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Abstract

Suppose we observe a trajectory of length n from an exponentially ω-mixing stochastic
process over a finite but potentially large state space. We consider the problem of estimating
the probability mass placed by the stationary distribution of any such process on elements that
occur with a certain frequency in the observed sequence. We estimate this vector of probabilities
in total variation distance, showing universal consistency in n and recovering known results for
i.i.d. sequences as special cases. Our proposed methodology—implementable in linear time—
carefully combines the plug-in (or empirical) estimator with a recently-proposed modification
of the Good–Turing estimator called WingIt, which was originally developed for Markovian
sequences. En route to controlling the error of our estimator, we develop new performance
bounds on WingIt and the plug-in estimator for exponentially ω-mixing stochastic processes.
Importantly, the extensively used method of Poissonization can no longer be applied in our non
i.i.d. setting, and so we develop complementary tools—including concentration inequalities for
a natural self-normalized statistic of mixing sequences—that may prove independently useful in
the design and analysis of estimators for related problems. Simulation studies corroborate our
theoretical findings.

1 Introduction

Estimating the stationary distribution of a stochastic process from an n-length trajectory is a
foundational problem in statistics and machine learning, with broad implications for fields such as
ecology (Fisher et al., 1943), genomics (Favaro et al., 2012; Lijoi et al., 2007) and natural language
processing (Church and Gale, 1991; Chen and Goodman, 1999; Ney et al., 1994). Historically, most
research has focused on settings where the data is either i.i.d. or exchangeable, where classical tech-
niques were based on so-called “add-constant” estimators (Laplace, 1814; Krichevsky and Trofimov,
1981). Other estimators that see appealing empirical performance are absolute discounting (Ney
et al., 1994), Jelinek–Mercer smoothing (Jelinek, 1985), and the Good–Turing estimator (Good,
1953). These estimators proceed by first estimating the probability mass1 M

ε
ϑ placed by the dis-

tribution ε on symbols occurring with each frequency ϑ = 0, 1, . . . , n in the sequence, and this
estimation problem will form the focus of the current paper. One can then transform the esti-
mate of the vector (Mε

ϑ )
n
ϑ=0 to an estimator of ε itself; see Orlitsky and Suresh (2015). Among

the aforementioned estimators, the Good–Turing estimator has been thoroughly analyzed in the
i.i.d. setting, starting from the pioneering work of McAllester and Schapire (2000). In particu-
lar, these authors showed a universal result of the following form: For any i.i.d. sequence from a

1Note that Mω
ε is a random functional of the stochastic process, since the set of symbols occurring ω times in the

observed sequence is random.
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distribution ε defined on a finite alphabet, the Good–Turing estimator consistently estimates the
probability mass Mε

ϑ placed by the distribution on symbols occurring with each fixed frequency ϑ

in the sequence. Subsequent work (Drukh and Mansour, 2005; Acharya et al., 2013; Orlitsky and
Suresh, 2015) refined these bounds and proposed a hybrid estimator, i.e. the Good–Turing estima-
tor to approximate Mε

ϑ for small ϑ (i.e., to estimate the probability mass placed on small-frequency
symbols) and the plug-in or empirical estimator to approximate M

ε
ϑ for large ϑ (i.e., to estimate

the probability mass placed on large-frequency symbols). In addition, the problem of estimating
the missing mass, Mε

0 , has garnered significant interest in the i.i.d. setting and has been ana-
lyzed thoroughly (McAllester and Ortiz, 2003; Berend and Kontorovich, 2012, 2013). In particular,
the problem of estimating the probability vector (Mε

ϑ )
n
ϑ=0 has been studied in various divergences

including total variation, Kullback–Leibler, and chi-square. In addition to upper bounds, we also
have an intricate understanding of the sharpness properties of various estimators as well as minimax
lower bounds (Acharya et al., 2013; Orlitsky and Suresh, 2015). There has also been a significant
body of follow-up work in the i.i.d. setting (see, e.g., Ohannessian and Dahleh, 2012; Painsky, 2023;
Hao and Orlitsky, 2019).

While the aforementioned papers have provided a detailed understanding of the i.i.d. setting,
many real-world stochastic processes exhibit temporal dependencies. Examples abound in natu-
ral language processing, where sequences of words are sometimes better captured through hidden
Markov modeling, and genomics, where DNA sequences are formed from interdependent base pairs.
These dependencies in the stochastic process pose significant challenges for estimation of the sta-
tionary distribution. Indeed, the naive application of estimators such as Good–Turing is no longer
valid even when the stochastic process is Markovian (Chandra et al., 2024) and di!erent algo-
rithmic tools are required for addressing temporal dependence (Hao et al., 2018; Skorski, 2020;
Chandra et al., 2024). Motivated by this issue, recent work by Pananjady et al. (2024) studied the
Markovian setting and introduced a “leave-a-window-out” variant of the Good–Turing estimator
for estimating the stationary missing mass, i.e., the probability mass placed by the stationary dis-
tribution on elements that do not occur in the observed sequence. They showed that this variant of
Good–Turing — which they termed windowed Good–Turing or WingIt — estimates the stationary
missing mass with minimax optimal mean-squared error. Some extensions were also provided for
estimation of the “small-count” probability, i.e., the mass placed by the distribution on elements
occurring at most a certain number of times in the observed sequence. However, these results do
not imply a satisfactory bound on distribution estimation. In particular, we still do not have an
estimator for the stationary distribution in a frequency-by-frequency sense that estimates the vector
of probabilities (Mε

ϑ )
n
ϑ=0 consistently in any natural divergence measure. Finally, we mention that

besides frequency-by-frequency stationary distribution estimation, researchers have studied various
learning problems involving other parameters of Markov chains (e.g., Hao et al., 2018; Han et al.,
2023; Wolfer and Kontorovich, 2019).

In this paper, we propose and theoretically analyze an estimator for the stationary distri-
bution in a frequency-by-frequency sense. Specifically, we consider a stochastic process X

n =
(X1, X2, . . . , Xn) defined over a finite but unknown state space X in which we accommodate the
regime |X | → n. We assume that the process is exponentially ω-mixing —which subsumes mixing
Markov chains and some hidden Markov models; see Section 2.1 to follow — and aim to estimate
its stationary distribution ε in the aforementioned sense. Specifically, letting M

ε
ϑ denote the prob-

ability mass placed by the stationary distribution on elements occurring ϑ times in X
n, our goal is

to estimate the vector (Mε
ϑ )

n
ϑ=0 in total variation distance. Importantly, we would like to develop a
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universal result like in the i.i.d. case, which shows that estimation can always be performed consis-
tently in n. We show that such an estimator then naturally yields an estimator for the stationary
distribution ε defined over the sample space X (see Lemma 1).

Contributions and organization

Our main contributions are summarized below:

• We propose a simple and e”cient estimator for the stationary distribution of any exponentially
ω-mixing stochastic process. Our estimator combines theWingIt estimator (Pananjady et al.
(2024)) for low frequency and the plug-in estimator for high frequency symbols.

• In Theorem 1, we provide a risk bound on the proposed hybrid estimator, showing that
with the appropriate parameter settings it attains total variation risk Õ

(
n
→1/6↑tmix

)
for

any exponentially ω-mixing process with mixing time tmix (see Eqs. (1a) and (2)). This rate
recovers known guarantees in the i.i.d. setting as a special case.

Our main result, Theorem 1, is proved through two key technical pieces of possible independent
interest. First, Proposition 1, presented in Section 4, provides a high-probability bound on the ϖ1

error of the plug-in estimator. Notably, these results recover the known guarantees for the i.i.d.
setting as special cases, but our analysis does not rely on Poissonization, a common technique
tailored to the i.i.d. setting used to handle dependent multiplicities of symbols. Instead, we
develop an alternative approach based on blocking arguments, which decomposes the sequence into
approximately independent blocks. In the process, we prove concentration inequalities for a natural
self-normalized statistic for mixing stochastic processes.

Second, we establish a bound on the ϖ1-risk of the WingIt estimator for a general exponen-
tially ω-mixing process in Proposition 2, presented in Section 4. Importantly, simply applying
the worst-case bounds provided in Pananjady et al. (2024) would not yield Theorem 1, and so we
provide a sharper bound on the ϖ1-risk that adapts to the behavior of the stationary distribution
ε. Specifically, if ε assigns low probability to low-frequency symbols, the bound naturally adjusts
to reflect this, leading to a smaller error for the WingIt estimator.

The rest of this paper is organized as follows. Section 2 describes basic background and formal-
izes our problem statement. Section 3 describes the methodology for our estimator, and our main
results for the analysis of this estimator are described in Section 4. In Section 5, we simulate our
estimator and compare its performance to alternatives that are available in the literature. In Sec-
tion 6, we provide proofs of our main results, deferring statements and proofs of auxiliary lemmas
to the appendix.

Notation

Let [n] denote the set of natural numbers less than or equal to n. For an index set P ↓ [n], let
XP = (Xi)i↑P denote the sequence of random variables with indices in P , ordered canonically. For
a sequence Z ↔ XN and x ↔ X , we let Nx(Z) = #{i : Zi = x} denote the number of occurrences of
x in Z. We frequently use the shorthand Nx = Nx(Xn). We also let ϱϑ(Z) = #{x : Nx(Z) = ϑ}
denote the number of symbols occurring with frequency ϑ in Z, once again adopting the shorthand
ϱϑ = ϱϑ(Xn). We use #(S) to denote the set of all probability mass functions on a finite set S.
We use ↗ to denote the concatenation of sequences, e.g., (X1, X2) ↗ (X4, X5) = (X1, X2, X4, X5).
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We use the notation f(u) ↭ g(u) to mean that there exists some absolute positive constant C

that is independent of all problem parameters, such that f(u) ↘ C · g(u) for all u in the domain
of f and g. We use the notation f(u) ↫ g(u) when g(u) ↭ f(u). We write f(u) ≃ g(u) if both
relations f(u) ↫ g(u) and g(u) ↭ f(u) hold. Logarithms are taken to the base e. We use (c, C) to
denote universal positive constants that could be di!erent in each instantiation. We use var(X) to
denote the variance of a random variable X and cov(X,Y ) to define the covariance between two
random variables X and Y . For a sequence of (deterministic or random) scalars an = (a1, . . . , an),
let sp(an) := 1

n(n→1)

∑n
i=1

∑n
j=i+1(ai ⇐ aj)2 denote its spread.

2 Background and problem formulation

As mentioned before, we are interested in estimating the stationary distribution of a mixing stochas-
tic process X

n. In this section, we formally set up the assumptions on our stochastic process as
well as the metric in which we wish to perform estimation.

2.1 Model for the stochastic process

We assume that the sequence X
n := (X1, . . . , Xn) is an ergodic stochastic process defined over a

finite (and possibly unknown) state space X . The unique stationary distribution of this ergodic
process is denoted by ε and we assume that the process is initialized at stationarity2 with X1 ⇒ ε.

We also assume that the stochastic process is exponentially ω-mixing, which ensures that the
dependencies between lagged past and future observations in the process decay exponentially with
the time lag. Formally, for an ergodic stochastic process {Xt}t↓1, define its ω-mixing coe”cient as

ω(ς) := sup
t↑N

sup
{
|P(A ⇑B)⇐ P(A)P(B)| : A ↔ φ(X→

t ), B ↔ φ(X+
t+ϖ )

}
, (1a)

where at time t, we use φ(X→

t ) to denote the φ-algebra generated by the past RVs (X1, X2, . . . , Xt),
and φ(X+

t+ϖ ) to denote the φ-algebra generated by the future RVs (Xt+ϖ , Xt+ϖ+1, . . .). Then, the
stochastic process is said to satisfy exponential ω-mixing if there exist constants µ > 0 and ↼ ↔ (0, 1)
such that

ω(ς) ↘ µ↼
ϖ for all ς ⇓ 1. (1b)

We also define the mixing time of such a process to level ↽ ↔ (0, 1) as

tmix(↽) := min{ς ↔ N : ω(ς) ↘ ↽}. (2)

Note that for an exponentially mixing process satisfying Eq. (1b), we have

tmix(↽) ↘
log(µ/↽)

log(1/↼)
. (3)

The assumption of exponential ω-mixing is satisfied by a wide range of stochastic processes, making
it a versatile and practical modeling choice. Below, we discuss some examples:

2This assumption can easily be relaxed by allowing for a burn-in period.
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1. I.I.D. sequences: IID sequences are special cases of ω-mixing sequences. Since all samples
are i.i.d., we have from Eq. (1a) that ω(ς) = 0 for all ς ↔ N. Then, from the definition of
mixing time in Eq. (2) we obtain tmix(↽) = 1 for all ↽ > 0.

2. Finite-State Ergodic Markov Chains: Any ergodic Markov chain on a finite state space
satisfies the exponential ω-mixing condition (1b). In particular, the parameters (µ, ↼) depend
on the size of the state space and the spectral gap of the Markov transition matrix (Levin
and Peres, 2017, Theorem 4.9).

3. Hidden Markov Models (HMMs): In HMMs, the observations depend on a latent Markov
chain. When the latent Markov chain (Ht)t↓1 is exponentially ω-mixing and the observed pro-
cess (Xt)t↓1 is some measurable function ft of Ht and another exponentially mixing Markov
process Wt, then Xt = ft(Ht,Wt) is also exponentially ω-mixing (Doukhan, 2012).

4. Random duplication model: Suppose i.i.d. samples from ε are input to a random dupli-
cation model (Chandra and Thangaraj, 2024), which for each input x, outputs the duplicated
sequence (x, . . . , x︸ ︷︷ ︸

k times

) with probability ω, and x otherwise. The output process is ergodic and

satisfies exponentially ω-mixing, and the mixing time satisfies tmix(↽) = k for all ↽ > 0.

2.2 Frequency-by-frequency estimation of the stationary distribution

The total variation (TV) distance between two probability mass functions p and q defined on a
common probability space (X ,F) is given by

dTV(p, q) = sup
A↑F

|p(A)⇐ q(A)| = 1

2

∑

x↑X

|px ⇐ qx|,

where we have used the shorthand px = p({x}) and qx = q({x}).
Recall that our goal is to estimate the vector of probabilities (Mε

ϑ )
n
ϑ=0 consistently in total

variation, and thereby the stationary distribution ε. Let us set up this problem formally. For each
ϑ = 0, 1, . . . , n, define

M
ε
ϑ (X

n) :=
∑

x↑X

εx · I {Nx = ϑ} (4)

as the mass placed by ε on elements occurring exactly ϑ times in the observed sequence X
n.

