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Abstract

We study an inverse problem for the time-dependent Maxwell system in an inhomogeneous
and anisotropic medium. The objective is to recover the initial electric field Eq in a bounded
domain © C R3, using boundary measurements of the electric field and its normal derivative over
a finite time interval. Informed by practical constraints, we adopt an under-determined formula-
tion of Maxwell’s equations that avoids the need for initial magnetic field data and charge density
information. To address this inverse problem, we develop a time-dimension reduction approach
by projecting the electric field onto a finite-dimensional Legendre polynomial-exponential basis
in time. This reformulates the original space-time problem into a sequence of spatial systems for
the projection coeflicients. The reconstruction is carried out using the quasi-reversibility method
within a minimum-norm framework, which accommodates the inherent non-uniqueness of the
under-determined setting. We prove a convergence theorem that ensures the quasi-reversibility
solution approximates the true solution as the noise and regularization parameters vanish. Nu-
merical experiments in a fully three-dimensional setting validate the method’s performance. The
reconstructed initial electric field remains accurate even with 10% noise in the data, demonstrat-
ing the robustness and applicability of the proposed approach to realistic inverse electromagnetic
problems.

Key words: Time-domain Maxwell equations, inverse problem, initial condition recovery, time-
dimension reduction, Legendre polynomial-exponential basis, minimum-norm solution, convergence
analysis
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1 Introduction

The primary objective of this paper is to address an inverse source problem involving the re-
covery of the initial electric field from lateral boundary measurements. Notably, our framework is
economical in the sense that it does not require internal information such as the initial magnetic
field or the internal charge distribution. While this relaxation introduces mathematical challenges
due to the under-determined nature of the problem, it significantly reduces the burden of data
acquisition and measurement in practical applications.
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Let E be the electric field, governed by the well-determined Maxwell’s equations

V x (p 1 (x)V x E(x,1)) —|—5(x)82]i;$2(’t) =0, (x,t)eR?x(0,00),

V- (e(x)E(x, 1)) = p(x) (x,t) € R? x (0, 00) (1.1)
Ei(x,0) = e !(x)V x Ho(x) x € R?,

E(x,0) = Eg(x) x € R3.

where Eg and Hy are the initial electric and magnetic fields, respectively. The 3 x 3 matrix-valued
functions e(x) and u(x) respectively represent the electric permittivity and magnetic permeability
of the medium, and are assumed to be smooth and strictly positive definite. The scalar function
p(x) denotes the static charge density. We solve the inverse problem formulated below.

Problem 1.1 (Inverse initial data problem). Assume that p and € are known while p and Hy are
unknown. Let E be the solution to (1.1). Given the boundary data,

F(x,t) = E(x,t), G(x,t)=0,E(x,t), (x,t)€dQx(0,T), (1.2)
reconstruct the initial electric field Eo(x) = E(x,0) within the domain Q.

In general, the uniqueness of the inverse problem under consideration, namely, recovering the
initial electric field Eq from lateral boundary data, is not guaranteed due to the under-determined
nature of the formulation. This under-determined issue arises because we do not assume knowledge
of the charge density p or the initial magnetic field Hg, which are standard ingredients in the classical
Maxwell system. However, in the idealized case where both p and Hy are known, and the medium
is assumed to be homogeneous and isotropic with constant material parameters p = pg and € = &g,
the Maxwell system can be reformulated as a system of second-order hyperbolic equations for each
component of E. The principal operator for this system is g0y — poA. In such settings, uniqueness
and stability results are well-established, leveraging tools such as Carleman estimates for hyperbolic
operators (see, e.g., [7, [10]). In contrast, this work considers the more realistic and challenging
scenario in which the internal data p and Hy are not available. To address the resulting non-
uniqueness, we employ a minimum-norm formulation that selects, among all admissible solutions,
the one minimizing the norm in a suitable Hilbert space, thereby compensating for the absence
of p. To overcome the lack of information on Hy, we apply a time-domain reduction technique.
This combined strategy yields a well-posed formulation of the inverse problem, representing a key
theoretical contribution of our work.

Inverse problems for Maxwell’s equations have been extensively investigated in various settings,
including source identification, material parameter reconstruction, and imaging applications such
as magnetoencephalography and non-destructive testing. A broad overview of inverse problems in
the Maxwell framework is provided in [33]. Classical formulations in the frequency (time-harmonic)
domain typically focus on reconstructing current sources using boundary or far-field measurements.
Owing to the inherent ill-posedness of these problems, multi-frequency techniques have been widely
employed to improve both stability and resolution. Despite notable advances, comprehensive stabil-
ity results for inverse source problems in the full Maxwell system under general conditions remain
limited. A significant contribution in this direction is found in [6], where increasing stability was
demonstrated for both elastic and electromagnetic wave equations with multi-frequency data. The
analysis established that higher-frequency source components become negligible, thereby enhancing
the quality of reconstructions. In [15], a fast and robust numerical method has been developed to



reconstruct point-like or small-volume sources in the time-harmonic Maxwell equations from Cauchy
data at a fixed frequency. This approach leverages imaging functions and asymptotic expansions,
offering stable recovery of source locations and moments without relying on Carleman estimates. In
the context of anisotropic or inhomogeneous media, [27] and [20] obtained uniqueness and increas-
ing stability results through the use of Carleman estimates and analytic continuation techniques
in the frequency domain. These studies underscore the importance of combining broadband data
with structural assumptions on the medium to mitigate the effects of instability. Additionally, [2]
investigated non-uniqueness in determining volume current densities from boundary observations,
showing that uniqueness can be restored under structural assumptions, such as dipole or surface-
supported sources. On the computational side, several reconstruction strategies have been devel-
oped. For example, [12] introduced a qualitative imaging approach based on the windowed Fourier
transform for time-harmonic Maxwell equations, enabling effective identification of radiating source
supports. Similarly, [3] addressed the recovery of dipole sources in magnetoencephalography using
a low-frequency asymptotic expansion, establishing uniqueness, stability, and a practical inversion
method. Time-domain inverse source problems have also attracted growing interest. In [8], a numer-
ical optimization framework was developed to identify time-dependent current sources, motivated
by applications in fault detection and antenna design. A convergent algorithm for reconstructing
temporal source functions from normal electric field measurements was proposed in [34], while [21]
introduced a potential-based formulation and proved both uniqueness and convergence for the asso-
ciated reconstruction scheme. Despite these advances, the problem of recovering the initial condition
Eo(x) from finite-time boundary measurements, distinct from recovering source terms or material
parameters, has received relatively little attention. This problem is particularly challenging due to
the vectorial and coupled nature of Maxwell’s system, which complicates inversion procedures. In
this work, we address this gap by studying the recovery of the initial electric field Eg(x) using bound-
ary measurements of E(x,t) and its normal derivative on 92 x (0,7"). This setting is motivated by
practical scenarios in which internal field data are inaccessible and only surface measurements can
be obtained. Our objective is to design an effective numerical reconstruction method based on the
theoretical structure of the problem and informed by the broader literature on inverse wave and
electromagnetic problems.

