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Abstract

There is a mystery at the heart of operator learning: how can one recover a non-self-
adjoint operator from data without probing the adjoint? Current practical approaches
suggest that one can accurately recover an operator while only using data generated by the
forward action of the operator without access to the adjoint. However, naively, it seems
essential to sample the action of the adjoint. In this paper, we partially explain this mystery
by proving that without querying the adjoint, one can approximate a family of non-self-
adjoint infinite-dimensional compact operators via projection onto a Fourier basis. We then
apply the result to recovering Green’s functions of elliptic partial differential operators and
derive an adjoint-free sample complexity bound. While existing theory justifies low sample
complexity in operator learning, ours is the first adjoint-free analysis that attempts to close
the gap between theory and practice.

Keywords: Operator learning, Partial Differential Equations, Numerical Linear Algebra,
Adjoint Operator

1. Introduction

Let A :H — H’ be an operator between Hilbert spaces. Suppose that one can only access
A via the forward and adjoint queries f — Af and g — A*g, where f € H and g € H’
are inputs. We consider the problem of approximating A efficiently from data, using as few
inputs {f;}XY, as possible. In this paper, we ask the following question:

Is it possible to recover A when one can only query A, and not A*?
As a toy example, consider the discrete problem of recovering an N x N rank-one matrix

(©2024 Boullé, Halikias, Otto, and Townsend.

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided
at http://jmlr.org/papers/v25/24-0162.html.



BoULLE, HALIKIAS, OTTO, AND TOWNSEND

A = wv', where u,v € RV. The randomized SVD (Halko et al., 2011) and generalized
Nystrom (Nakatsukasa, 2020; Tropp et al., 2017) methods recover A in just two queries:
one with A, and one with AT. However, if one cannot query AT, one can only observe
w'le = (vTa:)u. Therefore, to recover A, one needs N matrix-vector products with A.
Thus, in general, the action of the adjoint is essential to efficient low-rank matrix recovery.

The situation is more complicated for other classes of structured matrices. Consider the
recovery of an N x N Toeplitz matrix T' from matrix-vector products. Unlike in the low-
rank case, this can be done using just two matrix-vector products with T: Te; and Tey,
where e; € R™ is the ith elementary basis vector. In this case, access to the action of T is
not required, even though T is not symmetric. These examples suggest that depending on
what prior information is known about the matrix, the adjoint may or may not be needed
in a recovery algorithm (Halikias and Townsend, 2023).

The infinite-dimensional generalization of the matrix recovery problem arises naturally
in operator learning (Boullé and Townsend, 2023b). Learning mappings between function
spaces has widespread applications in science and engineering, as one can use data to ei-
ther efficiently approximate existing scientific models or even discover new ones entirely.
Moreover, just as low-rank matrices arise naturally in data science (Udell and Townsend,
2019), operators that occur in physics also have known mathematical properties. Thus, to
be as efficient and accurate as possible, operator learning techniques seek to exploit prior
knowledge about the operator.

Scientists across many disciplines use machine learning techniques to discover dynamical
systems and partial differential equations (PDEs) from data. These methods also benefit by
leveraging prior information about the underlying physical operators. For example, a new
interdisciplinary approach leverages machine learning and physical laws to uncover PDEs
from experimental data or numerical simulations (Karniadakis et al., 2021). In particular,
this approach uses input-output data pairs to approximate a PDE’s solution operator, which
maps source terms to their corresponding solutions. Within this context, neural operators,
such as the Fourier Neural Operator (FNO) (Li et al., 2021; Kovachki et al., 2023) and
the Deep Operator Network (DeepONet) (Lu et al., 2021), have been introduced. These
are extensions of traditional neural networks designed to learn mappings between infinite-
dimensional function spaces. Their application to PDEs has shown significant promise,
allowing them to act as rapid solvers. Once trained, neural operators can be seamlessly
integrated into optimization loops for parameter estimation or used to make predictions
about previously unseen data.

In the context of linear PDEs, the adjoint operator is essentially a dual operator that can
sometimes be interpreted as the operator that arises when changing the direction of time or
reversing the direction of space in the original PDE. The adjoint operator arises frequently
in linear sensitivity analysis. In practice, acquiring data from the adjoint operator can
be impossible when the underlying PDE is unknown. From a theoretical point-of-view,
previous studies mostly focused on learning the solution operator of self-adjoint elliptic
PDEs (Boullé and Townsend, 2023a; Boullé et al., 2023) in divergence form defined as

Lu = —div(A(z)Vu) = f, z€QCR? (1)

where the coefficient matrix A is symmetric and satisfies the uniform ellipticity condition.
However, non-self-adjoint PDEs arise naturally when considering time-dependent problems
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such as the heat equation or advection-diffusion equation, i.e., Lu = —div(A(x)Vu) +
c(x) - Vu. In this context, it seems essential to require a solver for the adjoint to obtain
information about the left and right singular functions of the PDE (Boullé et al., 2022b).
Curiously, there is a lack of emphasis in practical works on the need for adjoint equation
solvers, as many methods seem to succeed without them.

This paper aims to bridge the gap between the theoretical requirement for the adjoint in
PDE learning and its omission in practice by providing theoretical guarantees on operator
learning in the adjoint-free setting. Our goal is to understand when and why neural network
models can recover operators without access to data about the adjoint operator. To this
end, we provide a thorough characterization of various contexts where one can leverage
additional assumptions to quantify the accuracy of the adjoint-free reconstruction.

In the finite-dimensional setting of low-rank matrix recovery, we prove that the quality of
the reconstructed matrix is fundamentally limited without access to the adjoint. However,
we show that the quality of the approximation improves when we have more information
about the left and right singular vectors. This suggests that no clever technique from linear
algebra can be leveraged in the analogous adjoint-free operator learning problem unless we
have prior information.

Algorithm 1 Adjoint-free approximation algorithm
Input: Bounded linear operator A : H — H’', self-adjoint operator L : D(L) C H — H
such that Range(A*) C D(L), integer n > 1.
1: Compute the first n eigenfunctions ¢1,...,p, of L and eigenvalues Ay, ..., \,, with
A < [Aof <o Anl
2: Sample the operator A n times at the eigenfunctions of L to obtain

up = A1), .., up = A(py).

3: Define the rank-n projected operator AP, : H — H' as

n

AP(f) =Y urlons Flu =Y Aler)len, Hlu, feH

k=1 k=1
Output: Approximation AP, of A satisfying
1

|A = AP, |3~ <
’)‘n+1|

| LA™ 3 -3

To approximate a non-self-adjoint compact operator A without the adjoint, we exploit
favorable properties of a carefully chosen preconditioner L and reduce the problem to bound-
ing ||[LA*||. In this case, prior knowledge of A is used to select a suitable L guaranteeing
the approximation’s quality. This analysis gives a simple algorithm (see Algorithm 1) for
approximating A by projecting it on the eigenfunctions of L. In the particular case where
we seek to learn the solution operator of a uniformly elliptic PDE, we show that the Laplace-
Beltrami operator can be used as a preconditioner, and derive explicit bounds on ||[LA*|| by
exploiting elliptic regularity. A general method using the Laplacian preconditioner is pre-
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sented in Section 4.3.2 (see Algorithm 3). We perform numerical experiments showing that
the convergence rate of our approximation is in close agreement with the theoretical predic-
tions. Finally, we analyze our bound for solution operators of elliptic PDEs perturbed away
from self-adjointness by lower-order terms. The linear degradation in performance with
increasing non-self-adjointness predicted by our analysis is in agreement with deep learning
experiments performed using standard operator learning methods. The close agreement
between our theoretical and numerical results suggests that our framework explains the
success of adjoint-free deep learning models for PDEs. Moreover, our work highlights op-
erator preconditioning as a tool that can further improve performance in the adjoint-free
setting.

1.1 Related Works

The predominant focus of theoretical research in operator learning is approximation theory
results. Chen and Chen (1995) and Lu et al. (2021) generalized the universal approximation
theorem for neural networks (Cybenko, 1989) to shallow and deep neural operators. Over
the past few years, significant progress has been made to derive approximation error bounds
for neural operator techniques such as Fourier Neural Operators (Kovachki et al., 2021, 2023,;
Lanthaler et al., 2022) and DeepONets (Lanthaler et al., 2022; Lu et al., 2021; Schwab et al.,
2023). These results show that neural operators can approximate a large class of operators,
and they characterize approximation error in terms of the network’s width and depth.

Aside from approximation theory, other approaches aim to derive sample complexity
bounds for solution operators associated with elliptic PDEs, i.e., determining the size of the
training dataset needed to achieve a target error. These methods exploit prior knowledge of
the structure of the solution operator, such as sparsity patterns (Schéfer and Owhadi, 2021)
or the hierarchical low-rank structure of the Green’s function (Boullé and Townsend, 2023a;
Boullé et al., 2023). Convergence rates for more general linear self-adjoint operators have
been derived by de Hoop et al. (2023), whose analysis assumes that the target operator is
diagonalizable in a known basis. To our knowledge, the recent sample complexity analysis of
the solution operator of parabolic (time-dependent) PDEs is the only theoretical extension
to non-self-adjoint operators (Boullé et al., 2022b). However, the proof technique assumes
one can evaluate the adjoint operator, which is unrealistic in many applications.

On the practical side, many studies are available in the literature that successfully apply
neural operators to a wide range of physical problems. For example, Wang et al. (2021)
extend DeepONets to incorporate prior knowledge of the PDE and consider applications
in parametric differential equations such as diffusion-reaction equations. Then, Lu et al.
(2022) compare Fourier Neural Operators and DeepONets on fluid dynamics benchmarks
(Darcy flow and Navier—Stokes equations) and report relative testing errors of 1% — 5%.
Wen et al. (2022) combine the popular U-NET architecture (Ronneberger et al., 2015) with
FNO for solving multiphase flow problems in geosciences. Finally, Goswami et al. (2022)
applied DeepONets to predict crack locations in materials. However, to the best of our
knowledge, none of the existing works in the literature studied or evaluated the impact of
the non-self-adjointness of the operator on the performance of the model.
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1.2 Summary of Contributions

We address the intriguing question of how to recover non-self-adjoint operators from data
without accessing the action of the adjoint operator. By providing the first adjoint-free anal-
ysis, we attempt to close the existing gap between theoretical understanding and practical
applications (see Section 2). We have three main contributions:

Limits of adjoint-free low-rank matrix recovery. We start in the fundamental setting
of recovering a low-rank matrix by querying the map z — Az but without access to x —
A*zr. We show that querying xz — A*z is essential for recovering A and prove rigorous
guarantees on the quality of the reconstruction in terms of how close A is to a symmetric
matrix (see Theorems 4 and 5). Thus, we conclude that without prior knowledge of the
properties of the adjoint, one must have access to its action.

An adjoint-free operator learning approach. To provide an operator learning ap-
proach that does not need access to the adjoint, we exploit regularity results from PDE
theory to estimate the range of the adjoint of the solution operator. This allows us to prove
the first guarantees on the accuracy of adjoint-free approximations (see Theorem 9). Our
key insight is to leverage the favorable properties of a prior self-adjoint operator, such as
the Laplace—Beltrami operator, to use as an operator preconditioner in the approximation
problem. In particular, we query the action of the solution operator on the eigenfunctions
of the prior self-adjoint operator, yielding an approximation with an error that decays at
a rate determined by the eigenvalues of the prior. This is remarkable because common
operator learning techniques (see Fig. 2(a)) always seem to plateau; yet, we construct a
simple algorithm that provably converges.

The effect of non-self-adjointness on sample complexity. We derive a sample com-
plexity bound for our algorithm when applied to second-order uniformly-elliptic PDEs that
are perturbed away from self-adjointness by lower-order terms. We show that for small
perturbations, our bound on the approximation error grows linearly with the size of the
perturbation (see Theorem 21), and we conjecture that this linear growth continues for
large perturbations as well. This aspect of the error growth is also present in common
operator learning techniques, as our numerical experiments illustrate (see Fig. 2(d)). With
respect to our operator learning algorithm, this means that the number of samples required
to achieve a fixed error tolerance grows algebraically with the perturbation size.

1.3 Organization of the Paper

The paper is organized as follows. We begin in Section 2 with motivational examples for
analyzing the sample complexity of non-self-adjoint operator learning. Then, in subsequent
sections, we gradually strengthen the assumptions about the operator we wish to learn and
analyze the quality of our reconstruction in each case. In Section 3, we consider the finite-
dimensional case of a low-rank operator recovery problem. Given additional information
about how close an unknown low-rank matrix is to symmetric, we provide lower and upper
bounds (see Theorems 4 and 5) on the size of the set of possible matrices satisfying given
sketching constraints. In Section 4, we consider the recovery problem for general compact
operators with prior information encoded by preconditioners (see Theorem 9). We prove
that operators with Sobolev regularity properties, such as elliptic PDEs, can be successfully
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approximated by projection onto Fourier bases (see Theorem 17), and perform numerical
experiments to confirm the predicted rate of convergence. Finally, in Section 5, we consider
a concrete operator learning problem of approximating the Green’s function of a 3D elliptic
PDE with lower order perturbations and derive a sample complexity bound for reconstruct-
ing the solution operator (see Theorems 19 and 21). We then conclude with discussions and
remarks in Section 6.

2. Motivational Examples of Non-Self-Adjoint Operator Learning

As a first motivational example for the analysis of non-self-adjoint operators, we consider
the problem of estimating the sample complexity of learning parabolic PDEs (generalizing
the heat equation) in the following form:

Pu = uy — div(A(z,t)Vu) = f(z,t), xz€Q,te€[0,T], 0<T < oo,

where Q C R? is a bounded spatial domain with Lipschitz smooth boundary and A(z,t) €
R4 is a symmetric positive definite matrix with bounded coefficient functions satisfying
the uniform parabolicity condition. Here, we are interested in estimating the number of
training pairs {(f,u)} needed to learn the solution operator associated with P, i.e., the
Green’s function (Evans, 1998), to within a target tolerance € > 0. Boullé et al. (2022b)
construct an algorithm that provably converges to the solution operator at an algebraic
rate with respect to the number of training pairs. However, a key assumption required to
approximate the solution operator is that one can evaluate the adjoint P* of the parabolic
operator defined as
Pru = —uy — div(A(z, )" V).

In this work, we ask whether the requirement for the adjoint is an essential assumption and
why neural operators do not require the adjoint in practical applications. A second example
emerges from the stationary convection-diffusion equation with variable coefficients in the
form:

Lu = —div(A(z)Vu) + ¢-Vu, z€QcR? (2)

where the lower order coefficient vector ¢ contains functions in LP(2) for some p > d (Kim
and Sakellaris, 2019). Here, one can interpret £ as a perturbation of the self-adjoint partial
differential operator L defined in Eq. (1). In particular, the magnitude of ¢ influences the
difference between the solution operator and its adjoint, and our ability to approximate it
from training pairs of source terms and solutions (see Section 5).

