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ABSTRACT. Let X be a smooth simply connected closed 4-
manifold with definite intersection form. We show that any
automorphism of the intersection form of X is realized by a dif-
feomorphism of X#(S2→S2). This extends and completes Wall’s
foundational result from 1964.

1. INTRODUCTION

In 1964, C.T.C. Wall published two foundational papers [27, 28] about closed
simply connected 4-manifolds. The main theorem of [27] is a “1-stable realization
result” stating that for any smooth closed simply connected manifold (henceforth
denoted X), every automorphism of the intersection form of X#S2→S2 is realized
by a diffeomorphism, provided that the intersection form of X is either indefinite
or of rank at most 8. Wall used this to show in [28] that homotopy equivalent
manifolds are h-cobordant, and therefore diffeomorphic after connected sum with
some number of copies of S2 → S2. Although he did not explicitly consider the
topological case, his results in the smooth case were crucial in Freedman’s topo-
logical classification [8, 11, 12] some 20 years later. One consequence of Freed-
man’s work in the topological case is that one does not have to add any S2 → S2

summands: any automorphism of the intersection form of X is realized by a self-
homeomorphism of X.

The restriction on the intersection form is necessary, as pointed out by Anub-
hav Mukherjee. Friedman and Morgan [13–15] showed that not every automor-
phism of the intersection form of CP2#kCP2 for k ! 10 is realized by a diffeo-
morphism. Since CP2#kCP2 " #k−1CP2#S2 → S2, this shows that Wall’s 1-stable
realization result fails for definite forms of rank 9 and higher.
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In this note we show that a portion of the 1-stable realization result holds
for all smooth simply connected closed 4-manifolds, without restriction on the
rank of the intersection form. Our result (stated more precisely below) says that
any automorphism of the intersection form of X is realized on X#S2 → S2. In
particular, the automorphisms considered by Friedman and Morgan are not of
this form.

2. RESULTS

Let X be a smooth simply connected 4-manifold. Choosing an orientation on X,
we denote by QX the intersection form on H2(X), and by O(QX) its automor-
phism group. Passing from an orientation-preserving self-diffeomorphism of X
to its induced map on H2(X) gives a natural homomorphism from Diff +

(X) to
O(QX), and we say that A ∈ O(QX) is realized by a diffeomorphism if A = f∗ for
some f ∈ Diff +

(X). There is also a natural inclusionA→ A⊕ idH ofO(QX) into
O(QX#S2→S2), where H = QS2→S2 is the hyperbolic form. It is straightforward to
see that for any f ∈ Diff +

(X) there is a diffeomorphism of X#S2→ S2 restricting
to the identity on S2 → S2 that realizes f∗ ⊕ idH .

Theorem 2.1. Let X be a smooth simply connected closed 4-manifold, and let
A ∈ O(QX). Then, A⊕ idH is realized by a diffeomorphism of X#S2 → S2.

Proof. Since Wall has shown the result for indefinite manifolds, it suffices to
work with a definite manifold, which we take to be negative definite. By Don-
aldson’s diagonalization theorem [9], we can identify QX with Lk = 〈−1〉k, with
a basis {e1, . . . , ek} for which QX(ei, ej) = −δij. We follow standard usage and
write α · β for QX(α,β) and refer to QX(α,α) = α · α as the square α2 of α.
We now make use of some results of Wall’s papers [26] and [27]. The first is the
observation from [26] that O(Lk) is generated by permutations of the basis vectors
ei, together with reflections S(ei) defined by

S(ei)(ej) =

{
−ej if j = i,
ej otherwise.

The second is the construction of certain diffeomorphisms f iw of X#S2 → S2 re-
alizing the automorphisms Eiw ∈ O(QX#S2→S2) " O(QX ⊕H) defined by Eichler
[10]. Here, w is an element of H2(X) with even square w2 = 2s and i = x,y ,
where x and y are the standard generators of H2(S2→S2) satisfying x2 = y2 = 0
and x ·y = 1. Then,

E
y
w(u) = u− (u ·w)y, E

y
w(x) = x +w − sy, E

y
w(y) = y

for u ∈ H2(X). Similarly, Exw is defined by reversing the roles of x and y .
In Wall’s proof, for an indefinite form or for a definite form of rank at most

