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Abstract

Consider a network of agents that all want to guess the correct value of some ground truth
state. In a sequential order, each agent makes its decision using a single private signal which has a
constant probability of error, as well as observations of actions from its network neighbors earlier
in the order. We are interested in enabling network-wide asymptotic truth learning – that in a
network of n agents, almost all agents make a correct prediction with probability approaching one
as n goes to infinity. In this paper we study both random orderings and carefully crafted decision
orders with respect to the graph topology as well as sufficient or necessary conditions for a graph
to support such a good ordering. We first show that on a sparse graph of average constant degree
with a random ordering asymptotic truth learning does not happen. We then show a rather
modest sufficient condition to enable asymptotic truth learning. With the help of this condition
we characterize graphs generated from the Erdös Rényi model and preferential attachment
model. In an Erdös Rényi graph, unless the graph is super sparse (with O(n) edges) or super
dense (nearly a complete graph), there exists a decision ordering that supports asymptotic truth
learning. Similarly, any preferential attachment network with a constant number of edges per
node can achieve asymptotic truth learning under a carefully designed ordering but not under
either a random ordering nor the arrival order. We also evaluated a variant of the decision
ordering on different network topologies and demonstrated clear effectiveness in improving truth
learning over random orderings.

1 Introduction

Decision making in a social setting is a natural problem that appears in many real world multi-agent
settings. In a security application scenario we have a network of agents making predictions on the
state of the network — is the network under attack and if so which type of attack? All agents can
collect local data and statistics and use it to make inferences. In addition, agents can also observe
the behaviors, announcements, predictions from neighboring agents in the network. Depending on
the particular application scenario, an agent may be able to share with neighboring agents some
raw data or even prediction models. In other settings, the agents may belong to different entities.
Due to privacy reasons they may not be able to share any data or model beyond their prediction of
the network state – a scenario that is considered here.
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Suppose there is an unknown ground truth state θ and a network of agents that all want to
guess the correct value of θ. Each agent can make a single private measurement which has a
constant probability to error. In addition, an agent can observe the actions/predictions of other
agents, who have already made their decisions. Intuitively an agent can make use of her own private
measurements as well as the actions of other agents to improve her chance of a correct prediction.
This is the setup in the classical sequential learning [GS16, MR14a]. The agents make decisions in
a given sequential order σ. The i-th agent has the knowledge of the decisions of all the previous
agents. The central question asks if the n-th agent in the sequence chooses the correct action with
probability approaching 1 as n goes to infinity, phrased as asymptotic learning.

Asymptotic learning does not happen in a sequential learning setting – due to a well known
inherent trap called herding or information cascade. An early (small) group of agents make a wrong
decision due to observation errors and misfortune, subsequent agents observing the decisions of the
early agents ignore their private signal or measurements, in favor of conforming to the actions of the
agents they observe [Ban92, BHW92, Wel92, SS00, Cha04]. This can happen with perfectly rational
agents and rigorous Bayesian analysis. When this happens, all agents make the wrong prediction
despite an abundant number of independent observations and signals in the network. In reality, we
indeed observe herding when a population makes seemingly irrational decisions following the crowd.

In this paper we consider sequential learning on a social network, i.e., the model used in [BAST20].
The agents still make decisions in a sequential order but an agent v can only see the actions of v’s
neighbors who have arrived earlier. In this case, the network topology limits the visibility (or in-
formation flow). Thus both the network topology and the agent ordering are crucial for successful
learning. Further, we are interested in enabling network-wide asymptotic truth learning – that in a
network of n agents, the average probability of all agents making a correct prediction approaches
one as n goes to infinity. Notice that this is a much stronger requirement than asymptotic learning
as we need not just the nth agent, rather, all but o(n) agents achieve asymptotic learning.

Enabling network-wide asymptotic learning is much less studied in the literature. One of the
main results in [BAST20] is to present one family of graphs that supports network wide asymptotic
learning, namely, the celebrity graphs: fully connected bipartite graphs of m celebrity nodes and n
normal nodes. Under a random ordering of agents on this network or under an adversarial ordering
(but the network topology is randomized), there will be roughly n/m normal nodes that arrive
before any celebrity nodes, termed the ‘guinea pigs’. These early normal nodes are independent
of each other and thus make independent decisions. Now, the first celebrity node is able to effec-
tively aggregate information from these independent decisions and arrive at a much more accurate
decision. With the Bayesian model, all remaining normal nodes can now effectively learn from this
‘knowledgeable’ celebrity node and thus essentially copy its decision. This leads to highly accurate
predictions for all remaining vertices. In this celebrity graph, in order for effective aggregation to
happen with high probability, we need n/m to be at least Ω(log n) at the first celebrity node. We
also need n/m to be sublinear o(n) – otherwise the network learning rate is dragged down by the
guinea pigs. This means that the network is actually very dense, with average degree polynomial
in the network size.

In this paper we are interested in the interplay of network topology and the arrival ordering
to enable asymptotic truth learning. We would investigate sufficient and necessary conditions on
whether there is a good ordering and if so present one, and what happens under a random ordering.
Our study will also provide insights or guidance on improving quality of learning in real-world
decision making processes.
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1.1 Our Contribution

Suppose there is a ground truth state θ ∈ {0, 1} and all agents aim to learn θ. Following a decision
order σ, a node v makes a single private observation which matches θ with a constant probability
q. v is also able to observe the decisions of neighbors that are earlier than v in order σ. To make
a decision, node v can use the Bayesian model, with all information available so far including the
decisions from neighbors, the network topology and the ordering σ. Computing the Bayesian state
can be intensive, considering the exponentially growing state space. Alternatively, v can use a
simple model such as majority rule on the decisions from neighbors and its private signal. Our goal
is to achieve network wide asymptotic truth learning – the average success probability of all agents
approaches 1 when the number of agents goes to infinity.

To support asymptotic truth learning, both the network topology and the ordering σ matter.
If the network is empty, clearly no asymptotic learning is possible – every agent makes decisions
using only local private measurements and thus has a constant error probability. If the network is
a complete graph, herding happens with a constant probability. Again we do not have asymptotic
truth learning. In the two examples, the ordering σ does not matter but in other graphs, the
ordering in which the agents make decisions is crucial. The success of truth learning depends on
the combination of a carefully crafted ordering tailored to the network topology, under a proper
inference model.
(i) Sparse graph with random ordering: no truth learning We first start with negative
results – when truth learning does not happen. First, when the network has an independent set of
size Ω(n), there is an ordering that does not support truth learning, under both the Bayesian model
and the majority rule model. Specifically, if these independent nodes are put first in the ordering,
they have to make independent decisions, using only private observations, leading to a learning rate
of q per node. Since this is a constant fraction of the entire network size, the network learning rate
is thus bounded away from 1 by a constant. Using this simple observation we can show that for any
network of constant average degree, there is an ordering for which truth learning does not happen.
In fact, a random ordering does not support truth learning.
(ii) A sufficient condition for truth learning in Bayesian model: Our positive result for
enabling truth learning starts from a sufficient condition that concerns both the network structure
and the decision ordering. Specifically if there is a vertex v with a set of neighbours S, |S| = ω(1),
that are independent of each other such that removing S will disconnect at most o(n) vertices from v,
then there is a decision ordering such that asymptotic truth learning is achieved under the Bayesian
model. The decision ordering will put S first before v and then select a decision ordering that
propagate the aggregated signal at v to the rest of the vertices. The agents in S is analogous to the
notion of guinea pigs, agents who make decisions solely based on their private signals [Smi91, Sgr02].
We show that a slightly super-constant number of such guinea pigs in the neighborhood of agent v,
allows v to learn a high quality signal – a signal which matches θ with probability approaching 1,
that can be effectively propagated to the entire network as long as connectivity to v is maintained.
(iii) Characterization of Erdös Rényi model and PA model. Using this sufficient condition
we provide characterization of asymptotic truth learning in the Erdös Rényi model – the classical
random graph model with each pair connected by the edge independently decided with probability
p. When p is too small, p = O(1/n), the graph is too sparse and has a constant fraction of isolated
nodes. Thus there is no decision ordering that supports asymptotic truth learning. When p is a
constant the graph has quadratically many edges such that any random ordering does not support
truth learning since herding happens. Further, when p is almost 1, with a gap of only O(nϵ)/n for
any 0 < ϵ < 1, one cannot even find an ordering tailored to the specific graph topology to prevent
herding. For any other value p we show that the sufficient condition is met and therefore a truth
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learning ordering exists.
We also analyze networks obtained from preferential attachment models. Notice that in the

preferential attachment (PA) network each newcomer selects k edges, typically with k being a
constant. Thus the network has constant average degree. A random ordering does not support
truth learning despite the existence of high degree vertices with the potential power of effectively
aggregating information. Further, if we follow the natural arrival order in the PA model, each node
knows k vertices earlier in the order. When k ≥ 2, herding happens with a constant probability and
again there is no truth learning. By using the sufficient condition and analysis of degree distribution
of vertices in a PA model, we show there is indeed a decision ordering in the PA graph that supports
asymptotic truth learning. In fact, the preferential attachment network has been considered as one
of the ‘good’ networks in the literature that supports truth learning [BAST20] — and now we know
it must be accompanied by a carefully selected decision ordering.
(iv) Enabling truth learning on sparse graphs. The sufficient condition requires at least one
node with degree ω(1). On a network of constant degree everywhere, a random ordering does not
work. Motivated by the negative results, we ask if there can be networks of constant degree that
does support truth learning with a particular vertex ordering. We first show that on a 2D grid
graph we can carefully choose a subtree of size O(log n) such that the root has a high quality signal.
Then we can propagate it to the rest of the network.

