RANDOM FIBONACCI WORDS VIA CLONE SCHUR FUNCTIONS

LEONID PETROV AND JEANNE SCOTT

ABSTRACT. We investigate positivity and probabilistic properties arising from the Young—Fibo-
nacci lattice YF, a 1-differential poset on binary words composed of 1’s and 2’s (known as Fi-
bonacci words). Building on Okada’s theory of clone Schur functions [Oka94], we introduce clone
coherent measures on YF which give rise to random Fibonacci words of increasing length. Unlike
coherent systems associated to classical Schur functions on the Young lattice of integer partitions,
clone coherent measures are generally not extremal on YF.

Our first main result is a complete characterization of Fibonacci positive specializations —
parameter sequences which yield positive clone Schur functions on YF. We connect Fibonacci
positivity with total positivity of tridiagonal matrices, Stieltjes moment sequences, and orthogonal
polynomials in one variable from the (g-)Askey scheme.

Our second family of results concerns the asymptotic behavior of random Fibonacci words
derived from various Fibonacci positive specializations. We analyze several limiting regimes
for specific examples, revealing stick-breaking-like processes (connected to GEM distributions),
dependent stick-breaking processes of a new type, or discrete limits tied to the Martin boundary
of the Young-Fibonacci lattice. Our stick-breaking-like scaling limits significantly extend the
result of Gnedin-Kerov [GK00a] on asymptotics of the Plancherel measure on YF.

We also establish Cauchy-like identities for clone Schur functions (with the right-hand side
given by a quadridiagonal determinant), and construct and analyze models of random permuta-
tions and involutions based on Fibonacci positive specializations and a version of the Robinson—
Schensted correspondence for YF.
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1.1. Overview. Branching graphs — particularly the Young lattice Y of integer partitions —
have long held a central position at the crossroads of representation theory, combinatorics, and
probability. Indeed, the Young lattice powers the representation theory of symmetric and (to some
extent) general linear groups, giving rise to Schur functions and driving profound connections
to random matrix theory and statistical mechanics. In this landscape, the Plancherel measure
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on Y and its generalization, the Schur measures, have emerged as foundational objects. These
probability measures (in the terminology of statistical mechanics, ensembles of random partitions)
serve as a framework for exploring phenomena such as limit shapes, random tilings, and universal
distributions governing eigenvalues in random matrix ensembles.

Despite the prominence of the Young lattice, kindred combinatorial structures remain relatively
underexplored from a probabilistic perspective. One notable example is the Young—Fibonacci lat-
tice YF [Fom88], [Sta88], [Oka94], [GKO0Ob]. Like the Young lattice, Y possesses a 1-differential
poset structure defined, not on integer partitions, but rather binary words composed of the sym-
bols 1 and 2 (known as Fibonacci words). As a 1-differential poset, YF carries a Plancherel
measure on Fibonacci words. The Young—Fibonacci lattice also mirrors other structures found
in the classical Young lattice, such as versions of the Robinson-Schensted (RS) correspondence,
multiparameter analogues of Schur functions, and a representation-theoretic framework intro-
duced by Okada [Oka94]. At the same time, YF exhibits novel combinatorial and probabilistic
behaviors, which are the main focus of the present work.

Our starting point is the theory of biserial clone Schur functions [Oka94], a family of functions
sw(Z|y) indexed by Fibonacci words w € YF and involving two sequences of parameters & =
(r1,22,23,...) and ¥ = (y1,Y2,¥3,...). Clone Schur functions, first introduced by Okada, parallel
the classical Schur functions s)(2), A € Y, Z = (21, 22, 23,...), in several aspects. Both Schur
and biserial clone Schur functions branch according to a Pieri rule and, more generally, obey
a Littlewood-Richardson rule which reflects the structure of covering relations in the Y and YF
lattices. As a consequence, both Schur and biserial clone Schur functions give rise to harmonic
functions on Y and Y[, defined respectively by

po BE) L @)
st(Z) X1 Ty
where n is the rank of A € Y or w € YF. The Plancherel harmonic function (associated with the
Plancherel measure) for each lattice arises from a special choice of parameters in Schur or clone
Schur functions, respectively.

Positive specializations of classical Schur functions (sequences Z for which s, (%) is positive for
all A € Y) are central in the study of the Young lattice. They are related to total positivity
[AESW51], [ASW52], [Edr52], [Edr53], characters of the infinite symmetric group [Tho64], and
asymptotic theory of characters of symmetric groups of increasing order [VEK81].

One important distinction with the YF-lattice is that the harmonic functions on Y associated
with positive specializations of classical Schur functions are eztremal (this property is also often
called ergodic, or minimal). Extremality here means that the functions A — s5(2)/si(Z) cannot
be expressed as nontrivial convex combinations of other nonnegative harmonic functions. In
contrast, this extremality property does mot generally hold for harmonic functions arising from
Fibonacci positive specializations of biserial clone Schur functions. One of the initial motivations
for our work was to investigate the broad question of how clone harmonic functions on YF
decompose into extremal components. The classification of extremal harmonic functions on YF
was established in [GK00b], and results on the boundary of YF were strengthened in the preprints
[BE20], [Evt20].

Our first goal is to investigate conditions for which a specialization (&, ) is Fibonacci positive
— in the sense that the biserial clone Schur functions s,,(Z| %) are strictly postive for all Fibonacci
words w € YIFF. Subsequently, we explore probabilistic and combinatorial properties of Fibonacci
positive specializations and related ensembles of random Fibonacci words. The present work
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extends and completes several well-studied classical topics associated with the Young lattice Y
and Schur functions, adapting them to the Young—Fibonacci lattice YF and clone Schur functions.
Our contributions can be summarized as follows:

1. Characterization of Fibonacci positivity. We establish a complete classification of spe-
cializations (Z, /) for which the clone Schur functions s,,(Z | ¥/) are positive for all w € YF. The
concept of Fibonacci positivity strengthens the notion of total positivity of tridiagonal ma-
trices whose subdiagonal consist entirely of 1’s. We identify two classes of Fibonacci positive
specializations, of divergent and convergent type.

2. Stieltjes moment sequences and orthogonal polynomials. The connection to tridiago-
nal matrices places the Fibonacci positivity problem into the context of the Stieltjes moment
problem and Jacobi continued fractions. For many examples of Fibonacci positive specializa-
tions, the Borel measure on [0, 00) coming from the corresponding Stieltjes moment problem
is related (via a change of variables) to an orthogonality measure for a family of orthogonal
polynomials in one variable from the (g-)Askey scheme [KS96]. This includes the Charlier,
Type-1 Al-Salam—Carlitz, Al-Salam—Chihara, and ¢-Charlier polynomials. In the latter two
examples, the Fibonacci positivity enforces the atypical condition ¢ > 1, in contrast to the
usual assumption |¢| < 1 in the ¢-Askey scheme.

3. Asymptotics of random Fibonacci words. We investigate the behavior of random Fi-
bonacci words, (originating from various Fibonacci positive specializations) in the limit as the
word length grows. We find examples when the growing random words exhibit one of the
following patterns:

e w=1"21"2... where r; scale proportionally to the word length;
o w=2M12"1_ . where h; scale proportionally to the word length;
e w = 1%°v, that is, the word has a single growing prefix of 1’s, followed by a finite (random)

Fibonacci word v € YF.

In the first two cases, the joint scaling limit of either (rq,r2,...) or (hy,hs,...) displays a
“stick-breaking”-type behavior. In this way, we extend the result of [GK00a] showing that
in a scaling limit, the sequence (hq, hg,...) corresponding to the Plancherel measure on YF
converges to the GEM distribution with parameter § = % We observe different stick-breaking
processes, including the ones with dependent stick-breaking steps.

For random Fibonacci words almost surely behaving as w = 1°°v, we determine the prob-
ability law of the random finite word v in the limit in terms of the parameters (&, ) of the
Fibonacci positive specialization. This distribution on the v’s is the desired decomposition of
the clone harmonic function w + s,,(%|)/(z1 - - 7),)) into the extremal components.

4. Clone Cauchy identities and random permutations. We establish clone Cauchy iden-
tities which are summation identities involving clone Schur functions, in parallel to the cele-
brated Cauchy identities for Schur functions. In the Young—Fibonacci setting, the right hand
side of each Cauchy identity is expressed by a quadridiagonal determinant (and not a prod-
uct, like for classical Schur functions). We employ clone Cauchy identities to study models of
random permutations coming from random Fibonacci words and a Robinson—Schensted cor-
respondence for the YF-lattice introduced in [Nze09]. In particular, we compute the moment
generating function for the number of two-cycles in a certain ensemble of random involutions,
and explore its asymptotic behavior under a specific Fibonacci positive specialization. Other
specializations may lead to interesting models of random permutations with pattern avoidance
properties.
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In the remainder of the Introduction, we formulate our main results in more detail. Further
discussion of possible extensions and open problems is postponed to the last Section 8.

1.2. Clone Schur functions and Fibonacci positivity. A Fibonacci word w is a binary
word composed of the symbols 1 and 2. Its weight is the sum of the symbols. For example,
|12112| = 7. By YF,, we denote the set of Fibonacci words of weight n. The lattice structure on
YF is defined through branching (covering) relations w * w’ on pairs of Fibonacci words, where
|w'| = |w|+1. This relation is recursively defined to hold if and only if either v’ = 1w, or w’ = 2v
with v w. The base case is given by @ 1. Let dim(w) denote the number of saturated
chains @ = wg S wy -+ w, = w in the Young—Fibonacci lattice starting at @ and ending
at w. See Figure 1 for an illustration of the YIF up to level n = 5. A function ¢ on YF is called
harmonic if p(w) = >  (w’) for all w € YF.

w': w S w!
Let & = (z1,22,23,...) and ¥ = (y1,42,¥3,...) be two sequences of parameters. Define the
{ x ¢ tridiagonal determinants by

z1 yn 0 0
L 1 22 y2 O
AZ|g) =det | o 1 g4 Ys ,

£ x £ tridiagonal matrix

Yr+1  Tr+1Yr+2 0 0
1 Tr43  Yr43 O
By A(Z+r|g+7):=det| g b ’

Tr4+4 Yr+4 ’

£ x ¢ tridiagonal matrix

where nonzero elements in all rows in A, and all rows in By_; except for the first one follow the
pattern (1,z;,y;). Here and throughout the paper, ¥ + r and ¢ + r denote the sequences with
indices shifted by r € Z>o.

The clone Schur function s,,(Z| ) is defined by the following recurrence:
Ar(ZY), if w = 1* for some k > 0,
By(Z+7r|y+7r)-su(Z]7), if w=1¥2u for some k > 0 and |u| = r.

Sw(f‘ 37) = {

The function E17)

Sw\T|Y
22(w) = —— 22

QOm,y( ) 1T x\w\

is harmonic on YF. It is normalized so that ¢z 5(9) = 1.
Our first main result is a complete characterization of the Fibonacci positive sequences (T, %)
for which the clone Schur functions s,,(Z|¥) are positive for all w € YF:

Theorem 1.1 (Theorem 3.9). All Fibonacci positive sequences (Z,y) have the form
ap=cp(l+tp-1),  yp=crCrprtr, k=1,

where & is an arbitrary positive sequence, and t = (t1,ta,...) (with ty = 0, for convenience) is a
positive real sequence of one of the two types:
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o (divergent type) The infinite series
14+t +tite +titats + ... (1.1)

diverges, and ty,11 > 1+t for allm > 1;
e (convergent type) The series (1.1) converges, and

t
1+ timss + tmastmed + tmastmadtmes + ... > mtl for all m > 0.

o tm—i—?(l + tm - tm—i—l)’
The sequences & and t are determined by (Z,7) uniquely.

The distinguished Plancherel harmonic function

dim(w)
PrL (w) = nl

is obtained from clone Schur functions by setting zp = yx = k, K > 1. Throughout the paper we

are primarily concerned with two deformations of the Plancherel specialization, both of divergent

type: the shifted Plancherel specialization xz = y, = k+ o0 — 1, 0 € [1,00), and the Charlier

specialization zy = k+p — 1, yx, = kp, p € (0,1]. In Section 3.4, we describe other examples of

Fibonacci positive specializations, both of divergent and convergent type.

, w € YF,,

1.3. Stieltjes moment sequences and orthogonal polynomials. As a corollary of the Fi-
bonacci positivity of a specialization (&, %), we see that the infinite tridiagonal matrix with the
diagonals (1,1,...), (x1,x2,...), and (y1,y2,...) is totally positive, that is, all its minors which
are not identically zero are positive. It is known from [F1a80], [Vie83], [Sok20], [PSZ23] that
totally positive tridiagonal matrices correspond to Stieltjes moment sequences a, = [t"v(dt),
n > 0, where v is a Borel measure on [0,00). Moreover, the monic polynomials P, (t), n > 0,
orthogonal with respect to v can be determined directly in terms of the parameters (&, %):

Poi(t) = (t = 2ps1)Pa(t) — ynPai1(t), n>1, BRyt)=1, Pi(t)=t— .

We refer to Section 4.1 for a detailed discussion of the connection between total positivity of
tridiagonal matrices and Stieltjes moment sequences.

According to the (g-)Askey nomenclature [KS96], in Section 4.2 we find several Fibonacci
positive specializations whose orthogonal polynomials are (up to a change of variables and pa-
rameters):

Charlier polynomials;

Type-I Al-Salam—Carlitz polynomials;
Al-Salam—Chihara polynomials;
g-Charlier polynomials.

In these cases, we also explicitly determine the orthogonality measures v. For example, in the
Charlier case, the orthogonality measure is simply the Poisson distribution with the parameter
p. For the Al-Salam—Chihara and ¢-Charlier polynomials, the Fibonacci positivity enforces the
atypical condition ¢ > 1, in contrast to the usual assumption |¢| < 1 in the g-Askey scheme.
Our fifth example, the shifted Plancherel specialization x; = yr = k + 0 — 1, corresponds to the
so-called associated Charlier polynomials [ILV88], [Ahb23]. The orthogonality measure v in this
case is not explicit, but we find its moment generating function (Proposition 4.8).

In each of the five examples, we also list a combinatorial interpretation of the Stieltjes moment
sequence a, itself. For example, in the Charlier case, a,, is known as the Bell (also called Touchard)

polynomial in p:
ap = Bn(p) = ZWEH(W,) p#bIOCkS(ﬂ)7
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where the sum is over all set partitions 7 of [n]. In other examples, a,, is also expressed as a sum
over set partitions, weighted by other statistics. There is a rich literature on such combinatorial
interpretations [WW91], [Zen95], [Ans05], [KSZ06], [KZ06], [Jos11]. Most of the combinatorial
interpretations in Section 4.2 essentially follow from these references.

While we have a complete description of Fibonacci positive specializations (Z,¥), explicitly
describing the set of corresponding Borel measures v within all Borel measures on [0, c0) remains
an open problem.

1.4. Asymptotics of random Fibonacci words. We investigate asymptotic behavior of grow-
ing random Fibonacci words distributed according to clone coherent probability measures M,
on YF,,:
M, (w) = dim(w) ¢z y(w) = dim(w) M, w € YF,.
xl xQ DY xn

The measures M, are called coherent since they are compatible for varying n; see (2.5).

In Sections 5.3 and 5.4, we prove two limit theorems concerning the asymptotic behavior of
random Fibonacci words under the Charlier and the shifted Plancherel specializations. For the

Charlier specialization x = k+p—1, yr = kp, we decompose the random word as w = 1"121™22. . ..

Theorem 1.2 (Theorem 5.7). Fiz p € (0,1). Let w € YF, be distributed according to the
Charlier clone coherent measure M,,. Then for each fixed k > 1, the joint distribution of runs
(ri(w),...,rp(w)) converges to

rj(w) d .
— Np:j j=1,....k
n— I ri(w) noee o
where 1p.1,Mp;2, - - - are i.1.d. copies of a random variable with the distribution

pdo(a) + (1= p)p(l— ) 'da, e 0,1]

This distribution is a convexr combination of the point mass at 0 and the Beta random variable
beta(1, p), with weights p and 1 — p.

Equivalently, we have {r;/n};>1 — X;, where X; = U; and X, = (1 = U1)--- (1 = Up—1)Up
for n > 2, where U; = 1),,; are i.i.d. The representation of the vector (Xi, Xs,...) through the
variables U; is called a stick-breaking process.

Note that if U; have the distribution beta(1, #), then the distribution of the vector (X1, X»,...)
is called the Griffiths-Engen-McCloskey distribution GEM(6). We refer to [JKB97, Chapter 41]
for further discussion and applications of GEM distributions.

We see that the runs of 1’s under the Charlier specialization scale to the GEM(p) vector with
additional zero entries inserted independently with density 1 — p.

For the shifted Plancherel specialization xy, = yx = k + 0 — 1, we decompose the random word
as w = 21221 ... Denote hj =2hj + 1.

Theorem 1.3 (Theorem 5.13). Fiz o > 1. Under the shifted Plancherel clone coherent measure
M,,, we have for the joint distribution (hi(w),..., hg(w)) for each fized k > 1:
hj(w) d
n= S i)
The joint distribution of ({s.1,&ss2, - - ) can be described as follows. Toss a sequence of independent

coins with probabilities of success 1,071,072, .... Let N be the (random) number of successes

50’;]'7 j:].,,k
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until the first failure. Then, sample N independent beta(1l,0/2) random variables. Set &y.k,
kE=1,...,N, to be these random variables, while §5.1, = 0 for k > N.

When o > 1, the random variables &, are not independent, but &,,1,...,&,;, are conditionally
independent given N = n. Almost surely, the sequence &5.1,&5:2, ... contains only finitely many
nonzero terms.

At 0 = 1 (Plancherel measure), we have N = oo almost surely, so the random variables ;.5
are 1.i.d. beta(1,0/2). Thus, we recover the convergence to GEM(1/2) obtained in [GK00a].

Theorems 1.2 and 1.3 follow from product-like formulas for the joint distributions of r;(w)
and hj(w), respectively. The product-like formulas are valid for arbitrary Fibonacci positive
specializations, but they greatly simplify in the Charlier and shifted Plancherel cases.

Consider now specializations of convergent type, with an additional condition that the infinite
product []72,(1 + t;) converges to a finite value.

Theorem 1.4 (Propositions 5.18 and 5.19). With the above assumption on the sequence t of
convergent type, the random word w € YF,, under the corresponding clone coherent measure
behaves in the limit as n — oo as

e cither w — 1°°,

e orw — 1°2v, where v € YF is a finite random Fibonacci word.

The convergence of w is stabilization on the discrete set. The distribution uy of the limiting word
belonging to 1°YF = {1°} U {1°°2u: u € YF} is given by

oy _ T . . o Buo(Jul)
pr (1 ):il;[l(uti) Lo m(1%2u) = ( £(1+ti)>(’“+l)M'“'(u)lTé’il(l+m’

where u € YF is arbitrary, and Bso(m), m > 0, is an infinite series defined below in (3.6).
Moreover, 1 is a probability measure on 1°°YF.

In Corollary 5.20, we obtain the following decomposition of the clone harmonic function ¢z
for specializations of convergent type satisfying [[;,(1 + ¢;) < oco:

dim(w, 1%2u)

pzg=m(1°) P + Y pr(1°2u) Proegy, Proogu(w) =4  dim(2u)

u€YF 0, otherwise.

if w<1Fu, k>0,

Here, < denotes the partial order on YF (induced from the branching relation). The functions
D10 and Pyoeog, for v € YF are called Type-I harmonic functions, and they are extremal.

1.5. Clone Cauchy identities and random permutations. In Section 6, we derive clone
Cauchy identities generalizing the classical Cauchy-type summation formulas for the usual Schur
functions. Two identities are presented in Propositions 6.8 and 6.9, with the second being

A By C 0

1 A2 B2 CQ
sw(@|7)sw(@|7) =det | 0 1 Az Bs 1.2
> |7) s (T o 0 1 A (1.2)

lw|=n

~
nxn quadridiagonal matrix

where Ay = prag, Br = qi(Trzrr1 — Yk) + Yk (PrPr+1 — k) Crk = PRTrQrr1Yk+1-
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The identity in (1.2) can be used to define clone analogues of Schur measures, extending the
framework from harmonic functions on YF. Indeed, when one of the specializations in (1.2) is
Plancherel, p = qr = k, identity (1.2) reduces to the normalizing identity for the clone harmonic
function ¢z 5. For the Young lattice, Schur measures were introduced in [Oko01] and generalized
to Schur processes (measures on sequences of partitions) in [OR03]. They found extensive appli-
cations in random matrices, interacting particle systems, random discrete structures like tilings,
geometry, and other areas [OP06], [ORV06], [BF14], [BG16], [BP14], [CH14]. We leave clone
analogues of Schur measures and processes for future work.

In Section 7, we introduce ensembles of random permutations and involutions by utilizing the
Young-Fibonacci RS correspondence [Nze09] and positive harmonic functions on YF. In full
generality, the distribution of a permutation or involution depends, respectively, on a triplet
(71, ¢, 1) or a couple (7, ) of harmonic functions. We do not treat the general case in the present
work, but focus on the clone harmonic / Plancherel random involutions, that is, corresponding
to setting m = @z 57 and ¢ = ¢, , where (Z,%) is a Fibonacci positive specialization. Using clone
Cauchy identities, we find the moment generating function for the number of two-cycles in a
random involution o € &,, (Proposition 7.5):

r1 (1-7)yn —Ta1ye 0

1 T2 (1—-27)y2  —2722y3
E[T#two—cycles(o)] _ (xl . l’n)_l det 0 1 xs (1 — 37’)3/3

0 0 1 Ty

nxn quadridiagonal matrix

where 7 is an auxiliary parameter.

When (Z, ) is the shifted Plancherel specialization (xx = yp = k+ 0 — 1, 0 € [1,00)), the
Young—Fibonacci shape w € YF,, of a random involution o € &,, under the RS correspondence
has the same distribution as a random Fibonacci word considered in Theorem 1.3 above. In this
way, we can compare the asymptotic behavior of the total number of 2’s in a random Fibonacci
word (which is the same as the number of two-cycles), and the scaling limit of initial long sequences
of 2’s from Theorem 1.3. We establish a law of large numbers (Proposition 7.10) for the total
number of 2’s:

lim #two-cycles(0o) _ 1 . (1.3)
n—00 n c+1

For o > 1, this value exceeds the expectation of the sum of the scaled quantities h; in Theo-

rem 1.3. This discrepancy reveals that additional digits of 2 remain hidden in the growing random

Fibonacci word after long sequences of 1’s. This behavior is unaccounted for in the scaling limit

of Theorem 1.3 but contributes to the law of large numbers (1.3).

