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Abstract

Supervised fine-tuning (SFT) on domain-specific
data is the dominant approach for adapting foun-
dation models to specialized tasks. However, it
has been observed that SFT models tend to forget
knowledge acquired during pretraining. In vision
models, ensembling a pretrained model with its
fine-tuned counterpart has been shown to mitigate
this issue (Wortsman et al., 2022b). In this work,
we demonstrate that the same holds for language
models, and, more strikingly, we observe an over-
adaptation phenomenon: the ensemble model not
only retains general knowledge from the founda-
tion model but also outperforms the fine-tuned
model even on the fine-tuning domain itself. De-
spite the empirical success of ensembling, a the-
oretical understanding of its benefits remains un-
derexplored. We develop a formal theoretical
analysis of the overadaptation phenomenon. En-
sembling mitigates this by balancing two primary
sources of error: bias, caused by insufficient fine-
tuning, and variance, introduced by overfitting to
fine-tuning data. While regularization techniques
aim to address this trade-off, we show that en-
sembling provides a more effective solution. We
analyze this phenomenon in over-parameterized
linear settings and demonstrate that interpolating
between pretrained and fine-tuned weights sig-
nificantly improves performance. These findings
offer theoretical justification for the observed ad-
vantages of model ensembling, supported by em-
pirical experiments consistent with our analysis.
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1. Introduction

With the remarkable success of large language models
(LLMs) such as GPT-4 (Achiam et al., 2023), Gemini (Team
et al., 2023), and Claude (Anthropic, 2023), the pretrain-
finetune paradigm has gained significant attention for its
outstanding performance. Supervised fine-tuning (SFT) is
a widely adopted approach for adapting foundation models
to specific downstream tasks. However, a well-known chal-
lenge with SFT models is the tendency to forget information
acquired during pre-training (McCloskey & Cohen, 1989;
Goodfellow et al., 2013). Model ensembling, also known as
model averaging, has emerged as one of the most effective
strategies to address this issue. Its benefits have been em-
pirically demonstrated in vision models (Wortsman et al.,
2022b) and in reinforcement learning from human feed-
back (RLHF) (Lin et al., 2024). By simply interpolating the
weights of pre-trained and fine-tuned models, ensembling
has shown competitive performance in mitigating forgetting
compared to other approaches. In this work, we observe
that the same advantage extends to supervised fine-tuning
of LLMs. Moreover, beyond its effectiveness in mitigating
forgetting on upstream tasks, we also observe a surprising
phenomenon of overadaptation, which reveals that model
ensembling can outperform the fine-tuned model even on
downstream tasks, where the fine-tuned model is expected to
excel, which also aligns with previous results in Wortsman
et al. (2022b); Lin et al. (2024).

However, despite the impressive empirical effectiveness of
ensemble methods, the corresponding theoretical insights
are still limited, especially in the context of modern over-
parameterized model. Most theoretical studies on ensem-
bling have focused on traditional under-parameterized set-
tings (Brown et al., 2005; Lin et al., 2023; 2024), which
do not align with the current use of over-parameterized
large neural networks. While some works (Allen-Zhu & Li,
2020; Hao et al., 2024) have demonstrated the benefits of en-
sembling independently trained models, these only address
improvements in out-of-distribution (OOD) robustness. To
the best of our knowledge, no existing work has addressed
the central question:

Why does ensembling achieve such remarkable efficiency,
enhancing both generalization on downstream tasks and
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mitigating forgetting on upstream tasks?

In this work, we address this question by investigating the
role of ensembling in addressing the overadaptation phe-
nomenon. During supervised fine-tuning, specialized fine-
tuned models overly focus on downstream tasks, leading
to a loss of valuable information retained in the pre-trained
model. The effectiveness of ensembling can be attributed to
its ability to mitigate overadaptation. By simply averaging
the weights of the pre-trained and fine-tuned models, the
ensemble recovers the information lost during fine-tuning
while preserving the knowledge gained from the fine-tuning
process.

Specifically, we start with presenting empirical evidence in
Section 3 that highlights the harmful effects of overadapta-
tion and demonstrates the efficiency benefits of ensembling
in both improving fine-tuning performance and mitigating
forgetting. Building on these observations, we develop a
formal theoretical framework in Section 4 and Section 5 to
analyze the effectiveness of model ensembling, focusing on
its impact on fine-tuning tasks and pre-training task reten-
tion. We attribute the improved performance of ensembling
to its ability to better balance the “bias-variance” trade-
off in test error. To simplify our explanation, we model
the pre-training and fine-tuning processes using an over-
parameterized linear setup. Within the context of canonical
linear regression, we represent the pre-trained model as the
“ridgeless” estimator on Task 1. For fine-tuning on Task 2,
total overfitting (overadaptation) is characterized by “ridge-
less” regression, while non-overfitting approaches, such as
early stopping, are captured through ridge regression (Lin
& Rosasco, 2017; Lu et al., 2022). Our main theoretical
findings can be summarized as follows.

1.1. High-level theoretical insights

On the theoretical side, based on an over-parameterized
regression setup, after pre-training on Task 1, we fine-tune
the model on a specific Task 2. The results are stated on two
aspects as follows.

Focusing on the performance on Task 2, we prove that

1. (Poor Performance of pre-trained Model): The pre-
trained model exhibits a high “bias” term in test error
due to its inability to capture task-specific information
for Task 2;

2. (Limitations of fine-tuning without regularizer): Fine-
tuning without any regularization, i.e., using a “ridge-
less” estimator, results in a high “variance” term in test
error due to overfitting (overadaptation) on noisy data,
leading to poor performance;

3. (Impact of regularization in fine-tuning): Applying
ridge regression during fine-tuning helps mitigate over-

fitting by achieving a better balance in the “bias-
variance” trade-off, thereby reducing test error;

4. (Ensemble for improved trade-off management): Com-
bining the pre-trained model with either the ridge or
“ridgeless” fine-tuned model enables a more effective
balance of the “bias-variance” trade-off in test error,
leading to improved performance on Task 2.

And for the forgetting phenomenon, we consider the perfor-
mances on both Task 1 and Task 2, establishing that

1. (Impact of regularization in forgetting): Without hurt-
ing the performance on Task 2, ridge regression mit-
igates forgetting on Task 1 by balancing the “bias-
variance” trade-off, effectively managing both pre-
trained and fine-tuned errors simultaneously.

2. (Ensemble for enhanced forgetting mitigation): Lever-
aging the pre-trained and fine-tuned models, ensem-
bling further improves such “bias-variance” balance,
providing an additional reduction in forgetting.

1.2. Empirical validation overview

Our theoretical analysis is mainly inspired by the “magical”
empirical results, which are deferred to Section 3. Here
we highlight the main results, to show the consistency be-
tween our theoretical results and the empirical phenomenon.
Specifically, we give empirical evidences showing that:

1. (Harmful overadaptation in fine-tuning): When the
training process extends into the “overfitting” regime
(without applying early stopping), fine-tuning perfor-
mance deteriorates;

2. (Enhanced performance through ensemble): Model
ensemble consistently improves model performance
across various experiment settings, both achieving bet-
ter performance on fine-tuning tasks and mitigating
forgetting on pre-training tasks efficiently.

2. Related Works

There exists a substantial body of work on model ensemble,
pre-training and fine-tuning. In this section, we review the
most relevant works to ours.

Model ensemble. Model ensemble has been a popular
technique to enhances generalization performance, as docu-
mented in the existing literature (Hansen & Salamon, 1990;
Krogh & Vedelsby, 1994; Perrone & Cooper, 1995; Opitz &
Maclin, 1999; Dietterich, 2000; Zhou et al., 2002; Polikar,
2006; Rokach, 2010; Rame et al., 2022; Arpit et al., 2022;
Kumar et al., 2022a; Wortsman et al., 2022a; Lin et al.,
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2023). Recently, ensemble the pre-trained and fine-tuned
models has been verified to benefit the out-of-distribution
robustness (Wortsman et al., 2022b), as well as decreasing
forgetting in reinforcement learning from human feedback
(Lin et al., 2024).

Understanding model ensemble. On the theoretical side,
works explaining the good performance of ensemble are
limited, especially in the context of overparameterized mod-
els. In traditional underparameterized settings, Brown et al.
(2005) decomposes the prediction error of ensemble models
into bias, variance and a covariance term between individual
models, proposing algorithms to encourage the diversity of
individual models to reduce the covariance term; similarly,
Lin et al. (2023) showed that ensembling two independently
trained models increases feature diversity, thereby improv-
ing out-of-distribution (OOD) robustness, while Lin et al.
(2024) extended this framework to demonstrate that fea-
ture diversity also mitigates forgetting on upstream tasks.
In the case of over-parameterized models, recent works
such as Allen-Zhu & Li (2020) and Hao et al. (2024) have
shown that ensembling independently trained models im-
proves OOD robustness. A comprehensive explanation for
the improved model efficiency remains lacking.

Pre-training and fine-tuning. The pre-training and fine-
tuning paradigm have become a cornerstone in developing
high-performance models across various domains, partic-
ularly in large language models (LLMs). Recent advance-
ments have focused on enhancing this framework through
various techniques. The LP-FT technique, introduced by
Kumar et al. (2022b), involves initializing the pre-trained
feature extractor with a reasonably good classifier; Huang
et al. (2021) proposed low-rank adaptation (LoRA) to re-
duce the number of trainable parameters during fine-tuning,
which benefits parameter-efficient training; Tian et al. (2023)
presented a trainable projected gradient method aimed at
enhancing out-of-distribution (OOD) generalization; model
ensemble has also demonstrated effectiveness in improv-
ing performance, as evidenced by many studies (Cha et al.,
2021; Chu et al., 2022; Wortsman et al., 2022a; Lin et al.,
2024).