For completeness, we list here some important works for the inverse initial data problem for hy-
perbolic equations. The problem of recovering initial conditions in hyperbolic wave models has been
extensively studied. In particular, when wave propagation occurs in free space, a number of explicit
reconstruction formulas have been developed; see, for example, [11} [13] [29] [30]. Other commonly
used approaches include the time reversal method |17, 18} 22], 35| 136], the quasi-reversibility method
[10L 26], and a variety of iterative reconstruction techniques [19, 131, 132]. These contributions pri-
marily focus on simplified wave propagation models assuming isotropic and non-dissipative media.
More advanced models incorporating damping or attenuation effects have also been analyzed in the
literature; see |1, |4} 15, 9} [14] [16], 24} 25| 128].

Our approach introduces a time-dimension reduction framework that transforms the original
space-time inverse problem into a sequence of coupled spatial problems. This is achieved by project-
ing the time-dependent electric field onto a Legendre polynomial-exponential basis first developed in
[37], which ensures rapid decay of higher-order temporal modes and facilitates numerical stability.
Each spatial mode satisfies a curl-curl-type equation involving the projection of the second time
derivative of the true field. These equations are solved using a quasi-reversibility method formulated
in a minimum-norm setting, which enables stable recovery under an underdetermined formulation.
The method does not require knowledge of the initial magnetic field or the charge density and is



designed to accommodate noisy boundary measurements. We prove convergence of the regularized
solutions to the true electric field under appropriate parameter regimes and noise levels. Numerical
results in fully three-dimensional configurations demonstrate the method’s robustness and accuracy,
even in the presence of substantial noise in the input data.

The remainder of the paper is organized as follows. In Section |2, we present the forward model
for Maxwell’s equations under an under-determined formulation and describe the inverse problem
setup. Section |3| introduces the minimum-norm framework used to address the non-uniqueness
arising from the under-determined setting. In Section [4] we develop the time-dimension reduction
method based on a Legendre polynomial-exponential basis and derive the corresponding spatial
systems. Section [5] provides the convergence analysis of the regularized solution in the presence of
noisy boundary data. Section [6] presents numerical experiments that demonstrate the accuracy and
stability of the proposed approach. Finally, Section [7| concludes the paper with a summary and
discussion of possible extensions.

2 Preliminaries on the Legendre polynomial-exponential basis

In this section, we review the construction and essential properties of the Legendre polyno-
mial exponential basis, originally introduced in [37]. This basis plays a central role in the time-
dimensional reduction framework due to its favorable approximation and spectral properties.

Let P,(z) denote the classical Legendre polynomial of degree n > 0 on the interval (—1,1),
defined by Rodrigues’ formula:

1 dn
2l dan

Pn(x) (1‘2 — 1)”

To define an analogous family on the interval (0,7), we apply the change of variable z = % -1,
yielding the rescaled orthonormal system:

Qn(t)_\IQTZ]vHPn<?_1>7 tG(O,T),

which forms an orthonormal basis of L2(0, 7). Multiplying this by an exponential weight, we obtain
the Legendre polynomial-exponential basis:

U, (1) == e'Qn(t), te(0,7T).

The collection {¥y,},>0 constitutes an orthonormal basis of the square-integrable space with the
weight e=2¢

L?5,(0,T) == {u € L*0,7) ' /OT e 2Hu(t)|? dt < oo} :

equipped with the inner product

T
<“7U>L§_2t(0,T) ::/0 e 2bu(t)u(t) dt.

Let H be a Hilbert space. Throughout this paper, we denote by

L2 ((0,7); H) = { L (0,7) > H \ / " e fu(o) d < oo}



the space of H-valued functions that are square-integrable over (0,7") with respect to the exponential
weight e~ 2.
In particular, when H is HP(2)? with p > 0, we view the space Lz_Qt((O, T);H) as

T
L2 ,.((0,T); H) = {u :Qx(0,7) =R ‘ / e 2Hu(-, b))% dt < oo} ,
0

where the norm ||u(-,t)|| g is interpreted with respect to the spatial variable for each fixed time t.
Also in the case when H is HP(2)? with p > 0, we introduce several useful operators for functions

w € Leau(o,rymny’

1. Let u(x,t) € L2 ,,((0,T); H). The vector of its (N 4 1) first Fourier coefficients with respect
to the orthonormal basis {¥,,}2V_; is defined as

FN[u](x) = [uo(x) w(x) ... un(x)]', xe€Q,

where each coefficient is given by

T
Up(x) 1= /0 e 2tu(x,t)U,(t)dt, n>0,xcQ. (2.1)

2. Given a coefficient vector U(x) = [ug(x) wui(x) ... ’LLN(X)]T € HN*1 its associated
space-time expansion is defined as

N
SNUI(x, 1) = " un(x)Wu(t),  (x.t) € 2 x (0,T). (2.2)
n=0

3. Let u(x,t) € L?_,,((0,T); H). Its projection onto the finite-dimensional subspace
VN = span{ W, Uy, ..., Uy}

is given by the truncated expansion
N
PV[u)(x,t) i= > un(x)¥n(t), (2.3)
n=0

where the coefficients {u,(x)})_, are as defined in item 1.

Remark 2.1. Let p > 0 and H = HP(Q2)3. For any N > 0, the composition SN o FN coincides with
the orthogonal projection PV onto the subspace VN . That is,

SNFN[u]] = PN(u],  for all u(x,t) € L2 5:((0,T); H).
Furthermore, Parseval’s identity implies the following norm relation:
HPN[U]HLi_Qt((O,T);H) = HSN[U]HLg_Qt((o,T);H) = [|U[| gveny < ||U||L§_2t((0,T);H)a (2.4)

where U = FN[u] denotes the vector of Fourier coefficients.



The following proposition guarantees that the second time derivative of a sufficiently smooth
function can be recovered from the second derivatives of its Fourier expansion in the weighted space.

Proposition 2.1. Let u € H*((0,T); L*(Q)) for some k > 5. Then the expansion

d 0%u
;W(" ) ‘lln>Li_2t(U,T)lIl;/L(t) o2

m Lgfzt ((07 T)§ L2(Q))'

The following proposition guarantees that the derivatives of the basis functions ¥,, n > 0,
are nontrivial. This non-vanishing property is essential for maintaining the accuracy of the time-
dimensional reduction method.