Further, we show that the butterfly network with a specific ordering of the vertices, does provide
network-wide truth learning. First, we consider a fully balanced binary tree with an ordering bottom
up along the tree. We can calculate the success rate of each node in the tree, which is monotonically
improved up the tree and approaches 1 at the root. The butterfly network is essentially packing
n fully balanced binary tree with shared vertices at the bottom layers. Again with a bottom up
ordering, the learning rate improves along each layer. The network wide learning rate is thus also
approaching 1 as the network size goes to infinity. This is the first example of a constant degree
network that supports truth learning without using the sufficient condition.
(iv) Simulation results with majority rule on real-world networks. We report experiments
using different network topologies including real world graphs and different decision orderings. Since
it is computationally expensive to run a full Bayesian model we used the majority rule in all our
experiments. We designed a decision ordering inspired by the sufficient condition, which effectively
improves truth learning quality over random decision orders.

1.2 Related Work

Learning in a social network is a well studied topic [GS16, MR14a], so we only review work that is
most relevant to this study, namely sequential learning with a social network structure. Almost all
prior work examine only asymptotic learning, i.e., the n-th agent has a success rate approaching 1
as n → ∞. Asymptotic learning occurs when the private signals are unbounded – when the success
probability of a private signal can be arbitrarily close to 1. When the private signals are bounded
(which is the parameter regime studied in this paper), asymptotic learning does not happen due to
information cascade [SS00].

To avoid information cascade one suggestion ([Smi91, Sgr02]) is to restrict social interaction
among the agents. In particular the agents early in the sequence, referred to as guinea pigs, are not
allowed to observe each other. The late decision makers therefore can infer a great deal from the
actions of the guinea pigs. [Sgr02] also formulated an optimization problem using a payoff model
to find the ideal number of guinea pigs. In this paper, the social network structure is fixed and
we are looking for a good decision ordering, if it exists. [ADLO11] also considers a fixed sequence
of n agents, but assume that edges in the social network follow a stochastic model. They make a
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distinction between expanding and non-expanding observations. A social network featuring non-
expanding observations describes a topology where the decisions of an infinite number of agents are
based on a finite set of excessively influential agents. Such a network precludes asymptotic learning
– as there is a positive probability that the excessively influential agents made the wrong decision
which was copied by the agents later in the sequence. In the positive direction, they show that
unbounded private signals and expanding observations are sufficient for asymptotic learning. A
number of other work use a similar setup with [ADLO11]. [MR14b] considered position uncertainty
and learning robustness. [AMF18] generalized a linear ordering to an m-dimensional lattice.

[ASS21] uses the same model as in [BAST20] and provides interesting insights on bounded
degree graphs. They pointed out that with a random decision order on a bounded degree graph, the
decision process enjoys locality – the decision of an agent is only influenced by other agents within
a certain distance. Further, they also investigated local learning requirement that supports the
successful learning of a particular agent, without high degree requirements for aggregation. Notice
that this result again does not give network-scale asymptotic truth learning.

2 Models and Problem Definition

Consider a network as an undirected graph G = (V,E) modeling the social network of |V | = n
agents. Let θ be the ground truth signal which is a Bernoulli variable with parameter 1

2 and is
unknown to the agents. Each agent makes a private noisy measurement of θ and, together with
observations of the predictions made by neighbours in G, try to guess the ground truth. Specifically,
each agent vi observes θ privately with a success probability q ∈ (12 , 1), which is a constant away
from 1. We represent the measurement by a Bernoulli random variable si. P{si = θ} = q. In the
literature this is called the bounded belief model [SS00, ADLO11]. For simplicity we use the same
probability q for every agent. The results can be extended to the case that every agent has an error
probability within (α, β) with 1/2 < α < β < 1.

Next, let σ be a permutation of V , which we call the decision order. In the order of σ, we let
each vi ∈ V decide on an action, ai ∈ {0, 1}, as a prediction of θ. To simplify notation, we will
assume that vi is the ith node in the order σ, i.e., the decision order is v1, v2, ...vn. If two vertices
vi, vj have an edge in G, we write vj ∼ vi. The set of neighbors of v in G is denoted by N(v). With
the decision order σ we define the neighbors of a node vi under σ as the set of neighboring nodes
that arrive before i, i.e., Nσ(vi) = {vj |vj ∼ vi, j < i}. When it is vi’s turn to take an action, vi can
use information from its own signal si as well as the published actions from nodes in Nσ(vi).

Here are two models that consider different information each agent uses to decide on its action.

• Global model/Bayesian model: Every agent vi has the knowledge of the global network topol-
ogy, the decision ordering σ of the vertices, its own private signal si, as well as the actions
taken by its neighbors Nσ(vi) that arrive before vi. With knowledge of the network topology,
a node uses a Bayesian model to fully utilize the actions of its neighbors in order to find
the optimal action. This model is accurate in describing the learning process in the network
setting. However, it is also computationally expensive and not practical to implement.

• Local model/majority rule model: Here, every agent vi has only knowledge of its private signal
si and the actions of its neighbors Nσ(vi). Without any other knowledge, the agent would
just match its action to the majority action of its neighbors Nσ(vi) and its own private signal.
This model is more suitable for a distributed setting, computationally much more friendly and
has been adopted in a number of prior work [BAST20, ST92, Lal04].
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We now define a learning network (G, q, σ) with a graph G, the observation success rate q and
a vertex decision order σ. The learning quality for an agent vi in the learning network (G, q, σ) is
the probability that its prediction is correct: ℓ(vi) = P(ai = θ). The learning quality for the entire
network G is the ratio of the expected number of agents that learn successfully in the network
following the decision order σ:

Lσ(G) =
1

|V |
E|{vi ∈ V : ai = θ}| = 1

|V |
∑
vi∈V

ℓ(vi).

These definitions follow from the setup in [BAST20] and [ASS21]. With these definitions, we can
define two new objectives. Let F be a family of graphs such that for any N ∈ N, there exists G ∈ F
with size at least N . We say that F achieves network-wide asymptotic truth learning if as n → ∞,
inf{Lσ(G) : |G| ≥ n,G ∈ F} → 1 with each Lσ(G) based on the optimal σ for that G. We say that
F achieves network-wide asymptotic random truth learning if in addition σ is a random permutation
on G. In future discussions, we can shorten to asymptotic (truth) learning and asymptotic random
(truth) learning for brevity. Clearly asymptotic random learning implies asymptotic learning. The
goal of this work is to examine both of these objectives.

3 Challenges of Asymptotic Truth Learning

Before analyzing specific graph models and decision orders that enable truth learning, we first look
at topologies and orderings under which truth learning does not happen. We start with two cases
that are well-known in the literature.

• Independent learning: The simplest example in which truth learning cannot be obtained
is an empty graph. Each node makes decisions purely from its own noisy observation sv,
regardless of the decision order. To maximize the chance of guessing right, by Bayesian rule,
the best strategy for an agent v is to report the same value as its private measurement sv,
i.e., av = sv. The learning quality is ℓ(v) = P{sv = θ} = q. The learning quality of the entire
network is q as well. Notice that this is not asymptotic truth learning as L(G) is always a
constant away from 1.

• Information cascade: When G is a complete graph, each node v knows its own noisy
observation sv as well as all the actions from nodes earlier than v in the order σ. This is
exactly the sequential learning scenario in the literature, regardless of the ordering of nodes.
It is well known that information cascade can easily happen in this case [BHW92, Ban92]. In
particular, if the first two agents take incorrect actions a = 1 − θ, then the third agent (and
all agents after that) will ignore its own signal and take a as well. This is because the chance
that both agents before v are wrong, essentially (1 − q)2, is lower than the chance that sv is
wrong (1 − q). Therefore with probability at least (1 − q)2 all agents take the wrong action.
This means that the learning quality of the entire network is at most 1 − (1 − q)2, which is
again away from 1 by a constant. Thus asymptotic truth learning does not occur. Notice that
the same situation happens if we use the Majority Rule model.

These two examples represent two challenges that forbid asymptotic truth learning. If the graph
is too sparse, too many nodes will have to use independent learning, which by itself would already
bring down the network learning quality. On the other hand if the graph is too dense such that
every node is under heavy influence of the other vertices that arrive before, unfortunate mistakes
in observation signals for the first few vertices can propagate throughout the network. This again
leads to a large fraction of nodes that end up with the wrong prediction.
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3.1 Graphs of O(1) average degree

If a graph is sparse, i.e., has constant average degree, in a random ordering σ, a constant fraction
of nodes are independent, i.e., with no neighbors that arrive earlier in the ordering. Therefore they
will derive their actions purely from individual observation. Since independent nodes have learning
quality to be at least a constant away from 1, random asymptotic learning does not happen.

