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On a variational problem of nematic liquid crystal droplets
Qinfeng Li and Changyou Wang

ABSTRACT. Let g > 0 be a fixed constant, and we prove that minimizers to
the following energy functional

By(u, Q) = /Q Vul? + pP(Q)

exist among pairs (€2,u) such that Q is an M-uniform domain with finite
perimeter and fixed volume, and v € H?! (Q,Sz) with u = vq, the measure-
theoretical outer unit normal, almost everywhere on the reduced boundary
of Q. The uniqueness of optimal configurations in various settings is also
obtained. In addition, we consider a general energy functional given by

Ef(u,Q):= /Q |Vu(x)|2 dx + /B*Qf(u(:c) . yg(x)) d’HZ(m),

where 0*€) is the reduced boundary of Q and f is a convex positive function
on R. We prove that minimizers of E; also exist among M-uniform outer-
minimizing domains Q with fixed volume and u € H'(Q,S?).
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1. Introduction

In this paper we study the existence of liquid crystal droplets (2o, ug), con-
sisting of a domain Q¢ C R? representing the shape of a liquid crystal drop and a
unit vector field ug € H'(2,S?) representing the average orientation field of liquid
crystal molecules within the liquid crystal drop §2, that minimizes the total energy
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functional, including both the elastic energy in the bulk and the interfacial energy
defined by

Ef(u,Q) := /Q|Vu(x)|2d:v+/8 f(u(x) - va(z)) dH?(z), (1.1)

“Q
among all pairs (£, u), where 2 is a domain of finite perimeter with a fixed volume
that is compactly contained in the ball Br, C R?® with center 0 and radius Ry for
some fixed constant Ry > 0, and v € H'(2,S?), which is defined by

HY(Q,$?) = {v € H'(Q,R?): |v(z)] =1ae x€ Q}

The functional E(u, ) should be understood in the sense that the surface integral
is taken over the reduced boundary 9*Q of Q, u |5+ is the trace of u on 9*Q, vq is
the measure theoretical outer unit normal of 9*(Q2, and f is usually assumed to have
a nonnegative lower bound (with a typical choice of f(t) = u(1 + wt?),t € [—1,1],
for some constants © > 0 and —1 < w < 1).

We will study the following minimization problem of (1.1).

Problem A. Find a pair (2, v) that minimizes Ef(u, ) over all pairs (£, u) where
2 is a domain of finite perimeter in a fixed ball B, C R3, with a fixed volume
Vo > 0, and u € H*(£,S?), when f : [-1,1] — R is a nonnegative, continuous
convex function.

We are also interested in the case when there is a constant contact angle con-
dition between the liquid crystal orientation field v and the reduced boundary of
liquid crystal drop 9*Q, i.e., u-vg = ¢ on 9*Q), for some constant ¢ € [—1,1]. In
this case, the energy functional Ef(u, ) in (1.1) reduces to

E(u,Q) = ., |Vu(z)|? dz + pH?*(0*Q) (1.2)

for some constant p > 0. Problem A can be reformulated as follows.

Problem B. Find a pair (2, u) that minimizes E(u,(2) over all pairs (2, u) where
Q) is a domain of finite perimeter in a fixed ball B, C R3, with a fixed volume
Vo > 0, and u € H'(Q,S?) satisfies u - v = ¢ on 9*Q for some ¢ € [—1,1].

We would like to mention that the contact angle condition in Problem B is
referred as

(i) the planar anchoring condition when the constant ¢ = 0, and
(ii) the homeotropic anchoring condition when the constant ¢ = 1.

We would like to point out that recently Geng and Lin in a very interesting
paper [23] studied Problem B under the planar anchoring condition (i) in dimension
two, and proved the existence of a minimizer (£2,u) such that the optimal shape
09 of the droplet is a chord-arc curve with two cusps, which can be parametrized
in H> and has its unit normal vector field vq belongs to VMO.

Because the homeotropic anchoring condition is an important physical condi-
tion, we are also interested in the following problem.

Problem C. Find a solution to Problem B when the contact angle condition cor-
responds to ¢ = 1.

Motivation. The main difficulty of the minimization problems A, B, and C lies
in showing the sequential lower semicontinuity of Ey(u,2) (or E(u,2)) when both
domains Q and vector fields u € H'(Q,S?) vary. It is even a difficult question to ask
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whether the configuration space is closed under weak convergence of liquid crystal
pairs (€, u).

In [34], under the assumption that all admissible domains 2 C Bg, are convex
domains, Lin and Poon have proved that there exists a minimizing pair (o, ug)
of Problem A. Moreover, ug enjoys a partial regularity property similar to that
of minimizing harmonic maps by Schoen and Uhlenbeck [40, 41]. It was further
proven by [34] that, up to translations, (Qq,ug) = (Bg, %) is a unique minimizer
of Problem C among convex domains with |Br| = V4.