3. Motivated by the Intriguing Phenomenon

We start our observation on instruction-following fine-
tuning tasks, highlighting the empirical findings from three
key aspects: (i) the impact of using a regularizer versus
overfitting (overadaptation), the performance of ensembling
pre-trained and fine-tuned models on (ii) fine-tuning tasks
and (iii) pre-training tasks.
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Figure 1. Early Stop Experiments: The performance on MT-
Bench when the training epoch increases. We conduct vanilla
fine-tuning and DiffNorm-Penalty fine-tuning with Llama-3-8B
on Dolly dataset.

3.1. Datasets and Benchmarks

Our experiments utilize the Dolly dataset (Conover et al.,
2023), a popular instruction-following dataset that covers a
wide range of tasks, including Creative Writing, Closed QA,
Open QA, Summarization, Information Extraction, Classifi-
cation and Brainstorming, ensuring its high-diversity.

The LLMs’ instruction-following ability is evaluated on
MT-Bench (Zheng et al., 2023) with single-answer grad-
ing. This benchmark prompts conversational assistants with
challenging multi-turn open-ended questions and utilizes
“LLM-as-a-judge” for evaluation, which comprises 80 ques-
tions, evenly distributed across 8 categories: Writing, Role-
play, Extraction, Reasoning, Math, Coding, Knowledge I
(STEM), and Knowledge II (humanities/social science). For
each response, the LLM judge of GPT-4 will provide a
score on a scale of 1 to 10, indicating the overall instruction-
following ability of the evaluated conversational assistant.

We also assess LLMs’ general ability on MMLU
(Hendrycks et al., 2021) and Commonsense-QA (Talmor
et al., 2019). MMLU is a dataset containing 57 tasks in-
cluding mathematics, chemistry, computer science, law,
and more, which measures multi-task ability and requires
extensive world knowledge and problem-solving ability.
Commonsense-QA contains more than 10K real-world com-
mon sense questions. It requires LLMs to identify related
real-world knowledge and distinguish the distracted an-
SWers.

The goal of the experiments is to highlight the strengths
of regularization and ensembling in improving the tradeoff
between instruction following and general abilities, reveal-
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ing that these common generalization techniques not only
enhance downstream task performance, but also alleviate
forgetting issues in LLMs.
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Figure 2. Experiments on Commonsense-QA and MT-bench:
The performance tradeoff on MT-Bench and Commonsense-QA
for ensemble methods and fine-tune methods. The ensemble meth-
ods are based on the pre-trained model and the DiffNorm-Penalty
model, where the results of different 7 values and seeds are pre-
sented here. We use Llama-3-8B in our experiments.

3.2. Experiment Settings

Our experiments are based on three well-known open-source
base models: Llama-3-8B (Dubey et al., 2024), Qwen2-7B
(Yang et al., 2024), and Gemma-2-9B (Team et al., 2024),
where for each model, we compare the vanilla fine-tuning
approach to variants with generalization techniques applied.
Depending on whether or not ensembling is used, and which
types of regularization are adopted, totaling 2 x 2 = 4
variants are proposed to be compared with the vanilla fine-
tuning baseline.

For regularization, an additional penalty term of ||A||2 or
[0 — 6,13 is added to the fine-tuning loss, where § means
the fine-tuned model parameters and 6, represents the pre-
trained weights. We denote those variants as Normal-
Penalty and DiffNorm-Penalty separately. For ensembling,
the parameters of fine-tuned models are weighted-averaged
with the pre-trained model. Those variants are denoted as
Avg-Norm-Penalty and Avg-DiffNorm-Penalty, respectively.
We make our implementation publicly available '. For more
experimental details, please refer to Appendix A.

3.3. Results

Our empirical results uncover three key issues in the stan-
dard fine-tuning process, as shown in Figure 1, Table 1,
Figure 2 and Figure 3:

"https://github.com/xypan0/LLMPForgetting

Overfitting (overadaptation) is harmful during the fine-
tuning process. In Figure 1, we show the training process
on the Dolly dataset and performance on MT-bench without
applying early-stopping. It becomes evident that perfor-
mance deteriorates quickly with additional epochs, indicat-
ing harmful overfitting. Even with early stopping, as seen in
Table 1, the use of regularizers, such as Norm-Penalty and
DiffNorm-Penalty, improves generalization performance
compared to non-regularized fine-tuning (Vanilla-FT).

Ensemble enhances generalization performance. As
shown in Table 1, the ensemble of pre-trained and fine-tuned
models consistently outperforms the individually fine-tuned
models on fine-tuning tasks. This improved performance
highlights the effectiveness of model ensembling, aligning
with the empirical findings in Lin et al. (2024). Although
both methods, Norm-Penalty and DiffNorm-Penalty, use
early-stopping to prevent overfitting, they apply different
penalties additionally in the training process. Interestingly,
in our experiments, Norm-Penalty consistently outperforms
DiffNorm-Penalty in almost all settings, suggesting that
the choice of regularizer plays a crucial role and warrants
further exploration.
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Figure 3. Experiments on MMLU and MT-bench: The perfor-
mance tradeoff on MT-Bench and MMLU for ensemble methods
and fine-tune methods. The ensemble methods are based on the
pre-trained model and the DiffNorm-Penalty model, where results
of different 7 values and seeds are presented here. We use Llama-
3-8B in our experiments.

Ensemble improves trade-off between pre-training and
fine-tuning tasks. We also evaluate the trade-off between
pre-training tasks (Commonsense-QA and MMLU) and the
downstream task (MT-bench). The results are shown in
Figure 2 and Figure 3. Compared to individually fine-tuned
models, ensemble models achieve better trade-offs on these
tasks especially when 7 is larger than 0.5. The ensem-
ble models generally have a high MT-bench score while
maintaining good performance on Commonsense-QA and
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MMLU. The fine-tuned models would suffer from more
forgetting if they achieve high MT-bench scores. The re-
sults suggest that ensemble methods could achieve a good
balance of instruction-following ability and generalization
ability.

4. Problem Setup and Notations

Notation. For any matrix A, we use || A2 to denote its {5
operator norm and use tr{A} to denote its trace. The i-th
largest eigenvalue of A is denoted as p;(A). The transposed
matrix of A is denoted as AT. And the inverse matrix of A
is denoted as A~!. The notation a = o(b) and a < b mean
that a/b — 0, @ = w(b) means that a/b — oo, a = O(b)
means that a/b is bounded, and a =< b means a = O(b) as
well as b = O(a).

Given the significant performance improvements achieved
through ensembling, we seek to understand its benefits in
this section. To this end, we analyze its effects within the
framework of over-parameterized linear regression.

To be specific, the pre-training process is taken on Task 1,
where n i.i.d. training examples (z1,y1), . - ., (Zn, Yn) from
distribution D take values in R” x R and obey the following
linear model with parameter § € RP:

Ely; | x;] = x?&. €Y

To capture the strong performance of the pre-trained model,
we consider the min-norm (“ridgeless’) estimator on Task
1:

0, := XT(XxXT)"ly, )

where X = [z1,...,2,)7 € R"™P and YV =
[Y1,...yn]T € R™. Starting with the pre-trained estima-
tor 0y, fine-tuning process is taken on Task 2, where 7 i.i.d.
training examples (Z1, 1), - . ., (Tn, Yn) are sampled from
another distribution D 2 as well as following another linear
model: _

Ely; | ;] = ] 0. 3)

(2

During the fine-tuning process, we consider two scenarios.
The first is “ridgeless” regression, defined by the following
objective function:

argmin |0 — 6,]2, st XO=Y,
0

where X = [#,...,%,)7 € R™P and ¥ =
[U1,- -, 9n)T € R™. Accordingly, the estimator is as
0y := 0, + XT(XXT)"L(Y — X0,). (4)

For simplicity, we assume that the sample sizes for pre-
training and fine-tuning are the same. However, our results remain
valid even when using a larger dataset for pre-training compared
to fine-tuning.

The second objective function incorporates a regularizer
with parameter \ to avoid overfitting, as in ridge regression:

1 ¢ ~ ~ .
argmin = {[}.X0 — V3 + X0 — 13|
which implies a solution as
0y = XT(XXT +nAI)~H (Y — X6,). (5)

With the pre-trained estimator and fine-tuning estimator, we
also consider the ensemble ( weighted averaging) estimator:

éf\ =(1- 7')91 + 70, where 6 =050y, (6)
with an averaging coefficient 0 < 7 < 1. In our settings,

the performance measures for an estimator 6 are the excess
mean squared errors on Task 1:

Epre(é) = E(a:*,y*ﬁ) [(ﬂffé - y*)Q] - IE(ac*,y*) [(3339 - y*)Z]
=E,, [(:ETHA — xf@)g],

and Task 2:

Eft(é) = ]E(:f*,y*,é) [(ﬁé - ﬂ*)Q] -Ea. 4. [(5215* g*)Q]
= Bz, [(@70 - 70)*),

where the variables (x,y,) and (Z,, 7, ) are independent
copies of (z1,y1) and (Z1, ¥1) respectively.

Motivation for the objective function. The two objective
functions used in the fine-tuning process serve to character-
ize the presence or absence of early stopping. Specifically,
if early stopping is not employed, the overadaptation on
downstream tasks can be described as “ridgeless” regression.
Conversely, if early stopping is applied, it can be viewed as
utilizing a ridge regularizer (Lin & Rosasco, 2017; Lu et al.,
2022).

In further analysis, we adopt the following assumptions on
settings above:

1. On Task 1, z; = X/?p;, where ¥ := E[z;a]] =
diag[Aq, ..., A\p], and the components of 7; are inde-
pendent o, -subgaussian random variables with mean
zero and unit variance;

2. On Task 2, 7; = XY/27,;, where ¥ := E[7;77] =
diag[xh . ,Xp], and the components of 7}; are also
independent o,-subgaussian random variables with
mean zero and unit variance;

3. Ely; — 27'0|z;,0)> = E[e;]? = 0% > 0, E[g; —
?L"ZT€|%Z, 9}2 = E[EZP =52> 0;
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Table 1. MT-Bench scores of models fine-tuned on Dolly (Conover et al., 2023).