We perform a deep learning experiment to approximate Green’s function associated with
the one-dimensional stationary convection-diffusion equation with homogeneous Dirichlet
boundary conditions on 2 = [0, 1]:

d*u du
—@‘FC%:]P, u(0) =u(l) =0, z€][0,1]. (3)
We employ a rational neural network (Boullé et al., 2020) to approximate the Green’s
function associated with Eq. (3) using the Green’s function learning technique introduced
by Boullé et al. (2022a). We sample 25 random functions from a Gaussian process with
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Figure 1: Green’s functions learned by a rational neural network (top row) along with the
absolute error with the exact Green’s function (bottom row) for the stationary
convection-diffusion equation, with coefficients (a) ¢ = 0, (b) ¢ = 5, and (c)
c=10.
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squared-exponential kernel and length-scale parameter ¢ = 0.03 and solve Eq. (3) us-
ing a Chebyshev spectral collocation method implemented in the Chebfun software sys-
tem (Driscoll et al., 2014). The source terms f and solutions u are then sampled on a uniform
grid with 200 points, and the neural network is trained in the TensorFlow library (Abadi
et al., 2015) using a combination of Adam (Kingma and Ba, 2015) and L-BFGS (Byrd et al.,
1995) optimization algorithms. The learned Green’s function is then evaluated at a higher
resolution on a 400 x 400 grid and compared with the analytical expression for the exact
Green’s function given by:

(1 — e (1 — e=v)
c(l—e°)

(—1+e“)(e ¥ —e )

Gla.y) = c(l —e—c)

H(x —y)+

H(y—l’),

where H is the Heaviside step function.

We report in Fig. 1(a-c) the learned Green’s functions of the stationary convection-
diffusion equation (3) with respective convection parameters ¢ = 0, ¢ = 5, and ¢ = 10, along
with the absolute error with the exact Green’s function in the bottom row. We observe that
even though the difference between the Green’s function and its adjoint increases between
¢ = 0 and ¢ = 10, the rational neural network can approximate the Green’s function within
0.3 — 0.5% relative error. Additionally, the approximation errors are mainly located around
the diagonal x = y of the domain [0, 1]? (see the bottom row in Fig. 1), where the Green’s
function has derivative discontinuity.

In Fig. 2, we study the dependence of the error on the size of the training dataset, the
spatial grid resolution, and the convection coefficient ¢. To do this, we approximate the
Green’s function associated with Eq. (3) using 25 training pairs sampled on a grid with
resolution s = 200 and report the relative error when evaluating the Green’s function at
different resolutions from s = 10 to s = 400. Similar to the Fourier neural operator (Ko-
vachki et al., 2023), the rational neural network is capable of zero-shot super-resolution,
even when learning highly non-self-adjoint operators, as the approximation error does not
degrade when testing the network at a higher resolution.

The relative error plotted in Fig. 2(a) for different convection coefficients shows two
distinct regimes as the size of the training dataset is increased. There is an initial exponential
decay of the error up to 10 training pairs, followed by a stagnation at small relative error.
These results agree with previous experiments performed in (Boullé et al., 2023) and suggest
that one can approximate non-self-adjoint operators with few training data using deep
learning. However, our experiments show that the plateau in relative error increases with the
magnitude of the convection coefficient ¢, suggesting that there is a systematic component
of the error that increases with the non-self-adjointness of the operator we seek to learn.

To study the systematic error introduced by non-self-adjoiness, we progressively increase
the magnitude of the perturbation in Eq. (3) and report the corresponding loss function
after training and relative errors for the learned Green’s function in Fig. 2(c)-(d). Using
a linear least squares regression (R? = 0.78), we observe that the relative error increases
linearly with the magnitude of the perturbation. At the same time, the loss function after
training remains relatively small between 107% and 107°. The discrepancy between the
magnitude of the loss function and the relative error is because the loss function is a relative
mean-squared error, while the error reported in Fig. 2(d) is measured as a relative L?-error
between the exact and learned Green'’s functions. Finally, we observe in Fig. 2(d) that
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Figure 2: (a) Relative errors for learning the Green’s function of the advection-diffusion
equation. The graph displays the mean error over ten runs, along with error
bars representing the first and third quartiles. (b) Relative errors of the Green’s
function after training using input-output pairs sampled on a grid with resolution
s = 200 (dashed line) and evaluated at lower and higher resolutions. (c)-(d)
Evolution of the loss function after training and relative error as the magnitude
of the perturbation increases. The black line in (d) represents the linear least
squares approximation and achieves R? = 0.8.
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the variance of the errors also increases with the perturbation magnitude. These numerical
experiments motivate our theoretical analysis of learning non-self-adjoint solution operators
associated with PDEs in the rest of the paper. Moreover, these numerical results lead us to
introduce an adjoint-free operator learning method that provably converges with the size of
the training dataset, and therefore does not suffer from the plateau observed in Fig. 2(a).

3. Reconstruction of Low-Rank Matrices under Sketching Constraints

In this section, we analyze a finite-dimensional variant of the main problem. Existing
sample complexity bounds for learning Green’s functions of linear PDEs, which consider
self-adjoint elliptic PDEs (Boullé and Townsend, 2023a; Boullé et al., 2023) or parabolic
PDEs (Boullé et al., 2022b), assume access to the adjoint operator. The proofs of these
results exploit randomized numerical linear algebra techniques, such as the randomized
singular value decomposition (SVD) (Halko et al., 2011; Martinsson and Tropp, 2020; Boullé
and Townsend, 2022), to construct low-rank approximants of the Green’s function on well-
separated subdomains. This motivates our investigation into the analogous problem of
adjoint-free recovery of low-rank matrices from matrix-vector products.

The randomized SVD is an algorithm that computes a near-best low-rank approximant
to a matrix F' € R™™™ from matrix-vector products with a random input matrix X € R™**
using a two-stage procedure. First, one sketches the matrix F' at X to obtain ¥ = FX
and orthonormalizes Y to form a basis (), which approximates the range of F'. Then, one
constructs the approximant F = QQ*F = Q(F*Q)* by sketching the adjoint, F*, of F.
In a landmark paper, Halko et al. (2011) showed that the approximant F' is a near-best
approximant to F' with high probability.

If F' is too large to be stored or given as a streaming model (Muthukrishnan et al., 2005;
Clarkson and Woodruff, 2009; Woodruff, 2014), FF = Hy + Hs + Hs3 + - - -, one might not
be able to view the matrix twice as in the randomized SVD (Martinsson and Tropp, 2020).
Several single-view algorithms have been proposed to compute an approximate SVD of F
which visit the matrix only once, such as the Nystrom method (Nystrom, 1930; Gittens,
2013; Li et al., 2017; Tropp et al., 2017). However, to our knowledge, every low-rank
approximation algorithm based on sketching requires access to F* (Martinsson and Tropp,
2020; Halikias and Townsend, 2023). This leads to a natural question: is there an algorithm
that constructs a low-rank approximant to F' without its adjoint?

Recently, this question was answered negatively. It was proven that there are infinitely
many rank-k matrices F satisfying the same matrix-vector products FX =Y and F'W =
Z, where X € R™F W € R™*2_if min(ki, k2) < k and max(ky,ke) < n (Halikias and
Townsend, 2023). This result extends to complex-valued matrices, so one needs k queries
to F' and F* each for the matrix recovery problem to have a unique solution. Even if one
has as many as n — 1 matrix-vector products with F' and none with F*, F' is not uniquely
determined. Thus, this section considers the space of these infinitely many possible rank-k
matrices when the recovery problem is underspecified and does not have a unique solution.

We aim to understand how close one can get to recovering an unknown low-rank matrix
F € C"™" from matrix-vector products with an input matrix X € C™*®, i.e., without
access to its adjoint. It has already been shown that when one does not have access to
F*, the possible row spaces of a matrix satisfying the same sketch constraints as F' can be

10
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arbitrarily far apart in the Riemannian metric on the Grassmannian manifold (Otto et al.,
2023). Thus, we assume some additional structure on our space of possible matrices, using
the following notion of near-symmetry.

Definition 1 (Near-symmetry). Let F' € C"*™ be a rank-k matriz with singular value
decomposition F' = UpSpVy. We say that F is 0-near-symmetric if its left and right
singular subspaces are 6-close, i.e., there exists a k x k orthogonal matriz Q) such that

URVE — Q2 < 6.

We show that one cannot recover an accurate low-rank approximant to F' unless F' is
near-symmetric. This analysis indicates that the adjoint is essential for low-rank recovery
algorithms.

3.1 Reconstruction of Near-Symmetric Matrices

We consider an unknown rank-k matrix F € M, (C) with singular value decomposition
F = UpSrVy and aim to construct an approximant A to F satisfying the sketch con-
straint AX = F X, where the test matrix X € C™*¢ has linearly independent columns and
rank(F X) = k. By construction, we have k < s < n. Almost every matrix X € C"** with
respect to the Lebesgue measure satisfies the condition rank(FX) = k (Otto et al., 2023,
Lem. 2.4), meaning that the queries almost surely reveal the rank of F' and its range. In
randomized numerical linear algebra, the test matrix X is typically chosen to be a random
matrix following a standard Gaussian distribution (Martinsson and Tropp, 2020), but other
random embeddings, such as subsampled trigonometric transforms (Woolfe et al., 2008) or
coordinate samplings (Williams and Seeger, 2000; Tropp, 2011; Kumar et al., 2012; Gittens,
2013), may also be used.

We assume that F' is J-near-symmetric (see Definition 1), but we only have access to
partial information regarding the symmetry of F, namely that F' is e-near-symmetric for
some € > §. To quantify the resulting uncertainty about F', we study the set of possible
matrices one could recover given this prior knowledge. We denote this set

Q% x ={A € M,(C): rank(A) =k, AX = FX, 3Q € O(k), [|[UsVa — Q|2 < €}, (4)

where A = UySAV} is the singular value decomposition of A, O(k) is the group of k x k
orthogonal matrices, and || -||2 denotes the spectral norm. This set might be nonempty even
when € < 4, but to ensure that F' € Qf v, we must have € > mingeo) |UpVr — Q||2. The
minimum exists because O(k) is compact.

Remark 2 (Low-rank recovery algorithms and Qf ). Given some tolerance €, Q% x is
the set of e-near-symmetric matrices that can be returned by any low-rank recovery algo-
rithm when approzimating F, such as the randomized SVD (Halko et al., 2011; Martinsson
and Tropp, 2020) or the Nystrém method (Nystrom, 1930). One can find a symmetric
approximation in the set using Nystrom method by querying A in place of A*.

The size of Q% y is measured by its diameter in the spectral norm and determines the
maximum accuracy of any reasonable reconstruction. If the diameter is large, one cannot
estimate [’ accurately, as one cannot distinguish between any candidate matrix in Q% .

11
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This is because any matrix in Q% y satisfies the sketching constraint and is near-symmetric.
On the other hand, a small diameter guarantees the fidelity of the reconstruction. We aim
to bound the size of QEF x> 1.e., determine how far apart any two matrices in Q%  can be
from each other, with respect to €, which measures our prior knowledge of F’s symmetry.
We first provide an upper bound on the diameter of the set Q% x-

The upper bound relies on a preliminary lemma. Lemma 3 provides an orthogonal
change of basis, bringing a matrix U with orthonormal columns close to another matrix
V in the spectral norm sense. The difference is bounded by the proximity of U*V to an
orthogonal matrix. For the rest of this section, oyax and oy respectively denote the largest
and smallest nonzero singular values of a matrix.

Lemma 3. Let U and V be two n x k matrices with orthonormal columns and U*V =
QiXQ: € C**k be a complete SVD. Then, the orthonormal matriz Qo = Q;Q} satisfies

2 . * *
IV -U@olg =2 ( min 1Q-U"V]2) =20~ ouin(0°V)).
Proof. We first consider the SVD of the matrix U*V as U*V = Q;X@Q); and introduce the
orthonormal matrix Qo = QQ,/. Let d = ming. gro—;[|Q — U*V||2 denote the distance
between the k x k& matrix U*V and the set of orthogonal matrices.

In general, from a result for unitarily invariant norms (Fan and Hoffman, 1955, Thm. 1),
if A is a square matrix with ||A|l2 <1 and has complete SVD A = UXV™*, then

o 1~ Al =1 - o (4) )
is achieved by @ = UV*. Applying Eq. (5) to U*V yields a characterization of d with
the smallest singular value of U*V as omin(U*V) =1 —d. Let z € R* be a unit vector,
then v = Va and v = UQyx have norm 1 because U and V have orthonormal columns.
Moreover, u'v =2 QU Va = l’TQrQl—rleQ;rl' =2'QXQ 2z > opin(UTV) =1 —d,
with equality when = = Q,ej. Using similar triangles in the (u, v)-plane, we readily obtain

T

I—u'v  |u—v

lu—of 27

which implies that|Va — UQoz||?> = |jv — u||?> = 2(1 — u'v) < 2d, with equality when z =
Qrex. Finally, taking the supremum over z, ||V —UQy||3 = sup,,. 2| =1 |Vae—UQox|? = 2d,
which concludes the proof. |

We are now ready to state Theorem 4, which provides an upper bound on the diameter
of the set Q% y defined in Eq. (4).

Theorem 4 (Upper bound). Let 0 < § < € < 1, F € M,(C) be a d-near-symmetric
rank-k matriz, and X € C"*% be a test matriz with s > k orthonormal columns such
that rank(FX) = k. Let F' = UpXoVy be a slim SVD of F, and introduce the constant
¢ = Omax(X*V0) /0min(X*V0)2. If ¢(v/2€ +V/28) < 1, then

62(\/2"‘\/%)
1—6(\/2-#\/%) .

sup  [|A = Bl < 4[| FX]
A,BEQG

12
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Proof. Recalling the X has orthonormal columns and letting ® = X X*Vj, we observe that
F =Fo(Vy®) vy

This is easily verified using the SVD of F'. We note that Vj® = V7 XX*V} is invertible
because rank(F'X) = rank(F) = k.

Suppose that A € Q% - and let A = UsX 4V} be aslim SVD. Then A = FO(V;®)~ 1V
as one can verify using’the SVD of A and the identity F® = A®. For any invertible
k x k matrix Q (later on @ will be orthogonal), A = F®(QV;®)~'QV}. By the triangle
inequality,

1F — Allz < [|[F@[2)| (V5 @) 2lVaQ" — Voll2 + | FR2l|(V5®) ™! = (QVA®) 2. (6)

We use a perturbation argument to show that V;® is invertible, to choose ), and to bound
each term in the above equation.

By Lemma 3 and Eq. (5), there exist orthogonal matrices Qo and Q4 satisfying ||Vo —
UoQoll| < V20 and |[V4 — UaQa| < v/2e. Since Range(Us) = Range(Up) there is an
orthogonal matrix Q such that UsQ4 = UpQ. Letting Q = QoQ we obtain

IVAQ™ — Voll2 = [Va — VoQll2 < [|[Va — UaQull + [UoQ — VoQoQll2 < V2e + V25 (7)

A classical perturbation bound for the difference between the inverse of two matrices S and
T is (Kato, 1980, Ch. 1, Eq. 4.24)

IS — Tll2/17~13
— 19 = Tll2 T2

Applying this with S = QV;® and T = V® gives

(V2¢ +v/20) | ||| (V5"®)~"[13
L= (V2e+ V20) |22l (V5 @)~ 2

IS~ =T s < T

I(QVA®)™ — (Vi) M2 <

where

1(QVE®) = (V5 ®)|l2 < [VaQ* = Voll2|®[l2 < (V2€ + v25)|®]J2,
by Eq. (7). A quick computation shows that

O—max(X*VE)) .

