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Abstract

The noisy query model (a.k.a. noisy decision tree model) was formally introduced by (Feige,
Raghavan, Peleg and Upfal, SICOMP 1994). In this model, the (binary) return value of every
query (possibly repeated) is independently flipped with some fixed probability p € (0,1/2). The
noisy query complexity (a.k.a. noisy decision tree complexity) is the smallest number of queries an
algorithm needs to make to achieve error probability < %

Previous works often focus on specific problems, and it is of great interest to have a character-
ization of noisy query complexity for general functions. We show that any Boolean function with
total influence 2(n) has noisy query complexity Q(n logn), matching the trivial upper bound of
O(nlogn). Our result is the first noisy query complexity lower bound of this generality, beyond
what was known for random Boolean functions (Reischuk and Schmeltz, FOCS 1991).

Our second contribution is to determine the asymptotic noisy query complexity of the Graph
Connectivity problem. In this problem, the goal is to determine whether an undirected graph is
connected, where each query asks for the existence of an edge in the graph. A simple algorithm can
solve the problem with error probability o(1) using O(n? logn) noisy queries, but no non-trivial
lower bounds were known prior to this work. We show that any algorithm that solves the problem
with error probability < % uses (n? log n) noisy queries.

For the proofs of the above lower bounds, we develop a three-phase method, which is a re-
finement of the two-phase method of (Feige, Raghavan, Peleg and Upfal, SICOMP 1994). Our
three-phase method adds an extra step where carefully designed “free” information is disclosed to
the algorithm. This way, we can precisely control the posterior distribution of the input given the
query results, empowering a more refined analysis.

Last but not least, we determine the exact number of noisy queries (up to lower order terms)
needed to solve the k-Threshold problem and the Counting problem. The k-Threshold prob-
lem asks to decide whether there are at least £ ones among n bits, given noisy query access

to the bits. We prove that (1 + o 1))"1°g((;'f;g;’lzgg}/ 9 queries are both sufficient and nec-

essary to achieve error probability § = o(1). Previously, such a result was only known when
min{k,n — k + 1} = o(n) (Wang, Ghaddar, Zhu and Wang, ALT 2025). We also show a similar
nlog(min{k+1,n—k+1}/4)
(1 :|:O(1)) (1-2p) loglpr
number of ones among 7 bits given noisy query access and k£ denotes the answer.

bound for the Counting problem, where one needs to count the
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1. Introduction

Fault tolerance is a crucial feature of algorithms that work on large systems, as errors are unavoid-
able. Hence, previous studies have considered various models to capture the effect of errors, such as
the Rényi—Ulam game (Rényi, 1961; Ulam, 1976), independent noise models (Feige et al., 1994),
and independent noise models without resampling (Braverman and Mossel, 2008).

(Feige et al., 1994) formally proposed the noisy query model with independent noise, which
they call the noisy Boolean decision tree model or the noisy comparison tree model, depending on
whether the problem uses point queries to input bits or comparison queries between input elements.
In this model, each query returns one bit that is independently flipped with some fixed probability
p € (0, %) (i.e., independent noise), and repeated queries are allowed. The efficiency of an algorithm
is measured in terms of the number of queries it makes. (Feige et al., 1994) showed tight asymptotic
bounds for the noisy query complexity for a wide range of problems, including Parity, Threshold,
Binary Search and Sorting.

In fact, researchers had studied queries with independent noise even before (Feige et al., 1994)
formally defined the model. (Berlekamp, 1964; Horstein, 1963; Burnashev and Zigangirov, 1974)
all studied some versions of Binary Search under independent noise. In particular, (Berlekamp,
1964; Horstein, 1963) studied the problem through the lens of channel coding. See (Wang et al.,
2022) for a more detailed discussion about the relationship between the channel coding perspective
and the noisy query perspective.

Furthermore, many learning problems involve queries with unreliable answers, thus can be nat-
urally considered under the noisy query model. For example, the field of active learning studies
problems such as Top-k Selection (e.g., (Mohajer et al., 2017)) in a slightly more general noise
model. The Best-Arm Identification problem in Multi-Armed Bandits (e.g., (Audibert et al., 2010))
can also be interpreted under the noisy query model, as observed in (Gu et al., 2025). Noisy group
testing (e.g., (Scarlett, 2018)) is yet another notable problem that can be considered as a noisy query
problem. These examples further demonstrate that the noisy query model is a natural model to study
and have wide applications in learning theory and computer science.

Following (Feige et al., 1994), researchers have studied problems in the noisy query model
extensively, including random functions (Reischuk and Schmeltz, 1991; Feige, 1992; Evans and
Pippenger, 1998), k-CNF and k-DNF (Kenyon and King, 1994), Binary Search (Ben-Or and Has-
sidim, 2008; Dereniowski et al., 2021; Gu and Xu, 2023; Zhu et al., 2023b), Sorting (Wang et al.,
2022, 2023; Gu and Xu, 2023; Zhu et al., 2023b), Graph Search (Emamjomeh-Zadeh et al., 2016;
Dereniowski et al., 2019, 2021) (a generalization of Binary Search), and k-Threshold (Zhu et al.,
2023b,a; Wang et al., 2025).