Note that each scalar M
ε
ϑ (X

n) is a random functional, since it depends both on the underlying
distribution and on the realized sequence X

n. Denote the vector of count probabilities by

M
ε(Xn) = (Mε

0 (X
n),Mε

1 (X
n), . . . ,Mε

n (X
n)), (5)

which is a random vector taking values in the probability simplex #({0, 1, . . . , n}).
Our goal is to develop an estimator of the random vector Mε(Xn) as a functional of only the

observed sequence X
n. In particular, we seek to design an estimator M̂ : X n ⇔ #({0, 1, . . . , n})

and measure its error using total variation distance. Specifically, define the risk

Rn(M
ε
, M̂) := E

[
dTV(M

ε(Xn), M̂(Xn))
]
, (6)
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where the expectation is taken over Xn and any additional randomness in the estimator.
While the problem of estimating the vector M

ε is interesting in itself, it is worth pausing to
ask in what sense this yields an estimator for the stationary distribution ε. To describe this, we
recall the notion of a natural estimator due to Orlitsky and Suresh (2015), which is an estimator
of ε that assigns the same probability to all symbols appearing with the same frequency in X

n.
Formally, define the set of all natural estimators

Qnat := {q : X n ⇔ #(X ) | qx = qy if Nx(X
n) = Ny(X

n)}.

Note that natural estimators are indeed intuitive, since if we know only that a sequence is expo-
nentially ω-mixing and therefore reaches stationarity, then it is natural to assign the same prob-
ability to symbols that occur an equal number of times. In particular, any estimator M̂ : X n ⇔
#({0, 1, . . . , n}) of the count probability vector can be used to generate an estimator q̂ for the sta-

tionary distribution by dividing the mass M̂ϑ equally among all elements of X that occur ϑ times
in X

n. The estimator q̂ is natural by definition. The following lemma shows that this estimator is
competitive with respect to the class of natural estimators Qnat.

Lemma 1. Suppose q̂ : X n ⇔ #(X ) is generated from an estimator M̂ : X n ⇔ #({0, 1, . . . , n}) by
splitting the mass M̂ϑ equally among all elements that occur exactly ϑ times in the sequence X

n
.

Then, we have

dTV(ε, q̂(X
n)) ↘ 2 · inf

q↑Qnat
dTV(ε, q) + dTV(M̂(Xn),Mε(Xn)). (7)

Note that the infimum on the RHS is taken over all natural estimators, including those that have
perfect knowledge of ε but are constrained to assign the same probability to symbols appearing
the same number of times in X

n. We thus have an oracle inequality with approximation factor
2, and estimating the vector of count probabilities automatically yields a good estimator of the
stationary distribution. As an aside, we note that such a competitive relation was proved for the
KL-divergence by Orlitsky and Suresh (2015), who showed an approximation constant of 1 instead
of as above. A corresponding result for the TV distance has not appeared before (to our knowledge).

3 Methodology

We now turn our attention to the estimation problem set up above. Our distribution estimation
algorithm is based on a careful combination of the WingIt estimator (Pananjady et al., 2024)
for low-frequency symbols and the plug-in estimator for high-frequency symbols. Let us begin by
describing these two estimators.

3.1 WingIt Estimator

The WingIt estimator generalizes the Good-Turing estimator’s leave-one-out technique to provide
a “leave-a-window-out” framework for estimation with dependent data. To describe this framework,
we define some additional notation. For each index i ↔ [n] in the sequence, define the following
index sets:

Di = {k ↔ [n] : |k ⇐ i| < ς} and Ii = [n] \ Di. (8)
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For a suitable choice of ς , the set of indices Di represents the “dependent set”, in that the random
variables {Xj}j↑Di may depend strongly on the random variable Xi. Conversely, Ii represents the
“independent set”: If ς is chosen large enough and the stochastic process is mixing, then we expect
the random variables indexed by the set Ii to be approximately independent of Xi. With this
notation in hand, we define the exact-count estimator

M̂
(i)
ϖ,ϑ := I {NXi(XIi) = ϑ}, and the averaged estimator M̂WingIt,ϑ(ς) =

1

n

n∑

i=1

M̂
(i)
ϖ,ϑ , (9)

where M̂WingIt,ϑ(ς) is the total probability mass assigned to symbols appearing ϑ times in the
sample by the WingIt estimator. Note that substituting ς = 1 yields the Good–Turing estimator.
We note that the definitions of the exact-count WingIt estimators in our work di!er slightly from
those in Pananjady et al. (2024). Specifically, while Pananjady et al. (2024) were concerned with

estimating the small-count probability given by M
ε
↔ϑ =

∑ϑ
s=0M

ε
s , which corresponds to the total

mass of elements appearing up to ϑ times, our focus is on estimating the exact count probabilities
M

ε
ϑ , which are objects that are more directly useful for distribution estimation.
We now present an explicit implementation of the WingIt estimator defined in Eq. (9). We

implement the WingIt estimator in parallel for all values of ϑ ↔ {0, . . . , n} and return the n+ 1-

dimensional vector M̂WingIt. This implementation runs in O(nς) time, where ς is the window size
used. Given a sequence X

n and a natural number ς , our implementation proceeds via two passes
through the data as shown in Algorithm 1.

Algorithm 1 Linear time implementation of the WingIt estimator.

Require: Sequence X
n = (X1, . . . , Xn), Natural number ς (window size)

1: Initialize locations as a dictionary
2: for i = 1, . . . , n do

3: if Xi /↔ locations then

4: Initialize locations[Xi] as a list
5: end if

6: Append i to locations[Xi]
7: end for

8: M̂WingIt ↖ [0, . . . , 0︸ ︷︷ ︸
n+1

]

9: for i = 1, . . . , n do

10: count ↖ 0
11: for j = max(0, i⇐ ς), . . . ,min(i+ ς, n) do
12: if Xj == Xi then

13: count ↖ count +1
14: end if

15: end for

16: ϑ ↖ len(locations[Xi])⇐ count

17: M̂WingIt[ϑ] ↖ M̂WingIt[ϑ] + 1/n
18: end for

19: return M̂WingIt

The first loop in Algorithm 1 (Steps 2-7) requires a single pass through the data and thus runs in
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O(n) time. This loop stores the locations of each symbol in the dictionary locations. In Step 8 we

initialize the vector of count probabilities M̂WingIt as a vector of zeros of size n+ 1 corresponding
to each frequency. The ϑ-th element of this vector, denoted by M̂WingIt[ϑ], corresponds to the

quantity M̂WingIt,ϑ(ς) defined in Eq. (9). The second loop in this algorithm (Steps 9-18) runs in
O(nς) time. The outer loop performs a single pass through the data, which takes O(n) time, and
the inner loop (Steps 11-15) counts the number of occurrences of a symbol in a window around
its current occurrence, which takes O(ς) time. The variable ϑ counts the number of occurrences
of the symbol outside the window in Step 16, which can be implemented in O(1) time on Python.
Finally, the algorithm returns the vector of count probabilities of the WingIt estimator and runs
in O(nς) time.

3.2 Plug-in estimator

Recall that we denote by ϱϑ the number of symbols appearing ϑ times in X
n. Then, the plug-in

(or empirical) estimator assigns the following total mass to all symbols with multiplicity ϑ:

M̂PI,ϑ = ϱϑ ·
ϑ

n
. (10)

Clearly, the plug-in estimator (simultaneously for all values of ϑ) is linear-time implementable.
When a particular symbol occurs su”ciently many times, the law of large numbers guarantees

that the relative frequency of the symbol in the sample X
n provides a reliable estimate of its

stationary probability. Therefore, we expect this estimator to be accurate for su”ciently large
frequencies ϑ. Conversely, when ϑ is small, the plug-in estimator M̂PI,ϑ will typically underestimate
M

ε
ϑ .

3.3 Combined estimator

To leverage the complementary strengths of the WingIt estimator (which we expect to be inaccu-
rate for large ϑ) and the plug-in estimator (which we expect to be inaccurate when ϑ is small), we
define a hybrid estimator that switches between the WingIt estimator and the plug-in estimator
based on the symbol multiplicity ϑ. Specifically, our estimator takes the following form:

M̂ϑ(ς ; ϑ) =


⇀
→1 · M̂WingIt,ϑ(ς) if ϑ ↘ ϑ

⇀
→1 · M̂PI,ϑ if ϑ > ϑ,

(11)

where ϑ ↔ N is some parameter to be chosen, and ⇀ is chosen to be a normalizing constant to ensure
that

∑n
ϑ=0 M̂ϑ(ς) = 1. Note that ϑ determines the transition point, or the threshold for transitioning

from the WingIt to the plug-in estimator, and we make a specific choice of ϑ in stating our theorem
to follow. When ϑ and ς are clear from context, we often use the shorthand M̂ϑ := M̂ϑ(ς ; ϑ) to

denote the scalar estimate and M̂ := (M̂ϑ(ς ; ϑ))nϑ=0 to denote its vector counterpart.
The combined estimator can be implemented in linear time using the linear time implementation

of the plug-in estimator and that of the WingIt estimator in Algorithm 1.

4 Main results

Our main result is a bound on the TV error attained by our hybrid estimator M̂(ς ; ϑ).
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Theorem 1. There exists a universal positive constant C such that if we choose the window size

ς ⇓ tmix(n→5) and transition point ϑ = ↙n1/3∝ ⇐ 1, then

Rn(M
ε
, M̂(ς ; ϑ)) ↘ C ·


ς log (Cn)

n1/6


.

A few remarks are in order. First, in the special case of an i.i.d. sequence we have tmix(n→5) = 1,
so we can set ς = 1 and our proposed estimator reduces to the combination of the Good–Turing
and plug-in estimators studied in Acharya et al. (2013). In this case, Theorem 1 recovers the TV
guarantee of Acharya et al. (2013), but without requiring Poissonization (see the discussion below).

Second, note that by the discussion in Section 2.1, we can always choose the window size
ς = log(n5

µ)/ log(1/↼) in a general mixing stochastic process satisfying Eq. (1b). This parameter
depends logarithmically on n and also depends on the mixing parameters µ and ↼, and yields the
bound (ignoring log log factors)

EXn

[
dTV(M

ε(Xn), M̂(ς ; ϑ))
]
↭


log3(n5

µ)/ log3(1/↼)

n

1/6

uniformly over all exponentially ω-mixing stochastic processes satisfying Eq. (1b).
Third, we highlight that our proof technique necessarily departs from the ones in Acharya et al.

(2013) and Orlitsky and Suresh (2015), which rely on Poissonization. Poissonization essentially
translates a sequence of fixed length into a sequence where the total number of samples itself is
an independent Poisson random variable, which in turn renders the multiplicity of each individual
symbol independent. While powerful, Poissonization requires independent random variables in the
original sequence, and can no longer be used in our setting. Instead, our techniques to bound the
error of the WingIt estimator are based on the leave-a-window-out interpretation of the estimator,
and careful control of its error in terms of appropriately defined indicator random variables. To
handle the error of the plug-in estimator, we use a careful blocking technique and prove a self-
normalized concentration inequality for mixing sequences — see Lemma 2. Our control on the
error of both estimators is in terms of fine-grained quantities — see Propositions 1 and 2.

As a side remark, we note that Acharya et al. (2013) and Orlitsky and Suresh (2015) also analyze
the error of their estimator in KL-divergence, and show that it achieves a rate of O(n→1/3) for IID
sequences. By applying the reverse Pinsker inequality (Sason, 2015, Theorem 1) to Theorem 1
above, one can show that a minor modification of our estimator3 attains KL risk Õ((ς3/n)1/6) for
general mixing sequences. While consistent, this rate is suboptimal, and proving a faster rate in
KL error for our estimator remains an open problem.

As mentioned above, the proof of our main result relies on a concentration inequality for a
self-normalized statistic of exponentially ω-mixing sequences, which we state below along with a
more standard Bernstein-type inequality. We prove the lemma in Section 6.3.

Lemma 2. Fix ⇁, ↽ > 0 and let U
n := (U1, U2, . . . , Un) denote a sequence of random variables from

an ergodic, stochastic process that is exponentially ω-mixing with parameters µ and ↼, with each

Uj ↔ [0, B] almost surely. Recall the definition of mixing time from Eq. (2).

3To apply the reverse Pinsker inequality, we need to ensure that our estimator does not assign 0 probability to
any ω. This can be done by adding 1 to the total count of each ω, ensuring that M̂ε(ε ; ω) > 1/n for all ω.
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(a) For each fixed ς ⇓ tmix(↽/n), the following Bernstein-type inequality holds:


E[U1]⇐

1

n

n∑

j=1

Uj


↘


4ςv2 log(1/⇁)

n
+

4Bς log(1/⇁)

3n

with probability at least 1⇐ 4⇁ ⇐ ↽. Here v
2 := 1

ϖ2 var
∑ϖ

j=1 Uj


is the normalized block variance.

(b) In addition, if
∑n

j=1 Uj ⇓ 36B log(2/⇁) ·tmix(↽/n) and n ⇓ 24tmix(↽/n), then the following holds:


E[U1]⇐

1

n

n∑

j=1

Uj


↘ 82 ·


B log(2/⇁) · (

∑n
j=1 Uj) · tmix(↽/n)

n

with probability at least 1⇐ 10⇁ ⇐ 2↽.

On the one hand, it is worth comparing the Bernstein bound in Lemma 2(a) to the Bernstein
bound for exponentially ω-mixing sequences given in Merlevède et al. (2009, Theorem 2). The
authors in that paper show that if Un is ω-mixing and satisfies ω(ς) ↘ exp(⇐2cς), then defining

r
2 := sup

i



var(Ui) + 2
∑

j>i

| cov(Ui, Uj)|



 ,

we have the tail bound

P






E[U1]⇐

1

n

n∑

j=1

Uj


> t



 ↘ exp


⇐ Cnt

2

r2 + B2

n +B log(n)2t


, (12)

where C is an unspecified constant that depends on the parameter c defined in assuming a bound
on ω(ς). By comparison, Lemma 2(a) makes the weaker ω-mixing assumption (1a) and implies the
following tail bound in terms of the mixing time:

P






E[U1]⇐

1

n

n∑

j=1

Uj


> t



 ↘ 4 exp


⇐ nt

2

4r2 + 4ϖB
3 t


+ ↽. (13)

In stating Eq. (13), we have used the fact that ςv
2 ↘ r

2, which is evident from the following
sequence of calculations:

v
2 =

1

ς2
var


ϖ∑

i=1

Ui


=

1

ς2




ϖ∑

i=1

var(Ui) + 2
ϖ∑

i=1

ϖ∑

j>i

cov(Ui, Uj)



 ↘ ς

ς2
sup
i



var(Ui) + 2
∑

j>i

| cov(Ui, Uj)|



 .

Comparing Eqs. (13) and (12), we see that our bound is stated explicitly in terms of mixing times
and may be more user-friendly under the mixing assumption (1a).

On the other hand, Lemma 2(b) should be viewed as a concentration inequality on a self-
normalized statistic constructed from a mixing sequence — note that the constants (24, 36, 82)
appearing in the theorem are not sharp and can likely be improved. A consequence of this result
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— stated in a form that is typical in this literature (de la Peña et al., 2004) — is that for an
exponentially ω-mixing sequence Un satisfying Eq. (1a) with Uj ↔ [0, B] a.s. for all j ↔ [n], we have

P





E[U1]⇐ 1
n

∑n
j=1 Uj




B
∑n

j=1 Uj

n

> 82


log(2/⇁) · tmix(↽/n)

n
and

B
∑n

j=1 Uj

n
>

36B2 log(2/⇁) · tmix(↽/n)

n





↘ 10⇁ + 2↽.