P *(I) -1 — X* *XX* —1 _ Ymax\A Y0/ _
[@12l[ (V5 @) ]2 = [[X*Voll2l|(V Vo)~ |2 i (V)2 ~ €

and that [|F®|s < [|[FX 2| X*Voll2 = | FX|2]|®]2. The condition that c(v/2¢ + v/25) < 1
ensures that both QV{® and V;® are invertible. Using these results in Eq. (6) and collecting
terms yields

|F—All2 < |FX|2(V2e+v26) |c+ < 2|FX|;

2 (V26 + V/26)
1 — c(v2e + /26) 1—c(vV2e+v20) |

Applying the triangle inequality [|[A — Bls < ||[F' — Allz + [|F — B2 with A, B € Q%
completes the proof. [ |

13



BoULLE, HALIKIAS, OTTO, AND TOWNSEND

To lower bound the diameter of Q% y» we must show the existence of two matrices in
the set that are at least some distance apart. We generate these matrices by perturbing
F. Our argument makes use of the gap between € and ¢, reflecting the gap in our prior
knowledge about the near-symmetry of F'.

Theorem 5 (Lower bound). Let 0 < <e <1, F € M,(C) be a §-near-symmetric rank-k
matriz, and X € C"*% be a test matriz with k < s < n orthonormal columns such that
rank(FX) = k. Then, the diameter of Q}J( is lower bounded as follows:

sup  [A— Bl >2 ( ®)

amm(F)2> arccos(1 — €) — arccos(1 — 0)
ABEQ, «

omax(F) ) m/2 + arccos(1 — €) — arccos(1 — 6)

Proof. We begin the proof by selecting a matrix E € M, (C), satisfying EX = 0 and

IE|s = O min (F) arccos(1l — €) — arccos(1 — 0)
2 omax(F) ) /2 + arccos(1 — €) — arccos(1 — §)’

which is well defined since € > §. The constraint £ X = 0 is satisfied by choosing the rows
of E in Range(X )1, which is nontrivial because s < n. Letting B = F(I + E) = UgXgVy ,
we aim to show that B € Q% .. First, we observe that Range(B) = Range(F'), that is
Range(Up) = Range(Ur), because Range(B) C Range(F') and k = rank(F') > rank(B) >
rank(BX) = rank(FX) = k. Following Eq. (5), we must show that

(9)

1— Umin(U;VB) <e.

The identity o;(Uj Vi) = cos(0;(Ug, Vi)), where 6;(Ug, Vi) denotes the ith principal angle
between subspaces Range(Upg) and Range(Vp) (see Bjorck and Golub (1973)), yields

1-— amm(U;VB) =1 — cos(Omax(UB, VB)),

because x — cos(x) is a decreasing function over the interval [0, 77/2]. Therefore, it suffices to
show that Oyax(Up, VB) < arccos(1 —€). Thanks to the main result of Qiu et al. (2005), the
largest principal angle 0.y is a unitarily-invariant metric on the Grassmannian consisting
of k-dimensional subspaces of R™. In particular, it satisfies the triangle inequality:

Omax(Up, VB) = Omax(Ur, VB) < Omax(Ur, VF) + Omax(VE, V).
Combining the assumption on F' and Eq. (5), we have
1-6< Umin(U;VF) = c08(Omax(Ur, VF)) = Omax(Up, V) < arccos(1l — §),
as 6 — arccos(f) is a decreasing function. Therefore,
Omax(Up, VB) < arccos(1 — 6) + Omax(Vr, VB).
Using Wedin’s theorem (Wedin, 1972), we obtain

(7/2)omax (F) || E||2
Jmin(F) - 0'rna)<(F1)||E‘||27

T . T
Omax (Vi V) < 3 8in(0max (Vi Vi) < 5 sin(O(Vr, Vi) |k <

14
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which means that

(7/2)omax(F)[| Ell2
Jmin(F‘) - O—max(F)HEHQ‘

Omax(Up, VB) < arccos(1 — 9) +

Inserting the expression for ||E|j2 given by Eq. (9) yields Omax(Up, Vp) < arccos(l — e),
which shows that B € Qf y. Since the same argument shows that F (I —E) € Q% x, we
obtain a lower bound on the diameter as follows:

Omin(F)? arccos(1 — €) — arccos(1 — 9)

Omax(F) ) m/2 + arccos(1 — €) — arccos(1 — §)’

which concludes the proof. |

Remark 6 (Orthonormal test matrices). Almost every test matriz X € C"** (with respect
to the Lebesgue measure) has linearly independent columns. Thus, these columns can be
orthonormalized using the Gram—-Schmidt process. Therefore, without loss of generality,
we can assume that the test matriz in Theorems 4 and 5 has orthonormal columns. More
formally, if X € C"* is a matriz with linearly independent columns, recovering a matriz
A from the matriz-vector products AX =Y is equivalent to recovering AQ = Y R, where
X = QR is a QR factorization. Thus, our results extend to the general matriz recovery
model from matriz-vector products.

Remark 7. (Sharpness for symmetric F' and areas for improvement) There are limitations
to our upper and lower bounds on the diameter of Q0% x that we hope will be resolved by
future works. First, our upper bound becomes infinite as € increases to a finite value, whereas
our lower bound saturates as € is increased. On the other hand, our lower bound vanishes
when € = 5, while the upper bound takes a positive value. Despite these issues, when F is
symmetric, i.e., when § = 0, our bounds yield

4| FX||*V2e

2¢~ 1 arccos(1 — €)
< A—-DBl2 < =0 ;
/2 + arccos(1l —€) — Aﬁsélg%x | l2 = 1 —cv2e (Vo)

O(Ve) =

as € — 0, meaning that they are asymptotically sharp in this regime. Sharpening our bounds
when F' is asymmetric is particularly challenging because little is known about the properties
of Q%,X' To our knowledge, our work is the first to define such a set, and we hope that
future works will investigate this set more thoroughly.

The upper and lower bounds reveal that the uncertainty about F' given queries of its
action is directly related to the uncertainty about the symmetry of its left and right singular
subspaces. For example, our ability to recover a symmetric rank-k matrix using k < s <n
queries is fundamentally limited by our prior knowledge about the proximity of Range(F')
and Range(F™) because there are many asymmetric matrices with the same rank that
satisfy the same sketching constraints. As described above, generic n x s test matrices X
are capable of revealing the range of F', meaning that the uncertainty about F' really comes
from a lack of prior knowledge about the range of F*. This highlights why the action of
the adjoint is essential for efficient matrix recovery without any prior information about
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an operator’s symmetry, or more generally about the range of its adjoint. In the following
section we turn to the study of PDEs, where we show that regularity estimates provide
useful prior information about the adjoint that can be leveraged to provide convergent
adjoint-free approximation methods.

4. Fourier Sampling for Differential Operators

This section shows how without querying the adjoint, one can construct finite-dimensional
approximations of certain non-self-adjoint infinite-dimensional compact operators with er-
ror bounds. We develop our main results in a very general abstract setting before applying
them to approximate solution operators for uniformly elliptic PDEs, among other operators
with regularity (i.e., “smoothing”) properties. This leads to practical algorithms that can
be applied in various settings. The main idea is to leverage known regularity properties of
the adjoint operator along with guaranteed approximation properties of smooth functions
in Fourier bases, or more generally, in eigenfunction bases of a suitably chosen self-adjoint
operator, e.g. the Laplace-Beltrami operator (LBO). This self-adjoint operator, therefore,
serves as a prior to approximate the non-self-adjoint operator. We obtain finite-rank approx-
imations with guaranteed error rates in the operator norm by querying the forward action
of a non-self-adjoint operator with the leading eigenfunctions of the prior operator. Our
approach is closely related to spectral Galerkin methods for PDEs Canuto et al. (2006),
except that we project the solution operator from one side, rather than the PDE from
both sides. The key function approximation results we develop for these purposes extend
standard Fourier approximation results Canuto and Quarteroni (1982) to non-rectangular
domains, and they extend results by Aflalo and Kimmel (2013); Aflalo et al. (2015) to higher
degrees of regularity and domains with boundaries. Similar techniques have also been used
by Friz and Robinson (1999); Robinson (2008) to study the “thickness exponents” of subsets
of Sobolev spaces, arising as attractors for solutions of nonlinear spatiotemporal PDEs.
Consider a compact operator A : H — H' between Hilbert spaces H and H’, and
define P, : H — H as the orthogonal projection onto the subspace spanned by a set of n
orthonormal vectors @1, ..., 9, € H. Letting F}, : R — H be the map given by

n
Fy(xy,...,zn) — kagok,
k=1

we obtain the operator Y : R® — H given by Y = AF,, by evaluating A at ¢1,...,p,. Our
rank-n approximation of the operator A takes the form

AP, = YF*.

This approximation of A can be formed without querying the adjoint operator A* and comes
with error bounds provided we have some prior information about Range(A*).

We select {¢r}7_; to be the first n eigenfunctions of an unbounded self-adjoint operator
L : D(L) C H — H, which serves as a prior operator for approximating A. Hence, the
projection P, enjoys guaranteed approximation properties for functions in D(L). Here,
D(L) is the domain of the operator L, satisfying

D(L)={feM, LfecH}

16



OPERATOR LEARNING WITHOUT THE ADJOINT

Examples of such operators are provided later in Sections 4.1 and 4.3. We begin with the
following lemma, which can be viewed as an abstract generalization of a result by Aflalo
and Kimmel (2013). A similar approach has been used to obtain approximation results for
orthogonal polynomials (cf. proof of Theorem 2.3 in Canuto and Quarteroni (1982) and
equation 5.4.11 in Canuto et al. (2006)).

Lemma 8. Let ‘H be a separable Hilbert space and L : D(L) C H — H be a self-adjoint
operator whose domain D(L), endowed with the graph norm, is compactly embedded in H.
H admits an orthonormal basis of eigenfunctions {¢r}72, of L with eigenvalues A\, € R
ordered in increasing magnitude as |A1| < |[Aa] < -+, with [\g| — o0 as k — oo. Letn >1
and P, : H — H denote the orthogonal projection onto span{yy}p_,. If Any1 # 0, then

If = Puflln < ILfll#,  f € D(L), (10)

1
o]
and equality is achieved with f = pn41.
Proof. For any A\ € C belonging to the resolvent set p(L) (Conway, 1985, Def. 1.16), we
first show the resolvent operator Ry (\) = (M —L)~! is compact, as it is a bounded operator
into D(L), which is compactly embedded in H. Specifically, let 1p(z) : D(L) < H denote
the inclusion map, which is compact by assumption. Since Range(RL()\)) C D(L) we may
define Ry (\) : H — D(L) so that Rp(A) =1p(ryo Rr(\). To prove that Ry ()) is compact,
it suffices to show that Rz ()\) is bounded. For any f € H, we have || f[|2 = ||f||, + |Lf|3
by definition of the graph norm, which implies that

IRL(N) 7 = IIRLSIF, + IILRL(A) f13,

< IRLOVFIZ+ (I LR F = M Il + I Fll)°
-f
< [IRE O3yt + (14 XD [ £113s

meaning that Ry ()\) is bounded, hence Ry ()\) is compact.

By (Reed and Simon, 1980, Thm. VIIL.3), the imaginary unit ¢ lies in the resolvent set
p(L), and so Ry, (7) is compact. Following the proof of (Reed and Simon, 1980 Thm. VIIL.4),
Ry (i) commutes with its adjoint Rp(i)* = (=il — L*)™! = (=il — L)™' = Ry (—i) and is
therefore a normal operator. By the spectral theorem for compact normal operators, H
admits an orthonormal basis of eigenfunctions {¢;}72, of Ry (i) with eigenvalues iy, € C.
Since Null Ry, (i) = {0}, all of the yy, are nonzero. The identity (i — L) pp = prpy yields

i — 1
L@kZ(M ><Pk,
HE

which shows that ¢y is an eigenfunctions of L with eigenvalue A\ = (iux — 1)/pg. Since
R(i) is compact, its eigenvalues satisfy pr — 0 as k — oo, meaning that |[\g] — oo.
Moreover, the eigenvalues A are real because L is self-adjoint.

Now consider a function f € D(L). By Parseval’s theorem, we have

HLfHH—Zm, Lfynl? = Zuku% wl?.

k=1
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We follow an argument similar to (Aflalo and Kimmel, 2013) to obtain

IL(f = Puf) HH—ZM (s (1= Pa) Z MRl (s (1= Pa) f)ml?
k=1 k=n-+1
> Mniil® Y Weows (L= Po)H)ul® = P PILF = Pt
k=n+1
and
IL(f = P f)l Z M1 (or, Ful® < ILFIG-
k=n+1
Combining these inequalities yields Eq. (10). |

Thanks to the preliminary approximation result in Lemma 8, we can derive an error
bound between A and its finite-rank approximation, AP,, by choosing the operator L so
that Range(A*) C D(L). In this case, the operators P, and AP, can be written as

_ k=1

Theorem 9. Let H' be a Hilbert space. Under the same assumptions as Lemma 8, if
A:H — H is a bounded linear operator with Range(A*) C D(L), then LA* is bounded.
Moreover, for any n > 1 satisfying A\p+1 # 0, we have

1

A— AP, g —

HLA [FaeTs (11)
with respect to the induced norms of operators H — H' and H' — H. FEquality for all such
n is achieved by the compact self-adjoint operator A = LT : H — H defined by

o
1
Lt:fe ) )\*k%((ﬂk, - (12)
o
Proof. First, Range(A*) C D(L), so the operator LA* is well-defined on H’. To show that
LA* is bounded, we show that LA* and the graph of LA* are closed. Let f, — f in H' and
LA* fi — g in ‘H. By the continuity of A*, A*f, — A*f, so LA* is closed. Additionally,
the closedness of L implies that A*f € D(L) and LA*f = g, so the graph of LA* is closed.
Then, by the closed graph theorem, LA* is bounded.
Then, we have

1A = APl = (1 = Pu) A%l = sup  [[(1 = Po) A fl3

FeH
£l <1
1 *
< sup oo |LA* fll3 = 5 | LA™ =20
rer Antl n+1! Ans1]
11l <1
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where the inequality follows from Lemma 8 and the final equality is due to the fact that
Range(A*) € D(L). This proves the desired bound.

To show that the equality in the bound is achieved for the operator L' defined by
Eq. (12), we must show that Range ((L1)*) C D(L) and that L acts element-wise on the
series defining (LT)*. We first establish that LT is well-defined and compact and denote the
operators defined by the partial sums in Eq. (12) as

An s f o Y N erlen, i, n>1.
o
Let 1 < m < n be sufficiently large such that \,,11 # 0 and f € H, we have

n [e.e]

1Anf = Amfl3 = 30 el Hul < Pl ™ D Ko HB < Pt 7213,
k=m+1 k=m+1

Hence, {A,f}°2, is a Cauchy sequence converging to LTf in H because |\,| — oo as
m — 00. Passing to the limit, we obtain

ILYf — A f 13 < | 2111,

meaning that |LT — Anllgon < [Ama1]™t — 0 as m — oo. Since LT is the limit with

respect to the operator norm of a sequence of finite rank operators, it follows from Brezis
(2010, Corollary 6.2) that LT is compact. Moreover, since each A,, is self-adjoint, it follows
that LT is self-adjoint by continuity as

(Lf, ghw = lim (Anf, g)y = lim (f, Aug)n = (/. LTg)n.