METHODS REGULARIZER ENSEMBLING \ LLAMA-3-8B QWEN2-7B  GEMMA-2-9B
VANILLA-FT - X | 5.68 6.57 6.52
NORM-PENALTY 16113 X \ 5.84 6.81 6.59
DIFFNORM-PENALTY 16 — 6.3 X \ 5.78 6.68 6.65
AVG-NORM-PENALTY 1113 v \ 5.96 7.10 6.83
AVG-DIFFNORM-PENALTY 16 — 613 v ‘ 5.85 6.84 6.89

4. The true model parameters 9,5 are independent of
samples, and could be decomposed as

0=0.+ar, 0=0,+as,

where 0., a1, a2 are independent with each other, as
well as holding [|0.]|3 < oo, Elaial] = (11, and
E[azad] = (a1, where (1, (2 > 0.

Discussion on the setting. Pre-trained models often
achieve reasonably good generalization across various tasks,
and fine-tuning serves to enhance their performance on some
specific tasks. Thus, it is reasonable to assume that, despite
the differences between Task 1 and Task 2, they share many
similarities, which makes the “benign overfitting” estima-
tor 0; a good “initial point” in fine-tuning process. This
leads us to posit that the true model parameters 6 and 7]
share significant information, represented by 6., while also
exhibiting some differences characterized by o and as.
Additionally, we assume that X’ and X' share a large amount
of same eigenvectors (see Condition 1), further reflecting
the similarity between Task 1 and Task 2.

The connection between theoretical and empirical re-
sults. The theory aims to provide explanations for the
benefits of ensemble, adopting a linear setting for intuitive
insights. Such simplifications have been widely used in
prior works (Mallinar et al., 2022; Kumar et al., 2022b).
The connection between theoretical and empirical results
can be established by adopting an NTK explanation, as
fine-tuning results in parameters close to pretraining points.
Specifically, for a nonlinear neural network f(z, ) in the
NTK regime, we approximate it using a first-order Taylor
expansion f(z,9) ~ f(z,9) + Vyf(x,90)T (9 — Jo).
Comparing this with the linear setting y = 27'6,, we can
interpret the “features” in neural networks, i.e., Vy f (x, J),
as the input x in the linear model, and the trainable parame-
ter ¥ — ¥ as the parameter 6, in y = x70,. Since f(x, o)
remains unchanged during training, its effect can be disre-
garded in this simplification. And in our linear setup, the
high-dimensional assumption on x (see Condition 2) can
characterize the “features” Vy f(z,¥o) in overparameter-
ized neural networks.

5. Main Theorems and Interpretations

In this section, we present the test performance of various
estimators and provide explanations for the improvement
in both generalization on fine-tuning tasks and forgetting
mitigation on pre-training tasks achieved through model
ensemble, highlighting the “bias-variance” trade-off phe-
nomenon. To simplify our explanations, we consider the

covariance matrices for x, T as follows,
Condition 1. Denoting X~ := diag{\1,..., A\, } and Y=

diag{xl, .

L
A =
{%

And our main theorem is also based on the following condi-
tion:

,Ap}, we have

1, i=1,...,k%

i=1,... k", ot
k* < i <p,

)\.
i>k*, '

i>P.

Condition 2. We consider the following three items:

1. (good performance of pre-trained model) For Task 1,
there exists a constant 0 < € < 1, such that

k* p=w(n), p= 0(n1+5),

2. (sparsity of Task 2) For Task 2, the following conditions
hold

p>n, pxn, py=<1, py>2c15°/C,

where c1 > 0 is a constant only depending on o .

3. (non-negligible data noise and task difference) For the
noise level and the “bias” parameter a1, aia, we have

Cl = O(n—f), JCQ =0 4-2 = 0(1)7
Co = w(max{n~179/2 n=}),

2

~2
=o°,

Discussion on the conditions. Condition 1 describes a
high-dimensional eigenvalue structure characterized by sev-
eral “large” eigenvalues alongside many “small” ones. This
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structure aligns with the eigenvalue decay observed in gen-
eral kernel matrices within deep neural networks (Fan &
Wang, 2020; Li et al., 2024). We can further validate this
assumption by analyzing the eigenvalue distribution of the
Hessian matrix in practical models using PyHessian (Yao
et al., 2020) and variants of Lanczos algorithms(Zhang et al.,
2024), which confirms the presence of several “large” eigen-
values and many “small” eigenvalues. In Condition 2, the
first item reflects the “benign” overfitting scenario discussed
in Bartlett et al. (2019), which helps to characterize the good
performance of the pre-trained model. The second item de-
lineates the “sparse” structure of Task 2, i.e, there are many
zero eigenvalues in Y. Such sparse structure observed in
fine-tuning tasks reflects the nature of knowledge special-
ization across different inputs. While pretraining involves
diverse inputs encompassing broad knowledge, fine-tuning
is performed on specific tasks with a narrower scope, lead-
ing to a “sparse” structure in our theoretical formulation.
The third item outlines certain conditions that address the
significance of data noise and the differences between the
two tasks. Since the specific order relationships are techni-
cal assumptions intended to clarify our theoretical results
more clearly, we believe that relaxing them will not compro-
mise our theoretical intuition. We consider this a possible
direction for further exploration.

Before delving into our main results in Theorem 5.1, we
introduce two notations:

,._ o

=
7 (A) 1= Gtr{(XXT +nA) ' XEXT}

(a%r{(f{)?T )X EXT)

~ ~ ~ ~ ~ ~ ~~ ~ -1
+Ctr{(XXT +nX) ' XXT(XXT + n)J)_lXEXT}> ,

The main theorem is then stated as follows:

Theorem 5.1. For any o, € defined above, as Condition 1
and Condition 2 are satisfied, there exists a constant ¢ > 1
such that for 6 € (0,1) and In(1/8) < né/c, with probabil-
ity at least 1 — § over X, )N(,

1. (the effectiveness of regularization.) for any 0 < \ <
2)\, we have

[.:ft(ék) < Lft(éQ) < Eft(él).

2. (forgetting mitigation with model ensemble.) for any
0<A<2Nand 7' (N)/2 <7 <1, we have

The detailed proof is in Appendix C. The results highlight
three key insights: (i) selecting an appropriate regularizer
during fine-tuning helps reduce overadaptation on noisy
samples, leading to improved generalization on fine-tuning
task; ensembling the pre-trained and fine-tuned models can
decrease overadaptation further, then (ii) enhances perfor-
mance on fine-tuning task, as well as (iii) mitigating for-
getting phenomenon on pre-training task. These benefits
can be understood through a “bias-variance” trade-off
phenomenon:

1. Both £, and Lg contain “bias” term and “variance”
term.

2. The pre-trained estimator 0, is mainly dominated by
“bias” terms, as it is induced from a sufficiently high-
dimensional distribution (see Condition 2). It performs
poorly on Task 2 and achieves good performance on
Task 1, because it only contains the information in pre-
training process, and lacks information specific to Task
2, resulting in a small “bias” term in L., as well as a
large “bias” term in Lg;.

3. On the other hand, the “ridgeless” estimator 92, though
it minimizes “bias” error, overfits the noisy training
data during fine-tuning, causing a significant “variance”
term in L and both large “bias” term and large “vari-
ance” term in Lpye.

4. Introducing a proper regularizer has the ability to
achieve better performance on L¢ and Lpre + L,
by balancing the “bias” and “variance” errors more
effectively.

5. The improved generalization on both L and Lpre+ L
from model ensemble results from further balancing
these error terms with a properly chosen weight 7,
which applies to both the “ridgeless” estimator 05 and
the ridge-regularized estimator N

Comparing with previous viewpoints. From a traditional
statistical perspective, which mainly focuses on limited
model complexity, increasing the model complexity typ-
ically results in a higher “variance” error and a lower “bias”
error (Zhang, 2023). This trade-off suggests that overfitting
noisy training data leads to poor generalization and high
test error. However, recent advancements have introduced
the concept of “benign overfitting” (Bartlett et al., 2019),

Lpre(03) 4Lt (03) < Lore(O2)+Li(0) < Lopre(f2)+Le (o) Which suggests that sufficiently large models can achieve su-

3. (improving performance on ensemble.) for any 0 <
A< XNand ' (\) <71 <1, we have

Eft(ég) < Eft(é,\).

perior performance despite overfitting. In our analysis, the
pre-training process mainly operates on a high-dimensional
distribution D, facilitating strong performance on Task 1 and
aligning with the principles of “benign overfitting”. Con-
versely, the fine-tuning phase focuses on a “sparse” structure,
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i.e, 5 associated with limited model complexity. This lim-
ited complexity explains the observed harmful overfitting
during fine-tuning.

Empirical validation. We also conduct simulations
across diverse settings to validate Theorem 5.1. The de-
tails and results, summarized in Appendix B, demonstrate
the strong performance of the ensemble model on both pre-
training and fine-tuning tasks, aligning well with our theo-
retical findings.

6. Proof Sketches of Theorem 5.1

In this section, we summarize the proof sketch of Theo-
rem 5.1, which mainly contains two steps, and the detailed
proof is in Appendix C. For simplification, we take the
following two notations in further analysis:

P)}’)\ :

6.1. Excess Risks Approximation

First, we show that with a high probability, the excess risks
corresponding to estimators in Equation (2), Equation (4),
Equation (5) and Equation (6) could be expressed as:

Lemma 6.1. As Condition 1 and Condition 2 are satisfied,
there exist a constant ¢ > 1 such that for 6 € (0,1) and

In(1/8) < n&/c, with probability at least 1 — § over X, X,
if0 < X <52/(n¢z), we have

Ls(01) = Cotr{ X},

+ 2t {(XXT +nA)T2XEXT},
L (03) ~ Gatr{(I — 7Pg ,)*Z}
+ 72520 {(XXT + nA) 2 XXX},
and

Lpre(él) < Epre(é2)7 l:pre(él) < L:pre(é)\)y
Lore(01) < Lpre(03),
Lpre(f2) = Gtr{(XXT) ' X2 X}
+ & {(XX") 2 XZX"},
pre(02) & Gotr{PE \ X} + Fr{(XXT + nA) X LX),
pre(03) & G7*tr{P% , X}

+ 77t {(XXT +nA)2X X}
Proof. See details in Appendix C.2 and C.3. O

Using Lemma 6.1, the terms Lg and Lppe + Lg in Theo-
rem 5.1 can be primarily determined by two key factors: the

= XT(XXT4nA) 71X, Pg:=XT(XXT)7'X.

terms related to (, (the difference between the pre-training
and fine-tuning tasks), which can be denoted as the “bias”
terms, and the terms related to o (the variance of data noise
in the fine-tuning task), which can be denoted as the “vari-
ance” term. Insufficient fine-tuning leads to a large “bias”
and small “variance”, while overadaptation in fine-tuning
results in large “variance” and small “bias”. By effectively
balancing this trade-off, model ensembling can achieve su-
perior performance.

