t after training
task £ and consider the following two metrics: 1) Final
Average Accuracy (Acc) across all seen tasks after training
defined as Acc = % ZtT:1 ar,;, which can be regarded as
generalization error, and 2) Final Average Forgetting (F'gt),
defined as Figt = ﬁ tT:]l (at,t — ar,), which evaluates
the average accuracy drop of old tasks after learning the
final task.

Here, to simplify our comparison between hybrid rehearsal
and concurrent rehearsal while avoiding extraneous com-
plexities such as rehearsal task ordering (which is beyond
the scope of this paper), we adopt a straightforward relax-
ation: at most one task with the lowest similarity charac-
terization in memory is designated as the “dissimilar task”.
As shown in Table 1, hybrid rehearsal consistently outper-
forms concurrent rehearsal across all three datasets in terms
of both average accuracy and forgetting. For the original
datasets, the most significant improvement is observed on
Split-TinyImagenet200, where hybrid rehearsal achieves a
2.19% higher accuracy than concurrent rehearsal while also
reducing forgetting by 3.66. We further report the perfor-

mance evolution during CL for all settings from Table 1 in
Figure 3, where each point shows the average performance
of the model after learning task ¢ on all seen tasks so far.
While the performance of hybrid rehearsal may degrade
during intermediate tasks, it consistently surpasses concur-
rent rehearsal in terms of final performance, highlighting
the effectiveness of sequentially fine-tuning the model on
dissimilar task data for better knowledge consolidation.

To demonstrate the potential of hybrid rehearsal, we con-
sider a challenging setup on Split-CIFAR-100 and Split-
TinyImagenet200 with a long task sequence, i.e., under a
20-task setting. As shown in Table 2, hybrid rehearsal out-
performs concurrent rehearsal by a more pronounced gap,
demonstrating the scalability and effectiveness of the hybrid
rehearsal strategy in scenarios with a large number of tasks.

Furthermore, following our theoretical insight, the hybrid
rehearsal strategy exhibits greater advantages when the task
dissimilarity is higher. To validate this, we increase task dis-
similarity by applying image corruption to one specific task
in each of the three datasets, generating Corrupted Split-
CIFAR-10, Corrupted Split-CIFAR-100, and Corrupted
Split-TinyImagenet200. Details of the employed image cor-
ruption schemes are provided in Appendix A.3. As shown in
the second part of Table 1, hybrid rehearsal outperforms con-
current rehearsal in both accuracy and forgetting by a larger
margin on all three corrupted dataset variations, aligning
with our theoretical insight.

To characterize the impact of task similarity on hybrid re-
hearsal, we next control the similarity by applying various
proportions of label corruption in the task sequence on Split-
TinyImagenet200. For each class within a corrupted task,
Peor %o of training samples are randomly selected and their
labels are uniformly reassigned to other class labels within
the same task. Intuitively, the tasks are more dissimilar when
a larger proportion of labels are corrupted. In particular, we
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Table 2. Acc and Fgt of different rehearsal methods on Split-
CIFAR-100 and Split-TinyImagenet200. For all datasets, we con-
struct a sequence of 20 tasks for training. All results are averaged
over 5 independent runs.

Dataset Split-CIFAR-100  Split-TinyImagenet200
Concurrent 67.99 +0.21 62.94 +0.60
Hybrid 72.31+038 66.46 +0.13
Improvement +4.32 +3.52
Table 2.1 Acc (1)

Dataset Split-CIFAR-100  Split-TinyImagenet200
Concurrent 13.91 x0.11 15.05 081
Hybrid 7.43+0.18 13.03 £0.79
Improvement —6.48 —2.02

Table 2.2 Fgt (])

Table 3. Acc and F gt of different rehearsal methods on Split-Tiny-
Imagenet200, where a subset of training data labels are corrupted
in the first two tasks. All results are averaged over 5 independent
runs.

Setting Peor = 5% Peor = 10%  Deor = 20%
Concurrent 57.36+006  53.92+0.78 49.07 £0.59
Hybrid 60.02£036  56.88£0.12 53.73 £ 0.60
Improvement +2.66 +2.96 +4.66
Table 3.1 Acc (1)
Setting Peor = D% Peor = 10%  peor = 20%
Concurrent 14.85+028 17.40x0.82 17.35+1.15
Hybrid 11.26+0.10  12.73+1.00 12.48 +0.78
Improvement —-3.59 —4.67 —4.87

Table 3.2 Fgt (])

consider three different settings: peor = 5%, 10%, 20%. It
can be seen from Table 3 that hybrid rehearsal consistently
outperforms concurrent rehearsal, and more importantly,
the performance improvement becomes more significant as
tasks are more dissimilar. These results further justify the
correctness and usefulness of our theoretical results. Note
that the performance of hybrid rehearsal has not been opti-
mized in terms of the rehearsal order and selection of similar
tasks, which may further improve the effectiveness of se-
quential rehearsal. This encouraging result highlights the
great potential of exploiting sequential rehearsal in improv-
ing the performance of rehearsal-based CL.

7. Conclusion

In this work, we took a closer look at the rehearsal strategy
in rehearsal-based CL and questioned the effectiveness of
the widely used training technique, i.e., concurrent rehearsal.

In particular, we proposed a novel rehearsal strategy, namely
sequential rehearsal, which revisits old tasks in the memory
sequentially after current task learning. By leveraging over-
parameterized linear models with equal memory allocation,
we provided the first explicit expressions of both forgetting
and generalization errors under two rehearsal methods: con-
current rehearsal and sequential rehearsal. Comparisons
between their theoretical performance led to the insight that
sequential rehearsal outperforms concurrent rehearsal in
terms of forgetting and generalization error when the tasks
are less similar, which is consistent with our motivations
from human learning and multitask learning. Our simulation
results on linear models further corroborated the correctness
of our theoretical results. More importantly, based on our
theory, we proposed a novel hybrid rehearsal framework for
practical CL and experiments on real-world data with DNNs
verified the superior performance of this framework over tra-
ditional concurrent rehearsal. To the best of our knowledge,
our work provides the first comprehensive theoretical study
on rehearsal for rehearsal-based CL, which could motivate
more principled designs for better rehearsal-based CL.
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Supplementary Materials

A. DNN Experiments Details
A.1. Hardware Details

We outline the hardware configuration used to conduct the experiments on DNN:

» QOperating system: Red Hat Enterprise Linux Server 7.9 (Maipo)
* Type of CPU: 2.4 GHz 14-Core Intel Xeon E5-2680 v4 (Broadwell)

* Type of GPU: NVIDIA P100 ~Pascal” GPU with 16GB memory

A.2. Implementation Details

Dataset. We evaluate our hybrid rehearsal on variations of standard image classification datasets: Split-MNIST, Split-
CIFAR-10, Split-CIFAR-100, and Split-TinyImagenet200 (Van de Ven et al., 2022; Guo et al., 2022; Sun et al., 2022).

* MNIST (LeCun et al., 1989) contains 60, 000 28 x 28 grayscale train images and 10, 000 test images of 10 unique classes.
For the experiments reported in Table 5, we randomly split 10 classes into 5 tasks, each containing 2 non-overlapping
classes.

e CIFAR-10 (Krizhevsky et al., 2009) contains 50,000 32 x 32 color train images and 10,000 test images of 10
unique classes. For the experiments reported in Table 1, we randomly split 10 classes into 5 tasks, each containing 2
non-overlapping classes.

e CIFAR-100 (Krizhevsky et al., 2009) contains 50,000 32 x 32 color train images and 10, 000 test images of 100
unique classes. For the experiments reported in Table 1, we randomly split 25 classes into 5 tasks, each containing 5
non-overlapping classes. For the experiments reported in Table 2, we randomly split 100 classes into 20 tasks, each
containing 5 non-overlapping classes. For the experiments reported in Table 6, we randomly split 100 classes into 10
tasks, each containing 10 non-overlapping classes.

* TinyImagenet200 (Le & Yang, 2015) contains 100,000 64 x 64 color train images and 20, 000 test images of 200
unique classes. For the experiments reported in Table 1 and Table 3, we randomly split 50 classes into 5 tasks, each
containing 10 non-overlapping classes. For the experiments reported in Table 2, we randomly split 200 classes into 20
tasks, each containing 10 non-overlapping classes.

DNN Architecture and Training Details. For training on Split-MNIST, we employ a three-layer MLP with two fully
connected hidden layers of 400 ReLU units following (Van de Ven et al., 2022). For training on Split-CIFAR-10, Split-
CIFAR-100, and Split-TinyImagenet200, we employ a non-pretrained ResNet-18 as our DNN backbone. Following (Van de
Ven et al., 2022), we adopt a multi-headed output layer such that each task is assigned its own output layer, consistent
with the typical Task Incremental CL setup. During supervised training, we explicitly provide the task identifier (ranging
from 1 to 5 for Split-CIFAR-10) alongside the image-label pairs as additional input to the model. For simplicity, we use a
reservoir sampling strategy to construct the memory buffer. Our buffer size is 200, 300, 30, 30 per class for Split-MNIST,
Split-CIFAR-10, Split-CIFAR-100, and Split-TinyImagenet200, correspondingly. For experiments not involving image
corruption, we didn’t apply any data augmentation before training.

For all experiments on concurrent rehearsal and sequential rehearsal, we use the SGD optimizer with a StepLR learning
rate scheduler, which decays the learning rate by a fixed factor at predefined intervals. The detailed parameters for each
dataset are listed in Table 4.

Similarity Threshold. We report the employed similarity threshold parameter 7 corresponding to different setting in
Table 1. For Split-CIFAR-100, and Corrupted Split-CIFAR-100, 7 = —0.1. For Split-CIFAR-10, Corrupted Split-CIFAR-10,
Split-TinyImagenet200, and Corrupted Split-Tinylmagenet200, 7 = 0.
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Table 4. Training parameters for all four datasets.

Method Parameter Split-MNIST  Split-CIFAR-10  Split-CIFAR-100  Split-TinyImagenet200
Epoch 15 30 30 40
Minibatch Size 256 128 128 128
Momentum 0.9 0.9 0.9 0.9

Concurrent rehearsal ~ Weight Decay le~® le~* le~* 2¢4
Initial LR 0.05 0.05 0.05 0.05
LR Decay Factor 0.1 0.1 0.1 0.1
LR Step 10 20 20 25
Epoch 15 30 30 40
Minibatch Size 128 64 64 64
Momentum 0.9 0.9 0.9 0.9

Sequential rehearsal ~ Weight Decay 1e”? 1e3 1e”3 2¢73
Initial LR 0.0007 0.001 0.001 0.002
LR Decay Factor 0.8 0.5 0.5 0.5
LR Step 10 12 12 16

A.3. Task Corruption

For experiments described in Section 6.2, we control the similarity level of the dataset by applying data corruption to a
selected task. We provide a list of sample images under different image corruption schemes in Figure 4.

In Table 1, for Corrupted Split-CIFAR-10, we apply Glass Corruption on all 77 training data. For Corrupted Split-
CIFAR-100, we apply Color-swapping, Gaussian Blur, and Rotating Corruption on all 73 training data. For Corrupted
Split-TinyImagenet200, we apply Color-swapping, Gaussian Blur, and Rotating Corruption on all 77 training data.

In Table 5, for Corrupted Split-MNIST, we apply Rotation on all 73 training data.

In Table 6, for the scenario ”Original Dataset”, we don’t apply any image corruption. For the scenario 1 Corruption”, we
apply the Glass corruption on 77. For the scenario 2 Corruption”, we apply Glass corruption on 77, and rotational color
swapping on 72. For the scenario 3 Corruption”, we apply Glass corruption on 77, rotational color swapping on 73, and
elastic pixelation on 7.