Outline of the paper. Section 2 provides the necessary background on the Young—Fibonacci
lattice YF and clone Schur functions, introducing harmonic functions and coherent measures on
the Young—Fibonacci lattice arising from specializations of clone Schur functions. In Sections 3
and 4, we define and characterize Fibonacci positivity and relate it to total positivity, Stieltjes
moment sequences, and orthogonal polynomials. Section 5 examines the asymptotic behavior of
coherent measures derived from various Fibonacci positive specializations. We analyze several
limiting regimes for specific examples, revealing distributions resembling stick-breaking processes
(associated with GEM distributions), dependent stick-breaking processes, or discrete limits tied to
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the Martin boundary of the Young—Fibonacci lattice. Section 6 discusses clone Cauchy identities,
focusing on summation identities involving products of clone Schur functions. In Section 7, we in-
vestigate how clone Schur functions and a variant of the Robinson—Schensted correspondence for
YF can define models of random permutations and involutions. Utilizing clone Cauchy identities,
we compute the moment generating function for the number of two-cycles in a random involu-
tion (under a particular specialization), and explore its asymptotic behavior. Finally, Section 8
outlines several open problems, including combinatorial ergodicity, truncated Young-Fibonacci
lattices, further inquiries into the asymptotics of coherent measures and random permutation
models, and connections to nonsymmetric and quasisymmetric functions.
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2. BACKGROUND. YOUNG—FIBONACCI LATTICE AND CLONE SCHUR FUNCTIONS

In this background section we review the Young—Fibonacci lattice YF (which is often referred
to as the Young-Fibonacci branching graph) [Fom88], [Sta88], [GK00b] and clone Schur functions
introduced in [Oka94]. The (biserial) clone Schur functions are harmonic on YF and we use them
to define coherent probability measures on Fibonacci words.

2.1. Young—Fibonacci lattice and harmonic functions. A Fibonacci word w = wy ... wy is
any binary word with letters w; € {1,2}. The integer |w| :== wi + ... + wy = n is called the
weight of the word w. The total number of Fibonacci words of weight n is equal to the n-th
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Fibonacci number,! hence the name. Denote the set of all Fibonacci words of weight n by YF,,
where n > 0.

Definition 2.1. The Young—Fibonacci lattice YF is the union of all sets YF,, n > 0. In this

lattice, w € YF,, is connected to w’ € YF,,11 if and only if w’ can be obtained from w by one of

the following three operations:

F1. v = 1w.

F2. v = 281y if w = 2F1v for some k > 0 and an arbitrary Fibonacci word v.

F3. w' = 20128 % if w = 2¥v for some k > 1 and an arbitrary Fibonacci word v. While F1 and
F2 each generate at most one edge, this rule generates k edges indexed by £ =1,..., k.

We denote this relation by w ~ w’ (equivalently, w’ \, w). An example of the Young-Fibonacci

lattice up to level n =5 is given in Figure 1.

111

11111 2111 1211 221 1121 122 212 1112

FiGure 1. The Young—Fibonacci lattice up to level n = 5.

Definition 2.2. A function ¢ on YF is called harmonic if it satisfies

o(w) = Z o(w') for all w € YF.
w’: w\w
A harmonic function is called normalized if (@) = 1.

For w € YF, denote by dim(w) the number of oriented paths (also known as saturated chains)
from @ to w in the Young—Fibonacci lattice. Let I3(w) be the sequence of all positions of the
letter 2 in w, reading from left to right. Then

dim(w) = H di(w), where d;(w) = |v| 4+ 1 if w = u2v is the splitting of w at position .

i€lz(w)
(2.1)

1With the convention that Fp = F} = 1.
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Equivalently, dim(w) obeys the following recursion:

1, ifw=g;
dim(w) = ¢ dim(v), if w = 1v for a Fibonacci word v; (2.2)

(Jv| +1)dim(v), if w = 2v for a Fibonacci word v.

For example, if w = 22121, then Ir(w) = (1,2,4), and dimw = 70. Since YF is a 1-differential
poset, we have [Sta88, Corollary 3.9], (see also [Fom94]):

> dim®(w) = nl. (2.3)

weYF,

With any nonnegative normalized harmonic function we can associate a family of probability
measures M, on YIF,, as follows:

M, (w) == dim(w) - p(w), w € YF,. (2.4)

The fact that », cyp My(w) = 1 follows from the normalization of ¢, and the harmonicity of ¢
translates into the coherence property of the measures M,,:

d
Myw)= Y Muypi(w L(,) w € YF,,. (2.5)
w’: w\w dlm( )

The set of all nonnegative normalized harmonic functions on YF forms a simplex Y (YF). The
set of extreme points of this simplex (the ones not expressible as a nontrivial convex combination
of other points) is denoted by Yext(YF). In general, Text(YF) is a subset of the Martin boundary,
denoted by Yaartin(YF). The latter consists of harmonic functions which can be obtained by
finite rank approximation. The Martin boundary of the Young—Fibonacci lattice is described
in [GKOODb]. Recently, it was shown in the preprints [BE20], [Evt20] that the Martin boundary
coincides with the set of extreme points Yoy (YF).

For any coherent family of measures M,, on YF,,, n = 0,1,2,..., there exists a unique proba-
bility measure p on Yex(YF) such that
M, (w) = / dim(w) gy, (w) p(dw), w € YF,. (2.6)
Y ext (YF)

Here ¢, is the extremal harmonic function corresponding to w € Yext (YF).

2.2. Plancherel measure and its scaling limit. An important example of a harmonic function
on YF is the Plancherel function defined as

dim(w)

n!

op (W) = , w € YF,. (2.7)

In [GKO00a] it is shown that ¢, belongs to Yex;(YF). Moreover, for the Plancherel measure
M,,(w) = dim?*(w)/n! corresponding to ¢,, as in (2.4), [(K00a] establishes a n — oo scaling
limit theorem for the positions of the 1’s in the random Fibonacci word w which we now describe.

Represent w € YF as a sequence of contiguous blocks of letters 2 separated by 1’s. For example,
w = 122112 = (1)(221)(1)(2). Each block except possibly the rightmost one contains exactly one
1, which is its terminating letter. Denote by hq, hQ, .. the sequence of weights of the blocks,
readmg from left to rlght For the example above, hy = 1,ho = 5,hg = 1, hy = 2, and h = 0 for
j > 5. We have hq + ho + ... = n. We use the notation hy, for consistency with the computations
in Section 5.2 below.
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Definition 2.3. The GEM (Griffiths—-Engen—McCloskey) distribution with parameter § > 0
(denoted GEM(0)) is a probability measure on the infinite-dimensional simplex

A= {(xl,xg,...):szo, ]2%51} (2.8)

obtained from the residual allocation model (also called the stick-breaking construction) as fol-
lows. By definition, a random point X = (X1, Xa,...) € A under GEM(0) is distributed as

X1:U1, Xn:(1—U1)(1—UQ)‘--(l—Un_l)Un, n:2,3,...,
0—-1

where Uy, Uy, ... are independent beta(1,§) random variables (i.e., with density 6(1 — u) on
the unit segment [0, 1]). We refer to [JKB97, Chapter 41] for further discussion and applications
of GEM distributions.

Theorem 5.1 in [GK00a] establishes the convergence in distribution as n — +oo:

(ﬁl(w)7 BZ(UJ)?W) — X = (X1, Xa,...), X ~ GEM(1/2), (2.9)

n n

where hj(w) are the block sizes (described above) of the random Fibonacci word w distributed
according to the Plancherel measure on YIF,,.

2.3. Harmonic functions from clone Schur functions. A rich family of non-extremal har-
monic functions on YF comes from clone Schur functions [Oka94] which we now describe. Let
Z = (x1,x9,...) and ¥ = (y1,¥2,...) be two families of indeterminates. Define two sequences of
tridiagonal determinants as follows:

zr o 0 - y1 z1y2 0
L 1 T2 Y2 L 1 I3 Y3
A(Z]Y) = det 0 1 3 , By 1(Z| ) = det 0 1 T4 (2.10)
£ x £ tridiagonal matrix £ x ¢ tridiagonal matrix

Here ¢ > 0. For a sequence @ = (u1,us, ...), denote its shift by @ + ¢ = (u14¢,u24¢,...), where
le ZZO'

Remark 2.4. When there is no risk of ambiguity, we’ll abbreviate Ay(Z| ) and B,(Z|y) as As
and By, respectively. Moreover, we will use the shorthand notation Ay(m) == Ay(Z + m|y+ m)
and By_1(m) := By_1(Z+ m |y + m) for the shifted determinants.

Definition 2.5. For any Fibonacci word w, define the (biserial) clone Schur function s.,(Z|¥)
through the following recurrence:

8w (2| ) ¢={

Ar(Z]Y), if w = 1* for some k > 0,

2.11
Bi(Z + [u| | F+ ul) - su(Z|7), if w = 1%2u for some k > 0. (2.11)

Note that these functions are not symmetric in the variables, and the order in the sequences
(r1,22,...) and (y1,¥2,...) is important. The clone Schur functions satisfy a Y[F-version of the
Littlewood—Richardson identity, whose simplest form is the following clone Pieri rule established

in [Oka94]:
Llw|+1 sw(T|Y) = Z suw (%] 9) (2.12)
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Let us briefly mention the background (developed in [Oka94]) behind the clone Schur func-
tions. The biserial clone Schur functions s,,(Z|¥) arise as evaluations (depending on # and ') of
Okada’s clone Schur functions s,,(x|y) which are noncommutative polynomials in the free alge-
bra generated by two symbols x and y. Both the clone and biserial clone Schur functions play
a vital role vis-a-vie the representation theory of the Okada algebra(s): the multiplicative struc-
ture of the noncommutative clone Schur functions models the induction product for irreducible
representations of Okada algebras, while the biserial clone Schur functions are matrix entries for
the action of the generators in these representations. This amplifies the parallel with usual Schur
functions where the Littlewood—Richardson rule for multiplying Schur functions describes the
induction product of representations of the symmetric group.

To summarize, the usual Young lattice Y (or partitions ordered by inclusion) is simultaneously
responsible for the branching of the representations of the symmetric groups 5,, and for the Pieri
rule for Schur functions (the simplest of the Littlewood—Richardson rules). Similarly, the Young—
Fibonacci lattice YF is simultaneously the branching lattice for Okada algebra representations,
and is responsible for the clone Pieri rule (2.12) for the biserial clone Schur functions.

Let us proceed with a number of straightforward properties of the biserial clone Schur functions.
For a complex-valued sequence 5 = (v1,72,73, . . . ) one readily sees from Definition 2.5 that

Sw(if‘? (VWL 1) ?7) = (71 ""7|w|)5w(f|g)v (2'13)

where 7 - & = (y121, Y2x2, V323, ...) and Y+ 1 = (¥2,73,74, ... ). In particular, the biserial clone
Schur functions with the variables (Z,¥) scale as follows:

sw(VE| Y §) = A 5w (@ | 7), (2.14)
where v# means that we multiplied all the variables z; by v € C, and similarly for 727.
Assume that x; # 0 for all 4, and define the following normalization:

0z (w) = M, w € YF. (2.15)
The formula 2.12 implies that these normalized clone Schur functions define a harmonic function
on YF (see Definition 2.2):

Proposition 2.6 ([Oka94]). Let the variables T and § be such that x; # 0 for all i. Then
oz (w) = Z oz (w') for all w € YF. (2.16)

w’: w\w
We call oz 5 the clone harmonic function, and the corresponding coherent probability measures
(2.4) the clone measures. At this point, we treat the measures as formal and do not require them
to be nonnegative (just need their individual “probability” weights to sum to 1). We will discuss
positivity of the weights in Section 3 below.

Example 2.7. For the particular choice x, = y, = k, k > 1, the clone harmonic function ¢z ;
turns into the Plancherel harmonic function ¢p;, (2.7). Indeed, this follows from

Aﬁ(f‘g): 1’ Bg_l(f—F’l“‘g—F’l“) :T+17 (2]‘7)
and so with these parameters we have s, (Z|y) = dim(w), see (2.1). Denote this choice of
parameters by II = (Z|¥) and call it the Plancherel specialization.

As Example 2.7 shows, clone harmonic functions can be nonnegative. In Section 3 below we
characterize specializations (&, %) for which the corresponding clone harmonic function is positive
on the whole YF. We also present many new examples of positive clone harmonic functions.
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3. FIBONACCI POSITIVITY AND EXAMPLES OF COHERENT MEASURES

In this section, we characterize the specializations (&, ) under which the clone Schur functions
sw(Z| ) are positive for all w € YF (referred to as Fibonacci positive specializations). This proves
Theorem 1.1 from the Introduction. Additionally, we develop many new examples of Fibonacci
positive specializations.

3.1. Reduction to a single sequence parametrization.

Definition 3.1. A specialization (Z,¥), where & = (z1,22,...), ¥ = (y1,%2,...), and z;,y; € C,
is called Fibonacci nonnegative if the clone Schur functions s, (Z|¥) are nonnegative for all
Fibonacci words w € YF. If s,,(Z|y) > 0 for all w € YF, we say that (Z,¥) is Fibonacci positive.

One readily sees that Fibonacci positivity is equivalent to the positivity of the determinants
Ay(Z|y) and By(Z+r|y+r) for all £, € Z>p. This, in turn, is equivalent to the total positivity
of the following family of semi-infinite tridiagonal matrices,? where r > 0:

1y 0 - Yr+1 Tr41Yr+2 O
2| = L ozy oy o) - 1 Lr43 Yr+3
ﬂ(x}y) = 0 1 T3 s @r(x}y) = 0 1 Tpyd . (31)

Indeed, it is known (for example, see [FZ99]) that the total positivity of a tridiagonal matrix is
equivalent to the positivity of its leading principal minors, namely those formed by several initial
and consecutive rows and columns. The list of additional references on total positivity is vast,
and we mention only a few sources here: [Edr53], [Kar68], [Sch88], [FZ00].

Since total positivity of A (Z|#) (3.1) is a necessary condition for a specialization (Z,7) to be
Fibonacci positive, we may restrict our attention to pairs of sequences (&, %) for which A (Z ‘ 7)is
totally positive. Using a general factorizaton ansatz introduced in [FZ99] for elements in double
Bruhat cells, we know that the matrix A (Z | ) is totally positive if and only if there exist auxiliary
real parameters cg, d; > 0, k > 1, such that

Tp=cp+dg_1 and 1y =cpdp forallk>1, (3.2)
with the condition that 1 = ¢;. Moreover, {ct}, {dx} are uniquely determined by (Z, 7).
Notice that formula (2.13) implies that for (Z,7) depending on ¢y, di, as above, we have

sw(@|F) = (c1++ cn) sw(@|T) forallwe YF, |w|=n, (3.3)

where uy = 14+dg_1/cr and vy, = dy/cg+q for k > 1, with the agreement that u; = 1. Clearly, the
positivity of the left- and right-hand sides of (3.3) for all w € YF are equivalent to each other,
and so the problem of characterizing Fibonacci positive specializations (Z, %) can be reduced to
the problem of identifying necessary and sufficient conditions under which the sequence

tp = v = ——, k > 1, (3.4)

2We use the convention that a tridiagonal matrix is called totally positive provided that all its minors are strictly
positive except those forced to vanish by the tridiagonal structure. In the literature, the phrase (strictly) totally
positive is sometimes used for matrices all of whose minors are positive. See, e.g., the first footnote in [FJS17] for
a comparison of terminology in references. In the present paper, however, we need to adapt the terminology to
the tridiagonal structure of the matrix, and require that all minors which are not identically vanishing are strictly
positive.
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(with to = 0 and t;, > 0 for all k& > 1) makes the tridiagonal matrices A (@ |7) and B, (@ |7)
totally positive (for all 7 > 1). In the next Section 3.2, we will classify such sequences Z, which
leads to a complete characterization of Fibonacci positivity.

In other words, note that the f-sequences (where t; > 0 for & > 1 and ty = 0) parametrize a
fundamental domain

D ={(u,V): up =1+ tg_1, v, =t}

within the overall set of totally positive (not necessarily Fibonacci positive) tridiagonal matrices.
The fundamental domain is understood with respect to the action of the multiplicative group
RS which rescales by the ¢-parameters as in (3.2)—(3.3). Our goal in characterizing Fibonacci
positive specializations is to identify the subset D¥* C @ which is also a fundamental domain
for the set of all Fibonacci positive specializations under the action of RYj.

3.2. Characterization of Fibonacci positivity. From the discussion in Section 3.1 above,
to address the question of Fibonacci positivity (Definition 3.1), it suffices to consider only the
sequences (i, 7) depending on a positive real sequence t = (t1,to,t3,...) as

up =1+ 1t—1, v = tg, k>1, (3.5)
with the agreement that tg = 0. Let us define for all m > 0:

o0

Aso(m) =14 tmtmi1 - tmir—1,  Boo(m) = tmp1+(tmi1—tm—1)tm 12 Ao (m+3). (3.6)
r=1

Note that Ao (m) and B (m) are the respective expansions of det A (@ + m‘z‘f—{— m) and

det @m(ﬂ' ‘ 17) in the parameters t; for £ > 1 when treated as formal variables. Be aware that
Ax(0) = 1.

Lemma 3.2. The sum Aoc(m) (3.6) is convergent (resp., divergent) for some m > 1 if and only
if it is convergent (resp., divergent) for all m > 1.

Proof. We have
K K
bt Yttt tmprt = 1= tmg1 bk + Y bmgitmya b
r=1 r=1
If the product 41 - - - t+x does not go to zero, then A (m) diverges for all m > 1. Otherwise,
we see that the partial sums of A (m) and As(m + 1) diverge or converge simultaneously. O

Definition 3.3. We introduce two types of positive real sequences ¢ based on the convergence

of the Ay (m)’s:

1. A sequence ¢ has convergent type if the series Aoo(m) is convergent and Bag(m) > 0 for all
m > 0 (with the agreement that to = 0).

2. A sequence f has divergent type if t,,41 > 1+ t,, for all m > 0.
Note that for a sequence of divergent type, we have t,,, > m, and so the series A (m) diverge
for all m.

We will also refer to the corresponding specialization (@, ¥') given by (3.5) as having convergent
or divergent type.

We now present two general criteria for the Fibonacci positivity of the specialization (i, %)
(determined by t), based on the convergence or divergence of the series Auo(m) (3.6).
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Proposition 3.4. Assume that the Asc(m)’s are convergent for some (all) m > 1. The special-
ization (i,T) (3.5) is Fibonacci positive if and only if t is a sequence of convergent type.

Proof. Throughout the proof, we will use the notation of Remark 2.4. First, let ¢ be a sequence
of convergent type. One readily sees that Ay(m) =1+t Ap—1(m + 1) for all £ > 2, so

l
Agm) =1+ tmtmir - bmyr1 >0,  m>1 (3.7)

r=1

Note that the right-hand side of (3.7) is a partial sum of A (m).
Next, let us consider the determinants By(m). We have

By(m) = tpmq1 >0,
Bi(m) = tms1 — (1 + tm — tms1) tnt2
for all m > 0. If 1 + ¢,, — tye1 < 0, then this is already positive. Otherwise, we have
Bi(m) > Boo(m) = tmy1 = (1 + tm — tma1) tmi2 Aso(m + 3) 2 0,

where the last inequality holds thanks to the convergent type assumption. The first strict in-
equality holds because the partial sums of A (m + 3) monotically increase to the infinite sum.
Thus, By(m) > 0.
For larger determinants with ¢ > 3, we have
By_1(m) = v Ag—1(m + 2) — U Vi1 Ap—2(m + 3)
= Um (1 + tm+2Ag_2(m + 3)) — umvaAg_g(m + 3) (3.8)
= tm—i—l — (]. =+ tm — tm+1)tm+2 Ag_g(m + 3)

Similarly, if 1+ ¢, — t;+1 < 0, then this is already positive. Otherwise, we have B;_1(m) >
Bso(m) > 0, since Ag_a(m + 2) < Aso(m + 3). The last nonnegativity again follows from the
convergent type assumption. This implies that for a sequence ¢ of convergent type, all clone Schur
functions s, (@ |U) are positive.

Let us now consider the converse statement and assume that the specialization (3.5) is Fibonacci
positive. The positivity of the ¢’s implies that Ay(m) is positive for all £ > 1, m > 0, see (3.7).
Assume that ¢ is not of convergent type, that is, tmo+1 < (L4 tmg — tmo+1) tmg+2 Aoo (Mo + 3) for
some mg > 0 (this automatically implies that 1 4 t,,,, — tmo+1 > 0). Since

Aoo(mo + 3) = lim Ag_g(mo + 2),
l—00
there exists £y > 1 (depending on myg) such that t,,,41 < (14 tmg — tmo+1) tmo+2 Aeg—2(mo + 2).
By (3.8), this shows that By,_1(mg) < 0, which violates the Fibonacci positivity. O

Proposition 3.5. Assume that Ao(m) is divergent for some (all) m > 1. The specialization
(i,7) (3.5) is Fibonacci positive if and only if t is a sequence of divergent type.

Proof. Here we use the notation of Remark 2.4. Assume that ¢ is a sequence of divergent type.
Similarly to the proof of Proposition 3.4, we see that Ay(m) > 0 for all £ > 1, m > 0. We have

Bo(m) = tm+1 > 0, Bl (m) = tm+1 + (tm+1 —ty — 1)tm+2,

and t;,41 — t;, — 1 > 0 for all m > 0 by the assumption. Thus, By(m) > 0 for all m > 0. Next,
using (3.8), we similarly see that By_1(m) > 0 for all £ > 3 and m > 0.
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Let us now consider the converse statement and assume that the specialization (3.5) is Fibonacci
positive. We still have Ay(m) > 0 for all £ > 0, m > 0. Assume that ¢ is not of divergent type,
that is, there exists mg > 0 such that ¢,,,41 < 1 + t,,,. We have

By—1(mo) = tmg+1 + (tmo+1 — tme — 1)tmo+240—2(mo + 3).
<0

Since Ag—2(mo + 3) is positive and unbounded as ¢ — oo, we see that By,_1(mg) < 0 for some
£y > 1 (depending on mg). This violates the Fibonacci positivity, and completes the proof. [

Sequences of divergent type can be treated formally. Introduce variables € for £ > 1, and let
€' == €' -+ - ¢ be the monomial corresponding to an integer composition i = (i1,...,ix) € Z’;O.
Define

ty =k+e +- -+ e, (3.9)

and let @, ¥ depend on £ as in (3.5).