We would like to point out that the convexity assumption of admissible do-
mains {2 plays a crucial role in [34], since a minimizing sequence (£2;,u;) of convex
domains ; C Bg, with |Q;| = V; has a subsequence ;, — Q in L!, for some
bounded convex domain  C Bg, with |Bg,| = Vo, such that H2(0Q;, ) — H?(0%)
and Vo, — Vo almost everywhere with respect to a spherical coordinate systeml.
Moreover, there exists u € H'(£2,S?) such that Vui, xa, — Vuxq weakly in
L?(R3). The uniqueness of minimizer of Problem C among convex domains relies
on the following important inequalities:

/ |Vu(z)|? de > / H(z) dH?*(x), Yu € H'(9,S?) with u = v a.e. on 99, (1.3)
Q o
and

H(z) dH?(x) > \/4TH?2(0Q) for convex (2, equality holds iff Q = Bg, (1.4)
o9
where H denotes the mean curvature of 9Q. 1In [34], (1.3) is derived for any
Q € W%l while (1.4) is proven by the Brunn-Minkowski inequality for convex
domains.

In this paper, we would like to relax the convexity assumption from [34] and
investigate Problems A, B, and C over a larger class of domains possibly containing
non-conver domains with less regular boundaries. The class of domains contains
Sobolev extension domains with some uniform parameters, as well outer minimal
domains.

The main theorems of this paper arose from the Ph.D. thesis of the first author
[32]. The interested reader can refer to [32] for more related results.

Outline of this paper:

In section 2, we will review certain classes of domains in R", including M-
uniform domains, which are Sobolev extension domains with constants depending
on M and n; the outer minimal domains, which are a generalization of convex
domains.

In section 3, we will show in Theorem 3.5 that, up to a set of measure zero, the
L'-limit of M-uniform domains is M-uniform. A few other results on the relation
between L'-convergence and Hausdorff convergence are also derived.

In section 4, we will establish the weak lower semicontinuity of bulk elastic
energy of (2,u) for two classes of domains: a) the admissible sets of M-uniform
domains, and b) the admissible sets of outer minimal M-uniform domains. It is
more subtle to prove the lower semicontinuity of surface energy for Problem A. We
will only consider outer minimal sets and our proof is inspired by Reshetnyak’s lower
semicontinuity theorem (see [36, Theorem 20.11]) and the perimeter convergence

IFor example, one can parametrize 9€2;, and 9 over the unit sphere s2.
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Lemma 4.1. Thus combining the compactness of M-uniform domain results and
the lower-semicontinuity results, the existence Theorem 4.2 on problems A, B and
C is proved among these classes of admissible sets.

In section 5, we will apply results by [10], [16], [26] and [27] to show (B, )
is the unique minimizer of Problem C over strictly star-shaped mean convex C*+1-
domains, C'''-outer minimal sets, and C!!'-revolutionary domains, see Theorem

5.5 and Remark 5.6.

2. Prerequisite: sets of finite perimeter and traces of functions

We first stipulate some notations. Let V; > 0 be the fixed volume in the
Problems A, B, C. Since the admissible domains in the problems have this fixed
volume, we will use the convention that any minimizing sequences have their diam-
eters larger than a universal constant ¢y = co(Vp) > 0 because of the isodiametric
inequality (see [13, Theorem 2.2.1]).

We will denote by B,.(z) :={y € R": |y — x| < r} and B, := B,.(0). Through-
out this paper all sets under consideration are contained in a large ball Bg,, where
Ry > 0 is fixed. For any set A C R", denote by A, the interior e-neighborhood
{z € A: Be(x) C A}, and A€ the exterior e-neighborhood J, ¢ 4 Be(x). Denote by
int(A) the topological interior part of A, A° = R™\ A, and diam(A) the diameter
of A. For 0 < d < n, H® denotes the d-dimensional Hausdorff measure in R™. Let
d®(-,-) denote the Hausdorff distance in R™. P(A; D) denotes the distributional
perimeter of A in D C R™. For a set A of finite perimeter, let v4 denote the mea-
sure theoretical outer unit normal of the reduced boundary 9*A, and p4 denotes
the Gauss-Green measure of A, that is, g4 = va - H" !|s-a. Denote by w, the
volume of unit ball in R™ and |A| the Lebesgue measure of A.. For any open set
Q C R" and u € BV(Q)), denote by Du the distributional derivative of u, that is a
vector-valued Radon measure, and ||Dul|(€2) the total variation of u on €.

In this paper, “ <.” denotes an inequality up to constant multiplier ¢ > 0. For
any measurable set ' and 0 < o < 1, we define

_|EN By ()|
B ={zern:1 -
{zer: 1B, (x)] o},

and refer E' and EY as the measure theoretical interior and exterior part of E
respectively. Denote by d,F := R" \ (E° U E') the measure theoretical boundary

of F/, which is also called the essential boundary. In this paper, we will need the
following theorem, due to Federer (see [13, Chapter 5]).

THEOREM 2.1. For any measurable set E, if H" 1(0.F) < oo, then E is a

set of finie perimeter. Furthermore, if E is a set of finite perimeter, then R™ =
E°UE'UOE, 9°'E c EVY? C 0,E, and 9*F = 0, E (mod H"1).

Next, we recall the definition of M-uniform domains.