6.2. Estimator Performances Comparison

The effectiveness of regular. After obtaining the results
in Lemma 6.1, we could compare the excess risk on different
estimators. The results

L (02) < L (61) 7

could be induced directly from Condition 2. For the excess
risk of ridge estimator, taking derivative with respect to A
on its approximation

Gtr{(I — Pz )22} + 52 {(XXT +nA)2X DX T},
we find that such excess risk will decrease with the increase

of A\ within the range 0 < A < 52/(n(z), which implies

Le(0)) < Lg(B2), YO < A<252/(nG).  (8)

Forgetting mitigation with model ensemble. The anal-
ysis is similar. With the results in Lemma 6.1, £;,6(02) +
L (0y) is mainly dominated by

Gtr{(I - Pg )*T} + Gtr{ P2, 5}
+ 252t (X XT +nA)2X DX T}
Taking derivative with respect to A\, we find that such term
will decrease while 0 < \ < 262/(n(z), which implies that

‘cpre(ék) + £ft (é/\) < Epre(éQ) + Eft (92)7

Y0 < A < 252/ (nda).
©))
And considering the benefits of model ensemble, for any
fixed A € (0,262/(n¢2)], Lpre(05) + Ls (A7) is mainly
dominated by

Gur{(I - 7Pg )T}
+ P20 {(XXT + )2 XXTXEXT)
+ 27252 {(XXT + nA) 2 X EXTY.
While we take derivative with respect to 7, such term will

increase with the increasing of 7 as 7/(A)/2 <7 < 1. So
we have

Epre(éD + Lyt (é;) < Epre(ék) + Lyt (é)\)v

(10)
vr'(\)/2 <71 < 1.
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Improved fine-tuning performance on ensemble. Fi-
nally, for any fixed A with range [0,52/(n(2)), we could
take derivative with respect to 7 on the approximated excess
risk of ensemble estimator:

Gtr{(I-7Pg ,)? X475 tr{ (X XT+nA) 2 X £X7},

we found such excess risk will increase with the increasing
of 7 while 7/(\) < 7 < 1, so we have

L (03) < L (6)), (11)

while 0 < X\ < 2/(n¢s) and 7/(\) < 7 < 1.

Combing all of the results in Equation (7), Equation (8),
Equation (9), Equation (10) and Equation (11), we could
finish the proof of Theorem 5.1.

7. Conclusion and Discussion

In this work, we bridge the gap in understanding how ensem-
bling pre-trained and fine-tuned models controls overadap-
tation, as well as enhancing both downstream performance
and mitigating forgetting on upstream tasks. Motivated by
surprising empirical findings showing that ensembling not
only improves fine-tuning outcomes but also preserves pre-
trained knowledge, we provide a formal theoretical analysis
within an over-parameterized linear setting. Our results re-
veal that ensembling mitigates overadaptation by effectively
balancing the trade-off between “bias” and “variance” errors
in excess risk—an issue that regularization alone may not
fully resolve. This theoretical insight is further supported
by experiments and simulations, which closely align with
our predictions.

Our results not only offer a deeper theoretical understanding
of ensembling in the context of pre-trained models but also
provide practical guidance for enhancing the performance of
fine-tuning strategies. This work lays a foundation for future
research into refining ensembling methods and exploring
their application to broader machine learning tasks.
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A. Experimental Details

A.l. Hyperparameter Searching

We have conducted hyper-parameter searching on the fine-tuning process and the ensemble process. We fine-tune the models
with a global batch size of 16, and an epoch of 1 using Adam optimizer on 8 GPUs. To select a suitable learning rate and
penalty, we search the learning rate on {5 x 10762 x 1076, 1076}, and penalty coefficient A on {1072,5 x 1073,2 x
1073,1073}. We also search the ensemble weight 7 uniformly on {0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}.

To preliminarily validate the performance and choose the hyper-parameter, we have a carefully curated instruction-following
dataset. The validation dataset consists of multi-turn conversations between the user and the assistant, covering writing,
reasoning, coding, math, STEM, and humanities topics. We prompt GPT4 using the prompt “Help me generate 3 sets of
2-turn instructions to evaluate the {category} ability of LLMs. The instructions for the second turn need to be highly relevant
to the first turn. The following is an example.\n\n\n EXAMPLE:{example}\n TURNI:{turnl}\n TURN2:{turn2}\n",
where {category} corresponds to one of the 8 categories in MT-Bench and {example} is one example from MT-Bench. In
this way, we obtain a validation dataset that is highly similar to MT-Bench. Specifically, our validation dataset contains
600 samples, evenly distributed across the 8 categories in MT-Bench. We then represent the performance using the loss
calculated on the validation dataset.

A.2. Implementation

We implemented our fine-tuning code based on Huggingface Transformers® and Accelerate* libraries, where Fully Sharded
Data Parallel (Zhao et al., 2023) is utilized for model parallel training and acceleration. Our training and evaluation are
conducted on 8§ NVIDIA H100 GPUs.

A.3. Extension to LoRA
Methods MT-Bench Commonsense-QA MMLU
DiffNorm-Penalty + Ensemble 5.85 74.49 63.97
LoRA 5.83 73.71 65.29
LoRA + Ensemble 5.99 73.87 65.31

Table 2. Performance comparison of different LoRA-based methods.

We also conduct experiments with LoRA (Hu et al., 2021). Specifcally, we set r = 32, a = 32, dropout = 0.01, and
target modules to g-projection, v-projection. The results are shown in Table 2. We first observe that LoRA can mitigate
overadaptation as well but tends to forget more in certain benchmarks, such as Commonsense-QA in comparison with
DiffNorm-Penalty. On top of that, it is observed that further ensembling with the pre-trained model yields additional
performance improvement in all benchmarks. Such results highlight the benefits of ensemble methods.

A.4. Variance of MT-Bench

We also examine the variance of the MT-Bench by fine-tuning the model 5 trials with different seeds, under Norm-Penalty
and ensembling with 7 = 0.8. The results are shown in Table 3. Overall, we observe a standard variance of 0.06, which is
sufficiently small in comparison to the score gaps in Table 1.

Trial1 Trial2 Trial3 Trial4 Trial 5 \Standard Deviation
5.84 5.91 5.95 5.96 6.01 \ 0.06

Table 3. Variance estimation of ensembled Norm-Penalty with 7 = 0.8 on LLaMA-3-8b.

3https://github.com/huggingface/transformers
*https://github.com/huggingface/accelerate
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B. Empirical Validation for Theorem 5.1

To validate Theorem 5.1, we first utilize artificial datasets, where we construct pre-trained and fine-tuned datasets based on
4 diverse groups of parameters, respectively. Specifically, consider 4 cases for different eigen-value parameter -y and the
size of pre-trained set n: (a) y =n"1% n=40; )y =n"1° n=40;(c)y=n"1Y n=40; (d)y=n"1> n = 60.
For each case, we set data dimension as p = 10000, the size of test data as 1000. We generate a pre-train dataset
and a fine-tune dateset from two normal distributions A (0, 31) and AV (0, X2), respectively, where ¥; has eigenvalues
M=L=...=X *15andZQhaseigenvalues)\l—l)\2—. =X\, =n"! s A1 = ... = Ap = 0. The
ground-truth parameter for the pre-train and fine-tune 6. 4+ «; and 6. + a2, where ||9 ||2 =10 ~ N(O 0. 0121 »), and
as ~ N(0,0.121,). The variance of data noise is 0.1%. After obtammg the pre-trained estimator 6, we fine-tune the
estimator on the other dataset to compute the “min-norm” estimator 0, according to Equation (4), and the estimator with
regularizer 6 A We tune the hyper-parameter A within a range and choose the A that achieves the best excess risk, which
is A = 0.0001. Finally, we calculate a group of ensemble estimators é; with 7 ranging from 0 to 1, and plot the curve
of the error on the pretrain task versus the error in the fine-tuning task for the group of é; in four cases in comparison
with the fine-tuned estimator with difference ), the “min-norm” estimator and the 6 in Figure 4. According to Figure 4,
the performance curve for the ensemble estimator éK achieves better trade-off on the two tasks compared to fine-tuning
estimators, which aligns with Theorem 5.1.