Corollary 3.6. Let t be given by (3.9). Then, the semi-infinite, tridiagonal matrices ﬂ(ﬂ" 17)
and By ( 12'| 7) (3.1) forr > 0 are coefficientwise totally positive: Each minor (which does not iden-
tically vanish on the space of all semi-infinite, tridiagonal matrices) is a polynomial in Zley, €z, . . . |
with nonnegative coefficients, at least one of which is positive.

Consequently, the clone Schur function s,,(u@|U) expands as a polynomial in Rley, eq,...] with
nonnegative integer coefficients.

Proof. The statements readily follow from the expansions (3.7)—(3.8) and the recursion for the
clone Schur functions (2.11). O

Problem 3.7. How to combinatorially interpret the coefficients of the monomials in the expansion
of a clone Schur function s, (4| ¥) in terms of the e-variables?

The problem of identifying matrices (with polynomial entries) that are coefficientwise to-
tally positive has been the subject of recent activity. We refer the reader to [Sokl14], [PSZ23],
[CDD"21], and [DS23]. The formal specialization given in (3.9) is universal in the following sense:

Corollary 3.8. Any Fibonacci positive sequence t of divergent type can be obtained by specializing
the e-variables in (3.9) to arbitrary positive real numbers. Moreover, the values of the €;’s are
uniquely determined by t.

Summarizing Section 3.1 and the results of Propositions 3.4 and 3.5, we have:

Theorem 3.9 (Characterization of Fibonacci positive specializations). All Fibonacci positive
specializations (T, ) have the form

wp = o (1 +tgp—1), Yk = Ck Cky1tk, kE>1

(with tg = 0 by agreement), where t is a sequence of convergent or divergent type as in Defini-
tion 3.3, and € is an arbitrary positive real sequence. The sequences & and t are determined by
(Z,9) uniquely.

3.3. Properties of Fibonacci positive specializations. Here we formulate a number of nec-
essary conditions on sequences ¢ corresponding to Fibonacci positive specializations, and also
present operations that preserve Fibonacci positivity. These observations mainly follow from
Definition 3.3.
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Proposition 3.10. For any m > 1, none of the inequalities t,, > ty4+1 < tymr2 hold whenever t
18 a Fibonacci positive specialization.

Proof. Tt is sufficient to examine the determinants
Bl(m) = tm—i—l - (1 +tm — tm-i—l) tm+2; m > 17
and verify for each m > 0 that any of the inequalities listed above are inconsistent with the
positivity of By(m). O
Proposition 3.10 implies that a Fibonacci positive sequence ¢ can exhibit one of three behaviors
(bearing in mind our convention ty = 0):

e The sequence t strictly increases, i.e., tp > ti_q for all k& > 1.

e There exists an £ > 1 such that ¢t > t5_1 for 1 < k </, and thereafter ¢} < t5_1 for k > £+ 1.

e There exists an £ > 1 such that ¢ > t;_q for 0 < k < £, the sequence forms a plateau with
ty = tyy1, and subsequently ti < ti_q for all k > £+ 2.

In particular, a Fibonacci positive sequence ¢ must eventually either strictly increase or strictly
decrease.

Lemma 3.11. Ift is a sequence of convergent type, then
Aso(1) > Axo(2) > Ax(3) > ...
Furthermore, Ax(1) = Axo(2) if and only if t1 € (0,1) and Ax(2) = (1 — 1)L
Proof. For m > 0, observe that
Bo(m) = Acc(m + 1) — Asc(m + 2) — ty g2 Acc(m + 3).
Consequently, By (m) > 0 if and only if
Aco(m+1) > Asg(m 4+ 2) + ti timg2 Aco(m + 3) > Ao (m + 2),

the latter inequality being strict whenever m > 1. Note that A (1) =1 4 t1Ax(2), so Ax(l) =
Aso(2) holds if and only if t; € (0,1) and A (2) = (1 —¢1)~!. This completes the proof. O

Proposition 3.12. Ift is a sequence of convergent type, then it cannot eventually weakly increase.
In other words, there is no mg > 1 such that t,, < ty+1 for all m > myg.

Proof. 1f such an my exists, then for all m > mg, we have As(m) < As(m—+1), which contradicts
the conclusion of Lemma 3.11. This completes the proof. U

Proposition 3.12 shows that the sequence ¢ of convergent type must have a limit. In fact, this
limit is always zero:

Proposition 3.13. Let t be a sequence of convergent type. Then limy,_yo0 tym = 0.

Proof. Denote v := limy,_o0 t;m, Which exists since the sequence eventually weakly decreases.
Using the fact that As(m +3) < (1 — tyes)~! for m > myg, we see that v must be between 0
and 1. By Definition 3.3, we can write for all m > mg:

7fm—s—l 2 (1 + tm - tm+l)tm+2Aoo(m + 3) Z (1 + tm - tm—i—l)tm—i—Q(l - ’Y)_l-
Taking the limit as m — oo, we get the inequality v > v(1 —+)~!, which implies that v = 0. O

Proposition 3.14. Let t be a sequence of convergent type. Then lim sup,,,_,. mty, € [0,1], and
similarly lim inf,, o mt,, € [0,1].
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Proof. Harmonicity (Definition 2.2) implies that

1= ) dim(w)ezs(w)

|w|=m+1
= Z dim(lw) gz 5(1w) + Z dim(2w) ¢z #(2w)
‘w‘:m |w|:m71
= Y dim(w)gnso) + 3 T dim(w) g (w)
ot ’ W (T+tim—1)(1 + tm) ,
. mim
= Z dim(w) ¢z 7(1w) + A+ tm A+ i)
|w]|=m

Both >, =, dim(w)egz(1w) and mtn (1 + tm—1)" (14 t;)~! are nonzero. Thus, we may con-
clude that mt,, (1 + tpm_1) (1 +t,) "t € (0,1) for all m > 1. By Proposition 3.13, t,, — 0 as
m — 00, and consequently,

mtm,
1> limsu = limsup mt,, > 0.
= e, (Tt b )L tm)  mne T
Similarly, liminf,, o mt,, € [0,1]. This completes the proof. O

Remark 3.15 (Non-example of convergent type specializations). Let 0 < o < 1. By Proposi-
tion 3.14, the sequence t, = »k~%, k > 1, is never of convergent type for any value s > 0, despite
the fact that t,, — 0 as m — oo.

Remark 3.16. The sequence mt,, might not converge to a limit under the assumptions that ¢,,
is eventually decreasing to zero, that mt,, are bounded by, say, 1. Indeed, denote f, = nt,, then
tn > tps+1 implies that f,, — fny1 > —1/n. Thus, f, may make steps in the interval [0, 1] of size
at most 1/mn in any direction. Since the series ) 1/n diverges, we can organize the steps in such
a way that f, has at least two subsequential limits.

This observation shows that we cannot easily strengthen Proposition 3.14 to the full con-
vergence of mt,,. However, less evident properties following from the fact that ¢ is a Fibonacci
positive specialization of convergent type might imply the convergence of mt,,. We do not further
investigate this question here.

Let us now describe a number of operations which preserve Fibonacci positivity. The first is
straightforward:

Proposition 3.17. For any integer r > 0, (Z+ 7, §+ 1) = (T14r, Togry - oy Ylgrs Y2i4ry---) 1S G
Fibonacci positive specialization whenever (Z,Y) is Fibonacci positive.

Fibonacci positivity can be seen as a “snake” that eats its own tail because B,(Z|¥y) pro-
vides a new Fibonacci positive specialization for each r > 0, whenever the pair (Z,¥) satisfies
Fibonacci positivity. The following result introduces a form of plethystic substitution for clone
Schur functions that preserves Fibonacci positivity:

Proposition 3.18 (Ouroboric Shift). Let (Z,¥) be a Fibonacci positive specialization. Then, for
any r > 0, the specialization (X,Y) is also Fibonacci positive, where

Xk‘ = yr+1’ ka = 17 — $T+1y7"+27 ka = 1}
LTh+tr+1, if k> 2, Yk+r+15 if k> 2.
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Proof. We need only to prove that the semi-infinite matrix

i X4, 0 .- Tri1Yr+2 Yr+1Yry3z O
R 1 X3 Y3 1 Tryd  Yrid
Bo(X|Y)=10 1 x4 = 0 1 s (3.10)

is totally positive for all » > 0. Let us show that the corresponding determinants satisfy
Bg(X | Y) > 0 for all £ > 0. There is no issue when ¢ = 0, since BO(X | Y) = ZTp4y1Yr+1 > 0.
We can assume that £ > 1. We have
Bu(X | V) =wri1yriosie(@+r+3 [ G471 +3) = griiyrssi (F+r+4 | §+r+4)
spe(@+r+3|g+r+3)su(@+r|[g+r) (3.11)
— sy (F4+r+4|g+r+4)sn(@+r|y+r).

By Proposition 3.17, it will be sufficient to restrict our analysis of formula (3.11) to the case
where r = 0, since the four clone Schur functions that occur are each shifted by r» > 0. We have

sle(f—l—iﬂzf—l— 3)821(%‘37) — 81£71(5+4’27+ 4)822(f|]7)

R N N L 3.12
= 51yt (B 5) + 5101 (F + 417 + ) 5011 (F ). (3.12)

for all £ > 1. Formula (3.12) follows as a direct consequence of the clone Littlewood-Richardson
identity [Oka94]. Alternatively, it can be verified directly by induction. The base case, £ = 1,
reduces to a restatement of the clone Pieri rule for so;(Z|%):

51(7 4+ 3|y + 3) 521 (Z | ) — 522(T| ) = s211(Z | ) + 5121(F| 7).

As a result, we conclude that (3.12) is positive, as its right-hand side involves only sums and
products of clone Schur functions. These functions, by definition, are positive since (¥,%) is a
Fibonacci positive specialization. This completes the proof. O

Proposition 3.19. Let ¢ be a divergent type sequence. Let & = (00,01,09,...) be any positive
real sequence such that o < opi1 for all k > 0. Then the specialization (Z,Yy) defined by
rp = 1+t 1+ o1 and yp = tp + o is Fibonacci positive. In particular, the specialization
rp=14+1tp_1+ 0 and yr =t + o is Fibonacci positive for any o > 0.

Proposition 3.20. Let ¢ be a divergent type sequence. Let @ be a positive real sequence such that
Oéktk — Ozk+1tk,1 > OOy, k > 1. (3.13)
Then the specialization (Z,y) defined by xp = oy + tx—1 and yr = oty is Fibonacci positive.

A particular case is when ap = p € (0,1] for all k. Then (3.13) clearly holds, and for a
sequence ¢ of divergent type, the specialization xj, = p + t;_ and y = pt, is Fibonacci positive.

Proof of Proposition 3.20. Denote ry = ti/ag, k > 1 (with rg = 0). For all Fibonacci words
w, we have s, (%|Y) = (a1 apy|)sw(@’|§'), where 2, = 1+ 7,y and y; = r,. Note that
(3.13) implies that r, > 1+ rp_q for all £ > 1. Thus, § is of divergent type, and the positivity
follows. O

Proposition 3.21. Let { = (t1,ta,t3,...) be a strictly decreasing sequence of convergent type.
Then the sequence vt := (vt1,vte,Vts,...) is of convergent type whenever 0 < v < 1.
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Proof. For m > 0, let

so(m, ) =14 Vtm + Vtmtms1 + Vtmtmsttmez + ...,

oo ) = Ytmr1 — (L+ Yt — Ytmy1) Vtmr2Asc(m + 3,7),
do(7) =11 — (1 = 7t1) t2Ax (3, 7).

Clearly, Aso(m,~y) is convergent for any v > 0, so we only have to address the nonnegativity of
Boo(m,7y) whenever 0 <y <1 and m > 0.
Consider two cases, t; < 1 and t; > 1. If £ < 1, we have

Ao (m,~y
Boo(m,~y

1 —~t1)t
¢0('7) Z R(’}/) fOI‘ a.ll "y Z 07 Where R(,.y) = tl _ (1’}1}/1)2
— 73

Furthermore, R(0) =t; —t2 > 0, and R(7) only vanishes at
t1 — to
= —-=<0.
0 ti(ts —t1)
It follows that R(vy) > 0 for all v > 0, which forces
¢o(y) >0 and Bs(0,7) >0 forall ~>0.

If t; > 1, then ¢o(y) > 0 whenever % < v < 1. For v within the range 0 < v < %, the

inequality ¢o(y) > R(7) is valid, and we may again conclude that ¢o(y) > 0 whenever 0 < v < %
The nonnegativity of By (m, ) for m > 1 follows from

tmt1 > (14 tm — tms1) tmt2Aco(m + 3),

together with Ao (m) > As(m,7y) and t,, — tyt1 > Ytm — Ytm+1 whenever 0 < < 1. This
completes the proof. O

3.4. Examples of Fibonacci positive specializations. Here we present several Fibonacci
positive specializations. For some of them, we consider scaling limits of the corresponding random
Fibonacci words in Section 5 below. In what follows, we use the standard g-integer notation

[Klg = (1—¢")/(1—q).

Definition 3.22 (Examples of divergent type). We introduce a list of Fibonacci positive special-

izations (Z, ¥/) related to sequences of divergent type. The naming of some of the specializations is

motivated by connections with Stieltjes moment sequences and the Askey scheme, see Section 4.2

below. We consider the following specializations:

e Shifted Plancherel. z; = yp, = k+ 0 — 1 for ¢ € [1,00). It reduces to the Plancherel
specialization for o = 1.

e Charlier (deformed Plancherel). z; = k+ p — 1, yx, = kp for p € (0,1]. It reduces to the
Plancherel specialization for p = 1.

e Shifted Charlier. 2, =k+p+0—2, yp = (k+0—1)p for o € [1,00), p € (0,1]. This is a
mixture of the previous two, and reduces to them for p =1 or o = 1.

e Cigler-Zeng. z, =¢" 1, yp =¢*—1forq e [%, o0). This specialization can also be deformed
toxp = ¢ 1+ p—1, yr = p(¢® — 1) with p € (0,1]. The name comes from the version of the
g-Hermite polynomials introduced in [CZ11].

e Type-I1 Al-Salam—Carlitz. = = p¢* ' + [k —1],, yr = pg* 1 [k], for p € (0,1] and ¢ € (0, 1).

e Al-Salam—Chihara. z; = p + [k — 1],, yx = p[k], for p € (0,1] and ¢ € [1, oo)

e g-Charlier. zj, = pg®*=? + [k — 1](1 + p(q — 1)qk %), yk = pa** 72[k]q(1 + p(q — 1)g*~1) for
p,q € (0,1].
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Proposition 3.23. The specializations in Definition 3.22 are Fibonacci positive.

Proof. Let us check the Fibonacci positivity case by case using the representation (3.5) and the
modifications to the specializations in Theorem 3.9 or Proposition 3.20, if required.

For the shifted Plancherel, we have t;, = k+o0—1> 0, k > 1, and ¢ty = 0. Clearly, the Ay (m)’s
diverge. Moreover, tj41 —t; = 1 > 1 for all k > 1, and so ¢ is of divergent type. The Charlier
case follows from Proposition 3.20 with o = p and t; = k. The shifted Charlier is obtained from
the shifted Plancherel by applying Proposition 3.20 with oy = p.

For the Cigler—Zeng case, we have t = q*—1, so the Aso(m)’s clearly diverge. Then ty41—t; =
¢"t'(q — 1), which is > 1 for ¢ > 3/2. In fact, the precise threshold for ¢ is the real root of the
cubic equation ¢® = ¢? + 1 which is ~ 1.47, but we take 3/2 for simplicity.

For the Type-1 Al-Salam-Carlitz case, take t, = (pg*)~1[k]4, so the A (m)’s clearly diverge.
We have tj, 1 — t, = (pg"t1)~! > 1, so i is of divergent type. To get the desired specialization,
we use Theorem 3.9 with ¢, = pg®~ L.

For the Al-Salam-Chihara case, take ¢, = [k]y, so the A, (m)’s clearly diverge. We have
the1 —t = ¢ > 1, s0 t'is of divergent type. To get the specialization, apply Proposition 3.20
with oy = p for all k.

Finally, for the g-Charlier case, take t, = [k],(1 + p(q — 1)¢*"1)/(pg**) and ¢, = pg®*~2 in
Theorem 3.9. The series Ay (m) diverges for all m. Moreover,

thir —te = p g (0 — DG = pg® + g+ 1).

One can check that this expression is > 1 for 0 < p < 1, 0 < ¢ < 1. Thus, ¢ is of divergent type.
This completes the proof. U

Let us now turn to examples of Fibonacci positive specializations of convergent type. We
consider two examples of the form

t x=1,2 k>1, (3.14)

_x
= 5
where s is a positive real parameter. We call these the power specializations. Note that we must
have o« > 1, see Remark 3.15.

Proposition 3.24. There exist upper bounds %Yx), o = 1,2, with %gl) ~ 0.844637 and %52) ~

1.41056, such that for all 0 < » < %ga), the specialization (3.14) is Fibonacci positive and of
convergent type.

In the proof and throughout the rest of the paper, we use the standard notation for the
hypergeometric functions and Pochhammer symbols:

Ay, ..., Qr = ()i (an)g 2 _
(o ) = e @e=elek DrkD @1

Proof of Proposition 3.24. We have for integer o

372 P

m<(m + 1% T m(m 1 1)*(m + 2)

»
Aoo<m):1+ﬁ+ (x‘i‘

— §<Im>“%T:1Fa(l;m,...,m; ).

« times
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The desired inequality
Boo(m) = tm+1 - (1 + oy — tm+1)tm+2 Aoo(m + 3) Z 0

can be rewritten as

(m+ 1)

»” »” »”
— 14+ —1,50— Fy(1; ey ; > 0.
< +m°‘ >0 (m+1)°‘> (m+2)°‘1 «(1; m+3 m+3;x%) >0

o times

As a function of s, one can check that Bo,(m) vanishes only at s = 0 and at a value 4 e

)

(0,00) for each m > 0. Furthermore, the sequence {%S,? : m > 0} is strictly increasing, and

consequently, the t-sequence will be of convergent type if and only if 0 < 3 < %%“). The bounds

are numerically found to be zgl) ~ 0.844637 and %&2) ~ 1.41056. (]

4. POSITIVE SPECIALIZATIONS AND STIELTJES MOMENT SEQUENCES

4.1. Stieltjes moment sequences and related objects. In this section we examine Fibonacci
positivity in light of the well-known correspondence (due to [Fla80], [Vie83], [Sok20], [PSZ23])
between semi-infinite, totally positive, tridiagonal matrices and Stieltjes moment sequences. In
this subsection, we recall the general setup related to Stieltjes moment sequences, continued
fractions, tridiagonal matrices, orthogonal polynomials, Motzkin polynomials, and Toda flow.
We specialize it to a number of examples coming from Fibonacci positive sequences in Section 4.2
below.

Recall that a sequence @ = (ag, a1, as,...) of real numbers is called a strong Stieltjes moment
sequence if there exists a nonnegative Borel measure v(dt) on [0,00) with infinite support such
that a, = [;° t"v(dt) for each n > 0. The following result may be found, e.g., in [Sok20]:

Theorem 4.1. A sequence of real numbers @ = (ag,a1,as,...) is a strong Stieltjes moment
sequence if and only if there exist two real number sequences, ¥ and i, such that the matriz
ﬂ(i"\ y_') defined in (3.1) is totally positive, and the (normalized) ordinary moment generating
function of @,

M) =Y 2y (4.1)

a
n>0 0

is expressed by the Jacobi continued fraction depending on (Z|y) as

M(2) = Jz5(2) = ! (4.2)

2
— — Yiz
1—x12 5

Yaz

2
Y3z
1— 23z — =—

1 — a9z —

Moreover, the equality between the generating function M(z) (4.1) and the continued fraction
Jz,5(2) (4.2) is witnessed by the recursion

Pn+1(t) = (t — $n+1)Pn(t) — ynPn_l(t), n Z 1, Po(t) = 1, P1 (t) =t — xIq.

responsible for generating the polynomials P, (t) which are orthogonal with respect to the nonneg-
ative Borel measure v(dt) on [0,00) whose moment sequence is @.
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A putative or "formal” moment sequence @ can always be combinatorially determined from
any pair of sequences Z and ¢ by calculating the associated Motzkin polynomials. Specifically,
the ratio a,/ag can be expressed as the generating function of all length-n Motzkin paths, where
each up-step " at height k is weighted by g, and each horizontal step — at height k is weighted
by xx11. Figure 2 illustrates an example of a weighted Motzkin path of length seven.

FIGURE 2. An example of a Motzkin path of weight z123y1ys.

Below we list the first four (normalized) formal moments which are the Motzkin polynomials:
a1/ag = w1,

as/ag = 23 + y1, (43)
az/ap = o3 + 2z1y1 + 2291, '

as/ag = 9611 + 396%y1 + y% + 2z172Y1 + x%% + y192.

By Theorem 4.1, the fact that the sequence @, as in (4.3), is realized by an infinitely supported,
nonnegative Borel measure is equivalent to the total positivity of A ( Z|y ) Conversely, sequences
Z and ¥ can be constructed from a Borel measure v(dt) using the Toda flow [GS97,NZ04], which
we now recall.

Having v(dt), consider its exponential reweighting e®'v(dt). The moments of the reweighted
measure satisfy

dn oo an
an(0) = @ao(g), where ag(0) :/ e v(dt) = Zgg .

o n>0

The sum on the far right is the exponential moment generating function of v(dt). As functions
of o, the associated tridiagonal parameters x,(g) and y, (o) for n > 1 must obey the Toda chain
equations, namely,

L 50(0) = a(0) — n1(0)
dQ (4.4)
g V(@ = un(@)(zn41(0) — 2n(0).
Their solutions are given by
i o An(o)
Tn(0) = o 8 < (e )>
=Tr (1, (0 >H<1><g>) Tr (H!, () HY, (0)) (4.5)
.Un(@) A ( ) An+1(@) )

An(0)?
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Here, A, (0) = det H, (o), and Hy(p) and Hg)(g) are the Hankel matrices

o) oale) o) o) ould) a0
ai(0) a200) a3lo : d a2(0) a3lo) a4(0
H(0) = | ax(0) asle) aale) -+ | H(0) = G Hn(0) = | ay(0) aale) aslo)

nxmn Ha;liel matrix nxmn Ha;liel matrix

In H,(ll)(g), we used the fact that d%ak(g) = ag+1(0). For example, the solutions for zj(p) and
yr (o) for kK =1,2 are

(o) — @(0) ool — 1(0) = 2a0(0)ar(e)az(0) + ap(e)as(o)
ile) = ao(@)’ 2(0) = ao(ao(Q)GQ(Q) - a%(@)) 7
_ ap(0)az(e) — ai(o)
T R
(o) = ao(0) (ao(0)az(0)as(e) + 2a1(0)az(0)as(e) — ai(e)as(e) — ao(0)a3(e) — a3(o)) .