However, despite the popularity and naturality of the model, most research on the noisy query
model focus on specific functions instead of general functions. In the above examples, the only
exceptions are the lower bounds for random functions (Reischuk and Schmeltz, 1991; Feige, 1992;
Evans and Pippenger, 1998), and upper bounds for k-CNF and k-DNF (Kenyon and King, 1994).
Furthermore, the specific functions studied in literature are often the ones studied already in (Feige
et al., 1994) such as Threshold, Binary Search and Sorting. As a result, the noise query complexity
of many important and natural problems are left unexplored. In this paper, we take a first step
towards studying the noise query complexity of more general functions and problems.



TIGHT BOUNDS FOR NOISY COMPUTATION

1.1. High-influence functions

Our first result is a lower bound for the noisy query complexity of high-influence functions, a greatly
general family of functions. This is the first result towards understanding the lower bound for
general Boolean functions, beyond the lower bound for random functions (Reischuk and Schmeltz,
1991; Feige, 1992; Evans and Pippenger, 1998).

Influence is a central quantity in the analysis of Boolean functions. For a Boolean function
f:4{0,1}" — {0, 1}, the influence of coordinate i € [n] is defined as

Infi(f) = Prforyn (f(2) # flz ®ei)),

where e; denotes the bit string where the only 1 is in the i-th coordinate, and ¢ denotes exclusive or.
That is, Inf;(f) is the probability that flipping the i-th coordinate of a uniformly random bit string
also flips the function value. The fotal influence is the sum of influences over all coordinates, i.e.,

I(f) =Y Infi(f).

i€[n]
We prove that Boolean functions with linear total influence have noisy query complexity 2(nlogn).

Theorem 1 (Noisy query complexity of high-influence functions) For any ¢ > 0, there exists
¢’ > 0 such that the following holds. For any Boolean function f : {0,1}"™ — {0,1} with |(f) > ¢n,
any noisy query algorithm computing f(x) with error probability < % makes at least ¢'nlog n noisy
queries in expectation to the coordinates of the input x € {0, 1}".

Note that the error probability % can be replaced with any 0 < € < % without affecting the

asymptotic noisy query complexity. The statement is tight in the sense that any Boolean function
on 7 inputs can be computed with error probability o(1) using O(n log n) noisy queries: by simply
querying each bit O(log n) times, we can determine the input string with o(1) error probability.

Theorem 1 unifies and generalizes several previous results. For example, it was known that
a random Boolean function (with probability 1 — o(1)) has noisy query complexity ©(nlogn)
(Reischuk and Schmeltz, 1991; Feige, 1992; Evans and Pippenger, 1998), and computing the parity
function requires ©2(n logn) noisy queries (Feige et al., 1994). As random Boolean functions and
the parity function have total influence ©2(n), Theorem 1 immediately implies these lower bounds
as special cases.

Another central notion related to influence is the sensitivity of Boolean functions', as it is well
known that the total influence is the same as the average sensitivity (the expected sensitivity over a
uniformly random input). (Reischuk and Schmeltz, 1991) proved that any non-adaptive algorithm
computing a Boolean function f makes at least Q(s(f)logs(f)) noisy queries, where s(f) is the
(maximum) sensitivity of f. This result is incomparable to Theorem 1, as their lower bound only
holds against non-adaptive algorithms. In fact, it is not possible to extend the Q(s(f)logs(f))
lower bound against adaptive algorithms in general. For instance, the OR function has sensitivity
n and (adaptive) noisy query complexity O(n) (Feige et al., 1994). On the other hand, the average
sensitivity of OR is much smaller, which suggests that the average sensitivity of a Boolean function
f is a more reasonable measure for lower bounding the adaptive noisy query complexity. This

1. The sensitivity of a Boolean function f at input x, denoted by s(f, x), is the number of bits ¢ for which f(x) #
[z ®ei).
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motivates us to raise the following open question regarding a lower bound for general Boolean
functions.

Open Problem 1 s it true that every Boolean function f : {0,1}" — {0,1} has noisy query
complexity Q(I(f)log1(f))?

Theorem 1 resolves the case where I(f) = £2(n). We note further evidence supporting the I(f) log I( f)
lower bound. The randomized query complexity R(f) satisfies R(f) = Q(bs(f)) = Q(s(f)) =
Q(I(f)), where bs( f) denotes block sensitivity and the first step is by (Nisan, 1989, Lemma 4.2). In
general, the noisy query complexity of a function f is always between R(f) and O(R(f) log R(f)).
Therefore, the Q(I(f) log1(f)) lower bound is consistent with these known relationships.

For the proof of Theorem 1, we develop a three-phase lower bound framework, which is based
on and refines the two-phase method of (Feige et al., 1994) for proving a lower bound for the k-
Threshold problem. In the three-phase method, we reduce the original problem in the noisy query
model to a stronger observation model, where in Phase 1 the algorithm makes non-adaptive noisy
observations and in Phase 3 the algorithm makes adaptive exact observations. In Phase 2, the model
gives away free information, which can only help the algorithm. By designing this free information
carefully, the effect of Phase 1 and 2 combined can be significantly simplified, allowing for a precise
analysis in Phase 3.