Such a self-normalized concentration inequality for exponentially ω-mixing sequences may be of
independent interest.

We conclude this section with the two key propositions that we prove, which provide bounds—
for each ϑ—on the error made by both the plug-in and WingIt estimators in approximating M

ε
ϑ .

Proposition 1. Consider any fixed ⇁, ↽ > 0 and let ς0 := tmix(↽/n2) for convenience. There is a

universal positive constant C such that if n ⇓ 24ς0, then for each

ϑ ⇓ max

36ς0 log(22n/⇁), 1 +


(4 + 8ς0 log(11n/⇁) +

4ς0 log(11n/⇁)

3


,

we have

Mε
ϑ ⇐ M̂PI,ϑ

 ↘ C


ϑtmix(↽/n2) · ϱϑ(Xn)

n



log


Cn

⇁



with probability at least 1⇐ ⇁ ⇐ 3↽.

Proposition 2. There exists a universal positive constant C such that the following holds for all

ϑ. If the window size is chosen such that ς ⇓ tmix(n→2), then we have

E
[Mε

ϑ (X
n)⇐ M̂WingIt,ϑ


]

↘ C


ς

n


E[Mε

ϑ ] +

ϑ log(2ς)E[Mε

ϑ ] +

√
4ϖ→2∑

u=1

(ϑ + u)

u
E
[
M

ε
ϑ+u

]
+ C

(ϑ + 1)ς

n
.

It is worth comparing Proposition 2 to the analogous bound for missing mass with ϑ = 0 (Panan-
jady et al., 2024). Substituting ϑ = 0 in the above bound and ignoring the final (lower order) term,
we have

E
[Mε

0 (X
n)⇐ M̂WingIt,0


]
↭


ς

n





E[Mε

0 ] +

√
4ϖ→2∑

u=1

E [Mε
u ]



 .

Because
∑4ϖ→2

u=1 E [Mε
u ] ↘ 1, this recovers the minimax rate of O(


ς/n) given by Chandra et al.

(2022). Moreover, the bound above is strictly stronger, since the RHS can be significantly smaller
when the quantities {E[Mε

u ]}4ϖ→2
u=0 are small. Note that these are the expected count probability

masses for the stationary distribution ε — if the small count mass of the stationary distribution
is small (i.e. most symbols appear many times), then our bound shows that WingIt incurs a
smaller error for missing mass estimation. This adaptivity is a distinct advantage of our approach.
In contrast, the MSE bound provided in Pananjady et al. (2024) captures the correct scaling in
terms of ς and n, but is not adaptive to this specific behavior of the stationary distribution ε. This
adaptivity property plays a central role in our final bound in Theorem 1, since the errors incurred
across all the ϑ values are aggregated to produce the claimed bound on TV error.
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5 Numerical experiments

In this section, we provide a set of simulations on synthetically constructed Markov chains in order
to demonstrate the e!ectiveness of the proposed estimator. We first describe the experimental
set-up and discuss some of the estimators used in practice. We then compare the performance of
these estimators against the proposed hybrid estimator.

5.1 Experimental Setup

We perform experiments on samples that we generate from di!erent types of ω-mixing processes.
Specifically, we instantiate the stationary distribution of the mixing sequence from one of five
di!erent distributions. These distributions include: the uniform distribution, a step distribution
with half of the symbols occurring with probability 1/(2|X |) and the other half of symbols occurring
with probability 3/(2|X |), a Dirichlet distribution with the concentration parameter 1.5, and Zipf
distributions with parameters 1.1 and 1.5. The Zipf distribution with parameter a assigns the
probability p(i) ′ i

→a for all i ↔ N. We then layer a random duplication model on the i.i.d. samples
generated from the stationary distribution to obtain the final ω-mixing sequence. This process is
described below. For notational convenience, we define Tmix := tmix(1/4), where tmix(↽) is defined
in Eq. (2).

1. First, we generate n0 i.i.d. samples from the underlying stationary distribution. The number
of symbols is set as |X | = n0. Thus, as we increase the number of samples, the number of
symbols increases proportionally.

2. We then use a geometric duplication model in order to generate a mixing sequence from the
i.i.d. samples. Specifically, for each sample in the i.i.d. sequence, we draw a geometric random
variable with mean n

c
0 (for some c > 0), which determines how many times that symbol is

duplicated in the final sequence. This processcan be viewed as a draw from a sticky Markov
chain (Chandra et al., 2022) in which the probability of observing an i.i.d. sample from the
stationary distribution is given by 1/nc

0. The mixing time, Tmix, for this sequence is given by
Tmix = O(nc

0) (Pananjady et al., 2024). Since the duplication factors are random, the total
length of the resulting sequence, denoted as n, is also a random variable with expected value
E[n] = n

c+1
0 .

We compare the performance of our proposed estimator with several existing estimators that were
originally designed for i.i.d. sequences. Specifically, we include the Good–Turing + Plug-in esti-
mator analyzed by Acharya et al. (2013), as well as a family of popular add-β estimators defined
as:

M̂ϑ(β) =
ϱϑ(ϑ + β(ϑ))

⇀
,

where ⇀ is a normalizing constant chosen to ensure that the estimated probabilities sum to 1.
Di!erent choices of the function β(ϑ) yield well-known estimators:

• Laplace estimator (Laplace, 1814): β(ϑ) = 1 for all ϑ,

• Krichevsky–Trofimov estimator (Krichevsky and Trofimov, 1981): β(ϑ) = 0.5 for all ϑ,
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• Braess–Sauer estimator (Braess and Sauer, 2004): β(0) = 0.5, β(1) = 1, and β(ϑ) = 0.75
for all ϑ > 1.

An important detail is that the normalization constant ⇀ for the add-β estimators depends on the
alphabet size |X |. For the uniform, step, and Dirichlet distributions, the alphabet size is finite and
set to |X | = n0. However, for the Zipf distribution, the alphabet is the set of all natural numbers,
so that |X | = ∞. To address this in our simulations, we approximate the alphabet size for the
Zipf distribution using the number of unique symbols observed in the samples. This approximation
is reasonable because the missing mass—corresponding to mass placed on unobserved symbols—is
small with high probability for Zipf distribution and has a negligible e!ect on the TV distance.

We compare estimator performance by plotting the TV distance between the true and estimated
vectors of count probabilities for each method. We present simulation results for three di!erent
values of c, the parameter controlling the mixing time of the sequences. All plots are averaged
over 50 independent instances, and the shaded regions around each curve represent the standard
deviation across these runs.

5.2 Results

First, in Figure 1 we plot the results for the case c = 0.0. Since the duplication factor for each
sample in this case is simply 1, this represents the case of executing the estimators on an i.i.d.
sequence and is a convenient reference point for evaluation. In this case, the WingIt+Plug-in
estimator is exactly equal to the Good–Turing+Plug-in estimator and thus the performance of
these estimators overlap; we only include the evaluation of the WingIt+Plug-in estimator to avoid
redundancy. This estimator performs well on all distributions and is significantly better than the
add-β estimators on all base distributions.

Figure 2 shows the results for c = 0.2, where the data is no longer i.i.d. The window size for the
WingIt+Plug-in estimator is set to ς = 10 ∈ n

c
0, which is on the order of the mixing time of the

sequence. In this setting, the WingIt+Plug-in estimator continues to outperform all competing
methods across all stationary distributions considered. It exhibits consistent estimation behavior,
with the TV distance from the true count probabilities decreasing steadily as the number of samples
increase. In contrast, the add-β estimators fail to achieve consistent estimation across the di!erent
base distributions.

Finally, Figure 3 presents the results for c = 0.33, where the data is even more dependent.
Once again, we observe that the WingIt+Plug-in estimator significantly outperforms the other
estimators, highlighting its e!ectiveness in dealing with temporal dependencies in the data.

6 Proofs

We now provide proofs of all our results. We begin by recalling and defining notation. Let n0 = n/ς ,
and assume for readability that ς divides n. Recall the index sets {Di}ni=1 and {Ii}ni=1 from Eq. (8).
For j ↔ [n0] and ϖ = 0, 1, . . . , 2ς⇐1, define the sets Bj,ϱ := D2ϖj→ϱ andHj,ϱ := I2ϖj→ϱ. Mnemonically,
the set Bj,ϱ represents a “block” around the 2ςj ⇐ ϖ-th index of the sequence, and Hj,ϱ represents
the corresponding “hole”, which contains all indices but with the block Bj,ϱ removed. We drop floor
and ceiling notation for readability, and assume divisibility of particular integers when convenient.
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(a) Uniform (b) Dirichlet

(c) Zipf with parameter 1.1 (d) Zipf with parameter 1.5

(e) Step

Figure 1: c = 0.0 corresponding to the IID sequence for n0 samples, averaged over 50 instances.
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(a) Uniform (b) Dirichlet

(c) Zipf with parameter 1.1 (d) Zipf with parameter 1.5

(e) Step

Figure 2. c = 0.2 corresponding to a mixing sequence with mixing time Tmix = O(n0.2
0 ) and expected

number of samples E[n] = n
1.2
0 , averaged over 50 instances.
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(a) Uniform (b) Dirichlet

(c) Zipf with parameter 1.1 (d) Zipf with parameter 1.5

(e) Step

Figure 3. c = 0.2 corresponding to a mixing sequence with mixing time Tmix = O(n0.33
0 ) expected

number of samples E[n] = n
1.33
0 , averaged over 50 instances.
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6.1 Proof of Lemma 1

Recall that the estimator q̂ is defined as q̂x = M̂Nx/ϱNx for all x ↔ X . Also define the following
oracle-aided natural estimator, which has knowledge of the stationary distribution ε:

q
ε
x =

M
ε
Nx

ϱNx

for all x ↔ X . (14)

The estimator q
ε calculates each count probability mass of the stationary distribution ε and dis-

tributes it equally among all symbols having the same count in X
n. Denote the optimal natural

estimator with respect to the TV error as

q
↗ = arg inf

q↑Qnat
dTV(ε, q),

and for each ϑ = 0, 1, . . . , n, define M
↗

ϑ =
∑

x:Nx=ϑ q
↗
x. Let M

↗ ↔ #({0, 1, . . . , n}) denote the
corresponding vector of count masses. Using the triangle inequality for TV distance, we have

dTV (ε, q̂) ↘ dTV(ε, q
ε) + dTV(q̂, q

ε). (15)

We also have the following:

dTV(ε, q
ε) ↘ dTV(ε, q

↗) + dTV(q
↗
, q

ε)
(i)
= dTV(ε, q

↗) + dTV(M
↗(Xn),Mε(Xn)),

where step (i) follows from Lemma 7 in the appendix, since both q
↗ and q

ε are natural estimators.
Finally, we have the sequence of inequalities

dTV (Mε(Xn),M↗(Xn)) =
1

2

n∑

u=0

|Mε
u (X

n)⇐M
↗

u(X
n)|

=
1

2

n∑

u=0


∑

x↑X

I {Nx = u}(εx ⇐ q
↗

x)



↘ 1

2

n∑

u=0

∑

x↑X

I {Nx = u} |εx ⇐ q
↗

x|

=
1

2

∑

x↑X


|εx ⇐ q

↗

x|
n∑

u=0

I {Nx = u}


(i)
=

1

2

∑

x↑X

|εx ⇐ q
↗

x| = dTV(ε, q
↗),

where step (i) follows because
∑n

t=0 I {Nx = t} = 1. Putting together the pieces, we obtain

dTV(ε, q̂) ↘ 2 · dTV(ε, q↗) + dTV(q̂, q
ε)

(i)
= 2 · dTV(ε, q↗) + dTV(M̂,M

ε),

where step (i) follows since both q̂ and q
ε are natural estimators and so we can again appeal to

Lemma 7. This completes the proof of Lemma 1.
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6.2 Proof of Theorem 1

We prove Theorem 1 from Propositions 1 and 2, which in turn are proved in Sections 6.4 and 6.5.
Denote M̂

u as the unnormalized estimator, i.e. M̂u := M̂(ς ; ϑ) · ⇀, with

M̂
u
ϑ =


M̂WingIt,ϑ(ς) if ϑ ↘ ϑ

M̂PI,ϑ if ϑ > ϑ,

We have

dTV(M
ε(Xn), M̂(ς ; ϑ))

(i)
↘ ∋Mε ⇐ M̂

u∋1

=
ϑ∑

ϑ=0

Mε
ϑ ⇐ M̂WingIt,ϑ(ς)

+
n∑

ϑ=ϑ+1

Mε
ϑ ⇐ M̂PI,ϑ

 ,

where step (i) follows from Lemma 8 in the appendix. The following algebraic inequalities will be
useful in our bounds going forward:

n∑

ϑ=ϑ+1

ϱϑ

(a)
↘ n

ϑ + 1
and

n∑

ϑ=ϑ+1

ϱϑ


ϑ

(b)
↘ n

ϑ + 1
. (16)

We defer a proof of Eq. (16) to the end of the section. We also assume that n ↫ ς
3 log3(Cn) for the

rest of this section; the theorem is trivially true otherwise since the TV is always bounded above
by 1.

Bounding WingIt error: Applying Proposition 2, we have

ϑ∑

ϑ=0

E
[Mε

ϑ (X
n)⇐ M̂WingIt,ϑ


]

↭
ϑ∑

ϑ=0


ς

n





E[Mε

ϑ ] +

ϑ log(2ς)E [I {NY = ϑ}] +

√
4ϖ→2∑

u=1

(ϑ + u)

u
E
[
M

ε
ϑ+u

]


+
ϑ∑

ϑ=0

(ϑ + 1)ς

n

↘


ς

n
(ϑ + 1) +


ς

n

ϑ∑

ϑ=0


ϑ log(2ς)E [I {NY = ϑ}]

︸ ︷︷ ︸
E1

+


ς

n

ϑ∑

ϑ=0

√
4ϖ→2∑

u=1

(ϑ + u)

u
E
[
M

ε
ϑ+u

]

︸ ︷︷ ︸
E2

+
(ϑ + 1)2ς

n
.

The first term in the above inequality is lower order compared to E1 and E2. Thus we now focus
on providing the bounds for E1 and E2 separately. We have

E1 =
ϑ∑

ϑ=0


ϑ log(2ς)E [I {NY = ϑ}]

(i)
↘ (ϑ + 1)


log(2ς),
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where step (i) follows because the Cauchy-Schwarz inequality and the fact
∑ϑ

ϑ=0 E [I {NY = ϑ}] ↘ 1.
For the term E2, we have

E2 =
ϑ∑

ϑ=0

√
4ϖ→2∑

u=1

(ϑ + u)

u
E
[
M

ε
ϑ+u

]

=
ϑ∑

ϑ=0

√E
[
4ϖ→2∑

u=1

I {NY = ϑ + u}(ϑ + u)

u

]

(i)
↘

√
ϑ∑

ϑ=0

1 ·

√
ϑ∑

ϑ=0

E
[
4ϖ→2∑

u=1

I {NY = ϑ + u}(ϑ + u)

u

]

where step (i) follows from the Cauchy–Schwarz inequality. Continuing, we have

E2 ↘

ϑ + 1 ·

√E




4ϖ→2∑

u=1

(1/u)
ϑ∑

ϑ=0

I {NY = ϑ + u}(ϑ + u)





↘

ϑ + 1 ·

√E
[
4ϖ→2∑

u=1

(ϑ + u)

u

]
↘


(ϑ + 1)(ϑ + 4ς ⇐ 2) log(4ς).