(a0(0)az(0) — a2(0))?

The sequences Z and ¢ for the original measure v(dt) can be obtained by setting o = 0 in (4.5).
We emphasize that the Toda flow preserves total positivity: Given two initial sequences ¥ and
for which the matrix A (Z| i) is totally positive, the matrix A (Z(o) | (o)) remains totally positive
for any ¢ < 0. Here, Z(0) = (z1(0), z2(0),-..) and ¥(0) = (y1(0),y2(0),...) are solutions of the
Toda chain equations given by (4.5).

Example 4.2. Consider the Poisson distribution

k
Vit (dt) = e Y B ai(a), (4.6)
E>0

where 0y, is the Dirac delta mass at k. This distribution is obtained by applying the Toda flow,
with “time” ¢ = log(p), to the Poisson distribution v, (dt), and then renormalizing by e'~*.

Pois

Indeed, the associated tridiagonal parameters have the form
Tn()=n+p—1=n+e?—1 and y,(0) =pn=-e’n.

and satisfy the Toda chain equations (4.4). Note that for all p € (0,1] these tridiagonal param-
eters are Fibonacci positive; equivalently, (Z(0),%()) is Fibonacci positive when the Toda flow
parameter satisfies p € (—o0, 0].

4.2. Fibonacci positivity and Stieltjes moment sequences. Fibonacci positivity is stronger
than total positivity. This presents two natural questions:

Problem 4.3. What are the properties of moment sequences and nonnegative Borel measures
vz 7 (dt) associated with Fibonacci positive specializations (#,%) by Theorem 4.17 Can these
moment sequences and measures be characterized in a meaningful way?

Problem 4.4. Does the Toda flow preserve the space of Fibonacci positive specializations (Z, ¥/)
for values of the deformation parameter ¢ within some interval (—R, 0] with R > 07

We do not address these problems in full generality here. In this subsection, for a number of
Fibonacci positive examples considered in Section 3.4, we identify:
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e Systems of orthogonal polynomials P, (t);
e Nonnegative Borel measures vz ;(dt) on [0,00) under which these polynomials are orthogonal;
e Combinatorial interpretations of the moment sequences a,, for these Borel measures.

The orthogonal polynomials we obtain come from the Askey scheme [KS96], which lends the
names to our Fibonacci positive specializations.

Remark 4.5 (Toda flow). Along with the Poisson measure (Example 4.2), the shifted Charlier
specialization zy = p+o+k—2, yp = p(c +k—1), k > 1, also satisfies the Toda chain equations
(4.4), after the same change of variables p = e¢. Thus, in the shifted Charlier case, the Toda flow
preserves the Fibonacci positivity when o € (—o0,0].

In contrast, the Type-I Al-Salam—Carlitz, Al-Salam—Chihara, and ¢-Charlier specializations
we consider below in this subsection do not satisfy the Toda chain equations with the natural
change of variables p = exp(p). This is not evidence against a positive answer to Problem 4.4, but
indicates that the associated Toda flow may require a different, more intricate parametrization.

4.2.1. Charlier specialization. For p € (0,1], set x, = p+ k — 1 and yi = pk for all k > 1. In this
case, the orthogonal polynomials satisfy the three-term recurrence

Ppi(t) = (t —p—n)Py(t) — pnPr_i(t).

These are readily recognized as the classical Charlier polynomials. The associated orthogonality
measure is the Poisson distribution v (4.6) with the parameter p. This measure is supported
on Zxo. For more details on Charlier polynomials we refer to [KS96, Chapter 1.12].

The moments a,, of v}, are the Bell polynomials (sometimes called Touchard polynomials),

which have the combinatorial interpretation

an = Bn(p) = Zneﬂ(n) p#bIOCkS(F)' (4.7)

Here, II(n) are the set partitions of {1,...,n}, and #blocks(7) counts the number of blocks
in 7. The moment generating function M(z) (4.1) is the confluent hypergeometric function
1F1 (1;1 = 1;—p) (see (3.15) for the notation).

4.2.2. Type-I Al-Salam—Carlitz specialization. For p,q € (0,1], define z = pg*~! + [k — 1], and
yr = pq*~1[k],, where k > 1. The corresponding orthogonal polynomials

Prya(t) = (t —pq" - [n]q)Pn(t) - Pqn_l[n]qpnfl(t)

are known from [dMSWO95], where they are denoted as P, (t) = clr (t;q). These polynomials can
be identified as Type-I Al-Salam—Carlitz polynomials UY(LCL) (x;q) = Up(z,a;q) through a change
of variables and parameters. Namely,
t 1 —1
Po(t) = CP(t;q) = p" U (— : ;q)-
n(h) =G0 "\p  p(1—-q) p(1—-q)

See [KS96, Chapter 3.24] for more details on the Al-Salam—Carlitz polynomials Uy, (z,a;q). In
particular, their orthogonality measure is given by

eq(a) eq(‘]) Cq (a_lq) R _ 1, B
(1—q) kzo ¢* €q ! (qk) (eq ' (a 1qk+1) dgr(dz) — ae, l(aqu)(saqk (dx)) ,
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where e, () is the (little) discrete exponential function

. xt 1
W=D g = Ga— g (48)

Here, g € (0,1), and the parameter a must be negative. This is consistent with the change of
variables used in [AMSW95], and with our range of values p, ¢ € (0,1]. In terms of the variable ¢,
the nonnegative Borel measure corresponding to the Type I Al- Salam—CarlitZ Fibonacci positive
specialization is supported by the discrete subset {[ q,pq +1 } k>0 © R.,.

The n-th moment a,, of the orthogonality measure for P, (t) is given by a g-variant of the Bell
polynomial, and can also be expressed as a generating function for set partitions:

ap, = qu(p) — ZWGH(H) p#blocks(w)qinv(w)’

which incorporates an additional g-statistic inv(7) counting inversions in the set partition . We
refer to [WW91] and [Zen95] for details.

4.2.3. Al-Salam-Chihara specialization. Take p € (0,1] and g € [1,00), and let z, = p + [k — 1],
and y, = plk]; for £ > 1. In this case, the orthogonal polynomials satisfy the three-term
recurrence

Pryi(t) = (t - P [n]q)Pn(t) = pln]gPn-1(t).
They appeared in [Ans05] and [KSZ06] under the notation Cy(t, p;q). In the latter reference,

P,(t) = Cy(t,p;q) were identified with the the Al-Salam—Chihara polynomials Q,(z;a,b]q),
after rescaling and incorporating a change of variables as follows:
il

== (120) " (W (o) g

See [KS96, Chapter 3.8] for more details on the Al-Salam—Chihara orthogonal polynomials Q.
Note that our our parameter ¢ is greater than one, while in [KS96] it is classically assumed that
lg| < 1. Because of this, we cannot identify the nonnegative Borel measure v(dt) (which exists by
Theorem 4.1 and serves as the orthogonality measure for the P,(t)’s) with the one coming from
the Al-Salam—Chihara polynomials in [KKS96].

The existence of different orthogonality measures for different ranges of parameters is a known
phenomenon, see, e.g., [Ask89] or [Chr04]. In particular, for ¢ > 1, the Al-Salam—Chihara
polynomials admit a different orthogonality measure [Koo04]. Let us recall the necessary notation.
Denote

Qn(wia,b|q) =i"Quliz;ia,iblq), i=+v-1, n>0.
For ¢ > 1 we have, taking b — 0 in [Koo04, (16)]:

i 14+ ¢ *a? (=a* q)x 4k, 3k(—F)
I+a2 (g

X Qn(3(ag® —a'q k);a,O\q)Qm(%(aqk—aflq*'“);a,Olq)
a5 ¢ Moo (1) (g3 )n

Here (z;¢)r == (1 — 2)(1 — 2q)--- (1 — 2¢*7!) is the g-Pochhammer symbol. One can readily
verify that the weights in (4.9) are nonnegatlve when a = —1/4/p(1 — ¢) and ¢ > 1. Moreover,

h=0 (4.9)

= (—¢!
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matching the variables in the polynomials, we see that the measure v(dt) is supported on the
following discrete set:

{[k]q + (1 - q_k)p}kzo - RZO-

The moment sequence a,, of v(dt) can be derived from the continued fraction M(z) = Jz 7 (2)
(4.1)—(4.2). Moreover, in [KSZ06], the combinatorial interpretation of the a,,’s was shown to be

which includes a certain g¢-statistic counting the number of restricted crossings in the set parti-
tion 7. We refer to [KSZ06] for the definition of rc(r).

#blocks(w) re(m)
7 el(n) P q ’

4.2.4. q-Charlier specialization. For p,q € (0,1], let
o =pq 2+ [k —1g(1+plg—1)¢"?) and g, = pa® 2[klg(1+plg— 1" "), k>1
The corresponding orthogonal polynomials satisfy the three-term recurrence

Pr1(t) = (t = pg®™ — [nlg (14 p(g — 1)¢" ")) Pu(t) — pa® ?[nlq (1 + plg — 1)q" ") Paca(t).

They appear in [Zen95] under the notation VP (t;q). Moreover, it follows from [Zen95] that
these polynomials are related to the

After rescaling and a change of variables, these are exactly the ¢-Charlier polynomials from
the Askey scheme [KS96, Chapter 3.23]. Namely, we have (using the notation Cy,(z;a, q) instead
of Cr(¢7";a,q) as in [KS96]):

Po(t) = VP (tiq) = (—p)"¢" " VCh (g — Dt + Lip(l—q').q7Y). (4.10)

Like in the previous Al-Salam—Chihara case, here the ¢-Charlier polynomials contain the pa-

rameter ¢~! > 1. Therefore, the classical orthogonality measure [KS96, Chapter 3.23] does not

correspond to our nonnegative Borel measure v(dt). Instead, we have the following orthogonality

for ¢~ '-Charlier polynomials:

L 1 G L 1
(—aq;9) e

x k:ak B - n
Z((C.D)Cn(qk;a,q YOl ayq7Y) = L
k=0 q:9)k

L=n.

The g-Pochhammer symbol (—ag; ¢)~ in the denominator (as opposed to (—a; q)oo in the numer-
ator for 0 < ¢ < 1, see [KS96, (3.23.2)]) comes from normalizing the orthogonality measure to be
a probability distribution.

In terms of our parameters, we have a = p(1 — ¢~ !) < 0, which ensures that the orthogonality
measure v(dt) for the polynomials P,(t) is nonnegative. The support of v(dt) in R, consists of
all g-integers [kl,, where k € Zs,, as it should be due to Theorem 4.1.

The moments a, of v(dt) can be derived from the continued fraction (4.1)—(4.2), and their
combinatorial interpretation is yet another g-variant of the Bell polynomials:

a, = Bq,n(ﬂ) — Zﬂ—en(n) p#blocks(ﬂ') qinv(w)‘

Here the statistic i/IRI(ﬂ') is the number of so-called dual inversions of a set partition 7© € II(n).
We refer to [WWO91] and [Zen95] for details.
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4.2.5. Shifted Charlier specialization. Finally, consider the shifted Charlier specialization given
by 2 = p+o+k—2and yp = (6 +k —1)p, where k > 1 and p € (0,1], o € [1,00). The shifted
Plancherel and Charlier specializations are obtained from this one by setting p = 1 and ¢ = 1,
respectively. See Definition 3.22. The three-term recurrence for the orthogonal polynomials has
the form
Popi(t)=(t—p—0o—n+1)P,(t) —plc + n—1)P,_1(). (4.11)
A similar recurrence is satisfied by the so-called associated Charlier polynomials [ILV88], [Ahb23]:
aCpi1(z;0,7) = (n+7+a—2)Cu(z;0,7) = (0 +7)Cna1(z;0,7).
Namely, we have the following identification:
Pa(t) = (—p)" Cult; p,o — 1). (4.12)

The polynomials P, (4.11) can be expressed through the hypergeometric function 3F5 (see (3.15)
for the notation). This follows from (4.12) and [Ahb23, (3.6)]:
1) .

n

_ nek (=1)p(o0 =1 =) —ko—1,k—n
Pu(t) —Z(—p) k! 3% —n,o—1—t

Let us now discuss the moment generating function M (z) = Jz 4 (2) (4.1)—(4.2) for the shifted

Charlier specialization. Define the fractional linear action of 2 x 2 matrices on power series f(z) by

k=0
(¢ 0) 1= S0

Lemma 4.6. The moment generating function M(z) = M(z;p,0) satisfies the following func-
tional equation:

‘ _(l—(oc+p—-1)z -1 ‘

T G 1) Mz, (413)
In terms of the series coefficients a, = an(p, o), this yields the quadratic recurrence

n—1

ani1(p,0) = (04 p = Dan(p,0) + po 3 ax(p, o) an-r-1(p, o + 1), (4.14)
k=0

with the initial condition ag(p, o) = 1.

In particular, when o = 1, we know that M(z;p, 1) is the moment generating function for the
Poisson distribution (4.6), and thus M (z;p,1) = 1F1(1;1 —1/2;—p). We thus have

M (2 p k) = (1(—]{;(_1@1—)212)2 —01) (1 G —01> LR (11— 1/ —p). (4.15)

z

We are grateful to Michael Somos and Qiaochu Yuan for helpful observations [Som22] leading to
Lemma 4.6.

Proof of Lemma 4.6. The continued fraction for the shifted Charlier parameters has the form
- 1

Cl—(oc4+p—1)z—0p22M(z;p,0+1)’
since the shifted sequences (£+1, §+1) correspond to the specialization under the shift o — o+ 1.

Identity (4.16) is equivalent to the desired functional equation (4.13).
The recurrence (4.14) follows by writing the equation (4.16) as

M(z;p,0) (1= (0 4+p—1)2) =14+ 0pz>M(z;p,0 + 1) M(z; p, 0),

M(2;p,0) (4.16)
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and comparing the coefficients by 2"*1. O

Remark 4.7. For integer values 0 = k € Z>;, the generating function M (z;p, k) is derived
by applying a sequence of fractional linear transformations (4.15) to the meromorphic function
M(z;p,1) =1F1(1;1 —1/2z;—p). Thus, M(z;p, k) is a meromorphic function of z. Consequently,
the support of the measure v(dt) is discrete, similarly to all the other specializations considered
in this subsection. It is likely that for non-integer o > 1, the measures v(dt) remain atomic.

The existence of Fibonacci positive sequences T, 3 such that their associated measures vz g(dt)
are non-atomic remains unclear, and we do not address this question here.

We can solve the functional equation (4.13) for M (z; p, o) in terms of the confluent hypergeo-
metric function 1 F (see (3.15) for the notation):

Proposition 4.8. The moment generating function M(z) = M(z;p,0) of the shifted Charlier
specialization is given by

1F1 (0’ o — l — )
1Fy (a—l — l —p) —z(a—1)1F1 (o o— l — )

M (z;p,0) = (4.17)

Proof. The equation (4.13), rewritten as the recurrence (4.14) for the coefficients of the generating
function in z has a unique solution. Therefore, we need to verify that the right-hand side of
(4.17) is regular at z = 0 (and hence is expanded as a power series in z), and that it satisfies the
functional equation (4.13). See also Remark 4.9 below for examples of other solutions to (4.13)
which are not regular at z = 0.

‘We have

olco+1)---(c+r—1) p"
F — L) =1 P
(o o +Z (1—02)- 1—(0—1—7‘—1))1“!2’

and similarly, 1F} (o — 1;0 — %; —p) — 2(0c = 1)1Fy (030 — %; —p) is a power series in z with
constant coefficient 1. Therefore, the right-hand side of (4.17) is a power series in z.

After substituting the right-hand side of (4.17) into the functional equation (4.13) and cross-
multiplying, we obtain

(1—pz)1F1 (050 — L5 —p)1Fy (030 +1— 15 —p)

— z01F (030 — l'—,o) 1P (o4 104+1—1—p)

-1 (0—1;0 = —p)lFl(O' 0+1—7 — )

+ zo1 ] (U—I;U—;;—p) 1F1 (0+1;0+1—%;—p)
This identity can be readily verified by applying two contiguous relations:

zo1F (0 + 10+ 1—1—p) = 1Fi(o;0+1—1;—p) + (20 — 1)1 Fi(0;0 — 1;—p),
Wﬁ“00+1—*—) (U—Uﬁﬂa—la—%—)—@O—Udﬂma—?—M~

This completes the proof. O

Remark 4.9. Curiosly, the functional equation (4.13) has at least two solutions expressible as
power series in z~' with vanishing constant coefficient. If M(z2;p,0) = 37,5 ma(p,0)z7" is a
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solution, then the recurrence relations for the coefficients take a different form:
(1= p—o)mi(p,0) — 1= poma(p,o)mi(p,o +1),
l (4.18)
Mn-1(p,0) = (p+ 0 = Vmn(p,0) = po »_ meia(p,0) mn_k(po+1),  n>2.
k=0

Two choices of valid initial conditions for (4.18) are

mi(p,o) = (1 - o)~

and
( ) B U(O—v g, _p)
mi(p, o) = (1-p)U(o,0—1, —p) — poU(c+1, 0, —p)’
where 1 oo
Ul 5.€) = gy [, oot et

is the Tricomi function.
The Tricomi initial condition yields the solution
U(O’, o—1/z, —,0)

M(z:p.o) = . 419
(z3p,0) (14+z-2p)U(o,0—1—1/z, —p) — zpoU(c+ 1,0 —1/z, —p) (4.19)

The fact that (4.19) yields a solution to (4.13) can be checked using contiguous relations similarly
to the proof of Proposition 4.8.
Solution (4.19) also arises by first decoupling equation (4.13) through the Ansatz

P(zipo+1)= (1-(0+p—1)2)P(z;p,0) — Qz;p,0),

, (4.20)
Q(z;p,0 +1) = poz"P(z;p,0),

assuming that M1(z; p,0) = P(z; p,0)/2(z; p,0). We then apply the Fourier transform to (4.20),
solve the resulting 2 x 2 system of ordinary differential equations, and finally apply the inverse
Fourier transform to return to the original function.

It remains unclear whether other solutions to (4.13) exist, or how they might be classified.

Let us now describe a combinatorial interpretation of the moments a,(p,o) for the shifted
Charlier specialization. Recall that 7 € II(n) denotes an arbitrary set partition of {1,...,n}. It
is always presented in canonical form, i.e.,

T = B1|Bs| - |By,

where the blocks By,..., B, are ordered such that min By < --- < min B,,. The non-maximal
elements of a block are called openers; the set of all openers is denoted by ©O(x). The non-
minimal elements of a block are called closers (C(m)). Elements that are simultaneously openers
and closers are called transients (7 (m)). Elements that are neither openers nor closers are called
singletons (S(m)).

If i € C(m), let T';(7) denote the set of openers a < i such that i < b, where b is the closer
succeeding a in w. Let v;(7) be the position of the opener in T';(7) corresponding to i, where
we list the elements I';(r) = {a1 < -+ < ay¢} in increasing order. Kasraoui and Zeng [KZ06]
showed that a set partition 7 € II(n) is uniquely determined by the tuple (©,C,8,T) together
with the integers 7;(m) for i € C. We need one more definition (not present in [KZ06]) for our
interpretation of the moments a,(p,o):
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Definition 4.10 (Non-transient closers). Let #ntc(m) count the number of non-transient closers
i € C(m) such that ~;(7) = 1.

As an example, consider the set partition m = 135‘29‘4‘678 of n = 9. In this case

(9(71—) = {L 273767 7} P3(7T) - {172} 73(71—) =1
e(ﬂ') - {3757 77879} P5(7T) - {273} 75(71—) =2
§(m) = {4} I7(m) = {2, 6} Yr(m) =2
T(m)=1{3,7} Lg(m) ={2,7} Vs(m) =2

Lo(m) = {2} Yo(m) =1

and we see that ntc(m) = 1.

Along with #ntc(), we introduce the following statistics. Let #blocks*(m) denote the number
of non-singleton blocks in 7 (#blocks*(7) = 3 in the example above), and # 8(7) be the number
of singletons in 7w (#&(7) = 1 in the example above).

Proposition 4.11. The n-th moment a,(p, o) of the shifted Charlier specialization is given by
the following variant of the Bell polynomial:

ntc ocks* (m nte(m S(mw
an(p,0) = BMS(p) = Y piPlocks™ () gitntelm) (4 5 ) #E,
weIl(n)

Proof. Our proof is an adaptation of the methods and results found in [Jos11] and [KZ06], and
uses a well-known bijection between set partitions 7 € II(n) and Charlier histoires.®> A length-n
Charlier histoire is a ”colored” Motzkin path of length n, where each — step at height k is
assigned a nonnegative integer color ¢ € {0, ..., k}, while each \ step at height k is assigned a
color c € {1,...,k —1}. Let $,, denote the set of length-n Charlier histoires.

We can now define the bijection II(n) — $),. Under this bijection, a Charlier histoire b is
constructed from left to right by converting, in order, each element i € {1,...,n} of a set partition
7 € II(n) into a (colored) step of type {7, —, \(} according to the following rules:

1. Each non-transient opener is converted into an  step

2. Each singleton is converted into a — step with color ¢ =0

3. Each transient element is converted into a — step with color ~; ().
4. Each non-transient closer is converted into a \ step with color ~;(7).

As an example, the Charlier histoire b, corresponding to the set partition 7 = 135‘29‘4‘678 under
the bijection is depicted in Figure 3.

FiGURE 3. The Charlier histoire b, corresponding to m = 135{29‘4‘678. The weight of
both 7 and b, is p?c(p+ 0o — 1).

3We are grateful to Dennis Stanton for explaining this relationship to us.
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We define the weight w(h) of a Charlier histoire h € $,, as the product of the weights of its
(colored) steps, where the weights are given as follows:

o /' step: p;
o —step: p+o—1ifc=0,0or1if c>0;
o \ step: cifc=1,0or1if ¢ > 1.

Let 21,, denote the set of all Motzkin paths of length n and let pr,, : £, — 9, be the projection
map from Charlier histoires to Motzkin paths which simply ”forgets” the histoire colors. Since
yr = p(o +k —1) factors into p and (o + k — 1), we can modify the weighting scheme for Motzkin
paths m € 901,, given in Section 4.1, and assign weights to steps as follows:

e each 7 step at height k is weighted p;
e cach Y\ step at height k£ and is weighted o + k — 1;
e cach — step at height k is weighted p+ 0 + k — 1.