Additionally, to validate the performance only on the fine-tuned task, we also consider the four settings mentioned above.
To simulate the realistic situation that it is difficult to find the best A, and we can only tune it into a small range, we take
A = le — 7. Finally, we calculate a group of ensemble estimators 9; with 7 ranging from 0 to 1, and plot the curve of
excess risk for the group of é; in four cases in comparison with the pre-trained estimator, the “min-norm” estimator and
the 6 in Figure 5. The figure implies that if we tune the ensemble parameter 7 to the optimal, the ensemble estimator é;
performs best, and then the performance decreases in the order of the estimator with ridge regularization 05, the “min-norm”
estimator 05 and the pre-trained estimator 01, which aligns with Theorem 5.1.
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C. Proofs
C.1. Notation and Constant List

Before the main proof process, we denote several corresponding constants and notations in Table 4:

Symbol ‘ Value / Expression
¢ | max{2,(1+16In3- 07 -54e)32In3 - o3 - 54e}
c | > 256 - (162¢)%0s
a | max{2¢/,(1/¢ — )7}
| 8(162¢)?02
cs3 | 2
M| the k-th eigenvalue of matrix X, i.e, ux(X)
Xk ‘ the k-th eigenvalue of matrix 5‘, ie, (ff )

Table 4. Constant and Notation List

The definition of 7, is the same as the definition in Bartlett et al. (2019). In Bartlett et al. (2019), the critical index s*(b) for
a given b > 0 is defined as

s*(b) :=inf{k > 0:ry > bn}. (12)
In our data settings, without lose of generality, we choose b = 1, and obtain the critical index s*(1) = k* in X as well as >

C.2. Excess Risk Decomposition

The detailed analysis is start with a composition for excess risks. First, the estimators mentioned in main text could be
expressed as:
0, = XT(XXT) N (X0 +¢) = XT(XXT)"H(X0. + Xy +e),
0y =0, + XT(XXT)" (X0 — X6, +¢)
[ -XT(XXT)'X]XT(XXT) "N (X0, 4+ Xar + ) + XT(XXT) ' X (0, 4 o) + X(XXT) "1
= XT(XXT) X+ XT(XXT)'X - XT(XXT)"1xxT(xXT)~1 X160,
+ 1= XT(XXT) ' X]XxT(XXT) "' Xay
+ XT(XXT) " Xag + X(XXT) e+ 1 - XT(XXT) 1 X)X T (X XT) e,
0r =6, + XT(XXT + )" (X0 — X6, +¢)
=1 - XT(XXT +n2) ' X]XT(XXT) "1 ( X0 + Xy +¢)
+ XT(XXT + M) X (0, + o) + XT(XXT 4+ nAI) 1€
= XT(XXT) ' X+ XT(XXT + M) ' X — XT(XXT +nA) ' XXT(XXT)"1 X]0,
+ 1= XT(XXT + 02D ' XIXT(XXT) "Xy + XT(XXT +nX) "' Xao
+[I - XT(XXT +nAD) ' XIXT(XXT) e+ XT(XXT + nAI) "',
07 = (1 — 7)61 + 70y
= [XTXXT) X +7XT(XXT 40X ' X —7XT(XXT +0X) ' XXT (X XT) 1 X]0,
+ 1= XT(XXT +nAD) ' X)XT(XXT) ' Xy + 7XT(XXT 4+ nA) ' Xay
+ 1= XT(XXT +nAD) ' X)XT(XXT) e+ 7XT(XXT + D) 'e.
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Then focusing on the excess risks on Task 1 and Task 2, i.e,
Lore(0) = Ea ez @ — 020 —0), Li(0) = Epeziar.an 0 — 0T Z(0—0),
we have the following results:
Lopee(01) =071 — XT(XXT) X2 — XT(XXT) "1 X)0, + Qutr{[I - XT(XXT)"1X]3}
+oftr{(XXT)2xxXxT}
Lore(B2} = 0711 — XT(XXT) ' X[ - XT(XXT) ' X121 - XT(XXT)'X][I - XT(XxXxT)~' X6,
+ e[l - XT(XXT)7'x + XxT(xXxT) ' xXT(XXT)"'X|»
- XT(XXT)'X + XT(XXT)"'XXT(xxT)"'X]}
+ Gtr{(XXT) 1 X 2XT}
+ 2t {(XXT)2X[I - XT(XXT)' X121 - XT(XXT) ' X]XT} + 20 { (X XT) 2 X 2 XT}
Lore(0x) = 0711 — XT(XXT) ' X[ = XT(XXT +nAD) ' X)Z[1 — XT(XXT 40X X1 - XT(XxXT)~1 X]0.
+atr{[I = XT(XXT) X + XT(XXT) ' XXT(XXT + nA)"1X] 5}
- XT(XXT)'X + XT(XXT +nAD) ' XXT(XXT)"1X]}
+ Gtr{[XT(XXT + nA) "' X252}
+ 2t {(XXT)2X[I - XT(XXT +nA) ' X) 2 — XT(XXT +nX) ' X)X}
+ 2t {(XXT 4+ nA) 72X 2XT)
Lowe(03) = 0711 — XT(XXT) X[ = 7XT(XXT 40X XS = 7XT(XXT 40X X[ - XT(XxXT) "1 X]0.
+atr{[I = XT(XXT) ' X + 7 XT(XXT) ' XXT(XXT + nAl) ' X2}
- XT(XXT)'X +7XT(XXT + 0\ ' XXT(XXT) 1 X))
+ Gt {(XT(XXT + nA )" X)% 5}
+ 2tr{(XXT)2X[I — 7 XT(XXT + nA) X2 — 7 X7 (X XT 4+ nA) ' X]XTY
+ 7252t (X XT + M) 72X 2XT),
and
Le(01) =0T — XT(XXT) ' X2 — XT(XXT) 1 X]0, 4 Ctr{(XXT) ' XZXT} + e {5}
+otr{(XXT)2x XX}
L (02} =071 — XT(XXT)'X][I - XT(XXT)' X[ - XT(XXT)' X1 - XT(xXT)~1 X]6.
+ Ctr{(XXT)'X[I - XT(XXT) ' X2 - XT(XXT) ' X)X} + Gtr{(I - XT(XXT)"1X)% %)}
+ o2tr{(XXT)2X[I - XT(XXT)'X|Z[I - XT(XXT)"'X]XT} + 2t { (X XT)2X 2 XT)}
Le(0x) =071 — XT(XXT) ' X[ = XT(XXT + 0D X[ — XT(XXT + XD 1X) [ - XT(XXT)~1X]0,
+ Ot { (X X)X = XT(XXT +nAD) ' X) 2 — XT(XXT + D)1 X]XT}
+ Gtr{(I = XT(XXT +nA) "1 X)%22)}
+otr{(XXT)2X[I = XT(XXT +0X) ' X) 2 - XT(XXT +nA) ' X)X}
+ 2t {(XXT +nA) 72X EXT)
Le(03) =071 — XT(XXT) ' X)I - 7XT(XXT + M) ' X) 21 — 7 XT(XXT + X)) X][I - XT(XXT)~1 X]0,
+ Ot {(XXT) X[ =7 XT(XXT + A X2 — 7 XT(XXT 40X X)X}
+ Gtr{(I —7XT(XXT + nAI) "' X)2 5}
+ o2 tr{(XXT)2X[I — 7 XT(XXT + nAD) ' X2 — 7 XT(XXT +nA) ' X]XT)
+ 722t {(XXT + nA)2X EXT)
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C.3. Term Bounds Estimation

After obtaining the expressions about different terms within the excess risk, we could estimate the related upper and lower
bounds now.

C.3.1. TERMS CORRESPONDING TO 6,

All of the excess risks about él, ég, 0 \ and é; contain a term related to 6.. Here we could obtain their upper bounds for Task
1as

T — XT(X X)X X[ - XT(xXxT)~1 X6,
= 6717 - XT(XXT) X (2 - LXTX) - XTCOXT) 00 < (6131 - SXTX e
071 — XT(XXT) ' X|[I - XT(XXT)"' X2 - XT(XXT)"'X|[I - XT(XXT)~'X]6.
< 6717 - XT(XXT) XS - XT(XKT) X, < 0315 - S XT X
071 — XT(XXT) ' X[ — XT(XXT +nAD) ' X2 — XT(XXT + X)) X]|[I - XT(XXT)~1X]6,
< 07T = XT(XXT) XIS - XT(XXT) X < 60315 - XX,
071 — XT(XXT) ' X[ = 7XT(XXT +nX) ' X)X — 7 XT(XXT + nX) ' X[ — XT(XXT)~' X]6,

1
<O [T = XT(XXT)TIX]S[L = XT(XXT) X0 < (|63 2 — —XT X2,

and for Task 2 as:
071 — XT(xXT)' X121 — XxT(xXxT)~ ' X]0,
= 6717 - XTOXT) ] (- XX (- XTOOXT) 00 < [0BIE - L XTX
071 — XT(XXT) 1 X[ - XT(XXT) ' X) 21 - XT(XXT)'X][I - XT(xXT)~1 X160,
< 6711 = XT(XXT) T XIB(T - X7 X < 6315 - XX,
071 — XT(XXT) ' X[ = XT(XXT + M) X2 — XT(XXT + o) ' X1 - XT(XX7)~1X]6,
< 071 — XT(XXT) U X)S[ - XT(XXT) X0, < 0.3 E - S X7 X
071 — XT(XXT) ' X)I — 7 XT(XXT + nA) ' X]1E[1 — 7 XT(XXT + )7 X[ - XT(XXT)~' X6,
< 0711 - XT(XXT) XIS - X0 X6, < [031E - S X T,
which implies that we just need to upper bound the following two terms

1 = 1 = 1
12— EXTXHQ, 12— EXTXHz SIE =2+ 12— ﬁXTXHz-

From Condition 1 and 2, we have _
||2 - 2”2 < maX{rYafy}a

and induced by Lemma D.7, with probability at least 1 — e‘”g, we have

1
12— —X"X]s <n” 7 (13)
Combining the two results above, we can also obtain

~ 1
I1Z = =XTX|| < max{y,7} +n" 7. (14)
n
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C.3.2. TERMS CORRESPONDING TO (3

For these terms corresponding to (1 in Lpre(02), Lpre (é x) and Lpre (é;), we could approximate their upper bounds as:

Gtr{[I - XT(xxT )~

7-XT(XXT)'X + XT(XXT)IXXT(XXT) ' X]} < (e {2},
Gtr{[I — XT(XXT) ' X + XT(XXT) ' XXT(XXT +nA) "' X] 5}
(

)TIX 4+ XxT(xXxT
X
)~
- XT(XXT)y'X + XT(XXT +nA) ' XXT(XXT) X} < Gtr{ DY,
)~
(

IXXT(XXT)y ' X%

Gtrf[I — XT(XXT) ' X + 7XT(XXT) ' X XT(XXT + nA) "' X2}
- XT(XXT)y'X +7XT(XXT + M) XXT(XXT) X)) < Qe { X}
Similarly, for the terms in Ly (ég), Lt (é x) and Lg (ég), we can obtain their upper bounds as:
Gtr{(XXT)'X[T - XT(XXT)"'X|2[I - XT(XXT)"'X]xT}
< Gtr{(XXT)'x2xT},
Gtr{(XXT) X[ = XT(XXT + X)X 2 — XT(XXT +n) ' X)X}
< Gtr{(XXxT)'x2xT},
Gtr{(XXT) X[ —7XT(XXT 4+ 0X) ' X) 21 — X7 (XXT +nX]) ' X]XT}
< Gtr{(XXT)'x2xT},
which implies that for estimating the upper bounds of these terms, we just need to upper bound the following two terms:
atr{X}, Ger{(xXxT)'xrxT.
The first term could be expressed as