Putting together the pieces, we have

ϑ∑

ϑ=0

E
[Mε

ϑ (X
n)⇐ M̂WingIt,ϑ


]
↭ (ϑ + 1)


ς log(2ς)

n
+


ς

n


(ϑ + 1)(ϑ + 4ς ⇐ 2) log(4ς) +

(ϑ + 1)2ς

n
.

In the statement of Theorem 1, we set the value ϑ + 1 = n
1/3. Since we have assumed that

n
1/3 ↫ ς log(Cn), we can write (ϑ + 4ς ⇐ 2) ↭ ϑ + 1 and substituting above yields

ϑ∑

ϑ=0

E
[Mε

ϑ (X
n)⇐ M̂WingIt,ϑ


]
↭ (ϑ + 1)


ς log(4ς)

n
+

(ϑ + 1)2ς

n
.

Bounding plug-in error: For bounding the error of the plug-in estimator one thing to note is
that we use this estimator only for ϑ ⇓ ϑ + 1 = n

1/3. Applying the statement of Proposition 1, the
following holds for each ϑ ⇓ ϑ + 1 provided that ς ⇓ tmix

(
ς
n2

)
:

Mε
ϑ (X

n)⇐ M̂PI,ϑ

 ↭
↑
ςϑ · ϱϑ(Xn)

n



log


Cn

⇁


.

probability at least 1⇐ ⇁ ⇐ 3↽.
Taking the union bound of the above inequality for all ϑ ⇓ ϑ + 1 we have

Mε
ϑ (X

n)⇐ M̂PI,ϑ

 ↭
↑
ςϑ · ϱϑ(Xn)

n



log


Cn

⇁


.
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probability at least 1 ⇐ n⇁ ⇐ 3n↽. Substituting the above inequality into the error for the plug-in
estimator we have

n∑

ϑ=ϑ+1

Mε
ϑ (X

n)⇐ M̂PI,ϑ

 ↭
n∑

ϑ=ϑ+1

↑
ςϑ · ϱϑ(Xn)

n



log


Cn

⇁



(i)
↘


ς

ϑ + 1



log


Cn

⇁


,

probability at least 1⇐ n⇁ ⇐ 3n↽. Above, step (i) follows from Eq. (16). Substituting ↽
↘ = 3n↽ and

⇁
↘ = n⇁, we have

n∑

ϑ=ϑ+1

Mε
ϑ (X

n)⇐ M̂PI,ϑ

 ↭


ς

ϑ + 1



log


Cn2

⇁↘


,

with probability at least 1⇐⇁
↘⇐ ↽

↘. Choosing ↽
↘ = 1

n2 and then integrating the tail bound we obtain

n∑

ϑ=ϑ+1

E
Mε

ϑ (X
n)⇐ M̂PI,ϑ

 ↭


ς

ϑ + 1


log (Cn2). (17)

Recall that Proposition 1 requires ς ⇓ tmix(↽/n2). We set ↽ = ↽
↘
/3n and finally substitute ↽↘ = 1/n2.

Thus we require the condition ς ⇓ tmix(1/n5).

Combining the pieces: Combining the two bounds, we have

E
[
dTV(M

ε(Xn), M̂(ς))
]
↭ (ϑ + 1)


ς log(4ς)

n
+

(ϑ + 1)2ς

n
+


ς

ϑ + 1


log (Cn2).

Note that we have set ϑ + 1 = n
1/3 and also that n ⇓ C

↘
ς
3 log3(Cn) for a large enough constant

C
↘. This allows us to simplify the above expression and obtain

E
[
dTV(M

ε(Xn), M̂(ς))
]
↭


ς log(Cn)

n1/6
,

as claimed. We conclude by proving claim (16).

Proof of claim (16): First, note that n =
∑n

ϑ=0 ϑϱϑ . Part (a) of the inequality then follows by
noting that

n ⇓
n∑

ϑ=ϑ+1

ϑϱϑ ⇓ (ϑ + 1)
n∑

ϑ=ϑ+1

ϱϑ . (18)

To prove part (b), we use the Cauchy–Schwarz inequality to obtain

n∑

ϑ+1

ϱϑ


ϑ =

n∑

ϑ=ϑ+1

↑
ϱϑ


ϑϱϑ ↘

√
n∑

ϑ=ϑ+1

ϱϑ

√
n∑

ϑ=ϑ+1

ϑϱϑ .
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Using Eq. (18) then yields

n∑

ϑ=ϑ+1

ϱϑ


ϑ ↘


n

ϑ + 1
·
↑
n =

n
ϑ + 1

,

which completes the proof of the claim and therefore the proof of Theorem 1.

6.3 Proof of Lemma 2

We structure the proof as follows. Both parts of the lemma rely on a certain blocking argument,
which we present first. Then, we prove each part of the lemma in turn. For the rest of this proof,
suppose ς is some arbitrary integer, and assume for simplicity in exposition that ς divides n. In
part (b), we will choose a particular value of ς .

Blocking argument: We start by dividing the entire sequence U
n into n0 = n/ς intervals, each

of length ς . Now we write the quantity of interest
E[U1]⇐ 1

n

∑n
i=1 Ui

 as a sum over disjoint even
and odd-numbered blocks of the sequence. Let us denote the set of indices inside each of these
intervals as Sk for k ↔ [n0]. Note, by definition, that |Sk| = ς for all k ↔ [n0]. We define the
following portions of the original sequence U

n:

Uodd :=
⊕

k odd

⊕

j↑Sk

Uj , and

Ueven :=
⊕

k even

⊕

j↑Sk

Uj .

Using the triangle inequality, we have

E[U1]⇐
1

n

n∑

i=1

Ui

 =


E[U1]

2
⇐ 1

n

∑

k odd

∑

j↑Sk

Uj +
E[U1]

2
⇐ 1

n

∑

k even

∑

j↑Sk

Uj



↘


E[U1]

2
⇐ 1

n

∑

k odd

∑

j↑Sk

Uj


+


E[U1]

2
⇐ 1

n

∑

k even

∑

j↑Sk

Uj


. (19)

We now construct a new auxiliary stochastic process as follows. We choose the tuple (Y1, . . . , Yϖ )
independently of everything else, and according to the law of (U1, . . . , Uϖ ). Similarly, choose the
blocks (Yϖ+1, . . . , Y2ϖ ), . . . , (Yn→ϖ+1, . . . , Yn) IID from the same distribution. In words, at the start
of each interval Sk, we restart the process from a state sampled from the stationary distribution ε.
Let us denote this sequence as

Y
n := (Yj)j↑[n].

We again decompose the sequence Y
n over odd and even blocks similar to U

n.

Yodd =
⊕

k odd

⊕

j↑Sk

Yj , and

Yeven =
⊕

k even

⊕

j↑Sk

Yj .
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Note that the stochastic processes Uodd and Yodd are each of length n/2 and correspond directly to
the definitions ofWj andW

↘

j in the statement of Lemma 13. Formally, we can apply Lemma 13, with

the function f : X n/2 ⇔ {0, 1} defined as below for an arbitrary sequence V
n/2 := (V1, . . . , Vn/2):

f(V n/2) := I







E[V1]⇐

2

n

n/2∑

i=1

Vi


> t




.

Applying the lemma yields

E [f(Uodd)] ↘ E [f(Yodd)] +
n0

2
µ↼

ϖ

for any t ↔ R. Substituting the definition of f in the above inequality yields

P






E[U1]

2
⇐ 1

n

∑

k odd

∑

j↑Sk

Uj


>

t

2



 ↘ P






E[Y1]
2

⇐ 1

n

∑

k odd

∑

j↑Sk

Yj


>

t

2



+
n0

2
µ↼

ϖ
. (20)

An identical statement can be shown for the even subsequence.
Substituting Eq. (20) for odd and even sequences into Eq. (19) and applying the union bound,

we obtain

P






E[U1]⇐

1

n

n∑

j=1

Uj


> t



 ↘ P






E[Y1]
2

⇐ 1

n

∑

k odd

∑

j↑Sk

Yj


>

t

2





+ P






E[Y1]
2

⇐ 1

n

∑

k even

∑

j↑Sk

Yj


>

t

2



+ n0µ↼
ϖ
. (21)

We will now use Eq. (21) to prove each part of the lemma separately.

Proof of part (a): For notational convenience, define the random variables Jk := 1
ϖ

∑
j↑Sk

Yj

for k ↔ [n0]. We collect some relevant properties of these random variables. First, since Yj ↔
[0, B], we have Jk ↔ [0, B] for all k ↔ [n0]. By construction of Y n, the random variables {Jk}n0

k=1
are also independent and identically distributed. Moreover, because the process Y

n is initialized
at the stationary distribution ε, we have E[Y1] = E[J1]. Finally, recall that we defined v

2 :=
1
ϖ2 var (

∑ϖ
i=1 Ui) in the statement of the lemma. It is easy to verify that

v
2 :=

1

ς2
var


ϖ∑

i=1

Ui


=

1

ς2
var


ϖ∑

i=1

Yi


= var(J1) =

2

n0

∑

k odd

var(Jk).

We now bound the two terms on the RHS of Eq. (21). Let us present the argument for the first
(i.e. odd) term without loss of generality. We have


E[Y1]⇐

2

n

∑

k odd

∑

j↑Sk

Yj


=

E[J1]⇐
2

n0

∑

k odd

Jk


(i)
↘


4ςv2 log(1/⇁)

n
+

4Bς log(1/⇁)

3n
,
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where inequality (i) holds with probability at least 1 ⇐ 2⇁ by the Bernstein inequality. Repeating
the argument for the even subsequence and combining the bounds with Eq. (21), we obtain

P






E[U1]⇐

1

n

n∑

j=1

Uj


>


4ςv2 log(1/⇁)

n
+

4Bς log(1/⇁)

3n



 ↘ 4⇁ + n0µ↼
ϖ
.

For any ς ⇓ tmix(↽/n), we have n0µ↼
ϖ ↘ ↽, so that


E[U1]⇐

1

n

n∑

j=1

Uj


↘


4ςv2 log(1/⇁)

n
+

4Bς log(1/⇁)

3n
,

with probability at least 1⇐ 4⇁ ⇐ ↽. This completes the proof of part (a).

Proof of part (b): For the proof of this part only, we abuse notation slightly and let ς = tmix(↽/n)
for convenience, still letting n0 = n/ς . It is convenient to define the shorthand Lk := 1

ϖB

∑
j↑Sk

Yj =
Jk
B for each k ↔ [n0]. Since Yj ↔ [0, B], we have Lk ↔ [0, 1] for all k ↔ [n0]. As before, the collection
of random variables {Lk}n0

k=1 is independent and identically distributed.
Using the empirical Bernstein bound from Maurer and Pontil (2009, Theorem 4), we have

1

B


E[Y1]⇐

2

n

∑

k odd

∑

j↑Sk

Yj


=

E[L1]⇐
2

n0

∑

k odd

Lk


(i)
↘


4sp(L) log(2/⇁)

n0
+

14 log(2/⇁)

3(n0 ⇐ 2)
, (22)

where step (i) holds with probability at least 1⇐ 2⇁. Recall that we defined the spread as

sp(L) =
1

(n0/2)(n0/2⇐ 1)

∑

p,q odd
p<q

(Lp ⇐ Lq)
2
,

since the number of odd blocks is equal to n0/2. We can upper bound sp(L) as below:

sp(L) =
4

ς2n0(n0 ⇐ 2)

∑

p,q odd
p<q




∑

i↑Sp

Yi

B
⇐

∑

j↑Sq

Yj

B




2

(i)
↘ 4

ςn0(n0 ⇐ 2)

∑

p,q odd
p<q




∑

i↑Sp

Yi

B
+

∑

j↑Sq

Yj

B





↘ 4

ςB(n0 ⇐ 2)

∑

k odd

∑

j↑Sk

Yj .

where step (i) follows from Young’s inequality and the fact that Yi/B ↔ [0, 1]. Substituting expres-
sions for sp(L), Lk and n0 into Eq. (22), we obtain


E[Y1]
2

⇐ 1

n

∑

k odd

∑

j↑Sk

Yj


↘

2

ςB log(2/⇁)

∑
k odd

∑
j↑Sk

Yj

n⇐ 2ς
+

7ςB log(2/⇁)

3(n⇐ 2ς)
(23)
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with probability at least 1⇐2⇁. Executing the same argument for the even subsequence, combining

the pieces with the inequality
∑

k odd

∑
j↑Sk

Yj +
∑

k even

∑
j↑Sk

Yj ↘

2
∑n0

k=1

∑
j↑Sk

Yj and

2
↑
2 < 3, and noting that

∑n0
k=1

∑
j↑Sk

Yj =
∑n

j=1 Yj , we have


E[U1]⇐

1

n

n∑

j=1

Uj


↘

3

ςB log(2/⇁)

∑n
j=1 Yj

n⇐ 2ς
+

14ςB log(2/⇁)

3(n⇐ 2ς)
(24)

with probability at least 1⇐ 4⇁ ⇐ n0µ↼
ϖ .

Next, we claim for ς = tmix(↽/n) that if
∑n

j=1 Uj ⇓ 36ςB log(2/⇁) and n ⇓ 24ς , then the
inequality

√
n∑

j=1

Yj ↘ 11

√
n∑

j=1

Uj + 14

ςB log(2/⇁), (25)

holds with probability at least 1 ⇐ 6⇁ ⇐ n0µ↼
ϖ . We defer the proof of Eq. (25) to the end of this

section.
Substituting Eq. (25) into Eq. (24), we obtain


E[U1]⇐

1

n

n∑

j=1

Uj


↘

33


ςB log(2/⇁)
∑n

j=1 Uj

n⇐ 2ς
+

140ςB log(2/⇁)

3(n⇐ 2ς)
,

with probability at least 1⇐ 10⇁⇐ 2n0µ↼
ϖ . Now setting ς = tmix(↽/n), recall that in the statement

of the lemma, we assumed the conditions
∑n

j=1 Uj ⇓ 36Bς log(2/⇁) and n ⇓ 24ς . From this, we
obtain


E[U1]⇐

1

n

n∑

j=1

Uj


↘

734

ςB log(2/⇁)

∑n
j=1 Uj

9n
,

with probability at least 1⇐10⇁⇐2n0µ↼
ϖ . For ς = tmix(↽/n), we have n0µ↼

ϖ ↘ ↽, and this completes
the proof.
Proof of claim (25): Executing the empirical Bernstein argument for the auxiliary sequence4 Y n we
have


E[Y1]⇐

1

n

n0∑

k=1

∑

j↑Sk

Yj


↘

2

ςB log(2/⇁)

∑n0
k=1

∑
j↑Sk

Yj

n⇐ 2ς
+

7ςB log(2/⇁)

3(n⇐ 2ς)
,

with probability at least 1⇐ 2⇁. Simplifying notation, we have


E[Y1]⇐

1

n

n∑

j=1

Yj


↘

2

ςB log(2/⇁)

∑n
j=1 Yj

n⇐ 2ς
+

7ςB log(2/⇁)

3(n⇐ 2ς)
, (26)

4Note that in this case, we do not need to split over odd and even subsequences; just a direct application of the
empirical Bernstein bound su!ces, and we obtain a slightly better constant.
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Combing the Eq. (26) and Eq. (24) with the triangle inequality, we have


1

n

n∑

j=1

Yj ⇐
1

n

n∑

j=1

Uj


↘

5


ςB log(2/⇁)
∑n

j=1 Yj

n⇐ 2ς
+

7ςB log(2/⇁)

n⇐ 2ς
, (27)

with probability at least 1⇐ 6⇁ ⇐ n0µ↼
ϖ .