We define the weight wt(m) of a Motzkin path m € 9, to be the product of the weights of its
steps. Note that wt(m) coincides with the weight of m as prescribed in Section 4.1. In particular,
our shifted Charlier moments have the form an(p, o) = > con wt(m).

The technique of [KZ06] aligns the weights of Charlier histoires with the weights of their
associated Motzkin paths under the projection map. That is,

wim) = > w(h).
pry(h)=m
This ensures that the total weight of all Motzkin paths of length n matches the total weight
of all Charlier histoires of the same length. This total weight is a,(p, o), which completes the
proof. O

Remark 4.12 (Permutation statistics and Jacobi continued fractions). Jacobi continued fractions
and their associated moments are connected not only to set partitions, but also to permutation
statistics. One of the most recent examples of these connections is the work [BS21], which
connects a 14-parameter Jacobi continued fraction with permutation enumeration.

It would be very interesting to combine random permutations (arising from this 14-parameter
enumeration) with the Young-Fibonacci RS correspondence which we describe in Section 7 below.
The resulting measures on Fibonacci words may coincide with some of the clone Schur measures.
We do not develop this direction further in the present work.

5. ASYMPTOTIC BEHAVIOR OF CLONE COHERENT MEASURES

5.1. Outline. In this section, we examine scaling limits and other types of asymptotic behavior of
clone coherent measures on Fibonacci words arising from various Fibonacci positive specializations
(Z,7) introduced in Section 3.4. This section is organized as follows.

In the preliminary Section 5.2, we obtain general identities for the joint distribution of sequences
of 1’s or 2’s in the beginning of a random Fibonacci word distributed according to an arbitrary
clone coherent measure.

In Sections 5.3 and 5.4, we examine coherent measures for two particular specializations of
divergent type, where either sequences of 1’s (respectively, 2’s) become long in the corresponding
random Fibonacci words. For the first model, the joint scaling limit of runs leads to a resid-
ual allocation (stick-breaking) type distribution. The limiting distribution we get differ from
GEM(1/2) (see Definition 2.3), which appears in the Plancherel case [GK00a], not only in the
value of the GEM parameter § (which may not be 1/2), but also due to the random insertion
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of additional zeroes into the sequence X = (X7, X2,...) € A (2.8). In the model with growing
hikes of 2’s, their joint scaling limit is a dependent stick-breaking process described in detail in
Definition 5.10 and Remarks 5.12 and 5.14.

In Section 5.5, we consider specializations of the convergent type. We show that for them,
the coherent measure is asymptotically supported on Fibonacci words of the form 1°°v, with v
being a finite Fibonacci word (i.e., words with a growing prefix of 1’s). This asymptotic behavior
contrasts sharply with the residual allocation type distributions arising in Sections 5.3 and 5.4.
Finally, in Section 5.6, we consider examples of how clone coherent measures (of both divergent
and convergent type) interact with words of the form 1%v.

5.2. Initial runs and hikes under a general clone measure. We begin by computing certain
probabilities (“correlations”) under general clone coherent measures on the Young—Fibonacci
lattice. Observe that a Fibonacci word w can be parsed in two different ways. Looking at
consecutive strings of 2’s, define (hy, ha,...) and (ﬁl, ha, . . .) by

w=2M12"21... 12" b€ Ty (5.1)

~ 2hip +1, E<m-—1,
hk =
2h, k=m.

The quantities hy, appeared in Section 2.2 above. Alternatively, we can look at consecutive strings
of 1’s, and define (ry,r2,...) and (71,72,...) by

w=1"21"22...21"  r; € Zso;

2, k<p-—1
fkiz{rk—i_, =P (5.2)

Tp, k=np.

In (5.1) and (5.2), the sequences (hq,hs,...) and (r1,7r2,...) are called the hikes and runs of
the word w, respectively. We will use the shorthand notation Thij] = Ti +Tig1 + ...+ 71y, and
similarly for 7(; 5, hy; 57, and fz[m], and also for open and half-open intervals. In (5.1) and (5.2),
the quantities m and p depend on w, and we have iL[Lm} =T = [wl.

Our goal is to obtain joint distributions for several initial runs or hikes r; or h; under a clone
coherent measure

M, (w) = dim(w) - gz 5 (w) = dim(w) - M, w € YF,. (5.3)

As always, we assume that z; # 0 for all i. We start with runs:

Proposition 5.1. Fir k € Z>1 and r1,...,7x € Z>o. Then for all n > 7y 3 we have

Mn(w:rl(w):rl,...,rk(w):rk)zn(n] 5= 1) By (5~ 15 2), (5.4)

xn]-xnj—l T xTLj—Tj—l

j=1
where we denoted nj :==n — 7 ;), and used the shorthand notation from Remark 2.4.

Remark 5.2. The sum over ry,...,r; of the quantities (5.4) is strictly less than 1. Indeed, for
example, if £ = 1, then the word w must be of the form 1" 2u, where the Fibonacci word u is
possibly empty. This excludes the possibility that w = 1. See also Lemma 5.8 below for an
explicit example.

Proof of Proposition 5.1. We have M, (w) = dim(w) sy, (Z|¥)/(z1- - zp). Let w =172 172y,
where u is a generic Fibonacci word with fixed weight |u| = n — 7, ;) > 0. In particular, the
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event we consider in (5.4) requires the word w to have at least k letters 2, and 7; = r; + 2 for all

j=1,...,k. Using the recurrent definition (2.11) of the clone Schur functions, we can write
RN k ~
sw(Z]¥) _ w!y H (7 — 715)
Ty V| 5oy Fn—fpgy Tt Tneip g4l

Applying this relation to the Plancherel specialization and using (2.17), we get

k
dim(w) = dim(u) - H (n—7pg+1).

Jj=1

Summing M, (w) over all words u eliminates the dependence on u thanks to the probability
normalization, and we obtain the desired product. Note that in the product in (5.4), we changed
the notation n — 7y ;) =n; —r; — 2. O

Let us turn to hikes. Their joint distributions do not admit a simple product form like (5.4) due
to runs of 1’s arising for zero values of the hikes. Let us denote d; :=n—hyy ;) (with dy = di = n),
and recursively define for j =1,2,...,m:

0, ifj =1;
Cj =4 Cj—1 + 1, if dj = djfl — 1; (55)
1, otherwise.

The condition d; = dj—1 — 1 is equivalent to hj_; = 0. For example, if h = (2,0,0,0,0,2,0,1),
then the word w and the sequences d and ¢ have the following form:

w=221111122112,  d=(17,12,11,10,9,8,3,2),  c¢=(0,1,2,3,4,5,1,2). (5.6)

Lemma 5.3. Let a Fibonacci word w = 2M1---2"n be decomposed as in (5.1). Let 1 <k <m
be such that hy > 0. Then with the above notation dj,c;j, we have

(7] 7) = 5u(Z|7) <kHﬁ >ﬁ 5o i "
Sw (X = su(7 | |
Yy 19) Ydi=2j+1 j=1 1dj7édj—1—1 + Bcj—l (dj - 1) 1dj:dj71_l

=1 j=2

where u = 2M+=112Mk+11 ... 12"m and we used the shorthand notation from Remark 2.4.

For example, for the word in (5.6) and k = 6, the last product in (5.7) telescopes as

Bs(9) Bs(8) B4(7) Bs(6)
B1(10) Ba(9) B3(8) Ba(7)

By(15) B1(10) = By(15)B5(6).

Proof of Lemma 5.3. This is established similarly to the proof of Proposition 5.1. The first prod-
uct of the y;’s in (5.7) comes from the determinants By. The second product is telescoping to
account for the recurrence involved in defining the clone Schur functions for words of the form
1¥20. Indeed, the entries of the sequence ¢ are increasing by 1 when there is a run of 1’s in the
word w (see the example in (5.6)). This corresponds to the cases when d; = dj_; — 1 in the
denominator. Once the run of 1’s ends, the next element of the sequence ¢ resets to 1. Then
dj # dj—1 — 1, the denominator is equal to 1, and the index of the remaining determinant B.; is
precisely the length of the run of 1’s in the word w. This completes the proof. O
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Proposition 5.4. Fiz k € Z>1 and hy, ..., hy € Z>o. Then for all n > lM”L[LH + 2 we have
M, (w: hl(w) =hi,..., hk(w) = hy, hk+1(w) > O)

il[l,k]Jrl k h; k+1
-1 . (d] - 1)Bcj (dJ - 2)
= T, (di — 27 + 1)?/d,-—2j+1) ;
( 111) n z) (HH ]1_11 lag;#d4; -1+ d;Be; (dj — 1) la,=d;, -1

(5.8)
where we use the notation d;, cj introduced before Lemma 5.5.

Proof. Let w = 2M1...12"12v, where v = 2/#+1711...12"n_ Here v is a generic Fibonacci word
with fixed weight |v| =n — lNL[Lk] —2 > 0. In particular, the event we consider in (5.8) requires w
to have at least k letters 1, and the number of hikes m in (5.1) satisfies m > k + 1.

Applying Lemma 5.3 twice — once for s, (Z|¥)/(z1 - - xy), and once for s, (II) = dim(w), we
obtain the desired product times dim(v) - s,(%|¥)/(z1 - - - 7},). Summing over the generic word v

eliminates the dependence on v thanks to the probability normalization, and we obtain (5.8). O

Unlike for the runs in Proposition 5.1, the result of Proposition 5.4 does not uniquely determine
the joint distribution of the hikes hi,...,h;. Let us obtain an expression for the probability of
the event hy = 0, which will be useful for the scaling limit in Section 5.4 below.

Lemma 5.5. For an arbitrary clone Schur measure My, we have

(n — 1) Yn—1
Tn—1Tn

My (w: hi(w) =0)=1 —

Proof. From the recurrent definition (2.11) of the clone Schur functions, we get for any v € YF,,_s:

— 1) Yn—
M,y (w = 2v) = an_Q(U).
Lp—1Tn
Summing over all v gives the probability that hj(w) > 0, and the result follows. ([

5.3. Charlier (deformed Plancherel) specialization. Consider the Charlier specialization
(Definition 3.22)

xr=k+p—1 and yr = kp, p € (0,1]. (5.9)
Definition 5.6. For any 0 < p < 1, let 7, be a random variable on [0, 1] with the distribution
pdo(a) + (1= p)p(1 —a)da,  ae[0,1]. (5.10)

In words, 7, is the convex combination of the point mass at 0 and the Beta random variable
beta(1, p), with weights p and 1 — p.

Recall the run statistics 7, (w) (5.2), where w is a Fibonacci word.

Theorem 5.7. Let w € YF,, be a random Fibonacci word distributed according to the deformed

Plancherel measure My, (5.3), (5.9) with 0 < p < 1. For any fized k > 1, the joint distribution of

the runs (ri(w),...,rx(w)) has the scaling limit
rj(w) d

n— S ri(w) noee

where 1),.; are independent copies of 1,.

Np:js j=1,...k,
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Before proving Theorem 5.7, observe that we can reformulate this statement in terms of the
residual allocation (stick-breaking) process, as in Definition 2.3:

(L(w), L(w),...) X = (X1, Xs, ),
n n

where X1 = Uy, Xi; = (1 —=Uy)--- (1 = Up—1)Uy, for k > 2, and U}, are independent copies of 7,
(see Definition 5.6). Unlike in the classical GEM distribution family, here the variables Uy, can be
equal to zero with positive probability p. Thus, the random Fibonacci word under the Charlier
(deformed Plancherel) measure asymptotically develops hikes of 2’s of bounded length (namely,
these lengths are geometrically distributed with parameter p). On the other hand, if we remove
all zero entries from the sequence X = (X1, Xy, ...), then the resulting sequence is distributed
simply as GEM(p).

Note also that for p = 1, we have U = 1 almost surely. This corresponds to the fact that
the deformed Plancherel measure reduces to the usual Plancherel measure. By [GK00a] (see
Section 2.2), random Fibonacci words under the usual Plancherel measure have only a few 1’s.
Thus, for p = 1, the scaling limit of the runs of 1’s is trivial, and instead one must consider the
scaling limit of the hikes of 2’s. This is the subject of the next Section 5.4.

In the rest of this subsection, we prove Theorem 5.7. First, by Proposition 5.1, we can express
the joint distribution of finitely many initial runs of 1’s in a random Fibonacci word in terms of

a discrete distribution n,(om) on {0,1,...,m—1}:

_r—_1B —r-=2)T —r—2
(m r ) T(m r ) (m+p r )’ 7":0,17~-'am_27

P(ny™ =r) = ST (p) L(m +p) (5.11)

L'(m+p)’
Here B,(m) are the determinants (2.10) with shifts (we use the notation of Remark 2.4). By
Lemma 5.8 which we establish below, we have

r=m—1.

mz_f(m—r—1)Br(m—r—2)F(m+p—r—2) L p"T(p)

T'(m+ p) I'(m+p)’ (5.12)

r=0
so (5.11) indeed defines a probability distribution.
Proposition 5.1 states that the joint distribution of a finite number of initial runs of 1’s under
the deformed Plancherel measure has the product form

k
M, (w: ry(w) = 1, r(w) = ) = [[ P = 1)), (5.13)
j=1

where nj =n—7jy=n—(2j-2)—r—...—rj_1,and 0 <r; <n;—2forall j=1,...,k By
(5.12), we know that the sum of the probabilities (5.13) over all 7; with 0 < r; < nj —2 is strictly
less than 1 (see also Remark 5.2 and the proof of Lemma 5.8 below). To get honest probability
distributions, we have artificially assigned the remaining probability weights p"™T'(p)/I'(n; + p)
to r; = n; — 1. Since

n_ Llp) p"i
L(nj+p)  plo+1)---(p+n;—1)
rapidly decays to 0 as n; — oo, these additional probability weights can be ignored in the scaling

limit. More precisely, by Lemma 5.9 which we establish below, each random variable n},nj ), scaled

by n;l, converges in distribution to 7,. Thanks to the product form of (5.13), the scaled random
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variables 7;(w)/n; become independent in the limit, and each of them converges in distribution to
7, This completes the proof of Theorem 5.7 modulo Lemmas 5.8 and 5.9 which we now establish.

Lemma 5.8. Let B,(m) be the determinants (2.10) with shifts (Remark 2.4), and consider the
deformed Plancherel specialization (5.9) of the variables x;,y;. Then for any m > 2, we have

w2 (m—r—1)B,(m—r—2)T(m+p—r—2) L p"T(p)

; L(m + p) L(m+p)

(5.14)

Proof. Consider the random word w € YIF,,, under the deformed Plancherel measure M,,. From
Proposition 5.1, we know that the r-th summand in the left-hand side of (5.14) is the probability
that this word has the form 172w, for a (possibly empty) Fibonacci word u. Summing all these
probabilities over r = 0,1,...,m — 2, we obtain 1 — M, (w = 1™). We have

M. (w _ 1m) _ S1m (H) S1m (f| 37) _ Am(H) Am(f| :Ij) _ 1- pm ‘
plp+1)---(p+m—=1)  plp+1)---(p+m—=1) plp+1)---(p+m—1)
This completes the proof. U

Lemma 5.9. Let 0 < p < 1. Recall the distribution n,(,m) (5.11). We have

—— = 1, m — 00,
where 1, is described in Definition 5.6.

Proof. Since P(n,()m) = m — 1) rapidly decays to zero as m — oo, we can ignore this probability it
in the limit. For an arbitrary specialization (¥, ), the determinants By (m) satisfy the three-term
recurrence:
Bi(m) = mik+2Br-1(m) — Ymikt1Br—2(m), k>2, (5.15)
with initial conditions Bo(m) = Ym+1 and B1(m) = Tm+3Ym+1 — Tm+1Ymt2. Substituting (5.9),
we obtain
By(m) = (k+m+ p+1)B_1(m) — p(k + m + 1) By_a(m),

5.16
Bo(m) = plm+1),  Bu(m) = plm +2 ). (510
This recurrence has a unique solution which has the form
Bi(m) = p* " (m+1) = o (1 = p)(m + 2)e™” Epyz(—p)
(m+k+2)! (5.17)
+p(1 - P)We Ermkts(—p),
where E,.(z) is the exponential integral
[e.e]
E.(z) = / t e dt, r >0, Re(z)>0. (5.18)
1
Since our z = —p < 0, formula (5.18) needs to be analytically continued [NIS24, (8.19.8)]:
(2! = ()
E = — —1 — —_— =1,2,3,.... 5.19
H(2) = Gy W) —Inz) kz_:o Ml—r+k) o (5.19)
k#r—1

Here ¢ (r) = T"(r)/T(r) is the digamma function. The logarithm In 2z = In(—p) = ir + Inp has a
branch cut, but all the summands in the remaining series are entire functions of z. Thus, formula
(5.19) produces the desired analytic continuation of E,(—p).
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Now, using the series representation (5.19) for the exponential integral, we can show that

lim E,(—p) =0, EIJ'I_I rEri1(—p) = €e’. (5.20)

r—+00

Indeed, ¥ (r) grows logarithmically with 7, so the first summand is negligible as r — +o0 (even
after multiplication by r — 1). The series in (5.19) converges uniformly in z, so we can take the
limit of the individual terms and conclude that E,(—p) — 0 as » — +00. The second limit in
(5.20) follows from the recurrence r E,y1(2) + z E,(2) = e~* [NIS24, (8.9.12)].

Assume that r = |am], where a € (0,1). By the standard Stirling asymptotics, the ratio
I(m+p—r—2)/T(m+p)in (5.11) decays to zero as e~*™™m™  Using (5.17), (5.20), we see that

(m—1)!
(m—r—2)1"
The first two summands decay exponentially and are thus negligible since p < 1. We have for the
third summand:

(m—=1)! I'(m+p—r—2)
(m—r—=2)!  T(m+p)

(m—1—1)B,(m—r—2) ~ (m—r— 12" = (m—r—1)p" (1= p) + p(1 - p)

p(1=p) ~m ™ p(l=p)(1 =)

1

The prefactor m™" corresponds to the scaling of our random variable m_ln,(om). Note that

1
/Op<1—p><1—a>p1da=1—p,

and the remaining mass is concentrated at 0 in the limit:

—1)%
P(n(™ = 0) = (m — p, — 0.
" =0 = -y P T
This completes the proof of Lemma 5.9, and finalizes the proof of Theorem 5.7. O

5.4. Shifted Plancherel measure. In this subsection, we consider the shifted Plancherel spe-
cialization (Definition 3.22)

=y =k+o—1, o € [1,00). (5.21)
Definition 5.10. Let
Gla)=1-(1-a)%, gla)= 3(1 —a)fl aelol] (5.22)

be the cumulative and density functions of the Beta distribution beta(1,0/2). For any o > 1, let
£5:1,&0:2, - . . be the sequence of random variables with the following joint cumulative distribution
function (cdf):

n—1 4

P(&on S a1y om S ) =0 " G(an) - Glam) + (0= 1)) o "G (1) -+ Glamj).
j=1
(5.23)

Denote the right-hand side of (5.23) by jolse (a1,...,ap).

Lemma 5.11. The joint cdfs FT(LU) for alln > 1 are consistent, and uniquely define the distribution
of 51,652, - - .. The marginal distribution of each 4. is

(1 -0 "N 5(a) + o 1g(a)da.
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In particular, &1 is absolutely continuous and has the Beta distribution beta(1,0/2), while &,

for each k > 0 has an atom at 0 of mass 1 — o ¥, and the remaining mass is distributed
according to beta(1,0/2).
When o = 1, the random variables &, reduce to a collection of independent identically

distributed beta(1,1/2) random variables.

Proof of Lemma 5.11. Each ESU) is a cdf, that is, it is continuous, increasing in each argument,
satisfies the boundary conditions £ (0,...,0) =0 and F,(LU)(l, ..., 1) = 1. The consistency

Fé")(al, ey 01, 1) = Féi)l(al, ceny an_l)
is straightforward.
Let us check the nonnegativity of the rectangle probabilities under FT(LG). If a rectangle is
n-dimensional, then we can use the fact that
Oy on FS (@, . o) = 0 g(an) - - - g(an), (5.24)

which produces nonnegative rectangle probabilities under F,sa) by integration of (5.24). If the
rectangle [ag, b1] X - - X [ay, by] is of lower dimension, then it must contain zero values a,, = b, =0

for each non-full axis, since under FT(LU), there are no other lower-dimensional coordinate subspaces
of positive mass. Observe that F,(aq, ..., am, 0, &mi2, ..., qp) does not depend on 12, - - . , Qy.
Thus, it suffices to check the nonnegativity for each m-dimensional rectangle of the form
[a1,b1] X -+ X [@m, by] x {0} x -+ x {0}.
We have
8a1,_,,,amF,(L”) (a1, m,0,...,0) = (0= 1o ™g(ar) - glam),
which implies the nonnegativity.

We have shown that F,&"), n > 1, is a consistent family of cdfs, so by the Kolmogorov extension
theorem, they uniquely determine the distribution of the family of random variables 5.1, &5:2, . - ..

The marginal distribution of each .1, readily follows from its cdf F,EU)(I, ..., 1,xx), and so we
are done. ]

Remark 5.12. Alternatively, the random variables &,.;, can be constructed iteratively as follows.

Toss a sequence of independent coins with probabilities of success 1,07, 07 2,.... Let N be the
(random) number of successes until the first failure. We have
P(N=n)=0 G (1-0"), n>1 (5.25)

Then, sample N independent beta(1,0/2) random variables. Set .1, K =1,..., N, to be these
random variables, while &;., = 0 for £ > N. It is worth noting that the random variables ., are
not independent, but &;.1,...,&s, are conditionally independent given N = n.

Recall the hike statistics hj(w) and hy(w) (5.1), where w is a Fibonacci word.

Theorem 5.13. Letw € Y, be a random Fibonacci word with distributed according to the shifted
Plancherel measure M, (5.3), (5.21) with o > 1. For any fired k > 1, the joint distribution of
the hikes (hi(w), ..., hg(w)) has the scaling limit
hy(w) d
n— Y I0) hi(w) nee

where &,; are given by Definition 5.10.

50’;]'7 j:]-a"'aka
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Remark 5.14. In terms of the stick-breaking process, Theorem 5.13 states that

(MM) X = (X1, X, .. ),
n n
where X1 =Uy, Xy = (1 —-U1)--- (1 = Up—1)Uy, for k > 2, and Uy, = &y, are dependent random
variables if o > 1. Due to the dependence structure of the &;,;’s (see Remark 5.12), a single zero
in the sequence {X;}>1 makes all subsequent X’s zero. Thus, a growing random Fibonacci word
under the shifted Plancherel measure has a growing number of 2’s in (almost surely) finitely many
initial hikes of lengths proportional to n. These initial hikes are then followed by a growing tail
of 1’s. We refer to the end of Section 7.5 for another approach to the asymptotics of the shifted
Plancherel measure, and a detailed discussion of the limiting behavior of the total number of 2’s.
When o = 1, the &;.1’s do not have the point mass at 0, and are independent and identically
distributed as beta(1,1/2). The sequence X almost surely has no zeroes, and is distributed simply
as GEM(1/2). In this special case, our Theorem 5.13 reduces to the result of [GK00a] recalled in
Section 2.2.