DEFINITION 2.2. For M > 1, a domain 2 C R” is called an M-uniform domain,
if for any two points x,y € €, there is a rectifiable curve 7 : [0,1] — Q such that

~7(0) =2, v(1) =y, and
H(([0,1])) < Mz — ], 2.1)

)
d(~(t),09) = % min {|y(t) — |, |y(t) -y}, vt € [0, 1]. (2.2)
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REMARK 2.3. P. Jones [29] introduced the notion of (e, d)-domain. One can
check that any (e, 00)-domain is an M-domain, with M = % On the other hand,
any M-uniform domain is a (7=, 00)-domain®. It was also proven by [29] that any
(6,9) domain is a Sobolev extension domain, and the converse is true when n = 2.
We refer to [20] and [29] for more details on M-uniform domains.

Since we will study minimization problems involving traces of bounded H*
vector fields in this paper, we will need the following Gauss-Green formula.

THEOREM 2.4. Let Q be a bounded uniform domain of finite perimeter in R™
and uw € H(Q) N L>(2). Then for any ¢ € C§(R™,R™), we have

/QudingH—/QqﬁDu:/*Q(qﬁwsz)u*d?{"_l, (2.3)

where vq is the measure-theoretic unit outer normal to 0*Q), and u* is given by the
formula
. fBr(x)mQ lu—u*(z)]
lim
r—0 rn

PROOF. According to [29], we may let 4@ € H}(R™) N L>(R™) be an extension
of u such that & = u in 2 and

=0, H" l-a.e. x € 0*Q. (2.4)

@l e gny < C(n, Q)||ull 1 (a)-

Hence @ € BV(R"™), and thus according to [2, Theorem 3.77], the interior trace of
4, denoted by 4* here, is well-defined for H"!-a.e. on 0*€), and equals to u*, given
by (2.4), for H" 1-a.e. on 9*Q. Let @ = ixq. Since 4 is bounded, u* € L'(9*(Q)
and thus by [2, Theorem 3.84], & = ixq € BV(R"™), with

Dii = Dii| g1 —u*voH" Y o-q.

Hence for any ¢ € C§(R™,R"), we have

/n pDi = /Q ¢Di — /*Q((b-m)u* dH" L. (2.5)

Since

from (2.5) we have
/ u+d+ [ ¢Da= / (¢ - vo)u*dH™ . (2.6)
Q Q! *Q

Since Q is equivalent to Q! up to a set of Lebesgue measure zero and 4@ € H'(R"),
we have

DﬁLQlZ D'ELLQ: D'LLLQ (27)
Hence (2.6) and (2.7) imply (2.3). O
For the purpose later in this paper, we also introduce the following definition.

2Since (2.1) and (2.2) imply

d(y(t), 9Q) > 1) —zf|v(t) —yl S 1 () = z|]y(t) — y

M HY(y(o1)) T M |z -yl

, vt e [o,1].
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DEFINITION 2.5. For any ¢ > 0, we denote by D, the class of bounded sets in
R™ such that for any set E € D,

|B,(z) N E| > cr™ (2.8)
holds for any « € OF and 0 < r < diam(FE).

Recall that two sets E, F' C R™ are said to be H™-equivalent, denoted by E ~ F,
if EAF = (E\ F)U(F\ E) has zero Lebesgue measure. Note that by the Lebesgue
density theorem, if E € D, then |0E N E°| = 0. Hence OE C E (mod H™) and
E ~ E. In particular, we have

REMARK 2.6. Any E € D, is equivalent to its closure E.
We also have

REMARK 2.7. For ¢ > 0, if E' € D, is a set of finite perimeter, then there is
¢’ > 0 depending only on ¢ and n such that for any x € E and 0 < r < diam(E),
|B,(z) N E| > r™.

PROOF. For z € F and 0 < r < diam(E), there are two cases:
(a) If r > 2d(x, OF), then there is z € OF such that Bz (z) C By(x). Hence

[B,(x) N E| 2 |By(z) N E| 2 c(3)" = 50"
(b) If r < 2d(z, OF), then Bz (z) C E and hence
B, () N E| 2 By (2)] = 21"
Hence the conclusion holds with ¢’ = min{5%, g2 }. O

The following proposition shows that any M-uniform domain belongs to D, for
some ¢ > 0.

PROPOSITION 2.8. For any M > 1 and cop > 0, if @ C R™ is an M -uniform
domain, with diam(Q) > ¢o > 0, then Q € D, for some ¢ > 0 depending only on
M, n and cq.

PROOF. For any z € 00 and 0 < r < diam(Q2), we claim that there is a
constant ¢; = ¢1 (M) > 0 such that B,.(z) N contains a ball of radius ¢17. Indeed,
since 0 < r < diam((2), there is y € Q\ Bz (x). Let v be the curve joining = and
y given by the definition of M-uniform domain. Choose z € 9Bz (z) N~. Then we
have that z € {2 and

1 . 1 . rr r T
d(z,00) > Mmln{|z—:1:|, |z—y|} > Mmm{g, 5 §} = G
Hence B.,(z) C Q, with ¢; = &57. From this claim, we see that for any = € 9Q

and any r < diam(2),
| B, () N Q| > |Beyr(2)] > wpcir™.
This completes the proof. 0

The following remark will be used in the proof of compactness of M-uniform
domains.

REMARK 2.9. For M > 0 and ¢y > 0, if Q2 C R™ is an M-uniform domain, with
|Q2] > co, then there is 7o > 0 depending only on M, n, ¢y such that  contains a
ball of radius rq.
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PrOOF. It follows directly from the isodiametric inequality and Proposition
2.8. O

Similar to D,, we also define the class D¢ as follows.