We note that this idea of giving away free information already appears in (Feige et al., 1994)’s
two-phase method. For their problem (k-Threshold), this free information is relatively simple. How-
ever, for other problems, the free information could be significantly more involved. We design the
free information in a different way in order for the analysis in Phase 3 to be viable. This additional
phase to the original two-phase method makes it easier to apply and allows for other applications.
As we will soon discuss, the three-phase framework is essential for our result on Graph Connectivity
and also leads to a simple proof for the lower bound of k-Threshold.

1.2. Graph Connectivity

Although the noisy query model is quite natural, there has been little prior work studying graph
problems in this model. Some prior examples include (Feige et al., 1994), which briefly mentioned
that a lower bound for the noisy query complexity of Bipartite Matching can be achieved by reducing
from the other problems they studied; (Kenyon and King, 1994) designed algorithms for k-CNF and
k-DNF using a small number of queries, which imply, for instance, that one can test, up to error
probability J, whether a given n-vertex graph contains a triangle using O (n2 log %) noisy queries.

One of the most fundamental graph problems is Graph Connectivity, where we are given an n-
vertex undirected graph G, and need to determine whether the graph is connected via edge queries.
It is a very basic problem that appears in most first courses in algorithms. For instance, breadth-first
search and depth-first search are usually among the first graph algorithms taught in undergraduate
algorithm classes, and the simplest application of them is to detect whether a graph is connected.
However, to our surprise, we do not even have a good understanding of the noisy query complexity
of such an elementary problem.

One simple algorithm for Graph Connectivity is to query every edge in the input graph O(log n)
times to correctly compute the input graph with high probability, and then solve Graph Connectivity
on the computed graph. This naive algorithm uses O(n? logn) noisy queries, and is essentially all
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what was previously known about Graph Connectivity in the noisy query model. In particular,
hardness of Graph Connectivity does not seem to follow from known hardness results.

Using the three-phase method, we prove an 2(n?logn) lower bound on the noisy query com-
plexity of Graph Connectivity, showing that the naive O(n? log n) algorithm is actually optimal up
to a constant factor:

Theorem 2 (Hardness of Graph Connectivity) Any algorithm solving the Graph Connectivity
problem with error probability < % uses Q(n?logn) noisy queries in expectation.

Similarly as before, the error probability % can be replaced with any 0 < € < % without affecting
the asymptotic noisy query complexity.

We also show an ©(n?logn) lower bound for the related s-t Connectivity problem, where we
are given an n-vertex undirected graph G and two fixed vertices s and ¢, and the goal is to determine
whether there is a path in the graph connecting s and ¢.

As Graph Connectivity and s-t Connectivity are very basic tasks on graphs, their lower bounds
immediately imply lower bounds for several other fundamental graph problems as well. For in-
stance, given the lower bounds for Graph Connectivity and s-t Connectivity, it is straightforward to
show that Global Min-Cut, s-t Shortest Path, and s-t Max Flow on unweighted undirected graphs
all require Q(n? log n) noisy queries in expectation.

1.3. Threshold and Counting

In the k-Threshold problem, one is given a length-n Boolean array a and an integer k, and the goal
is to determine whether the number of 1’s in the array a is at least k. Note that the answer to the
input is false if and only if the number of 0’s in the input is at least n — k + 1. We can thus solve
k-Threshold using an algorithm for (n — k + 1)-Threshold: we can flip all input bits, change & to
n — k 4+ 1, solve the modified instance, and finally flip the result. Therefore, we can assume without
loss of generality that k < n — k + 1, or equivalently, k£ < (n +1)/2.

k-Threshold is one of the first problems studied in the noisy query model. In (Feige et al., 1994),
it was shown that © (n log %) queries are both sufficient and necessary to solve the problem with
error probability 6. However, the optimal constant factor was left unknown.?

There has been some progress towards determining the exact constant for k-Threshold. In (Zhu
et al., 2023a), it was shown that the noisy query complexity of the OR function on n input bits
(equivalent to 1-Threshold) is

nlog %
Dxr(p [I'1—=p)

for 0 = o(1), where Dk, (p || 1—p) = (1—2p) log 1;% is the Kullback-Leibler divergence between
two Bernoulli distributions with heads probabilities p and 1 — p. This result was later generalized
to k-Threshold for all £ = o(n) and 6 = o(1) by (Wang et al., 2025), who showed an

(1+0(1))

nlog%
Dxr(p [ 1—p)

2. Studying constant factors is often overlooked in theoretical computer science, but in this research area, determining
the optimal constants for noisy query complexities of other fundamental problems such as Binary Search and Sorting
has been an active topic (e.g., (Burnashev and Zigangirov, 1974; Ben-Or and Hassidim, 2008; Dereniowski et al.,
2021; Gu and Xu, 2023)). See (Gretta and Price, 2024) for more discussions on the importance of studying constants
in noisy query complexity.

(1+0(1))
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bound. Compared to (Zhu et al., 2023a), (Wang et al., 2025)’s result works for a much wider range of
k. However, their lower bound proof technique unfortunately stops working for the case k = ©(n),
and this case is frustratingly left open (we remark that their algorithm gives the right upper bound
even for k = ©(n)).

In this work, we complete the last piece of the puzzle, showing a matching bound for all values
of k.