Theorem 1. Any family of graphs of constant average degree ∆ = O(1) does not achieve asymptotic
random truth learning, under both the Bayesian model and the majority vote model.

The proof is in Appendix A. This theorem implies that there is no random asymptotic learning for
any constant dimensional grid graphs, constant degree expander graphs, and preferential attachment
graph with constant average number of edges per node.

In contrast, [BAST20] proposed the celebrity graph which is a complete bipartite graph with
vertex set X ∪ Y , |X| = n, |Y | = m. In order to have network learning rate 1− ε under a random
decision order, N = O(1ε ln

1
ε ) and M = O( 1

ε2
ln 1

ε ). Therefore to get |N | + |M | = n, ε is in the
order of 1/

√
n, which means that the network average degree is roughly Ω(

√
n), in order to support

random asymptotic learning.
On the other hand, even for a graph with constant degree everywhere, if we carefully design a

decision order it is still possible to achieve asymptotic truth learning. We show such an example
called a butterfly network. A binary butterfly network consist of n = (k + 1)2k nodes, where k + 1
is the depth, or rank, of the network. Let (i, j) refer to the jth node in the ith rank. For i > 0,
the node (i, j) forms an edge with 2 nodes in depth i − 1: (i − 1, j) and (i − 1,m), where m ∈ Z
is found by inverting the i most significant bit of j. Note that due to the recursive structures, a
butterfly network can be interpreted as the integration of 2k complete binary trees. See Figure 1 for
an example. We highlight one binary tree with the root being the top leftmost vertex. We define a
bottom-up ordering σ such that vertices of depth i arrive after vertices of depths i− 1. The proof
is in Appendix A.

1

2

3

k + 1

Figure 1: An example of a butterfly network of k = 3.

Theorem 2. A class of binary butterfly networks under the bottom-up ordering achieves asymptotic
truth learning, under both the Bayesian model and the majority vote model.

4 Enabling Truth learning under Bayesian model

We present the main results in this section. We start with a sufficient condition for asymptotic truth
learning under the Bayesian model. Then we use this to analyze Erdös Rényi Graphs, preferential
attachment graphs and grid graphs.

Theorem 3. Let F be a family of graphs. For each G = (V,E) ∈ F with |V | = n, if the following
holds for some v ∈ V , S ⊂ V :

7



1. S ⊂ N(v) such that S is independent ie. s1s2 /∈ E for all s1, s2 ∈ S;

2. |S| = ω(1), |S| = o(n);

3. G−S is a graph where the component containing v has all but o(n) of the remaining vertices,

then there is an ordering σ under which F achieves asymptotic truth learning.

Proof. To prove this theorem, there are two steps. First, we will show that v achieves high learning
rate by aggregating the decisions of its independent neighbors. Then, we show that under the
Bayesian model, we can propagate this learning rate to the rest of the graph.

Obtain a high quality signal. We start with the tail bound of a binomial distribution. Suppose
X is a random variable with a binomial distribution Bin(k, q) with an integer k and 0 ≤ q ≤ 1,

P{X = a} =

(
k

a

)
qa(1− q)k−a.

Lemma 1 (Tail bound of Binomial distribution [Tsu20]). Let X ∼ Bin(n, p), and let µ = E(X).
For any 0 < δ < 1,

P{X ≥ (1 + δ)µ} ≤ exp

(
−δ2µ

3

)
, P{X ≤ (1− δ)µ} ≤ exp

(
−δ2µ

2

)
.

Let v, S be as in the statement of Theorem 3 with s = |S|. Then we construct a decision
ordering σ. Let all of the vertices in S decide their actions first, in any order within the set. Since
all vertices in S are independent, we have P{ai = θ} = q, i ∈ [s]. Next, we have v = vs+1 make
its observation and decision. It is clear that vs+1’s decision would match the majority between
its private observation and the decisions of S. Then P{as+1 = θ} = P{X > (s + 1)/2} where
X ∼ Bin(s+ 1, q) is a binomial distribution. By Lemma 1, we have the following probability:

P{X >
s+ 1

2
} = 1− P{X ≤ s+ 1

2
} ≥ 1− exp

{
−(2q − 1)2

8q
(s+ 1)

}
= 1− e−O(s).

Since s = ω(1), s → ∞ when n → ∞. Thus, limn→∞ P{as+1 = θ} = 1. That is, the learning quality
of agent vs+1 is asymptotically approaching 1.

Propagate a high quality signal. We first establish the property of monotonicity in the Bayesian
model. That is, a node’s success chance is no worse than the neighbors who have arrived earlier.
The proof can be found in Appendix B.

Proposition 1. Given any learning network (G, q, σ) under the Bayesian model,

ℓ(v) ≥ max{ℓ(vi)|vi ∈ Nσ(v)}.

Now, we will use Proposition 1 to propagate the high quality signal from vs+1. To do this, let
the rest of the decision ordering follow the same ordering as a traversal of V \S starting from vs+1,
and then the disconnected vertices (if any) follow randomly. Since the rest of the ordering outside
of the isolated vertices is a traversal, each vertex that comes after vs+1 has a neighbor not in S
earlier in the order σ. Thus, by Proposition 1, we have all of those vertices achieve learning rate at
least ℓ(vs+1). Thus the network learning rate Lσ(G) is:

Lσ(G) ≥ 1

n
(1− e−O(s))(n− o(n)) = 1− e−O(s) − o(n)

n
.

Since s = ω(1), when n goes to infinity, the network learning rate approaches 1.
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We remark that the monotonicity property is unique to the Bayesian model. For the majority
rule model a node could be misled by the neighbors not having a high quality signal and thus have
a dropping learning rate.

4.1 Erdös Rényi Graph

An Erdös Rényi graph [ER60] G(n, p) is defined by G = (V,E), where |V | = n, and p ∈ (0, 1),
every unordered pair of vertices v1, v2 ∈ V × V is connected by an edge with probability p. The
expected number of edges in an Erdös Rényi graph is p

(
n
2

)
. [ER60] analyzed graph connectivity

with different values of p.

• If p < 1/n, then a graph in G(n, p) will almost surely have no connected components of size
larger than O(log n).

• If p = 1/n, then a graph in G(n, p) will almost surely have a largest component whose size is
of order n2/3.

• If np → c > 1, where c is a constant, then a graph in G(n, p) will almost surely have a unique
giant component containing a constant fraction of the vertices. No other component contains
more than O(log n) vertices.

• If p < (1−ε) lnn
n for 0 < ε < 1, then a graph in G(n, p) will almost surely contain isolated

vertices, and thus is disconnected.

• If p > (1+ε) lnn
n for 0 < ε < 1, then a graph in G(n, p) will almost surely be connected.

When discussing Erdös Rényi graphs, we consider the families F = {G(n, p(n))} where p(n) is
some function of n. In the following discussion, we may use p = p(n) as shorthand. Since Erdös
Rényi graphs are random graphs, when considering asymptotic truth learning, we need to define
its learning rate differently. Specifically, since an empty graph and a complete each has a non-zero
probability of appearing in an Erdös Rényi model, we cannot hope to find a good ordering for
each graph in the family. Instead, we take the expected optimal learning rate for each graph G by
the probability that G appears in the Erdös Rényi model. Let F (G) be the probability of graph
G ∈ Gn, Gn being the set of all graphs of size n, occurring according to the probability distribution
of G(n, p(n)). We define:

Lσ(G(n, p(n))) =
∑

G∈Gn

F (G)Lσ(G).

For asymptotic truth learning, we always consider the optimal σ(G) for each G. For random
asymptotic truth learning, σ is a random ordering. We will now show various threshold probabilities
where the graph achieves or doesn’t achieve truth learning with probability approaching 1 as n
approaches infinity. Due to space limit, almost all proofs are in Appendix B.

4.1.1 p(n) = O(1/n): no asymptotic truth learning

When p is in the order of O(1/n), there are a constant fraction of isolated vertices, who have a
learning rate of q in any ordering σ. Thus there is no ordering that supports truth learning.

Proposition 2. The family of Erdös Rényi graphs with parameter p(n) = O(1)
n does not achieve

asymptotic truth learning with any ordering σ under both the Bayesian or majority rule model.
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4.1.2 p(n) = o(n)
n and p(n) = ω(1)

n : asymptotic truth learning

Proposition 3. A family of Erdös Rényi graphs with parameter p satisfying p = o(n)
n and p = ω(1)

n
achieves asymptotic truth learning under the Bayesian model.

To prove this proposition, we will first prove the following lemma (with proof in Appendix B)
and then use the sufficient condition of Theorem 3.

Lemma 2. An Erdös Rényi graph G(n, p) with p = o(n)
n and p = ω(1)

n almost surely contains a giant
component of size at least n− o(n).