At the same time, using the identity
↑
a ↘

↑
b+ |a→b|

≃

b
for all a, b ⇓ 0, we obtain

∑n
j=1 Yj

n⇐ 2ς
↘

∑n
j=1 Uj

n⇐ 2ς
+

1

n⇐ 2ς


∑n

j=1 Yj ⇐
∑n

j=1 Uj


∑n

j=1 Uj

. (28)

Substituting Eq. (28) into Eq. (27), we obtain


1

n

n∑

j=1

Yj ⇐
1

n

n∑

j=1

Uj


↘

5

ςB log(2/⇁)

∑n
j=1 Uj

n⇐ 2ς
+

7ςB log(2/⇁)

n⇐ 2ς

+
5


ςB log(2/⇁)

n⇐ 2ς


∑n

j=1 Yj ⇐
∑n

j=1 Uj


∑n

j=1 Uj

,

with probability at least 1⇐ 6⇁ ⇐ n0µ↼
ϖ .

For ς = tmix(↽/n), we may now use the conditions
∑n

j=1 Uj ⇓ 36ςB log(2/⇁) and n ⇓ 24ς to
obtain



n∑

j=1

Yj ⇐
n∑

j=1

Uj


↘ 60

√ςB log(2/⇁)
n∑

j=1

Uj + 84ςB log(2/⇁),

with probability at least 1⇐ 6⇁ ⇐ n0µ↼
ϖ . Substituting the above display into Eq. (28), we obtain

√
n∑

j=1

Yj ↘ 11

√
n∑

j=1

Uj + 14

ςB log(2/⇁),

with probability at least 1⇐ 6⇁⇐n0µ↼
ϖ . This completes the proof of the claim and therefore of the

lemma.

6.4 Proof of Proposition 1

Recall that Proposition 1 bounds the ϖ1 risk between the plug-in estimator M̂PI,ϑ and the true count
probability mass M

ε
ϑ for su”ciently large values of count ϑ. Also recall the shorthand notation

ς0 = tmix(↽/n2). We denote by Xϑ the set of all symbols appearing exactly ϑ times in X
n and by

X↓ϑ the set of all symbols appearing at least ϑ times in X
n. Clearly, we have Xϑ ↓ X↓ϑ . Using
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this fact and the triangle inequality, we have
Mε

ϑ ⇐ M̂PI,ϑ

 =
M

ε
ϑ ⇐

ϑϱϑ

n



=


∑

x↑X

I {Nx(X
n) = ϑ}


εx ⇐

ϑ

n



↘
∑

x↑X

I {Nx(X
n) = ϑ}

εx ⇐
Nx(Xn)

n



↘
∑

x↑X→ε

I {Nx(X
n) = ϑ}

εx ⇐
Nx(Xn)

n

 . (29)

At this juncture, one possible approach is to prove a high-probability bound on the deviation termεx ⇐ Nx(Xn)
n

 for each x ↔ X , and then take a union bound over the state space. However, this

would induce a dependence on |X | and the resulting bound would no longer be universal in n.
Consequently, we reduce the sum over X↓ϑ to the sum over a deterministic set of size at most O(n)
using the following lemma.

Lemma 3. Recall that ς0 = tmix(↽/n2). Then

P

△x ↔ X : Nx(X

n) ⇓ 1 +

(4 + 8ς0) log(n/⇁) +

4ς0 log(n/⇁)

3
and εx ↘ 1/n


↘ ⇁ + ↽.

Lemma 3 is proved in Section 6.4.1. Let us also define the deterministic set Y :=


x ↔ X : εx ⇓ 1

n

}
.

By Lemma 3, we have that for any ϑ ⇓ 1 +


(4 + 8ς0) log(n/⇁) +
4ϖ0 log(n/φ)

3 , the inclusion

X↓ϑ ↓ Y holds with probability at least 1⇐ ⇁ ⇐ ↽. (30)

Next, we observe that Nx(Xn) can be written as follows:

Nx(X
n) =

n∑

j=1

I {Xj = x},

which takes the form of a sum of indicator random variables over the sequence X
n. Since Y

contains at most n (nonrandom) elements, we may apply the union bound over these elements in
conjunction with Lemma 2. This implies that the following event occurs uniformly over all x ↔ Y
with probability at least 1⇐ 10⇁ ⇐ 2↽ (note that we defined ς0 = tmix(↽/n2)):

εx ⇐
Nx(Xn)

n

 ↭






↑
ϖ0Nx(Xn) log(2n/φ)

n if Nx(Xn) ⇓ 36ς0 log(2n/⇁)
4εx(1+2ϖ0) log(n/φ)

n + 4ϖ0 log(n/φ)
3n otherwise.

(31)

We make particular use of the first case in the proof — the second case is stated for completeness.
Working now on the intersection of the high-probability events in (30) and (31), which in turn
occurs with probability at least 1⇐ 11⇁ ⇐ 3↽, and considering

ϑ ⇓ max

{
36ς0 log(2n/⇁), 1 +


(4 + 8ς0) log(n/⇁) +

4ς0 log(n/⇁)

3

}
,
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we have

∑

x↑X→ε

I {Nx(X
n) = ϑ}

εx ⇐
Nx(Xn)

n



=
∑

x↑X→ε⇐Y

I {Nx(X
n) = ϑ}

εx ⇐
Nx(Xn)

n

+
∑

x↑X→ε⇐Y
c

I {Nx(X
n) = ϑ}

εx ⇐
Nx(Xn)

n



(i)
=

∑

x↑X→ε⇐Y

I {Nx(X
n) = ϑ}

εx ⇐
Nx(Xn)

n



(ii)

↭
∑

x↑X→ε

I {Nx(X
n) = ϑ}


ς0Nx(Xn) log(2n/⇁)

n

↘
∑

x↑X

I {Nx(X
n) = ϑ}


ς0Nx(Xn) log(2n/⇁)

n
,

where step (i) follows by Eq. (30) and step (ii) by Eq. (31).

Now, using the fact that
∑

x↑X I {Nx(Xn) = ϑ}


Nx(Xn) = ϱϑ(Xn)
↑
ϑ, we obtain

Mε
ϑ ⇐ M̂PI,ϑ

 ↭
↑
ς0

n



log


2n

⇁


ϱϑ(X

n)

ϑ (32)

on the same event occurring with probability at least 1 ⇐ 11⇁ ⇐ 3↽. Adjusting constants in the
definitions of ⇁ and ↽ and substituting the value of ς0 yields the statement of the proposition.

6.4.1 Proof of Lemma 3

In order to prove this lemma, we start by carefully partitioning the state space. We number the
elements in X as 1, . . . , |X | and assume without loss of generality that they are ordered such that
ε1 ↘ ε2 ↘ · · · ↘ ε|X |. Let us define j

↗ + 1 := min{i : εi > 1/n}. Also define the cumulative

probabilities ci =
∑i

m=1 εi, and let ik := min{i : ci ⇓ k/n} denote a sequence of n+1 indices with
i0 := 0. Now, partition the first j↗ indices into disjoint sets T1, . . . , TL given by

Tϱ = {iϱ→1 + 1, . . . , iϱ}, (33)

where the set is considered to be empty if iϱ = iϱ→1, and L is defined such that iL = j
↗. We overload

notation and denote by εTϑ the total stationary mass of all symbols appearing in the partition Tϱ,
i.e. εTϑ :=

∑
x↑Tϑ

εx. Note by the definition of {iϱ}Lϱ=1 and {Tϱ}Lϱ=1 that each block Tϱ contains
elements whose stationary probabilities sum up to at most 1/n. In other words, we have εTϑ ↘ 1/n

for all ϖ ↔ [L]. Thus, we have
∑L

ϱ=1 εTϑ ↘ L
n ↘ 1, which implies that L ↘ n.

Next, we define

NTϑ(X
n) :=

∑

x↑Tϑ

Nx(X
n).
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We also set ϑ0 := 1 +

(4 + 8ς0) log(n/⇁) +

4ϖ0 log(n/φ)
3 , where we defined ς0 := tmix(↽/n2) in the

statement of Lemma 3. By construction of the partitions {Tϱ}Lϱ=1, we obtain

P (△x : Nx(X
n) ⇓ ϑ0 and εx ↘ 1/n) = P

(
△x ↔ ▽L

ϱ=1Tϱ : Nx(X
n) ⇓ ϑ0

)

↘ P (△ϖ ↔ [L] : NTϑ(X
n) ⇓ ϑ0)

↘
L∑

ϱ=1

P (NTϑ(X
n) ⇓ ϑ0) . (34)

It remains to characterize each of the terms P (NTϑ(X
n) ⇓ ϑ0), for which we will use the statement

of Bernstein’s inequality from Lemma 2(a). Consider the random variable

Bi = I {Xi ↔ Tϱ}⇐ P (Xi ↔ Tϱ) .

We note that |Bi| ↘ 1 and E[Bi] = 0. Applying the Bernstein inequality from Lemma 2(a) — in
its tail bound form — to the process (B1, . . . , Bn) with ς0 = tmix(↽/n2) yields

P


n∑

i=1

Bi ⇓ t


↘ 4 exp


⇐t

2

4nς0v2 +
4ϖ0
3 t


+

↽

n
(35)

for any t > 0. Recall from the statement of the lemma that v2 := 1
ϖ20
var

∑ϖ0
j=1Bj


= 1

ϖ20

∑ϖ0
j=1 var (Bj)+

2
ϖ20

∑ϖ0
j>i cov(Bi, Bj). We have

var(Bi) = P(Xi ↔ Tϱ)⇐ P(Xi ↔ Tϱ)
2 ↘ 1/n and

ϖ0∑

j>i

cov(Bi, Bj)
(i)
↘

ϖ0∑

j>i


var(Bi)var(Bj) ↘

ς
2
0

n
,

where step (i) follows from the Cauchy-Schwarz inequality. This directly yields

v
2 ↘ 1

nς0
+

2

n
≠ 4nς0v

2 ↘ 4(1 + 2ς0).

Continuing from Eq. (35) and substituting the definition of the random variables {Bi}ni=1, we have

P


n∑

i=1

I {Xi ↔ Tϱ} ⇓ t+
n∑

i=1

P (Xi ↔ Tϱ)


↘ exp


⇐t

2

4 + 8ς0 +
4ϖ0
3 t


+

↽

n
.

Next we note that, because the sets {Tϱ}Lϱ=1 are disjoint, we have
∑n

i=1 P{Xi ↔ Tϱ} ↘ 1. From this,
we obtain

P (NTϑ(X
n) ⇓ t+ 1) ↘ exp


⇐t

2

4 + 8ς0 +
4ϖ0
3 t


+

↽

n
.

Substituting t =

(4 + 8ς0) log(n/⇁) +

4ϖ0 log(n/φ)
3 in the above yields

P

NTϑ(X

n) ⇓ 1 +

(4 + 8ς0) log(n/⇁) +

4ς0 log(n/⇁)

3


= P (NTϑ(X

n) ⇓ ϑ0) ↘
⇁ + ↽

n
. (36)

Combining Ineqs. (36) and (34), we obtain

P (△x : Nx(X
n) ⇓ ϑ0 and εx ↘ 1/n) ↘ L


⇁ + ↽

n


(i)
↘ ⇁ + ↽,

where step (i) follows because we established that L ↘ n. This completes the proof of the lemma.
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6.5 Proof of Proposition 2

In this section, we bound the error of the WingIt estimator for small frequencies. We first derive
bounds on the mean squared error (MSE) for each ϑ, and then use these to obtain bounds on the ϖ1
error. Throughout this proof, note that ς should be thought of as an arbitrary integer that divides
n, with n0 = n/(2ς).

As in Pananjady et al. (2024), we can relate the MSE of the WingIt estimator to a “skipped”
version as below:

MSE

M

ε
ϑ (X

n), M̂WingIt,ϑ(ς)

↘ 1

2ς

2ϖ→1∑

ϱ=0

E

M

ε
ϑ (X

n)⇐ M̂WingIt,ϑ(ς ; ϖ)
2

, (37)

where

M̂WingIt,ϑ(ς ; ϖ) :=
1

n0

n0∑

j=1

M̂
(2ϖj→ϱ)
ϖ,ϑ for each ϖ = 0, . . . , 2ς ⇐ 1. (38)

M̂WingIt,ϑ(ς ; ϖ) represents the skipped estimator used in our analysis.

We now focus on bounding the term E

M

ε
ϑ (X

n)⇐ M̂WingIt,ϑ(ς ; 0)
2

. An MSE bound proven

for ϖ = 0 can be identically transferred to bound the MSE of M̂WingIt,ϑ(ς ; ϖ) for any ϖ = 0, . . . , 2ς⇐1
(Pananjady et al., 2024, Proposition 5). Thus, without loss of generality, we address the case ϖ = 0

and analyze the estimator M̂WingIt(ς ; 0). Consequently, we use the shorthand Bj := Bj,0 and
Hj := Hj,0. For more details and a pictorial representation of the skipped estimators and the
corresponding “dependent” and “independent” sets, refer to Pananjady et al. (2024, Section 7.1).

Adding and subtracting the term E Y⇒ε
Y⇑⇑Xn

I
{
NY (XHj ) = ϑ

}
to the quantity of interest given by

1
2 |M̂WingIt,ϑ(ς ; 0)⇐M

ε
ϑ (X

n)|2, we obtain

1

2
·


1

n0

n0∑

j=1

I
{
NX2ϖj (XHj ) = ϑ

}
⇐ E Y⇒ε

Y⇑⇑Xn
I {NY (X

n) = ϑ}



2

↘


1

n0

n0∑

j=1


E Y⇒ε
Y⇑⇑Xn

I
{
NY (XHj ) = ϑ

}
⇐ E Y⇒ε

Y⇑⇑Xn
I {NY (X

n) = ϑ}


2

︸ ︷︷ ︸
T1

+


1

n0

n0∑

j=1


I
{
NX2ϖj (XHj ) = ϑ

}
⇐ E Y⇒ε

Y⇑⇑Xn
I
{
NY (XHj ) = ϑ

}


2

︸ ︷︷ ︸
T2

.