A.4. Additional Results

We report the performance of hybrid rehearsal and concurrent rehearsal on Split-MNIST and its corrupted variation in
Table 5.

To further demonstrate the effect of task similarity on hybrid rehearsal, we seek to control the similarity by using the number
of corrupted tasks (i.e., task with corrupted images) in the task sequence on Split-CIFAR-100. In particular, we consider
three different scenarios, ‘1 Corruption’ with 1 corrupted task, ‘2 Corruption” with 2 corrupted tasks, and ‘3 Corruption’
with 3 corrupted tasks. Intuitively, the tasks are more dissimilar when more tasks are corrupted. It can be seen from Table 6
that hybrid rehearsal consistently outperforms concurrent rehearsal, and more importantly, the performance improvement
becomes more significant as tasks are more dissimilar.

Table 5. Acc and Fgt of different rehearsal methods (concurrent rehearsal vs. hybrid rehearsal) on Split-MNIST and its corrupted
variations. All results are averaged over 5 independent runs.

Metric Ace (1) Fgt (}) Ace (1) Fgt ({)
Dataset Split-MNIST Corrupted Split-MNIST
Concurrent rehearsal ~ 95.24 £0.25 5.33£0.30 94.29 +0.15 6.48 £0.20
Hybrid rehearsal 95.39=+0.16 1.65+1.12 94.81 +0.08 2.57+0.73
Improvement +0.15 —3.68 +0.52 -3.91
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Table 6. Acc and F gt of different rehearsal methods on Split-CIFAR-100 with varying numbers of corrupted tasks. We construct a
sequence of 10 tasks for training. “Corruption Number = s” indicates that data corruption was applied to s out of 10 tasks, making it more
dissimilar than others. All results are averaged over 4 independent runs.

Corruption Number 0 1 2 3
Concurrent rehearsal ~ 68.27 033 64.24 +0.23 60.67 +0.23 58.93 £0.11
Hybrid rehearsal 68.79+043 64.81+0.16 61.30x0.17 59.72+0.15
Improvement +0.52 +0.57 +0.63 +0.79
Table 4.1 Acc (1)
Corruption Number 0 1 2 3
Concurrent rehearsal ~ 6.24 +0.11 7.76+009 9.28%0.16  8.57%0.08
Hybrid rehearsal 6.10+£022 7.23x0.10 8.75x009 8.35x0.10
Improvement -0.14 —-0.93 —0.53 —0.22

Table 4.2 Fgt (])

B. Supporting Lemmas

Define Px = X(X"X) !X " and XT = X (X " X)~!. We first provide some useful lemmas for the derivation of
forgetting and generalization error. In the following lemma, we provide the expression of the SGD convergence point when
training on a single task.

Lemma B.1. Suppose X € RP*™ and Y € R™, where Y = X "w* + z. Consider the optimization problem:
w, :argmui)n [lw — ws||3
st. Xw=Y.
The solution of the above problem can be written as:
w, =w; + XY — X "w;,),

or equivalently,
w, = (I — Px)w, + Pxw* + Xz

Proof. The detailed proof refers to Lemma B.1 in Lin et al. (2023). O]

Lemma B.2. Suppose each element of the random matrix X € RP*™ follows i.i.d. standard distribution and v € RP, then

we have: m
2 2
E | Pxo| =;Ilv|\ :

Proof. The detailed proof refers to Proposition 3 in Ju et al. (2023). O

Lemma B.3. Suppose each element of the random matrix X € RP*™ follows i.i.d. standard distribution. Also, the random
vector z € R™ follows N'(0, 02 1,,,) independently. Then, we have:

2 mo?
Bl X'z = = =1

Proof. The proof is completed by applying the “trace trick” as follows.
E|X'z|*=E[z7 (XTX) " ]
—E |t [(XTX) " 227]]
Qo [E[(XTX) 7| E[227]]

14
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@ 24, [E [(XTx)‘IH

(i) mo
op—m—1’
where (i) follows from the independence between X and z, (ii) follows from the fact that E [z27] = 621, and

(ii1) follows from the fact that (X X ) " follows the inverse-Wishart distribution with identity scale matrix I,,, and p
degrees-of-freedom. O

Lemma B.4. Suppose X € RP*™ and v1,vs € RP, then we have:

(I = Px)v1, XTvs) =0,
<(I - Px)’vl, PXv2> =0.
Proof. The proof follows from the definitions of Px and X straightforward. O

Now, we provide useful lemmas in proving Lemma C.1 for the concurrent rehearsal method.

Lemma B.5. Suppose P € RP*P is a projection matrix and each element of the random vector v € RP follows i.i.d.
standard Gaussian distribution, then Pv and (I — P)v are independent. Moreover, Suppose each element of the random
matrix V€ RP*™ follows i.i.d. standard Gaussian distribution, then PV and (I — P)V are independent

Proof. The proof for vector case is completed in two steps. First, we prove that Pv and (I — P)v are jointly Gaussian.

wy

Denote z = [ as the concatenation of the two vectors and w = as an arbitrary vector, where w1, ws € RP.

Pv
I - P)v]
Since the linear combination w ' z = (w] P + w, (I — P))v remains Gaussian distribution for any w, we conclude that
Pv and (I — P)wv are jointly Gaussian. Next, we prove that they are uncorrelated as follows:

Cov(Pv,(I — P)v)=E [Pv((I - P)vﬂ}
= PE(vv " )(I — P)
9 pr-p)
-0,

where (7) follows from the fact that v has i.i.d. standard Gaussian elements. By combining these two facts, we conclude that
Pv and (I — P)wv are independent. For the matrix case, we can equivalently consider the vector v € RP™ which is formed
by concatenating all the columns of V' and the projection matrix P = diag([P, P, .., P]) € RPm™*P™, O

Lemma B.6. Suppose each element of the random matrix X € RP*™ follows i.i.d. standard Gaussian distribution and
v € RP, then we have:
E[X v X] = v I.

Proof. To clarify, we denote X = [z1, ..., &, ], where @; is the i'" column of X . We also denote []; ; as the element of "
row and j th column of a matrix. Due to the independence of elements in X, it follows that:

0 oy
[E[XTvv'X]],  =cov(v z;,v'z;) = 9 ne 7 S
ol ifi=j

O

Lemma B.7. Suppose each element of the random matrix X € RP*™ follows i.i.d. standard Gaussian distribution and the
projection matrix P € RP*P satisfying rank(P) = d, then we have:

w(E[(XTa-P)X) ) = T

15
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Proof. We first note that (I — P) is a projection matrix with (p — d) many eigenvalues 1 and d many eigenvalues 0. With
loss of generalization, we write (I — P) = U XU where ¥ = diag([1, ..., 1,0, ..., 0]) is a diagonal matrix, whose first
(p — d) diagonal elements are 1 while others are 0, and U is an orthogonal matrix. We denote X € RP=Dx7 g5 the first
(p — d) rows of X. Then, we have:

o (E[(XT(-P)X)"]) =0 (E[(XTUTSUX) )

JERUENES |
where (7) follows from the rotational symmetry of standard Gaussian distribution, (i7) follows from the fact that (X X )

follows the inverse-Wishart distribution with identity scale matrix I,,, and (p — d) degrees-of-freedom.. O

Lemma B.8. Suppose each element of the random matrices X1 € RP*™1 Xy € RP*™2 follows i.i.d. standard Gaussian
distribution and v € RP. Denote V' = [ X1, X3], then we have:

)
EHVT [Xl}v :ml.(u e )v||2
0 p pfmlfmgfl

Proof. First of all, we partition the matrix V' TV into four blocks as follows:

2

T X XX X/X
V'v 1 X X 1 1 1 2
B L(QT:| [ ! 2] B |:;(2T‘X1 ;(;;(2] .

Then, we partition the matrix (V' T V')~! following the same partitioning scheme as V' ' V:

A A
VTV -1 _ 1,1 172:| ’
( ) |:A271 Az o

where A; ; € R™*™1_ More specifically, we have
-1
A171 S (XlTXl)_l — (Xl—er)_lXirXQ (X;XQ — X;Xl(X;er)_lxlTXg) X;Xl(X;rxl)_l
—1
= Px, + Px, X (X, (I - Px,)X2) X, Px,.
Therefore, we have

T 2
v ]

—F [UT [PXl + Px, Xy (X5 (I— Px,)X3) X;le} v}

2

m —1
O ol +B o [PrXa (X (= Px)X) XS P 0] ”

—

where (i) follows from Lemma B.2. Now, we consider
E[v" [Px, Xz (X] (I Px,)X2) " XJ Px, | v]

— B [tr (X] Pxyov” P, X (X] (I — Px,)X2) )]

g, [tr (]EX2 (X, Px,vv' Px, X5)| - Ex, [(X;(prxl)xz)il})]
g [tr (||PX11)||2 IEx, [(X“;(I - PXl)E)_l]ﬂ

16
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=Ex, [IPx,0l* o (Bx, [(X (T~ Px)X2) )]

@ [npxlvnz - 2 ]

p—mip —mo —1
(iv) mo

m
ol ®)
p—mi—mg—1 p
where (7) follows from Lemma B.5, (i7) follows from Lemma B.6, (7ii) follows from the fact that Lemma B.7 actually

holds for any X and (iv) follows from Lemma B.2. By combining Equations (7) and (8), we complete the proof. O

Lemma B.9. Suppose each element of random matrices X, € RP*"™ Xy € RP*™2 X5 € RP*™3 follows i.i.d. standard
Gaussian distribution and v € RP. Denote V = [ X1, X5, X3], then we have:

0
Elo[X; 0 o] (VIV)™' [X]|w| =- e o2
0 p(p—mq —mg —ms — 1)
Proof. First of all, we observe that:
0 x| x| o'l |?
20T [X; 0 O] (VIV) M X] |v=|VT|X)|v|| —|VI] O |v —||[VT|X2]|w
0 0 0 0
By taking expectation over both sides of the equation, we have:
0 -
2E [v' [X; 0 O] (VIV)'|X] |w
0 -
x| x| o'l |?
=E||VT|X) |v]| —E||[VI| 0 |[v]| —E||V |[Xs|v
0 0 0
i) mp+m ms: m mg +m
Qmme. (1 : e ey L
p p—my—mg—m3z—1 p p—my—my—m3z—1
Ny my +m3 2
-2 (1 ) ol
P p—mi—mg—mgz—1
- i ol
p(p —m1—ma—mz—1) ’
where () follows from Lemma B.8. By dividing both sides by 2, we complete the proof. O

Corollary B.10. Suppose each element of random matrices X, € RP*™ X, € RP*™2 X3 € RP*™3 follows i.i.d.
standard Gaussian distribution and vi, vy € RP. Denote V- = [ X1, Xo, X3|, then we have:

0 o 2 o 2 - 2
EloTix 0 ol(vTvit | xT mima ( [lvr — v2” = [loa||” = [lvz]|
U [ 1 ]( ) 02 V2| = 2p(p — 1 — s — g — 1)

Proof. To simplify the notation, we denote V; = [X 1 0 O} and V, = [0 X5 O]. Then according to Lemma B.9,
we first have:
mimeo

E [(v; —vy) " VI(VTV)IV, (v — =— —va”.
[(v1 —v2) " VA( ) Vy (v — v2)] Y P ———— [o1 — v2|

On the other hand, we have:
E[(v1 — v2) VI(VTV) 'V, (v — vs)]

17
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=E[v/ Vi(VTV) "'V, u1] +E [o, Vi(VT V) 'V, uy] — 2E [0 Vi(VTV) 1V, vy]
@ mams ||vy || B mimy vy

p(p—my—mag—m3—1) p(p—m3 —mg—mg—1)

—2E [0 i(V'V) "'V, 0],
where (i) follows from Lemma B.9. By combining the above two equations, we complete the proof. O

Next, we provide our supporting lemmas that help to prove the advantage of sequential rehearsal as follows.