Next, we show that A, f converges in the graph norm for L, i.e., in the norm defined by
Igl12 := llg|l3, + || Lg||3, for g € D(L). When m < n is sufficiently large such that An, 41 # 0,
we have

n o0

14nf = Anfl2 = 3 (24 1) ow Aol < (a2 41) S Hons Hul?,

k=m-+1 k=m+1

which converges to 0 as m — oo, i.e., A,f is a Cauchy sequence in D(L) with the graph
norm. Since the graph of L is closed, it follows that the limit LT f is in D(L) and LA, f —
LLTf in H as n — oo. In other words, we have

o0 oo
LLUf =) N Lowlen, =Y euler, Fn
k=1 k=1
A#0 Ak 70
where the sum converges in H. From this expression, one can see that if there exists a
nonzero Ay, then | L(L")*||%_% = [|LL'||3—% = 1. By Parseval’s identity, we also have

e}

ILTf = LTPafl3 = D Il 2w Hal® < Dl 113
k=n-+1
A #£0
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and equality is achieved by f = @ny1. Then, |LT — LT P, |l = [Ans1| " when A, 11 # 0.
Finally, Eq. (11) holds with equality for the operator defined by Eq. (12). |

Remark 10 (Role of |[LA*||). The constant |LA*|| quantifies how well L captures infor-
mation about the range of A*. This is related to the definition of near-symmetry in the
finite-dimensional case in Definition 1.

Theorem 9 shows that the approximation error between A and AP, decays at a rate
determined by the eigenvalues of L. A practical way to compute the constant ||[LA*||3/—x
in Theorem 9 is given by the following lemma.

Lemma 11. The bounded operator (LA*)* extends the operator AL : D(L) C H — H’
that is densely-defined. Let {P.}o2 be a sequence of orthogonal projections in H with
Range(P,) C D(L) and P,, converging strongly to the identity. Then, we have

ILA spe = sup [ ALfl = T [|ALB oo (13)
Il fll<1
We emphasize that one can choose P, = P, to estimate the constant ||LA* |z _

numerically in Eq. (13) as in Algorithm 2. To understand Lemma 8 and Theorem 9 more
concretely, we first consider the case where L is constructed from the Laplace—Beltrami
operator on a compact Riemannian manifold without boundary in Section 4.1. Then, we
extend this analysis to domains with boundaries in Section 4.3.

Algorithm 2 Estimation of ||LA*||
Input: Bounded linear operator A : H — H', self-adjoint operator L : D(L) C H — H
such that Range(A*) C D(L), integer n > 1.
1: Compute the first n eigenfunctions ¢1,...,, of L and eigenvalues Aq,...,\,, with
(A < [Ao] <o Anl.
2: Sample the operator A n times at the eigenfunctions of L to obtain

U1 :A(tpl), ey un:A(gon).

3: Define the matrix M, as
M, = [Alul )\nun] .

Output: Approximation ||Mp||2 of the constant ||LA*.

4.1 Compact Manifolds without Boundaries

Let M be a smooth, compact, d-dimensional manifold without boundary, and let (-, )4 be a
Riemannian metric on M. An example of such as manifold is the periodic box, also known
as the torus T¢ formed by identifying opposite faces of the cube [0, 1]¢ in d-dimensional
Euclidean space R%. In this section, we consider the case where A : H — #H is an operator
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on H = L?*(M), while the prior operator L in Theorem 9 is constructed from the Laplace—
Beltrami operator on the manifold. The classical LBO A, : D(A,) C L*(M) — L?*(M) is
defined on a domain of smooth functions D(A,) = C*°(M) using the standard formula

0

Ayf = —div(V f) = 57 ( det(gl,.)gj”“(%f,g) : (14)

1
- Vdet(g...)

where the overall sign is a matter of convention. Here, g; ; = (0/9z%,9/827), is the metric
tensor in a coordinate chart (z',...,2%) : 4 — R? on an open subset 4 C M, and g%/ is
the inverse metric tensor defined by the relation g*’ ik = 5};, with 5}; being the Kronecker
delta. On the torus T¢ with Euclidean coordinates z*, the LBO is the standard Laplacian
operator with flipped sign A, = —%% — = %a%d and periodic boundary conditions.
Using our choice of sign, the LBO is nonnegative and symmetric due to Green’s identity

(see Section A):
| ndapdiy = [ (V5.9 £ (15)
M M

which holds for every fi,fo € C°(M). Here, dpuy is the Riemannian density defined
in (Lee, 2013, Prop. 16.45). Moreover, the closure of the classical LBO A = A, is self-
adjoint (see Lemma 24 in Section A) and the domains of its powers coincide with the
Sobolev spaces

D(AF?) = HE (M) = WF2(M),

consisting of square-integrable functions with k& > 1 weak derivatives in L?(M). Then,
choosing the operator L = A¥/2 in Lemma 8 and Theorem 9 yields the following result,
whose proof is available in Section A.

Theorem 12. Let M be a smooth, compact Riemannian manifold without boundary. Then
L?(M) admits an orthonormal basis consisting of eigenfunctions {goj};?‘;l of A = A, with
eigenvalues 0 < A\ < Ay < --+, and \, — oo. Let P, : L2 (M) — L?(M) denote the
orthogonal projection onto span{«pj}?zl. If Apy1 # 0 then for every integer k > 1 we have

1
1 = Pafllieon) < 18 Fliany - € HEM), (16)

n+1

and equality is achieved by f = pni1. Every bounded operator A : L*(M) — H' with
Range(A*) C H¥(M) satisfies |]Ak/2A*HH/_>L2(M) < o0 and

1
k/2
n+1

|A = AP, 2 vy < HAk/2A*HH’%L2(M)7

where equality is achieved by the operator A = (AF/?)T,

The k = 1 case in Eq. (16) was proven by Aflalo and Kimmel (2013); Aflalo et al. (2015).
Our generalization is useful when considering solution operators A : L?(M) — L?*(M)
associated with uniformly elliptic PDEs, which benefit from higher degrees of regularity.
This allows us to apply Theorem 12 for k£ > 1 to achieve faster convergence rates.
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4.2 Application to Differential Operators

A concrete application of Theorem 12 arises when approximating the solution operator A
associated with differential equations. Here, we consider a kth-order smooth scalar differen-
tial operator £ on M. The formal adjoint of £ is the unique differential operator, denoted
LT, which satisfies the integration-by-parts formula

/M vL(u)dpg = /M L7 (v)udpy,

for all test functions u,v € D(M), that is, infinitely differentiable functions with compact
support in the interior of M. Here, since M is assumed to be compact and boundaryless,
we have D(M) = C*°(M). The formal adjoint can be constructed by observing that £ can
always be written as

Lu)= Y aoX{"0X§? 0 0 X2 (u),
lo|<k

where X; are smooth vector fields on M, a = (a1,..., ) is a multi-index, and a, €
C>°(M) are smooth coefficient functions. The formal adjoint of a smooth vector field X is
the differential operator

XT(v) = -X(v) — div(X)w, (17)

thanks to the relation div(uwvX) = vX (u) + [X (v) + div(X)v] u and the divergence theorem
(Lee, 2013, Thm. 16.48). Applying Eq. (17) recursively allows us to express the formal
adjoint of the differential operator £ as

L) = > (X&) o0 (X5) o (X7 (aqv).
llall<k
This expression satisfies the integration-by-parts formula.
By examining the coefficient functions in local charts on M, one can see that L is elliptic
if and only if £ is elliptic. Supposing that £ is elliptic and u is a distribution solving the

partial differential equation

Llu)=f, [feHM), (18)

where s > 0. Then, the interior elliptic regularity theorem (Taylor, 2011, Ch. 5, Thm. 11.1)
says that u € H*5(M) and satisfies the following regularity estimate

ul| sy < CM, L, 5,0) (1 ls oy + lull o vy) s Vo <k +s.

Let us assume that for every f € L?(M), Eq. (18) has a solution v = Af given by the
operator A : L2(M) — L?(M). Elliptic regularity ensures that A is bounded, and in fact,
that Range(A) C H*(M). Integration by parts shows that v = A*g solves the adjoint PDE

L(v) =g, geL*M)

in the sense of distributions, and is thus also a strong solution by the interior elliptic
regularity theorem. Thus, we have Range(A*) C H¥(M) and Theorem 12 applies.
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The asymptotic behavior of the approximation bound in Theorem 12 is determined
by the growth of the eigenvalues )\, of the LBO. Weyl’s law (Weyl, 1911) characterizes
the asymptotic distribution of the eigenvalues as A, ~ cn?/¢ for a constant ¢ > 0 (see
also Canzani 2013; Minakshisundaram and Pleijel 1949). The asymptotic distribution of
eigenvalues yields an approximation error that is asymptotically

|A—AP,| = (’)(n_k/d) as n — 0o, (19)

where k£ > 1 is the order of the differential operator and d is the spatial dimension. Hence,
the rate in Eq. (19) degrades in high dimensions but improves as the regularity increases.
However, for problems involving solution operators of PDEs motivated by physics applica-
tions, we often have d < 3.

Remark 13. We can also construct the prior operator L using powers of other uniformly
elliptic differential operators besides the LBO. Similar asymptotic laws also hold for the
eigenvalues of these operators (Beals, 1970; Clark, 1967). By choosing L based on addi-
tional prior information about A, it may be possible to reduce the magnitude of the constant
| LA |3~ 2(Mm) in the approzimation bound.

4.3 Domains with Boundaries

Many practical applications involve solving PDEs on spatial domains with boundaries and
specified boundary conditions (BCs) rather than the compact manifolds without boundaries
as described in Section 4.1. With a spatial domain consisting of a smooth Riemannian mani-
fold (€2, (-, -)4) with smooth boundary 9, we consider a kth-order elliptic partial differential
equation of the form:

Lu)=finQ, and B;j(u)=0,1<1i<I on 9. (20)

We assume that this equation has a solution for every f € H*(§) and that these solutions
satisfy the global elliptic regularity estimate

ull sy < C(Q, L, 8,0) (| fllgs) + [ullgo) » Vo <k+s. (21)

Unlike in the boundaryless case, the conditions for such an estimate to hold depend del-
icately on the operator £, the boundary 02, and boundary conditions specified by the
differential operators B; (Taylor, 2011, Ch. 4, Sec. 11).

An adjoint problem associated with Eq. (20) can be defined as

LT(v)=¢ginQ, and Bli(u)=0,1<4i<1I on 9, (22)

using the formal adjoint operator £ and boundary conditions for which

/Q vL(w) dptg = /Q LT (v)udpg

holds for every u € D and v € D', where D and D’ are defined as
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Here, the boundary conditions are understood in the sense of trace. We assume the adjoint
problem also has a solution satisfying a corresponding global regularity estimate in the form
of Eq. (21) for each g € H*(Q).

Remark 14. Conditions ensuring the existence of adjoint boundary operators and reqular
solutions of the adjoint boundary value problem are discussed in (Taylor, 2011, Thm. 12.7)
and (Renardy and Rogers, 2004, Thms. 8.37 and 8.41). As an example, suppose that the
boundary value problem given in Eq. (20) is defined in a planar region Q C RY, has even
order k = 2m, satisfies the “complementing conditions” described by Renardy and Rogers
(2004, Def. 8.28), and has a unique regular solution for each f € L*(Q). Then, it follows
immediately from (Renardy and Rogers, 2004, Thms. 8.37 and 8.41) that adjoint boundary
operators exist and the adjoint problem in Eq. (22) has regular solutions.

If A: L?(Q) — L%(Q) is a solution operator associated with Eq. (20), then its adjoint, A*,
is the solution operator for the adjoint problem defined in Eq. (22). Additionally, the global
regularity estimate (23) ensures that Range(4) ¢ D C H¥(Q), and, more importantly,
that Range(A*) ¢ D’ ¢ H*(Q). To verify that A* is the solution operator associated with
Eq. (22), suppose that v is a solution to Eq. (22) for a given g € L?(Q2), and thus v € D’ due
to global regularity. If f € L2(Q), we also have Af € D due to global regularity. Therefore,

(f, A*g) 20y = (Af, LT(0))12(0) = (LAS, V)r20) = (f V)20,

which implies that v = A*g, as desired.
We provide two methods for approximating the solution operator A that do not require
solving the adjoint problem in Sections 4.3.1 and 4.3.2:

1. The matching adjoint boundary conditions method. It can be applied for even order
(k = 2m) elliptic operators and whenever the adjoint boundary conditions B; can be
used to define a self-adjoint extension L : D(L) C L*(Q2) — L*(Q) of A", Here, A"
denotes the mth power of Laplace—Beltrami operator on 2. The key idea is to apply
Theorem 9 directly under sufficient assumptions, ensuring that Range(A*) C D' C
D(L).

2. The extension method. It is more general and can always be applied, but it might
lead to a worse constant factor in the resulting approximation bound. The key idea
is to embed the domain €2 in a compact manifold M without boundary, on which a
self-adjoint extension of the LBO can be defined (see the discussion in Section 4.1)
and apply Theorem 12.

4.3.1 MATCHING ADJOINT BOUNDARY CONDITIONS METHOD

In this section, we assume that the differential operator £ has even order k£ = 2m, and aim
to construct a self-adjoint extension L : D(L) C L?(2) — L?() of the mth power of the
Laplace-Beltrami operator, A", satisfying D’ C D(L). If this can be accomplished, then
our main approximation result in Theorem 9 can be applied because Range(A*) C D’ C
D(L). To do this, we consider a set of differential operators {BY}!" | acting on the boundary

of Q, so that the space of functions D’, defined by Eq. (23), is included in the following
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function space:
D" ={uec H*™Q): B/(u) =0, 1 <i<1" on dQ}.

We assume that the mth power of the LBO, understood (with a slight abuse of notation)
as a differential operator acting on distributions, satisfies the symmetry condition:

(Au, v)r2q) = (u, Ag'v) 2y, Yu,ve D" (24)

Furthermore, we assume that there exists a constant ¢ € R such that the boundary value
problem
cu+Afu=finQ, and B(u)=0,1<i<1" ondQ (25)

has a solution u € H?™(Q) satisfying a global regularity estimate in the form of Eq. (21) for
each f € L?(Q). Typical examples where symmetry and regularity hold in the m = 1 case
include Dirichlet and Neumann boundary conditions corresponding to operators B (u) = u
and B (u) = 7i-V u, respectively. Here, 7i denotes the unit outward normal vector field along
0. We refer the reader to (Ibort et al., 2015) for more details on the choice of boundary
conditions leading to self-adjoint extensions of the Laplace—Beltrami operator. Boundary
conditions, self-adjointness, and eigenvalue estimates for biharmonic (m = 2) and poly-
harmonic (m > 2) operators are discussed by Colbois and Provenzano (2022); Ilias and
Makhoul (2010). The following lemma shows that our assumptions yield a self-adjoint
power of the LBO with domain D(L) = D".