Qtr{Z} = G (B" +pv), (15)

and we just need to approximate the second term. First, recalling the decomposition X' = . Aieiel’, we have

XxT = ZA@%Z;, Xrx"' = ZAZQZ7ZZT7 (16)

in which 1
Z; = Xe; 17
Vi "

are independent o,-subgaussian random vectors in R™ with mean 0 and covariance I. Then we will take the following
notations in further analysis:

A=XXT, Ay =) Nzzl, A=) Nzzl (18)
i>k i#k

Using Woodbury identity, we have

Qr{(XXT) T XEXTE =G ) ] (XxT)7

Yy LT -1, (19)
Aidiz; AZ
= _ + E )\ AiZ; xxT .
Cl (Z 1+ )\ ZTA i>k* ( ) )
Foranyi =1,...,k", we have

LT 41 [EAlE T 4—1 T 4—1 | g, 2i |3
2 Az < ———=~, 2 ALz > (g z)” AZj(lg ) > ————=, (20)

un(A ) ( ) fks4+1(A=)
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where .%; is denoted as the subspace in R", related to the n — k* eigenvalues of A_,;. Considering Lemma D.1 and
Lemma D.2, with probability at least 1 — 5¢~"/¢ we have

1
C—)\k*ﬂrk* < pn(A=) < i1 (Asy) < eldpgares,  |2il3 < con, g 2|3 > n/es,
1

where ¢y, co, c3 are constants only depending on o,,. The results above imply that

AT < IO Ty
/\k 1Tk C1C3A 1Tk
so with probability at least 1 — 5e~"/¢, we have
LAY T 4—1 k™ E*
/\1/\12’1 A_ Zi i/ (A *
S A < YR o ) <2 N @D
P 1+ /\iZi Aflzi - NEDY 010271/()\;9* 17“k —

where the last equality is from Condition 1. For the remaining part, considering Lemma D.1, with probability at least
1 — 2e~"/¢, we have

Z Xi)\izf(XXT)flzi < Zi>k* Aﬁ\z’”%”% < 22i>k* /\z/\zHZz”% 221>k* >‘ Ai ||Zz||2

=G =~
! pn (X XT) s 41Tk s 41Tk

and further considering Lemma D.6, with probability at least 1 — 2¢~"/¢, we have

SYED T
Z)\)\Hzl||2<n2)\)\ + 20, max M Z)\Z)\Q/c
i>k* i>k* P>k
_ n np ~
= npyy + 20, max {?,77\/ Cp} < 2npy7,

where the second equality is from Condition 1 and the last inequality is from Condition 2. This result implies that with
probability at least 1 — 4e~"/¢, we have

ci2np 12np 2cinpr
Z Ndiel(XXT) 1z, < SEMPYY _ NPT 2Py 22)

et T Ak 1Tk jzal D

Combing the results in Eq. Equation (19), Equation (21) and Equation (22), with probability at least 1 — 10e~"/2¢, we could
obtain that

b ~
Gr{(XXT) ' XxXxTy < ¢ (k + 201;?”) ) (23)

C.3.3. TERMS CORRESPONDING TO o

Similar to the analysis above, these terms corresponding to ¢ in excess risks on Task 1 and Task 2 can be upper bounded by
tr{(XXT)2Xx2XT}, u{(XxT)2xrxT)}

respectively, and the estimation of its upper bound is similar to the previous item. Here we first consider the second item, by
Woodbury identity, we have

r{(XXT) X EXT} =" Mzl (X XT) 72

(24)

K ~ P
NNz A%z ~
2 1\ ~g —i* 2 T T\—2
=) +02 > sl (XX
g i—1 [1+/\iZiTA:ilzi]2 7 rrn w )
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From the results in Equation (20), with probability at least 1 — 5e~"/¢, forany i = 1, ..., k*, we have
cean n
AT < ———— AT > —————
(A 17 )? C1C3AR* 41Tk

which implies that

UQi X-A-ZTAQ Zz 22*: Xdictean/ Ve parpe)?
IRy ZTA [1 4+ Ain/(crea Mg p17p+)]?
K Nicteac2n
< 2 1N\ 10203 25
=7 Z n2A} + Re3AL. T >
Bt~
)\ Xicteacin k*
O R

where the second inequality is from (a + b)2 > a? + b2 while a,b > 0, the third inequality is from a? 4+ b2 > a2, and the
last equality is from Condition 1. And for another part, considering Lemma D.1, with probability at least 1 — 2e~"/¢, we
have

~ o sk NidillzlE o sk Niillzill3
)\z)\zle(XXT> 221’ S 1> S 02 > ;
2 (XX ST

i>k*

and further considering Lemma D.6, with probability at least 1 — 2e~"/¢, we have

~ g X * )\ * ~
Z Midillzil3 < n Z A\ + 20, max M, n Z A2 /c

C
i>k* i>k* i>k*

) _
= npyy + 20, max {m,vz\/ np} < 2npy?,
C C

where the second equality is from Condition 1 and the last inequality is from Condition 2. which implies that with probability
at least 1 — 4e~"/¢, we have

o2 Z Xi)\iziT(XXT) 2 < 02201/\;@)7772 = GQQCfn—g, (26)
i>k* k1l p

where the last equality is from Condition 1. Combining the results in Equation (24) Equation (25) and Equation (26), with
probability at least 1 — 10e~"/2¢, we have

k*
2tr{(XXT)2X5XxT) < o <016263 +2¢2 "p> . 27)
p?
The analysis for the first item is similar, which implies that with probability at least 1 — 10e~"/2¢, we could obtain that
o2 T\—2 T o k* 2N
tr{(XXT)2XXXT} < 02 010203 + 2¢f (28)
p
C.3.4. TERMS CORRESPONDING TO (3
In L., to approximate the upper and lower bounds of terms related to (2, we need to estimate:
Gtr{[XT(XXT + nA) XS} = Gtr{(XXT +nA)2XXTX 2 XTY,
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for any A > 0. And in L, for the terms related to (5, we have the following results:
Gtr{(I - XT(XXT)T'X)? 5} = Gtr{ 2} — Gte{(XXT) ' X EXTY,
Cotr{(I — XT(XXT +nA) 7' X)%22} < Gtr{ 2 — XT(XXT +nA) "' X)}
= Gtr{ X} — Gtr{(XXT +nA\) ' XEXTY,
Ctr{Z(I — XT(XXT +nA) 7' X)?} > Gtr{2(I — XT(XXT)"'X)?}
= Gtr{ ) - Gtr{(XXT) X EXTY,
Cotr{(I = 7XT(XXT +nA\)"1X)2 5} < Gtr{ 2T — 7 XT(XXT +nA)"'X)}
= Gtr{ X} — Grtr{(XXT +nAl) ' XTXTY,
Ctr{ (1 — 7 XT(XXT +nA) 7' X)) > Gur{E(1 - 7XT(XXT) "1 X)?}
= Gtr{E} — G2 — ) {(XXT) X EXTY,

so here we need to estimate the upper and lower bounds for term
Gtr{(XXT + ) ' XEXTY
for any A > 0. The analysis is similar to the analysis above, recalling the decomposition Y= > Xieief, we have

X7 Y REE XERT - YN

2

in which
Z:= 7’\/)’261‘,
\ Ai

are independent o, -subgaussian random vectors in R™ with mean zero and covariance I. So we take the following notations
in further analysis:

A=XXT, A=Y NzEl, A=) NI (29)
i>k ik
Starting with the analysis of Cgtr{()? XT 4 nAl )*1)2’ X T, we consider its upper bound firstly. Using Woodbury identity,

we have e o
Gtr{(XXT +nA) 1 XIXT)

=G Y MNZ(XXT +nA)7'E

(30)
Y e ~
NZT(A_; + )17 PP ~
e i (At A2 —+ Y RE(XXT AT
TSI+ N (AL +nD)TE S
Foranyi =1,...,k", we have
~ =12
(A 4 is < Al
pin(A—i) +nA
| T 11 Gh
A+ 0D > (Mg z) (Al +nA) T I g 5) > —FA 2
fres+1(A—i)

where Z is denoted as the subspace in R"™, related to the n — k* eigenvalues of Z,i. Considering Lemma D.1 and
Lemma D.2, with probability at least 1 — 5¢~"/¢, we have

1~ - ~ ~ ~ - - -
;Ak*+1rk* < pn(A) < i1 (A) < 1, ||Z5 < cam, ||H§21H§ >n/es, (32)
1
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where c¢1, co, c3 are constants only depending on b, o,.. The results above imply that

C1C2MN E;T(AV_Z_‘_“A)ilz > n

- clcg(Xk*H'Fk* + n)\)

F AL+ )75 < —
)\k*+17“k;* +n)\

so with probability at least 1 — 5e~"/¢, we have

kz* )\ E;T(A i+ nA)~ kz clchXi/(Xk*H?k* +nA)
14 NET (A + ) 121 "1 ¥ ncrcan) e 4175 + 1)
e ciean/(py +nA) (33)
1+ creon/(py + nA)
< k* min{ C1C2Nn C1C2

crean +py crea F A

where the last inequality is from a + b > max{a, b}. For the remaining part, considering Lemma D.1, with probability at
least 1 — 2e~"/¢, we have