Proposition 2.2. For every n > 0, the function U, (t) = €'Q,(t) is infinitely differentiable on the
interval (0,T), and none of its derivatives of any order vanishes identically on (0,T).

For details of the proofs of Propositions and see [37]. We emphasize that the Leg-
endre polynomial-exponential basis offers significant structural advantages over previously studied
polynomial-exponential systems (e.g., [23]). Its orthogonality, regularity, and spectral decay prop-
erties make it especially well-suited for the analysis and numerical implementation of time-reduced
inverse methods. For a complete account of theoretical results and proofs concerning approximation
properties and convergence behavior, we refer the reader to [37].

The following lemma plays an essential role in establishing our convergence result. Its proof can
be found in [37, Lemma 4.2].

Lemma 2.1. Let T > 0. Then there exists a constant C > 0 such that
112 2 "2
W10 <€ (I3 oy + 10132 o)

for allv € H*(0,T).

3 The uniqueness of the minimum-norm solution

Problem can be reformulated as the task of determining a vector-valued function E that
satisfies the following boundary value problem:

’E(x
V x (pHx)V x E(x,1)) + 5(x)8]2(1€2’t) =0, (x,t)€Qp,
E(X7 t) = F*(X7 t)7 (X7 t) € FT: (31)
0,E(x,t) = G*(x,1), (x,t) € T'p,

where F* and G* denote the exact (noise-free) boundary data defined in and I'r = 902 x (0, 7).
Once is solved, the initial condition can be recovered by setting Eq = E(-,0).

The existence of a solution to is guaranteed, as E can be taken as the solution to the
corresponding forward problem. However, the solution to system is generally not unique
due to the absence of initial conditions and the lack of information about the divergence of the
field. In the full Maxwell framework, the vector field E is typically governed not only by the curl-
curl dynamics but also by an accompanying condition on the divergence of ¢E, which constrains



the admissible solution space. However, in problem , we do not assume prior knowledge of
V - (¢E) anywhere in the domain. This lack of divergence information might lead to multiple fields
satisfying the same boundary data and evolution equation, thereby giving rise to nonuniqueness. To
resolve this ambiguity and ensure well-posedness, we compute a solution within a minimum-norm
framework, selecting the field with the lowest Sobolev norm among all those satisfying the given
system and boundary conditions. This approach yields a unique, stable, and physically meaningful
solution, even without full information about the system.

Theorem 3.1. Let the admissible set of solutions be defined by
S = {E € Lg—Qt((O,T);H3(Q) ) ﬂHz((O T); L2 ’ E satisfies (3.1] }

Suppose that j, €, F*, and G* are sufficiently smooth. Then, problem (3.1)) admits a unique solution
E* € L2((0,T); H3()3) N H2((0,T); L*(Q)3) satisfying

IE" L2, (0,r);13(03) = min {||E||L§_2t((o,T);H3(Q)3) :E e S} -

Remark 3.1. The choice of the stronger Hilbert space L?((0,T); H3(2)3) in Theorem may
appear unnecessarily restrictive compared to the more natural space L*((0,T); H*>(Q)3). However,
this choice is made to ensure consistency with the convergence analysis presented in Section [9] for
the quasi-reversibility method, where the regularization term involves the H®-norm.

Proof of Theorem[3.1. Since p, e, F*, and G* are sufficiently smooth, the forward problem admits
a smooth solution that lies in the admissible set S. Hence, S is nonempty. Define the infimum

a:=inf {|Bllz , (orypmy B €S}

Then for each n € N, there exists E™ € S such that

n 1
a < B2, omims @ <ot . (3.2)
Since the sequence {E"}, ¢y is bounded in Lg_Qt((O, T); H3(Q)3), due to (3.1)),
OEE" = - Hx)V x (17 1(x)V x EM)

is bounded in L2((0,T); H(Q)?). By compact embedding theorems, there exists a subsequence
(still denoted by E™) such that

E" — E* weakly in L2 ., (0,T; (H*(Q))?),
8ttE” — 8ttE* Weakly in LQ(O, T; (Hl (Q))3)

Hence, E* € §. By weak lower semicontinuity and (3.2)), it follows that
1Bl L2, 0.3 (%) = @
To establish uniqueness, suppose there exists another minimizer E' € S such that

||E ||L2 5, ((0,T);H3(Q)3) = &



The convexity of S implies (E* + E!)/2 € S. Therefore,

> a. (3.3)

E* + E!
2

L?_,,((0,T);H3(R2)3)
Applying the parallelogram identity and using (3.3) yields

* 12
B B2 (0, m30)2)

* (12 12
= 2||E ”Li_%((O,T);H3(Q)3) + 2HE ||L§_2t((O,T);H3(Q)3)

E*+E!|

|
2

L2, ((0.1):H3(0)%)

<2a+42a—4a =0,
which implies that E* = E'. This completes the proof. O

Throughout the remainder of the paper, C denotes a generic constant that may change from
one occurrence to another. Its value depends only on the domain €2, the final time 7', and the norm

IE 22, (0,1):m3(0%):

Remark 3.2. In the absence of uniqueness for the system , the minimum-norm framework of-
fers a principled approach for selecting a unique solution from the potentially infinite solution set. By
minimizing a suitable norm over the admissible space S, we obtain the solution with the lowest reg-
ularity cost in the chosen Sobolev space. Mathematically, the well-posedness of the minimum-norm
problem follows from the strict convexity and weak lower semicontinuity of the objective functional
in Hilbert spaces, as well as the closed convexity of the constraint set. Physically, the minimum-
norm solution may be interpreted as the least energetic or most reqular field compatible with the
given boundary data, aligning with principles of parsimony and stability.

Remark 3.3. Aside from the minimum-norm framework, another way to resolve the non-uniqueness
s to enrich the inverse problem with additional information. In particular, if the material param-
eters p and € are scalar-valued and sufficiently regular, and if both the charge density p and the
initial magnetic field Hy are known, then the inverse problem becomes well-posed. Under these as-
sumptions, reconstructing the initial electric field Eg reduces to finding a function E* that satisfies
the following system:

Vx (' (x)V x E(x,t)) + e(x)y]?)(;’w =0, (x,t)€Qp,
V- (e(x)E(x, 1) = p(x), (x,t) € Qr,
OE(x,0) = e 1(x)V x Hy(x), x €Q, (3.4)
E(x,t) = F*(x,1), (x,t) € ',
d,BE(x,t) = G*(x, 1), (x,t) € T'r.