Proof of Theorem 5.153. Step 1. We use Proposition 5.4 which expresses the joint distribution of
initial hikes hj(w) (where j = 1,..., k) as a product (5.8). This product involves the determinants
By (m) which for the shifted Plancherel specialization take the same simple form for all sizes:

Bi(m) =m+ o, k> 0. (5.26)

Indeed, one can deduce this from the three-term recurrence (5.15). Formula (5.26) implies that
the factors in the product (5.8) are equal to

H n+0—]~“b[17k]—2) _HF(U+di+l—2'1i:k)
N I'(n+ o) N (o +d;) ’
=0 1
0 . (5.27)
P - DTS 45— )
i=1j= 2 =1 2 g 2 2 Z 2

By g+ k

and the last product involving the determinants B, is equal to

A (di —1)(di + 0 —2)

2‘1;[1 1p, s00riz1 +di(di+o—1)1p —0lis1

Here and in (5.27), we used the notation d; = n—ﬁ[lyi), and the fact that the condition d; = d;_1—1
in (5.8) is equivalent to h;—; = 0 (for ¢ = 1, we have d; # do — 1, so 1,50 = 1). Note that for
the shifted Plancherel specialization, the dependence on the quantities ¢; (5.5) disappeared.

(5.28)

Step 2. Let us now consider the asymptotic behavior of (5.27), (5.28) as the d;’s grow to infinity.
We examine two cases depending on whether the hike is zero or is also growing. We have for the
factors in (5.28) for ¢ > 1:

7,_1 i -2 dza hi* )
(di — 1)(di + 0 —2) N{ 2, his1 >0 (5.29)

1y, so+di(di+0—1)1p,_—o 1, hi1=0.
For the two products in (5.27), we have
D(o+dign—2- 1) 22T - DTG +§-1) 5
)

~d; PR (] = )32 = (530
Plo+d) D& —htl (1=a) (530)
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where h; = [a;d;/2], 0 < a; < 1. Note that we inserted the factor 1/2 since hikes count the 2’s,
SO hi ~ Ozidi.

Step 3. Consider first the situation when all a1, ..., ay are strictly positive. Then the product
of the quantities (5.29), (5.30) over all ¢ (which is asymptotically equivalent to (5.8)) has the
following behavior as n — +oo:

k
d d o
My (w: ha(w) = | S5 w) = [ 5 e () > 0) ~ o F [T /2) 7 2 (1= )37
2 2 11 2
(5.31)
Here we used the fact that dg 1 = dp — 2hg — 1, so d%+1d,;2(1 —ag)~2 ~ 1. Since the density
(1 — u)2 71 of beta(1,0/2) integrates to 1 over (0,1), we see that there is an asymptotic deficit

of the probability mass equal to 1 — o —*. This deficit mass is supported by the event

k+1
J{w: hi(w) = 0}.
i=1
By Lemma 5.5, we have
n—1
: =0)=1-— .
M, (w: hy(w) = 0) n+a—1_>0’ n — oo

In particular, M, (w: hi(w) > 0) — 1, and the event {h; = 0} is asymptotically negligible.

Now consider the case when some of the «;’s are zero in the left-hand side of (5.31). Then,
due to (5.29), there is an extra factor of dj_2 for each j > 2 with aj_1 = 0. This means that the
probability that at least one of the h;(w)’s is zero (for some 1 < j < k) while hpyi(w) > 0 is
negligible in the limit. Therefore, we conclude that

lim M, (w: hgiq(w) > 0) = li_}m My (w: hy(w) > 0,..., hp(w) >0, hper(w) >0)=0F

n—oo

for all k£ > 0. This implies that for all £ > 0, all the deficit probability mass 1 — ¢—* from the
left-hand side of (5.31) is supported on the event {hii1 = 0}.

Step 4. Define for each k£ > 1 the joint cdf
Fk(al, PN ,Ozk) = nlgglo Mn (w: hl(w) S \_C(ldl/QJ, PN ,hk(w) S Lakdk/Qj)

of the scaled hikes (hy(w)/dy, ..., hx(w)/dy). The observations in Step 3 imply that
Fk_l(al, cen ,Oék_l) - Fk(al, ey 01, 0) = U_k—HG(Oq) cee G(Oék_l), (5.32)

where G(-) is the cdf of the beta(l,0/2) random variable given by (5.22). Note that G(0) = 0.
We see that it remains to find the functions Fy(ay,...,ag_1,0) for all £ > 1. Iterating (5.32), we
see that these functions are consistent as long as there is at least one zero, that is,

Fi(oq,...,ap—2,0,0) = Fr_1(oq,...,ap—2,0),

and so on.
Differentiate (5.32) in «v, ..., ax—1. Then, because of the probability mass deficit at level k—1,

we have
Ao Fro1 (a1, g 1) = 0 " 2g(ar) - g(ag_1),

where g(«) is the density of the beta(1, 0/2) random variable (5.22). Therefore,
Oar,apy Frelo, ... 00-1,0) = (0 — 1)U_k+lg(oq) cglag—1). (5.33)
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Using (5.33), we can now compute Fj(ai,...,ar_1,0) by induction on k and iterative integra-
tion. We have F(0) = 0, then

8a1F2(a1,0) = (U — 1)0_1g(a1) = FQ(CH,O) = (J — 1)0_1G(O41) -+ FQ(0,0),
but by consistency, F»(0,0) = F1(0) = 0. For general k, the first integration in aj_; yields
Oareoans P, - ap—1,0) = (0 — D)o *g(an) -+ glar—2)Glar—1) + Fie1(aa,. .., ap—2,0).

This procedure of iterative integration yields the unique solution for Fj(aq,...,ar—1,0), and this
leads to the formula for the joint cdf Fi(aq,...,axr) = F,go)(ozl, ...,ak) (5.23) of the limit of the
scaled hikes. This completes the proof of Theorem 5.13. O

5.5. Specializations of convergent type and Type-I components. Here we analyze the
asymptotic behavior of random Fibonacci words under general convergent or divergent Fibonacci
positive specializations (see Definition 3.3 and Theorem 3.9). We focus on words which have a
growing prefix of 1’s. Let us begin with a definition which follows [GK00b]:

Definition 5.15. A Type-I Fibonacci word? is an infinite Fibonacci word formed by appending a
prefix consisting of infinitely many digits 1 to a Fibonacci word. A Type-I Fibonacci word can be
uniquely expressed as either 1% or 1°°2w, where w is a finite suffix in YF. Denote the (countable)
set of all Type-I words by 1°°YT, and the subset of all Type-I words of the form 1*°2w, w € YT,
by 1°°2YF C 1>°YT.

A Type-I word 1°°w can be viewed as the equivalence class of infinite saturated chains vg
v S g -, starting at vg = @, with v, = 1w for all n > m, where |w| = m. We call
infinite saturated chains of this kind lonely paths.

Definition 5.16. If ¢: YF — R, is a nonnegative, normalized harmonic function and 1*°w is a
Type-I word, we define:
p1(1%°w) := lim M4, (1"w),
n—oo

where w € YF,,, and M}, denotes the coherent measure on Y}, associated to ¢ by (2.4). We call
the (in general, sub-probability) measure py(-) on 1°YF the Type-I component of the harmonic
function .

Note that 0 < M1, (1"w) < 1. Moreover, the sequence { My, (1"w)}n>0 is weakly decreas-
ing, and so the limit p1(1*°w) € [0, 1] exists.

Let (Z,7) be a Fibonacci positive specialization
zp=c(1+tk-1), Uk =ckCrirty,  k=>1,
which is guaranteed by Theorem 3.9. Here ¢ is a sequence of either convergent or divergent type
(Definition 3.3), and and ¢'is any sequence of positive real numbers. Let ¢z 5 be the corresponding
clone harmonic function, and let uy be the associated Type-I component on 1°YTF.
Lemma 5.17. We have

oo
-1
pi(1) = [T +t)7" (5.34)
=0
Moreover, if t is of divergent type, then 11(1°°) vanishes.
4Not to be confused with Type-I Al-Salam—Carlitz polynomials or similar specializations, as these objects are

unrelated. The term “Type-1” in Fibonacci words comes from connections to Type-I factor representations of
AF-algebras associated to the branching graph [GK00b, Section 4].
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Proof. We have dim(1") = 1 and s1n(Z|¥) = ¢1--- ¢, for all n. Using (2.15), we see that the
coherent measures have the form

3w(£|17) = 1
7

xl...xn io1

which converges to the desired infinite product (5.34).
For a divergent type sequence t, we have (using the notation (3.6))

o
00 = Aog(1) = 1+ t1 4 t1to + titots + ... < H(l—i—tz
=1

where we used the fact that the ¢;’s are nonnegative. As the reciprocal of the product in (5.34)
goes to infinity, we have pr(1°°) = 0. O

For a convergent type sequence £, we either have (1) = 0 or 0 < (1) < 1. The next
statement discusses the latter case.

Proposition 5.18. Let t be of convergent type, and let uy(1°) > 0. Then

> m(1%2w) = (m H (1+1;) m >0, (5.35)

WEYF
where Boo(m) is defined in (3.6). Moreover, p1(1°°2w) > 0 for all w € YF.
Proof. For any w € YF,,, we have by (2.11):
s1n2w(Z | §) = Bp-1(m) sw(Z| 7).
Therefore, by (2.2), we can write

m+n+2

My iny2(1"2w) (H;p> (m+ 1) Myn(w)Bp-a(m) J] ;" (5.36)
=1 i=1

The factor B;,—1(m) converges as n — 00 to Boo(m) (3.6). Thus, the limit as n — oo of (5.36) is

m—1

= o a oy (0:37)
i=1 7;:1(1 + tl)

which is positive. This means that p(1°2w) > 0 for all w € YF. Summing (5.37) over all
w € YF,, (which is a finite sum), we get the desired claim (5.35). O

Proposition 5.19. Under the conditions of Proposition 5.18, we also have pu(1°YF) = 1.

Proof. We rely on a result from Section 6 below, which is proven independently of the content of
the present section. Multiply the identity (6.6) from Remark 6.5 by []i_q(1 + t5) ! (recall that
to == O)

n—2

n—1 _
[Ta+t) ™+ > (m+1)Buma(m H (14t) ' =1. (5.38)
k=0 h—m

m=0
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We aim to take the limit as n — oo inside the sum in the left-hand side of (5.38). This would
yield

o o
1=JJa+t)" +Zm+ m) [T +t)"
k=0 k=m

At + ) D (m+1)M, m) [T +tk)~ (5.39)
k=0 m>0 |w|=m k=m
= (1) + Y pu(17°2w),

weYF
which is the desired result.
However, in order to justify the passage from (5.38) to (5.39) (the interchange of the limit and
the summation), we need the convergence

n—1 [e'e)
(m+1)Bn_mo(m) [[(1+t)"" = (m+1)Bso(m) [J(1+ )", n— o0,
k=m k=m

to be uniform in m (and then apply the dominated convergence theorem for series). Note that
n (5.38), we have n > m+ 2. That is, we can already turn the sum over 0 < m <n —2 in (5.38)
into an infinite sum, by adding the zero terms for m > n — 2.

For the products, we have

n—1 00 — 0 m—
[Ta+tw™" = JJa+t)" H ) = [+ )" H + 1), (5.40)
k=m k=m k=1 k=1 k=1

where [[;7; ( + t1) is bounded in m, so (5.40) converges to zero uniformly in m.
It remalns to establish the uniform convergence in m of (recall that n > m + 2)

0, n<m+2;
(m+1)Bp—m—2(m) = ¢ (m+ V)tpy, n=m-+2;
(m + 1) (tm+1 — (1 +tm — tm+1)tm+2An—m—3(m + 3)) , n>m-—+2,

as n — 0o. Observe that mt,, — 0 as m — 4o00. Indeed, this follows from the convergence of
the infinite product [[32 (1 + tx), which is equivalent to the convergence of the series Y p°, t
(since the t;’s are nonnegative). Moreover, since the t,,’s eventually weakly decrease to zero
(Propositions 3.12 and 3.13), we can use Cauchy condensation test to conclude that mt,, — 0.

The convergence mt,, — 0 implies that we can discard finitely many terms with n — K — 3 <
m < n — 2 from the sum in (5.38), as they converge to zero. Let us fix some K > 5 once and for
all. For the remaining terms, we can write

|(m + 1)Bp—m—2(m) — (m +1) (tms1 — (1 + tiy — tmi1)tmr24oc(m + 3))|
= (m+ 1)1+t — tms1)tma2 (bmaz - tn +tmaz - totnis +...).

The factor (m + 3)ty+4o is bounded. Let the sequence t¢,, eventually decrease starting from
m = mg. Pick € > 0, and find N > mg + K such that {y_g < e. Then for all n > N + 3 and
m > myg (with the condition m <n — K — 3):

™

b3 tn +tmys  tptng1 + .. <INk - EINg3 T EIN—K - INg3INga . S

which is small. This completes the proof. U
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Let us restate the results of Lemma 5.17 and Proposition 5.18 in terms of the boundary of
the Young—Fibonacci lattice [GK00b], [BE20], [Evt20]. Recall from Section 2.1 that the extremal
(Martin) boundary Yeg (YF) is the set of all nonnegative, normalized, extremal harmonic func-
tions on YFF. An arbitrary nonnegative, normalized harmonic function ¢ on YF can be represented
as a Choquet integral (2.6) with respect to a probability measure p on Yex (YF). The measure
w1 is uniquely determined by ¢.

The set 1°°YF of all Type-I words (Definition 5.15) constitutes a part of the boundary Y ey (YTF).
Indeed, the extremal Type-I harmonic functions corresponding to Type-I words of the form 1°°2w
are given by [GK00b, Proposition 4.2]:

dim(v, 1%2w)
D009y (V) = dim(2w) ’
0, otherwise.

if v <9 1%w for some k > 0,

Here w € YF is fixed, < denotes the partial order on YF, and dim(u, v) is the number of saturated
chains in the Young—Fibonacci lattice beginning at v and ending at v. Likewise, ®1~(v) takes
the values 1 if v = 1¥ for some k > 0, and 0 otherwise.

Corollary 5.20. Let (Z,7) be a Fibonacci positive specialization of convergent type such that
u1(1°°) # 0. Then the measure p on the boundary Yexi(YF) coincides with its Type-I compo-
nent py. Consequently, the Choquet integral representation of the clone harmonic function pz g
involves only Type-I harmonic functions, and has the form:

(705’37 = IU‘I(]'OO)q)l‘>o + Z ,Uzl(loo2’[U)q)1002w.
weYF

Proof. This result follows from the fact that p(1°YF) = 1 (Proposition 5.18), the Choquet inte-
gral representation (2.6), and the ergodicity of the Martin boundary established in the preprints
[BE20], [Evt20]. O

5.6. Type-I components in examples. Here we consider the Al-Salam—Chihara specialization
(which is of divergent type, see Definition 3.22), and the power specializations t;, = »/k*, o = 1,2
(given in (3.14)), which are of convergent type.

5.6.1. Al-Salam—Chihara specialization. Consider how the clone coherent measure M, corre-

sponding to the Al-Salam—Chihara specialization interacts with Type-I words. Recall that the

parameters are (Definition 3.22): Recall that it is given by xy = p + [k — 1]q, yx = plklq, k£ > 1,

where 0 < p < 1 and ¢ > 1. Note that as ¢ — 1, we recover the Charlier specialization, and the

asymptotic behavior of the corresponding clone coherent measures was considered in Section 5.3.
By Lemma 5.5, we have

(n—1)(¢—1)¢°p(¢" — q)
(" + pg* — (p+1)q) (¢ + pg® — (p+1)¢%)
One readily checks that this expression converges to 1 as n — +oo exponentially fast. This
means that with probability exponentially close to 1, the growing random word w € YIF,, under
the Al-Salam—Chihara clone coherent measure does not start with a 2.
For simplicity, let us only consider the case p = 1/q.

My (w: hi(w) =0)=1—

Proposition 5.21. For the Al-Salam—Chihara specialization with p =1/q, we have
ui(1°°) =0 and pu1(1°2YF) = 1.
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This means that in the growing random word there will be finitely many (but at least one) occur-
rences of the digit 2.

Proof. Recall from the proof of Proposition 3.23 and Proposition 3.20 that we can take the ¢-
parameters to be t;, = [k]q/p = q[k]q, and then we must modify zy, = 1+t,_1 = [k, and y, = [k],.
By Lemma 5.17, we have p1(1%°) = [[3 (1+q[k]4) ™!, which clearly diverges to zero. This proves
the first claim.

Let us find the limiting distribution of r1(w), the initial run of 1’s. By Proposition 5.1, we

have

n+m-+2
My mi2(1"2YF ) = My ymao(w: r1(w) =n) = (m+1)By(m) [ ;"
k=m+1
Using (3.8), we have
n+m-—+2
My pmi2(1"2YFy) = (m + 1) (tm1 — (1 +tm — tmi1) b2 Ap—1(m + 3)) H fﬁil
k=m+1
n+m+2
= (m+1)[m + 1], <q—|—q(q— Dm + 2, (1+Zq [m + 3], - [m—|—2+i]q>> I ;"
=1 k=m+1

The product over k from m + 1 to n + m + 2 diverges to zero as n — oo. Therefore, the only
possible nonzero contribution must include the sum over i:

n+m+2 n—1
(m+1)q(q — 1) [m + 1],[m + 2], < 11 [k;];l> D g m+ 3] [m+ 2+ ], (5.41)
k=m+1 i=1
We aim to show that
n+m+2 n—1 )
nlijgo( 11 [kL,l) Y dmA1gfm 42l m 2+l = (g—1)g ™ (5.42)
k=m+1 i=1

for all m > 0. Indeed, after cancelling out, the sum in (5.42) becomes

n

nZ 1
S H XS T SSe 10 mTIEL

=1 =1+1 1=1 j=n—i+1

All terms in the latter sum except the first one decay to zero exponentially fast as n — 4oc. This
is because for i > 2, there are at least two factors of the form [n+const], in the denominator, which
cannot be compensated by ¢"~* in the numerator. Therefore, we can exchange the summation
and the limit, and immediately obtain the desired outcome (5.42).

Combined with (5.41), observe that the limiting quantities sum to 1 over m

oo
> (m+1)qg—1)%¢ " =1
m=0

This implies that pp(1°°2YF) = 1, as desired. O
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5.6.2. Power specializations. Throughout the current Section 5.6.2, we assume that o« = 1 or 2.
Set ty, = »/k*, where 0 < » < %%0‘) (see Proposition 3.24), and z = 1 + tx_1, yx = ti.
For o« = 1, we have by Lemma 5.17:

(1) = [ (1+%)",

k=1

which diverges to zero for all s, 0 < » < %51) ~ 0.844637. Note that in Proposition 5.18 and
Corollary 5.20 we assumed p1(1°%°) to be positive, and this example shows that this assumption
is not always satisfied for convergent type specializations. In particular ur is identically zero, and
there is no Type-I support.

Remark 5.22. One expects, for the power specialization with o« = 1, that the run statistics ry
(5.2) admit a scaling limit, similarly to the Charlier specialization considered in Section 5.3. This
is suggested by the characteristic quantity

Y _ (k—1)s
TrTh+1 (k + o — 1) (k + %) ’
which has a very similar form to the corresponding quantity in the Charlier case:
Yo _ kp
wprprr (k+p—1)(k+p)

The difference is only in the shift of the index k, and the renaming of p to s.

Turning to the case o« = 2, we have by Lemma 5.17:

oy T EA
(1) = kl_Il (1 + k2> sinh(m/5) >0,

which means that Proposition 5.18 applies for o = 2, and p1(1°°YF) = 1. Let us make the latter
summation identity explicit. We have by (3.6):

OOE adl G 7!
(m) +T:1 m2(m+1)2---(m+r—1)?2 ; (m)T(m)rr!% 1F2(1;m, m; )
Thus,

#1 =) 1

Y NONE)

P
(where Ij is the modified Bessel function of the first kind), and By (m) for m > 1 is similarly
defined by (3.6). We see that the general identity puy(1°°YF) = 1 (equivalent to (5.39)) takes the
form

> [ P (1_m2(m+1)2+(2m+1)%
( ) m?(m + 2)?

By (0) = 2 —

1

m—1
\Fo(Lim 4+ 3,m + 3; %)> 11 (1 + ki;)

k=1 (5.43)
(5 —1)>™"2]  sinh(my/3) x+1

(m—1)12 ]_ N

where we used the standard series representation for the Bessel function. Let us emphasize that
(5.43) follows from Proposition 5.18. It is not clear how to prove this identity directly, without
referring to the parameters ¢ of the Fibonacci positive specialization.

_|_
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6. CLONE CAUCHY IDENTITIES

Here we discuss summation identities involving the clone Schur functions. These identities the
classical summation identities for the usual symmetric functions, including the celebrated Cauchy
identity.

6.1. Clone complete homogeneous functions and clone Kostka numbers. In this sub-

section, Z = (z1,x2,...) and §¥ = (y1,y2,...) are two families of indeterminates.

Definition 6.1 ([Oka94]). Given a Fibonacci word w € YF, the biserial clone homogeneous
function hy,(Z|¥) is the monomial defined recursively by

o T ho(Z|7), if w= 1lv;
hal@ ) o= { Tkt P 1O, B (6.1)
Ypol+1 ho(Z]9),  if w = 20,
starting with the base case hg(Z|¥) == 1.

The relationship between clone homogeneous and clone Schur functions is explained by the
following statement involving a clone version of Kostka numbers:

Proposition 6.2 ([Oka94, Section 4]). Given a Fibonacci word v € YF, the clone homogeneous
function h,(Z|Y) has an expansion into clone Schur functions given by

ho(Z|4) = Z Kuvsu:”’?/) (6.2)

|ul=[v]

where K, , are nonnegative integers known as the clone Kostka numbers. They can be calculated
using the following four basic recursions:

K2u,2v = Ku,v KQu,lv = E Kw,v
u /W

Klu,2v =0 ‘ Klu,lv = Ku,v

starting from the initial conditions Ky o =1 and K11 = 1.

We refer to [Oka94] for a combinatorial interpretation of these numbers in terms of chains in
the Young—Fibonacci lattice.