Theorem 3 (Noisy query complexity of k-Threshold) Foranyl <k < (n+1)/2andé = o(1),
computing k-Threshold on a length-n array with error probability § needs and only needs

nlog%

o) 5 o=

noisy queries in expectation.

Here the 6 = o(1) assumption is standard and has appeared in several previous works (Gu and
Xu, 2023; Zhu et al., 2023a; Wang et al., 2025).

While (Wang et al., 2025) has already given an algorithm achieving the tight upper bound for
any k, their algorithm involves calling some extra algorithms such as Noisy Sorting and Noisy
Heap, which seems too heavy and unnecessary for the k-Threshold problem. After all, in the classic
noiseless setting, the algorithm for k-Threshold is much simpler than algorithms for Sorting or
Heap. We provide a much simpler algorithm which involves only checking each bit one by one and
completely avoids calling these extra algorithms.

We also provide an alternative and simpler proof of the lower bound for k-Threshold with & =
o(n). The proof of (Wang et al., 2025) considers three cases and uses two different methods (the
two-phase method from (Feige et al., 1994) and Le Cam’s two point method) for solving them. We
show that this casework is unnecessary by providing a uniform and simple proof for all £ = o(n)
by using our three-phase method.

We also consider a related problem, Counting, where we need to compute the number of 1’s in
n input Boolean bits. The lower bound for k-Threshold easily applies to Counting as well (though
in a non-black-box way). In addition, we design an algorithm for Counting that matches the lower
bound, obtaining the following result.

Theorem 4 (Noisy query complexity of Counting) Given a sequence a € {0,1}", computing
||a||1 with error probability § = o(1) needs and only needs

nlog m1n{||aH17gL—||aHl}+1

DxL(p | 1—p)

(14 0(1))

noisy queries in expectation.

A problem closely-related to k-Threshold is the k-Selection problem, where one is given n
items (comparable with each other) and the goal is to select the k-th largest element using noisy
comparison queries. It is known that solving k-Selection with error probability 6 = o(1) needs and

min{k,n—k+1}
5

only needs O (n log ) noisy queries (Feige et al., 1994). Their bounds are only tight

up to a constant factor, so the exact value of the leading coefficient remains open.

Open Problem 2 Determine the exact constant ¢ such that (¢ = o(1))nlog w noisy

queries is both sufficient and necessary to solve the k-Selection problem with error probability

d =o(1).
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2. Technical overview

2.1. Proof overview for high-influence functions

Recall that the error probability é in the statement of Theorem 1 can be replaced with any 0 < € < %
without loss of generality. Also, the expected number of queries can be replaced by the worst-case
number of queries by Markov’s inequality.

Let f : {0,1}" — {0, 1} be a Boolean function with I(f) = €(n). The hard distribution for the
input = will be the uniform distribution over {0, 1}".

Inspired by (Feige et al., 1994), we prove hardness under the noisy query model by introducing
a new problem where the algorithm has more power, and prove hardness of this new problem.

The new problem has three phases, described as follows.

1. In Phase 1, the algorithm makes m; = c;logn noisy queries to coordinate x; for every
i € [n].

2. In Phase 2, the oracle reveals some coordinates of x to the algorithm.
3. In Phase 3, the algorithm makes mo = con adaptive exact queries for some constant cs.

The goal of the algorithm is to compute the value f(z).

Note that the first two phases are non-adaptive. The third phase is adaptive but the algorithm
makes exact queries. This is the reason why the three-phase problem is easier to analyze than the
original noisy query problem.

It is not hard to prove that if no algorithm can solve the three-phase problem with € error proba-
bility, then no algorithm can solve the original problem with € error probability using no more than
mimg = ci1conlogn noisy queries. Therefore we only need to prove hardness of the three-phase
problem.

Phase 1. Let a; be the number of times where a query to x; returns 1 in Phase 1. The posterior
distribution of the input x given observations made in Phase 1 depends only on the variables a;.
In other words, (a;);c[y is a sufficient statistic for z. Conditioned on =, the variables (a;);c[,) are
independent, and the distribution of each a; is a binomial distribution depending only on whether
x; = 1. Thatis, if z; = 1, then a; ~ Bin(mi,1 — p); otherwise, a; ~ Bin(mq,p) (Bin(-,-)
denotes the binomial distribution). Moreover, for x; = 0, a; is in an interval I around pm; with
probability 1 —o(1); for z; = 1, a; is in the interval I with probability nc3%0(1) for some constant
c3 > 0 depending on c; and p. Because the observations are independent for different coordinates,
each index has a non-negative weight, such that the posterior probability of the input being x is
proportional to the product of weights of the coordinates ¢ where x; = 1.

Phase 2. In Phase 2, the oracle reveals some coordinates of x to the algorithm. This information
is revealed in two steps:

2a. All coordinates with a; & I are revealed.

2b. Every x; with a; € I is revealed independently with probability g,, for some real numbers
(ar € [0, 1])ker-

Because of the observations in Phase 1, the unrevealed coordinates can have different weights. That
is, given observations up to Step 2a, the posterior probabilities for different coordinates being 1 can
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be different, which is undesirable. Step 2b is a subsampling procedure, with the goal of reweighting
the unrevealed coordinates so that all of them have the same weight. If the interval I is not too large,
then the probabilities g, for k& € I will not be too small. Because observations made up to Step 2b
are independent for different coordinates, they have the same effect as the following procedure (if
the real numbers ¢; are chosen carefully): every x; with x; = 1 is revealed independently with
probability p; = 1 — n~e%0(1) and x; with 2; = 0 is revealed independently with probability
p— = o(1).