Lemma B.11. Suppose n,p,t, M are positive integers where t > 2 and p > n+ M. For any non-negative integer | <t —1,

we have: u i . A
(=) (-3)-5F
Proof. We first note the fact that
<1M)“1 (1
(t—1-1p (t—1—="1p p

(-ttm) () () ()

Lemma B.12. Suppose n,p,t, M are positive integers where t > 2 and p > max{n + M,TM}. For any non-negative
integer | <t — 1, we have:

M =it n n+M (n+ MM
- 1-—)<1- + .
( (t—l—l)p) < p) P p?

Therefore, we have

O

Proof. Ift —l —1=1o0rt—1— 1= 2, the proof is trivial. If ¢t — [ — 1 > 3, according to the binomial theorem, we have:

(- tm) (-3)- (1 - *Z () (‘@—zM—np)k> (1-3) o
where

Z ()t - (0 (azanWZ () (i) 0

M
t—1—1"

= () )
- <t—§>/2 [ (t%l_;) <7Z)2“+ <t2kl_21> (21)2“]

(t=i+1)/2 2k—3 2k—2
B (t—1-1)! m (t—1-1)! m
- ;;, [(zk—g)!(t—z—zmz)! <_p) O Ty s g (_p> ]

(t—1+1)/2

S (t—1—1)! m\ 1 1 m
B 2k =3t —1—2k+1)! \p t—1—-2k+2 2k—2 p

To simplify the notation, we denote m = We first discuss if ¢ — I — 1 is even. Then, we have:

18
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(20 an

where () follows from the fact that p > T'M. We then discuss if ¢ — [ — 1 is odd, we have:

tf?“)( *@-5”-1) )

-0)/2 t—l—l m 2k—3+ P11 m 2k—2
2k 3 P 2k —2 D

t—1-1
m
p

<>(t % (t—1—1) m 2’“‘3+ (t—1—1) Cm\
2 |@k—3)(E-1-2k+2) \ p k-2t —1—2k+ 1)\ p
(tzl):/2 (t—1—1) m 2k—3 1 1 m
s (k- 3)(t—1-2k+ 1! \p t—1-2+2 2%-2 p
o (12)

where (i) follows from the fact that ¢ — I — 1 is odd and (i¢) follows from the fact that p > T'M. By combing Equations (9)

to (12), we conclude:

() (-2 2
(-5 D) ()

—1—1)(t—1—2 12
n+ M nM + (¢ )2(t ) (tfj\l{l)z t—1—1 nM?
+ — (73

:1—
p p? 2 t—1-1)?%p
n+M (n+MM
<1- + .
P P
O

which completes the proof.
Lemma B.13. Suppose n,p,t, M, T are positive integers where t < T and p > n + M, then we have

M MYM\" M\' T2 MYM
(1_n+ +(n+ ) )<<1_n+ )+ (n—&-2 ) .

P p? P P

Proof. According to the binomial theorem, we have:

(1_n+M+ (n+M)M>t: (1_n+M>t+§(Z) (1_n;M>’“((n+p1;4)M>t_k 13

2
p p p =0
ak
We further notice that for k = 0,1, ..,¢t — 2:
Y ([ _ntM i+ M)MNTE ot L _ntM M+ MYM TR
3 D p? E+1 D p2
B tl L_ntM P+ MM\ T [+ MM 1 L_ntM
RNt —k—1) p p? t—Fkp* k+1 P
- t! 1_n+M M MM (n+MM 1 1_n—i—M
kit —k —1)! p p? p? T P

Yo, (14)

19
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where (i) follows from the fact that p > (n + M)(T + 1). We note that Equation (14) shows that the term o, achieves the
maximum at k = ¢ — 1. Therefore, we can upper bound Equation (13) by

(oo ) < (125 () (- 5) ()

n+M\" T (n+ M)M
<(1- + o ,
p
which completes the proof. O

Here, we present a tighter version of Lemma B.13, which helps us to prove Theorem 5.5 in Section 5.2.
Lemma B.14. Suppose n,p,t, M, T are fixed positive integers where t < T and p > n + M, then we have:

n+M (n+ MM\ n+M\" t(n+MM T3n+ M)2M?
1- + <|1- + + .
p p? p? 2pt

Proof. According to the binomial theorem, we have:

<1n+M+(n+M)M)t

2

p P
:(1—";M>t+(tfl> (1_";M>“<(n+M )i_i()( n—i—M) ((n—l—p]Y)M)tk
<<1_”J;M>t+T(nJ;2J\4)M+§<Z> <1_n+pM) <(n+M > .

[e25
By the same argument as Equation (14), we know that the term «, achieves the maximum at k = ¢ — 2. Therefore, we can
upper bound Equation (15) by
n+M (n+M)M\"
1— + 5
p b

(R ) - ()

n+M\" tn+ MM  T3n+ M)>M>
(i | M+ AOM T+ M)A
P 2p
which completes the proof. O

Lemma B.15. Suppose n,p,t, M, T are positive integers where M > 2, t < T and p > max{n+ M, W +n+M}

For any non-negative integer | < t — 1, we have:
(1_n+M+(n+M)M>l<1_ M )H—l<<1_1> (1_n+M>l
p p? (t—1-1p Tp p '

l
Proof. By dividing (1 — %) on both sides, it is equivalent to prove

() (o) <w

According to AM-GM inequality, we have:

—l— (n+M)M M t—1
(10 e ML (YT (1 ) (1= 1) (1= ity
p? —p(n+ M) (t—1-1)p -
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IneM)M Pt

4 _ M
— |1 p?—p(n+M) P ' 1
+ t—1 (16)

When p > W—f—n—i—M,wehave:

In+ MM M  Thn+MM M 1
e e e L e (17)
pP?—pn+M) p “pP—pln+M) p p

Therefore, by combining Equations (16) and (17), we have:

which completes the proof. O

Lemma B.16. Suppose n,p,t, M, T are positive integers where t < T and p > max{n + M, 2T3(n + M)?}, then we

have:
(e tn) )] [ tn) ()

ot M\P! ot ML
> [(1— —({1- .
p p
Proof. To prove this lemma, we first have:

IH[0-ett) 03 0o )
I l<> (L0 o) ()]
)

e |
[(1_"21\4)“ (k ><n+M ) <l_n;M>l_k_1] 4
(e
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ey Kl_n;My-i_l] _
PR

M\ i1y MOMNF AR
L B P G | A G <18>
p —\ k p p
V3.k
73
t—1—1
where () follows from Lemma B.12 together with the fact that term v; < 0 and from the fact that ( %) >
— ? forl =0,1,..,t — i — 1. Now. we need to prove 2 + 3 > 0. We first focus on 2. We have:
n+ M\ (t—i\ (nM n+ M\
p 1 p p
n+M\" nM
> (1- —
p p
T M M
- (1 _ <"+>> nt (19)
p p

We then focus on term 3. Consider:

(R (o)™ () (5 ()™

(i —1)! ((n+M)M>k<1_n+M) [ 1 ( n+M)_ 1 (n—&—M)M}

TG — k- 2)

p? p —k— p k+1  p?
(;') (i—1)! (n+ M)M\"* 1_n+ 1 1 n+ M\ (n+M)M
ki —k —2)! P2 P 22
(@)
> 0, (20
where (i) follows from k € [i — 1] and (i) follows from the fact that p > 2(n + M). This indicates that -3 j achieves
maximum at k = 1. We recall that {(1 — ”*M o 1} < 0. Therefore, we have:
M\ 1 M)M M\'?
w25 e () (25 (-5
I p 1 p p
[ M\ | T2+ MM
i p b
B -ti:i t—i\ ([ n+tM Ml T2 (n 4+ M)M 1)
= P p? '

When £k is even and less than or equal to ¢t — ¢ (i.e., k = 2,4,6, ..., and k < t — ¢), we have:

() ()5 - (5 [l

> _(ti—_ilzx_l)! (n—;M)k H_ n—;’—pM}
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(4)

> 0, (22)
where (i) follows from p > %
even, we can conclude

. By combining Equations (21) and (22) and simply discussing when ¢ — 4 is odd or
= (t—i)( n—i—M)k (t—i)( n+M> T(n+ M)

(1) () S () () s T,

=\ k p 1 p p

T3(n + M)2M
o

which further implies:

Y3 > — (23)

Now, by combining Equations (18), (19) and (23), we have:

0je-e=t) (D)) (5)

i—1 t—i 3 2
><1_n+M> [(1_n+M> . +<1_T(n+M)>n];{[_T(n+3M)M
p p p p p

. 7—1 t—1
@(1_””4) [(1_”“‘4) —1], (24)
p P

where (i) follows from the fact that p > 273 (n + M)?2. O

Lemma B.17. Suppose n,p,t, M, T are positive integers where t < T and p > (n+ M)T. For any non-negative integer
i < t, we have:

G0 -) " 0] [l ) 03
DR (DR
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@<1_n+M>F1Kﬁ_n+M¥Fm+ADM)“QJ]7

p p p?

ii M\t M\ T2(n+ M)M

(<) (1_n+ ) (1_n+ ) 14 (n+2 )
p D p
M\“! M\ T2 MM

<O—n+ ) O—”+ ) —1+ALE%J— (25)
p p P

where (7) follows from Lemmas B.11 and B.12 and the fact that ; < 0; (4¢) follows from Lemma B.13. O

Here, we present a tighter version of Lemma B.17, which helps to prove Theorem 5.5 in Section 5.2.

Lemma B.18. Suppose n,p,t, M, T are positive integers where t < T and p > (n + M)T. For any non-negative integer
1 < t, we have:

6ot )] o)™ )

. ( n+M>“ Kl n+M)ti11 (=t MM | TS0t M)PM?

p p? p!
Proof. The proof follows from the same argument as Lemma B.17 but we use Lemma B.14 instead of Lemma B.13. [

C. Proof of Theorem 5.1

First of all, we present the detailed iteration formula for the proof outline of Theorem 5.1 in Section 5.1. For both rehearsal
methods, we have:

E[Li(we)] = ge(E[L;(wi—1)]) + termg + termppise, (26)
S ial - M)o? S ial
where g™ () = (1— 258 )z, g= M () = (1= 25) ! (1= 2)a, termyGie ™™ = UG rermy SR =
_ , t—j—1 M 2 t—1 L . .
22:11 (1 - (tﬂ)p) pfﬁ,l + (1 - (tiwl)p) pfgz_l, and the form of termy is given in Equations (29) and (33)
t—1

for concurrent rehearsal and sequential rehearsal, respectively.

Based on the above iteration formula, we further derive the explicit expressions of E[L;(w;)] and E[£;(w,) — £;(w;)], and
they share the same structure for both rehearsal methods for any ¢ < T" which is formally presented in the following lemma.

Lemma C.1. Denote w; as the parameters of training result at task t. Under the problem setups considered in this work,
the expected value of the model error L;(wy) in both rehearsal-based methods take the following forms.

T-1
* * x|2 .
]Eﬁz(wt) :dOt H’u}7 ||2 + Z dijk’t ||’u)-7 — wkH + nOlSet(U),
jk=1
T-1 ,
E(Li(wy) — Li(w;)) =¢; |w]]* + Z Cijk ||'wj - w,’;H + (noisei(c) — noise;(0)) .
k=1

For both concurrent and sequential rehearsal method, Theorem 5.1 follows directly by combining Lemma C.1 and the
definitions of Fr and Gr. Therefore, it suffices to prove Lemma C.1 to obtain the coefficients in Theorem 5.1. Before we
start our proof, we first present the explicit expressions of coefficients as well as the noise term in Theorem 5.1 for both
concurrent and sequential rehearsal methods in the following proposition.