DEFINITION 2.10. For ¢ > 0, the set class D¢ consists of all bounded set £ C R"™
such that

|B-(z) N E¢| > cr™ (2.9)
holds for any x € OF and 0 < r < diam(FE).

The following proposition from [36, Proposition 12.19] yields that we can always
find an H™-equivalent set E of any set E of finite perimeter with slightly better
topological boundary.

PROPOSITION 2.11. For any Borel set E C R", there exists an H"-equivalent
set B of E such that for any x € OF and any r > 0,

0 < |ENB.(z)| < wnr™. (2.10)

In particular, sptup = sptug = OE.

In order to illustrate the construction of such an equivalent set, which is needed
in later sections, we will sketch the proof.

PROOF. First, we define two disjoint open sets

Ay := {& € R" | there exists 7 > 0 such that |E N B,(x)| = 0},
and
Ay := {& € R" | there exists 7 > 0 such that |E N B, (z)| = w,r"}.
Then by simple covering arguments we have that |[E'N A;[ = 0 and |42\ E| = 0.
Set E = (A2 UE) \ A;. Then
|EAE| < |[Ay\ E|+ |EN Ay =0.

Moreover, since Ay C int(E) and ECR" \ A;, we have that OE C R™ \ (4; U Ay)
and hence (2.10) holds. O

We now recall the notion of outer minimal sets, which can be viewed as a
subsolution of area minimizing sets. It is a generalization of convex sets, see for
example [22, Definition 15.6] and related results therein.

DEFINITION 2.12. A set E C R™ of finite perimeter is an outer minimal set, if
P(E) < P(F) holds for any set F' D E.

We would like to point out that an outer-minimal set is also called as a pseudo-
convex set by [33]. Thus by [33, Corollary 7.16] we have

REMARK 2.13. If £ C R” is an outer-minimizing and sptup = OF, then
E € D¢, for some ¢ > 0 depending only on n and E. Consequently, £ =
int(E) (modH").

REMARK 2.14. Since the boundary of an outer minimal set (domain) can have
positive H™ measure (see [4]), an outer minimal domain may not be an M-uniform
domain for any M > 1.
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Combining Proposition 2.8 and Remark 2.13, we have

REMARK 2.15. Let 2 be an M-uniform outer minimal domain with sptuqg =
092, then Q € D, N De for some ¢ > 0, and hence 9, = 9.

We would like to state the following proposition, which is a consequence of [24,
Corollary 1.10], since for any E € D., H* Y(OEN EY) = 0.

PROPOSITION 2.16. Let ¢ > 0 and E € D.. Then there exists bounded smooth
sets B; such that E;  E, E; — E in L' and P(E;) — P(E;).

3. Compactness of M-uniform domains

In this section, we will establish in Theorem 3.5 the L'-compactness property
of M-uniform domains. We begin with

LEMMA 3.1. For ¢ > 0, suppose that {D;} C D. satisfies D; — D in L'(R")
as i — oo. Then after modifying over a set of Lebesque measure zero, D € D,.
Moreover, for any € > 0, there is N = N(e) > 0 such that for any i > N, the
following properties hold:
(i) D C D§.
(ii) D; C De.
In particular, d® (D;, D) — 0 as i — oc.

ProOF. We first identify D with its H"-equivalent set in the sense of Propo-
sition 2.11. We argue by contradiction.

If (i) were false, then there would exist ¢y > 0, 9 € D and a sequence k — 0o
such that Be,(xo) N Dy = 0. Hence by the hypothesis and Proposition 2.11, we
obtain that

0 = |Be(xo) N Di| = |Be(xo) N D] > 0,
this is impossible.

If (ii) were false, then there would exist g > 0 and a sequence of points z; €
(Di)e, \ D. Assume that z; — 9. Then zp € 9D U D°. Hence by the proof of
Proposition 2.11, we have that wpej > |Be,(z0) N D|. On the other hand, since
Be,(z;) C D;, we have that

|Beo(z0) N D| = lim |Be,(x;) N D| > liminf (|Be, (2:) N D;| — | D;ADI)
11— 00 71— 00
= wpey — limsup |[D;AD| = wpef.
i—+00

We get a desired contradiction.

If (iii) were false, then there would exist g > 0 and a subsequence of x; €
D; \ D%. Without loss of generality, assume x; — xg and thus o € R™ \ D®. By
Remark 2.7, there is a ¢/ > 0 depending only on ¢ and n such that

deg < ‘Béo(xi) N Di‘.
On the other hand, it follows from |B,(zo) N D| = 0 that
liminf |Be,(z;) N D;| < limsup (|Be,(2:) N D| + [DAD;])
1—+00 i—00
< |Bey(20) N D| + limsup |[D;,AD| = 0.
i—00

This yields a desired contradiction.
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It remains to show D € D.. Indeed, by Proposition 2.11, x € 9D implies that
x € sptup. Note D; — D in L'(R") implies that pp, X pup as convergence of
Radon measures. Hence there exists x; € sptup, C 0D; such that x; — x so that
for any r > 0, it holds that

‘Br(x) N D‘ = lim ‘BT(xi) N D‘ > lim inf ’BT(,TZ') N Di‘ — lim sup ‘DiAD‘ > er'™.
This implies D € D.. (]

The following remark follows directly from (i) and (iii).