Phase 3. At this stage, let the set of unrevealed coordinates be U. Conditioned on the revealed
coordinates, z; for i € U are i.i.d. Ber(q) variables, where Ber(q) denotes the Bernoulli distribution
with head probability ¢ = 1= 25— —esto(l) " n other words, the distribution of x(s is
Ber(q)®Y. Let g be a restriction of f where the revealed coordinates of z are fixed to be the
revealed values. Then we need to show that on average, computing g with error probability < €
requires 2(n) (adaptive) exact queries, for some sufficiently small ¢ > 0. To this end, we consider

a biased version of total influence I,:

= n

IQ(Q) = ZPxNBer(q)@’U (g(x) # g(ZL’ D 61))

icU
Our proof strategy consists of the following three steps.
3a. First, we show that |,(g) = Q(n) in expectation.

3b. After we make a query, we further fix the value of the queried coordinate, and replace g with
the new restricted function. We show that each exact query can only decrease |,(g) by at most
1 in expectation.

3c. Finally, we show that if |,(g) = €(n), then it is impossible to guess g(z) (where z follows a
biased product distribution) with error probability < e.

Combining the three steps, we obtain that making con exact queries (in expectation) cannot compute
g with < € error probability, for sufficiently small ¢3 and € > 0.

We note that Step 3c is where this approach fails to extend to general functions with sublinear
total influence. In fact, for I,(g) = o(n), it might be possible to guess g(z) (where z follows a
biased product distribution) with o(1) error probability. For instance, if g(z) is a function where
o(1) random fraction of the values are 0, and the other values are 1, it is straightforward to show
that 1,(g) = o(n) (in expectation), and we can guess g(x) = 1 to achieve o(1) error probability,
without using any queries.

2.2. Proof overview for Graph Connectivity

In this section we present an overview of our proof of Theorem 2, hardness of Graph Connectivity.
Again, the error probability % can be replaced with any 0 < € < % and the expected number of

queries can be replaced by the worst-case number of queries, without loss of generality.

Hard distribution. To prove the lower bound, we design a hard distribution of inputs. The distri-
bution is based on uniform random spanning trees (USTs) of the complete graph. Let 7" be a UST.
We say an edge e € T is -balanced if both components of 7"\ e have size at least fn. Let e be a
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uniform random Sy-balanced edge of T', where By = % (If such e does not exist, we restart.) We
throw a fair coin and decide whether to erase edge e from 7. That is, conditioned on (7', ¢), the
input graph G is T' (connected) with probability % and is T'\ e (disconnected) with probability %

Three-phase problem. Following the three-phrase method, it suffices to show the hardness of the
three-phase problem described as follows.

1. In Phase 1, the algorithm makes m; = ¢; logn noisy queries to every unordered pair (called
“potential edge”) (u,v) € (‘2/) for some constant c;.

2. In Phase 2, the oracle reveals some edges and non-edges of G to the algorithm.
3. In Phase 3, the algorithm makes my = con? adaptive exact queries for some constant cs.

The goal of the algorithm is to determine whether the graph is connected.

Phase 1. This phase is similar to Phase 1 in Section 2.1. In Phase 1, the algorithm makes m1 noisy
queries to every potential edge e € (‘2/) Let a. be the number of times where a query to a potential
edge e returns 1 in Phase 1. Similar to Section 2.1, if e € G, then a. ~ Bin(mq,1 — p); otherwise
ae ~ Bin(my,p). Specifically, for e ¢ G, a. is in an interval I around pm; with probability
1 — o(1); for e € G, a, is in the interval I with probability n~3*°(1), for some constant c3 > 0
depending on c; and p. Because the observations are independent for different edges, each edge has
a non-negative weight, such that the posterior probability of G = T for a tree 7' is proportional to
the product of weights of edges in 7T'.

Phase 2. In Phase 2, the oracle reveals some edges and non-edges of . This information is
revealed in three steps (the first two steps are similar to those in Section 2.1).

2a. In Step 2a, the potential edges e with a. & I are revealed. (Recall that I is an interval around
pmy.) That is, the algorithm now knows which potential edges e with a. & I are edges.

2b. In Step 2b, every edge e with a. € I is revealed independently with probability g, for some
real numbers (g, € [0, 1])xer.

2¢. In Step 2¢, n — 2 edges are revealed as follows. If G is disconnected, reveal all edges of G;
otherwise, if there is a 5p-balanced edge that has not been revealed so far, uniformly randomly
choose one (say e*) from all such edges, and reveal all edges of G\e*. If G is connected but
all By-balanced edges have been revealed, report failure.

Similar to Section 2.1, if the real numbers ¢ are chosen carefully, the observations made up to
Step 2b have the same effect as the following procedure: observe every edge independently with
probability p, = 1—n~%%°(1); observe every non-edge independently with probability p_ = o(1).