Proof of Proposition 3. Since an edge exists between any two vertices with independent probability
p, the degree of each vertex follows the binomial distribution, Bin(n − 1, p), with expectation d =
p(n − 1), d = o(n) and d = ω(1). By Lemma 1, for a constant δ > 0, P{deg(vi) /∈ ((1 − δ)d, (1 +
δ)d)} ≤ O(e−δ2d). Since d = w(1), a randomly selected vertex vα ∈ V has degree between ((1 −
δ)d, (1 + δ)d) with high probability. Next, we select a random subset S of the neighbors of vα such
that |S| = s = 1/p1/3 if p ≥ 2/n3/4 and d/2 if not. In the first case, the probability of S being an
independent set is (1− p)(

s
2) ≥ 1− p ·

(
s
2

)
≥ 1− p1/3. In the second case, the probability is at least

1− pd2

4 ≥ 1−1/n1/4. In both cases, s = o(n) and s = ω(1). Thus, with high probability there exists
an independent subset of neighbors of vα of size ω(1).

Next, we need to show that G remains connected after removing v and S. It is clear that
removing a random vertex v from G(n, p) is just G(n − 1, p). Removing all of the neighbors of
v is equivalent to removing nodes with probability p from G(n − 1, p), so the resulting graph is a
random graph G(k, p), where k takes values within 0 and n−1 with probability following distribution
Bin(n− 1, 1− p). We call this resulting graph, G′. From Lemma 1 with high probability, k = Θ(n).

With our parameter range of p, G′ contains with high probability a large component of size
n− o(n) by Lemma 2. Now in all cases, we know that |R| = |N(vα) \S| ≥ (1/2− δ)d = ω(1), so we
just need R to be connected to all but o(n) vertices of the graph. It is now trivial to see that the
probability of at least one edge from R reaching the large component approaches 1, thus satisfying
the final necessary condition of Theorem 3.

4.1.3 p(n) = Θ(1): no random asymptotic truth learning

When p = Θ(1), we have a dense graph with a quadratic number of edges. If we fix an ordering σ
of the vertices, we argue that herding happens on a graph generated randomly from Erdös Rényi
model. Thus, if we do not tailor the ordering to the specific graph topology obtained from the Erdös
Rényi model we do not have truth learning.

Proposition 4. A family of Erdös Rényi graphs with p = Θ(1), does not achieve random asymptotic
random truth learning for the Bayesian or majority vote models.

The above result does not eliminate the possibility of a good ordering chosen with respect to
the particular graph topology. Below we present two results depending on how far p is from 1. If p
is away from 1 by ω(nϵ)

n truth learning exists. Otherwise, if p is away from 1 by O(nϵ)
n , the graph is

nearly a complete graph and there is no ordering for asymptotic truth learning.

4.1.4 1− p(n) = ω(nϵ)
n : asymptotic truth learning

In this scenario, we argue that the conditions of Theorem 3 are met. That is, since p is away from
1 by ω(nϵ)

n , there is an independent set of size ω(1) in the network. Thus we can choose an ordering
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that starts from these independent nodes and then propagate the aggregated signal to the rest of
the network.

Proposition 5. A family of Erdös Rényi graphs with parameter p satisfying 1− p = ω(nϵ)
n for any

1 > ϵ > 0 achieves asymptotic truth learning under the Bayesian model.

4.1.5 1− p(n) = O(nϵ)
n : no asymptotic truth learning

When p is too close to 1, i.e., with gap within O(nϵ)
n for any 1 > ϵ > 0, in any ordering σ, all but a

constant number of nodes have at least two neighbors that are placed earlier in σ, therefore herding
happens with a constant probability which means no truth learning.

Proposition 6. A family of Erdös Rényi graphs with parameter p satisfying 1− p = O(nϵ)
n for any

ϵ > 0 does not achieve asymptotic truth learning under the Bayesian model.

To prove this, we begin with a lemma:

Lemma 3. A family of Erdös Rényi graphs with parameter p satisfying p = O(n−ϵ) for any constant
1 > ϵ > 0 has with high probability O(1) maximum induced forest size.

Proof. First, let Nk
n be the random variable for number of k-cliques in G(n, p). We have:

E(Nk
n) ≤

(
n

k

)
(1− p)(

k
2)−k+1pk−1(k + 1)k−1

from the well-known fact that there can be (x + 1)x−1 possible rooted forests on x labeled nodes.
Plugging in 1− p = O(n−ϵ), we get:

E(Nk
n) = O(nke−kn−k2kk)

It’s clear that if k = ω(1), we get E(Nk
n) = o(1), which means P(Nk

n ≥ 1) = o(1) from Markov’s
inequality and thus with high probability, the maximum induced forest size is not ω(1).

Proof of Proposition 6. Let σ be any decision ordering of G(n, p). Then, let Sσ be the set of vertices
such that no more than 1 of their neighbors come before them in σ. We have that Sσ must be an
induced forest, so |Sσ| = O(1) with high probability by Lemma 3. Now, we argue that if every node
in Sσ chooses the wrong decision, then every other node will follow suit regardless of their private
signals.

Let’s look at the smallest i such that vi /∈ Sσ. Note that i ≥ 3. Clearly, every node before it
chose incorrectly and vi is connected to at least 2 of them, so it will just follow the other nodes’
decision. Now this is true inductively. For every node not in Sσ, it is connected to at least 2 nodes
before it, and both of those nodes chose incorrectly, so the current node will also choose incorrectly.
Finally, since |Sσ| = O(1) the probability of everything in Sσ choosing incorrectly is also O(1).
Thus, we have herding occurs and asymptotic truth learning does not occur.

4.2 Preferential Attachment Graph

A preferential attachment (PA) graph, with positive integer k = O(1) as a parameter, is defined by
G = (V,E) where |V | = n and the following process for generating edges:

1. Start with Gk+1 as a complete graph on k + 1 vertices.
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2. Given Gt, t ≥ k+ 1, generate Gt+1 by adding a vertex v as well as k undirected edges from v

to vertices in Gt. Each edge connects v to a vertex u chosen randomly with probability deg(u)
D

where D is the total current degree in Gt. Continue until Gn is generated and let G = Gn.

We use this variation of the PA model to enforce that the graph is connected. Some other models
allow self loops. We note that as n → ∞, this variation converges to the same degree distribution
as the ones used in proofs in [Hof16], as noted in that book. When k is 1, the graph is a tree.
When k ≥ 2, by using the same argument as in Proposition 4, if the decision ordering is the natural
arriving order of the PA graph, there is a constant probability that herding happens. Further, for
any constant k, a random ordering does not support truth learning since the average graph degree
is a constant, by Theorem 1. In the following we show that for k ≥ 2 we can achieve asymptotic
truth learning by carefully choosing an ordering for graphs following the PA model.

4.2.1 k = O(1): asymptotic truth learning

We first introduce a known theorem about the degree of a vertex as the PA model evolves. Define
Γ as the commonly used Gamma function:

Γ(t) =

∫ ∞

0
xt−1e−xdx (1)

Theorem 4 ([Hof16], Exercise 8.14, Equation 8.3.11). Let v be the vertex inserted to make Gb.
Then as n → ∞ and a = Θ(n), the degree of v, deg(v) in Ga converges almost surely to a random
variable with expected value:

k∑
s=1

Γ(ka+ 1
2)

Γ(ka)

Γ(k(b− 1) + s)

Γ(k(b− 1) + s+ 1
2)

(2)

Theorem 5. A class of preferential attachment graphs for any constant k achieves asymptotic truth
learning under the Bayesian model.

Proof. Our goal is to show that with high probability, the PA graph satisfies the conditions of
Theorem 3. First, we know that as n → ∞, the degree distribution of G converges almost surely to
the power law distribution with exponent 3 [Hof16]. We may write this distribution as d(x) = Cx−3

where d(x) is the proportion of vertices with degree x and C > 0 is some constant dependent
on k. We have with high probability, the number of vertices of degree exactly k converges to
d(k) = Ck−3n = Θ(n). Let A be the set of vertices in Gt with t = log(n) and let 0 < ϵ < Ck−3.
Theorem 4 says for a ≥ ϵn and for all v ∈ A, deg(v) in Ga converges almost surely to a random
variable, ξ with expectation:

E(ξ) =
k∑

s=1

Γ(ka+ 1
2)

Γ(ka)

Γ(k(b− 1) + s)

Γ(k(b− 1) + s+ 1
2)

(3)

for some b ≤ log(n). A commonly known fact is Γ(x+ 1
2
)

Γ(x) =
√
x(1 + O( 1x)) for x → ∞. Then,

taking n → ∞ as well as using k = O(1) gives us the complexity E(ξ) = Ω(
√

a
log(n)). That means

P(ξ = Ω(
√

a
log(n))) > 0. Then, as n → ∞, we have with high probability that we can find a vertex

vα ∈ A such that at Gϵn, deg(vα) = Ω(
√

ϵn
log(n)). We get that the probability for a new vertex
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inserted at Ga to be a neighbor of vα is Ω(
√

ϵn
log(n))/(kn) = Ω( 1√

n log(n)
). Now by definition of ϵ,

there are Θ(n) vertices of degree k in G that were inserted after Gϵn. Call the vertices in this set
that are also connected to vα, S. We know E(|S|) = Ω( 1√

n log(n)
) · Θ(n) = Ω(

√
n

log(n)). We also

see that since every vertex in S has degree exactly k, their only neighbors are the vertices they
connected to upon insertion, so S is independent. For the same reason, G− S is connected, so we
have that vα and S satisfy the necessary conditions of Theorem 3.