Zz>k*>‘ ||Zz||2 <ec 222>k* )‘2”21”2

> ONENXXT 4 Al
i>k*

and further considering Lemma D.6, with probability at least 1 — 2e~"/¢, we have

Y 3 nAz. -
Z M IZil5 <n Z A + 20, max %) n Z /e

i>k* i>k* i>k*
) -
~ Vs n ~
= npy® + 20, max {7,72\/ p} < 2npy?,
C C

where the second equality is from Condition 1 and the last inequality is from Condition 2. This result implies that with
probability at least 1 — 4e "™/, we have

o~ _ 2npy?  2cinp
3 R ERT a5 € B g 0, ) &
i>k* Mo p17ke +nA PYHRA A

Combing the results in Eq. Equation (30), Equation (33) and Equation (34), with probability at least 1 — 10e~"/2¢, we could
obtain that

Ctr{(XXT +nA )X EXTY < G ( k* min{ —22" G2 3 4 2¢2 min { ny Ay (35)
- cicon +py’ cico + A D)

Then we turn to its lower bound. Considering Equation (31) for any index i = 1,..., 00, as
pie 1 (Ay) < pue 1 (XXT) < e Xpe 17

is always satisfied, with probability at least 1 — 5¢~"/¢ we can get a lower bound as

23T (A_; +nA) "3 - 20/ (N 41T + )
L+ XNz (A +nX)71Z T cres + Ain/(Ags41Tks + 1)
1 A2n/(Apegi17re +nd)
~ el + Xin/(Xk*+1Fk* +nA)

(36)
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and for the whole trace term (otr{(X X7 4+ nAI)"' X X X7}, due to Lemma D.5, with probability at least 1 — 10e~"/°,

we have _ _
ANal (A +nA)7'Z

G {(XXT +nA)IXEXT =)
Gy NEn/ N 11T + )
2cics “— 1 + )\in/(Ak*+177k* + n)‘)

K3
X% ) )‘iv =~ n,}\?
A Ak 41Tk

1 2
(k*min{)\,l}—i— (ﬁ—k;*)min{%,% )

where the first equality is from Woodbury identity, the first inequality is from Equation (36), the second inequality is from
the fact

Y

(37

V
g
5\@

g

B

——
|
l

G

601 C3

1
(a4+b+4c)~t > (3max{a,b,c}) = gmin{a_l,b_l,c_l}, a,b,c >0,

and the last equality is induced from Condition 1 and Condition 2. And combing Equation (35) and Equation (37), we could
consider different situations with respect to the value of \.

While A < py/n, we have

G {(XXT + AN REXT) < & (928492,
1y
ci1can + py (38)
- S T k*
Ctr{(XXT +nA) ' X2XT} > G2 (k + M(p~)> )
6eies p
And while A > py/n, with a high probability, we have
o Y * 2 2~ 2
Otr{(XXT 4 A IXEXTY < ¢ [ -1e2k ary ) |
c1C2 + A A (39)

- o o
Gt {(XXT + A XEXTY > —2 (p* mind, 1 4 2R
6eres A Y

Then we turn to the term Cotr{ (X X7 + nAI)2XXTX X XT}. While we have nA < fry/cy, with probability at least
1 — 5e~"/¢, we have s s s s
A < (X XT) = nA\ < XXT «—= XXT +nA < 2XXT,

which implies that

Gtr{(XXT +nA) 2XXTXEXT) > %tr{()?)?T)*l)?z)?T}, (40)
as we also have
XXT 4 M = XXT —= Gturf{(XXT + M) 2XXTXEXTY < Gurf{(XXT) ' X2XT}. (41)

Combing both of the two results above, we just need to estimate the term Cotr{(XX7)"' XX XT}. Using Woodbury
identity, we have
Cir{(XXT +nA) T XEXTY = G Y MMz (XXT +nA)7'E,

and recalling the identity
Gtr{(XXT +nAD)TIXIXT} = ¢ NE(XXT + M) 'E,
comparing such two terms and Condition 1, we have
XlAzZX?, Vi:1,...,p,
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which implies that o o o o
Gtr{(XXT +nA) ' XZXT} = Gtr{(XXT + nA) 1 X T XT). (42)
Then considering Equation (38), Equation (40) and Equation (41), while n\ < p7y/c;, we have

cicak™n

G {(XXT + )2 XXTXEXT) < 6 (
cican + py

+ 2cln7)

. (43)

Ctr{(XXT +nA) 2XXTXEXT} > 2 2 <k - M) .
24cq03 P

C.3.5. TERMS CORRESPONDING TO &

Finally, for the terms related to &, we need to estimate the bounds for the terms 2tr{(X X7)2XT X X} and 52tr{ (X X7 +
n)\I)’QXTEX} in L0, and the terms 52tr{(X X7)2XT X} and 52tr{ (X XT +nA)2XT XX} in Ly, i.e, for the
terms 52tr{ (X X7 + nA)"2X X XT} and 72tr{(X X7 + nAI)"2X XX T} in which A > 0.
Firstly, we consider the approximation on 52tr{(X X7 + nAI)~2X X XT}. For its upper bound, we could take Woodbury
identity as follows:
Fr{(XXT +nA)2XTXT}
=52 NEN(XXT +nAI)
i (44)

_ ~2 Z )\2,\/11 A_rL + Tl/\[)

+52 Y NE(XXT + 0722
[1+XZT (A + nAI)- 221]

P>k
According to Equation (31) and Equation (32), with probability at least 1 — 5¢="/¢, for any index i = 1, ..., k*, we have
c—1%2¢on ~ - n

— , (A +nA) Tz > =~ ; (45)
(/\k*+1Tk* + n/\)2 0103(/\k*+17'k* + 71)\)

T(A_ +nA) 2% <

which implies that

~2 i X2ZT(A_; +nAI)™2 i X2c2con) (Mg 417k + 1A)?
o
1+ )\ (A_z +nAl)~ 121 1+ i n/(Clcg)\k*+1T‘k* + c1e3n)))?
Z C%CQC%TL
— n2)2 + 2c3N2, 1T + Ae3n2A2 (46)
- ~ ~
1 nA? A2
< F2cleact Zmln{ _t, = }
N2
i=1 n )\i*+1“”i* )\
. 11
= 5%cjcacik* min { = )\2} ,

where the third inequality is from a? 4+ b? + ¢? > max{a?, b2, c?}, and the last equality is from Condition 1 and Condition 2.

As for the remaining part, considering Lemma D.1, with probability at least 1 — 2e~"/¢, we have

Vs M lES &2 S s M3 702201@* A I1Zl5
pn (X XT)2 +n2)\2 a /\i* TR 4 n2\? b2y +n2A2

> NEN(XXT 4+ Al
i>k*

and further considering Lemma D.6, with probability at least 1 — 2¢~"/¢, we have

Y OXNIENE <n ) AT + 20, max ﬁ n Y e
i>k* i>k* i>k*
2 ~
= nﬁvQ + 20, max {m,v2\/ np} < 2n]’572,
c c
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where the second inequality is from Condition 1 and the last inequality is from Condition 2. It implies that with probability
at least 1 — 4e~"™/¢, we have

a2

52 Y REN(XXT +nA) %% < 5228 5 <9 {" ol (47)
o i 2 n < cl~2 o < c15? min —
et D2y2 + n2 )\ nA

Combing the results in Equation (44), Equation (46) and Equation (47), with probability at least 1 — 10e~"/2¢, we have

o N 11
Fr{(XXT +n\)7? <5 (clcgc3k* min { v } + 2¢f min { 2 :}Y\z }) (48)

Then for the lower bound, on each index : = 1, ..., 0o, we have

1

~ ~ 2
A+ 25 2 s (A +nAD)7'5)
I1z:13

which implies that with probability at least 1 — 5e~"™/¢,

~ ~ ~ ~ 2
NI (Ai+nA)?% 1 NZL (A +nAD) ™
1+ NZT(A_; +nAD2%)2 ~ IZ3 \ 1+ N2T(A_; + nAD) 15
2
Z i — n):L — > 0,
C2n \ cre3(Apr41Th+) + N

where the last inequality is from Equation (31) and Equation (45). Then for the whole term, due to Lemma D.5, with
probability at least 1 — 10e~"/¢, we have

(49)

i diiad ~ o~ ~ 2"’1“
F0r{(XXT + nA)2XIXT} = 52 Z AZL(Ai + nAD) 2
1 + )‘ A—z + n)\I) 22’2]

=2

_ 2
O] s vy ey
262’0 i 6163()\k*+1Fk* +n)‘)+n)‘l

52 . A2 p2)2 (50)
= 18c2cacin me{ A2 52 }

1725370 7 k*—o—lrk*

52 . 1 o A2 p2
= W (k min{1, 25 W} + (p— k") min{1, ’ek ]32})

52 . V2 n?
_BC%CzC%Tl(k min{1, 2}+(p k)m1n{A27A2}>

where the first inequality is from Equation (49), the second inequality is from the fact that
1
(a+b+c)"2> (3max{a,b,c}) = 3 min{a~2,b"%,¢"%}, Va,b,c>0,

and the last two equality is from Condition 1 and Condition 2. Combing both Equation (48) and Equation (50), we could
also consider the following two cases.

While A < pry/n, with a high probability, we have

~ o~ e 4 Qk*
Fr{(XXT +n\)2X2XT} <52 <Clc203 n 26%71) ,
n p

2 n2

1 k* (p—k*) G
FPu{(XXT +n\)2XEXT} > 52— (= 4 22 )
ot +nAl) = 18c2cact \ ' n * D
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And while A > py/n, we have

FUr{(XXT +n\) 72X XX} < 52 (clcgcdk mln{ } + 2¢] 2” ;2 )
(52)

2 (XX ST 1 k* (- k)
Ftr{(XXT +nA)2X X"} > UEW (n min{1, 2} =)

Then we turn to the term 52tr{ (X X7 + nAI)"2X X XT}. Similarly, using Woodbury identity, we have

FHr{(XXT +nA\)2X2XT} = 52 Z XdiZl (XXT +nAI)~2

as well as . o _ .
Fr{(XXT +nA)TPXEXT} =573 N (XXT +nA) 7?7,

comparing such two terms and Condition 1, we have

Vi=1,...,p,

which implies that . o . o
Fr{(XXT +nA\)T2XEXT} = G2 { (XX T +nA) 72X I X} (53)
The result above implies that while A < py/n, with a high probability, we have
~ o E o [ cleacdk* oM
Ftr{(XXT +nA) 72X XXT} <52 < + 201~) ,
p

" (54)

FHr{(XXT +nA\)2X XX} > P2 <k + ”(pk)) .