We can show that Step 2c reports failure with 1 — (1) probability. In the following, we con-
dition on the event that the oracle does not report failure in Step 2c. In this case, Step 2c reveals all
except for one edge, which forms two connected components 77 and 75. By the construction, T
and 75 both have size at least Sypn. The posterior distribution is supported on {77 UT5, T1 UToU{e} :
e € E(T1,T»)}. In our full analysis, we compute an exact formula for the posterior probability of
every graph in the support.
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Phase 3. In Phase 3 the algorithm makes my = con? adaptive exact queries. Let Gg = Ty U T,
G. =T, UTy U {e} for e € E(Ty,T5). Let P(2) denote the posterior distribution of G after Phase
2. Because T and 75 are already revealed, we can w.l.o.g. assume that the algorithm makes queries
only to edges in E(T,T>). We prove that after Phase 2, for most edges e € E(71,T>), we have

Let E®) be the set of potential edges queried in Phase 3. For small enough ¢z, we have

> PG = 0(1) - P (Gy),
)

ecEB

Therefore, with constant probability, all queries in Phase 3 return 0. Furthermore, if this happens,
then the posterior probability of G and {G. : e € E(Ty,Ty)\E®)} are within a constant factor
of each other. In this situation, outputting anything will result in a constant error probability. This
concludes that for some € > 0, no algorithm can solve the three-phase problem with error probability
€.

2.3. Proof overview for k-Threshold and Counting

Before we discuss our techniques for k-Threshold and Counting, we briefly discuss the previous
work of (Wang et al., 2025), who showed a

nlog%

1+ 0(1))DKL(p | 1—-p)

bound for k-Threshold where k& = o(n). Their lower bound stops working for k& = ©(n) because
one step in their lower bound proof reveals the locations of £ — 1 1’s to the algorithm, leaving
only n —k+ 1 = (1 — (1))n unknown bits. This case can be solved by an algorithm using

k
(1- Q(l))% noisy queries, meaning that this approach cannot be used to show a tight

lower bound.

Lower bound for %k-Threshold. Our lower bound for k-Threshold for general values of k is a
reduction from (Wang et al., 2025)’s lower bound for k& = o(n). In the overview, we focus on the
case where £k = (n + 1)/2 for odd n. In this case, the problem is equivalent to computing the
majority of n input bits.

Given any instance of k-Threshold on a length-n array for k = n/logn, we first add L artificial
1’s to the array to obtain a new instance where n’ = n + L and ¥ = k + L. We set L so that
k' = (n'+1)/2 (or equivalently, L = n — 2k + 1). Now suppose we have an algorithm for the new

. "log & . . .
instance that uses only (1 — e)% noisy queries for some € > 0. Whenever the algorithm

queries an artificial 1, it can be simulated without incurring an actual noisy query; instead, we only
need to flip biased coin with head probability 1 — p and return its value. Because the algorithm is
for computing the majority, intuitively, by symmetry, the expected number of queries it spends on
an input 0 and an input 1 should be the same. Furthermore, if we add the artificial 1’s to random
positions, the algorithm should not be able to distinguish an artificial 1 with an actual 1. Therefore,

10
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in expectation, L/n fraction of the algorithm’s queries are to artificial 1’s, so the actual query
complexity for solving the original k-Threshold instance is

L "log & log &
(1—,> Qg Tloss g nloey
n Dxr(p || 1-p) Dxr(p | 1=p)
Because k = n/logn, we have log &’ < log(n+1) = (14+0(1)) log k, so the above bound becomes

nlog %
Dxr(p |1 —p)
which contradicts the lower bound from (Wang et al., 2025).
Our lower bound for more general values of k is proved using a similar idea. However, we no

longer have the symmetry between 0 and 1, so we need to reduce from the case & = n/logn or
k = (n + 1)/2 depending on whether the algorithm spends more queries on an input 0 or 1.

(1—€e+o0(1))

Upper bound for k-Threshold. For the upper bound, (Wang et al., 2025)’s algorithm already
works also for the k£ = ©(n) case. Nevertheless, we provide a much simpler algorithm that achieves
the same tight upper bound. (Wang et al., 2025) used a standard CHECK-BIT procedure to estimate
the value of each input bit, and then used established machinery on Noisy Sorting and Noisy Heap
studied earlier (Feige et al., 1994). In comparison, our algorithm uses an asymmetric version of the
CHECK-BIT procedure that estimates the value of each input bit. Using this asymmetric procedure,
we essentially only need to check each input bit one by one, avoiding calling extra algorithms such
as Noisy Sorting or Noisy Heap.