4.3 Grid Graph

The last graph we analyze is the grid graph, i.e., the graph of the lattice points (i, j) with 1 ≤ i, j ≤ k
with n = k2 and edges connecting two lattice points (i, j) and (i′, j′) with |i− i′|+ |j − j′| = 1. A
grid graph has degree at most 4 everywhere. Thus there is no random asymptotic truth learning.
Below we show that there is a good ordering with which truth learning happens. The main idea
is to find an ordering that builds a high quality signal using o(n) vertices, and then propagate this
signal to the rest of the network. Since the grid graph has constant degree we cannot use the first
phase in our sufficiency condition (Theorem 3), and have to build that specifically to the grid graph.

Theorem 6. The class of square grid graphs achieves asymptotic truth learning under the Bayesian
model.

5 Simulations

We will now provide simulated results with different network topologies and orderings. Since the
Bayesian model is computationally intensive, in all of our simulations, we utilize the Majority Rule
model. Furthermore finding a maximum independent set is NP-hard so we use heuristic ideas to
generate an ordering. Note that for each run of the simulation on a single network, a new ordering
is created, but the underlying graph structure remains the same. We repeat the simulation on
the same network and take the average network learning rate over multiple runs. Finally, in every
simulation we utilize a private signal q = 0.7.
Ordering We use random ordering as a baseline and compare with an ordering tailored to the
network structure. We first introduce a simple Two Neighbors ordering: Choose a node v at
random. With an arbitrary order, the nodes in N(v) make their decisions based on the majority
rule. After that, v makes a decision. Then nodes with at least two neighbors who have already
made decisions will then follow. Repeat the above until all nodes are included.

Furthermore, we introduce an improved Two Neighbor ordering to incorporate “high-value”
agents. Specifically, we pick the two highest-degree nodes u and v. Using a greedy algorithm, select
a size m < deg(u) independent set of u’s neighbors. Have each of the nodes in the subset make
a decision and then let u make a decision. Label u as a high-value agent. Do the same for node
v. Take all the nodes S′ in the network that has at least two neighbors who have made decisions,
where the majority of these neighbors are labeled high-value. Have all nodes in S′ make a decision.
Repeat until termination. If there are no vertices which have at least two high value neighbors,
we take a random order of the remaining vertices. Note that the size of the m independent set of
neighbors should be large enough to minimize the chance of a negative information cascade, while
small enough to allow for further aggregation down the line.
Real-world Network We run simulations using a dataset of an email network consisting of 1133
nodes and 5451 edges [RA15]. The network has a density of 0.0085, an average degree of 9, and a
maximum degree of 71. We also compare these simulations against an Erdös Rényi model and a
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Table 1: email-univ Network

Simulation results q = 0.7, n = 1133, iterations= 300

Ordering Average learning rate

email-univ ER (p = 0.008) PA (k = 5)

Random 0.8412 0.8790 0.8778
Two Neighbors 0.8717 0.9443 0.8543
Two Neighbors + High Value 0.9161 0.9633 0.9327

PA model with the same number of vertices and density. From Table 1, both two neighbors and
two neighbors + high value ordering outperform the random ordering in the email-univ network.
Furthermore, from Figure 2, the two neighbors + high value ordering performs the best for the
email-univ network, with a median learning rate close to 1. While both orderings perform better on
average, they are both susceptible to negative information cascades. The shape of the email-univ
learning rate distribution resembles the PA model in its polarity of outlier data points. However,
the outliers for the email-univ network appear to be more evenly distributed compared to the PA
model.

Figure 2: Simulation results for the email-univ network with q = 0.7 over 300 iterations.

Additional simulation results on the Erdös Rényi graph, PA model and low degree graphs with
different network parameters can be found in Appendix C.

6 Conclusions

Among all the graphs considered in this paper, except a few cases of very sparse or very dense graphs,
the quality of learning in a network can vary drastically with different decision orderings. Given
an input graph we ask if there exists a decision ordering that supports asymptotic truth learning.
We conjecture that this problem is NP-hard. Furthermore, enabling asymptotic truth learning in
graphs of constant degree is generally more challenging. It is also more difficult to analyze the
majority vote model although majority vote model is much easier to implement in practice and
achieves good performance if the ordering is chosen right. It is future work to further characterize
sparse graphs and majority vote model that have asymptotic truth learning.

14



References

[ADLO11] Daron Acemoglu, Munther A Dahleh, Ilan Lobel, and Asuman Ozdaglar. Bayesian
learning in social networks. Rev. Econ. Stud., 78(4):1201–1236, March 2011.

[AMF18] Itai Arieli and Manuel Mueller-Frank. Multidimensional social learning. Rev. Econ.
Stud., 86(3):913–940, June 2018.

[ASS21] Itai Arieli, Fedor Sandomirskiy, and Rann Smorodinsky. On social networks that support
learning. In Proceedings of the 22nd ACM Conference on Economics and Computation,
EC ’21, page 95–96, 2021.

[Ban92] A V Banerjee. A simple model of herd behavior. Q. J. Econ., 107(3):797–817, August
1992.

[BAST20] Gal Bahar, Itai Arieli, Rann Smorodinsky, and Moshe Tennenholtz. Multi-issue social
learning. Math. Soc. Sci., 104:29–39, March 2020.

[BHW92] Sushil Bikhchandani, David Hirshleifer, and Ivo Welch. A theory of fads, fashion, custom,
and cultural change as informational cascades. J. Polit. Econ., 100(5):992–1026, October
1992.

[Cha04] Christophe Chamley. Rational Herds: Economic Models of Social Learning. Cambridge
University Press, 2004.

[ER60] Paul Erdős and Alfréd Rényi. On the evolution of random graphs. Publ. Math. Inst.
Hung. Acad. Sci, 5(1):17–60, 1960.

[GM75] G. R. Grimmett and C. J. H. McDiarmid. On colouring random graphs. Mathematical
Proceedings of the Cambridge Philosophical Society, 77(2):313–324, 1975.

[GS16] Benjamin Golub and Evan Sadler. Learning in social networks. In The Oxford Handbook
of the Economics of Networks, page 504–542. Oxford University Press, 04 2016.

[Hof16] Remco van der Hofstad. Random Graphs and Complex Networks. Cambridge Series in
Statistical and Probabilistic Mathematics. Cambridge University Press, 2016.

[Lal04] Kevin N Laland. Social learning strategies. Learn. Behav., 32(1):4–14, February 2004.

[MR14a] Markus Mobius and Tanya Rosenblat. Social learning in economics. Annu. Rev.
Econom., 6(1):827–847, August 2014.

[MR14b] Ignacio Monzón and Michael Rapp. Observational learning with position uncertainty.
J. Econ. Theory, 154:375–402, November 2014.

[RA15] Ryan A. Rossi and Nesreen K. Ahmed. The network data repository with interactive
graph analytics and visualization. In Proceedings of the Twenty-Ninth AAAI Conference
on Artificial Intelligence, page 4292–4293, 2015.

[Sgr02] Daniel Sgroi. Optimizing information in the herd: Guinea pigs, profits, and welfare.
Games Econ. Behav., 39(1):137–166, April 2002.

[Smi91] Lones Smith. Essays on dynamic models of equilibrium and learning. PhD thesis, Uni-
versity of Chicago, 1991.

15



[SS00] Lones Smith and Peter Sørensen. Pathological outcomes of observational learning.
Econometrica, 68(2):371–398, March 2000.

[ST92] Yoav Shoham and Moshe Tennenholtz. Emergent conventions in multi-agent systems:
initial experimental results and observations (preliminary report). In Proceedings of the
Third International Conference on Principles of Knowledge Representation and Reason-
ing, KR’92, pages 225–231, October 1992.

[Tsu20] Alex Tsun. Probability & Statistics with Applications to Computing. 2020.

[Wel92] Ivo Welch. Sequential sales, learning, and cascades. J. Finance, 47(2):695–732, June
1992.

A Proofs in Section 3

Theorem 1. Any family of graphs of constant average degree ∆ = O(1) does not achieve asymptotic
random truth learning, under both the Bayesian model and the majority vote model.