The rest of the proof proceeds by bounding E[T1] and E[T2].

29



Bounding E[T1]: In order to bound T1 we define the random variable Pj = I
{
NY (XHj ) = ϑ

}
⇐

I {NY (Xn) = ϑ}. We have

T1 =
1

n
2
0



n0∑

j=1

EY Pj



2

.

We obtain Pj ↘ I
{
Y ↔ XBj

}
I
{
NY (XHj ) = ϑ

}
↘ 1 in a manner similar to the argument in (Panan-

jady et al., 2024, Lemma 12). We briefly outline the argument here for completeness. Since
Pj ↔ {⇐1, 0, 1} and I

{
Y ↔ XBj

}
· I

{
NY (XHj ) = ϑ

}
↔ {0, 1}, the inequality is only non-trivial for

the case where Pj = 1. In this case, we have NY (XHj ) = ϑ and NY (Xn) 7= ϑ, which implies that
Y ↔ XBj . Thus, we have I

{
Y ↔ XBj

}
I
{
NY (XHj ) = ϑ

}
= 1 and so the above inequality holds.

Since the blocks {Bj}n0
j=1 are non-overlapping, we have

⊔

j↑↑[n0]\j

Bj↑ ∀ Hj .

Now, suppose that for some j we have I
{
Y ↔ XBj

}
· I

{
NY (XHj ) = ϑ

}
= 1. This means that Y

occurs at least once in Bj , but its number of occurrences outside of Bj is equal to ϑ. Then, we have

∑

j↑↑[n0]\j

I

Y ↔ XBj↑


· I


NY (XHj↑ ) = ϑ


↘

∑

j↑↑[n0]\j

I

Y ↔ XBj↑


↘ NY (XHj ) = ϑ.

Putting these pieces together yields
∑n0

j=1 Pj ↘ ϑ + 1 point-wise. Ultimately, this yields

T1 =
1

n
2
0



EY

n0∑

j=1

Pj




2

↘

ϑ + 1

n0

2

, (39)

and so E[T1] ↘

ϖ(ϑ+1)

n

2
. This ultimately turns out to be a lower-order term and so this worst-case

analysis su”ces.

Bounding E[T2]: The term T2, which captures a certain conditional variance, will be the domi-
nant term in the analysis. First, we have

T2 =
1

n
2
0

n0∑

j,k=1

ZjZk, (40)

where we define

Zj := I
{
NX2jϖ (XHj ) = ϑ

}
⇐ E Y⇒ε

Y⇑⇑Xn
I
{
NY (XHj ) = ϑ

}
for all j ↔ [n0].

We thus have

T2 =
1

n
2
0

n0∑

j=1

Z
2
j +

1

n
2
0

n0∑

j=1

n0∑

k=1
k ⇓=j

ZjZk.
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We first bound the cross terms in T2. We define the following random variables for each j, k ↔ [n0]
with j 7= k and conditioned on a random variable Y ⇒ ε:

Qj,k := I
{
NY (XHj⇐Hk) = ϑ

}
⇐ I {NY (XHk) = ϑ}. (41)

Observe that Qj,k ↔ [⇐1, 1] point-wise and so |Qj,k| ↔ [0, 1] point-wise. The following lemma relates
the terms ZjZk and |Qj,k|+ |Qk,j | in expectation.

Lemma 4. For each j 7= k, we have

E[ZjZk] ↘ 4E[|Qj,k|] + 4E[|Qk,j |] + 12µ↼ϖ ,

where Qj,k is defined in Eq. (41).

We take Lemma 4 as given for the moment and prove it in Section 6.5.1. Further, auxiliary
Lemma 10 yields the following point-wise bound on |Qj,k| for any Y ↔ X :

|Qj,k| ↘ I
{
Y ↔ XBj

}
·
(
I {NY (XHk) = ϑ}+ I

{
NY (XHj⇐Hk) = ϑ

})
.

Define the shorthand

RY :=
n0∑

j=1

n0∑

k=1
k ⇓=j

I
{
Y ↔ XBj

}
I {NY (XHk) = ϑ}+

n0∑

j=1

n0∑

k=1
k ⇓=j

I
{
Y ↔ XBj

}
· I

{
NY (XHj⇐Hk) = ϑ

}
. (42)

Combining Lemma 4 and Eq. (42), we obtain the following bound for the cross terms in T2:

1

n
2
0

n0∑

j=1

n0∑

k=1
k ⇓=j

E[ZjZk]
(i)
↘ 8

n
2
0

E[RY ] + 12µ↼ϖ .

It remains to provide a satisfactory bound for E[RY ], which is the technical crux of our analysis.
The following lemma provides an adaptive, point-wise bound on RY .

Lemma 5. Consider the quantity RY defined in Eq. (42). For all Y ↔ X , we have

RY ↘ ϑn0 · I {NY = ϑ} log(2ς) + 12n0

4ϖ→2∑

u=1

I {NY = ϑ + u}(ϑ + u)

u
.

We take Lemma 5 as given for the moment and prove it in Section 6.5.2.
For the diagonal terms in T2, we have

1

n
2
0

n0∑

j=1

E[Z2
j ] =

1

n
2
0

n0∑

j=1

E
[I

{
NX2ϖj (XHj ) = ϑ

}
⇐ E Y⇒ε

Y⇑⇑Xn
I
{
NY (XHj ) = ϑ

}
2
]
. (43)

Using the property of indicator random variables taking values in [0, 1], we obtain

1

n
2
0

n0∑

j=1

E[Z2
j ] ↘

1

n
2
0

n0∑

j=1

E
[
I
{
NX2ϖj (XHj ) = ϑ

}
+ E Y⇒ε

Y⇑⇑Xn
I
{
NY (XHj ) = ϑ

}]
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Next, we apply Lemma 11 to obtain

1

n
2
0

n0∑

j=1

E[Z2
j ] ↘

2

n
2
0

n0∑

j=1

E
[
I
{
NY (XHj ) = ϑ

}]
+

1

n
2
0

n0∑

j=1

3µ↼ϖ

=
2

n
2
0

n0∑

j=1

E
[
I
{
NY (XHj ) = ϑ

}]
+

3µ↼ϖ

n0
.

The following lemma provides a point-wise, adaptive bound on the term
∑n0

j=1 I
{
NY (XHj ) = ϑ

}
.

Lemma 6. We have

n0∑

j=1

I
{
NY (XHj ) = ϑ

}
↘

2ϖ→1∑

u=1

I {NY = ϑ + u} · ϑ + u

u
+ n0 · I {NY = ϑ}.

We take Lemma 6 as given for the moment and prove it in Section 6.5.3. Applying the lemma
yields

1

n
2
0

n0∑

j=1

E[Z2
j ] ↘

2

n
2
0

2ϖ→1∑

u=1

E[I {NY = ϑ + u}]ϑ + u

u
+

2

n0
E[I {NY = ϑ}] + 3µ↼ϖ

n0
.

Combining the cross and diagonal terms for T2, we have

T2 ↘
2

n
2
0

2ϖ→1∑

u=1

E[I {NY = ϑ + u}]ϑ + u

u
+

2

n0
E[I {NY = ϑ}] + 3µ↼ϖ

n0
+

8

n
2
0

E[RY ] + 12µ↼ϖ

(i)
↘ 2

n
2
0

2ϖ→1∑

u=1

E[Mε
ϑ+u]

ϑ + u

u
+

2

n0
E[Mε

ϑ ] +
8

n0
ϑ · E[Mε

ϑ ] · log(2ς)

+
96

n0

4ϖ→2∑

u=1

E[Mε
ϑ+u]

(ϑ + u)

u
+ 15µ↼ϖ

↭ 1

n0
E[Mε

ϑ ] +
1

n0
E[Mε

ϑ ] · (ϑ) · log(2ς) +
1

n0

4ϖ→2∑

u=1

E[Mε
ϑ+u]

(ϑ + u)

u
+ µ↼

ϖ
, (44)

where step (i) uses the relation

E
[
4ϖ→2∑

u=1

I {NY = ϑ + u}
]
= E

[
∑

x↑X

εx

4ϖ→2∑

u=1

I {Nx = ϑ + u}
]

= E
[
4ϖ→2∑

u=1

∑

x↑X

εxI {Nx = ϑ + u}
]

=
4ϖ→2∑

u=1

E
[
M

ε
ϑ+u

]
.

32



Combining the bounds for T1 and T2 (Ineqs. (39) and (44) respectively), we have

E
[
|M̂WingIt,ϑ(ς ; 0)⇐M

ε
ϑ (X

n)|2
]
↭


(ϑ + 1)ς

n

2

+
1

n0
E[Mε

ϑ ] +
1

n0
E[Mε

ϑ ] · ϑ · log(2ς)

+
1

n0

4ϖ→2∑

u=1

E[Mε
ϑ+u]

(ϑ + u)

u
+ µ↼

ϖ
. (45)

We now relate the ϖ1-risk of the WingIt estimator to its MSE for each value of ϑ. We have

E|Mε
ϑ (X

n)⇐ M̂WingIt,ϑ(ς)|
(i)
↘


E|Mε

ϑ (X
n)⇐ M̂WingIt,ϑ(ς)|2

(ii)

↭

√

(ϑ + 1)ς

n

2

+
1

n0
E[Mε

ϑ ] +
1

n0
E[Mε

ϑ ] · ϑ · log(2ς) +
1

n0

4ϖ→2∑

u=1

E[Mε
ϑ+u]

(ϑ + u)

u
+ µ↼ϖ

↭ (ϑ + 1)ς

n
+


1

n0
E[Mε

ϑ ] +


E[Mε

ϑ ] · ϑ · log(2ς)
n0

+

√ 1

n0

4ϖ→2∑

u=1

E[Mε
ϑ+u]

(ϑ + u)

u
+
↑
µ↼ϖ . (46)

where step (i) follows from Jensen’s inequality and step (ii) follows from Eq. (45). Selecting ς ⇓
tmix(n→2) yields the statement of Proposition 2.

It remains to prove Lemmas 4, 5 and 6, which we do next.

6.5.1 Proof of Lemma 4

The proof of this lemma is analogous to the proof of Lemma 1 in Pananjady et al. (2024). Define,
for convenience,

Qj,k := EY [Qj,k] = EY

[
I
{
NY (XHj⇐Hk) = ϑ

}
⇐ I {NY (XHk) = ϑ}

]
.

Note that by auxiliary Lemma 9, we have

Qj,k ↘ EY

[
I

Y ↔ XHk\Hj


· I

{
NY (XHj⇐Hk) = ϑ

}]
↘ 1.

We then have the decomposition

ZjZk

=
(
I
{
NX2ωj (XHj ) = ϑ

}
⇐ EY [I

{
NY (XHj→Hk) = ϑ

}
] +Qk,j

)
·

(
I {NX2ωk(XHk) = ϑ}⇐ EY → [I

{
NY →(XHj→Hk) = ϑ

}
] +Qj,k

)

↘
(
I
{
NX2ωj (XHj ) = ϑ

}
⇐ EY [I

{
NY (XHj→Hk) = ϑ

}
]
)
·
(
I {NX2ωk(XHk) = ϑ}⇐ EY → [I

{
NY →(XHj→Hk) = ϑ

}
]
)

+Qj,k +Qk,j +Qj,k ·Qk,j

↘
(
I
{
NX2ωj (XHj ) = ϑ

}
⇐ EY [I

{
NY (XHj→Hk) = ϑ

}
]
)
·
(
I {NX2ωk(XHk) = ϑ}⇐ EY → [I

{
NY →(XHj→Hk) = ϑ

}
]
)

︸ ︷︷ ︸
Uj,k

+ |Qj,k|+ |Qk,j |+ |Qj,k| · |Qk,j |
(i)
↘ U

↑

j,k +
3

2
(|Qj,k|+ |Qk,j |),
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where Y
↘ ⇒ ε is an independent copy of Y . Above, step (i) follows due to the following algebraic

inequalities: Since each |Qj,k| ↔ [0, 1], we have |Qj,k| · |Qk,j | ↘

|Qj,k| · |Qk,j | ↘ 1

2(|Qj,k|+ |Qk,j |).
Taking the expectation with respect to the sequence X

n, we have

EXn [ZjZk] ↘ EXn [Uj,k] +
3

2
EXn [(|Qj,k|+ |Qk,j |)].

Now we establish that EXn [Uj,k] ↘ 5
2EXn [|Qj,k|] + 5

2EXn [|Qk,j |] + 12µ↼ϖ . We have the further
decomposition

EXn [Uj,k]

= E[I
{
NX2ωj (XHj ) = ϑ

}
· I {NX2ωk(XHk) = ϑ}]

︸ ︷︷ ︸
U1

⇐EXn

[
I
{
NX2ωj (XHj ) = ϑ

}
· EY → [I

{
NY →(XHj→Hk) = ϑ

}
]
]

︸ ︷︷ ︸
U2

⇐ EXn

[
I {NX2ωk(XHk) = ϑ} · EY [I

{
NY (XHj→Hk) = ϑ

}
]
]

︸ ︷︷ ︸
U3

+ EXn

[
EY [I

{
NY (XHj→Hk) = ϑ

}
] · EY → [I

{
NY →(XHj→Hk) = ϑ

}
]
]

︸ ︷︷ ︸
U4

. (47)

We now bound each of the above terms in turn. First, we bound U1 as

U1 = E[I
{
NX2ϖj (XHj ) = ϑ

}
· I {NX2ϖk(XHk) = ϑ}]

(i)
↘ E[I

{
NY (XHj ) = ϑ

}
· I {NY ↑(XHk) = ϑ}] + 6µ↼ϖ

= E
[
EY

[
I
{
NY (XHj⇐Hk) = ϑ

}
⇐Qk,j

]
· EY ↑

[
I
{
NY ↑(XHj⇐Hk) = ϑ

}
⇐Qj,k

]]
+ 6µ↼ϖ

(ii)
↘ E

[(
EY

[
I
{
NY (XHj⇐Hk) = ϑ

}]
⇐Qk,j

)
·
(
EY ↑

[
I
{
NY ↑(XHj⇐Hk) = ϑ

}]
⇐Qj,k

)]
+ 6µ↼ϖ

= E
[
EY ↑

[
I
{
NY ↑(XHj⇐Hk) = ϑ

}]
· EY

[
I
{
NY (XHj⇐Hk) = ϑ

}]]
+ E

[
Qj,k ·Qj,k

]

⇐ E
[
Qj,kEY [I

{
NY (XHj⇐Hk) = ϑ

}
]
]
⇐ E

[
Qk,jEY ↑ [I

{
NY ↑(XHj⇐Hk) = ϑ

}
]
]
+ 6µ↼ϖ , (48)

where step (i) uses Lemma 12 from the appendix (applied with i1 = 2ς min{j, k}, i2 = 2ς max{j, k},
and noting that i2 ⇐ i1 ⇓ 2ς as j 7= k), and step (ii) follows because Y and Y

↘ are independent of
everything else.