Remark 6.3. The recursions for Ky, 1, and K1y, 1, imply that K, 1» = dim(w) for any Fibonacci
word w € YIF,,. This observation, together with the expansion given in (6.2), allows us to get the
following identity (familiar from the normalization (2.15) of the clone Schur functions):

hin(Z|9) i= a1 -2 = Z dim(w) s, (Z | 7). (6.3)
lw|=n
The next corollary allows us to conveniently interpret formula (6.3).

Corollary 6.4. For any n > 0, we have

n—2

st (Z[F) + D> (mA+1) (1 2m) spu-m-20(F+ m|F+m) =21+ 2. (6.4)

m=0
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Proof. Using the expansion

|lw|=m
we can rewrite
n—2
LHS(6.4) = s1n(Z]§) + > (m+ 1) spu-m2o(@+m|f+m) > dim(w)sy(Z|7).  (6.5)
m=0 lw|=m

By Definition 2.5, we know that
Sin-m-200 (T | Y) = Spn-m—29(T + m |y + m)s(T]7),

so substituting into (6.5) gives

n—2
s17(T]9) + (m + 1) dim(w)s1n-m-294, (] 7)
m=0 |w|=m
n—2
=s1n(Z|Y) + dim (1"~ 22w)81n_m_22w(a: | 7)

as desired. 0

Remark 6.5. Let us set 2, = 1 + t4_1 and y; = ¢, for all kK > 1, where { = (t1,t2,t3,...) is a
sequence of auxiliary indeterminates (with the agreement that ¢y = 0). This parametrization is
natural from the point of view of Fibonacci positivity characterized in Section 3 above. Under
this parametrization, (6.4) becomes

m—
1+ Z (m + 1) By H L) = J] (0 +t), (6.6)
k=0

where the By(m)’s are the determinants defined in Section 2.3 above. We used identity (6.6) in
the proof of Proposition 5.19 in Section 5.5 above.

Remark 6.6. Continuing from the previous Remark 6.5, if we introduce a regulating parameter
z and take the formal limit as n — oo, we obtain the following identity in the ring C[t;: k > 1][z]
of formal power series in z with coefficients which are polynomials in the #;’s:

m—1 o)
1+ ) (m+1)Bo(m;2) [T (142" = [J(1 + 02", (6.7)
m>0 k=0 k=0

where

B (m; z) == tma1 2™ 4+ (tm_HzmH —tm2™ — 1)tm+gzm+2Aoo(m + 3; 2),

o0
AOO(m7 Z) = 1 + Ztmtm+1 ce tm+r_lz7"m+(;).
r=1
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Let K,, = (Kyu)uwevr, denote the matrix of clone Kostka numbers This matrix has the
following block structure coming from the four recursions in Proposition 6.2:
Kn—2 ‘ Dn—lKn—l
K, = ) 6.8
" < 0 ‘ Kn—l ( )

where Dy, is the YF,_; X YF; matrix of the k-th down operator for the Young—Fibonacci lattice,

defined by
D6y = Y bu.
u v
In (6.8), we order the Fibonacci words in YF,, lexicographically. For example, the Fibonacci
words for n = 5 are ordered as follows:
w 221 212 2111 122 1211 1121 1112 11111
position | 1 2 3 4 5 6 7 8

In Section 7.1 below, we provide the necessary references and discussion around the opera-
tor @ (and its adjoint U) in connection with the Robinson-Schensted-like correspondence for
the Young—Fibonacci lattice.

The matrix K,, is invertible, and has an inverse given by the following recursion, which is
straightforward from (6.8):

Lemma 6.7 (Recursion for inverse clone Kostka matrices). The inverse clone Kostka matrices
K, ! = (K%“") satisfy a three-step recursion with initial conditions

K,'=K;'=(1) and K2_1:<(1] _11>,

and

n—1

6.2. Clone Cauchy identities. This subsection introduces two fundamental summation formu-
las involving biserial clone symmetric functions. The second formula serves as a clone analogue
of the classical Cauchy identity for the usual Schur symmetric functions. It is worth emphasizing
that these results are biserial specializations of formulas derived from the broader, noncommuta-
tive theory of clone symmetric functions. While our handling of the results of this subsection is
self contained, we note that some important features of the noncommutative theory are lost in
specialization. We plan to investigate noncommutative aspects further in a future work.

We need four families of indeterminates: ¥ = (z1,x9,...) and ¥ = (y1,y2,...) together with
= (p1,p2,-..) and ¢ = (q1,q2,-..). Recall the clone homogeneous functions (6.1) and the clone
Schur functions from Definition 2.5.
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Proposition 6.8 (First clone Cauchy identity). We have

Ho(Z,§:9,7) = Y ho(F]§)s0(@|§)

|lwl=n
Mmoo

—det| 0 1 Ay B , (6.9)
0 0 1 A

nxn quadrid‘i;gonal matrix
where A} = prxi, By, = yr(peper1 — qi), and Cj, = quarypr1Pks2 for all k> 1.

Proof. For simplicity, let us use the shorthand s,,, hy,, and b, for s, (Z| ¥), hw(Z|7), and hy (9] 7),
respectively. Begin by noticing that

Hy =1,

Hy = piay,

Hy = (122 — y1)p1p2 + @1y
The expansion s, = Zlu\=\v| K%Y h,,, where K%" is the u X v entry of the inverse clone Kostka
matrix K, !, leads to

Hy,= Y K"“hyh,
u,vEYF,

The recursive block-matrix decomposition of K, ! from Lemma 6.7, along with the following
identities:

hiy = Tn+1 I, ,11; = Pn+1 h;”

h?u = Yn+1 h’LL7 hIQU = gn+1 h;, (6 10)
hMiv = Tny1Tng2 by, i1y = Pnt1Pni2 b, ’
ho1w = Tpt1Ynt2 hu, Ploy = Pn+3dn+1 i,

with |u| = |v| = n, imply that H,, satisfies the following recursion:

H, = TnPn Hy,_1 + Yn—1 (Qn—l - SUn—lxn)Hn—Q — Pndn—2Tn—2Yn—1 Hn—37 (611)

for all n > 3. Equivalently, the n-th kernel H,, can be expressed as the quadridiagonal determinant
given by (6.9). This completes the proof. O

Proposition 6.9 (Second clone Cauchy identity). We have

Su(Z,7:5,7) = > sw|T)sw(&@|F)

|lw|=n
Ay By C 0
1 Ay By G
P IR | (6.12)
0 0 1 Ay

nxXn quadridiagonal matrix
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where
Ap = prr,  Br = qe(@kzri1 — yk) + Ye(PePr+1 — gk),  Ck = PETkqr+1Yk+1-
Note that Ay, By, Cy, differ from A}, B}, C} in Proposition 6.8, hence we use different notation.

Proof of Proposition 6.9. We apply inverse clone Kostka expansion twice:

Sn(fagvﬁaqﬁ): Z sw(Z|Y) suw(P'| 7)
w € YFy,

= Y Y Y KK b (E] ) h(5)9)

w e YF, ueYF, veYF,
_ —1 —-T
= h, K 'K

Here K, 7 is the inverse transpose of K,,, and h,, is the row vector with entries hy(Z | ¥) hy (7| §)
indexed by Fibonacci words w € YIF,, listed in increasing lexicographic order. Define L, =
K, ' K, T. Observe that:

Lo=L;=(1) and L= <_21 _11> .

For n > 3, we have the following recursive block-matrix decomposition

2Ln—2
0 _Ln—2
3Ln73
L, = 0
Lnfl
_Ln—2

It is important to emphasize that the rows and columns of L, correspond to Fibonacci words
w € YF,, which are ordered lexicographically. For example, the hooked-shaped region labeled by
2L,,_5 in the upper left-hand corner corresponds to pairs of Fibonacci words u x v € YF,, x Y[,
of the form v = 2u’ and v = 2v/, where u/,v’ € YF,,_5 and the prefixes of both v/ and v’ are not
simultaneously equal to 1. Using (6.10) together with the block-decomposition of L,,, we get the
required three-step recurrence:

— = e

Sn(fa gaﬁa q_') = An Sn—l (.’f, gaﬁ: q_') + Bn—lsn—2 (fa gap7 Q) + Cn—2 Sn—S(f7 Yy;p, _’)

for n > 3, where the initial values of S,, are given by:

The results of the proposition are consequences of this recurrence formula. O
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7. RANDOM PERMUTATIONS FROM CLONE SCHUR MEASURES

In this section, we develop a model of random permutations and involutions based on the
Young—Fibonacci Robinson—Schensted correspondence. This model incorporates transition and
cotransition probabilities determined by clone Schur measures. These probability models exploit
specific features of the Young—Fibonacci lattice that are absent in the Young lattice. Specifically,
we introduce a system of cotransition probabilities defined by an arbitrary positive harmonic
function ¢ : YF — Rsg. This construction is valid on the Young lattice only when ¢ is the
Plancherel harmonic function.

7.1. The Young—Fibonacci Robinson—Schensted correspondence. Both the Young—Fibo-
nacci lattice YF and the Young lattice Y of integer partitions are examples of 1-differential posets
[Sta88], [Fom94]. That is, they are:

1. Ranked, locally finite posets (IP’, 51) with a unique minimal element & € P.

2. Possess the up and down operators, denoted by U and @, respectively, which satisfy the Weyl
commutation relation [CD, U} = Id. Here U, D act on the vector space C[P] of complex-valued
functions on P as follows:

us, = Z Suws DS, = Z O,

w>v u<v
lwl=[v[+1 ul=[v|-1

where 9, : P — C is the indicator function supported at v € P.

An immediate consequence of the Weyl commutation relation is that @" U" 0y = n!dy. This
is equivalent to the assertion that

> dim(w) = nl, (7.1)

lw|=n

where |w| denotes the rank of w € P, and dimp(w) represents the number of saturated chains wg <
-+ -<wp, in P, beginning at wyp = @ and terminating at w,, = w. Formula (7.1) suggests a potential
bijection between the set of saturated chains terminating at rank level P,, and permutations
o € G,. In the case of the Young lattice Y, such a bijection exists and is given by the celebrated
Robinson—Schensted (RS) correspondence.

The theory of differential posets provides a framework that extends the RS correspondence
beyond the combinatorics of integer partitions. Fomin [Fom94], [Fom95] demonstrated this gen-
eralization showing that an RS correspondence can be constructed for any differential poset
using his concept of growth processes. Specifically, an explicit RS correspondence for the Young—
Fibonacci lattice YF was developed in [Fom95], and later reformulated into a theory of standard
tableauz by Roby [Rob91]. A subsequent variant was introduced by Nzeutchap in [Nze09], which
circumvents the Fomin growth process. In this subsection, we briefly review Nzeutchap’s version
of the Young—Fibonacci RS correspondence, and employ it to get random permutations and in-
volutions. We remark that other versions of the RS correspondence for YF are equally applicable
for these purposes.

Like a partition, a Fibonacci word w = aj---ag of rank |w| = a1 + ... 4+ ar = n can be
visualized as an arrangement of boxes called a Young—Fibonacci diagram. This diagram consists
of n boxes arranged from left to right into k£ adjacent columns, where the i-th column consists of
a; vertically stacked boxes. The following example, where w = 12112211, illustrates this concept
in Figure 4.
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12112211

FIGURE 4. Young-Fibonacci diagram of w = 12112211.

A standard Young—Fibonacci tableau (SYFT) of shape w € Y[, is a labeling of the boxes of
the Young—Fibonacci diagram associated with w using indices from {1,...,n} such that: (i) each
index is used exactly once, (ii) box entries are strictly increasing in columns, and (iii) the top
entry of any column has no entry greater than itself to is right. See Figure 5 for an example.

10 64
lisfol7]5]/2]3][1]

Ficure 5. Example of a standard Young-Fibonacci tableaux of shape w = 12112211.

Remark 7.1. A Fibonacci word w = a; - - - a; can equivalently be depicted by its rooted tree T,,.
This tree consists of a horizontal spine with & nodes, where the left-most node serves as the root.
Additionally, a vertical leaf-node is attached to the i-th node on the spine whenever a; = 2. Each
edge of the tree is oriented towards the root, thereby inducing a partial order = on the nodes of
the tree T,,. Specifically, a C b represents a covering relation if and only if the nodes a,b € T,
are joined by an edge directed from b to a. For example, the tree associated with w = 12112211
is illustrated in Figure 6.

(7.2)

FIGURE 6. Rooted tree T, for w = 12112211

From this perspective, a SYFT T of shape w corresponds to a linear extension of T,,. This
is achieved by superimposing the cells (and entries) of 7" onto the nodes of T,,, replacing each
entry ¢ with n +1 — 4, and then interchanging the top and bottom entries in each column of
height two. The correspondence between SYFTs T' of shape w and the linear extensions of T,, is
bijective. See Figure 7 for an illustration.

FIGURE 7. A Llinear extension of T,, associated to the SYFT in Figure 5.
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Equation (2.1) for dim(w) is a restatement of the general hook-length formula for counting
linear extensions of a finite, rooted tree, applied to T,,. Consequently, the number of SYFTs of
shape w equals dim(w). This result can also be understood by constructing a bijection between
SYFTs of shape w € YF,, and saturated chains wg  --- ~ w,, where wy = @ and w, = n.
Nzeutchap defines such a bijection using an elimination map &,. This map sends a SYFT T of
shape w € YF,, to a SYFT &,[T] of shape v € YF,,_; such that w \, v. See Figure 8 for an
illustration. For details, see [Nze09].

s 2~ 1 2 2 A 12 A 2 A 212 A 222 4 2212

2 2
@%&&Blﬁg—‘l & Bl & Bl & BB

w
—_

FiGUurE 8. Example of elimination maps.

The RS correspondence for the Young—Fibonacci lattice YF is a bijection that maps a permu-
tation o € &, to an ordered pair P(o) x Q(o) of SYFTs, both sharing the same shape w € YIF,,.
Given a permutation o = (07q,...,0,) € S,, the insertion tableau P(0) and recording tableau

Q(o) are constructed as follows:

1. Read o from right to left.

2. For each index o} (proceeding from right to left), match it with the maximal unmatched index
to its left (including itself if no such index exists).

3. To construct P(o), place the matched indices into columns of height two (or leave single
unmatched indices as columns of height one), in the order of reading o from right to left.
Place the larger value of each pair at the top of its column. Assemble these columns from left
to right in the tableau.

4. To construct Q(o), replace each entry o} € P(0o) with its index k. For columns of height two,
swap the entries between the top and bottom positions.

Figure 9 illustrates this process for 0 = (2,7,1,5,6,4, 3).

3 7|6 2 716 3

9 7 1 5 6 4
’K_HUAL_J 3/4]5]1] [2]5]4[1

P(o)-tableau Q(o)-tableau

FIGURE 9. The Young-Fibonacci RS correspondence for o = (2,7,1,5,6,4, 3).

The Young—Fibonacci RS correspondence enjoys many of the features of the classical RS cor-
respondence together with many novel features. For example, we have [Nze09]:
1. P(c7!) = Q(0) and Q(o7!) = P(0).
2. P(o) = Q(o) if and only if o is an involution. Furthermore, the cycle decomposition of an
involution o can be determined from the columns of P(o) as follows:
a. The number of two-cycles in o is A(w), the total number of digits 2 in w.
b. The number of fixed points of o is z(w), the total number of digits 1 in w.
Here, w € YF is the shape of P(o) = Q(0).
3. Q(0’) = 6,[Q(0)], where 0 = (01,...,0y,), and ¢’ is the standardization of (01, ...,0p_1)
(that is, the permutation o’ € &,,_1 preserves the relative order of the entries of o).
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4. The lexicographically minimal, reduced factorization s;, |, - -+ sj, |-, of 0 can be derived from
the (appropriately defined) inversions in the tableaux P(o) and Q(o). Here we use the
notations s; = (j,7 + 1) and s, = s; - - sj—p41. For further details, see [HS24].

7.2. Transition and cotransition measures for the Young—Fibonacci lattice. We first re-
call the standard construction of cotransition and transition probabilities for the Young—Fibonacci
lattice. These notions are associated with general branching graphs (e.g., see [BO16]).

Let M,, on YIF,, be a coherent family of measures associated with a positive normalized harmonic
function ¢ by (2.4). The coherence property (2.5) is equivalent to the fact that the M, ’s are
compatible with the (standard) cotransition probabilities
et dim v

P (w,v) = s

, v e YF,_1, w e YF,. (7.4)
If w X v, we set piid to zero. Note that pfs do not depend ¢.

Using the cotransition probabilities (7.4), we can define the joint distribution on YF,_; x YF,
with marginals M,,_; and M,,, whose conditional distribution from level n to n — 1 is given by
psd. The conditional distribution in the other direction is, by definition, given by the transition
probabilities, which now depend on ¢:

pé(v,w) = veYF,_;, weYF, (7.5)
(and this is zero if w X, v).

Using the transition probabilities (7.5), we can define probability distributions on arbitrary
saturated chains from wg = @ to YF,,:

ai(wo Sees Swy) = H 15 (we—1, wi) = (wy), wy, € YF,. (7.6)
k=1

Note that the distribution (7.6) is uniform for all chains that end at the same Fibonacci word wy,.
This is known as the centrality property in the works of Vershik and Kerov (e.g., see [VK81]).
The transition probabilities associated with a harmonic function ¢ define an infinite random walk
on the Young—Fibonacci lattice starting from &. The probability that the random walk passes
through a given Fibonacci word w € YF,, is equal to M, (w) = dimw - p(w).

Let us now define a new family of cotransition probabilities which are associated to a given
positive normalized harmonic function ¢. We emphasize that this construction is specific to the
“reflective” nature of the Young—Fibonacci lattice; namely, that v \, u if and only if 2u \, v.

Definition 7.2 (Cotransition probabilities for an arbitrary harmonic function). For w € Y[,
and v € YF,,_1, let us define the (generalized) cotransition probabilities

1, if w= 1o,
i (w,v) = zgz;, if w = 2u, (7.7)
0, if w X v.

One can readily check that in the Plancherel case ¢ = ¢, (2.7), the cotransition probabilities
(7.7) become the standard ones from (7.4).
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Proposition 7.3. Ezpression (7.7) indeed defines probabilities, that is,

Z o (w,v) =1, w € YF,. (7.8)
veYF,, 1

Proof. If w starts with 1, then there is only one possibility for v corresponding to w = 1v, and
(7.8) is evident. Otherwise, for w = 2u, the edges w \, v are in one-to-one correspondence with
the edges u  v. The harmonicity of ¢ implies that

Yo elv) =),

veYF,, 1

which is equivalent to (7.8). This completes the proof. U

Similarly to % (7.6), we can define the cotransition probabilities on all saturated chains that
start at a fixed Fibonacci word w,, € YIF,, and terminate at wg = @:

e (wn N+ Nowr \ywo) =[] nér(wr, wi—1). (7.9)

k=1

The measure (7.9) is uniform on all chains if and only if ¢ = @p., the Plancherel harmonic
function. Let us write & (T) = Tér(wn N\ -+ N\ w1 \wg) whenever T is the SYFT associated
to the saturated chain wg ,* ---  wy, as in the example in Figure 4. We refer to [Nze09] for
details, and examples of the generalized cotransition probabilities are given in Figure 10.

We will typically be interested in the case when ¢ = ¢z 7 is a clone harmonic function coming
from a Fibonacci positive specialization (&, ).

7.3. Building random permutations and involutions. To construct a random permutation
in &,,, we observe that the RS correspondence from Section 7.1 uniquely determines a permutation
o by three components, namely, a random shape w € YF,,, and two random saturated chains in
YF, both terminating at w. This construction proceeds as follows:

1. First, select a Fibonacci word w € YIF,, with probability M, (w), determined by a positive
harmonic function 7t.

2. Next, generate two saturated chains terminating at w using the cotransition probabilities fi&r
and Ti&r, associated with two (possibly different) positive harmonic functions ¢ and 1. The
chains are conditioned to end at the previously chosen Fibonacci word w.

3. From these two chains (viewed as SYFTSs), construct a permutation o using the RS corre-
spondence.

In this way, the triad (7, ¢, 1) of positive harmonic functions determines a random permutation
o € &, for every n > 1.

Similarly, to construct a random involution in &,,, we pick w € Y[, according to M, (w)
(determined by 7), and generate a single saturated chain terminating at w, sampled according
to the cotransition probabilities i&r.

Summarizing, we have the following probability measures on permutations and involutions in
S,, denoted by u, and v,, respectively:

pin(0) = pn (0| 78 0, 1p) = dim(w) 7e(
Un(0) = vp(o |, p) = dim(w)m(

£
C;;\

Qs
~—
st
Q
(’;:\

o
Lo
5

=

(7.10)
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G
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FIGURE 10. Top: Nonzero cotransition weights (in red with 1’s omitted). Bottom: The
four saturated chains which terminate in YF3, together with their associated SYFTs

and cotransition weights.

For example, the distribution u3 on &3 has the form (writing permutations in the one-line

notation):

p3(123) =
p3(132) =
p3(312) =

(1

2
2

m(
m(

11
21
21

9

)
(1) (1),
)e(11)9(2),

p3(213)
p3(321)
p3(231)

m(12),
27(21) p(2)1(2),
27(21) p(2) (1),

Remark 7.4 (Plancherel cases). When 71 = ¢ = ¢ = ¢py, iy, is simply the uniform measure on
S, More generally, when ¢ = ¥ = @p,, each permutation o € &,, with the RS shape w € YF,
occurs with probability p,(0) = m(w)/ dim(w).
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For the model of random involutions, when ¢ = p;, each involution o € &,, with the RS
shape w € YF,, occurs with probability v, (o) = m(w) dim(w).

7.4. Observables from clone Cauchy identities. As an illustration of the connection between

random permutations and involutions with clone Schur functions, we calculate the expected

numbers of fixed points and two-cycles of a random involution o € &,, distributed according to
n (7.10), where ¢ = ppy,, and 7 = ¢z 5 for some Fibonacci positive specialization (&, ).

Recall from Section 7.1 that the fixed points and two-cycles of an involution o € &,, correspond,
respectively, to the digits 1 and 2 (denoted by z(w) and A(w)) in the shape w € YF,, associated
with o under the Young—Fibonacci RS correspondence.

Rather than directly computing the expectations of z(w) and A(w), we introduce an auxiliary
parameter 7 and calculate the expectation values of 74(*) and 7#(*). This approach leverages the
first clone Cauchy identity (6.9) from Section 6.2. Since the z(w) + 2A(w) = n, it suffices to focus
on two-cycles.