8 that is of even type, one sees that the automorphism group O(QX) is contained
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in the subgroup generated by the diffeomorphisms f iw and diffeomorphisms of
S2 → S2. ForQX odd, which is the situation in our case, one additional diffeomor-
phism ϕ is required to arrive at the same conclusion. This can be described by
choosing (as in [27, Theorem 1]) a diffeomorphism

gw : X#S2 → S2 "
!→ X#CP2#CP2

that depends on a vector w ∈ H2(X) of odd square w2 = r = 2s − 1. This is
analogous to f iw above; its action on homology is given by

Gw(u) = u− (u ·w)(h−k), Gw(x) = w +h− s(h−k), Gw(y) = h−k,

where h (respectively, k) is the generator of H2(CP2) (respectively, H2(CP2)) cor-
responding to CP1. Then,ϕw is obtained by using gw to transport the diffeomor-
phism given by complex conjugation on the CP2 summand back to X#S2 → S2.
The induced automorphism Φw is then given by

Φw(u) = u+ (u ·w)(2x + (1− r)y − 2w),

Φw(x) = (1− r)w + rx − (r − 1)2y/2,

Φw(y) = 2w − 2x + ry,

where u,x, and y are as above.
Suppose now that QX is Lk for some k. Then, for any element e ∈ H2(X) of

square −1, the automorphism S(e) = Ex2e◦C∗◦E
y
2e◦Φe, where C : S2→S2 → S2→

S2 is complex conjugation in both factors, may be realized by a diffeomorphism.
Similarly for a pair e1, e2 of linearly independent elements of square −1, their
transposition may be expressed as

T∗ ◦ E
y
e1−e2 ◦ E

x
e2−e1

◦ E
y
e1−e2 ,

where T : S2 → S2 → S2 → S2 interchanges the factors, showing it is also realized.
Thus, all of the generators ofO(QX) are realized by diffeomorphisms of X#S2→S2

that preserve the QX summand. !

As Wall remarks in [27], his 1-stable realization theorem holds for 4-manifolds
with homology sphere boundary (with the same restriction on intersection forms
as in the closed case). Let E8 be the unique negative definite even unimodular
lattice of rank 8. As in Theorem 2.1, we obtain the following slightly more general
version of 1-realization in this case.

Corollary 2.2. Let X be a simply connected 4-manifold with boundary an in-
tegral homology sphere Y . Suppose that the intersection form QX is either indefinite,
diagonalizable, or the direct sum of ±E8 and a diagonalizable form. Then, for any
A ∈ O(QX) there exists a diffeomorphism of X#S2→ S2 realizing A⊕ idH and fixing
the boundary Y .
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Proof. For QX indefinite or of rank at most 8 this is Wall’s theorem. For
diagonalizable QX the same construction as in the proof of the previous theorem
applies. Suppose now QX = E8 ⊕ Lk. Then, any automorphism of QX respects
the splitting, and so again can be realized.

Note that all diffeomorphisms involved in realizations may be chosen so that
they fix Y . Recall from [27] that f iw is on X supported in a neighborhood of a
representative of the class w which may be chosen disjoint from Y . The same
applies to ϕw . !

The following lemma shows that in the case that QX is definite, the diago-
nalizability hypothesis of the corollary holds if Y admits an orientation-reversing
diffeomorphism.

Lemma 2.3. Let X be a simply connected 4-manifold with boundary an inte-
gral homology sphere Y . If the intersection form QX is definite and Y admits an
orientation-reversing diffeomorphism, then QX is diagonalizable.

Proof. Let g : Y → Y be an orientation-reversing diffeomorphism. Then, Z =
X ∪g X is a closed definite manifold with QZ = QX ⊕QX . Since by Donaldson’s
diagonalization theorem QZ is diagonalizable, so is QX . Indeed, supposing X is
positive definite, there is a basis {e1, . . . , e2k} of H2(Z) = H2(X) ⊕ H2(X) for
which QZ(ei, ej) = δij . Since a vector of square 1 cannot be the sum of two
orthogonal vectors, each ei belongs to one copy of H2(X). !