Proceeding to the next term, note that U2 may be viewed as the expectation over Xn of

f(X2jϖ ;XHj ) := I
{
NX2ϖj (XHj ) = ϑ

}
· EY [I

{
NY (XHk⇐Hj ) = ϑ

}
],

which is bounded in the range [0, 1]. We may now apply Lemma 11 from the appendix (for the
choice i = 2ςj) to obtain |E[f(X2ϖj ;XHj )]⇐ E[f(Y ↘;XHj )]| ↘ 3µ↼ϖ . Thus, we have

U2 ⇓ EXn

[
EY ↑ [I

{
NY ↑(XHj ) = ϑ

}
] · EY [I

{
NY (XHj⇐Hk) = ϑ

}
]
]
⇐ 3µ↼ϖ

⇓ EXn

[
EY ↑ [I

{
NY ↑(XHj⇐Hk) = ϑ

}
] · EY [I

{
NY (XHj⇐Hk) = ϑ

}
]
]
⇐ EXn [Qk,j ]⇐ 3µ↼ϖ . (49)

By an identical argument to the above, we have

U3 ⇓ EXn

[
EY ↑ [I

{
NY ↑(XHj⇐Hk) = ϑ

}
] · EY [I

{
NY (XHj⇐Hk) = ϑ

}
]
]
⇐ EXn [Qj,k]⇐ 3µ↼ϖ . (50)
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Putting Ineqs. (48), (49) and (50) together with the definition of U ↘

4 and performing the requisite
cancellations, we have

E[U ↘

j,k] ↘ (U ↘

1 ⇐ U
↘

2) + (⇐U
↘

3 + U
↘

4)

↘ EXn

[
Qj,k ·Qj,k

]
⇐ EXn

[
Qj,kEY [I

{
NY (XHj⇐Hk) = ϑ

}
]
]
⇐ EXn

[
Qk,jEY ↑ [I

{
NY ↑(XHj⇐Hk) = ϑ

}
]
]

+ EXn [Qj,k] + EXn [Qk,j ] + 12µ↼ϖ

(i)
↘ EXn

[
|Qj,k| · |Qj,k|

]
+ EXn

[
|Qj,k|

]
+ EXn

[
|Qk,j |

]
+ EXn [|Qj,k|] + EXn [|Qk,j |] + 12µ↼ϖ

(ii)
↘ 5

2
EXn [|Qj,k|] +

5

2
EXn [|Qj,k|] + 12µ↼ϖ ,

where step (i) follows by taking the absolute value and using the triangle inequality and step (ii)
follows due to the following algebraic inequalities: Since each |Qj,k| ↔ [0, 1], we have |Qj,k| · |Qk,j | ↘
|Qj,k| · |Qk,j | ↘ 1

2(|Qj,k| + |Qk,j |). Substituting the bound for E[Uj,k] completes the proof of

Lemma 4.

6.5.2 Proof of Lemma 5

From Eq. (42), we have

RY =
n0∑

j=1

n0∑

k=1
k ⇓=j

I
{
Y ↔ XBj

}
· I {NY (XHk) = ϑ}

︸ ︷︷ ︸
A1

+
n0∑

j=1

n0∑

k=1
k ⇓=j

I
{
Y ↔ XBj

}
· I

{
NY (XHj⇐Hk) = ϑ

}

︸ ︷︷ ︸
A2

.

First, we show an upper bound on A1. It is convenient to introduce variables u and v that count
the number of occurrences of Y in Bj and, Bk respectively. Then, we have

A1 =
n0∑

j=1

n0∑

k=1
k ⇓=j

I
{
Y ↔ XBj

}
· I {NY (XHk) = ϑ}

=
n0∑

j=1

n0∑

k=1
k ⇓=j

2ϖ→1∑

u=1

I
{
NY (XBj ) = u

}
· I

{
NY (XHj⇐Hk) = ϑ ⇐ u

}

=
n0∑

j=1

n0∑

k=1
k ⇓=j

2ϖ→1∑

u=1

2ϖ→1∑

v=0

I
{
NY (XBj ) = u

}
· I {NY (XBk) = v} · I

{
NY (XHj⇐Hk) = ϑ ⇐ u

}
.

Next, we note that NY = NY (XBj ) + NY (XBk) + NY (XHj⇐Hk). Using this along with a union
bound over indicator random variables, we obtain

A1 ↘
n0∑

j=1

n0∑

k=1
k ⇓=j

2ϖ→1∑

u=1

2ϖ→1∑

v=0

I {NY = ϑ + v} · I
{
NY (XBj ▽XBk) = u+ v

}
· I

{
NY (XHj⇐Hk) = ϑ ⇐ u

}
.
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In order to obtain the final bound, we need to separate the indicator random variable overXBj▽XBk

into indicators over XBj and XBk for each value of u, v ↔ [2ς ⇐ 1]. Again applying a union bound
over indicator random variables, we have

n0∑

j=1

n0∑

k=1
k ⇓=j

I
{
NY (XBj ▽XBk) = u+ v

}
· I {NY = ϑ + v}

↘
n0∑

j=1

n0∑

k=1
k ⇓=j

(
I
{
NY (XBj ) ⇓ (u+ v)/2

}
+ I {NY (XBk) ⇓ (u+ v)/2}

)
· I {NY = ϑ + v}

= 2
n0∑

j=1

n0∑

k=1
k ⇓=j

I
{
NY (XBj ) ⇓ (u+ v)/2

}
· I {NY = ϑ + v}. (51)

Substituting Eq. (51) in the bound for A1, we obtain

A1 ↘ 2
n0∑

j=1

n0∑

k=1
k ⇓=j

2ϖ→1∑

u=1

2ϖ→1∑

v=0

I {NY = ϑ + v} · I
{
NY (XBj ) ⇓ (u+ v)/2

}
· I

{
NY (XHj⇐Hk) = ϑ ⇐ u

}
.

In order to proceed further, we need to handle the cases for v = 0 and v > 0 slightly di!erently. In
particular, we have

A1 ↘ 2
n0∑

j=1

n0∑

k=1
k ⇓=j

2ϖ→1∑

u=1

2ϖ→1∑

v=1

I {NY = ϑ + v} · I
{
NY (XBj ) ⇓ (u+ v)/2

}
· I

{
NY (XHj⇐Hk) = ϑ ⇐ u

}

︸ ︷︷ ︸
A

(1)
1

+ 2
n0∑

j=1

n0∑

k=1
k ⇓=j

2ϖ→1∑

u=1

I {NY = ϑ} · I
{
NY (XBj ) ⇓ u/2

}
· I

{
NY (XHj⇐Hk) = ϑ ⇐ u

}

︸ ︷︷ ︸
A

(2)
1

.

We bound the terms A(1)
1 and A

(2)
1 separately. Beginning with the term A

(1)
1 , we have

A
(1)
1 = 2

n0∑

j=1

n0∑

k=1
k ⇓=j

2ϖ→1∑

u=1

2ϖ→1∑

v=1

I {NY = ϑ + v} · I
{
NY (XBj ) ⇓ (u+ v)/2

}
· I

{
NY (XHj⇐Hk) = ϑ ⇐ u

}

(i)
↘ 2

n0∑

j=1

n0∑

k=1
k ⇓=j

2ϖ→1∑

u=1

2ϖ→1∑

v=1

I {NY = ϑ + v} · I
{
NY (XBj ) ⇓ v/2

}
· I

{
NY (XHj⇐Hk) = ϑ ⇐ u

}

(ii)
= 2

n0∑

j=1

n0∑

k=1
k ⇓=j

2ϖ→1∑

v=1

I {NY = ϑ + v} · I
{
NY (XBj ) ⇓ v/2

}
·
2ϖ→1∑

u=1

I
{
NY (XHj⇐Hk) = ϑ ⇐ u

}
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Above, step (i) follows because we have I
{
NY (XBj ) ⇓ (u+ v)/2

}
↘ I

{
NY (XBj ) ⇓ v/2

}
, and step

(ii) follows by again separating the summation over the cases u = 0 and u > 0. Using the fact that∑2ϖ→1
u=1 I

{
NY (XHj⇐Hk) = ϑ ⇐ u

}
↘ 1, we then obtain

A
(1)
1 ↘ 2

n0∑

j=1

n0∑

k=1
k ⇓=j

2ϖ→1∑

v=1

I {NY = ϑ + v} · I
{
NY (XBj ) ⇓ v/2

}

(i)
↘ 4n0

2ϖ→1∑

v=1

I {NY = ϑ + v} · ϑ + v

v
.

Above, step (i) follows because

2
n0∑

j=1

n0∑

k=1
k ⇓=j

I
{
NY (XBj ) ⇓ v/2

}
· I {NY = ϑ + v} ↘ 4n0 ·

(ϑ + v) · I {NY = ϑ + v}
v

. (52)

The inequality follows because under the condition I {NY = ϑ + v} and for a fixed j ↔ [n0], at most
NY
v/2 = ϑ+v

v/2 blocks can have at least v/2 occurrences of Y for any Y ↔ X . Thus, the inner summation

over k is bounded by (ϑ+v)I{NY =ϑ+v}
v/2 . Completing the outer summation over j yields the desired

statement.
Next, we will bound the term A

(2)
1 which turns out to follow a similar but slightly simpler

argument. Using the fact that I
{
NY (XHj⇐Hk) = ϑ ⇐ u

}
↘ 1, we obtain

A
(2)
1 ↘ 2

2ϖ→1∑

u=1

n0∑

j=1

n0∑

k=1
k ⇓=j

I {NY = ϑ} · I
{
NY (XBj ) ⇓ u/2

}

(i)
↘ 4n0 ·

2ϖ→1∑

u=1

I {NY = ϑ} · ϑ
u
↘ 4n0 · ϑ · I {NY = ϑ} · log(2ς).

Above, step (i) follows from Eq. (52) and then using the fact that
∑2ϖ→1

u=1 1/u ↘ log(2ς). Combining

the bounds for A(1)
1 and A

(2)
1 yields

A1 ↘ 4n0 · ϑ · I {NY = ϑ} · log(2ς) + 4n0

2ϖ→1∑

v=1

I {NY = ϑ + v} · ϑ + v

v
.

Next, we will show the upper bound on A2 through a similar argument. Fixing two indices j < k ↔
[n0] and using the union bound over indicators, we have

I
{
Y ↔ XBj

}
· I

{
NY (XHj⇐Hk) = ϑ

}
+ I {Y ↔ XBk} · I

{
NY (XHj⇐Hk) = ϑ

}

(i)
↘ 2 · I

{
Y ↔ XBj ▽XBk

}
· I

{
NY (XHj⇐Hk) = ϑ

}

(ii)
= 2

2(2ϖ→1)∑

u=1

I
{
NY (XBj ▽XBk) = u

}
· I

{
NY (XHj⇐Hk) = ϑ

}

= 2
4ϖ→2∑

u=1

I {NY = ϑ + u} · I
{
NY (XBj ▽XBk) = u

}
,
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where step (i) follows from the union bound and step (ii) follows by introducing the summation
over u which counts the number of occurrences of Y in XBj ▽XBk . Consequently, from the above
statement, we have

A2 ↘ 2
n0∑

j=1

n0∑

k=1
k ⇓=j

4ϖ→2∑

u=1

I {NY = ϑ + u} · I
{
NY (XBj ▽XBk) = u

}

= 2
4ϖ→2∑

u=1

I {NY = ϑ + u} ·
n0∑

j=1

n0∑

k=1
k ⇓=j

I
{
NY (XBj ▽XBk) = u

}

(i)
↘ 8n0

4ϖ→2∑

u=1

I {NY = ϑ + u} · (ϑ + u)

u
.

Above, step (i) holds using the steps similar to the ones used to obtain Eq. (51) and Ineq (52).
This completes the proof of the upper bound on A2.

Combining the bounds for A1 and A2 completes the proof of the lemma.

6.5.3 Proof of Lemma 6

This lemma is proved in a manner similar to the proof of Lemma 5, but the argument is much
simpler. We introduce the variable u which counts the number of occurrences of Y in XBj . Then,
we have

n0∑

j=1

I
{
NY (XHj ) = ϑ

}
=

n0∑

j=1

2ϖ→1∑

u=0

I
{
NY (XBj ) = u

}
· I

{
NY (XHj ) = ϑ

}

=
n0∑

j=1

2ϖ→1∑

u=0

I {NY = ϑ + u} · I
{
NY (XBj ) = u

}

As in the proof of Lemma 5, we handle the cases for u = 0 and u > 0 slightly di!erently. We have

n0∑

j=1

I
{
NY (XHj ) = ϑ

}
=

2ϖ→1∑

u=1

I {NY = ϑ + u} ·
n0∑

j=1

I
{
NY (XBj ) = u

}
+ I {NY = ϑ} ·

n0∑

j=1

I
{
NY (XBj ) = 0

}

(i)
↘

2ϖ→1∑

u=1

I {NY = ϑ + u} · ϑ + u

u
+ n0 · I {NY = ϑ},

where step (i) follows because under the condition NY = ϑ + u, at most NY
u = ϑ+u

u blocks can have
exactly u occurrences of Y . This completes the proof of the lemma.

7 Discussion

We have provided a flexible estimator and analysis of the vector of count probabilitiesMε(Xn) (and
therefore, stationary distribution estimation) of any stationary exponentially ω-mixing stochastic
process. An explicit construction for the IID case (Acharya et al., 2013) reveals that our estimation
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error rate is sharp in its dependence on n; we conjecture that the dependence on tmix is tight for
our estimator, but showing this remains open. While we have obtained high-probability bounds
on the error of the plug-in estimator, our bounds on the WingIt are in expectation — obtaining
corresponding high-probability bounds would be an interesting follow-up problem. Finally, our
approach heavily uses the fact that TV decomposes as an ϖ1 norm of frequency-by-frequency errors;
obtaining corresponding analysis for the KL-divergence is an intriguing direction for future work.

More broadly, we believe that the de-correlation devices introduced through our design and
analysis of the WingIt and plug-in estimators for sequences of random variables may find appli-
cations in related problems, such as stochastic optimization (Mou et al., 2024; Li et al., 2023),
uncertainty quantification with dependent data (Xu and Xie, 2023; Agrawal and Maguluri, 2024),
and property testing problems for stochastic processes (Beran, 1992; Kalai and Vempala, 2024).
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A Auxiliary technical lemmas

In this appendix, we collect some auxiliary technical lemmas required in our main proofs.
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A.1 Lemmas related to the TV distance

The following lemma relates the TV distance of two natural estimators/distributions to the TV
distance between their count probability masses.

Lemma 7. Let us denote by R1 and R2 any two natural distributions over X . For a given sequence

X
n
, denote their vector of count probability masses as M1 and M2 respectively. Then, we have

dTV(R1, R2) = dTV(M1,M2).