Again, the existence of E* is obvious since F* and G* represent the perfect measured data. The
uniqueness of (3.4) is based on a Carleman estimate. In fact, assume that system (3.4) admits



two solutions, denoted by E1 and Eo. Define their difference W = E1 — Eo. Then W  satisfies the
following homogeneous problem:

(V x (L Hx)V x W(x,1)) + E(X)W =0, (x,t)€Qr,
V- (c(x)W(x, ) = 0, (x,1) € O,
W (x,0) =0, x € (,
Wi(x, ) = 0, (x,t) € Tr,

0, W(x,1) = 0, (x,1) € T'r.

Applying the vector calculus identity for the curl of a product, we compute
Vx (p i (x)Vx W) =p ' (%)VxVxW+Vutx)x (VxW)
= (%) [FAW + V(V - W)+ Vi (%) x (V x W),
for all (x,t) € Qp. Substituting this into the Mazwell equation yields

O*W
ot?

Meanwhile, applying the product rule to the divergence condition gives

LX) [FAW + V(V - W)] + £(x) =0, (x,t)€Qr. (3.5)

V- ()W) = e(x)V - W + Ve(x) - W =0,
from which it follows that
V- -W(x,t) = — 1(x)Ve(x) - W(x, ). (3.6)

Substituting (3.6]) into (3.5)), we obtain the identity

*W

—AW =V (7 () Ve(x) - W) + e(x) 5

=0, (X, t) € Qrp.

where ¢(x) = u(x)e(x). Hence, the governing equation for W is a hyperbolic equation whose principal
part is given by the operator ¢(x) Oy — A. The uniqueness and stability of the associated inverse
source problem can, in principle, be established via a Carleman estimate, as demonstrated in [7,110].
One technical obstacle arises: the result in [7,10] addresses scalar-valued functions, while W is a
vector field. Nonetheless, the argument therein can be extended to the vector case with only minor
modifications. Since the uniqueness of system depends on the assumption that p and Hy are
known, a condition not imposed in our main framework, we present this uniqueness discussion only
for illustrative purposes. The full proof is omitted, and we refer the interested reader to [7,10] for
further details.

4 The Time Dimension Reduction Method

To reduce the computational complexity of the inverse problem, we introduce a spectral time-
projection method that eliminates the time variable from the Maxwell system. This reduction



transforms the original (3 4 1)-dimensional formulation into a purely three-dimensional problem,
thereby facilitating the numerical solution.

For each N > 1, we apply the time-projection operator PV, as defined in , to both sides of
the equation . This yields the projected equation:

’E
? (X’t)] —0, xecR3 >0, (4.1)

N
DV x (BTHR)V x en(x)) Wa(t) +(x) PV [81&2
n=0

where the vector -
[eo e ... eN] = FN[E]

represents the Fourier coefficients of E. To eliminate the time variable, we multiply both sides of
([@.1) by e=2!W,,(t) and integrate over (0,T) for each m € {0,1,..., N}. Using the orthonormality
of {Up}n>0 in L2 ,,(0,T), we obtain

T

V X (M_I(X)V X e (x)) + 5(x)/0 e 2 Ey(x, )V, () dt =0, xeqQ. (4.2)

Define the coefficient matrix

T
Smn = (Vs mdr2_ (o) = / e 2t ()W, (t) dt,
€ 0

and add the term e(x) ZnN:o Smn€n(X) to both sides of (4.2)), giving

N
V x (0 (x%)V x en(x)) +e(x) Z Smn€n(X)
n=0
N T
=£(x) ) _ Smnen(x) — £(x) / e 1B (x, 1)U, () dt. (4.3)
n=0 0
We now state a result for approximating the right-hand side of (4.3)):
Lemma 4.1. Let u € H2((0,T); L2()). Let [ug w1 ... uy] =TFNu]. Then
o0 N T 2
i - 2 v =0.
]\}gnoo Z Z SmnUn (X) /0 e u (X, )W, (1) dt 0
m=0 [[n=0 L2(Q)
Proof. By Proposition we have
2
i |3 v - 2 =0 4.4
N T;) (u(--), n>L§72t(0,T) n(t) — o2 =V (4.4)

L?_5,((0,7);L2(%2))
Using Parseval’s identity and the orthonormality of {W¥,}, we can write the left-hand side of

@) s

2

> al 02u(x, ) >
(u(x, ), U,) O (1) — o g () dx. (4.5)

10



The definitions of s,,, and u, give
N N
<Z (u(x,-), U,) W7, \Pm> = smnun(x),
n=0 Li*%(O’T) n=0
and

2 . T
Pulx,) g = [ e uy(x, ) (t) dt.
2
ot L?_,,(0,T) 0

Substituting into (4.5) and combining with (4.4]) gives

N 2

2
> ), ) W) — O
n=0 L? 5, ((0,T);L3())
[e's) N T 2
= Z/ Zsmnun(x) —/ e 2y (x, 1)U, (1) dt| dx,
m=0 "< |n=0 0
which yields the desired convergence. ]

Thanks to Lemma the right-hand side of (4.3)) vanishes as N — oo, leading to the simplified

equation
N

Vx (5 (X)V X em(x)) +£(x) Y smnen(x) =0, x€Q. (4.6)
n=0
This system represents a coupled family of elliptic equations in three spatial dimensions, with
each e, corresponding to a temporal mode of the electric field. The boundary conditions for e,, are
derived from the measured data via time-projection as given in equations and , completing
the full reduction of the original (3 + 1)-dimensional problem to a sequence of 3D systems.
To determine boundary conditions for each e,,, we apply the Fourier operator FY to the bound-

ary data in (1.2]), yielding:

T T
en(x) = e 2t X, e 2F(x m =:1,,(x), .
() /0 B, )W (1) di = /0 F (5, 1)U (1) dt = () (4.7)
and - -
Dy (x) = /0 20, B(x, 1)U (1) dt /0 2G5, ) Wn (£) dt = g (). (4.8)

Combining the reduced system (4.6) with the boundary conditions and (4.8)), we obtain
the following system of equations for each m=20,...,N:

V x (1 Hx)V X epn(x)) +&(x) SN smmen(x) =0, x€Q,
en(x) = fin(x), x € 99, (4.9)
Ovem(x) = gm(x), x € 0f).



enables the reconstruction of the electric field E(x,t) via the spectral expansion sV [E]. In particular,
the initial state Eg = E(-,0) can be directly recovered, which is essential for solving the inverse
problem numerically.

Remark 4.2. The Legendre-polynomial exponential basis {U,,}n>0 satisfies W #£ 0 for all n > 0.
This property is essential for ensuring the accuracy of our numerical approximation. If a different
basis {¢n n>0 is chosen such that ¢! = 0 for some n, key components of the solution may be omitted.