18c¢%cact \ ' n p?

And while A > py/n, we have

~ > e e ~ ]' P

Ftr{(XXT +nA)?2XXXT} <52 (01CQC3]€* mm{ 32 } +2 p ; )

. K ( k) (55)
~2, (VYT 2T > =2 p—

C.4. Analysis on Ly

From Condition 2, we have the following results:

O (max{y,7} +n-079/2) < O(G),  O(G(1+np1/p)) < O(Gab),

O (o*(n™ npy/(p*7))) < O(Gp)

O (G(1+17)) < O(Gp7), O (a%(n™" +n/p)) = O(C2p)-
Then comparing Equation (14), Equation (23), Equation (27), Equation (38), Equation (39), Equation (51) and Equation (52),
we could obtain that the excess risks on different estimators always dominated by terms related to (> and 2. So for the
ridge regression, we have

Lee(0x) ~ Gtr{(I = XT(XXT + nAI) ' X)2 2} + 2t {(XXT + nAI) 2X X X"} := f()N),

then take derivative with respect to A, we could further obtain that

F'\) = 2n(Gnd — )t {(XXT + nA) 2 XXX},
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which implies that the optimal choice of A nearly equals to

r_ 2 —1
A _NC2_O(n ).

Asd N = ég if A = 0 and the optinal value \ > 0, we have
Le(0)) < Le(B), YO <X <2X. (56)
And according to Lemma D.1, considering Condition 2, with probability at least 1 — 2e~"/¢, we have

<=7 1, ., o2
pn(XXT) > —(p— K )y > —,
c1 Go
which implies that
FHr{(XXT)2XEXT} — Gur{(X X)X EXT} = —tr{(XXT)2(XXT - 52X XX} <0,

so we could obtain that
Ly (02) < Le(61). (57)

Combing the results in Equation (56) and Equation (57), we could finish the proof of the first item in Theorem 5.1.

Finally, while choosing 0 < A < ), according to Equation (38), Equation (39), Equation (51) and Equation (52), we have
FUr{(XXT +nA)2XEXTY < Gtr{(XXT + nAD) ' XE2XT} = Gtr{ 2},
And for the excess risk of ensemble estimator, we have
Le(0F) = Gtr{(I — 7XT(XXT 4+ nA) "' X)?2} 4+ 252 {(XXT + nA) 2X X XTY .= g(7),
then take derivative with respect to 7, we could obtain that
g' (1) = 2rGotr{ (X XT + nAD) ' X XT(XXT + M) ' XEXTY 4+ 275200 { (X XT + nA) 2X X7}
— 20t {(XXT + nAD) T X DX TY,
which implies the optimal choice of 7 is as

‘(\) = Ctr{(XXT + nAI) 1 XX XT}
Ctr{(XXT +nA) ' XXT(XXT +nA) ' XEXT} + 32t {(XXT + nA)2XEXT}

While 0 < A < X = 52/(n(s), we can obtain that 0 < 7/()\) < 1, due to the fact that
Ctr{(XXT +nA) ' XXT(XXT +nX) ' XEXT} + 20 {(XXT +nA) 2X2XTY
— Gtr{(XXT + ) ' XEXTY
_ {()?)?T +nAT) 2 (&21 +GXXT + nADXXT(XXT + A~ — G(XXT + n/\I)) )?E)?T}
—tr {(}?)?T +n)2 (521 +GXXT - G(XXT + n)\I)) )?if(T}
= (5% = GrA{(XXT +nA) 72X XX} > 0.
So we could draw the conclusion that for any 7/(\) < 7 < 1, we have
L (03) < Li (D), (58)

which finishes the proof of the third item in Theorem 5.1.
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C.5. Analysis on L. + L

Similar to the analysis on Ly, based on Condition 2, we could compare Equation (14), Equation (13), Equation (23),
Equation (15), Equation (27), Equation (28), Equation (38), Equation (39), Equation (43), Equation (51), Equation (52),
Equation (54) and Equation (55), and obtain that

Lore(03) + Le(0x) = Gtr{(I = XT(XXT +nA) ' X)2 2} + 20 {(XXT + ) 2XEXT}
+ Gtr{[XT(XXT + nAD) ' X128} + P2 {(XXT + nA)2X XX T}
= Gotr{(I = XT(XXT +nA) ' X)? 2} + 252t {(XXT + nA) 2 XZXT}
+ Gtr{[XT(XXT + nA) "' X25}
= h(N),
where the second equality is from Equation (42) and Equation (53). Taking derivative with respect to A, we have
B(A) = 2ntr{(XXT +nA\)~3[(Gnh — 262)] — X XTI XEXTY,
which implies that while A < 2)\" = 252 /(n(z), we could always obtain
h'(X) < 0.

So for any 0 < A < 2)\/, we have R R R R
Epre(e)\) + ﬁft(e)\) < Lpre(HQ) + £ft (92) (59)

And with this range of A, we could obtain the similar result as:
Lo (0F) + L (0F) = Gotr{(I — 7XT(XXT 4+ nA) ' X )22} + 272520 { (XX + ) 2X £ XT}
+ P20 {(XXT +nA)2XXTXEXT)
= J(1),
and taking derivative with respect to 7, we have
J' (1) = 4rCtr{ (X XT + nA) 2 XXTXEXT} + 4753t { (X X" + nA\)2X X XT}
— 26tr{(XXT + nA) X EXTY,

which implies that the optimal choice of 7 is 7/(\)/2. And while A < 2)\’, we have

Arotr{ (X XT + nAD) 22X XTXEXTY + 4753t { (X XT + nA) 2X X7}

— 2t {(XXT +nA) ' XEXTY

= 2r{(XXT 4+ nA) [ X XT + (26% — GnA X EXTY > 0,
which implies that 0 < 7/(\)/2 < 1. So we could further obtain that for any 7/(A)/2 < 7 < 1, we have
Loe(03) + L5t (07) < Lpre(0x) + L (02)- (60)

Combing the results in Equation (59) and Equation (60), we could finish the proof of the second item in Theorem 5.1.

D. Auxiliary Lemmas

Lemma D.1 (Lemma 10 in Bartlett et al., 2019). There are constants b, ¢ > 1 such that, for any k > 0, with probability at
least 1 — 2e~ <,

1. forallit > 1,
prr1(A—i) < g1 (A) < pa(Ag) < CI(Z Aj + Apr1n);

i>k
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2. foralll <i<k,
1
pn(A) > pn(Ai) > pn(Ag) > . Z Aj = 1A k417

>k
3. ifry > bn, then

1
ZAk+lrk < pn(Ag) < pi1(Ax) < 1 Mgy,
1

where c1 > 1 is a constant only depending on o .

Lemma D.2 (Corollary 24 in Bartlett et al., 2019). For any centered random vector z € R™ with independent o sub-

Gaussian coordinates with unit variances, any k dimensional random subspace £ of R™ that is independent of z, and any
t > 0, with probability at least 1 — 3e™?,

| 2 I°< n+ 2(162¢)%02(t + V/nt),
| ez ||2> n — 2(162e)202 (k + t + V/nt),
where 1l & is the orthogonal projection on L.

Lemma D.3. There are constants b, c > 1 such that, for any k > 0, with probability at least 1 — ¢~ %:

1. foralli > 1,

Prt1(A—i + M) < ppp1(A+ M) < pi(Ap + M) < 61(2 Aj+ Appin) + A
>k
2. foralll <i<k,
1
pn(A+ N > pin(Ai + M) > (A + M) = =D X = crdepin + X
sk
3. if ri. > bn, then
1
;Ak+1rk F A< i (Ar + M) < py (A + M) < et dpprmie + A
1
Proof. With Lemma D.1, the first two claims follow immediately. For the third claim: if r; > bn, we have that bnA;1 <

Zj>k Aj, SO
1 (Ak + M) < i dpg1mu(Z) + A <A+ a Apga1rs,

1 1
pn(Ag + M) > ;Ak+1Tk +A> ;Ak+1rk(2) + A
1 1
for the same constant ¢; > 1 as in Lemma D.1. O]

Lemma D.4 (Proposition 2.7.1 in Vershynin, 2018). For any random variable £ that is centered, o-subgaussian, and unit
variance, €2 — 1 is a centered 162ec?-subexponential random variable, that is,

Eexp(A(€2 — 1)) < exp((162eXa?)?),
for all such X that |\| < 1/(162e0?).

Lemma D.5 (Lemma 15 in Bartlett et al., 2019). Suppose that {n;} is a sequence of non-negative random variables, and

that {t;} is a sequence of non-negative real numbers (at least one of which is strictly positive) such that, for some 6 € (0,1)
and any i > 1, Pr(n; > t;) > 1 — 6. Then,

Pr (Z:'rh' > ;Za) > 1— 2.
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Lemma D.6 (Lemma 2.7.6 in Vershynin, 2018). For any non-increasing sequence {\; }52 of non-negative numbers such
that 27 Ai < oo, and any independent, centered, o—subexponential random variables {£;}32,, and any x > 0, with

probability at least 1 — 2e™7
| Z)\im < 20max | £\, /xz A2

Lemma D.7 (Theorem 9 in Koltchinskii & Lounici (2017)). Let 21, ..., z, be i.i.d. sub-gaussian random variables with
zero mean, then with probability at least 1 — 2et,

1 trace(Ez2T) trace(EzzT) [t t
|Ezz" — - Z}Zizﬂb < [[Ezz" |2 max{ ; A ﬁ}'
=

n n
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