REMARK 3.2. If D; and D satisfy the same assumptions as in Lemma 3.1, and
if int(D) # 0, then int(D) is connected.

Similar to Lemma 3.1, for a set in the class D¢ we have

LEMMA 3.3. For ¢ > 0, if {D;} C D¢ and D; — D in L'(R"), then after
modifying a set of zero H"-measure, D € D°¢. Moreover, for any e > 0, there is
N = N(e) > 0 such that if i > N, the following properties holds:

(i) D C D§.
(#i) D. C D;.

The following corollary follows directly from Lemma 3.3.

COROLLARY 3.4. For any ¢ > 0 and a sequence {D;} C D¢ with uniformly
bounded perimeters, there is an open set D € D¢ such that D; — D in L'(R™).
Moreover, D and D; satisfy the properties (i),(ii) and (i) of Lemma 3.3.

Now we are ready to prove the main theorem of this section.

THEOREM 3.5. For M > 0, Ry > 0, and ¢y > 0, if {Q;} is a sequence of
M -uniform domains in Bg, such that |Q;| > co > 0 and Q; — D in L*(R™), then
there is an M-uniform domain Q such that Q; — Q in L*(R™).

PROOF. As in Proposition 2.11, we assume sptup = dD. We first prove that
int(D) # 0. Indeed, notice that by Remark 2.9, there exists a 9 > 0 depending
only on cg,n and M such that each €2; contains a ball of radius ry. Therefore, for
each §;, if e < 72, then by definition (£2;)c contains a ball of radius 7. By Lemma
3.1 (ii), D also contains a ball of radius % and hence int(D) # (.

Set Q = int(D). Tt suffices to show that € is an M-uniform domain, since the
L' convergence of Q; to Q follows directly from Remark 2.6, Proposition 2.8, and
the fact Q ¢ D C Q.

Fix any z,y € €, then given any N >> M, say N > 2M, we may choose 0 <
€ < + so small that ke < d(z,09) < (k+1)e, k >> N (say k > (14+1/M)(N +1)),
and |z — y| > 2(N + 1)e. From Lemma 3.1 (i) and (iii), and since int(Q2) # 0,
we know that df(€;,Q) — 0, hence we we may choose z;,y; € ©; N €, with
|z; — | <€, |y; —y| < e for i large. By Lemma 3.1 (ii), we may also choose i large
such that

(i)e C Q. (3.1)

Also we choose v; C ; to be the rectifiable curve connecting x; and y; in ; as
in the definition of M-uniform domain. For any p € v;, if p € Byc(2;) U Bne(i),
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then clearly p € Bny1)e(®) U B(n41)e(y) C 2. Moreover, this implies
1 1
d(p,0Q) > ke — (N + 1)e > M(N +1)e > Vi min{|p — x|, |p — y|}. (3.2)

Clearly (3.2) also holds for any p on the line segment between z; and z, and between
y; and y.

If p ¢ Bye(z;) U Bne(ys), then d(p,09;) > - min{|p — z;|,[p — vi|} > 77 Ne,
thus p € (Q)ne/m C (2i)e € Q2N Q. Moreover, let r = d(p, d((£2;)c)), then by
(3.1), B,(p) C Q, s0 d(p,0) >r =d(p,0((2)e)) > d(p, ;) — €. Therefore,

1

d(p,09) < d(p,09Q;) — € € 1 1

: > — > - >— -~ (33

win{lp— = o~ wl} © min(p - pwl) M NeoM N O
Hence by the choice of ¢ and N we have that

1 1 1 1 1

> (— — —)(min{|p— —y[V—€) > (=—— =) (min{|p— YIRS p——

A(p,09) > (5~ ) min{[p—a, [p=yl} —¢) > (7=~ =) (min{lp—al, [p—yl}) s

Therefore, we may let vV be the curve with three parts. The first part connects
z and z; with line segment, the second part connects x; and y; with ~; as above
and the third part connects y; and y with line segment. It is clear that vV C Q
and vV connects z and y, then from (3.2) and (3.4) and the choice of €, we obtain
(i) H'(vN) < M|z — y| +22LH | and
(i) d(p,89) > (37 — ) min{lp —z|,[p =y} — 575 V€V
Then by compactness of (Q,d”), and since vV is connected, there is a compact
connected set E C Q such that dZ (yV, E) — 0 as N — oo. Then by [14, Theorem
3.18],

HY(E) < liminf H' (vY) < M|z — y|.
N—o00

Then by [14][Lemma 3.12], F is path connected, thus we can choose a curve y C E
joining 2 and y. For any p € v, we can choose sequence py € YV, py — p. Since
1 1 1
d(px,00) > (— — —)mi - - ——

we have, after sending N — oo,

L.
A(p,09) = == min{lp — I, Ip — I}

which also clearly implies v C int 2. Then + satisfies both properties in the defini-
tion of M-uniform domain, thus €2 is M-uniform. By Remark 3.2 and Proposition
2.8, Q) is a domain. This completes the proof. O

REMARK 3.6. The full generality of compactness of M-uniform domains is
obtained in [11, Theorem 1.2], where it is shown that any sequence of M-uniform
domains with fixed volume must have uniformly bounded fractional perimeters, and
thus have an L' limit up to a subsequence, and the limit is also M-uniform.