It is an important question to what extent the above results generalize to 4-
manifolds with other boundaries. Let X be a simply connected 4-manifold with
boundary a rational homology sphere Y . Denote by (L,Q) = (H2(X),QX) the
intersection lattice of X, and by V the real vector space underlying L; note that Q
extends uniquely to V . Since the two-dimensional homology groups in the exact
sequence

0 → H2(X)→ H2(X, Y)→ H1(Y) → 0

are free abelian andH1(Y) is finite, it follows that the dual lattice L∗ = H2(X, Y) is
a sublattice of V . Let A be an automorphism of (L,Q), soQ(Ax,Ay) = Q(x,y)
for all x,y ∈ L and hence also for all x,y ∈ V . Then, for any w ∈ L∗, it follows
that Aw ∈ L∗ since for all x ∈ L,

Q(Aw,x) = Q(Aw,Az) = Q(w,z) ∈ Z,

where z ∈ L is determined by x = Az. Hence, A extends to an automorphism
of L∗. In particular, any automorphism A ∈ O(QX) extends to an automorphism
of H2(X, Y) and through this defines an action on H1(Y). We say that A acts
trivially on Y if this action is trivial.

Theorem 2.4. Let X be a simply connected 4-manifold with boundary a homol-
ogy lens space Y of order d > 1, that is, H1(Y) " Z/dZ. Suppose QX " Q ⊕ 〈d〉
with Q as in Corollary 2.2. Then, for any A ∈ O(QX) acting trivially on Y , there
exists a diffeomorphism of X#S2 → S2 realizing A⊕ idH and fixing the boundary Y .
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Proof. Let z ∈ H2(X) be a generator supporting 〈d〉. Then, H2(X) = U ⊕Zz
with U supporting Q. Since z is orthogonal to U and of square greater than 1, A
respects the above splitting. In particular, A(z) is±z. The image of z inH2(X, Y)
is of the form dw, and the image ofw generates H1(Y). For d > 2, the condition
that the action of A on Y is trivial implies A(z) = z, whereas for d = 2 both the
possibilities may occur.

If A(z) = z then A is realized by the same argument as before. If A(z) = −z,
then the action of A on z can be in O(QX⊕H) expressed as (CT)∗◦E

y
z ◦Exz ◦E

y
z ,

which is realized by a diffeomorphism fixing the boundary. !

3. DISCUSSION

We close with a few comments regarding realization problems.

Remark 3.1. The diffeomorphisms f iw and ϕw in Wall’s paper are also de-
scribed in terms of handlebody pictures in Kirby’s book [17, Chapter X]. Kirby
assumes that X has a handlebody decomposition with no 1-handles, but the ar-
guments go through virtually unchanged in the presence of 1-handles. The main
observation is that (perhaps after changing the handle structure by standard op-
erations) a primitive homology class w will be represented by a single 2-handle
whose attaching map goes over each 1-handle algebraically 0 times.

Remark 3.2. For the simplest negative definite manifold #kCP2, the genera-
tors are realized (without any stabilizations) by permuting the CP2 summands or
by complex conjugation on the ith summand. There are no known examples of
exotic definite manifolds, so it is possible in principle that our theorem could be
deduced by classifying definite manifolds up to diffeomorphism. But this seems
rather difficult at present.

Remark 3.3. It is an interesting question whether the result of Corollary 2.2
holds for arbitrary intersection forms, which of course can be QX for a manifold
X with non-empty homology sphere boundary. To use the current argument,
one would have to solve the algebraic problem of whether for an arbitrary form
Q, the subgroup of O(Q ⊕ H) generated by the Eiw , elements of O(H), and the
automorphisms Φw actually contains all automorphisms of Q.

Remark 3.4. Wall’s papers show, broadly speaking, that classification theo-
rems in smooth 4-manifold theory are possible if one works with stabilized ob-
jects, where stabilization refers to a connected sum with S2 → S2. Theorem 2.1
completes Wall’s result that for realization results, one stabilization suffices. There
are no known examples of exotic pairs of closed manifolds that require more than
one stabilization to become diffeomorphic (see, e.g., [1, 2, 6, 21, 22, 24]), making
“one stabilization suffices” an attractive conjecture. However, recent work of Kang
[16] shows that one stabilization is not enough for manifolds with boundary.

For other types of smooth phenomena, the situation is more complicated.
The papers [3,4,7] show that many families of closed mutually exotic surfaces are
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isotopic after one stabilization; this yields exotic diffeomorphisms [25] and higher-
dimensional families of diffeomorphisms [5] that become standard after one sta-
bilization. However, an example of Jianfeng Lin [19] shows that one stabilization
is not always sufficient to provide an isotopy, and examples of Lin and Mukherjee
[20] show that a single stabilization is not sufficient when working with surfaces
with boundary and diffeomorphisms on manifolds with boundary. Finally (for
the present), forthcoming work of Konno-Mukherjee-Taniguchi [18] shows that
there are exotically embedded 3-manifolds which no amount of stabilization can
make standard.
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