Proof. We consider a random ordering π of the vertices of any graph, G in this family. For a vertex
u, define x(u) as a Bernoulli random variable with value 1 if vertex u appears before all its neighbors
in the ordering π. Define y(u) = P{x(u) = 1} = 1/(d(u) + 1), where d(u) is the degree of u. Now
we examine the learning rate of u:

ℓ(u) = P{au = θ}
=P{au = θ|x(u) = 1}P{x(u) = 1}+ P{au = θ|x(u) = 0}P{x(u) = 0}
=P{au = θ|x(u) = 1}y(u) + P{au = θ|x(u) = 0}(1− y(u))

≤q · y(u) + 1 · (1− y(u)) = 1− (1− q) · y(u)

=1− 1− q

d(u) + 1

If the average degree in the network is ∆, then at least n/2 nodes have degree no greater than 2∆
– otherwise, there are more than n/2 vertices with degree more than 2∆ each, which already gives
a total degree more than n∆, a contradiction. Thus,

L(G) ≤1−
∑
u

1

n
· 1− q

d(u) + 1
≤ 1−

∑
u, d(u)≤2∆

1

n
· 1− q

d(u) + 1

≤1−
∑

u, d(u)≤2∆

1

n
· 1− q

2∆ + 1
≤ 1− 1− q

2(2∆ + 1)

Since L(G) is constant away from 1, asymptotic truth learning does not happen.

Theorem 2. A class of binary butterfly networks under the bottom-up ordering achieves asymptotic
truth learning, under both the Bayesian model and the majority vote model.

Proof. Due to symmetry in the network the learning quality of vertices of the same depth is the
same. We denote the learning quality of a vertex on depth i to be qi, 1 ≤ i ≤ k + 1. Vertices of
depth one make decisions purely from their individual observation, q1 = q.

Consider a node v on depth i. v has two neighbors u,w in depth i − 1, which by design, can
be viewed as children of v in a binary tree. The actions of u,w are decided by their individual
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observations as well as the actions of their children in a bottom-up ordering. The actions of u,w
are independent of each other. Therefore, v learns successfully if 1) both u,w predicted correctly;
2) or when u,w have different predictions but v’s own observation is correct. This is true for both
the Bayesian model and the majority rule model. Therefore,

qi = q2i−1 + q · 2qi−1(1− qi−1) = qi−1[1 + (1− qi−1)(2q − 1)]

The term (1− qi−1)(2q − 1) > 0 for 1/2 < q < 1, which means that qi > qi−1 and the learning rate
increases monotonically as we move up in depth.

Solving this recurrence is a bit involved, so instead, we can simply bound qi. Let qi = 1− ϵi. It
follows that ϵi < ϵi−1 < 1− q. Plugging in and rearranging, we get

ϵi = (2q − 1)ϵ2i−1 + 2(1− q)ϵi−1 < (2q − 1)(1− q)ϵi−1 + 2(1− q)ϵi−1

= (2q + 1)(1− q)ϵi−1

One can verify that 0 < (2q+1)(1− q) < 1. As a result, ϵi will shrink exponentially fast as i grows:

ϵi < [(2q + 1)(1− q)]i−1ϵ1 = [(2q + 1)(1− q)]i−1(1− q).

Now we can calculate the network learning rate:

L(G) =
1

k + 1

k+1∑
i=1

qi ≥
1

1 + k

k∑
i=0

[1− ((2q + 1)(1− q))i(1− q)]

= 1− 1− q

1 + k

k∑
i=0

[(2q + 1)(1− q)]i

= 1− 1− q

1 + k
· 1− [(2q + 1)(1− q)]k+1

1− (2q + 1)(1− q)

When n → ∞, k → ∞, L(G) → 1.

B Proofs in Section 4

Proposition 1. Given any learning network (G, q, σ) under the Bayesian model,

ℓ(v) ≥ max{ℓ(vi)|vi ∈ Nσ(v)}.

To prove this proposition rigorously, we first prove a lemma. To do so, we introduce some
notation to simplify the following section. Let the vector of random variables, Jk = (p1, p2, · · · , pk)
be the private signals of a learning network (G, q, σ) up to vk in the ordering. Then let I ∈ {0, 1}k
be a vector of binary values that J can possibly take on. Similarly, define Bk as the vector of
random variables (ai|vi ∈ Nσ(vk), pk). Bk here represents all information vk has access to before
making its decision ak. Let A ∈ {0, 1}|Nσ(vk)|+1 be a vector of binary values that Bk can possibly
take on. Note that the value of Jk completely determines the value of Bk, which in turn determines
ak. In other words, if Jk = I, then there exists some A such that P(Bk = A|Jk = I) = 1 and
P(ak = C|Bk = A) = 1 for some C ∈ {0, 1}. We also define Ic to be I with every value flipped,
similarly for A. Lastly, let P(J = I|Truth = C) mean the probability that the random variables in
J attain the values in I given that the probability of a private signal giving C is q and 1 − C is
1− q.
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Lemma 4. Given any learning network (G, q, σ) under the Bayesian model, Jk = I determines
ak = 0, if and only if Jk = Ic determines ak = 1. The same is true for Bk, if Bk = A determines
ak = 0, then Bk = Ac determines ak = 1.

Proof. First, we just need to prove the statement for J since every value of Bk is induced by some
value of J . Now, we can prove the statement of Lemma 4 by induction on k. The base case, k = 1
is trivial. Now, let’s assume it’s true for 1, ...k − 1 and look at vk. First, if |Nσ(vk)| = 0, this is
almost the same as the base case. Clearly vk just adopts whatever its private signal gives it, so for
any I, Ic always flips the kth private signal which would flip ak. If Nσ(vk) is not empty, we first
know that because J = I, Bk = A and ak = C for some A and C. If C = 0, by definition we have:

P(Truth = 0|Bk = A) > P(Truth = 1|Bk = A)

Using Bayes’ Rule and the fact that θ is chosen from {0, 1} with equal probability:

P(Bk = A|Truth = 0) > P(Bk = A|Truth = 1)

0 and 1 are just arbitrary labels, so if we swap them entirely in the inequality, the value remains
unchanged:

P(Bk = Ac|Truth = 1) > P(Bk = Ac|Truth = 0)

Now we can use the induction hypothesis to claim Jc induces Bk = Ac for all elements in Nσ(vk).
Then, the inequality above implies given Jc, ak = 1.

Proof of Proposition 1. Let vβ be the vertex that achieves max learning rate in Nσ(vα). We can
write:

ℓ(vα) = ℓ(vβ)− P(aβ = θ, aα = 1− θ) + P(aβ = 1− θ, aα = θ)

Let O be a set of vectors, A, such that if Bα = A, then aβ = 1− θ and aα = θ, so clearly:

P(Bα = A,A ∈ O) = P(aβ = 1− θ, aα = θ)

Then by Lemma 4, we have that if Oc = {Ac|A ∈ O}:

P(Bα = A,A ∈ Oc) = P(aβ = θ, aα = 1− θ)

Now let’s rewrite P(Bα = A,A ∈ O), the same can be applied for P(Bα = A,A ∈ Oc):

P(Bα = A,A ∈ O) =
∑
A∈O

P(Bα = A) =
∑
A∈O

P(Bα = A|Truth = θ)

Then, for each A ∈ O, we have from the fact that it induces aα = θ:

P(Truth = θ|Bα = A) > P(Truth = 1− θ|Bα = A)

Again, using Bayes’ rule and the fact that θ is chosen from {0, 1} with equal probability:

P(Bα = A|Truth = θ) > P(Bα = A|Truth = 1− θ)

Next, we can flip all 0 and 1 for the right side:

P(Bα = A|Truth = θ) > P(Bα = Ac|Truth = θ)

Then summing over A ∈ O: ∑
A∈O

P(Bα = A) >
∑
A∈O

P(Bα = Ac)

P(aβ = 1− θ, aα = θ) > P(aβ = θ, aα = 1− θ)

Therefore, ℓ(vα) ≥ ℓ(vβ) = max{ℓ(vi)|vi ∈ Nσ(vα)}.
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Proposition 2. The family of Erdös Rényi graphs with parameter p(n) = O(1)
n does not achieve

asymptotic truth learning with any ordering σ under both the Bayesian or majority rule model.

We first state the known mean and variance of the number of isolated vertices in this class of
Erdös Rényi graphs and then use that to prove the above theorem.

Proposition 7 ([Hof16], Proposition 5.9). If 1
2n ≤ p ≤ 1

2 , then the number of isolated vertices in
G(n, p) is a random variable, Y with the following expectation and variance:

E(Y ) = ne−pn(1 + Θ(p2n)) (4)

Var(Y ) ≤ E(Y ) +
pn

n− pn
E(Y )2 (5)

Proof of Proposition 2. We will show that, with high probability, there does not exist a decision
ordering for each graph in this family. First, consider when p(n) ≥ 1

2n . Then, we use Proposition 7
and let Y be the random variable representing the number of isolated vertices in G. The proposition
tells us with pn = O(1), E(Y ) = Θ(n), Var(Y ) = O(n). Then, there exists a constant C such that
C < E(Y )/n and C < 1− E(Y )/n. Using Chebyshev’s Inequality, we get:

P(|Y − E(Y )| ≥ Cn) ≤ Var(Y )

(Cn)2
= O(

1

n
) (6)

This means that Y = Θ(n) with high probability. Each isolated vertex has learning rate q, and
since there are Θ(n) of them with high probability, we have the error rate must be at least K(1− q)
for some constant K regardless of the ordering. Thus, the learning rate cannot approach 1 and
truth learning is not achieved. For the case that p < 1

2n , the probability that Y = Θ(n) can only
be higher, so we have the same result.