Notable examples include the standard Fourier basis and classical Legendre polynomials without

the exponential weight. In such cases, the coefficients

T
Srom = /0 O (1) (1)

vanish for all m, causing the corresponding term e, to disappear from equation . This results
in a significant loss of information in the numerical reconstruction.

An alternative to the Legendre-polynomial exponential basis is the polynomial-exponential ba-
sis introduced in [23], which also satisfies the condition ¢ % 0 and yields comparable numerical
performance.

Having reduced the original time-dependent Maxwell system to the static system through
time-projection and Fourier expansion, we now focus on its numerical resolution. In the next section,
we present a quasi-reversibility method for solving this system and establish a convergence theorem
that includes a stability analysis in the presence of measurement noise.

5 The quasi-reversibility method

Recall that F and G represent the measured boundary data defined in (1.2). Let F* and G*
denote their corresponding noise-free versions, and let F® and G represent the noisy measurements.
The measurement noise is assumed to satisfy the bound

* 5112 * 5112 2
||F - F ”L§72t((O,T);L2(8Q)3) + HG - G’ ||L§72t((O,T);L2(8Q)3) S 5 9 (51)

where § > 0 denotes the noise level. The corresponding noise-free and noisy Fourier coefficients of
the boundary data used in (4.9) are denoted by £, and g’,, and £}, and g?,, respectively, for each
m € {0,..., N}. Then, by Parseval’s identity and the bound in (5.1)), we obtain

N
> |:Hf;:z — £l 2o + g, — gin,”%ﬁ(aﬂ)?’} < 6% (5.2)
m=0
The boundary value problem in equation is over-determined and, in general, may not
possess a solution, especially when the boundary data f,,, and g, are replaced by their noisy versions
£ and g’ respectively. To address this challenge, we seek the best-fit solution by minimizing the
following Tikhonov-type regularized functional:

N N 2
INse(V) = Z / V X (Y X))V X vin(x)) + £(x) Z SmnVn(X)| dx
m=0 Q n=0
2 2
+/BQ‘Vm(X) —f,‘;(X)} dcr(X)Jr/(99 Vi (x) —gfn(x)’ dU(X)+€||Vm||§{3(Q)3], (5.3)
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where V = [vo Vi ... VN]T e H3(Q)3*N+D and € > 0 is a regularization parameter. We
minimize Jy s, over the Hilbert space

H:{V:[vo Vi o... VN]T:Vm€H3(Q)3form:O,...,N},

-
N,o . e . .
and denote by V > = [vév 0 viv e vx’é’e] the unique minimizer of the functional.

Remark 5.1 (The existence of Vﬁi’i’g). The functional Jys. defined in admits a unique
minimizer in the space H. This is because Jy ¢ is strictly convex, coercive, and continuous on H.
The strict convexity stems from the regularization term eHVmeqg(Q s, which enforces smoothness
and ensures that the second variation of Jy ¢ is strictly positive. C)oercz'm'ty s also a consequence
of this term, as it guarantees that Je(V) — oo whenever || V|| ysqysxav+) — 0o. Along with the
weak lower semicontinuity of Jn s, these properties collectively ensure the existence and uniqueness

of a minimizer Vr]:;’fl’ﬁ €H.

As described in Remark our time-dimensional reduction strategy employs the space-time
expansion SN [Vﬁ{g’e], defined in (2.2), to approximate the true minimum-norm solution E* to ({3.1)).
While this approximation is computationally practical and often accurate in practice, it naturally
raises a theoretical question regarding its reliability. The remainder of this section is devoted to
addressing this question affirmatively.

The following is our main convergence result.

Theorem 5.1 ( Convergence of the quasi-reversibility method for noisy data). Suppose the noisy
boundary data O and G° satisfy the noise constraint (5.1)), and assume that 6° = o(€) as 6,€ — 0
where € 1s the reqularization parameter. Then:

1. There exists an integer N () > 0 such that for all N > N(6), the following estimate holds:

N N T 2
Z / e(x) Z Smn€n(X) — a(x)/ e 2O E* (x, 1)U, (¢) dt| dx < 6% (5.4)
m=0 Q n=1 0
2. Define the parameter set
©:={(N,6,€) : N > N(5), 8* = o(e)} . (5.5)

Then, as (N, d,€) € © tends to (00,0,0"), we have the following convergence results:

lim sV - B —0, (5.6)
O3 (N.6.0)-(00,0% 0) L2((0,T);H2(2)7)
lim jatSN NN o —0, (5.7)
O3 (N.6.6)-(00,0% 0) L2((0T)L2(2)°)
1. HSN VNZ(S,G . _ E* . ‘ =0. .
93(N,6,e)lan(loo,0+,0+) [ min ]( 0) ( 0) L2(Q)3 0 (5 8)
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Proof. The existence of N(d) and the estimate in follow from Lemma directly. We now
focus on proving the second part of the theorem. The argument is divided into several steps.

Step 1. We begin by applying the time-projection operator PV to both sides of the exact
model (3.1)). This leads to the following equation for each Fourier mode e}, (x) of FN[E*]:

V x (pmH(x)V x e}, (x)) +e(x) /OT e BN (x, 1)V, (t)dt =0, x€Q. (5.9)

Next, using the minimality of VY%

¢ the noise estimate (5.2), and the inequality (a + b)?
2a% + 2b%, we obtain:

JN,&,E(V 09 < I g (FN[EY)

min
< Z
m=0

+ 0% + eller, (x)]|7s g2

“Hx)V x ef,(x)) + £(x) Z Smn€,(X)| dx (5.10)

N T 2
< [2/ V x (71 (x)V x e}, (x)) + s(x)/ e 20 B (x,t) dt| dx
m=0 Q 0
T 2
+ 2/ —E(X)/ “2ouE*(x,t) dt + e(x Zsmne (5.11)
Q 0
2 * (12
+6 +6HemHH3(Q)3] (5.12)
for all N > N(J). Using (5.4] , , and , we obtain the bound:
N
Inae(Vain) <387+ 3 el o (5.13)
m=0
Combining this with (5.3]) and using (2.4)), we get:
N,d,e
1Y VRS IR, oo Z Vol < 22+ Z e By <C. (5.14)

provided that 62 = o(e) and N > N(6).
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Step 2. We next establish bounds for 8,SV [V and 9,SN[VY:*|. More precisely,

min min 1°

,0,€
le 0uSN [V ] Hzz_,, (oryzz@s)

min

< HE&: SN VNée YV X (1Y x SN[VN(Se])‘

min min

L2 5, ((0,T):L2(2)%)

min

+ Hv x (=W x SNV

12, ((0,T);L2(92)?)