Lemma 15. Let L = AZH‘D” : D(L) = D" C L*(M) — L?*(M) denote the restriction
of A7 to D", where A7 is understood as a differential operator acting on distributions.
Suppose that Eq. (24) holds and Eq. (25) has a solution u € H*™(Q) satisfying an estimate
in the form of Eq. (21) for each f € L*(Q). Then L is self-adjoint and D(L) = D", endowed
with the graph norm, is compactly embedded in L?(12).

Then, the eigenfunctions {¢;};>1 and eigenvalues {\;};>1 of L are obtained by solving
the following eigenvalue problem:

AT'pj = Njpj in Q, and B (p;) =0,1<i<1" on 0Q.

After ordering the eigenvalues by increasing magnitude, that is |A;| < [A2| < -+, we can
form the orthogonal projection P, onto span{y;}7_; in L?(2). Finally, the combination
of Theorem 9 and the fact that Range(A*) € D’ C D” = D(L) allows us to derive the
following error bound between A and our approximation AP,:

1

n+l’

A = APy 2(pmy—r2(0m) < B [AG A" | L2 (M) L2 (M) (26)
The right-hand side of Eq. (26) is bounded when 7 is chosen large enough so that A\,+1 # 0.
Here, we emphasize that \; are the eigenvalues of the mth power of the LBO so that the
approximation error converges to zero as n increases.

A significant limitation of the “matching adjoint boundary conditions” method described
in this section is that appropriate boundary conditions, i.e., the operators B!, might not
exist or be known in advance. Fortunately, the method described in the next section can
be applied even when such boundary conditions cannot be found at the cost of a larger
constant in the approximation bound.
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4.3.2 EXTENSION METHOD

The second option presented in Algorithm 3 can be used even when the adjoint boundary
conditions satisfied by A* do not give rise to a self-adjoint power of the LBO. In fact, it
can be used whenever A : L2(Q) — H' and Range(A*) C H¥(Q2). We assume that the
spatial domain €2 is a subset of a compact, d-dimensional Riemannian manifold M without
boundary. For example, a bounded region Q € R? can be embedded into the torus M = T¢
by constructing a cube around €2 and identifying opposite faces of the cube. More generally,
any smooth compact manifold 2 with smooth boundary 92 is embedded in its “double”
M = Q#, a smooth compact manifold without boundary obtained by attaching ) to a
copy of itself along 992 (Lee, 2013, Ex. 9.32).

Algorithm 3 Extension-based adjoint-free approximation algorithm
Input: Smooth, compact Riemannian manifold M without boundary, subset Q@ C M
satisfying the modified k-extension property (Definition 16), bounded linear operator
A L2(Q) — H' satisfying Range(A*) C H*(Q), and an integer n > 1.
1: Compute the first n eigenfunctions ¢1,. .., ¢, of the Laplace-Beltrami operator A, on
M given by Eq. (14) and eigenvalues A1, ..., Ay, with |[A1] < [Ag| < -+ | Ay
2: Form an orthonormal basis 1, . .., ¥y, for span{pi|q,. .., @ulq} in L2(Q).
3: Sample the operator A on the basis functions to obtain

ul :A(wl), ey um:A(wm)

4: Define the rank < n projected operator AP, : L?(2) — H' as

m

AP (f) =) un{tn, Flre) = Y AWk We Freg), [ € LX(Q)

k=1 k=1
Output: Approximation AP, of A satisfying

C(2,M, k) N
TH 20— m% (02) -

A= AP, z2@)sn <
‘ n+1

Algorithm 3 for approximating the operator A proceeds by first computing the eigen-
functions {¢;} with eigenvalues {\;} of the self-adjoint LBO A defined on M, following the
discussion of Section 4.1. Note that by regularity, these can be computed using the classical
LBO given by Eq. (14). We then restrict these eigenfunctions to the domain 2 and use
the orthogonal projection P, onto span{¢1lq .- -, ¢nlg} in L?(£2) to form the approximant
AP,,. When the domain 2 has the following Sobolev extension property (see Definition 16),
this algorithm has an error bound similar to Theorem 12, but with an additional constant
factor introduced by Sobolev extension.

Definition 16 (Modified k-extension property). A subset Q@ C M is said to have the
modified k-extension property if there exists a bounded linear operator E : L*(Q) — L*(M),
satisfying (Ef)|q = f for every f € L*(Q), such that
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where C'(2, M, k) > 0 is a constant depending only on Q, M, and k.

The Sobolev extension method described by Taylor (2011, Section 4.4) for smooth,
compact manifolds €2 with smooth boundary provides a modified k-extension. The only
difference is that a modified k-extension must be defined and bounded as an operator
E : L*(Q) — L?*(M), restricted to a bounded operator H*(Q) — H¥(M), rather than
being defined only as an operator H*(Q2) — H*(M). This modification is unnecessary for
Eq. (27) in Theorem 17. We obtain the approximation bound stated below for domains
with the modified k-extension property.

Theorem 17. Let Q2 C M be a domain satisfying the modified k-extension property, and
P, : L?(Q) — L2(Q) denote the orthogonal projection onto span{ ©jlatj—1- There exists
a constant C(Q2, M, k), depending only on Q, M, and k, so that for every n > 1 with
An+1 # 0, we have

If = Pufllzze < Wuﬂ\m(m, f e HYQ). (27)

n+1
Moreover, every bounded operator A : L*(Q) — H' into a Hilbert space H' with Range(A*) C
HF(Q) satisfies | A* |3 vy < 00 and
CUM k), ..
A v
n+1

When the norm on H*(M) is defined so that ||Ak/2fHL2(M) < I f Il zr» a1y then the constant
in the theorem is the same as the Sobolev extension constant in Definition 16. In general, this
constant is greater than one and increases exponentially fast with k& (Adams and Fournier,
2003, Thm. 5.21). However, we are mostly interested in the decay rate with respect to n
for a fixed k.

To understand this result in the setting described at the beginning of Section 4.3, suppose
that A : L2(2) — L?(Q2) and A* are the solution operators for the boundary value problems
respectively defined in Eqgs. (20) and (22). By assumption, these solutions satisfy the global
elliptic regularity estimate of Eq. (21), which implies that Range(A*) C H¥(2), where k is
the order of the elliptic differential operator £ in Eq. (20). In this case, Theorem 17 yields

the bound O M.k
1A= APyl 20— 22(m) < ()\;/2’)||A*||L2(M)—>Hk(9)v (28)
n+1
where || A*|| L2 Aq)— i () 18 determined by the elliptic regularity constant in Eq. (21) for the
adjoint solution operator.

While it is applicable in a broader range of settings, the bound in Eq. (28) is typically
worse than the one given by Eq. (26), obtained using the method described in Section 4.3.1.
The two main reasons for this are the introduction of the Sobolev extension constant, which
is greater than one, and the observation that the eigenvalues of the LBO generally decrease
when the spatial domain is enlarged from €2 to M. For the Laplacian operator with Dirichlet
or Neumann boundary conditions, the monotonicity property of the eigenvalues when the
domain is enlarged follows from the min-max principle (Canzani, 2013, Thms. 62 and 63).
This is also reflected in Weyl’s law, where the asymptotic magnitudes of the eigenvalues are
inverse to the volume of the manifold (Canzani, 2013, Thm. 72).

A = APy L2y snr <
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4.4 Numerical Examples

This section contains numerical examples to illustrate the approximation of the solution
operator of non-self-adjoint PDEs by solving the PDEs with right-hand sides corresponding
to eigenfunctions of the Laplace—Beltrami operator (see Theorem 9 and Lemma 11).

4.4.1 ONE-DIMENSIONAL ADVECTION-DIFFUSION EQUATION

We first consider the following one-dimensional (1D) advection-diffusion equation defined
on the unit interval Q = [0, 1]:

1 d%u du
with homogeneous Dirichlet boundary conditions. We aim to approximate the solution
operator A : f — wu associated with Eq. (29) by solving Eq. (29) with right-hand sides
given by eigenfunctions of the Laplacian operator L = —d?/dx? with homogeneous Dirichlet
boundary conditions. To do so, we compute the first N = 601 eigenvalues and eigenfunctions
of the Laplacian operator L = —d?/dz? satisfying

Loy = Aeor,  wr(0) = (1) =0, 1<k<mn,

using the Firedrake finite element software (Rathgeber et al., 2016) and the Scalable Library
for Eigenvalue Problem Computations (SLEPc) (Hernandez et al., 2005). In this particular
case, one could use the analytical expressions for the Laplacian eigenfunctions pg(z) =
sin(krx) and eigenvalues )\, = m2k?, but they may not be known in higher dimensions.
We partition the interval € into 1000 cells and discretize the functions with continuous
piecewise-cubic polynomials. We then solve Eq. (29) with right-hand side ¢y, for 1 <k < N
and compute the corresponding solution uy.

Letting 1 <n < N, we estimate the spectral norm [|[A— AP, || of A— AP, by restricting
this operator to the subspace span{¢i, ..., ¢n}. This is equivalent to computing the spectral
norm of the dense matrix [uy41,...,uy]. We then approximate the largest singular value
of the resulting matrix using the randomized singular value decomposition (SVD) (Halko
et al., 2011) with some power iteration to avoid the expensive computation of a full SVD
and estimate ||A— AP, ||. We note that alternative algorithms, such as randomized Lanczos
iterations might be more accurate (Kuczynski and Wozniakowski, 1992). Finally, we ap-
proximate the constant ||[LA*|| in the right-hand side of Eq. (11) using Lemma 11. Hence,
we construct a matrix M, whose columns consist of the functions A\jur for 1 < k < n
and compute its spectral norm using the randomized SVD. Following Lemma 11, ||M,||2
converges to ||[LA*|| as n increases.

We plot the normalized left-hand side and right-hand side of Theorem 9 corresponding
to Eq. (29) in Fig. 3(a) and observe that the approximation error |A — AP, || decays as n
increases and is controlled by ||[LA*||/|An+1|, as guaranteed by Theorem 9. Furthermore,
the decay rate of ||A — AP,|| behaves asymptotically like O(n~2), which is the same as the
decay rate of the eigenvalues A, of the Laplacian operator L given by Weyl’s law (Weyl,
1911). In Fig. 3(b), we display the convergence of ||M,||2 as n increases to the approximate
value of ||[LA*|| ~ 14.1.
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Figure 3: (a) Left and right-hand side of the bound given by Theorem 9 for the approxi-
mation of the solution operator of the 1D advection-diffusion equation Eq. (29)
by the eigenfunctions of the Laplacian operator. (b) Convergence of the spectral
norm of the matrix M, to ||LA*|| as n increases, illustrating Lemma 11.

4.4.2 STRUCTURAL MECHANIC IN TWO AND THREE DIMENSIONS

As a second numerical example, we consider the following linear elasticity (Navier—Cauchy)
equations modeling the small elastic deformations of a body Q C R?, where d € {2,3},
under the action of an external force f : Q — R

—V.0o= fa in Q7
o= ATr(e(u))l + 2ue(u), (30)

c(u) = 3 (Vu+ VuT)

where o is the stress tensor, A = 1.25 and p = 1 are the Lamé parameters for the material
considered, € is the symmetric gradient, and u : Q — R? is the displacement vector field and
solution to Eq. (30) (Langtangen and Logg, 2017, Sec. 3.3). In two dimensions (resp. 3D),
we consider the domain Q = [0,1] x [0,2] (resp. Q@ = [0,1] x [0,2]?) and enforce a zero
displacement boundary condition at the left extremity x = 0 and traction free conditions
on the other boundaries. We discretize the domain 2 uniformly into 500 quadrilateral
cells and 5000 hexahedral cells and use continuous piecewise-quadratic and piecewise-linear
polynomials to discretize the functions in 2D and 3D, respectively, using the Firedrake finite
element software (Rathgeber et al., 2016). Fig. 4 displays the deformation of the beam under
its weight, obtained by solving Eq. (30) using the right-hand side f = (0,0, —1.6 x 1072).
We compute the first N = 601 eigenvalues {\;}Y_, and eigenfunctions {@y}_, of
the Laplacian operator, whose action is given by Lu = —V?u = —(V - V)u, with the
same boundary conditions as the linear elasticity equations, and use these eigenfunctions
to approximate the solution operator A associated with Eq. (30). Hence, we follow the
procedure described in Section 4 and approximate A by the operator AP,, where P, is the
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I 10.15

Figure 4: Solution to the 3D linear elasticity equations (30) with right-hand side f =
(0,0, 1.6 x 10~2), modeling the deformation of the beam under its weight. The
beam is deformed according to the displacement field u, and the color map rep-
resents the magnitude of the displacement.

orthogonal projection onto the span of the first n eigenfunctions of the Laplacian operator.
We then plot in Fig. 5(a) and (c) the normalized left and right-hand sides in the bound
given by Theorem 9 for the two and three-dimensional problems and observe that the upper
bound (plotted in red) is relatively tight in estimating the decay rate of the approximation
error of the solution operator (blue dots). Hence, the convergence rate bounded by O(n™1!)
in two dimensions and O(n~3/2) in 3D, following Eq. (19).

The constant term [[LA*|| in the right-hand side of Theorem 9 is estimated using
Lemma 11 as ||LA*|| = lim, 00 || Mp]|2, where the matrix M,, contains the columns A\
for 1 < k < n. We display in Fig. 5(b) and (d) the spectral norm of M, as n increases,
computed using the randomized SVD, along with our estimate of ||LA*|.

5. Convergence Rate for Perturbed Uniformly Elliptic PDEs

To approximate the solution operator A of a uniformly elliptic partial differential operator
with lower order terms, such as Eq. (2), one can exploit the results derived in Section 4 to
derive explicit error bounds on the approximant (cf. Theorem 9), which involve a constant
||ILA*|| that depends on the magnitude of the convection coefficient ¢. In this section,
we study the behavior of the bound as the convection coefficient magnitude increases and
derive a convergence rate for the approximation error of the solution operator of Eq. (2).
The primary motivation for this analysis originates from the deep learning experiments of
Section 2, which show that the approximation error increases linearly as the convection
coefficient magnitude increases (Fig. 2(d)).

Remark 18 (Spatial dimension). In this section, we assume the spatial dimension satisfies
d > 3 because we rely on a result regarding the norm of the adjoint solution operator (Kim
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Figure 5: (a) Normalized left and right-hand sides of the bound Theorem 9 for approximat-
ing the solution operator of the 2D linear elasticity equations using eigenfunctions
of the Laplacian operator. (b) Convergence of the spectral norm of the matrix
M,, to the constant ||LA*| as n increases. (c)-(d) Same as (a)-(b) but for the
3D linear elasticity equations. The eigenvalues of the solution operator of the
Laplacian operator decay as O(n~1) in 2D and O(n~2/3) in 3D, as predicted by
Eq. (19).
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and Sakellaris, 2019, Eq. (4.6)) formulated under this assumption. If this result can be
established for d = 1,2, then our propositions will also hold, provided we assume that p > 2.