4. Existence of equilibrium liquid crystal droplets in Problem A-C

In this section we will study the existence of minimizers to Problems A-C, which
can be extended in n-dimensions. We begin with the following Lemma, which plays
a crucial role in Problems A-C over outer minimal sets.
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LEMMA 4.1. For ¢ >0, let {E;}32, € D, be a sequence of outward-minimizing
sets such that E; — E in L' asi — oo. Then E € D, is also an outward-minimizing
set. Moreover, P(E;) — P(E) and H" (0. E;) — H" Y (0.E) as i — oo.

PROOF. Let F D E. Then by [2, Proposition 3.38(d)] and the outward-
minimality of E; we have
P(E;NF)<P(F)+ P(E;)— P(E;UF) < P(F).
This implies
P(E)=P(ENF) <liminf P(E; N F) < F(F).
Hence F' is outward-minimizing. By Lemma 3.1 and Remark 2.13, £ € D, N D°.
It follows from Proposition 2.16 that for any € > 0, there exists a smooth open set

O, 3 F such that
P(O.) < P(E)+e.

Applying Lemma 3.1 (iii), we have that there exists a sufficiently large ip > 1 such
that
FE; C OE,Vi > 1.
This, combined with the outward minimality of E;, implies
P(E;) < P(O.) < P(E)+e, Vi>ip.

Thus

limsup P(E;) < P(E).
On the other hand, by lower semicontinuity we have

P(E) <liminf P(E;).
Therefore P(FE;) — P(E) as i — o0.

Since F;, E € D.ND¢ | the last statement follows from Theorem 2.1.

Now we are ready to state the main theorem of this section.

THEOREM 4.2. The following statements hold:

i) For M > 1, the infimum of Problem C'in the class of M -uniform domains
of finite perimeter is attained.

il) For M > 1, the infimum of Problems A, B, C can be attained in the class
of M -uniform outer minimal domains.

PROOF. We first prove i). For a minimizing sequence (€);, u;), where €; are M-
uniform domains with finite perimeter and u; € H*(Q;,S?). Let @; € H'(Bg,,R?)
be an extension of u; such that

@il 1. (Bry) < Clny M)|uill a1 (0
Hence there is a @& € H'(Bg,, R?) such that
@; — 0 in H'(Bpg,).
By Theorem 3.5, there is an M-uniform domain Q C Bp, such that Q; — Q in L.

Since Vii; — Vi in L?(Bg,) and xq, — xq in L' (Bg,), by the lower semicontinuity
we have that

/|w|2 gnminf/ |V, | zliminf/ |V, (4.1)
O 1— 00 Qi 1— 00 Qi
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Denote u = 11|Q. Then it is not hard to see |u| = 1 for a.e. x € Q so that
u € HY(Q,S?). In order to show (€, u) is a minimizer of Problem (C) among M-
uniform domains of finite perimeter, we have to verify that u* = vq for H* '-a.e.
on 9*Q. In fact, it follows from yq, — xq in L*(Bg,) and div(d;) — div(a) in
L?(Bpg,) and Theorem 2.4 that

P(Qi):/ div(ui):/ xo,div(t;) — / Xgldiv(ﬁ):/div(u)
Q Bry Br, Q
= / u* v dH T < P(Q).
9*Q

This, combined with the lower semicontinuity property of perimeter, implies that
u* = vg for H" t-a.e. on 9*Q. Hence the proof of i) is complete.

Next, we prove ii). For Problem A in part ii), let (Qp,us) be a minimizing
sequence among M-uniform, outer minimal domains and H'-unit vector fields on
Q. Since Qy, are outward-minimizing sets in Bpr,, P(€,) are uniformly bounded.
By Lemma 4.1 and Theorem 3.5, we may assume that there exists an M-uniform,
outer minimal domain € such that up to a subsequence, €2, — Qin L' and P(Q;) —
P(€2). As in the proof of i) above, we may extend wup, in Bp,, still denoted as uy,
so that u, — u in H'(Bp,,R3) for some u € H'(Bg,,R?). Thus we have

/|Vu|2 Sliminf/ |Vun|?,
Q hJay,

and u(z) € S? for a.e. x € Q.
Since f is convex, we can write

f(z) = sgp(aix +b;).

In the following, we do not distinguish « with «* on 0*(2, and we do not distinguish
0*Qp, 0*Q with 9, 90 due to Remark 2.15. Define

n(A) = HP YN A), 7(A) == H' (9" QNA), and pn(A) = /Af(uh-uh)dm,

for any measurable A C R™, where v}, is the measure theoretical outer unit normal
of ;. Then Lemma 4.1 implies that

Th(A) = 7(4) as h — oco. (4.2)

Since f is bounded and nonnegative, u;, are nonnegative Radon measures so that
we may assume there is a nonnegative Radon measure p such that after passing
to a subsequence, pup — p as h — oo as weak convergence of Radon measures.
Decompose 1 as = (Drp)7T + p®, 1° L 7, and p® > 0. Then

lim inf pp, (A) > p(A) > / D, pdr. (4.3)
h—o0 A

It follows from Theorem 2.1 that z € 9*(2 holds for T-a.e. x € Br,. Now any such
x € 0*Q, we claim that there exists r; — 0 such that for B; = B, (), it holds that

(a) H"~1(0B; N0Q) =0 and H"~1(0B; N OQ,) =0, Vh > 1.