1
N 2\ 2
< N N(5,e -1 Ny7N,0,e
< ’mzz: <€a S mm ] + V x ( V xS [len ])7 \I/m>L§2t((0,T);L2(Q)3)
,0,€
+C|ISN VS ]||L o ((0.7);H3(Q)3) (5.15)

where Parseval’s identity has been applied. A direct computation shows that

i ‘<€ attSN[VNj5,€] 1V x (,u_lv y SN[VNJ5’€]) ,\11m>‘2

min min
m=0
2
dx < Jns5 (V29 (5.16)

min

N,6. -1 N,o
U+ VX (u V X v,y 76)

Combining inequalities (5.13), (5.14), (5.15), and (5.16), we obtain the uniform estimate

<C. (5.17)

min e, (oryEa@)?) T

| s V]

This result provides a bound on the second time derivative of SV [an\;ﬂ ‘]. To control the first
time derivative, we apply Lemma [2.1] which implies that

|V IV

min

L2, (0T:L2()%)
< C(HESN v )< C (5.18)

min L§72t((0,T);L2 (©)3)

. Haa SNV

min

2t((O T);L2(Q)3

Step 3. Using the uniform bounds established in (5.14), (5.17), and (5.18), we conclude that
the family

{sVIVNE (V6.0 €0}

min

is bounded in both L2((0,T); H3(Q)3) and H?((0,T); L*(92)3), where O is the set defined in (5.5)).
By compactness of Sobolev embeddings, there exists a subsequence, still denoted by S [VIZX{’G]
that converges as (N, d,€) € © — (00,07,07) in the following sense:

)

SN[V sz weakly in L2((0,T); H2()%),

min

SNIVYN2 5 g strongly in L2((0,T); H2()?),

min

BSNIVN2 5 9,z strongly in L2((0,T); L*(Q)?),

min
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SNV 5 strongly in L2 5,((0,T); L*(99)),

min

88NV 9,5 strongly in L2 5,((0,T); L*(99)?).

min

We now verify that the limiting function z solves the original problem (3.1} . In fact, we have
the inequality:

/ |V x (11 (x)V x z) + E(x)f)ttz]zdxdt —|—/ |z — F*|? do(x) dt
QT FT

+/ 8,2 — G*|* do(x) dt < lim inf JN757E(VQ£’E), (5.19)
I'r O35(N,,6)—(00,01,01)

where we used the lower semi-continuity of convex functionals and the convergence results above.
Substituting the bound from ([5.13) into (5.19), and recalling that 62 = o(¢), we obtain

/ |V x (L' (x)V x z) + e(x)attz’2dxdt +/ 1z — F*|* do(x) dt
Qr

I'r
+/ 10,2 — G*? dor(x) dt
I'r

S 2 * o
= @3(N,62§gl(lg,0+,0+) [35 +elE HL2 ()| =0

Therefore, z satisfies the original model (3.1)).
Step 4. We now demonstrate that z = E*. From the strong convergence of SV [Vg{ff] to z and
the bound (5.14)), together with the assumption 62 = o(e), we obtain

) B .
||Z||L§72t((0,T);H3(Q)3) - O3(N,s E)hn(loo 0+,0t)

362
o dm ( Z eI o >

IEI1Z2

Nix7N,0,e
[S™[Vinin ”|L272t((0,T);H3(Q)3)

IN

IN

_oe ((0T);H3(Q)%)

Since z belongs to the admissible set and achieves the minimum norm, the uniqueness of the
minimizer implies that z = E*. This completes the proof of convergence estimates and ( .
Finally, estimate ) follows directly from . 5.7)) by the standard trace theorem.

O

6 Numerical study

In our numerical simulations, we set the computational domain Q = (—1,1)? and the final time
T = 2.5. The electric permittivity is taken to be constant, e(x) = 1, while the magnetic permeability

p(x) is defined as
1

%/ ’
=¢14+0.1 _
p(x) +U.lexp ( 0.52 — [x2

1, otherwise.

if |x| < 0.5,
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To generate the simulated data, we numerically solve equation using a prescribed initial con-
dition Eg. Since solving Maxwell’s equations on the entire space R? is not practical when the
magnetic permeability p varies spatially, we instead consider a bounded computational domain
G = (—2.5,2.5)% D Q and employ an explicit time-stepping scheme. Provided that the final time 7T
is chosen not too large so that the electromagnetic field does not interact with the boundary of G,
the resulting solution within G, and in particular within €2, serves as a good approximation of the
restriction of the true solution in the full space. When solving the forward problem to generate the
data, we impose the additional condition 0;E(x,0) = 0 to ensure well-posedness of the simulation.
However, this initial velocity information is deliberately excluded from the inverse problem formu-
lation to reflect the practical limitation of incomplete data and test our reconstruction method’s
robustness under under-determined settings.

After computing the electric field E* by solving the forward problem, we extract the exact
boundary data F* and G* by evaluating F*(x,t) = E*(x,t) and G*(x,t) = (V x E*(x,t)) x v for
(x,t) € T'p. To simulate measurement errors, we perturb these data with additive noise to obtain
the noisy boundary observations F° and G?, corresponding to a relative noise level of § = 10%.
The noisy data are generated according to

F’ = F*(1 4 drand), G° = G*(1 + drand),

where rand is a random function returning uniformly distributed values in the interval [—1,1].

Remark and Theorem especially , motivate the following procedure, summarized
in Algorithm |1} for computing the initial electric field Eg. We implement the proposed Algorithm
using a finite difference scheme. The computational domain Q = (—1,1)3 is discretized using a
uniform Cartesian grid consisting of 20 x 20 x 20 points. For the time interval [0, 7] with 7' = 2.5,
we employ a uniform temporal discretization with 73 time steps, resulting in a time step size
of At = % ~ 0.0347. This spatial-temporal discretization is used consistently throughout the
numerical simulation to approximate spatial derivatives and advance the electric field in time.

We determine the regularization parameter € and the truncation order N in Step [1]of Algorithm [I]
through a trial-and-error process. Specifically, we select Test 1 as a reference case and manually tune
the values of IV and € to obtain satisfactory reconstruction results. Once acceptable performance is
achieved for this reference test, we fix these parameters and apply the same values for all subsequent
experiments. In our implementation, we choose N = 15 and € = 1076,

To minimize the functional Jy 5. in Step |4 of Algorithm |1} we employ a linear algebra routine
available in MATLAB. Since Jy s, has a least-squares form involving only linear expressions of
the unknowns, the minimization reduces to solving a large linear system. However, due to the
high dimensionality of our 3D inverse problem and the fact that the electric field E has three
vector components, standard solvers such as 1sqlin are not suitable in our case, as they require
more memory than is available on our machine. Instead, we use MATLAB’s pcg (preconditioned
conjugate gradient) method to efficiently solve the system. For further details on the usage of pcg,
we refer the reader to the MATLAB documentation.