Proof. We have

dTV(R1, R2) =
1

2

∑

x↑X

|R1(x)⇐R2(x)|

(i)
=

1

2

∑

x↑X

n∑

u=0

I {Nx = u}|Mu,1 ⇐Mu,2|
ϱu

=
1

2

n∑

u=0

∑

x↑X

I {Nx = u}|Mu,1 ⇐Mu,2|
ϱu

=
1

2

n∑

u=0

|Mu,1 ⇐Mu,2| = dTV(M1,M2),

where step (i) uses fact that both R1 and R2 are natural distributions. This completes the proof
of the lemma.

The following lemma relates the total variation (TV) distance between the normalized and
unnormalized versions of the vector of count probabilities for our estimator from M

ε. This result
allows us to simplify our analysis by exclusively working with the unnormalized estimator in all
our proofs.

Lemma 8. Let M̂
u
denote a vector of nonnegative entries indexed by ϑ = {0, 1, . . . , n}, and define

⇀ :=
∑n

ϑ=0 M̂
u
ϑ > 0. Define the normalized estimator M̂ = M̂

u
/⇀ as a vector on the simplex

#({0, 1, . . . , n}). Let M
ε
be the vector of count probability masses of the stationary distribution ε.

Then the following holds:

dTV(M̂,M
ε) ↘ ∋M̂u ⇐M

ε∋1.

Proof. Using the definition ⇀ :=
∑n

ϑ=0 M̂
u
ϑ , we have

dTV(M̂,M
ε) =

1

2

n∑

ϑ=0

M̂ϑ ⇐M
ε
ϑ



=
1

2

n∑

ϑ=0


M̂

u
ϑ

⇀
⇐ M̂

u
ϑ + M̂

u
ϑ ⇐M

ε
ϑ



↘ 1

2

n∑

ϑ=0

M̂
u
ϑ


1

⇀
⇐ 1

+
1

2

n∑

ϑ=0

M̂u
ϑ ⇐M

ε
ϑ



=
|⇀ ⇐ 1|

2
+

1

2
∋M̂u ⇐M

ε∋1.
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It remains to bound the term |⇀ ⇐ 1|, which we do below:

|⇀ ⇐ 1| =



n∑

ϑ=0

(M̂u
ϑ ⇐M

ε
ϑ )


↘

n∑

ϑ=0

|M̂u
ϑ ⇐M

ε
ϑ | = ∋M̂u ⇐M

ε∋1.

Putting together the pieces completes the proof.

A.2 Lemmas concerning indicator random variables

In this section, we state and prove two simple lemmas concerning indicator random variables.

Lemma 9. For any symbol x ↔ X , let Qj,k be defined as in Eq. (41). Then, we have

Qj,k ↘ I

x ↔ XHk\Hj


· I

{
Nx(XHj⇐Hk) = ϑ

}

= I
{
x ↔ XBj

}
· I

{
Nx(XHj⇐Hk) = ϑ

}
.

Proof. The only case when this inequality can be violated is when Qj,k = 1 and I
{
x ↔ XBj

}
·

I
{
Nx(XHj⇐Hk) = ϑ

}
= 0. In every other case the inequality is satisfied since Qj,k ↔ {⇐1, 0, 1}

and I
{
x ↔ XBj

}
· I

{
Nx(XHj⇐Hk) = ϑ

}
↔ {0, 1}. Let us thus analyze the case when the equality is

violated and show that this cannot happen. Note that Qj,k = 1 implies

Nx(XHj⇐Hk) = ϑ and Nx(XHk) 7= ϑ.

We can write the set XHk as the union of the disjoint sets XHj⇐Hk and XBj . Thus, we have

Nx(XHk) = Nx(XHj⇐Hk) +Nx(XBj ) = ϑ +Nx(XBj ).

Since Nx(XHj⇐Hk) = ϑ and Nx(XHk) 7= ϑ, we can be sure that the symbol x ↔ XBj . This implies
that I

{
x ↔ XBj

}
· I

{
NY (XHj⇐Hk) = ϑ

}
= 1. Hence, the inequality given in the statement of the

lemma is always satisfied.

Lemma 10. For any fixed symbol x ↔ X , let Qj,k be defined as in Eq. (41). Then, we have

|Qj,k| ↘ I
{
x ↔ XBj

}
·
(
I {Nx(XHk) = ϑ}+ I

{
Nx(XHj⇐Hk) = ϑ

})
.

Proof. From Lemma 9, we have

Qj,k ↘ I
{
x ↔ XBj

}
· I

{
Nx(XHj⇐Hk) = ϑ

}
.

Thus, Qj,k ⇓ 0 implies that |Qj,k| = Qj,k. In this case, Lemma 9 yields

|Qj,k| = Qj,k ↘ I
{
x ↔ XBj

}
· I

{
Nx(XHj⇐Hk) = ϑ

}

↘ I
{
x ↔ XBj

}
·
(
I {Nx(XHk) = ϑ}+ I

{
Nx(XHj⇐Hk) = ϑ

})
.

The only case left to analyze is when Qj,k = ⇐1. This implies that

Nx(XHj⇐Hk) 7= ϑ and Nx(XHk) = ϑ.

This clearly implies that the symbol x ↔ XBj . In this case, we have |Qj,k| = 1 and I
{
x ↔ XBj

}
·(

I {Nx(XHk) = ϑ}+ I
{
Nx(XHj⇐Hk) = ϑ

})
= 1. This completes the proof of the lemma.
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A.3 Surrogate Process Lemmas

We now state and prove a series of lemmas that relate the original stochastic process, or sub-process,
to surrogate stochastic processes in which certain parts of the process are replaced by independent
copies of random variables drawn from the stationary distribution.

Lemma 11. For each i ↔ [n], define the stochastic processes

Zi = (X1, X2, . . . , Xi→ϖ , Xi, Xi+ϖ , Xi+ϖ+1, . . . , Xn),

Z
↘

i = (X1, X2, . . . , Xi→ϖ , X
↘

i, Xi+ϖ , Xi+ϖ+1, . . . , Xn),

where X
↘

i ⇒ ε is drawn independently of everything else. Suppose the stationary stochastic process

Xt is exponentially ω-mixing with parameters µ and ↼ (see Eq. (1b)). Then, we have dTV(Zi, Z
↘

i) ↘
3µ · ↼ϖ .

Consequently, for any function f with range [0, 1], we have

|E[f(Zi)⇐ f(Z ↘

i)]| ↘ 3µ · ↼ϖ .

Proof. We prove the bound on total variation, noting that the consequence for bounded functions
follows as an immediate corollary. We have

dTV(Zi, Z
↘

i)

= sup
S1,...,Sn⇔X

P(X1 ↔ S1, . . . , Xi→ϖ ↔ Si→ϖ , Xi ↔ Si, Xi+ϖ ↔ Si+ϖ , . . . , Xn ↔ Sn)

⇐ P(X1 ↔ S1, . . . , Xi→ϖ ↔ Si→ϖ , X
↘

i ↔ Si, Xi+ϖ ↔ Si+ϖ , . . . , Xn ↔ Sn)


(i)
= sup

S1,...,Sn⇔X

P(X1 ↔ S1, . . . , Xi→ϖ ↔ Si→ϖ , Xi ↔ Si, Xi+ϖ ↔ Si+ϖ , . . . , Xn ↔ Sn)

⇐ P(X1 ↔ S1, . . . , Xi→ϖ ↔ Si→ϖ )P(Xi ↔ Si, Xi+ϖ ↔ Si+ϖ , . . . , Xn ↔ Sn)

+ P(X1 ↔ S1, . . . , Xi→ϖ ↔ Si→ϖ )P(Xi ↔ Si, Xi+ϖ ↔ Si+ϖ , . . . , Xn ↔ Sn)

⇐ P(Xi ↔ Si)P(X1 ↔ S1, . . . , Xi→ϖ ↔ Si→ϖ , Xi+ϖ ↔ Si+ϖ , . . . , Xn = Sn)


(ii)
↘ ω(ς) + sup

S1,...,Sn⇔X

P(X1 ↔ S1, . . . , Xi→ϖ ↔ Si→ϖ )P(Xi ↔ Si, Xi+ϖ ↔ Si+ϖ , . . . , Xn ↔ Sn)

⇐ P(X1 ↔ S1, . . . , Xi→ϖ ↔ Si→ϖ )P(Xi ↔ Si)P(Xi+ϖ ↔ Si+ϖ , . . . , Xn ↔ Sn)

+ P(X1 ↔ S1, . . . , Xi→ϖ ↔ Si→ϖ )P(Xi ↔ Si)P(Xi+ϖ ↔ Si+ϖ , . . . , Xn ↔ Sn)

⇐ P(Xi ↔ Si)P(X1 ↔ S1, . . . , Xi→ϖ ↔ Si→ϖ , Xi+ϖ ↔ Si+ϖ , . . . , Xn ↔ Sn)


(iii)
↘ 2ω(ς) + sup

S1,...,Sn⇔X

P(Xi ↔ Si)
P(X1 ↔ S1, . . . , Xi→ϖ ↔ Si→ϖ )P(Xi+ϖ ↔ Si+ϖ , . . . , Xn ↔ Sn)

⇐ P(X1 ↔ S1, . . . , Xi→ϖ ↔ Si→ϖ , Xi+ϖ ↔ Si+ϖ , . . . , Xn ↔ Sn)


↘ 2ω(ς) + ω(2ς) ↘ 3µ · ↼ϖ ,

where (i) follows from independence and adding and subtracting the same term, and (ii) and (iii)
follow from triangle inequality and the definition of the ω-mixing coe”cient. This completes the
proof of the lemma.
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Lemma 12. For each i1 < i2 ↔ [n] with i2 ⇐ i1 ⇓ 2ς , define the stochastic sub-processes

Zi1,i2 = (X1, X2, . . . , Xi1→ϖ , Xi1 , Xi1+ϖ , . . . , Xi2→ϖ , Xi2 , Xi2+ϖ , . . . , Xn),

Z
↘

i1,i2 = (X1, X2, . . . , Xi1→ϖ , X
↘

i1 , Xi1+ϖ , . . . , Xi2→ϖ , X
↘

i2 , Xi2+ϖ , . . . , Xn),

where X
↘

i1 , X
↘

i2 ⇒ ε are drawn independently of each other and of everything else. Suppose the

stationary stochastic process Xt is exponentially ω-mixing with parameters µ and ↼ (see Eq. (1b)).
Then, we have dTV(Zi1,i2 , Z

↘

i1,i2) ↘ 6µ · ↼ϖ .
Consequently, for any function f with range [0, 1], we have

|E[f(Zi1,i2)⇐ f(Z ↘

i1,i2)]| ↘ 6µ · ↼ϖ .

Proof. We prove the bound on total variation, noting that the consequence for bounded functions
follows as an immediate corollary. The steps to bound the total variation are similar to the proof
of Lemma 11. Define the following intermediate process:

Z̃ = (X1, X2, . . . , Xi1→ϖ , X
↘

i1 , Xi1+ϖ , . . . , Xi2→ϖ , Xi2 , Xi2+ϖ , . . . , Xn).

Applying the triangle inequality, we have

dTV(Zi1,i2 , Z
↘

i1,i2) ↘ dTV(Zi1,i2 , Z̃) + dTV(Z̃, Z
↘

i1,i2)
(i)
↘ 6µ · ↼ϖ ,

where step (i) follows from Lemma 11. This completes the proof of the lemma.

Lemma 13. Let n0 = n/ς . For each j ↔ [n0], define the stochastic process (X ↘

k)k↑Djϖ as a |Djϖ |-
length sequence and initial state sampled from the distribution ε and independently of everything

else. Thus, the tuple (X ↘

1, . . . , X
↘
ϖ ) is independent of everything else, and according to the law of

(X1, . . . , Xϖ ). Similarly, choose the blocks (X ↘

ϖ+1, . . . , X
↘

2ϖ ), · · · , (X ↘

n→ϖ+1, . . . , X
↘
n) i.i.d. from the

same distribution. We also assume the stationary stochastic process Xt is exponentially ω-mixing

with parameters µ and ↼ (see Eq. (1b)). Now, define the stochastic processes

Wj =
⊕

ϱ↑Sj

XBϑ and

W
↘

j =
⊕

ϱ↑Sj

X
↘

Bϑ

where we define Sj = {ϖ ↔ [n0] : |ϖ⇐ j| mod 2 ∃ 0}. Then, we have dTV(Wj ,W
↘

j) ↘ n0 · µ · ↼ϖ .
Consequently, for any function f having range [0, 1], we have

|E[f(Wj)⇐ f(W ↘

j)]| ↘ n0 · µ · ↼ϖ .

Proof. We prove the bound on total variation, noting that the consequence for bounded functions
follows as an immediate corollary. Denote s = |Sj | as shorthand and index the elements of Sj as
ϖ1, . . . , ϖs. Fix j and, for each k = 0, 1, . . . s, define the auxiliary stochastic process

W̃
(k)
j =

 k⊕

k↑=1

XBϑk↑

⊕ s⊕

k↑=k+1

X
↘

Bϑk↑


.
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noting that W̃ (s)
j = Wj and W̃

(0)
j = W

↘

j . Then by the triangle inequality, we have

dTV(Wj ,W
↘

j) ↘
s→1∑

k=0

dTV(W̃
(k)
j , W̃

(k+1)
j ).

We now claim that

dTV(W̃
(k)
j , W̃

(k+1)
j ) ↘ µ · ↼ϖ for all k = 0, 1, . . . ,m⇐ 1. (53)

Since s = |Sj | ↘ n0, this claim immediately yields the desired result. To prove claim (53), we note
that

dTV(W̃
(k)
j , W̃

(k+1)
j )

= sup
S1,...,Ss⇔X

|P(XBϑ1
↔ S1, . . . , XBϑk

↔ Sk, X
↘

Bϑk+1
↔ Sk+1, . . . , X

↘

Bϑs
↔ Ss)

⇐ P(XBϑ1
↔ S1, . . . , XBϑk

↔ Sk, XBϑk+1
↔ Sk+1, X

↘

Bϑk+2
↔ Sk+2, . . . , X

↘

Bϑs
↔ Ss)|

(i)
= sup

S1,...,Ss⇔X

|P(XBϑ1
↔ S1, . . . , XBϑk

↔ Sk)P(X ↘

Bϑk+1
↔ Sk+1)P(X ↘

Bϑk+2
↔ Sk+2, . . . , X

↘

Bϑs
↔ Ss)

⇐ P(XBϑ1
↔ S1, . . . , XBϑk

↔ Sk, XBϑk+1
↔ Sk+1)P(X ↘

Bϑk+2
↔ Sk+2, . . . , X

↘

Bϑs
↔ Ss)|

↘ sup
S1,...,Ss⇔X

|P(XBϑ1
↔ S1, . . . , XBϑk

↔ Sk)P(XBϑk+1
↔ Sk+1)⇐ P(XBϑ1

↔ S1, . . . , XBϑk
↔ Sk, XBϑk+1

↔ Sk+1)|

(ii)
↘ µ · ↼ϖ ,

where step (i) follows from independence and step (ii) follows from the ω-mixing assumption. This
completes the proof of the lemma.
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