(b) Up - VB, dH" ! — u-vp,; dH" ' as h — .
aBjﬁQh 8BjﬁQ

(¢) (@B;) =0.
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. u-vp,dr
(d) Dyp(z) = lijm igﬁj; and Jlggo fBjTTjE;] =u(z) - v(x).

13

Indeed, (a) and (c) are true because 7, 73, and p are nonnegative Radon measures.
(d) follows from the Lebesgue differentiation Theorem. To see (b), let @y = upxaq,

and @ = uxq. Since @, — @ in L', we have

1
/ |up, — :/ / iy, — a|dH"rdr — 0 as h — oc.
By (z) 0 JoB,(z)

Therefore by Fatou’s Lemma,

1
/ 1iminf/ |ty — a|dH" " dr = 0,
0 h— JaB,.(x)

hence for almost every r € (0,1) and for a subsequence of h — oo,

} / Up " VB, (2) dH ! — / U VB, (z) dHn_1’
OB, (z)NQy, OB, (z)NQ

< / |y, — @|dH" T — 0.
OB, (z)
This finishes the proof of (b). Now we return to the proof of v). By (c),

pu(Bj) = lim pp(B;) = lim fup -vp)dH™ 1.
h— o0 h—o00 thnBj

Also as h — 0o, up to a subsequence we have

/ Up * Vp d%n_l
8QhﬁBj
—1 —1
= / Up * I/thBj dHn - / Up - VBj d%n 5
8(QhﬂB]‘) 8BjﬂQh
= / divuy, — / Up - VB, A" 1,
Q,NB; BBijh
— divu — / U - Vg, dH™ 1,
QNB; OB;NQ
:/ U - VonB, dH" 1 —/ u-vp, dH™ !
a(QNB;) 9B;NQ

= / w-vo dH L.
9QNB,
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Therefore, for m-a.e. © € Bp,, it follows
Dop@) = lim “g;
= limlim faﬂ’mBa‘ Flun - vp) dH™
ST (00N By)
lim i fanBj (agup - vy + bi) dH" !
s H 100N B))
— lim fOQmBj (aiu - v + b)) dH™
J H00NB;)
= au(x) - vo(z) + b;.

Y

also by (4.2)

Hence D,p > f(u-vq) for 7- a.e. x € Bg,, and

lim inf flup -vp)dH™™ " = liminf py(Bgr,) > D, pdr
hJoqy, h Br

flu-v)dr = flu-v)dH" . (4.5)
o9

Y

Br,

Therefore, (£2,u) is a minimizer.

To complete the proof of statements in ii), it remains to show if (£;,u;) are a
minimizing sequence in Problem (B) and converges weakly to (Q,u), then u-v = ¢
for H"!-a.e. on 9*€2. This can be seen from

lim inf fu; - v)dH ™t > fu-v)dH" L.

oo JorQ; 0=
In fact, by choosing f(t) = u(t — ¢)? we have that
/ (u-v—c)?dH" < liminf/ (ui - vi —c)*dH™ ' = 0. (4.6)
*Q oo JorQ;
Hence v - v = ¢ for H"'-a.e. on 0*Q. This completes the proof. O

5. On the uniqueness of Problem C

In this section, we will show the uniqueness of Problem C in the class of C'1-
star-shaped, mean convex domains in R?. We will assume the domains has volume
Vo = | B1|, where By C R3 is the unit ball centered at 0. We begin with

LEMMA 5.1. For any bounded CY'-domain Q C R3,

inf{/ [Vul® | u € H'(Q,5%),u=vq on 0Q} > Haq dH?, (5.1)
Q o9

where Hpq is the mean curvature of 052.
PRrROOF. Let u € HY(,S?), with u = v on 92, be such that
/ |Vu|? = inf {/ [Vul? | u e H'(Q,S?),u = vgon 9Q}.
Q Q
Then by [40, 41], u € C>®°(Q\ {a;}}¥,,S?) for a finite set UL ;{a;} € Q. Observe

that
(div(u))? — tr(Vu)? = div(div(u)u — (Vu)u) in Q\UN,{a;}.
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By [35, Proposition 2.2.1], we have that
|Vu|? > (divu)? — tr(Vu)?  in Q\UN {a;}.
By [3, Theorem 1.9], near each a;, u(z) ~ R(£=%) for some rotation R € O(3).

|z—a;|

In particular, one has that for » > 0 sufficiently small,

‘ / (div(w)u — (Vu)u) - v, (q,) dH?| = O(r).
(’9BT(U,1')

Hence
[ v
Q
> / (div(u))? — tr(Vu)?
Q\UN_ | By (a;)
= / div((divu)u — (Vu)u)
O\UN, B, (a;)
= / (div(u)u — (Vu)u) - vo dH?
I9)
- Z/ (div(u)u — (Vu)u) - v, (q,) dH?
i=1 8BT(a¢)
> / (div(u) — (Vu)va) - vq) dH? — CNr
I9)
= / (dianVQ) dH? — CNr = Hyo dH? — CNr.
19} I9)
This implies (5.1) after sending r — 0. O