Let Q be a bounded domain with Lipschitz smooth boundary in RY with d > 3. We
consider the Sobolev space H'(Q) consisting of square-integrable functions u € L?(Q) with
first weak derivative in L?(Q2), with norm

lull ) = lullz2i) + VUl 2 @)

In addition, we denote Hg () to be the closure of C°(€2) in H!(€), where C°(Q) is the
set of infinitely differentiable functions that are compactly supported in . If u € H&(Q),
then the Sobolev inequality (Evans, 1998, Sec. 5.6, Thm. 3) states that, for each ¢ € [1,2*],

ullLa(e) < CaqllVullz2() (31)

where 2* = 2d/(d — 2) is the Sobolev conjugate of 2 and the constant Cy, depends only
on d, q, and Q. Let H~(Q) be the dual space of H}(2) such that the norm of a function
F € H71(Q) is given by

1F | 10y = sup{(F,u): u € Hg(Q), l|ull g1 () < 1}

We are interested in recovering the solution operator A associated with a second order
elliptic operator £ : H}(2) — H~(Q) of the form

d
Lu=— Z D; (a”(x)Dju) + Z ¢'(z)Diu,

ij=1 i=1

which is abbreviated as
Lu = —div(AVu) + ¢ Vu.

The matrix A = (a%) is symmetric, consists of measurable bounded coefficient functions
and satisfies the uniformly elliptic condition, i.e., there exists a constant A > 0 such that

AP < A(x)s ¢, VoeQ, R (32)

Following the analysis of Kim and Sakellaris (2019), we assume that the lower order coef-
ficient vector ¢ = (c!,...,c?) € LP(Q) for some p > d. Under these conditions, for every
right-hand side F' € H~1(Q), there exists a unique u € Hg () such that (Kim and Sakellaris,
2019, Lem. 4.2)

Lu = —div(AVu)+c-Vu=F, in{. (33)

Here, Eq. (33) holds weakly in the sense that for all ¢ € C2°(2), we have
/ AVu-Vo+c-Vupde = / Fo¢dx.
Q Q

Then, the solution operator A : H~1(2) — H}(Q), defined as A(F) = u, is a bijection.
Moreover, the H~1(Q2) — H}(Q2) adjoint of A is given by the operator A* : H1(Q) —
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H{ (), which is the solution operator of the adjoint problem of Eq. (33) (Kim and Sakellaris,
2019, Eq. (4.6)):
LT = —div(AVu+cu) = F, in Q.

When the coefficient vector ¢ is sufficiently small, one can view the operator £ as a pertur-
bation of the uniformly elliptic operator L : H}(2) — H~1(2), defined as

Lu = —div(AVu), wu€ Hy(Q). (34)

We denote the solution operator associated with L as T : H=1(Q) — HZ(Q), which satisfies
T(F) = u, where u is a solution to Lu = —div(AVu) = F.

The following result constructs a low-rank approximation to the solution operator A that
is controlled by the eigenvalue decay of the prior uniformly elliptic solution operator L. The
proof of Theorem 19 is deferred to Section B and combines Theorem 9 with perturbation
theory results of linear operators (Kato, 1980).

Theorem 19 (Approximation in H™'). Let A and T : H-Y(Q) — H}(Q) denote the
solution operators associated with the elliptic operators L and L, defined respectively in
Egs. (33) and (34). Letn > 1 and P, : H~Y(Q) — H~Y(Q) denote the H '-projection
onto the space spanned by the first n eigenfunctions of L. There exists a constant C(),p),
depending only on Q and p such that if ¢ € LP(2) satisfies ||c|rr(q) < A/C(S2,p), then the
operator A can be approzimated by the operator AP, in the H=(Q)-norm as

1 C(A,Q,p)
A— AP, || - - < T\ 7— ,
| -1 =H-1(0) Mt A= O Pl o TN -1 (0)— 12 (00

where \py1 is the (n + 1)-th eigenvalue of the operator L, and C(A,Q,p) is a constant
independent of c.

For a fixed n > 1, the right-hand side of the approximation bound in Theorem 19
depends on the magnitude of the convection coefficient as O(1/(A — C(Q,p)l|cl|zr(0)))-
When the perturbation is sufficiently small, such that C|lc||z»(q) < €, with 0 < e <1, then
an asymptotic estimate of the bound shows that

17N -1 )— m2 (2

A = APl g-1(0)»m-1(0) < (14O (llellzey)) »

An+1
for some constant M > 0 independent of ¢. This result is in agreement with the numerical
experiments of Section 2, which revealed a linear growth of the error between the learned
and exact solution operator of a 1D convection-diffusion equation as the magnitude of
the convection term increases (see Fig. 2(c)). Intuitively, this suggests that Theorem 19
might explain why deep learning models do not require the adjoint when learning solution
operators associated with PDEs.

Remark 20 (Asymptotic growth of the eigenvalues). The eigenvalues {\;};>1 in Theo-
rem 19 follows from applying the spectral theorem for compact self-adjoint operators (Evans,
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1998, App. D.4, Thm. 7) to the operator L : D(L) = H}(Q) ¢ H~Y(Q) — H 1(Q). Then,
there exists an orthonormal basis {p;}j>1 of H~Y(Q) such that

L(QOJ) = Aj90j7 mn Q,
w; =0, on 0%,

where ¢ € H}(Q). In particular, the eigenvalues agree with the standard L*-eigenvalues ob-
tained by restricting L to a domain included in H?(Q), and enjoy the same asymptotic esti-
mates (Beals, 1970). Moreover, following elliptic reqularity results, additional regularity as-
sumptions on the coefficients of L imply that the eigenfunctions {¢;};>1 are smooth (Evans,
1998, Sec. 6.3).

While the approximation bound of Theorem 19 is stated in the H~!(2)-norm and can
be difficult to interpret, the result generalizes to higher-order Sobolev spaces, such as L?(£2)
and H™(Q) by assuming higher regularity on the coefficients of the PDE, as explained in
Theorem 21 and Remark 22.

Theorem 21 (Approximation in L?). Let A and T : L*(Q) — HZ(Q) denote the solution
operators associated with the elliptic operators L and L, defined respectively in Eqs. (33)
and (34). Assume that the coefficient matriz A = (a¥) satisfies a” € C1(R), the lower
order coefficient vector ¢ = (c',...,c?) € L>®(Q), and that 0Q € C?. Letn > 1 and P, :
L2(Q2) — L2(Q) denote the L?-projection onto the space spanned by the first n eigenfunctions
of L. There exists a constant C(Q2), depending only on €2, such that if ¢ satisfies ||c|| Lo (o) <
A/C(Q), then the operator A can be approzimated by the operator AP, in the L?(2)-norm
as

1 C(A,Q,p)
A— AP, < T ,
| 22— 12(0) Aot 3~ C@)lellim) 1T 22 () 2 (02)

where Any1 is the (n+ 1)-th eigenvalue of the operator L, and C(A,Q) is a constant inde-
pendent of c.

Remark 22 (Higher-order regularity approximation bounds). When the coefficient matriz
A and the lower order coefficient vector ¢ are sufficiently smooth and satisfy the reqular-
ity assumptions of Proposition 29 in Section B.1, we can derive higher-order regularity
estimates for the low-rank approrimation of the solution operator A. This follows natu-
rally from the proof of Theorem 19 by combining the perturbation bounds of Proposition 29
along with the introduction of Sobolev spaces Hy, on which the operator L is self-adjoint
(see Lemma 31) for m > 1. In particular, a compactly supported function f € H™() on
Q is in Hy, and the approximation bound holds in the H™(Q)-norm.

6. Summary and Discussion

We introduced the problem of approximating operators from queries of their action without
access to the corresponding adjoint operator. In finite dimensions, we showed that no low-
rank recovery algorithm can approximate a matrix efficiently from matrix-vector products
unless one has prior information on the angle between its left and right singular subspaces.

Interestingly, compact non-self-adjoint infinite-dimensional operators A : H — H’ be-
tween Hilbert spaces H and H’ can be approximated efficiently from operator evaluations
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without the adjoint if one has prior knowledge about the regularity of the adjoint opera-
tor. In this case, we derived low-rank approximation bounds that depend on the eigenvalue
decay of a self-adjoint operator L : H — H, which captures this regularity information
and is used as a prior for approximating the operator A. Our result applies naturally to
non-self-adjoint differential operators, such as the steady-state advection-diffusion equation,
whose adjoint solution operators have Sobolev regularity. For such operators, powers of the
Laplace-Beltrami operator can be used universally for the prior L, leading to explicit error
bounds and convergence rates.

Our numerical experiments on learning Green’s functions associated with advection-
diffusion equations revealed that the non-self-adjointness of the operator impacts the per-
formance of deep learning models, which has not been analyzed previously in the literature.
Hence, we observed that the error between the learned and exact Green’s functions increases
linearly with the magnitude of the convection coefficient, which matches the behavior of
our theoretical error bound.

This paper is a first step towards understanding non-self-adjoint operator learning and
opens up several interesting directions for future research in preconditioning operator learn-
ing. Future interesting directions include the selection of the prior differential operator L
for generating training datasets, the estimation of the constant ||LA*|| in our approximation
bounds for a variety of problems, the derivation of optimal sample complexity results for
general elliptic problems, and the extensions of the non-symmetric matrix recovery results
to other classes of matrices, beyond low-rank.

Data Availability

Codes and data supporting this paper are publicly available on GitHub at https://github.
com/NBoulle/OperatorLearningAdjoint.
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Appendix A. Proofs of Section 4

This section contains the proofs of the results exposed in Sections 4.1 and 4.3.

Lemma 11. The bounded operator (LA*)* extends the operator AL : D(L) C H — H’
that is densely-defined. Let {P.}2, be a sequence of orthogonal projections in H with
Range(P,) C D(L) and P,, converging strongly to the identity. Then, we have

ILA s = sup ALl = Tim [|ALByllpeosre. (13)
fED(L) n—oo
[l <1

Proof. Since LA* is bounded, its adjoint (LA*)* is also bounded. Choosing f € D(L) and
v € H' we have,

(LA™Y f, )y = (f, LAY, = (Lf, A%), = (ALF, v},
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Since this holds for all v € H', we obtain (LA*)*f = ALf for all f € D(L), which proves
the first claim. We now show that Eq. (13) holds. Since D(L) is dense in H, we have,

LA™ = [[(LA")*|| = sup [[(LA")*f|l= sup [[ALf],
feH feD(L)
Il <1 Ifll2<1

The second equality in Eq. (13) follows from the observation that
IALP,|| = [(LA*)*Py|| = |PaLA*|| < [|LA"].

Let € > 0, we select v € ' satisfying ||v|| < 1 and ||[LA*|| < ||LA*v|| + €. Since P,LA*v —
LA*v as n — oo, there exists N, > 1 such that for n > N,, we have

|LA™|| < || PoLA™| + 26 < || PaLA*|| + 26 = | ALB, || + 2e.
Therefore, ||ALP,| — ||LA*|| as n — oc. [ |

Before proving Theorem 12, we require some technical results about the Laplace—
Beltrami operator on a smooth, compact Riemannian manifold without boundary. First,
we establish the Green’s identity in Eq. (15) for the classical LBO in Eq. (14) on a (possibly
non-orientable) Riemannian manifold by observing that the following equation,

div(f1V f2) = (V f1,V fa)g — f1lgfa,

holds for every fi, fa € C°°(M) following (Lee, 2013, Prob. 16-12(a)). Integrating over M
with respect to the Riemannian density du, and applying the divergence theorem for non-
orientable Riemannian manifolds given by (Lee, 2013, Thm. 16.48) yields Eq. (15). Green’s
identity for the classical LBO yields a closable nonnegative quadratic form

ﬁh%ﬁ—AﬁVﬂvhbwm fi. 2 € Q@) = C®(M). (35)

Its closure q : Q(q)xQ(q) C L*(M)x L?*(M) — R corresponds to a self-adjoint extension A :
D(A) € L*(M) — L*(M) of the classical LBO called the Friedrichs extension (Reed and
Simon, 1975, Thm. X.23). The Friedrichs extension A is the only self-adjoint extension of
A4 whose domain is contained in the form domain ¢(g). The following lemma characterizes
the form domain. We note that Lemmas 23 and 24 might already exist in the literature
(though we cannot find precise references).

Lemma 23. Let M be a smooth, compact Riemannian manifold without boundary. Let q
be the closure of the quadratic form q defined by Eq. (35) on the domain Q(q) = C*°(M).
Then, Q(q) = H'(M).

Proof. Recall that C°°(M) is dense in H'(M) (Taylor, 2011, Sec. 4.3-4.4), which has norm
£ = 11T + IV flize = 1F172 + a(f, ).

Therefore C°°(M) is a form core (Reed and Simon, 1980, p. 277) for ¢ and Q(q) = H*(M).
|

The following lemma characterizes the domains of some relevant powers of the LBO.
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Lemma 24. Let M be a smooth, compact Riemannian manifold without boundary and let
A : D(A) C L*(M) — L*(M) be the Friedrichs extension of the classical LBO. Then
A=A, and D(AP/?) = HP(M) for every p > 1.

Proof. Following the discussion in (Reed and Simon, 1980, p. 277-278), the form domain
Q(q) coincides with the domain D(AY?) given by the spectral theorem in multiplication
operator form (Reed and Simon, 1980, Thm. VIII.4). Together with Lemma 23, this proves
the case p = 1 of Lemma 24.

Let k be a nonnegative integer and f € H*+2(M). By density, there exists a sequence
of functions {f,}°°; C C*(M) such that f, — f in H**2(M). Then, using the classical
LBO, we have,

an _me?—[k + ”Ag(fn _fm)”i]k < ”fn _me%Ik-H — 07

as m,n — oo. In particular, this shows that f € D(A,;) C D(A) and Ayf, — Af in
H¥(M). Therefore, H**?(M) c D(A,) C D(A) and

e + 129 f N7 < F W Fpase, S € HM2M).

By induction, for every ¢ > 1, H?4(M) C D((A4)?) C D(A?) and
£ + 1A e < N f 1 Fpurzas  f € HEF2(M),

In particular, taking k& = 1, we have AY(H**Y(M)) C¢ H' (M) = D(AY?).  Hence,
H?+ (M) € D(ATTY/2), and HP(M) C D(AP/?) for every p > 1.

The reverse inclusions are proved using elliptic regularity. The quadratic form ¢ may
be viewed as corresponding to an operator A, : H'(M) — H1(M), where H (M) is
the dual of H'(M) as a subspace of L?(M). By definition, A, agrees with A on D(A).
Following the elliptic regularity of A, on compact manifolds without boundary (Taylor,
2011, p.362-363), for every s > —1 the operator (I + A,)~! is bounded from H?*(M) to
H*2(M). Taking f € D(A), we have (I + A)f € L? and it follows that f = (I +
A)HI + A)f € H*(M), meaning that D(A) C H?(M). Combining with the earlier
result that H?(M) C D(A,) C D(A), we obtain

D(A) = D(&,) = HA(M),

which proves the case p = 2 of Lemma 24. Since A is an extension of Kg, we have A = Kg.