Upper bound for Counting. Our algorithm for Counting is based on the idea of our algorithm
for k-Threshold. Our algorithm for k-Threshold can additionally count the number of 1’s in the
input if it is at most k, so one natural idea for Counting is to first compute an estimation k of
the answer ||al|1, then use our algorithm for k-Threshold to compute the exact answer. However,

this approach does not work when ||a||; is very small compared to n, as there is no reliable way
llall1
log “——+

to estimate the answer within a constant factor using o nWH(Sl—p) queries. We circumvent
this issue by gradually increasing k during the algorithm and simulate the asymmetric CHECK-BIT
procedure on each input bit. We can view the asymmetric CHECK-BIT procedure for each bit as a
biased random walk on Z, and for different & the procedure only changes the stopping condition,
but not the random walk. In this way we show that k& will eventually stop at the correct answer with
desired error probability.
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Appendix A. Preliminaries

Throughout the paper, we use p € (0,1/2) to denote the flipping probability of each noisy query,
i.e., for a bit x, QUERY (z) returns z with probability 1 — p and returns 1 — x with probability p.
For 0 < ¢ < 1, Ber(q) denotes the Bernoulli distribution with head probability g. Throughout the
paper, all logs have base e. For two sequences (fn)n, (Gn)n, We write f,, < g, if f,, = O(gn), i.e.,
there exists € > 0 such that e f,, < g, < ¢! f,, for all n large enough.

Let Bin(n, p) denote the binomial distribution. The following large deviation bound is useful.

Lemma5 Let0<p< % and 0 < q < 1. Then for large enough m and integer k = (q¢ = o(1))m,

we have
P(Bin(m, p) = k) = exp (—(DxwL(q || p) £ o(1))m),
where
a 1—a
Dxi(a ] b) = alogg +(1—a)log T30

is the binary KL divergence function.

Proof

P(BinGm,p) =) = () -
= exp(mlogm — klogk — (m — k)log(m — k) £ o(m))
-exp(klogp + (m — k)log(1 —p))

— exp (- <qlog;+(1—q)logi:z j:o(l)) m)

= exp(—(Dxe(q || p) £ o(1))m).

Appendix B. High-influence functions

We prove Theorem 1 in this section. Let us recall the theorem statement.

Theorem 1 (Noisy query complexity of high-influence functions) For any ¢ > 0, there exists
¢’ > 0 such that the following holds. For any Boolean function f : {0,1}" — {0, 1} with I(f) > ¢n,
any noisy query algorithm computing f(x) with error probability < % makes at least ¢'n log n noisy
queries in expectation to the coordinates of the input x € {0, 1}".

B.1. Three-phase problem

Let f be a Boolean function with total influence I(f) > ¢n and x be uniformly chosen from {0, 1}".
Our goal is to show that any algorithm computing f(x) with error probability ¢ makes at least
d'nlogn queries in expectation. (The error probability 1/3 in Theorem 1 can be replaced with
any € > 0 without affecting the asymptotic noisy query complexity, by repeating the algorithm
constantly many times and taking the majority vote.)

Let c1, c2 > 0 be two absolute constants. We define a three-phase problem as follows.

14
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1. In Phase 1, the algorithm makes m; = c¢; logn queries to every coordinate.
2. In Phase 2, the oracle reveals some elements to the algorithm.

3. In Phase 3, the algorithm makes mo = con adaptive exact queries.

The goal of the algorithm is to determine the value of f(x).

Lemma 6 If no algorithm can solve the three-phase problem with error probability € > 0, then no
algorithm can compute f(x) with error probability € using at most c¢iconlogn noisy queries.

Proof Suppose there is an algorithm .4 that computes f(x) with error probability € using at most
m1ms noisy queries. We define an algorithm A’ that solves the three-phase problem with the same
error probability.

Let z € {0, 1}" be chosen uniformly randomly. Algorithm A’ receives query results in Phase 1
and 2 and enters Phase 3. It simulates algorithm A on the same input z as follows.

(1) Initially, x; < * for all i € [n].
(2) When A queries coordinate i:

(a) If this is the k-th time coordinate ¢ is queried for £ < mjy, return the k-th noisy query
result on coordinate 7 in Phase 1 to A.

(b) Suppose coordinate 7 has been queried more than m; times. If z; = *, make an exact
query to coordinate 7 in Phase 3 and let z; < the query result. Return BSC,(x;) to A.

(3) When A returns, A’ returns the same result.

Because A has error probability €, A’ also has error probability e. It suffices to prove that in
Phase 3, A’ makes at most mo exact queries. Note that the number of exact queries A’ makes in
Phase 3 is equal to the number of coordinates ¢ to which .4 makes more than m; queries. Because
A makes mims queries, the expected number of such coordinates is at most mo. |

By Lemma 6, to prove Theorem 1, it suffices to prove hardness of the three-phase problem.

Proposition 7 For some cy, co, € > 0, no algorithm can solve the three-phase problem with error
probability €, where the input is uniformly chosen from {0,1}".

Theorem 1 follows by combining Lemma 6 and Proposition 7. The rest of the section is devoted to
the proof of Proposition 7.

B.2. Phase 1

In Phase 1, the algorithm makes m; = ¢; logn queries to every element ¢ € [n]. Let A = {i €
[n] : x; = 1}, where x is the input bit string. Let a; denote the number of times where a query to
i returns 1. Then fori € A, a; ~ Bin(my,1 — p); fori € A, a; ~ Bin(my,p). For 0 < j < my,
define

pj = P(Bin(mi,1 —p) = j) = <n;1> (1—p)p™ 7. (1)

Let I = [pmi —m{%, pmy 4+ m-].
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Lemma 8 Let x ~ Bin(my,1 —p), y ~ Bin(my,p). Then
P(z € I) = n~ %), 2
Ply € I) =1—o(1), 3)
where c3 = c1(1 — 2p) log 1;%.
Proof By Lemma 5, for k € I, we have