The remaining steps of Algorithm [1] are straightforward to implement and do not pose signif-
icant computational difficulties. Once the basis functions are constructed and the Fourier modes
of the data are computed via numerical quadrature, the reconstruction of the space-time approx-
imation and the evaluation of the initial field follow directly from the definition of the truncated
expansion S. These steps involve basic operations such as function evaluations, summations, and
interpolation on the computational grid.
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Algorithm 1 Time-Dimensional Reduction Method for Reconstructing the Initial Electric Field

Input: Measured boundary data F°(x,t) and G(x,t), noise level 6.
Output: Approximate initial field Ecomp(x) ~ E*(x,0).
1: Choose a regularization parameter ¢ and truncation order N.
2: Construct the basis functions {¥,(¢)}_,.
3: Compute the Fourier modes of the boundary data and source term:

T
f0(x) = / e HF (x, 1)U, (t) dt,
0r forx € Q,me {0,1,...,N}.
g (x) = / 2 G (x, 1)U (1) dt.
0

4: Minimize the cost functional Jy 5.(V) defined in (5.3); let Veomp = Vﬁi’ff denote the obtained
minimizer.
5: Reconstruct the time-dependent approximation:

min

N
SVIVEDYx, ) =Y v )WL () (x,t) € Q.
n=0

6: Output the approximate initial field:

Ecomp(x) := SN[V (x,0).

min

Test 1

The true initial condition is given by the vector field
Etruc _ Etruc Etrue Etruo
0 (X) - ( 1 2 H»L3 )
where each component is defined as follows:

E‘{rue(x) _ 17 if (.T - 04)2 + y2 + (Z + 03)2 < 0.352,
0, otherwise,
1, if0.42 < 2?+ 2% <0.8% and |y| < 0.8,

0, otherwise,

B§(x) = {

1, if max{0.422, (y — 0.55)% + (z — 0.3)%} < 0.32,

0, otherwise.

E§™e(x) = {

The true initial electric field Ef"® consists of three geometrically distinct components: a solid sphere
centered at (0.4,0,—0.3) for E¥"°  a horizontal cylindrical shell with a central void aligned along
the y-axis for F® and a small horizontally oriented solid cylinder offset in the y-direction for
Egrue‘

Figure |1 provides a comprehensive comparison between the true and reconstructed initial field
components using both isosurface and slice visualizations. The top two rows show that the recon-
structed isosurfaces (d)—(f) accurately replicate the true geometric structures (a)—(c). In particular,

18



0.5 1

0.5 1

0.5

-0.5 |

0.5

-0.5

Figure 1: Visualization of the true and reconstructed components of the initial electric field Ef™® =
(Ejrue] pirue girue) . Top row (a)-(c): isosurfaces of the true components. Second row (d)-(f):
isosurfaces of the reconstructed components Egomp, j = 1,2,3. Third row (g)-(i): representative
2D slices of the true components. Bottom row (j)—(1): corresponding slices of the reconstructed
components. The figure demonstrates both geometric and intensity-level agreement between the
true and reconstructed fields.
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the spherical inclusion in Ei™® is sharply recovered in E{°"", while the cylindrical shell with a central
hole in E§™¢ is well-resolved in E5°""| including the internal void. The small horizontally-oriented
cylinder in EY™° is also correctly located and shaped in the corresponding reconstruction.

The bottom two rows (g)—(1) further support the above observations by presenting 2D cross-
sectional slices of the true and reconstructed fields. These visualizations confirm that the proposed
method successfully recovers not only the spatial support but also the amplitude distribution of
each component. The reconstructed field E{°™ attains a maximum value of 0.9819, corresponding
to a relative error of 1.8%. For E5°"P, the peak value is 1.0377, yielding a relative error of 3.7%.
The maximum of E5™P is 1.1662, with a relative error of 16.62%. These levels of discrepancy are
acceptable given that the input data are contaminated with 10% multiplicative noise. The recon-
structed slices (j)—(1) exhibit smooth and well-centered intensity patterns that align closely with the
true profiles (g)—(i), demonstrating both high spatial accuracy and effective contrast preservation.
Collectively, these results highlight the robustness and precision of the reconstruction algorithm in
recovering complex vector fields from noisy, indirect measurements.

Test 2

We now proceed to Test 2 to further evaluate the performance of the proposed reconstruction
method under a different configuration of the initial electric field. In this experiment, we consider a
new set of geometries for Ef™® designed to challenge the algorithm with increased structural com-
plexity and spatial variation. In this test, the true initial electric field E{"¢(x) = (E{rue, pirue pirue)
consists of two spheres and two embedded letters in 3D space:

—

. if (2 +0.55)2 4+ 4% + (2 + 0.5)2 < 0.3,
Eie(x) = 42, if (z — 0.55)% + (y — 0.3)2 + (z — 0.5)? < 0.32,

0, otherwise,

E;rue(x) = XT(.CC, Y, Z), Egrue(x) = XY(‘T7 Y, 2)7

where xy7 and yy are characteristic functions corresponding to the 3D extrusions of the 2D binary
letter images "T” and 'Y, respectively. The letter "T is extruded over the slab z € [—0.75,—0.3],
and the letter Y’ over z € [0.3,0.9].

Figure[2]illustrates the reconstruction results for Test 2 under 10% multiplicative noise. The first
component E™® contains two distinct spherical inclusions of different amplitudes, both of which are
accurately captured in the reconstruction E{*™? (subfigures a and d), with correct relative sizing and
spatial separation. The second and third components embed the letters T’ and 'Y’ as volumetric
shapes. The isosurfaces of E5”™" and E3”™P (subfigures e and f) show that the reconstruction
effectively preserves the topology and orientation of the original characters (subfigures b and c),
despite the presence of significant noise.