# two-cycles(o)

Proposition 7.5. The expected value of for a random involution o € &, dis-

tributed according to v, (0 | vz g, pe.) (7.10) is given by

r1 (1=7)y  —T1y2 0
1 T2 (1 — 27‘)y2 —2T.%'2y3

E,, [r#tvoereles(@)] — (g ... z,) P det | O 1 3 (1—37)ys . (7.11)
0 0 1 T4

nxn quadridiagonal matrix

Proof. The left-hand side of (7.11) can be rewritten using clone Schur functions as

Z dim(w) g 5 (w) T = (2, Z dim(w) s, (2| 7) 74,

lwl=n lw|=n
Settlng D = x_ and q; = k;m:,;lx,;il in the clone Cauchy identity (6.9) and noticing that
heo(P| @) = (z1 - 2) ' dim(w) 7#(®) under this specialization implies the desired quadridiagonal
determinant. O

Remark 7.6. If we set pp = 7'561;1 and g = k:x,;la:,;il in the proof of Proposition 7.5, we
would get the expected number of fixed points of a random involution distibuted according to

vn(0 | pz4, PrL)-
The expected number of two-cycles can be computed in a standard way, by differentiating:

0

E,, [#two-cycles(0)] = —

#two-cycles(o)
|, E,, [7‘ } .

This differentiation of a quadridiagonal determinant (7.11) is not explicit for a general Fibonacci
positive specialization (Z,¢). In the next Section 7.5, we consider the particular case of the shifted
Plancherel specialization z = yp = k + 0 — 1 for o € [1, 00) (Definition 3.22).

7.5. Number of two-cycles under the shifted Plancherel specialization. Consider

Hn(O', 7_) — ]El/n [T#two—cycles(d)]’ Uy = VTL(' | Sof,f7 SOPL)7 T = Yk = k + o0 — 1, (712)



RANDOM FIBONACCI WORDS VIA CLONE SCHUR FUNCTIONS 61

where o € [1,00) is the parameter of the shifted Plancherel specialization (not to be confused
with the random involution o). Denote also

Gn(o) = E,, [#two-cycles(o)].

We side-step the differentiation of the quadridiagonal determinant, and instead work directly
with the H, (o, 7)’s, and their generating function

(0,73 2) ZH (o,7) (7.13)
n>0

Lemma 7.7. In the case of the shifted Plancherel specialization, the quantities Hy (o, 1) (7.12)
satisfy the inhomogeneous, two-step recurrence

(n+o—1)H,=Hy1+7(n—1)Hy o+ (n+0—1)pzz;(1") — 0z (1"71). (7.14)
Proof. A crucial property of the shifted Plancherel specialization is that
ez,5(w) Pz, (v)
pzg(lw) = == pz5(20) = ==, (7.15)
In In

for any Fibonacci word w € YIF,,_; which does not consist entirely of 1-digits, and any Fibonacci
word v € YIFF,,_s. Indeed, this is because for the shifted Plancherel specialization, we have for the
second determinant in (2.10):

Bi(m) =m+ 0 = 41, k> 0.
Moreover, dim(lw) = dim(w). This implies (7.15). Now,
Z dlm fg ) ﬁ(w).
w|=n

Split the sum into three parts: w = 1", w = lu, and w = 2v. Rewriting the second two sums in
terms of H,,_1 and H,_g9, respectively, yields the desired recurrence (7.14). O

Note that for the shifted Plancherel specialization, we have

(n+o—1Dpzi(1") —pzz(1" H=0-1, n>1. (7.16)
Lemma 7.8. The generating function H(o,T;z) (7.13) satisfies the first order ODE:
—1
2(1—712%)0,H(0,7;2) + (0 =1 —2—712%)H(0,732) = Z
—z

Proof. This immediately follows from the recurrence in Lemma 7.7 and the identity (7.16). O

Consider first the case 0 = 1 (the usual Plancherel specialization = ¢p;,). Then the ODE in
Lemma 7.8 admits an explicit solution:

1
1 1 T
H(1,752) = ( *ﬁz>

V1—722\1—/12

Taking the 7-derivative of the above expression at 7 = 1, we see that

D Gu(1)2" = 2(1;)2 + 4(11_2) log (;z) C |zl <L (7.17)

n>0
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The dominating singularity of this function is z = 1. The first summand expands as ano 52",
and one can readily check that the coefficients of the second summand are asymptotically bounded

in n. We conclude that
- Ge(1) 1
MTh T (715)
Remark 7.9. The limit (7.18) aligns with the result of [GKO00a], which states that under the
Plancherel measure, the frequency of hikes of 2’s in the random Fibonacci word (the number
of two-cycles in the corresponding random permutation ¢ € &,,) scales proportionally to n.
Moreover, asymptotically, 1’s (fixed points of o) do not have a significance presence.

Consider now the general case o € [1,00). It is not clear to the authors how to express
solutions to the ODE of Lemma 7.8, even in terms of hypergeometric functions. Nevertheless,
after differentiating the ODE in 7, setting 7 = 1, and using the fact H(o,1;2) = (1 — 2)7!, we
obtain an ODE for

G(o;2) = 0r|r=1H(0o,752) = Z Gn(o) 2"
n>0
The new ODE has the form:

22

2(1=22)0.G(o;2) + (0 —1—2—2°)G(0;2) = a7 (7.19)
whose solution can be expressed through the hypergeometric functions:
2170 (14 2)° l1+o l—o 1—2
Glo:z) = Fo| = e .
(%) = e oy — 2 211 ( 2 7T ’1+z>
(7.20)

CTA4)TG -9 e i e
4o (L) LA A=

The hypergeometric function makes sense unless ¢ is an odd positive integer. In the latter case,
the singularities in the first and the second summand cancel out, and the whole function G(o; 2)
is well-defined for all o € [1,00). We have G(0;0) = 0. One can also verify that as o — 1, the
solution (7.20) reduces to the right-hand side of (7.17). Together with the known differentiation
formula for the hypergeometric function, this implies that (7.20) is indeed a solution to (7.19).

Proposition 7.10. The coefficients at z = 0 of the generating function G(o;z) (7.20) scale as
follows:
Gn(o) 1

lim = , o€ [1,00).
n—oo N o+1

Proof. We need to analyze the singularities of G(c;2) in z. There are two singularities closest to
the origin, z = 1 and z = —1. At z = 1, the first summand in (7.20) clearly has a pole of order
2 and behaves as (0 + 1)7!(z — 1)72. To complete the proof, it suffices to show that this is the
dominant behavior. At z = 1, the second summand in (7.20) behaves as const - (z — 1)07_3, which
is less singular than (z — 1)72.

Consider now the singularity at z = —1. The second summand in (7.20) is regular at z = —1.
For the first summand, transform the hypergeometric function as [NIS24, (15.8.1)]

2 1+o .1—0.1—2 _ 2z UTH 2 1+o0 1—|—0'1—0‘z—1
2 2 T 112) T \1+2 2 9 T2 9 ‘a9, )¢
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o+1

Now, the hypergeometric function becomes regular at z = —1. The power (1+ z)~ 2 , combined
with the prefactor, is also regular. This implies that the singularity at z = —1 does not contribute
to the leading behavior of the coefficients, and so we are done. Il

Remark 7.11. We see that for o > 1, the asymptotic proportion of the 2’s in a random Fibonacci
word with the shifted Plancherel dlstrlbutlon is strictly less than . This phenomenon agrees with
the scaling limit of initial hikes of 2’s in this Fibonacci word obtalned in Theorem 5.13. Indeed,
recall the random variables &;., £ > 1, from Definition 5.10. See also Remark 5.12 for an
alternative description using conditional independence on N = n, where N is defined by (5.25).
Fix k. By Theorem 5.13, the scaling limit of the sum of the first & initial hikes in a random
Fibonacci word with the shifted Plancherel distribution is given by

hi(w) + -+ hg(w) 1
— 2(X1+ +Xk

[\3|,_.
l\DlP—‘

lim
n—00 n

k
H 1— &), (7.21)

where the X;’s are obtained from the .;’s by the stick-breaking construction (see Remark 5.14).
Let us compute the expectation of the right-hand side of (7.21) with k£ = oo (one readily sees that
the limit of (7.21) as k — oo is well-defined). We have, using the fact that E(beta(1,0/2)) = 52~

2+0
E[ﬁugﬂ] ZIP’N m)<2+g) Za (31— o m)(QiU)m.

j=1
One can check that

1 [ 1
— < — .
2IEL§1XJ] SorT (7.22)

with equality at 0 = 1, where the difference between the two sides of the inequality is at most
~ 0.015, and vanishes as ¢ — oco. See Figure 11 for an illustration of the two sides of the
inequality. The discrepancy between the two sides of (7.22) is due to the interchange of the limits

0.50
0.45
0.40
0.35
0.30
0.25

0.20
Before: RHS
After: LHS

1 2 3 4 5

FIGURE 11. Comparing the two sides of (7.22), before and after the scaling limit of
the initial hikes, for 1 < ¢ <5.

in n and k in (7.21). Specifically, taking the limit k¥ — oo first accounts for the total number of
2’s in the random Fibonacci word, whereas sending n — oo first considers only a finite number of
initial hikes of 2’s. This reveals that additional digits of 2 remain hidden in the growing random
Fibonacci word after long sequences of 1’s. These extra 2’s contribute to the right-hand side of
(7.22) but are absent from the left-hand side.



RANDOM FIBONACCI WORDS VIA CLONE SCHUR FUNCTIONS 64

8. ADDITIONAL REMARKS AND OPEN PROBLEMS

We conclude with a discussion of some possible directions for future work. Before exploring
new open problems, we note that we have already raised two questions earlier in the text —
Problem 4.3 concerning Fibonacci positive specializations and the corresponding Borel measures,
and Problem 4.4 regarding the Toda flow. Beyond these, several other interesting directions
remain to be explored, and we highlight a few of them here.

8.1. Schiitzenberger promotion and combinatorial ergodicity. As explained in Remark 7.1,
standard Young-Fibonacci tableaux (SYFTs) T of shape w € YIF are in bijection with linear ex-
tensions of a binary, rooted tree T, constructed from w. Like for any finite poset, there is
a Z-action on the set of linear extensions of T,,, which implements Schiitzenberger promotion
[Sch72,Sta09]. This Z-action can be transported to the set of SYFTs of shape w € YF and, by
extension, to saturated chains wg 7 --- 7w, starting at wg = @ and terminating at w,, = w. It
would be very interesting to study the interplay between this action and the probability distribu-
tions pér and &y, associated to a positive harmonic function ¢. This study becomes particularly
intriguing when viewed through the lens of J. Propp and T. Roby’s notion of combinatorial er-
godicity; see [PR15].

A related question concerns promotion and Type-I harmonic functions. Recall that for v € Yy
and w € YF,, with k& < n, the measure My (v) = dim(v) @009, (v) represents the probability that
wyg = v, where wg 7 -+ 7wy, is a uniformly sampled random saturated chain starting at wy = &

and terminating at w, = w. Now fix a saturated chain u = ugy -+  u, which terminates
at u, = w. For v € YF, with £ < n, consider the probability (y(v) that wy = v, where
wo -+ 0wy 18 a uniformly sampled random saturated chain from the promotion orbit Oy

of u. The measures (. are not coherent. However, in light of combinatorial ergodicity, one
expects that (u;, approximates My as n — o0.

8.2. Truncations of the Young—Fibonacci lattice. The theory of biserial clone Schur func-
tions, along with the constructions introduced in Sections 6.1 and 7.2, can be adapted to the k-th
truncation YF®) of the Young-Fibonacci lattice; see [HS24]. From a representation-theoretic per-
spective, YF®) is the Young-Fibonacci counterpart of the poset Y*), which consists of partitions
A €Y with at most k£ parts. Without going into detail, YF®*) is an infinite, ranked poset that is
part of an infinite filtration:

YF® c YF® c YF®) ¢ ... c YF,

where the Hasse diagram of YF®) sits inside YF*+D as an induced subgraph. The first two
truncations, YF®) and Y}F(Q), are respectively the half-Pascal and Pascal lattices. The next
truncation, YF(g), is illustrated in Figure 12.

None of the truncations are differential posets. Clone harmonic functions ¢z 5 on the Young-
Fibonacci lattice can be restricted to YIF(k), where they remain harmonic provided that the
specialization (Z, ¥) stabilizes appropriately. Fibonacci positive specializations as well as positive
normalized harmonic functions for YF*) are defined in a standard way. The space of Fibonacci
positive specializations for YF®*) is finite-dimensional and is expected to have a simple description.

In general, saturated chains in YF®) with a fixed endpoint are not known to be in bijection
with linear extensions of any poset. Consequently, there is no Schiitzenberger promotion at our
disposal. However, there exists a Z-action that implements an adic shift, allowing issues related
to combinatorial ergodicity to be explored in the truncated setting.
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FIGURE 12. The truncated poset YF®) up to level n = 6 (compare to the full Young—
Fibonacci lattice in Figure 1).

Each truncation YF*) supports a restricted version of the Young—Fibonacci RS correspondence,
which involves pattern-avoiding permutations. Accordingly, random pattern-avoiding permuta-
tions can be studied using the framework set up in Section 7.3.

8.3. Martin boundary, Fibonacci positive specializations, and stick-breaking. The re-
lationship between the Martin boundary Ypain(YF) of the Young—Fibonacci lattice and the
space of Fibonacci positive specialization is not fully understood. For a Fibonacci positive spe-
cialization (Z, %) and its associated Type-I component pj (see Definition 5.16), it seems likely
that pr(1°YF) is equal to 0 or 1. A first step would be to confirm this observation or construct
a counter-example.

Second, do the Fibonacci positive specializations (Z, %) for which p1(1*°YF) = 0 coincide with
those clone measures whose joint distributions, on either runs or hikes, give rise to continuous
models of random sequences in [0,1]>°7 So far we have only encountered two types of continuous
scaling distributions. One is a stick-breaking scheme (Theorem 5.7), and another one involves a
family of conditionally independent beta random variables (Theorem 5.13).

It is natural to ask whether other continuous models of random sequences in [0, 1]°° arise from
clone measures in the n — oo limit of the joint distributions of runs and/or hikes. Finally, it
remains an open question whether there exist observables, beyond consecutive joint hike and/or
run statistics, which asymptotically exhibit continuous behavior.

8.4. Random permutation models. In [GK00a], Gnedin and Kerov introduced a surjection
called the Fibonacci solitaire which maps permutations in G,, to saturated chains terminating in
YF,,. This solitaire is distinct from the surjection o — P(0) obtained by simply forgetting the
recording tableaux Q(o0) in Nzeutchap’s RS correspondence. The push-forward of the uniform
measure on G, under the Fibonacci solitaire was shown in [GK00a] to be the Plancherel measure
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(i.e., vp(o|m @) with T = ¢ = ¢p1,) on the set of saturated chains terminating within YF,,.
Beyond this example, it is not clear which measures on &,, realize v, (0|7, ) as push-forward
measures, even when ¢ = @pr, ™ = @zy, and where (Z,%) is any of the Fibonacci positive
specializations considered in Definition 3.22.

The probability models for random permutations and involutions described in Section 7.3 are
constructed from the Young—Fibonacci side of the RS correspondence. For general Fibonacci
positive specializations, or even specific ones such as the Charlier specialization, it would be
helpful to identify natural multivariate statistics on permutations and involutions which realize
the corresponding probability measures as Gibbs measures (that is, where the probability weight
of a permutation is proportional to the exponent of a certain combination of these statistics).

Another key question is whether the distributions p, (0|7, ¢,%) and v,(0o |7, @) can be un-
derstood in connection with the Stieltjes moment problem. For instance, the Plancherel spe-
cialization corresponds to the uniform distribution on permutations o € &,,, as this is realized
by pn (0|, @,1) when m = ¢ = 1) = @pp.. It is known [Ful24], [AT92] that the distribution of
fixed points of a uniformly sampled random permutation o € &,, tends to the Poisson distribu-
tion vi.(dt) on [0,00) as n — co. Notably, viu (dt) is the Borel measure associated with the
Plancherel Fibonacci positive specialization by Theorem 4.1. It is natural to ask whether this
coincidence generalizes to other Fibonacci positive specializations.

To explore this possible connection, a first step would be to examine the asymptotic behavior
of the number of fixed points in permutations o € &, sampled according to p,(o |7, ¢, ),
where ¢ = ¢ = pp1,, and where T = @z ; is a general clone harmonic function. Combinatorially,
this requires counting permutations o € &, that have exactly & > 0 fixed points and whose
shape under the RS correspondence corresponds to a given Fibonacci word w € YF,. This
counting problem should be tractable, as fixed points of a permutation are straightforward to
identify under the YF-version of the RS correspondence. In particular, when (Z, %) is the Charlier
specialization, one could test whether the asymptotic distribution of fixed points under u, (o)
aligns with the Poisson distribution fo())is(dt), which is the Borel measure associated with the
Charlier specialization (Section 4.2.1).

8.5. Clone Cauchy identities and Okada’s noncommutative theory. The clone Cauchy
identities from Section 6.2 allow one to define Gibbs measures on the YF-lattice:
ha(P| 7) - $w(Z] ) sw(P] Q) - suw(|Y)
H(Z,9:9,4) S(@ g:0.d)
Here, the normalizing constants H and S are the sums over n of the right-hand sides of the first
and second clone Cauchy identities (Propositions 6.8 and 6.9, respectively), and (Z, %) and (p, q)
are two independent Fibonacci positive specializations. The measures (8.1) are two natural clone
analogues of Schur measures on partitions introduced in [OkoO1]. The next step in this direction
is to define and investigate clone Schur processes — measures on sequences of Fibonacci words
whose joint distributions are expressed through suitable skew analogues of clone Schur functions.
Furthermore, the relationship between clone measures (8.1) and Okada’s noncommutative the-
ory [Oka94] may illuminate fundamental algebraic and combinatorial properties of the Young—
Fibonacci lattice. Indeed, this noncommutative framework is particularly useful for understanding
the clone Cauchy identities. In this setting, noncommutative clone Schur functions s, (x|y) form
a basis for the free algebra C(x,y) generated by two noncommutative variables x,y. To formu-
late the Cauchy identities, we introduce an auxiliary pair of noncommutative variables p, q which
independently commute with both x and y. The noncommutative version of the quadridiagonal

weYF. (8.1)

prob, (w) := probg(w) =
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matrix in formula (6.12) is given by:

A B
1 A
Sn(x,y;pyq):= [ 0 1
0 0

— > WA
> Qo

nxn quadridiagonal matrix

where the entries are:

A=px, B=qx' -y)+(@P’-ay, C=apyx
These entries are valued in the free algebra 20(x,y) whose coefficient ring is the free algebra
A =C(p,q).

We conjecture that all matrix minors (quasi-determinants) of S, (x,y; p, q) are coefficient-wise
clone Schur positive. That is, the coefficient of each noncommutative clone Schur function s, (x|y)
in the expansion of any such matrix minor must be a nonnegative integer linear combination of
noncommutative clone Schur functions s,(p|q) in 2 = C(p,q). This property reflects another
manifestation of total positivity, which is not evident under the biserial specialization considered
in Section 3.

8.6. Quasisymmetric versions of clone Schur functions. Quasisymmetric functions emerge
naturally from Nzeutchap’s Robinson—Schensted—Knuth correspondence for the Young-Fibonacci
lattice. This correspondence is an injective map from positive integer sequences N°° to pairs
(P,Q) of standard and semi-standard Young-Fibonacci tableaux sharing a common shape in
YF. One can define a naive quasisymmetric analogue @,, of the clone Schur function s, (x|y)
as the generating function of all semi-standard tableaux of a fixed shape w € YF. However,
this analogue loses key properties: its branching rule no longer follows the Y[F-lattice’s covering
relations, and its expansion into Gessel fundamental quasisymmetric functions deviates from the
expected clone version of [Sta0l, Theorem 7.19.7] for Schur functions.

A more speculative approach leverages the graded Hopf algebra duality between noncommuta-
tive symmetric functions (NSym) and quasisymmetric functions (QSym); see [GKLT95], [Ges84],
[MR95]. We identify NSym with the free algebra C(W¥, W9, ¥3,...), equipped with the multi-
plicative basis of noncommutative monomials ¥, = ®¥{* ... lI!Z’“ indexed by integer compositions
a=(aq,...,a;) € NF for k> 0. In the terminology of [CKL™95], these are the Type-I noncom-
mutative power symmetric functions. The Hopf algebra structure is standard for free algebras.
In particular, the generators Wy are primitive: A(¥;) =1® ¥, + ¥, ® 1 for all k£ > 1.

The algebra QSym has a basis {1n} of Type-I quasisymmetric power functions [BDHT20]
indexed by integer compositions, which is dual to ¥,. While non-multiplicative, this basis deter-
mines the commutative product and co-product structures through shuffling and de-concatenation:

Yatbp = Y e A= D e ® s
yEaWp a-B=y
Moreover, each 1, expands into monomial quasisymmetric functions:

_ Msg
Yo = . B

Bra

where the sum ranges over compositions § = n coarsening «.
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Okada’s clone ring C(x,y) embeds naturally into NSym by identifying x,y with ¥y, ¥y,
and the Hopf algebra structure on NSym restricts to the standard Hopf algebra structure on
C(x,y) viewed as a rank two free algebra. Interpreting Fibonacci words w € YF as compositions
consisting only of 1’s and 2’s yields a multiplicative basis {®,, : w € YF} for the Okada’s clone
ring. The clone Kostka numbers mediate the expansion into clone Schur functions:

v, = Z Kv,w Sv(X|Y)~

|v|=[w]

The quasisymmetric counterpart of C(x,y) is the subalgebra of QSym generated by 1, 12, or,
equivalently, the span of ¢, for w € YF (viewed as integer compositions consisting only of 1’s and
2’s). The quasisymmetric dual thus inherits a Hopf-algebra structure (closed under shuffling),
and admits functions dual to s, (x|y):

Qg) = Z Kv,uﬂ/}v-

v]=|w|

Notably, Qg) expands into monomial quasisymmetric functions Mg, but here the compositions

may contain integers larger than 2. The function Qg) is a quasisymmetric analogue of the clone
Schur function s,,.
Several natural questions arise. A parallel theory of Type-II power functions yields another

quasisymmetric analogue of clone Schur functions, le , raising questions about the relationship

between Q., EP, and le). Understanding these connections may more shed light on the

Young—Fibonacci RSK correspondence, as well as on potential quasisymmetric versions of the
clone Cauchy identities. The Hopf-algebra duality between NSym and QSym can also be brought
to bear in order to understand algebraic features, such as the (common) branching structure and

clone Littlewood-Richardson coefficients of Qg) and an.
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