Now, suppose that D(AY) = H?(M) for a positive integer g. Choosing f € D(A%*T!)
yields (I + A)f € D(A?) = H?(M). By elliptic regularity, f = (I + Ay)"Y(I + A)f €
H?3+2(M). Therefore, D(A%) = H?1(M) for every q > 1 by induction, which shows that
Lemma 24 holds for even p. Considering the odd p case, we suppose that D(AI~1/2) =
H?1=1(M) for a positive integer ¢. Then, choosing f € D(AYt1/2) yields (I + A)f €
D(A971/2) = H?971(M). Moreover, by elliptic regularity, we have f = (I+A,) " Y(I+A)f €
H?+1(M). Therefore, D(A~1/2) = H?4=1(M) for every ¢ > 1 by induction. |

Using the above results, we can prove Theorem 12.
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Theorem 12. Let M be a smooth, compact Riemannian manifold without boundary. Then
L?(M) admits an orthonormal basis consisting of eigenfunctions {goj};?‘;l of A = A, with
eigenvalues 0 < A\ < Ay < --+, and \, — oo. Let P, : L* (M) — L?(M) denote the
orthogonal projection onto span{«pj}?zl. If Apt1 # 0 then for every integer k > 1 we have

1
1f = Pufllrzomy < NG IAR2F | pongy,  f € HE(M), (16)

n+1

and equality is achieved by f = pni1. Bvery bounded operator A : L*(M) — H' with
Range(A*) C H¥(M) satisfies ||Ak/2A*||H/%L2(M) < oo and

1

k/2
n+1

|A = APl L2(vy—mr < AR A% |30 L2 ()

where equality is achieved by the operator A = (A*/)f,

Proof. The domain of A¥/2 is characterized by Lemma 24. The stated results are then
obtained by directly applying Lemma 8 and Theorem 9 with the self-adjoint operator L =
AF/2, u

Lemma 15. Let L = AP, : D(L) = D" C L?>(M) — L*(M) denote the restriction
of AF" to D", where A7 is understood as a differential operator acting on distributions.
Suppose that

<A;”u, U>L2(Q) = <’LL, A;nU>L2(Q), Yu,v € D", (24)

holds and
cut+Afu=finQ, and Bi(u)=0,1<i<1" on0Q (25)

has a solution u € H*™(S)) satisfying an estimate in the form of
[ull grvsy < O Ly s,0) ([ Flas@) + lullae @), Vo <k+s. (21)

for each f € L*(Q). Then L is self-adjoint and D(L) = D", endowed with the graph norm,
is compactly embedded in L*(9).

Proof. Since L = A;”|D,, : D" C L*(Q) — L*(Q) is a differential operator of order
k = 2m, then it is well-defined. Moreover, the symmetry condition (24) ensures that
D(L) := D" c D(L*). It remains to show that D(L*) C D" to prove that L is self-adjoint.
Let v € D(L*) and f € L?(Q). Following the assumption that Eq. (25) has regular solutions,
there exist u € D" satisfying

f=cu+ Lu.

Since v € D(L*) and L* : D(L*) C L> — L2, then g := cv + L*v € L?. Therefore, by
Eq. (25), there exists © € H?>™ C L? such that Lo + ¢t = g, which implies that

cv+ L*v = cv+ Lo.
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After multiplying the two equalities above by v and u, we obtain
(f,v) = (cu+ Lu,v) = (u,cv + L*v) = (u,cv + L0) = (cu + Lu,0) = (f, ),

where the second equality is by definition of the adjoint L* and the fourth equality follows
from the symmetry condition (24). Therefore, v = © € D", which implies that D(L*) C D",
and shows that L is self-adjoint. The compactness of D(L) = D” in L?(2) follows from the
global regularity estimate (21):

ull g2m () < C (ILull 20y + lullz2() < C'llull gzm ),

which shows that the graph norm on D(L) is equivalent to the H?™(Q2)-norm. Finally, the
Rellich-Kondrachov theorem (Adams and Fournier, 2003, Thm. 6.3) states that H*™(2),
and thus D(L), is compactly embedded in L?(Q), which concludes the proof. [ |

Theorem 17. Let Q2 C M be a domain satisfying the modified k-extension property, and
P, : L?(Q) — L2(Q) denote the orthogonal projection onto span{ ©jlotj—1- There exists
a constant C(Q, M, k), depending only on Q, M, and k, so that for every n > 1 with
An+1 # 0, we have
C(Q, M, k)
If — Pofllr2) < T”f”m(ma [ € Hk(Q)‘ (27)
n+1

Moreover, every bounded operator A : L*>(Q) — H' into a Hilbert space H' with Range(A*) C
HF(Q) satisfies | A* |3 vy < 00 and

C(Q7M7k *
HA_APTLHLZ(M)%H’ < T)HA ||H’—>Hk(ﬂ)'
n+1

Proof. Let E : L?(Q2) — L?(M) be an extension operator satisfying the conditions in
Definition 16 and R : L*(M) — L*(Q) be the restriction operator defined as f — f|q.
Let P, : L2(M) — L?(M) be the orthogonal projection onto span{yp;}7_; and f € HE(Q).
Since Range(RP, E) C span{ @jla}i—1. it follows from the projection theorem (Brezis, 2010,
Cor. 5.4 & Thm. 5.2) that

1f = Pufllrz) = min If = gllz2@) < |1f — RPAE fll12(0)-

gespan{ ¢;|}7_,

We then obtain

1
k/2
n+1

|f = REZEf||12(@) = IREf = RP,Ef|| 20y < |Ef = BaEfl|12(m) < 1AM Ef 2,

thanks to Theorem 12. Moreover, by Lemma 24, the graph norm on D(Ak/ %) is equivalent
to the H*(M)-norm. Hence, there exists a constant C’(M, k), depending only on M and

k, such that
) C'(M, k
e L

n+1
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Finally, by definition of the modified k-extension operator FE, there exists a constant
C"(2, M, k), depending only on 2, M, and k, such that | Ef|| gr gy < C"(Q M, E)|| fll g5 (02)
meaning that Eq. (27) holds with C(Q, M, k) = C'(M,k)C"(Q, M, k).

Applying Theorem 9 to the operator AE* with the operator L = A¥/2 shows that
||Ak/2EA*||H/HL2(M) < co. Using the fact that the graph norm on D(AF/?) is equivalent
to the H*(M) norm again, there exists a constant C"'(M, k) such that

1 s agy < C" MR A2 g2y + 1F lp2a) s VF € HYM).

Moreover, because || f| ) < | Ef | mgrm), for every f € H*(), we obtain

A 3 mmry = sup  [[A|griy < sup  [[EA™|| gro
veH!, |lvl|<1 veH!, |lv)|<1
< C"(M, k) (||AF2EA* EA*
< HSH‘I‘DH<1 (M, E) (Il vl L2om) + IEA™ ]| 200
veH!, ||lv||<

< C”/(M, k‘)(HAkﬂEA*HH'HLQ(M) + HEA*HH/%LQ(M)) < Q.

Finally, using Eq. (27), we compute

A= AP 2 my— = sup |40 — PyA™0]| 20
veH’, ||v[|<1
C(Q2,M, k) N CQ,M k),
—n—sw o A%l = —— 1A mk)-
)\n+1 ’UGHI, ||1}HS1 n+1

Appendix B. Proofs of Section 5
B.1 Relatively bounded perturbation of elliptic operators

We start by controlling the norm of the solution operator of a uniformly elliptic opera-
tor with lower order terms with respect to the norm of the convection coefficient using
perturbation theory of linear operators (Kato, 1980).

Lemma 25 (Relatively bounded perturbation of L). Let £ : H(Q) — H1(Q) and L :
H}(Q) — HY(Q) denote the elliptic operators L : u +— —div(AVu) + ¢ Vu and L :
u — —div(AVu) defined respectively in Eqs. (33) and (34). Then, the operator L — L is
L-bounded and

1£u — Lull g-1() = lle- Vull g-1(9) < allull gz (o) + bllLull g-1(0),  u € Hy(%),

with a = 0 and b = C(Q, p)l|c|lzr)/X. Here, C(Q,p) is a constant depending only on
and p.

Proof. Let u € H}(2), we begin the proof by showing that ¢- Vu € H~(Q). By definition,
we have

e Vulg-1 = sup [{c:Vu, v)|.
vEHL(Q)
”U”H%(Q)Sl
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Let v € H}(Q) with [vll g < 1. First considering the case when d > 2, we apply Holder’s
inequality with conjugate exponents ¢ = 2p/(p — 2) and ¢* = 2p/(p + 2) to obtain

(e Vu, v)| <lle- Vol q)llvll Lae)-

Since 2 < ¢ < 2d/(d—2) the Sobolev space H} () is continuously embedded in L9(2) thanks
to (Adams and Fournier, 2003, Thm. 4.2, Part I, Cases B and C). With the embedding
constant being C'(€2, p), this yields

e Vu, v)| <CQ,p)lle- Vullpe q)llvll g o)
A second application of Holder’s inequality noting that 1/¢* = 1/p+1/2 <1 gives
e Vul e ) < llelle@ | Vullz2@)-
Combining these results gives
le- Vaullur < C@p)lelr)l V ullz)- (36)

We will now express ||Vul[12(q) in terms of || Lu| z-1(qy using the ellipticity of L. The
ellipticity condition in Eq. (32) implies that

A A I
ull gy = sup VAVE VO 5 (AVW V) BV TR0
vEHng)7 HUHH(%(Q) ||UHH6(Q) HU’HH&(Q)

However, following Sobolev inequality’s (Eq. (31)), we have
ull @) < (1 + Ca2)[[Vull2(q),
which implies that
1+Cyp
A
Finally, we combine this inequality with Eq. (36) to obtain

C(,p)(1 + Cap)
e Vulg-1q) < \ lell e [ Lull -1,

[Vullp2) < | Lul| g-1(q)-

which concludes the proof. |

Remark 26 (Extension to dimensions d = 1,2). The proof of Lemma 25 remains valid in
dimension d = 2. In dimension d = 1, one requires p > 2 and the following modification to
derive Eq. (36). When d =1, H}(Q) is continuously embedded in L>(Q) thanks to (Adams
and Fournier, 2003, Thm. 4.2, Part I, Case A). Using this and Hdélder’s inequality yields

e Vu, )l < lle- Vull @ loll =) < @ p)le- V ullyllvlm@):
Another application of Hélder’s inequality noting that 1 = (p — 2)/(2p) + 1/p + 1/2 gives
p—2
le- Vullpiq)y <92 [lef|pr@)ll Vull 2

Combining these results yields Eq. (36) for the d = 1 case with the constant C(,p) =
-2
C”(Q,p)m\pTP. The proof of Lemma 25 then proceeds as before.
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The following proposition provides an explicit bound on the norm of the solution op-
erator A in terms of the norm of the solution operator 7' that depends explicitly on the
convection coefficient e¢. In particular, an asymptotic equivalent of the bound indicates that
the right-hand side grows linearly with ¢ in the regime of small perturbations.

Proposition 27 (H l-perturbation bound). Let A and T : H=1(Q2) — H}(Q) denote the
solution operators associated with the elliptic operators L : u +— —div(AVu) + ¢ - Vu and
L :uw— —div(AVu), defined respectively in Eqs. (33) and (34). There exists a constant
C(Q,p), depending only on  and p, such that if c € LP(S2) satisfies ||c[|Lr) < A/C(2,p),
then the operator norms of A and A* are bounded as

) A
14711 @-my@) = 1Al @-my@) = T =Emy)]

T - .
EP TN -1 (0)— m2 (2

Proof. Following the Lax-Milgram theorem (Evans, 1998, Sec. 6.2.1), L is invertible, and
its inverse is given by the solution operator T': H~1(Q) — HE(Q2). Moreover, following
Lemma 25, the operator £ — L : H}(Q) — H~(Q) is L-bounded with constants a = 0
and b = C(, p)lc|lLr)/A- We now apply the stability of bounded invertibility of linear
operators (Kato, 1980, Sec. 4, Thm. 1.16), which states that if b < 1, then L is invertible
and its inverse A satisfies

HT‘|H*1(Q)—>H5(Q)

All - .
14l e < 7= all Tl -1 () m2 ) — b

Finally, the observation that A* is the H~1(Q) — H} () adjoint of A (Kim and Sakellaris,
2019, Eq (46)) ensures that ”A*||H_1(Q)~>H6(Q) = HA||H_1(Q)~>H01(Q) |

The proof of Proposition 27 exploits the stability of perturbed bounded inverse of lin-
ear operators (Kato, 1980, Chap. 4, Thm. 1.16). Interestingly, Kim and Sakellaris (2019,
Prop. 6.14) prove a stronger result than Proposition 27, which is not based on a perturbation
argument, by showing that the norm of the solution operator A is bounded unconditionally
on the magnitude of the convection coefficient e¢. However, the resulting bound depends
implicitly on the LP-norm of ¢, and making this dependence explicit might be challenging.

When the coefficient functions A, ¢, and the boundary of the domain 92 are smooth,
we can derive higher-order regularity estimates for the norm of the solution operator A and
its adjoint A* (see Proposition 29). We first prove an intermediate result.