Lemma 2. An Erdös Rényi graph G(n, p) with p = o(n)
n and p = ω(1)

n almost surely contains a giant
component of size at least n− o(n).

To prove this, we’ll use a theorem from [Hof16]:

Theorem 7 ([Hof16], Theorem 4.8). Fix p > 1
n for an Erdös Rényi graph of size n. Then, for every

ν ∈ (12 , 1), there exists δ = δ(ν, p) > 0 such that:

P(|µ− ηp| ≥ nν−1) = O(n−δ) (7)

where µ is the proportion of vertices not in the giant component and ηp satisfies:

ηp = epn(ηp−1) (8)

Proof of Lemma 2. First, it’s well known that Erdös Rényi graphs with p > log(n)
n are connected

with high probability, so we may assume otherwise. Clearly, the values of p we are considering
satisfy the conditions of Theorem 7 and we can just pick η = 3

4 . Now let’s show that as n → ∞,
ηp → 0. We intend to use contradiction, so let’s assume otherwise. First, let’s take the partial
derivative of both sides with respect to ηp:

∂ηp
∂ηp

= 1
∂epn(ηp−1)

∂ηp
= pepn(ηp−1)
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Now clearly, 1 ≥ pep(ηp−1), so as n increases, pn increases since p = ω(1)
n , and that would make ηp

decrease. Since ηp monotonically decreases and ηp > 0, we have ηp must converge to some constant
ϵ > 0. However, if we plug this back into the equation and take n → ∞:

ϵ = eω(1)(ϵ−1)

Clearly, the right hand side goes to 0 while the left hand side doesn’t, so we have a contradiction.
Thus, ηp = o(1). Then, we have plugging in ηp and ν = 3

4 into the theorem:

P(|µ− ηp| ≥ n− 1
4 ) = O(n−δ) (9)

Since every single term other than µ has been shown to be o(1), we have with high probability that
µ = o(1) and the size of the giant component is n− o(n).

Proposition 4. A family of Erdös Rényi graphs with p = Θ(1), does not achieve random asymptotic
random truth learning for the Bayesian or majority vote models.

Proof. We calculate the probability that herding happens on any graph G in this family. Suppose
the first two vertices in σ with probability (1−q)2 have the wrong observation signal. If every vertex
vi starting from the third one, i ≥ 3, has at least two neighbors that arrive before vi, regardless of
the private signal of vi, with both the Bayesian model and majority rule model, vi has the wrong
prediction. We calculate the probability for this to happen.

For any 3 ≤ i ≤ n, the probability that vi connects to at least two vertices that arrive earlier is

pi = 1−
(
i− 1

1

)
· p(1− p)i−2 − (1− p)i−1 = 1− (1− p)i−2(ip+ 1− 2p).

Thus, by using (1− x)(1− y) ≥ 1− (x+ y), when 0 < x, y < 1, we have

n∏
i=3

pi =
n∏

i=3

(
1− (1− p)i−2(ip+ 1− 2p)

)
≥

(
k−1∏
i=3

(1− (1− p)i−2(ip+ 1− 2p))

)
·

(
1−

n∑
i=k

(1− p)i−2(ip+ 1− 2p)

)

We take n → ∞,

n∏
i=3

pi ≥

(
k−1∏
i=3

(1− (1− p)i−2(ip+ 1− 2p))

)
·
(
1− (1− p)k−2(

2

p
+ k − 3)

)
We take k ≥ 3 to be a constant such that 0 < (1− p)k−2(2p + k− 3) < 1. Since (1− p)k−2 decreases
much faster than the increase of 2

p + k − 3 as k increases, the inequality can be achieved with a
constant k. In that case we have

∏n
i=3 pi ≥ q′ with q′ as a constant in (0, 1). Therefore with

probability at least (1− q)2q′ herding happens. That is, there is no asymptotic truth learning.

Proposition 5. A family of Erdös Rényi graphs with parameter p satisfying 1− p = ω(nϵ)
n for any

1 > ϵ > 0 achieves asymptotic truth learning under the Bayesian model.

To prove this, we will first prove the following lemma:

Lemma 5. A family of Erdös Rényi graphs with parameter p satisfying p = ω(nϵ)
n for any 1 > ϵ > 0

contains with high probability a clique of size ω(1).
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Proof. This proof just re-analyzes some of the complexity in the proof given in [GM75] to prove this
same statement for constant p. The proof is mostly re-iterated here for completeness. Let Kn be a
random variable for max clique size and Nk

n be the random variable for the number of k-cliques for
an Erdös Rényi graph of size n. First, the following are true:

E(Nk
n)

E(Nk
n |A)

≤ P(Kn ≥ k) ≤ E(Nk
n), (10)

where A is the event that the first k vertices inserted into the Erdös Rényi graph form a complete
graph. Here,

E(Nk
n) =

(
n

k

)
p

1
2
k(k−1) (11)

E(Nk
n |A) =

k∑
i=m

(
k

i

)(
n− k

k − i

)
p

1
2
k(k−1)− 1

2
i(i−1) (12)

where m = max(0, {k − 1
2n}). The first inequality of Equation (10) can be seen easily through the

following:
E(Nk

n) = E(Nk
n |Kn ≥ k)P(Kn ≥ k) ≤ E(Nk

n |A)P(Kn ≥ k)

Now define:
d(n) =

log(n)

log(1/p)
(n = 1, 2, ...)

Ti(n) =
1(
n

d(n)

)(d(n)
i

)(
n− d(n)

d(n)− i

)
p−

1
2
i(i−1) (n = 1, 2, ...; i = 1, 2, ...d(n))

Note that d(n) = O(log(n)) and d(n) = ω(1). We have from Equation (10):

P(Kn ≤ d(n)) ≤ 1− E(Nk
n)

E(Nk
n |A)

Then from Equation (11), and Equation (12):

P(Kn ≤ d(n)) ≤ 1− (

d(n)∑
i=0

Ti(n))
−1 ≤

d(n)∑
i=0

Ti(n)− 1

The second inequality comes from the fact that:

E(Nk
n)

E(Nk
n |A)

≤ 1

We can now analyze the complexity of this probability. We have:

T0(n) = (1− d

n
)(1− d

n− 1
)...(1− d

n− d+ 1
) ≤ 1

T1(n) = T0(n)
d2

n− 2d+ 1
= O(

log2(n)

n
)

Then, we have clearly T0 + T1 − 1 = O( log
2(n)
n ). Next, to analyze 2 ≤ j ≤ d(n):

Tj(n)

T2(n)
=

(n− 2d+ 2)!

(n− 2d+ j)!
(
(d− 2)!

(d− j)!
)2
2p1−

1
2
j(j−1)

j!
≤ (

d2

n− 2d
p−

1
2
(j+1))j−2
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Using j ≤ d and d = log(n)
log(1/p) :

Tj(n)

T2(n)
≤ (

d2

n− 2d
(1/p)

log(n)
2 log(1/p)

+ 1
2 )j−2 ≤ (

d2(n1/2(1/p)1/2

n− 2d
)j−2 = o(1)

Now we find T2(n):

T2(n) ≤ p−2 (d− 2)(d− 1)

2(n− 2d+ 1)
T1(n) = O(

log4(n)

n2
)o(n2ϵ)

Plugging everything back, gives us:

P (Kn < d(n)) ≤ T0(n) + T1(n)− 1 + d(n)T2(n) = o(1)

Thus, with high probability, there exists a clique of size at least d(n) = ω(1) in G(n, p).

Proof of Proposition 5. First, we can look at G′ = G(n2 , p). We have that 1 − p =
ω((n

2
)ϵ)

(n
2
) , so we

can use Lemma 5 to claim that there exists a clique of size ω(1) in the complement of G′ with high
probability. That implies G′ has an independent set, S, of that size. Now, we generate the rest of
G(n, p) by adding the rest of the n

2 vertices and corresponding edges. It is easy to see after picking
a random new vertex v, with high probability it connects with at least ω(1) of the independent set
S in G′. It is also clear to see that after removing that independent set from G that G remains
connected since none of vertices generated in the second half were removed. Thus, all conditions of
Theorem 3 are satisfied.

Theorem 6. The class of square grid graphs achieves asymptotic truth learning under the Bayesian
model.

Proof. Let G be a grid graph of the lattice from (1, 1) to (
√
n,

√
n). The following is a decision

ordering that achieves asymptotic truth learning. See also Figure 3.