Proposition C.2. Under the problem setups considered in this work, the coefficients that express forgetting F; and
generalization error Gy take the following forms.

(concurrent) __ t—1 (concurrent) __ j(concurrent) (concurrent)
doy =TTy s i = dyp — dy,

)
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t—j—1 t—2
t—j—1 —k . . .
(1—ro)ry” + Z By + i nH g+ ZprﬁwBuHm if jet—1L,k=1
1=0 =0
d(concurrenr) o (]— - ’1“0) + TR;kNHtfk,t lf ] =1, k=i
ijkt - t—2
> _priyBiiH if j<kandjk#it
=0
rirEnH, g if j<kandjk+#i
(concurrent) __ d( concurrent) d( concurrent)
ijk - YijkT — Yigki )
dgs:quential) _ TOAt (t - 1)7 Cgsequential) _ dgs;quential) - dg-i(mcurrent)’
t—j—1
d(sequential) o (]. — 7”0)(1 — Btfj,t)JilAt(t — ]) + Z At(l)(l — Blyt)tijililBl’t lf j S [t — 1] and ]{) = Z
ijkt - 1—0
(1 —70)(1 — Boy)'™* if j=tk=i
(sequential) __ d(sequemial) d(sequential)
ijk — YijkT = Yijki ’
t—2

. (concurrent) . t—1 l
noisey (o) =rory; Ano + g Tyt Mo,
=0

t—2 -1
noise™ " () =y " Ay(I) [(1 — Bo) Ao+ (1- BO,t)t_l_lAtMl,al :

1=0 =1
M . a—1
o, l#Ft—1 B -
where rq =1 — 52, By = { (¢ lO Dp o, Hyp = o= Aula) = {(1 — B! 7“0}, Noyo =
1=0
aO'Z
p—a—1"

To simplify notation, we omit the tilde notation of the memory data to simplify notations: X ; := va-, Y, = f/“ and
zi,; = 2z, fori € [t — 1]. Similar to Equation (2), for the memory data, we have

Y:; = XtTiw;“ + 2t . (7)

where z;; ~ N(0,021,) is i.i.d. noise. Since there is no memory data involved for task 1, by combining Lemma B.1 and
the fact that wg = 0, we can easily derive the first parameter as

w, = lewi‘ + Xszl,
Then, the expected value of the model error EL; (w1 ) can be derived as follows.

w2 () * *\ (|2 *)12 T 2
Efwr —wi|” = E|[Px, (wi —wi)[” + E[(I - Px,)w]|" +E| Xz

(i) N

2
* * (|2 n * (|2 no
= = —w’ 1—= ; _ 28
5 lwr =i +< p>||’w1,|| T (28)

where (i) follows from Lemma B.4 and the fact that z; are independent Gaussian with zero mean and (é¢) follows from
Lemma B.2 and Lemma B.3. For ¢ > 2, the two training methods use memory in different ways. We present them in the
following two subsections.

C.1. Proof of Concurrent Rehearsal in Lemma C.1

In this subsection, we prove Lemma C.1 for concurrent rehearsal method. To simplify, we apply the following notations to
denote the current data in this subsection: X := X;+, Y; := Y;; and z; := 2z ;. Then, for each task ¢, the SGD convergent
point w; of training loss £ (w, D; | J M) is equivalent to the optimization problem:

w = mui;n |w—we_q | st X,ij =Y., jet.
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Define V; = [X; 1, Xt 2, ..., Xy ¢] and 2 = [241, 2.2, ..., zm}T. According to Lemma B.1, we have

Yi1
wy = w1 + VtT Yiz| _ Vtth—l
Y,
X, wi
= - Py,)w;_1 + V;T X2 + V;T%.
Xi;w;‘

Consider an arbitrary ¢ s.t. ¢ < T and fix it. The expected value of model error EL; (w;) can be split into the following three
parts.

XtL('“’T
X 5 — wi
]E||wt—w;"||2:IE (IﬁP‘/f)(wt—lfw;k)‘i"/tT t,2(w2 'LU,L)

XtT,t('ka_'w"ﬂ)
(4) (12 T Xt—f—Q(w;_wi) i
CE((I - Py - w)I + ||V [0 +E||[v/5|

T * * 2
X, (wi —w;

ii M, T (a* — apy* M2
D (1 MY By w4 [y | el TRy LD

2
PRy (29)

X,y (wy — wy)

term (2concurrenl)

where (¢) follows from Lemma B.4 and the fact that Z; are independent Gaussian with zero mean and (%) follows from

Lemma B.2 and Lemma B.3. Denote V, ; as V; with all zero elements except X, ;, i.e., Vi ; = [0,..., Xy j,...,0] . To

further calculate term$*"**™" in Equation (29), we have:

2
X, (wi — w))

2
t
=E|>_ ViV (w) —w))
j=1
t—1 2 t t
=Y B[ ViVl - X0 Y ) —wl) Vi (VT V)TV (g - w)
j=1 J=1k=1,k#j

= p—ng— M —1 J !

t—2 t—1

+ p(p—nij—]tz 1) (ij wii|” - Jw] — w;] = ||wk_wiH2)
Jj=1k=j+1
t—1

M, ,; * * * * * *

2 ey (e =i = g =i P = g = i) (30)

j=1
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where (i) follows from Lemma B.8 and Corollary B.10. Recall that n; = n, M ; = t_ﬂl and the fact that M; = M. By
combining Equations (29) and (30), we have:

Elhwe—wfl* = (1= "2 ) B - wil?

=M n+M— AL
+ 1+ =1 Hw’*—w*2
—~ (t—1)p p—n—M-—1 J '

Jj=1
M

*Z(”p-n—M—l) i —wi”

t—2 t—1 (ﬂ)z , ) i
Y ooy (e — il = e — ] = o — wi )

j=1k=j+1

t—1 nM , ,
+3 oy (e =il = o =g — o — )

j=1

n+ M)o?
p—n—M-—1

By iterating the above equation and combining it with Equation (28), we have:

E |[w, — w}]”

p
-2 lt—1—-1 M
ntM nt M- .2
" (1_ p > Z (t*lfl)p (1 p—n—M-—1 ij_wz
=0 7j=1
t—2 1
n+M\ n M . 2
3 (125 5 (1 =) et
1=0
-2 lt—1—2t—1—1 M N2
n+M (77 ) % %112 . N2 . .
+§(1_ p > j;k;rlp(p tnlflM 1) (H 7= wil|” = [lw) —w] _Hwk_wi”Q)
t—2 1t—1—1 nM
n+ M T . .2 . - . "
+§(1— . > ; p(p_;l ]1\/[ ) (H’wj —w;_||” = [Jw) = wi|]” = |Jwi_, — w}| )
+t_2(1_n—|—M>l n+ M)o?
=0 P p—n—M-—1

M t—1 M t—1
:(1—”)(1—”* ) |w;‘||2+(1—”+ ) P oo — w7 ?
P P
M n+ M- 2
1 * _ awF
2 (t—l—l)p< toonoar—1 ) I il

‘n M " P
» Ut oo ) e =il

+
(]

+
7 N /;\ N N
|
3
+ o=
~

T
|
N O

T
|
S}

*
i

2 *
- Hwtfl -—w

_|_

2 * *
| - ij - w;

* *
j — Wiy

_ ]1\4 —1) <HwJ

)
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2

n n+M\"" ne? < n+M\' (n+ M)o?
+(1-2)(1- + 1—
D D p—n—1 — D p—n—M-—1

@+t‘2 L _ntMy M L M- =L
P = P (t—1—1)p p—n—M-—1

(tfljvfl) + (t_l_ 2)(t ]y—l)z * *12
- |w Gl

p(p—n—M—ﬁ -

1
t—2 1t—1—1 M
n+M— ——
+ (1_TL+M> Z L ]__|_—t_l_1
— P : (t—1—1)p p—n—M-—1

1 =
_tlli]\i[1+(t_l_2)(t l 1 || ._wf"Hz
plp—n—M —
+t—2(1n+M>l n(1+ M > (t—1—1)2M - H
=0 P b p—n—-M-=1) plp—n—-M-1)
t=2 Lt—1—2 t—1—1 M 2
n+ M (720 ) »
+§(l b > j=1 k—;rlp(p_n M ij 7“)’“”
= tt—i—1 nM
+M — concurrent
" (1 - p > p(p*; ; jl\l 1) ij w;_ l” +n01se( ‘)(g)
1=0 o

P
t—1 (t—j—1 1 t—j

n+ M M n+ M n N w2

+Z{ 2 (1_ P > (t—l—l)p+<1_ P > p}“wj_wiH

t—2 Lt—1—2 t—1—1 M2
n+M (t7171 ) 2
()T Y - wi
1=0 p j=1 k=j+1 p(p—n—M-—1)
t—2 Lt—l—1 nM
n+ M —i—
e (1) Y e e = wi |  noise), G1)
—o p = bp
where
t— t—2
n n+ M - n+M n+ M)o?
nOlse(concurrent)( ) = (12 1— + ( ) .
P P p—n—1 pad p—n—M-—1
By rearranging the terms in the above equation, we complete the poof for d{f™""™™ and di“}:f”"em) in Lemma C.1.
Furthermore, the expressions of ¢\<"*"™" and g;‘;:cmem) can be derived directly based on d(concmem), dij(;:tcumm) and the
definitions of forgetting. The explicit expressions of """ and cgﬁncumm) are derived as follows.

} (concurrent)

[Ellw: — w}]]* — E Jw; ;|

SOl A e N
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(1_n+M>t_1_<1_n+M>i_1 n+§( n+M> M
p P p (t—1-1)p

i

t—1 (t—j—1 !
n+ M M n )
+ 1- +(1— o
;{;( p >(t—l—1 ( v > p}Hw wi
i—1 (t—j—1 .
n+ M M n
+;{Z (1_ p ) (t—1—1)p +(1 p

_l‘il ,_n+M NV l_n—i—M ] TS
p ) (i—1-1)p P Yo Tt

t—2 [ t—1—2 t—1—1 M \2
n+ M (tflfl) 2
()
1=0 p ;kglp(p—n—M—l)H ’
i—2 li—1—2i—1—1 M \2 A1
Z(l n+M) (iflfl) H * *|2
— — — w; — wy
prd P = S pp—n—M-1)
— =
() S e Dy e el
i p ) S opp-n-M-1 5
i—2 li—l—1 nM 2
n+ M 11 2
(1 » > Z ( ;L—M 1) ||'w]fw;" lH
1=0 j=1
+ nOISe(concurrent) (U) nOISe(concurrent)(o_) (32)

. . 2 . ) .
We will show that 8; consists of terms §; ||w;‘ - w,’;H with §;, > 0 and j,k # ¢ and B, consists of terms

M),k Hw;‘ — wy, ||2 with 7, > 0 for a sufficient large p in Appendix F.2.

C.2. Proof of Sequential Rehearsal in Lemma C.1

In this subsection, we prove Lemma C.1 for sequential rehearsal method. To simplify, we apply the following notations
to denote the current data in this subsection: X; := X o, Y; := Y; g and z; := 2; . When ¢t > 2, the sequence of SGD

convergent points wt(j ) is equivalent the sequential optimization problems:

ﬁ)t(j)—mme w] DH s.t. XTw Y., 7=0,1,..,t -1,

where wt(*” = w;_1 and wy = wﬁt Y Consider an arbitrary ¢ s.t. ¢ < T and fix it. During the training process over each

task in the memory dataset, the expected of model error can be split into three parts as follows.