The 2D slices in subfigures (g)—(1) offer further insight into the reconstruction fidelity. The slices
of E{°™P (j) accurately reflect the location and amplitude of both spherical regions observed in the
true field (g). For the symbolic components, E5"" (k) and E5”™P (1) preserve the structure of the
letters "T” and 'Y’ with only minor diffusion and smooth deformation, demonstrating resilience to
noise and strong contrast recovery. Overall, the reconstructions exhibit excellent agreement with
the ground truth in both geometry and intensity, confirming the robustness of the method under
noisy conditions.
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Figure 2: Visualization of the true and reconstructed components of the initial electric field Ef® =
(Ejrue] pirue girue) . Top row (a)-(c): isosurfaces of the true components. Second row (d)-(f):
isosurfaces of the reconstructed components E;*", j = 1,2,3. Third row (g)—(i): representative
2D slices of the true components. Bottom row (j)—(1): corresponding slices of the reconstructed
components. The figure demonstrates both geometric and intensity-level agreement between the
true and reconstructed fields.
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Quantitatively, the reconstructed upper sphere in E{°™P reaches a maximum value of 2.0553,
corresponding to a relative error of 2.76%, while the lower sphere attains a maximum of 1.0395,
yielding a relative error of 3.95%. For the symbolic components, the peak value within the letter "T’
in E5°"" is 1.1014, with a relative error of 10.14%, and within the letter 'Y’ in E5°™" the maximum
is 1.1411, resulting in a relative error of 14.11%.

Test 3

In this test, the true initial electric field E§"¢(x) = (Ei1e, e Fire) is defined by the following
component-wise expressions:

2.5, if max{5|z + 0.55|,|y|} < 0.9 and |z + 0.4] < 0.3,
Ei™(x) =<3, if (z—0.55)2+y%+ (2 —0.4)? < 0.3%,

0, otherwise,

2.5, if max{5|x 4+ 0.5/, |y|} < 0.9 and |z + 0.4| < 0.3,
Ey"(x) =<3, if max{5|z —0.5],]|z|} < 0.9 and |y — 0.5 < 0.3,

0, otherwise,

2, if (x —0.5)2 4 (y — 0.4)%2 + (2 — 0.3)2 < 0.32,

0, otherwise.

Ee(x) = {

Figure |3| presents the reconstruction results for Test 3, which features a mix of anisotropic
slab-like structures and spherical inclusions with varying amplitudes. The top two rows show the
isosurface plots of the true (a)—(c) and reconstructed (d)—(f) components. In E  the algorithm
successfully recovers both the spherical inclusion on the right and the elongated rectangular slab on
the left. The reconstruction E{°™ (subfigure d) maintains the separation and relative amplitudes
of these two regions, with smooth transitions and accurate geometric profiles.

In B (subfigure b), the geometry includes two orthogonally oriented slab-like inclusions. The
reconstruction E5”™ (e) captures both features with reasonable sharpness and intensity contrast,
though minor deformation is observed near the corners due to the anisotropic structure. The
spherical region in E{™® (c) is also accurately reconstructed in E5”™" (f), with the location and
shape well preserved.

The bottom two rows (g)—(1) show 2D cross-sectional slices of the true and reconstructed compo-
nents. The slices of E{°" (j) and E5°™" (k) demonstrate that the spatial support and amplitudes of
the rectangular and spherical regions are well maintained, although slight blurring occurs at sharp
edges. In E3”™P (1), the intensity distribution closely matches that of the true slice (i), confirming
accurate localization and amplitude reconstruction.

Quantitatively, the reconstructed field E®™P yields the following maximum values in their re-
spective target regions. Inside the disk centered at (0.55,0,0.4) with radius 0.3, the maximum of
E°™P is 3.33, corresponding to a relative error of 11%. Within the slab region, the maximum of
E7°™P is 2.883 (15.32% error), while the maximum of E5”" in the vertical slab is 2.918 (16.67%
error), and in the horizontal slab is also 2.918 (8.43% error). For E5”"P, the maximum value in-
side the disk is 1.8298, resulting in a relative error of 8.51%. Given the ill-posed nature of the
inverse problem and the presence of 10% noise in the data, these reconstruction errors are within a
reasonable and acceptable range.
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Figure 3: Visualization of the true and reconstructed components of the initial electric field Ef® =
(Ejrue] pirue girue) . Top row (a)-(c): isosurfaces of the true components. Second row (d)-(f):
isosurfaces of the reconstructed components E;*", j = 1,2,3. Third row (g)—(i): representative
2D slices of the true components. Bottom row (j)—(1): corresponding slices of the reconstructed
components. The figure demonstrates both geometric and intensity-level agreement between the
true and reconstructed fields.
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Overall, despite the presence of 10% multiplicative noise, the proposed method demonstrates
strong robustness and fidelity in reconstructing complex spatial structures involving both isotropic
and anisotropic features.

7 Concluding Remarks

In this work, we have developed and analyzed a time dimension reduction framework for re-
covering the initial electric field Eg in time-domain Maxwell’s equations. The proposed method
leverages a projection onto a Legendre polynomial-exponential basis in time, effectively transform-
ing the original (3 4+ 1)-dimensional inverse problem into a sequence of purely spatial problems in
three dimensions. This transformation provides significant computational and analytical advan-
tages, particularly by allowing us to relax the requirement of knowing the initial velocity 0, E(x,0),
which is commonly unavailable in practical settings.

To address the under-determined nature of the problem, we introduced a minimum norm for-
mulation that selects among all admissible solutions the one with smallest joint L?((0,7); H?(2)?3)
and H?((0,T); L?>(Q)3) norm. This approach is inspired by the Moore-Penrose-type regularization
framework, ensuring both stability and physical plausibility of the reconstruction. We proved a
convergence theorem guaranteeing the accuracy of the proposed method under noise-contaminated
boundary data.

Our numerical experiments in three dimensions validate the theoretical results and demonstrate
the method’s robustness and efficiency. In particular, the reconstructions of Eq achieved reasonable
accuracy even in the presence of 10% noise, with relative errors ranging between 8% and 16%
across several geometric regions of interest. These results affirm the potential of the time reduction
approach as a reliable and computationally feasible tool for solving ill-posed inverse problems in
time-dependent Maxwell systems.

In addition to the primary contributions, the proposed method offers several advantages that
enhance its practical applicability. First, the time-dimensional reduction approach simplifies the
original (3 + 1)-dimensional Maxwell system to a sequence of 3D problems, effectively eliminating
the need to specify the initial velocity 0;E(x,0). This stands in contrast to traditional methods,
which typically require 0;E(x, 0) as part of the initial data—information that is often inaccessible in
real-world applications. Our method bypasses this requirement, thereby broadening its usability in
practical scenarios. Second, the use of a minimum-norm framework addresses the non-uniqueness
that naturally arises in our under-determined problem setting, offering a well-posed strategy to
select a physically meaningful solution. Third, the convergence theorem established in this work
rigorously confirms the stability of the proposed reconstruction algorithm, even under noisy mea-
surements. Finally, the effectiveness of our approach is demonstrated by a 3D numerical example,
where high-fidelity reconstruction is achieved with acceptable error levels despite the ill-posed na-
ture of the inverse problem and the presence of 10% noise. Together, these contributions highlight
the robustness and versatility of our method for solving time-domain inverse problems in electro-
magnetics.
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