1. All node sequences of the following form in order of increasing a, starting from 1 with maximum
value in the order of O(log log n):

(m− 2a−1, a), ..., (m− 1, a), (m+ 2a−1, a), ..., (m+ 1, a), (m, a)

for all non-negative integer tuples (a, h) satisfying:

k = max{x : 2x+1+a ≤ ⌊log(n)⌋} 1 ≤ h ≤ 2k m = (2h− 1)2a

Notice for a fixed value of a, k is decided but there are multiple values of h and m. Also if
we fix both a and h, m is decided. One can verify1 that one vertex cannot appear in two
sequences for different tuples (a, h) ̸= (a′, h′). All vertices used in this step have x-coordinate
at most log n and y-coordinate at most log log n. We just need all the sequences follow an
increasing order of a. With the same value of a, the sequences with different values of h can
be ordered arbitrarily.

2. A traversal of G− (A− {α}) starting at α, where A is the set of all nodes from the first step
and α is the last node in the first step.

3. The rest of the nodes in G in any order.
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Figure 3: Here is an example of a single vertex sequence corresponding to one tuple (a, h) from step 1. The
a − 1 row vertex sequences end at the marked nodes. Then, the vertex sequence in row a starts from the
far left and goes to the right one by one until the node (m − 1, a). Then, it starts from the far right (node
(m+ 2a−1, a)) and walks to the left one by one to the node (m+ 1, a). Lastly, (m, a) gets to aggregate the
signals from (m− 1, a) and (m+ 1, a), which is eventually picked up by vertex sequence in row a+ 1. For a
fixed a, there are 2k such vertex sequences.

We will now show that asymptotic truth learning is achieved by aggregation in the first step, and
propagation in the second step.

First, we show that node α achieves a learning rate of 1− o(1) in the first step. As a increases,
the learning rate of nodes in row a increases, and we will show that the learning rate approaches 1.
Consider the sequence for a tuple (a, h) (see Figure 3), by Proposition 1, we see that ℓ(m− 1, a) ≥
ℓ(m− 2a−1, a) and ℓ(m+1, a) ≥ ℓ(m+2a−1, a). Next, the vertex (m, a) can aggregate signals from
both ℓ(m− 1, a) and ℓ(m− 1, a). Further, since the sequence with a comes after the sequence with
a − 1, we have ℓ(m − 2a−1, a) ≥ ℓ(m − 2a−1, a − 1) and ℓ(m + 2a−1, a) ≥ ℓ(m + 2a−1, a − 1). Now
we consider the abstraction of the ordering in step 1 as a fully balanced binary tree T with vertices
(m, a) mapping to the parent of the vertices corresponding to (m−2a−1, a−1) and (m+2a−1, a−1).
Here a corresponds to the levels of the binary tree with the bottom level as a = 1. We aggregate
information bottom up with a increasing from 1 until Θ(log(⌊log(n)⌋)). Since the learning rate of
the root of a fully balanced binary tree with a total of g levels, using a bottom up ordering, is
1−Θ(e−g), we have the error rate of α is O( 1

⌊log(n)⌋), which means its learning rate is 1− o(1).
Next, we have from Proposition 1 that α passes its learning rate to the rest of the graph that

can be traversed. This is at least G− ⌊log(n)⌋ × ⌊log(n)⌋, which is 1− o(1) proportion of all of the
nodes. Thus, the network learning rate is at least:

(1− o(1))2 = 1− o(1).

This finishes the proof.

C Simulations

We will now provide additional simulation results with Erdös Rényi model, the PA model and low
degree networks.

1The vertices appearing in the sequence for tuple (a, h) have y-coordinate of a and x-coordinates within the range
of (4h− 3)2a−1 and (4h− 1)2a−1.
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C.1 Erdös Rényi Model

For Erdös Rényi model, we are interested in understanding the influence of edge probability p on the
learning rate of the network. As p increases, the overall connectivity of the network increases, and
the network undergoes a transition from a sparsely connected to a more densely connected regime.

Table 2: Erdos-Renyi Two Neighbors vs Two Neighbors + High Value

Simulation results q = 0.7, n = 1000, iterations= 300

Ordering Average learning rate

p = 0.005 p = 0.01 p = 0.03 p = 0.05 p = 0.07

Random 0.8017 0.8820 0.9612 0.9753 0.9757
Two Neighbors 0.9079 0.9466 0.9714 0.9747 0.9816
Two Neighbors + High Value 0.7881 0.9524 0.9734 0.9774 0.9804

Table 3: Erdos-Renyi Two Neighbors vs Two Neighbors + High Value

Simulation results q = 0.7, n = 1000, iterations= 300

Ordering Average learning rate

p = 0.1 p = 0.2 p = 0.3 p = 0.7

Random 0.9783 0.9542 0.8972 0.8626
Two Neighbors 0.9761 0.9636 0.9403 0.8622
Two Neighbors + High Value 0.9691 0.9359 0.9232 0.8853

In Table 2 and 3, we compare the random, two neighbors, and two neighbors + high value
ordering. Here, we simulate over edge probabilities between p = 0.01 and p = 0.7. For a small edge
probability p = 0.005, we see relatively similar overall learning rates for all orderings, suggesting that
successful aggregation cannot occur in sparsely connected regimes. In general, the two neighbors +
high value ordering performs better than the two neighbors as it prioritizes high-value information.
However, as p increases to above 0.05, we see relatively interchangeable learning rates for all of the
different orderings. In more densely connected regimes as seen in Table 3, both the two neighbors
and two neighbors + high value orderings become more susceptible to negative information cascades.
The edge probability p = 0.7 best illustrates this point as all learning rates fall below 0.9.

C.2 Preferential Attachment Model

In preferential attachment (PA) graphs, a key observation is that there will be a few extremely
high-degree nodes. This allows us to utilize the two neighbors + high value ordering with a high
independent set size m which will allow us to minimize the chance of a negative information cascade.
In our simulations, we utilize a PA model with a seed clique of k = 5, and we attach each new node
to k preexisting nodes. Additionally, we will consider three orderings: 1.) a random ordering, 2.)
the arrival ordering of the PA model, and 3.) and the Two Neighbor + High Value ordering with
parameter m = 30. Over the three orderings, we observe the behavior network learning rate as n
increases. In Table 4, we observe that the two neighbor + high value ordering consistently performs
the best, with a learning rate increasing with n. The arrival ordering is extremely susceptible to
information cascades. This causes high variation in learning rate we see in Table 4.
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Figure 4: The simulation results for an ER network with q = 0.7 and n = 1000, over 300 iterations. The
median learning rate over 300 iterations increases as the edge probability increases. However, the number
of negative information cascades also increases, which is reflected in the polarity of learning as well as the
lower mean learning rates.

Table 4: Preferential Attachment with Two Neighbors + High Value

Simulation results q = 0.7, k = 5, iterations = 300

Ordering Average learning rate

n = 500 n = 700 n = 900 n = 1100 n = 1300 n = 1500

Random 0.8813 0.8800 0.8791 0.8821 0.8816 0.8799
Arrival 0.8845 0.8257 0.8606 0.8254 0.8935 0.8312
High Value 0.9577 0.9689 0.9758 0.9832 0.9842 0.9851

C.3 Low Degree Structures

We define the n× n grid G(n, n) as the regular grid of nodes in R2, where the node set consists of
label pairs (i, j) ∈ {1, ..., n}2 and an edge set {(i, j)(i′, j′) : |i− i′|+ |j − j′| = 1}. The boundary of
G(n, n) is the outermost layer of the grid and the interior nodes are all of the rest. We induce a
spiral ordering on the nodes. For a spiral order, we begin at the top left corner node of the grid and
follow a clockwise spiral until we account for all boundary nodes. We then repeat the same process
for the next layer down, starting at the top left corner node and traversing clockwise, like peeling
layers of an onion.

Both the binary butterfly network as seen in Figure 1 and the grid network are examples of low
degree graphs, where the maximum degree is bounded by a constant. Unlike Erdös Rényi or PA
models, they don’t have high-degree nodes, or hubs, that make for easy information aggregation
and propagation. However, under specific orderings that exploit the local structure of the network,
information can be incrementally aggregated. As seen in Table 5 and 6, the performance of both
networks improves significantly as the n increases, in contrast with the random ordering that appears
to have a learning rate asymptotically bounded away from 1.
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Table 5: Butterfly Network

Simulation results q = 0.7, iterations= 300

Ordering Average learning rate

n = 80 n = 192 n = 448 n = 1024 n = 2304 n = 5120

Random 0.7602 0.7600 0.7634 0.7643 0.7640 0.7663
Bottom-Up 0.8426 0.8513 0.8717 0.8859 0.9000 0.9082

Table 6: n× n Grid Network

Simulation results q = 0.7, iterations= 300

Ordering Average learning rate

n = 20 n = 30 n = 40 n = 50 n = 60

Random 0.7714 0.7718 0.7721 0.7727 0.77305
Spiral 0.8922 0.9168 0.9366 0.9501 0.9575

Figure 5: The simulation results for a PA model with q = 0.7 and k = 5 over 300 iterations. The two
neighbors + high value ordering performs much better than random and arrival orderings.
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Figure 6: The simulation results for low-degree networks with q = 0.7 over 300 iterations. We observe the
behavior of low-degree networks, the n× n grid network (left) and butterfly network (right), as the number
of nodes increases under specific orderings. In both cases, we see the feasibility of asymptotic learning.
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