() 2 2
E|@") - w? ‘

~(j—1 * * *
—E [ = Px, )@ ™) = w) + Px, , (w] — w)) + X[ 2,

(-

forj =1,2,...,t — 1, where (i) follows from Lemmas B.1 to B.4. Similarly, for the current dataset, we have:

M
< (j—1) <l M 12 D07
o

+

2
. (0) X
wy ' —w;

E =E|(I - Px,)(wi—1 — w}) + Px, (w] — w])||”
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’I’LO'2

1—— ) E|lwi—q — w] f'w*—'w*2
( p) it w2+ 2 o — |

—n—-1

By combining the above two equations, we have:

M t—1
E |w; — w]|* = <1— (t—l)p) <1_Z)E||wt—1 — w}|?

=1 t—j—1 t—1
M * %112 M n % 112
+Z( t—l ) (t_l)p]Eij_wiH +<1_(t—1)p> ;”wt_wi”

Jj=1
tern‘l(aequenml)
t—j—1 M2 M t—1 9
t—1 no
= (1 . 33
+Z( -1 ) pt_Ml1+< (tl)p) p—n—1 43

By applying this process recursively, we obtain the expression of the expected value of the model error EL;(w;) as follows.

E |w, — w}|”

ST =t) () O t) et e
S <kM>) (1— ) (1 )l -l
—<1—z>j_1<1—<t_?€1>p>”1< >1n

ST s) )] <>

j=2 U i1=0 k=0
t—j—1 t—k—1 -1
M n M n 2
O (e
k[[[, ( (t—1—1)p p (J—Dp P [o;
uoo\! y
+ <1 T 1)p> % |w} — w?]|* + noise™*® ™™ (5), (34)

noise, "™ (¢) = § ﬁ [(1 B (t—lﬂ]\/[—l)p)t_k_1 (1 B Zﬂ
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By rearranging the terms, we complete the poof for djs*"™ ™ and di;e,g: €12l in Lemma C.1. Furthermore, the expressions of
(sequential)

¢{seauential i can be derived directly based on djra*e"®

expressions of ¢\

d(sequentlal)

and c; s et

and the definition of forgetting. The explicit

(sequential)

ik are derived as follows.

|O[(-e=tt) (o5)] et

and c;

2 (sequential)
[Ellw: — w3~ E flw; — w}|3]

NI ) ()

+{z{§i1<1—m>”* o)) (-]

" l: ,:0 Kl - (tkMDp)t_k_l (1 - Z)] (1 o f?{ 1>p)t+2 (¢ f?{ p

} ;,E [(1 - (—kM—1>p>k (1 - M (1 e 1>p)i_l_2 e W} ot — w
SET0 i) e et e
1 N (B CReee YRt
SET0 ) 0D ) ey

i t—k—1 n j-1
(imtm) (3]0 )

i—k—1 n -t 9

(amimm) (3] (o gtm) e

M t—l
+ (1 _ (t - 1)p> ||wt —w! ” + nOISe(sequentml)( ) nOISe(sequennal)(a_) (35)

SRS

C.3. Proof of Theorem 5.1

Theorem 5.1 follows directly from Lemma C.1 and the definitions of F7r and Gp.

D. Proof of Lemma 5.2 and Theorem 5.3

In this section, we will prove Lemma 5.2 and Theorem 5.3, and provide details about constants &1, &, pi1, ft2. According to
Equations (31), (32), (34) and (35), the forgetting and generalization error for 7' = 2 is as follows. For concurrent rehearsal
method, the forgetting is provided as follows.

FEm = B s — wi]|® — E [lw; — wi|*

n+ M M )
= (- 1— = 14— = * _ap*
(-2E2) (12 ) i+ 2 (14 -2 ) bt - il

(n+ M)o? - n+M no?
p—(n+M)-1 P p—n—1

(36)

31



Unlocking the Power of Rehearsal in Continual Learning: A Theoretical Perspective

And also, we provide the generalization error as follows.

1
G(Qconcurrent) _ 5 (E sz _ wTHQ +E ng — ’UJ;”2>

1 n—i—M)( ’I’L) “12 «112
=—_(1- 1—-— wi||” + ||lw
s (1-22 %) (g + o )

1<2n—|—M N 2nM B n(n+M)) ot — w2
2\ plp—n—M—1) »? b
M)o? M 2
(n+ M)o N (1_ n+ ) no® 37)
p—(n+M)-1 D p—n—1

For sequential rehearsal method, the forgetting is provided as follows.
!~ B, — wi|* ~ E Jw; — wi]?

n+M nM n N M\n, 6 . .
_ ( n ) (1 - ) il + (1 - ) % ] — w3
p P p p p
n+2M nM no? Mo?
U

P p?

(38)
And also, we provide the generalization error as follows.

ecquenial 1
G;equennal _ §(E Hw2 _ wf||2 +E H’wg — w§||2)

1 M n\?, . o s 1 /2n+ M  n(n+2M)  n*M . o
=<1—> <1—> (lwi I + lws[I) + 5 - 57—+ —5 ) llwi —w;
2 P P 2 P p p

M n no? Mo?
1-— 2— — .
+< p>< p)p—n—1+p—M—1 59

D.1. Proof of Coefficients ¢, ¢; in Lemma 5.2 and Forgetting in Theorem 5.3

By observing Equation (36) and Equation (38), the expressions of forgetting for both rehearsal methods share the same
structure: R
Fy =& |wi|® + & |Jw; — w3||* + noiser (o).

We first compare the coefficients ¢;, ¢ and the noise term noise (o). In the below inequalities, the expressions for
concurrent rehearsal are provided on the left while the expressions for sequential rehearsal are on the right.

() ()< (5 0

A (o) ()2
Co — —_— -— ) =,
p p—n—M-1 p/)p
ise (o) (n+ M)o? n+ M no? > (1 n+2M+nM no? n Mo?
noisep (o) : - . -——t — .
F p—(n+M)-1 D p—n—1 D P> Jp—n—-1 p—M-1
. . ~ o ~ N ial
The comparison implies that é(lconcurrent) < é(lsequennal)7 é(2¢oncurrent) > é(zsequennal) and noise(;oncurrent) (J) > nOiseS;equemld) (0’) By

further calculation, we obtain the following conclusion:

F2(concurrent) > F2(sequential) if and 0nly if §1 ”wT _ w;c”Q + 520_2 > ||wﬂ|2a

. To illustrate this conclusion better, we

LM(ilM 1+l) (p :Jrlzg 1_(1_%+n1§l)p m 1757 % 1)
— _p \p—n—M-— P — —no M- P —n- — M-
where & = S (1o a) and & = A (1-2)

P P P
provide the following two special cases.

o If the noise o is 0, and the task similarity is low enough (i.e., ||w} — w3 ||2 is large enough), sequential rehearsal achieves

a lower forgetting. More specifically, FL"" ™™ > Faenia i¢ and only if ||w} — wj]> > % [wi]|?,
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o If task difference ||lw; — w3 ||2 = 0 and the noise o is large enough, sequential rehearsal achieves a lower forgetting.

More specifically, F{™ > peauentiah e and only if
05
p P 2
o> [Jwi]”-

1

- n+M (1M + nM n _ M
p—n—M-—1 p p2 p—n—1 p—M-—1

D.2. Proof of Coefficients Jl, dg in Lemma 5.2 and Generalization error in Theorem 5.3

By observing Equation (37) and Equation (39), the expressions of generalization error for both rehearsal methods share the
same structure:
5 )2 12 5 % )2 5
Gy = di([[wi]]” + [[ws[|") + d2 [wT — w3 |” 4 noiseg (o).

We first compare the coefficients dy,ds and the noise term noiseg(o). In the below inequalities, the expressions for
concurrent rehearsal are provided on the left while the expressions for sequential rehearsal are on the right.

(520050 05)

dy 2n—|—M+ 2nM _n(n+M)>2n—|—M_n(n+2M) n*M
P plp—n—M—1) p? p p? P
noise¢ : —(n+M)02 + (1 nJrM) no? > (1 M) <2 n> no? + Mo™
p—(n+M)-1 p Jp-—n-1 p p)p—n—-1 p-M-1

. . . ~ Al s A Ale o ~ concurrent ~  (sequential)
which implies that d{f°"e"™ < eaertial gpq gioneument , jiequentah, n01se(G )(a) > noisegs | (o). By further

calculation, we obtain the following conclusion:

G(Qconcurrent) 2 G(Qsequential) if and Ol’lly if 11 Hw,{ _ w;HQ + ,U20'2 > H’UJTHQ,

nM ( 2M +;7%) n+% 7(17M+nl§{) n___ J\A{I
] —n—M—1 '} —n—M—1 ] p—n—1 —M—1 . . .
where 1y = 22—~ ( 17@)5, 2=/ and pg = X . ( = ﬂ)p - £ . To illustrate this conclusion better,
. P2 P ) 2 ?
we provide the following two special cases.

« If the noise o is 0, and the task similarity is small enough (i.e., ||w} — w3||” is big enough), sequential rehearsal

has a smaller generalization error. More specifically, GE"™™ > G5 i and only if ||w} — w3|® >

— —n—M-—1 ® (|2 * 12
A M) (w1 + s

* If the task difference | w] — w3 ||2 = 0 and the noise o is big, sequential rehearsal has a smaller generalization error.

. sequential) .
More specifically, G5 > G54 if and only if
nM (1 _ @)
2 P’ P |2 )2
o? > (It ]1? + 1]
n+M — (1= M 4 nM n o M
p—n—M-—1 p p2 p—n—1 p—M-—1

E. Comparison between Concurrent and Sequential Rehearsal Methods When 7" = 3

Recall that My 1 = M and M3 1 = M35 = % under our equal memory allocation assumption. In this section, we assume
o = 0. According to Equations (31) and (32), we write out the performance of the concurrent rehearsal method when 7" = 3
as follows.

F (concurrent)

—_

2 2 2 2
5 (Ellws — wif|” = EJlwi — wi” + Eflws — w3 [|” — E [Jwz — w; ")

(P ) (e (22) (0 1
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1 2(n 4+ M nM M? n+ M n n+ M . -
5 |0-757) : #1210 PR ot - g
2 p pp—n—M—1) " 2p(p—n—M—1) » » ’
LIn nM 2, 1 |n nM } )
talp T wi —wi|* 45 |-+ w — w2, (40)
2[19 p(p—n—M—l)]H 1 3“ 20p plp—n—M-1) (w3 3l
and

G (concurrent)
3

* (|2 * (12 * (12
(Eflws — wi||” + E [[ws — w3 ||” + E[Jws — w3 ")

n+ M\? n w112 ) (12
(1— ; ) (1—p) (w2 + o3 + o3 )

Wl Wl

1y 3(n+ M) nM 3M>2
+-1(3- +
30 p pp—n—-M-1) 4p(p—n—-M-1)
n+ M 3n M  nn+M) X )2
2 (22 B 20 st - )
p p D p
[ 2(n+ M + M)? M +M M 3nM . .
by |o (2 2R B S () s Jw; = wj |
31p p p p p 2p 2p(p—n—M-—1)
1[n n—l—M) M 3nM } 9
+-1=(2- + —+ wy —wi||”. 41)
3_p( p 2p  2p(p—n—M-1) oz = il

According to Equations (34) and (35), we write out the performance of sequential rehearsal when T" = 3 as follows.