Lemma 28. Let ¢ € L®(Q) and u € L*(Q). Then ¢u € L*(Q) and

pull 2y < 1Pl oo (@)llull L2 ()-

For any integer m > 0, let ¢ € C™ () and uw € H™(Y). Then ¢u € H™(QY) and there is a
constant C(m) depending only on m such that

[pull zrm(qy < C(M)|[9llem@yllull ma)
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Proof. The first assertion and the m = 0 case are readily established by observing that

lgull3aq) = /Q Pl d < 16]2 ey 1l 22y

To prove the remaining cases, we proceed by induction on m, assuming the stated result
holds for every ¢ € C™ () and every u € H™(Q2). Choose ¢ € C"™1(Q) and u € H™1(Q).
For any function f € C*°(Q) N H™1(Q) we have

D f |erm+1) < NDflam @) + | V(@) ame)

<|l¢fllam@) + 1 fVélame) + ¢V fllam@)

< Cm)([[ollem@ 1 fll zm @)+ 'V dllem@ll fllzm@+Hdllem@ll V fllam @)

< 3C(m)[9llcm+r @) 1 f | Em+1(0)-
By the Meyers—Serrin Theorem (Adams and Fournier, 2003, Thm. 3.17), there exists a
sequence {uy}?, C C*°(Q) N H™(Q) converging to u in H™T!(2). By the m = 0 case
duyp — du in L?(Q). Taking f = ug, —u; in the above inequality proves that ¢uy, is a Cauchy
sequence in H™*1(Q), and thus converges to some limit g € H™!(Q). By uniqueness of
the limits in L2(€2), it follows that ¢u = g, proving that ¢up — ¢u in H™F1(Q). With
f = ug in the inequality we have

| pukll grm+1() < 3C(M)[|@llcm+r () llukll gm0

Since both ¢up — ¢u and up — w in H™(Q) both sides of the inequality converge,
yielding the desired result with C'(m) = 3™. |

Proposition 29 (Higher-order regularity perturbation bounds). With the notations of
Proposition 27, assume that the coefficient matriz A = (a¥) satisfies a¥ € CY(Q), the
lower order coefficient vector ¢ = (c',...,c?) € L¥(Q), and that 9Q € C2. There exists a
constant C(S2), depending only on 2, such that if ¢ satisfies ||c|| <) < A/C(S2), then the
operator norms of A and A* are bounded as

N A
1A 22 (@)= m20) = 1Al L2 ) H2(0) < N—C©)

Moreover, let m > 1 be an integer and assume that Q C R3. Suppose that ™, c € C™H1(Q),
and 0Q) € C™*2. Then, there exists a constant C(Q, A,m), depending only on Q, A, and
m, such that

* 1
1A% szm @) 120y =N Al rmi) 20 ST =500 )

ellomry | i@y
Proof. The proof is similar to the one of Proposition 27. We begin by showing that the
operator £ — L : H3(Q) — L*(Q) is L-bounded (see Lemma 25). Let u € HZ(f), we aim to
control the L2norm of (£ — L)u = ¢- Vu with respect to || Lu||12(q). Combining Holder’s
inequality with the ellipticity of L (Eq. (32)) yields

le - Vull 2y < llelle@IVullz@),  and  [[VulZaqg) < T{AVY, V)2 (37)

> =
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We then apply Cauchy—Schwarz inequality to obtain
(AVu,Vu) 2y = (—div AVu, u) 120y < |[Lull 200 [ull 2(0)-

Following Poincaré’s inequality (a special case of Sobolev’s inequality in Eq. (31)), there
exists a constant C'(§2), depending only on €2, such that

ullL2(0) < C(Q)IVullL2(0)-
Therefore, after dividing the right inequality in Eq. (37) by [|Vu| 12(q), we have

c(
Vel < Sl iz,

Finally, combining this inequality with Eq. (37) shows that

c(Q
(D e ey Ll 2y

e Vulr2q) <
Hence, £ — L is L-bounded with a = 0 and b = C(Q)||¢||z~/A. We can now apply the
stability result for bounded linear operators (Kato, 1980, Chap. 4, Thm. 1.16) to obtain

A
1Al 2 (@) - r2(0) < = @

HC”LOO ||T||L2(Q)~>H§(Q)

We now prove the higher-order estimate. Let m > 1 be an integer, u € H6"+2(Q), and

c € C™L Let f = —divaVu € H™(Q), following regularity estimates for the solution to

second order elliptic equations (Evans, 1998, Chap. 6.3, Thm. 5), there exists a constant
C(2, A, m) such that

lull g2y < O A | L e, (38)

Moreover, we estimate the H™-norm as (£ — L)(u) = ¢- Vu using Lemma 28. Hence, there
exists a constant C’(m), depending only on m, such that

le - Vullgmiiq) < C'(m)|lellom+@) | Vull mi (o),
as Vu € H™1(Q) since u € HJ"™(Q). Therefore,
e Vullgm@) < lle- Vaullgmiiq) < C'(m)|lellgmi @) Vull gmi )
< Cm)llellonss@llel gy
We combine this inequality with Eq. (38) to obtain
le- Vullgm@) < C"(Q A, m)|lcllam+ o)l fllam@) = C"(Q, A, m) el gm+1 oyl Lull gm (q)

where C”(Q, A,m) = C(Q2, A,m)C’(m). This shows that £ — L is L-bounded with a = 0
and b = C"(Q, A,m)|[c|[[¢m+1(q). After applying the stability result for bounded linear
operators (Kato, 1980, Chap. 4, Thm. 1.16), we obtain

A < .
1A £y () 2 (2) < 1-C"(Q,A,m)

lellom+1(qy 1T Wm0 120

which concludes the proof. |
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B.2 Self-adjointness of L on Sobolev spaces

We begin by introducing an inner product on H~1(2), that is equivalent to the usual inner
product on H~1(Q) and is compatible with the inner product on Hg(Q) induced by the
operator L. The aim is to show that the operator L is self-adjoint on H () with respect
to this inner product so that Theorem 9 applies.

Lemma 30. Let L : H(Q) — H=Y(Q) be the uniformly elliptic operator u — —div(AVu)
defined by Eq. (34), and introduce the inner product induced by L on H}(Q2) as

((u, 0) g1y = (Lu, v) = (AV U, V) r2(q).

Then, the corresponding norm || - [|g1(q) 1 is equivalent to || - [|g1(qy, and the dual space,
H=Y(Q), of H(Q) equipped with || - ||H01(Q),L has inner product given by

(f ) 1@y = {F. Tg). (39)

Moreover, the operator L_1 : D(L_1) = H}(Q) € H Q) — H~Y(Q) defined by u + Lu
is self-adjoint with respect to the inner product Eq. (39). Here, the inclusion of H}(S2)
in H=(Q) is understood in the sense of the Gelfand triple H}(Q) C L*(Q) = L*(Q)* C
H=Y(Q) and is given explicitly by u — (u, VL2(Q)-

Proof. By symmetry and positive-definiteness of the coeflicient matrix A, it follows that
<<u,v>>H3(Q) is symmetric and nonnegative-definite. Let ||u||H5(Q)7L = <<u,u>>Hé(Q). For

U € H&(Q), combining the Poincaré inequality and the uniform ellipticity of L yields

olte) c(Q
) < O [ 1T uPdo < ()/ AV Vuds = Sl g
0 Q A Q A 0 7

where C(Q) is the Poincaré constant and A is the uniform ellipticity constant in Eq. (32).
Thus, we obtain

)\1/2
WH“HH&(Q) < Nullgz),p < llor(A)|Le @) llull g1 o)

where o1 denotes the largest singular value, and the last inequality follows from the bound-
edness of the coefficients of A. Hence, | - || H}(0),L 1S a norm is equivalent to the usual
Hg-norm.

To determine the inner product on the dual space, we observe that the action of f €
HYQ) on u € H}(Q) can be expressed with respect to the inner product ((u, v>>H(}(Q) as

(f,u) = (LTF.u) = (T F,u)) g oy (40)

Using this and the symmetry of ((-, -)) Hi(Q) We obtain the symmetry
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Following an approach similar to Bramble et al. (1997, Lem. 2.1), the corresponding norm
on H~1(Q) is given by

(T f,u) i o
||f||%{*1(Q),L = sup 9 O( ) = ||Tf||§{1(Q),L = <fa Tf>a
weHL(Q), HUHH(%(Q)’L 0
u#0

where the first equality comes from Eq. (40) and the second equality follows from the
Cauchy-Schwarz inequality. By polarization, the corresponding inner product on H ()
is given by Eq. (39).

To prove self-adjointness, we first show that Ly : D(L_1) = H}(Q) ¢ HY(Q) —
H~Y(Q) is symmetric. Choosing any f,g € D(L_1) = H}(2) € H~Y(Q), we have

(fs Le1g) g1y = ([, TLo1g) = ([, 9) 12(0)-
By symmetry of the inner products, we obtain

(fs Lag) 1) = (L1l 9) ir-1(0)

meaning that L_; is symmetric.

It remains to show that D(L* ;) C H}(2). Let f € D(L*;) C H}(Q) and g € H1(Q).
We observe that both u = TL*,f and v = Tg are elements in Hg({). Therefore, by
symmetry, we have

(. sy = G Do) sy = (L1 L 001y = (0 sy
= ((u, L-10)) g-1(0) = (
which means that f = u € H}(Q), and L_; is self-adjoint. [ |

The following lemma generalizes Lemma 30 and defines higher-order Sobolev spaces H,,
for m > 0, equipped with inner products equivalent to the standard H™ inner products,
and shows that L is self-adjoint on these spaces under suitable regularity conditions on the
coefficients of the operator.

Lemma 31. Under the same reqularity assumptions as in Proposition 29, for each integer
m > 0 the space Hp, defined by Ho = L*(Q) and

H,y = {ueHm(Q)  Lu=00ndQ, k=0,...,[m/2] —1}, m> 1,
1s a separable Hilbert space with the inner product

(L*f, Lkg>L2(Q)7 if m = 2k is even,

<f7 g>Hm:{<Avaf7 VLkg>L2(Q)> me:Qk‘—i—lZS Odd,

which is equivalent to the H™(Q)-inner product on H,y,.
Moreover, the operator Ly,: D(Ly,) C Hy — Hy, obtained by restricting L to the domain

D(L) = {u e H™(Q) : L*u=00ndQ, k=0,..., [m/ﬂ}

1s self-adjoint.
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Proof. We begin by verifying that the symmetric, nonnegative form (-, -),, is a valid inner
product on H,,. In the m = 0 case, there is nothing to prove because Ho = L?(Q2) and the
inner products are identical. By the trace theorem given by (Renardy and Rogers, 2004,
Chap. 6.4, Thm. 6.108), we observe that H,,, m > 1 is a closed subspace of H™(2). To
verify that (-,-)3 is an inner product on H,,, we show that it induces a norm equivalent
to the H™ () norm on H,,. The case m = 1 is evident from Lemma 30 and the fact that
Hi = H(Q), see (Evans, 1998, Chap. 5.5, Thm. 2). It is also clear from the boundedness
of the coefficients A and their derivatives up to order m + 1 that

. P < CCA )| 2

for a constant C(A,Q,m) depending only on the coefficients, the spatial domain, and m.
Hence, it suffices to bound (f, f)y,, from below by ||f||%{m(ﬂ) times a constant positive
factor.

We proceed by induction separately on even and odd m, having already established the
base cases m = 0 and m = 1. Consider f € H,,1+2. By definition, we observe that Lf € H,,.
By the standard elliptic regularity estimate given by (Evans, 1998, Chap. 6.3, Thm. 5) and
the induction hypothesis we have

Hf”Hm+2(Q) < C/<A7Q7m)HLf”Hm(Q) < C//<A7Q7m)HLf”Hmﬂ
for a nonzero constant C”(A, 2, m). Since

ILFIR, = (f F)tmss = 111, 10

we obtain the equivalence of the norms || - [|gm(q) and || - [[4,, on every Hp, by induction.
Separability follows from the fact that H"™ () is separable and any subset of a separable
metric space is separable (Brezis, 2010, Prop. 3.25).

To prove that the operator L,, is self-adjoint, it suffices to prove that it is symmetric
on D(L,,) and that D(L},) C D(L,,), see (Reed and Simon, 1980, Chap. VIII.2). To prove
symmetry, we observe that for every f € C2°(2) and g € C*°(2) we have

(f, Lg)r2(0) = —(AV f, Vg)r2(0) (41)
thanks to the divergence theorem and the identity
div(fAVg) =V f-AVg+ fdiv(AVyg).

By density of C°(Q) in H}(2) and density of C*(Q) in H?(2) by the Meyers—Serrin
theorem (Adams and Fournier, 2003, Thm. 3.17), it follows that Eq. (41) holds for every
f € H(Q) and every g € H%(Q).

Suppose that m = 2k is even and choose u,v € D(L,,). This means that L*u, L*v €
H}(Q) N H%(Q) and we can apply Eq. (41) to f = L*u and g = L*v yielding

(u, Lv)y,, = (LFu, Lk+1U>L2(Q) = —(AV L*u, vav>L2(Q) = (Lu, v)y,,-

Now suppose that m = 2k + 1 is odd and choose u,v € D(L,,). This means that
Ly, LMy € HE(Q) and that LFu, LFv € H%(Q). Applying Eq. (41) to f = L1y
and g = L*v yields

(Lu, v)y,, = (AV LFty, vaU>L2(Q) = —(LFl, Lk“vﬁz(g) = (u, Lv)y,,-
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Therefore, L,, is a symmetric operator for every integer m > 0.
Next we show that D(L},) C D(L,,). To do this, we choose u € D(L},) and f € H,
and we let u/, v € H} be the solutions of the elliptic Dirichlet problems

Lv' = L*v and Lv=f.

By the standard elliptic regularity estimate given by (Evans, 1998, Chap. 6.3, Thm. 5), it
follows that v/, v € H™2(Q). Moreover, since Lu/, Lv € H,, it follows that LFu' = L¥Fv =0
on 9N for k =0,...,[m/2], meaning that v/, v € D(Ly,). Using the symmetry of L,,, the
computation

(W, [t = (U, Linv)n,, = (Lyu, v)p,, = (Lt 0)3,, = (U, Lnv),

= <Ul, f>'Hm7
shows that u = v’ € D(L,,) since f € H,, is arbitrary. Therefore, D(L},) C D(L,,), which
completes the proof that L,, is self-adjoint. |

We are now ready to apply Theorem 9 to the operator A on the space H = (H~(Q), || -
| -1(0),1.), where L is self-adjoint. Here, ||-||-1(q),r, is the norm corresponding to the inner
product ((-,-)) gy-1(q) defined in Lemma 30. The equivalence of the norms | - | g-1(q),, and
|-l 7-1(q) follows from the uniform ellipticity condition Eq. (32) and the Sobolev inequality
Eq. (31) and allows us to formulate an approximation bound in the usual H~! operator
norm.

Theorem 19 (Approximation in H™1). Let A and T : H-Y(Q) — H(Q) denote the
solution operators associated with the elliptic operators L : u — —div(AVu) 4+ ¢ - Vu
and L : u — —div(AVu), defined respectively in Egs. (33) and (34). Let n > 1 and
P, : HY(Q) — H Y(Q) denote the H™'-projection onto the space spanned by the first n
eigenfunctions of L. There exists a constant C (2, p), depending only on Q and p such that
if ¢ € LP(Q) satisfies |[c|rpiq) < A/C(,p), then the operator A can be approzimated by
the operator AP, in the H=*(Q)-norm as

1 C(A,Q,p)
A— APn - - S
[ l-1@)—m-1@) A1 A — C(Q,p) el e

TN 1.0y m2 ()

where Any1 is the (n + 1)-th eigenvalue of the operator L, and C(A,Q,p) is a constant
independent of c.

Proof. Combining the fact that H}(Q) C H~(Q) and the equivalence of the norms || -
l7-1(),z and || - [g-1(q) (see Lemma 30), we find that A : H — H is a bounded linear
operator. Moreover, following Lemma 30, the operator L is self-adjoint on H. Hence, we
can apply Theorem 9 on the space H = (H~1(Q), || - |77-1(02),z) to obtain

1

n+1

1A = APpllgiom < LAl (42)

However, following the definition of the norm | - || z-1 1, we have

ILA o = 1A -1 s mp . < CCA DA™ 10y 13 (@)
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where the last inequality is due to the equivalence between the norms ||- || g1 (q).2. I |3 ()
and || - (|-, |l - ”Hg(ﬂ)- Here, the constant C'(A, () depends only on A and Q. We
then control the term [|A*[| ;-1 (q) i1 (o) using Proposition 27 to obtain

C(Q,p)
(Q,p)llell e (o)

A" -1 @) m2 ) < o 1T -1 (0)— 2 (2)-

On the other hand, we exploit the equivalence between || - |[z-1(q) and || - [|g-1(q) in
Eq. (42) as
1

)\n—l—l

C'(A, Q)|A— APyl g1 (@)—»m-1(0) < LA™ |2

After introducing the constant C(A,Q,p) = C(Q,p)C(A,Q)/C'(A,Q), we conclude that

1 C(A,Q,p)
A— AP, || -1 -1 < T\ - 10)-

The proof of Theorem 21, and its analog in higher-order Sobolev spaces, is identical to
the proof of Theorem 19 using Lemma 31 instead of Lemma 30.
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