The inequality (5.1) leads us to study the minimization of the total mean
curvatures. It is well-known that

Hpq dH? > 4/7P(Q) (5.2)

o0

is true if €2 is convex, and the equality holds if and only if €2 is a ball. Very recently,
Dalphin-Henrot-Masnou-Takahashi [10] proved that if €2 is a revolutionary solid
and H > 0, then (5.2) is true, and the equality holds if and only if 2 is a ball.
Without the mean convexity, (5.2) is false, see [10]. In the next lemma we present
a proof that (5.2) is true if  is a C1! star-shaped and mean convex domain. The
key ingredient of the proof is based on the result by Gerhardt [21]. We remark
that a more general version of (5.2) has been proven by Guan-Li [23]. Here we will
sketch the proof, since it is elementary in R3.

LEMMA 5.2. The inequality (5.2) holds, if Q is Ct-strictly star-shaped and
mean convez.

PrOOF. By the remark below, we may assume 2 € C*>. By a standard argu-
ment, we can perturb  so that H > 0 everywhere. Indeed, represent 9f) as an
embedding F : S* — R? and consider the mean curvature flow {F; : S? - R3 : ¢t €
[0,7)}, which is a family of embeddings so that

or

_ =Hy 0<t<T; Fy=F°
(915 Vi <t < 3 0 5
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where v4 is the inward unit normal of the embedding F;. It is well-known that the
solution exists for a short time 7' > 0. If ¢ > 0 is small, then F}(S?) remains to be
star-shaped. The evolution of the mean curvature H of F}(S?) is given by

OH
—— = AH + |A]*’H
5 + |A]

where A is the second fundamental form of F;(S?). Then the strong maximum
principle implies that H > 0 everywhere on F;(S?) for ¢t > 0. It is clear that after
a small perturbation in C'-norm, € is still strictly star-shaped.

Hence it suffices to prove (5.2) by assuming H > 0 everywhere on 9. We
argue it by contradiction. Suppose there were a strictly star-shaped domain 2 with
H > 0 everywhere on 0f) such that

o HH _
4+/7P(Q)

Representing 92 as an embedding Gy : S? — R3. Now consider the inverse mean
curvature flow {G; : S? — R3 : t € [0,00)}, which is a family of embeddings that
solves

oG 1

=y

ot H "
where v; is the inward unit normal of the embedding G;. It has been shown by
Gerhardt [21] that S; := G¢(952) converges to the unit sphere S?, up to rescalings
by e /2, as t — co. Set

Jo HdM?

y(t) = —2E——=, t > 0.
wArea(St)

Observe that y(t) is scaling-invariant. Therefore, y(0) < 1 and y(¢t) — 1 as t — oo.
On the other hand, using the evolution equations under the inverse mean curvature

flow we have that
AH |A]?
= 7

and g

V9=V,
where A is the surface Laplacian and ¢ is the metric on surface S; induced by
Euclidean metric in R3. Direct calculations imply

d [s, H dH? _ (/ (11— |A? )d’H2) 1 B Js, H dH?
dt \ 4,/7P(Q) S H 4y/mArea(S;)  8y/mArea(S;)
1
= —dH2—— HdH2)
4\/7rArea (St) ( S 2 /s,
2
= AR I e <,

4\/m /s

since H? > 4K, here K is the Gauss curvature of S;. Therefore, y(t) < y(0) < 1
for all £ > 0. We get a desired contradiction. O

REMARK 5.3. (5.2) is actually true for any C'-strictly star-shaped surface
with bounded nonnegative generalized mean curvature, in particular for a C1:1-
mean convex surface. Indeed, by [27, Lemma 2.6], we can find a family of smooth
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strictly star-shaped mean convex hypersurfaces converging to the surface uniformly
in Cb*NW?2P for 0 < a < 1 and 1 < p < oo so that the total mean curvature of
the smooth surfaces converges to the total mean curvature of the original surface.
We refer the reader to [27] for the detail.

By Lemma 5.2 and the isoperimetric inequality P(€) > 47 (2 [Q[)%/?, we im-
mediately have

COROLLARY 5.4. It holds that
inf{/ |Vul? : Q is CY1-star-shaped, mean conver, |Q| = |B;|,u € H*(Q,S?),
’ u = vg on 00} > 8,
and the equality holds if and only if Q = B1, up to translation and rotation.
As a consequence, we have

THEOREM 5.5. The Problem (C) over CY'-star-shaped and mean convex do-

mains is uniquely achieved at Q@ = By and u(x) = R

Proor. By direct calculations,

T 2
|v<—>|2:/ 2 g
/B1 |£L‘| B, |J‘.|2

Hence by the first statement in Corollary 5.4, (4.2) is attained at (B, Ii_l) The

uniqueness follows from the last statement of Corollary 5.4 and [8, Theorem 7.1].
O

REMARK 5.6. Huisken first proves that (5.2) holds if Q is C''-outer minimal
(not necessarily connected), though it seems that he didn’t publish it. See also
Freire-Schwartz [16, Theorem 5. Hence the same result as in Theorem 5.5 holds in
the class of C!-outer minimal open sets. By [10], the same result as in Theorem
5.5 holds in the class of smooth domains of revolution.
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