. i 1
FYe — (B s — w]” — B s = w|]? +E s — w3]]* — E [w; — w})

=3[(-3) (-5) (-3) - (- 3)] v

3 2 2

1 M M M

2 P P 2p P P

1 n M\ n M\? n M\? n\ M M2 )

2 ( p p/)p 2p P 2p p) p 4p? i = w3

1 M\’ n ) ( M>2 n )

+ = 1—) —JJwf —wi||"+({1—-—=— ] —|w;—wi|". (42)

2( % pll 1 — ws| on pll > — will

And also, we have

u 1 * * *
G = 2B s — | + s — w3 + g — w3 ])
1 n\?> M M\? 2 w2 112
:3(1—p> (1—p) (1—2]9) (lewt I + w3 ? + aw])

1 n Mz[( M)( n>n M] M M? )
+(1==)(1-= 1—=(2—=)=—4+=|4+= - = }||lw— w

3{( p)( 2p) P A AR A
2 2 2 2

) ) 0 08

2p) p 2p p) Dp D P 2p) p

M M * * 12

" (1 - Qp) Qp] o — w3

1 M\’ n M n M « 1|2
+3{(1_2p) 210-5) (“J*@Hp}”%‘%”- “
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E.1. Comparison of Forgetting When 7" = 3

By observing Equation (40) and Equation (42), the expressions of forgetting for both rehearsal methods share the same
structure:

1, 1, 1, 1, 1,
Fy = g [[will” + ea [lwi]|” + 5 s [lwi — w3|* + Séa |[w] — wil|* + 55 [lw] — wi|*.

2

A(concurrem) A(sequential) 2 A(concurrenl)

By comparing Equation (40) and Equation (42), we have the following conclusions: 1.¢ <c <
A(2sequent1dl)’ 3'Ag:oncurrem) > Agequemldl) whenp > 5n+4]\1 4 A(Concurrent) S 6 A(sequentldl) 5 A(concurrem) > ¢ A(sequemldl) The pI'OOf of

these conclusions is provided as follows.

A(conc (sequential
Proof. 1. @foneummen) o pbeauentiah e phave:

(-2 () (-3 - (1-2)
JERISHICHRICH
IEPICHRICH
gl [

2 6(200“0““61“) < é(;equemia'). Consider:
3
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(1-5) (-5
p p
3
M
e
p
(1
(1
(1
<1
> (1

oncurrenl

~ tial
c(;equen ial) _

\%

() ()

3

3

DI ®IS BIS

'S
N— — 7 N~~~
‘:
=

|

3

+ =3
=

3

=

ol
=G

3, ggoneument) , ¢ “(Sequenm}) when p > 2252 We first lower bound ¢ pleoneurent) as follows.

éz(aconcurrem): <1 2(n+M)> nM + M2 +TL+M <1n> (1 TL-I—M)
p plp—n—-M—1) 2p(p—n—M-1) P p P
2(n+ M)\ nM M?* n+M n n+ M
> 1l-—) 5 +t55+ I——)(1-
P P 2p? P P P
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)( M) n? n®—n2M —2nM?

L
p

1—- =
p

p? p3

n+M(
p

(sequential
(eauentiah) s follows.

On the other hand, we upper bound ¢

s (0508 69 ) (8 (D)5
M S (G ISP MG ICHF
3 05055035
()55 (05 -5) )< (-5) ()
03056 )
+><~‘5> (-5)%

n 2M n  nM

—(1-=-=+—=

p p p p
n n+2M nM
S\, Tt

1”) 1 >"+M+(1”) oM
P p) »p P P P P

(44) n M\ n+M n+M\n n+2M nM

< |1-—-— 1-—— + 11— N+
p p p p p p p
n M\ n+M n2+2nM nd+4n’M + 2nM?

<[1--— 11— — — 5 + 3 ,
p p p p P

where (i) follows from the face that p > 524 and (44) follows from the fact that —# + T;le < 0. Since p > SntAM
we have:

-+
P2 P? p? p3

. . . ~(C ~ tial
which 1mp11es cgoncurrent) > Cg)sequen ial)

n? n®—n2M —2nM? - n? 4+ 2nM n n® + 4n2M + 2nM?

and completes the proof.

N A(S tial .
4.c£f°"°me"t) > c(;eq“en 4l " Consider:

2
égfoncunem) _ ﬁ n nM > Q S ( M) ﬁ _ éisequential).
p plp-n—-M-1)" p p

5. The proof of é(5concurrem) > é(;equential) is the same as églconcurrent) > éilsequential).

E.2. Comparison of Generalization Error When 7" = 3

By observing Equation (41) and Equation (43), the expressions of generalization error for both rehearsal methods share the
same structure:

1 1|2 w2 w2y, L5 X w2 | Ls X w2 | Ls X .12
G3=§d1(||w1|\ + [lws[|” + (w3 )+§d2 |wi — ws| +3ds |wi — wi| +3ds |ws —ws]]”.

J(concurrent) j(sequential) ,
1.d}y < dj

)

By comparing Equation (41) and Equation (43), we have the following conclusions:

Z'ngconcurrent) > d(zsequenlial) when p > 4n4é3 M : 3.62(300ncurrenl) > désequemial); 4.dglconcurrem) > dﬁfequenlial)

relationships is provided as follows.

. The proof of these

1. d(lconcurrent) < Cz(lsequential):

3 2
d(lsequential) _ <1 o TL) <1 _ M> (1 _ M)
p p 2p
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p

_ J(concurrem)
=dj .

5oy > gt when p > 4n43M e first lower bound dy""™™ as follows.

Ci(concurrent)
2
_(3_3(n—l—M)> nM N 3M? +n+M(2_3n_M n(n + M)
p pp—n—-M-1) 4p(p—n—-M—1) p p p p?
>(3_3(n+M)>nM 3M2 M [ 3n M n(n+M))
p pr 4p? p p P p?
>3<1_n+M>nZ;4 2(n+M)+n+M<_3n_n n(n—i;M))
D p p p p p
2(n + M) 3n2+nM—|—M2+n3—n2M—2nM2
p p? P '
On the other hand, we upper bound d$**"* as follows.
J(sequential
d(2eqetd)
n M\? M n\n M] M M?
=(1-2)(1-= - {2-Z)=+=|+=-=
P 2p D p)p p p 4p
n M M? M n\n M M M?
—(1-2)(i-=+ S ) (1-=)(2-2) 2=y = -
P D D p p)p p p 4p
M\ [ M M M M? M M
() 2z
P p/) 1 D p)p p p 4p P p)p p
M\ [ M M M M?22 M
(-5 -D)-F)E-0) i3 w57
P p/) L D p)p p p  4p°lp p
M\ [ M M
(-
p p L b)) p p p
M\ 2 M 2 oM M M\ M
(D)2 () (-2 oy
p p p p p p p p p p
_Z(n—i—M)_3712—1—371]\4—1—M2 n3+3n2M+nM2_n3M
p p? p? p
<2(n+M)_3n2+3nM+M2+n3+3n2M+nM2
p p? P '
Since p > 42E3M we have:

3n2 +nM + M?
— +

n3 —n?M — 2nM?

N 3n? + 3nM + M?

" n® + 3n2M + nM?

P’ P p?
which implies d$°" ™™ > 594 a0 g completes the proof.
- digenereny  seauentiah ywe first lower bound d§ ™™™ as follows.
dg:oncurrem):n<2_2(n+M) (n+2jw)2>+M<1_ﬂ+M)+
p p p p p

37

p3

M

2p

n 3nM
2p(p—n—M—1)
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n
> —
p

(2_2(n—l—M) N (n+M)2> M (1_n+M)+M 3nM

P P T P 2 27

j(sequential)
d3

On the other hand, we upper bound as follows.

j(sequential)
d3

M\? M2 M 2 M M2 M\ M
O O N O ER P N[ PGS
2p) p 2p p) p D P 2p) p 2p) 2p
M\?n n\? M n M\ M M} M
<|(1-%) = [1+(1-— l—— )|+ (1-=) (1) =+ 5+
2p) p D D D p/) p 4p 2p
n on+M n2+4+2nM n M M? M n+M nM? M3 M
<<2— + > >+<— — | +—=(1- + —+
D D D D p 4p D D D 4p 2p
n on+2M  n2+2nM + M? M n+M nM? + M3 M
=<2— + 5 +—(1- + 3 +—
D P p D D 4p 2p
2 M M)? M M M 3nM
<n<2_ (it M) | (n+ ! >>+(1_n+) M, 3t
D D D D D 2p  2p

By combining the above equations, we complete the proof.

4. CZglconcurrent) > Jisequential)' Consider:

ceduentis M\? M M
difequentldl) _ <1 _ > E |:<1 _ ) (1 _ n) + ]_:| + —
2p) p p p 2p
_ M M
<z <1> <1">+1}+
DL D D 2p
n [ n+ M M n*M
=—|2—- + — 3
DL D 2p D
<2_2 n+M]+M+ 3InM
pl p 2p  2p(p—n—M~—1)
< dglconcurrem).

F. Proof of Lemma 5.4

In this section, we prove Lemma 5.4, which helps to further compare the performance between concurrent and sequential
rehearsal methods for general T'. We assume that M > 2. We first prove coefficients dor, d;;r7 in Appendix F.1 , and then
prove the coefficients ¢;, ¢; ;1 in Appendix F.2.

F.1. Proof of Coefficients dyr, d; ;. in Lemma 5.4

In this subsection, we will compare the coefficients dor, d; ;1 under different rehearsal methods. We first fix the index 7,
which implies that we consider the generalization error on the previous task i.

1. We first prove disore™® < gea*m®) According to Lemma B.11, we have:

T-1
d(concunem) _ (1 . ’I’L) (1 _ n —+ M)
or
p p

(- T[0 ) )

__ 4(sequential)
- dOT

38
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d(concurrent)

2. Now, we prove d; .y > dSeenial g0, > 974 (n + M)nM. We first consider:

A I (e e

MN\TTh L T?(n+ M)nM
(<)n<1_n+ ) N (n—|—3 n 7 44)
p p p
where (7) follows from Lemma B.12 and (i¢) follows from Lemma B.13. We also notice that:
Sl ()] ()
— (T—k—=1)p p (T—1-1)p (T—1-1)p
- T-31-1 l<1 Y )T—k—l (1 nﬂ ) M >T—l—2 o
= (T—k—=1)p p (T—1-1)p (T—1-1)p
[ D)6
o (T—k—1)p P p/)p
. T-3 1 T—2
i 1 M M M M)M M\ M
O A
Tp) = p (T—=1=1p p p p)p
(i) 1\ & n+M\" M n+M\"? Tn+ MM M\ M
— 1- + (1= s (-2 ) =
Tp) = p (T—=1-1)p p p p) p
T2 ! 2 2
M M M T M)M
3 (1-" + B L T+ M)M7 (45)
p (T—=1=1p T2p* P

where (7) follows from Lemmas B.12 and B.15 and (é¢) follows from Lemma B.13. By combining Equations (44) and (45),
we can conclude:

d(_sequenlial)<n<1_n+M)T1+TZQ(1_7’L+M>1 M +T2(’I’L—|-M)77,M_ M +T2(H+M)M2
e p p i p ) (T—1-1)p p? T2p? p?
@) n+M n+M\T 22 n4 M\ M
< 1-— S +> (1- . T
=0
= diir, (46)

where (i) follows from the fact that p > 27*(n + M)nM.

(sequential)
ijiT

> I [(l ) (- Z)] (o)

M T—j—1-1 M
(1_(Tll)p> (T'—1-1)p

d(concurrent)

3. Next, we prove d, > d ifp>T4n+ M)M, for j = 2,3,...,T — 1. We first have:

+ :
Tp) = p T—1-1)p p p? jp

(i) (1 1) T‘fz (1 n+M)l M ( n+M)T_j_1 M | T*(n+M)M?
Tp) = p (T—1-1)p p Jjp jp?
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T—j5—
apy
=

where (i) follows from Lemmas B.12 and B.15, (i) follows Lemma B.13. Therefore, if p > T#(n + M)M, we have:

1

2 2
( n—|—M>( M M  T*(n+M)M 47

—l—l)p_T2p2+ e

- > (1 ntoM)l (T —Af_ p’ (48)

Furthermore, we have:

T ) D) (- 2) e T
o (T—1-1)p p G-1p/) »p p p
where (4) follows from Lemmas B.12 and B.15. Therefore, by combining Equations (48) and (49), we have:
T—j5-1 l T—j
+ M M n+ M n
d(sequentlal) < Z (1 . n ) + (1 _ ) 1 d(concurrent). (50)
igeT N 1311
— P (T—-1-1)p p P
4. Last, we prove dsoneument) ~ g@edientiah The proof is straightforward:

T-1
d(sequentldl) 1— M E < ﬁ d(concurrent)
VT (T _ 1)p P P sTiT '

5. Moreover, for the other choices of j, k we have dicf;“mm) > 0 and dg;e,g;f miah — ),

F.2. Proof of Coefficients c;, c;;; in Lemma 5.4

In this subsection, we will compare the coefficients c;, ¢;;;, under different rehearsal methods. Before we start, we first
provide some important observation about the terms 3, and 35 in Equation (32). We split the term [3; into two parts.

T—i—1 | T—-1-2T—-1-1 2
+M ) .
51=Z<1 n )Z T Tnl_l — | 28
=0 j=1 k=j+1 p
T-2 | T—-1-2T—-1-1 2
n+M ) * %2
* (1 ) > Z e M) [[wj — wi
1=T—1 1 k 1 —
i—2 n+M L7 jl 21— ller (Z L 1)2 . o 51- (51)
(M) Y Y e - wl
1=0 =1 k=1 P

. . . . 2 2
Since T' — i — 1 > 0, we notice that ﬁfr consists of terms 5;{,6 Hw;‘ — w,*;” where 5;,6 > (1 — %) TAz/‘Ip2 for any

J.k € [T — 1] and j < k. For the term 3, , we have:

i—2 T—i+li—1-2i—-1-1 M N2
_ +M (=i=1) -
=y (1) Y Y g w

2

1=0 p j=1 k=j+1 p(p -n—M —
iz2 lil—2i-1-1 M 2
nt M (=1=7) )
— 1 _ 7 *7 .
;( p ; k,jﬂp(p—n—M—U [} — wi
— T—i Liel—2 i—1—1 )
n-l—M n+M ( ) ) o
:Z (1— ’ ) 1] (1_ ) Z Z - oo — w3
=0 Jj=1 k= ]-‘rl

40
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N T(n + M) i—2 i—1—2 i—I—1 (Z_izlwil)2 5
=T Z Z ( M—1 ’ (52)

p =0 j=1 k—j PP TN
The above argument shows that 3, consists of terms 5 & ||w — wy, H where (5 W for j,k € [i — 1] and

j < k. Therefore, if p > (T* + 1)(n + M), we can conclude that 3; consists of terms 5j’k |w; — w,’:H2 for j,k € [T — 1]
and j < k, where

M\ M2 T2(n+ M)M?
Sik > (1—’”r ) (n+ MM” (53)

p )T P’
By the same argument, we have:

T—i—1 1 T—1-1 nM
+M —1— % x
N e = R

e p = rlp-n-M
T-2 | T—1-1 nM
n+ M) T—1-1 * * 2
+ 1— w,; — WwWp_
4 _i( P Z_; pp—n- -1 I~ i )
-2 Vi1 it Bas (54)
n—+ M —1—1 * * 2
—2 17 p(p—n— M= ij —wi|
1=0 =1
where 35 “11? with N > (1 ”J;M) L forj,k € [T —1]and j < k and 3, consists

T?(n+M)nM
—

_ 2
of terms 7); ;. ij —wg || withn >

for j,k € [i — 1] and j < k. Therefore, if p > (T* + 1)(n+ M)M,
I,k

we conclude that 35 consists of terms 7; j, Hw;‘ —wy, || forj e[k — =2,3,..,% where

M\ nM  T%(n+ M)nM
njk_(1n+ )" _ T+ MM (55)

p Tp? p?
Now, we start to coefficients ¢;, ¢; ;1 in Lemma 5.4. We first fix the index 4, which means that we consider the forgetting on
the previous task i. The proof of (™™™ < ¢eauental ¢, ~ 93, 4+ M)?2 follows from Lemma B.16 directly.

(concurrent) > ¢ (sequential)

The proof of ¢;; Cijk

are as follows.

(concurrenl) > (sequential)

Civi if p > 37*4(n + M)nM. We first upper bound part of the coefficient ¢\F """
= M T—1-1 n i—2 u i—i—1 n
- -9 =TI (- —— 1=
2 s (T—1-1)p p iy (t—I=1)p P
@) n n+ M\ n+ M\
200 (1 (1=
p p p

where (i) follows from Lemma B.17. We then upper bound the other part of 23" as follows.

| [(1 == M (o)

B M >i12 M
(i—1-1p (i—l—1)p

(
] ==
)

M T—1-2 M
](1_(T—l—1)p> (T=1-1)p

1. We prove c;;

(56)
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|
: \

( M )ikl ( n) < M )ilQ M
- 1—= )| (1-— _
prdbue (i—k—1p p (i—1=Dp (i—1-1)p
Tfl ﬁ [(1 B M )Tk:l (1 B n>‘| (1 B M )Tl2 M
prdliied (T—k—=1p p (T—1-1p (T=1=1)p
i—21—i4+T-1 ( M >T—k—1 ( TL) < M )i—l—Q M
+ 1— o L —
= i (T—k—1p p (i—1=Dp (i—1=1)p
- S -1 (1 - M )i—k—l (1 B n) (1 B M )i—l—Q M
prdun (i—k—1p p (i—1=Dp (i—1—1)p
<z‘>T‘zi:‘1 L _ntM ' M M T*n+ M)M?
pard P (T-1-1))p T? p3
i1—2 l—i+T l i—1—2
+Z (1n+M+(n+J;/I)M> (1n+M> <1 ' M ) ‘ M
— P p p (i =1—=1)p (i=1—="1)p
() ! (1_ n—i—M)l M M T*n+M)M?
—~ p (T—i-1p T? p?
= n+ M\ T2n+ MM n+ M\ M
+ 1— (1= ‘
prd p p p (i=1=1)p
T—-1 1 1—1 l
M M M M 2T2(n+ M)M?
- s + Z n+ . B N (n+ M) ’ 57)
— p (T — l —lp = (i—1=1)p T?p? P

where (¢) follows from Equation (45) and Lemmas B.11 and B.12, (ii) follows from Lemma B.13. By combining
Equations (56) and (57),

(sequential) < n (1 _ n+M>T_1 B (1_ n—!—M)i_l +Tz_:1 (1_ ’rL—|—M>l M
e P p p P p ) (T—=1-1)p
= (1 n+M)l M Tt MppM M 2T(n+ M)M? 58)
prd p (i—1=1p P’ T2p? p?
0 n (1 n+M>T1 (1 n+M)“ +Ti (1 n+M>l M
p p p — p (T—1-1)p
B Zzi (1 n+ M)l M
s p (i—l—=1)p
(2) (concurrent)
S G (59)
where (i) follows from the fact that p > 374(n + M)nM, (ii) follows from our observation in Equations (51) to (55)
2. Next, we prove cg(;"cmem) > Zelquemlal) ifp > 3T*(n+M)nM, for j = 2,3,...,i— 1. We observe that c(sequemlal) consists
of two parts, where the first part can be upper bounded by
T—j-11-1

Z H [(1 ) (- Z)] (o)

- T=i=1p
i—j—11-1 i—k—1 n i—j—1—1
‘I_O,E[(lw—f—np) k (I‘p)] ()
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L T—j—1 l i—j—1 l 2 2
(@) n+ M M n+ M M M 2T*(n+ M)M
2y (- -y (- - )
prd p (T—=1=1p ¢ p (i=l=Tp T? p
The other part of ¢*™ can be upper bounded by:

151

0 rt) ™ (-5
=) D] 0 )

i i—j—1 T—i 9 i—1
f(-nean) 7 [y Pl (Y
P P p (j—1p p
i—j—1 T—i 9
R R e

p? ’
where (7) follows from Lemma B.17. By combining Equations (60) and (61), we have

T—j-1 i—j—1
(sequemlal) < y 1— n+ M M B jz L n+ M l M
=0 P (r—i-1 p ) (i—i—1)p

N <l_n+M>
p

L T—j—1 i—j—1 !
(i) n+M> M ( n+M> M
< 1-— — 1— :

2 ( p (T—=1-1)p 2 p (i—1—=1)p

=0

A (-2

(i7)
< (concurrent) (62)

= 7 9

— +
p? T2p2 p?

} L TP(n MM M 2T (n + MM

where (i) follows from the fact that p > 37 (n + M)nM, (ii) follows from our observation in Equations (51) to (55).

3. We prove ¢Soneument) ~ plseqwental gor 5 — 41, .., T — 1if p > T*(n + M)M. According to the same derivation as

(X3

Equations (47) and (49), we have

(sequent1a1)<sz:1(1_n+M> M (1_n+M>T_jn_ M +T2(n—|—M)M2
s P (T—1-1)p p p  T?p? p?
fil( n+M> M (1n+M>Tjn
— (T—-1-1p p p

: (concurrent)
< G )

—~
a2

where () follows from our observation in Equations (51) to (55).

4. Last, we prove clsoneummen) ~, equentiah e, - 72(p, 4 M)M. Consider:

(sequential) _ M =t n M n n nM
CiTi 1- — <l —-< — = 5
(T'=1)p p (T-Up)p p p

(@)

iSRS

43



Unlocking the Power of Rehearsal in Continual Learning: A Theoretical Perspective

(i)
t
S C%??CUHGH ) , (63)

where (i) follows from the fact that p > T?%(n + M)M, (ii) follows from our observation in Equations (51) to (55).

5. As discussed in Equations (51) to (55), we have

G. Proof of Theorem 5.5

In this section, we prove Theorem 5.5 where we provide a particular example in which sequential rehearsal has lower
forgettir}g and generalization than concurrent rehearsal. We first prove the forgetting part in Theorem 5.5. Recall F'r =
T i;ll E(L;(wr) — L;(w;)). Therefore, it suffices to prove

[['z ('wT) o Ez (wi)}(concurrent) > [ﬁl(wT) o £1 (wi)](sequential)

if p > 272%(n + M)nM for each i € [T — 1]. Since w; are orthonormal, we have ||w?||* = 1 and |w; — w} > = 2for
i # j. Recall the discussion about 35 in Equation (54). Then, we consider
T—i—1 l
M 2nM
prd p ) plp—n—M-1)
B 2nM [1— (1= =)
- o M—_1) _ (1 _ ntM
pp—n—M—-1) 1-(1-"H)
T—i (T—i\(_n+M\k
2nM _Zkzl ( k )(_T)
> P2 ' n+M (64)
P

We note that for any k € [3,7 — ¢ — 1] and k is odd, we have
T—i\( n+M ’“+ T—4\ [ n+M\"
k P k+1 D

T RN(T ET;Z.;!* 1)! (‘nJ;M>k [lek * kil (_n;Mﬂ

= (5 -

<0,
where () follows from the fact that p > T'(n + M ). By simply discussing when 7" — ¢ is odd or even, we can have
— (T—4d\ [ n+M\* T—i\( n+M T—i\ ([ n+M\
- )\ YA A
1 p p p
(T—i)(n+ M) (T—=i)(T—i-1)(n+ M)
p 2p° '

By substituting the above equation into Equation (64), we can have

N oM [(T—i)(n+M) (T —i)(T—i—1)(n+M)>
2 > p(n + M) [ p 2p? ]
AT —inM (T —)(T —i—1)(n+ M)nM
B p? p?
(é) (T—z’)(n2+ M)M +%2 _T*(n Jrj%)nM 65)
p p p
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where (7) follows from the fact that n > M + 1. Now, we can conclude
[‘Cz(wT) _ »Cz (,wi)](concurrent)

T
_ cgconcurrent) + ) 2 :Cg(:oncurrent)

j=1
i T-1 i—1 T
i M M .
(>)<1_TL> (1_Tl+ ) _(1_n+ ) +QZC§S8quenllal)+26f—+2ﬂ;
p p P =
M T-1 M i—1 T ‘ }
> (1 — n) (1 . n —+ ) _ (1 _ n + ) + zzc;sequenual) + 26; (66)
p p P =
where (i) follows from Equations (58), (62) and (63). On the other hand, we have:
[Ez (wT) _ Ez (wi)](sequential)
i T-1 i—1 T
(4) (1_”) <1_n+M) _(1_n+M> +2ZC§S€quemial)
p p D =
(67)

9

(T —i)(n+M)M  T3(n+ M)2M?
2 + P
where (i) follows from Lemma B.18. By combining Equations (65) to (67) and the fact that p > 27%(n + M )nM, we have

+

[ﬁz(’wT) o Ei(wi)](concurrent) > [Ez ('wT) o ‘C’L (wi)](sequenlial)’

which completes the proof.
Next, we prove the generalization error part in Theorem 5.5. Recall G = % Zz;l EL;(wr), it suffices to prove

E&concurrent) (wT) > Eisequential) (wT)

if p > 2T*(n + M + 1)2M for each i € [T). Since w; are orthonormal, we have Hw:‘”2 = land ||w] — w;H2 = 2 for

i # j. Therefore, we have

t—2 lt—1—1 nM
n+ M) =1 2
. 3 Ju; — i |
prd p = plp-—n-M-1)
B T—2 . ’I’L—|—M 1 T—1-1 T21LlJV_Il
- - P Z p?
1=0 j=1
MN\T 2nMm
>(T—1)(1—n+ ) -
p p

- (1_T(n+M)> 2(T — 1)nM
p p?
g(lT(n+M)> (T-=1)(n+M+1)M 68)

i

p p?
where (4) follows from the fact that n > M + 1. Therefore, by combining Equations (31) and (68), we have:

T-—1
l:(concurrent)(wT) > (1 . n) (1 _ n -+ M)
’ p p

{5 2 05 i)

=
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S (R e (D TS
N (1 T(n+M)) (T—l)(n—zM—i—l)M'

(69)

On the other hand, we have:

Cgsequentlal)(wT) ®) <1 o ’I'L) (1 _ n+ + (n + ) )

N ((T_ 1)(n+ M)M . T3(n+M)2M2) (70)

p? 2pt

where (i) follows from Lemma B.12 and Equations (46) and (50), (i¢) follows from Lemma B.14 and the fact that 1 — % < 1.
To build the relationship between Equations (69) and (70), we have:

(1 T(n+M)) (T-1)(n+M+1)M ((T—l)(n+M)M T3(n+M)2M2>
B 2 B 2 + 4

D D D 2p
(T-1)M T(T-1)n+M)(n+M+1)M T3n+ M)2M>
- p3 - 2pt

(;) 0 71

where (i) follows from the fact that p > 27%(n + M + 1)2M. By combining Equations (69) to (71), we can conclude:
E(_concurrent)(wT) > E(sequential) ('wT>

H. Proof of Hybrid Rehearsal in Proposition H.1

First of all, recall that the memory set M; = M{™ | J M3, where MM = Uy ezem Mep and Mis = Upez@ M.
t t

We present the explicit expressions of coefficients and the noise term in Theorem 5.1 for hybrid rehearsal method in the

following proposition.

Proposition H.1. Under the problem setups considered in this work, the coefficients that express the expected value of the
forgetting Fy and generalization error G obtained by Algorithm 1 take the following forms.

(hybrid) (hybrid) (hybrid) _ (hybrid)
dog 7 =role(t —1), " =dop"" —dg; "
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t—j—1
(‘i") sim sim sim
7 (1= Bi) =T (1) Byl +Z 1— By) BT, (1)pBy oK, 10 10,
1=0
(dis, sim ({11.)‘) .
+(1 = By_j) 5" Inly (¢ — k)Kt,k7t1;€ ,) + (1= Bi_j) % 0y (t — §)(1 = 70)
t—j—1
(dis) . . .
gMbrid) _ + r.()(1— By, )lI 1= Z(J)Bl tl{ €z} if jeit—1,k=1
ijkt - 1—0 t=
(1 — To) + nft(t - k)Kt—k,tl{iEIi“'”’)} lf _] = t, k=1
t—2
(dls) . . . .
(1= Bi) 5Ty (DpBr i K1, kezimy if j<kandjk+#it
1=0
(1= By )T InLy(t — k) Ky_po 1 ez if j<kandjk#i
(hybrid) (hybrid) (hybrid)
ZJ}k - d’Lj)]}CT dl])kZ ’
2 |I(dl\‘ |
i (dis) (dis)
noise{™" (o) => Tu(1) [ D (1= B)F=lm DA w4 (1= Byy)FilA I ZO By 0
1=0 j=1
M .
—e— ifl £t —1 .
wherer, = 1— ”;a, By, = { (t_lo_l)p f jw. K= p—— A?l’t|z<xi,,,>|_1, f:(4) = s such that (the s*" element
(dis)y _ : 4(sim) ._ (du) 5 |7 _ _ao?®
OfIt ) =7, lt,j = 1{ ezim ) 1 = l{jeI(d"’}’ H { 1— Blt t—1 rt}{f i I(ﬂm)‘:| A = st

In Algorithm 1, the training process of CONCURRENTTRAIN(D; |J M3™) is equivalent to solve the following optimization
problem:

117150) =min|w— w1 ||° st X w=Y;,
X ow=Y,, heI™. (72)

Then, the training process of SEQUENTIALTRAIN(M 1) for h : M, ;, € M is equivalent to solve:

2 :
") — min Hw - uﬁﬁfﬁ(h)*”H st. X pw =Y, h=12 .||, (73)
w 2 ’ ’
where the f;(h)*" element of Iédis) is h. The final convergent point of task ¢ is denoted as w; = Ibt(‘z”lldm). By the same

argument as concurrent rehearsal (or sequential rehearsal), it suffices to prove Lemma C.1 to derive the explicit expressions
for both forgetting and generalization error. Consider an arbitrary ¢ s.t. ¢ < T and fix it. The expected value of model error
E[L;(w;)] are derived as follows including concurrent part and sequential part.

The first part is concurrent part. Define V“m as the concatenation of X and X, j, forall h € I(Slm) Similarly, define _“m,

as the concatenation of z; and z; , forall h € Iis“n). By following the same argument as concurrent rehearsal method, we
have:

2
~ (O) *
w; "~ —w;

e|

sim)| M 9
2 mt | X0 (w) —w)) (n+ 7™ 25)0

EH’lUtfl_w»?H +E ‘/tSlm t,h h ? o IIESim)iﬁ— )
t—1

X[ (wp —wy)

(3

’L

n+ ‘I(Slm)“M )

) E [[w;—1 —w|*

) n—|—£(|I(Slm)|—1 § 2
2 (t— 1)p - P R [w] —wi|

j eI(@lm) p

< n+| (slm)lt
+
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n |It(s1m)| . )
+— {1+ = w; —w;
P p—n— |I§51m)‘t]\:jl _1 || t g ||

M \2
. (1)

t—1
G EETE™ | k> j

2 2
p(p_ n— ‘Iisim)|% - 1) (H’Lv;< - 'LUZH - ||u};< - wf” - ”’U);: - w:”?)

nM
t—1

jeIisim) p(p —-—n-—= |It(51m)|% -1
(n+ 2™ 25 )o?
p—n— L 1

+ 5 (Il =i = g = i = o7 - wi )

(74)

i

where (7) follows from the same argument of Equation (29) and (i¢) follows from the same argument of Equation (30). The
second part is sequential part. According to Lemmas B.1 to B.4, we have:

2
2 M B 2 M =0
Ellof ™ —wr| =(1- pUe =) _ +7||w;_w;||2+$,
(t—1p (t=1p P— - — 1
By iterating the above equation, we have:
M (dis)‘ 9
* 12 ~ (0 *
E[Jwe — wj| :<1_(t—1)p) E ||w” — w;

MO\ITEI=RG) g o
+ Z ( t—l)p) -t e —will

(dn)

\I‘““’I ZV-fG) M2
M ¢ ‘ -170
+Z( tl) T as)
t—1

By combining Equations (74) and (75) and repeating the process, we derive the expected value of model error £;(w;) with
hybrid rehearsal method as follows.

E [[w; — w||*

(dis) :
M 1Z:™| n—+ Z(sim) 7]‘_/[
- <1(t 1) > e ) LRl
—1)p p

M |Iidi5)| t—1 ' M )
H(1-t) gty e
(t—=1p o -1p
|Z-(dis)|
M ! n * * (12
F(- ) R -l
|74 (sim) (mn)
M t 1 1 ( 1) 2
+(1- =) b LT~ wi
(t—1p rj;lcgt—l plp—n— |7:(S |M1 -
T = (sim) n M
(g T - il
(t—1p et — 7™ AL - 1)
_ (dis) | __ .
. i 1(di_s) (1 B M |Z 1= fe () M ‘ 9
= b (t—1)p (t—1)p
(dis) sim (dis) i) _ g (.
IS CRTE L RS Ji' e
(t=1)p p—n—|IF™AL 1 (t—1)p p— 2L -1
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L ft=2 |78, | sim)| M
(i) B M _n+ Iz ( - )
N (hl:[o (1 (t—h—l)p> (1 P >> L=g ) il

t—1 [t—j—1 |79 | 1-1 |74 | (sim) (sim)
M t—1 M n + I 1 M
+ Z(l—) H(l_) 1— | ‘thl t—1,j
== (t—1—-1)p o (t—h—1)p p (t—1—1)p
(dis)| 4 i (dis) im
(1 M 1z ‘tlj—ll . M ] 17”+|Iis }L)|f—1)L/[—1 n
(7 +1g=1y - p P (t—h—1)p p p
+§“Ji1 T M T L = A WA TS ) 1 M
el e (t—h—1)p P t—1-1p (t—1—1)p
| !
—21-1 (dis) (sim) —1-1 (sim) - (sim) M
. 1 M il 1 n+ | t_]\;f[_1 ! 1, lj]'t LT 1)2 # |2
2% S S - P ; oo —n —zom) L 5~ il
o k>
M |Z] t—1-1 1(sirrll) nM )
(- ) iy i~ wil
(t—1—1)p ;p( — oA 1y
+ noise!™™™ ()
where (i) follows from the iteration and Equation (28) and
t—2 1—1 |Z{), (sim)| _ M
M n+ |20
(hybrid) t—h | T=h—1
noise; (o) = <1—) 1l-—
T /
is) sim I(dh is)
- M |74 (n + |I( )‘ - 1)02 . |Z| B M 1799 |~ £, 1(5) %02
(t—1—1)p |I<>‘m>\t -1 4 (t—1-1) = i
|I(d|~) ‘ (sim) 5
+H< v ) 2 B
(t—h—1)p p p—n—1

By rearranging the terms and substituting ¢ = 7', we complete the poof for d(hyb”d) and d(hybnd) Furthermore, the expressions
of ™™ and cggybnd) in Proposition H.1 can be derived directly based on d(hyb“d) nd dihf;d) and the definition of forgetting.
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ey |-

(a) Sample images without corruption.

(b) Glass Corruption: the images are transformed to simulate the effect of viewing through frosted glass, inducing localized blurring
and pixel displacement.

(c) Color-swapping and Rotation Corruption: the images are randomly rotated by arbitrary angles, and a subset of pixels undergoes
random permutation of RGB channels.

e~ | R

(d) Elastic and Pixelate Image Corruption: the images are subjected to smooth, non-linear spatial deformations followed by
pixelation, resulting in a low-resolution appearance.

Figure 4. Sample images for demonstrating the employed corruption schemes.
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