P(z = k) = exp(—(DkL(p | 1 — p) % o(1))my) = n~ 1 Preplll=p)Eoll),

So
P(z €)= Zp(x = k) = n~Pxe@ll=p)Fo(1)
kel
This proves Eq. (2).
Eq. (3) follows from the Chernoff bound. |

Let P = Ber(1/2)®" denote the prior distribution of A and P(!) denote the posterior distri-
bution of A conditioned on observations in Phase 1. Then for any set B C [n] we have

PO(B) o P ((ar) e B) PO (B)

= (Hpcu) H Pmi—a; | PO(B)

i€B i€[n]\B

x (Hpm) ZGH Prma—a;

i€B i€[n]\B

B.3. Phase 2

In Phase 2, the oracle reveals some elements in A and not in A as follows.
2a. In Step 2a, the oracle reveals elements ¢ with a; & I.

2b. In Step 2b, the oracle reveals every ¢ € A independently with probability g, for some
constants (qx)xer to be chosen later.

B.3.1. Step 2a

Let Sfa) (resp. S(_2a)) denote the set of elements in A (resp. in A°) revealed in Step 2a. For B C [n],
we say B is consistent with the observations (Sfa), S(,Za)> if Sfa) C Band S®Y N B = 0. Let
PP(2%) denote the posterior distribution at the end of Step 2a, and C(2) be its support. Then B C [n]
is in (%) if and only if it is consistent with (Sfa), S (2a)> . For B € €2 the posterior probability

P(29)(B) is given by

]P’(2a)(B) x P(l)(B) X (H pai> (H pml_ai> . 4)

i€B 1€B¢
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B.3.2. Step 2b

Let Sfb) be the set of elements of A revealed in Step 2b that were not revealed in Step 2a. Define
S(E%) = Sfa) US(fb). Define P(*?), C(?) similarly to Section B.3.1. Then C(?) is the set B € C(2%)
that are consistent with (Sfb), @). For any B € C(?"), we have

P (B) o« P (57|, STV) PC2)(B) 5)

| I (Q-a)|E®B)

(<2b)

i€B\S-
X H (1 — qa; )pai H Pmi—a;
ieB\5{=2 ieBe\§2%

1_aiai
<~ TI (1 — ga))p

pm1 —a;

ieB\s{=*"
Note that for any B € C(?®) and any i € B\Sf%), we have a; € I.
Let us now choose the values of ¢, for & € I. For k € I, define

pml —kpkl
PkPmq—k;

@ =1-

m1—2k
where k; = pm1 — 1og%% n is the left endpoint of I. Because pr’;}% = (%) ' is decreasing
in k, we have ¢, € [0, 1] for k£ € I. So this choice of g;’s is valid.
With this choice of g, we can simplify Eq. (5) as

15
P (B) « (p"”> . (6)

pml—kl

Eq. (6) is very useful and greatly simplifies the posterior distribution. Importantly, (ai)ie[n] does

not appear directly in the expression. Therefore, (Sf%), S(,Qa), |A|) is a sufficient statistic for A
at the end of Step 2b.
Let us now consider the distribution of (Sf%), S(fa)) conditioned on A.

(<2b)

Let py be the probability that a coordinate i € A is in S;="". Every coordinate i€ Ais

independently in S(fa) with probability P(Bin(my,1—p) € I) = 1 —n~%%°(1) (Lemma 8). Every

coordinate ¢ € A is independently in Sfb) with probability

Zpqu _ Zpk ( Pmy— kpkl> .

kel kel PkPmi—k
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For a fixed i € A, the events 7 € Sfa) and: € Sfb) are disjoint, so

py =P(Bin(mi,1 —p) € 1) + Zpqu > P(Bin(my, 1 —p) ¢ I) =1 —n~3¥el),
kel

On the other hand,

pr=1- Zpk(l —qr) <1 —pp(1—q) =1—pp, =1 —n-s*old)
kel

where the last step is by Lemma 5. Thus,

py =1 — pcstol), (7)
Let p_ be the probability that a coordinate ¢ € A€ is in S(fa). By Lemma 8,
p— = P(Bin(my,p) € I) = o(1). ®)

Therefore, observations up to Step 2b have the same effect as the following procedure:
Definition 9 (Alternative observation procedure) Let A ~ Ber(1/2)®™.
(1) Observe every coordinate i € A independently with probability py (Eq. (7)).
(2) Observe every coordinate i € A€ independently with probability p_ (Eq. (8)).

By Eq. (6), the posterior distribution of A after Phase 2 is a biased product distribution on the
unrevealed coordinates.

B.4. Phase 3

In Phase 3, the algorithm makes at most con adaptive exact queries. We will show that for ¢, small
enough, no algorithm is able to determine f () with very small error probability.
Our proof strategy is as follows.

3a. Because f has linear total influence, after Phase 2 ends, the Boolean function on the unre-
vealed coordinates will have a biased version of total influence |, at least {2(n) in expectation.

3b. Every (adaptive) query made in Phase 3 decreases |, by at most 1. Therefore, after Phase 3,
the Boolean function on the remaining unrevealed coordinates has |, = 2(n) in expectation.

3c. Finally, we show that if a Boolean function has |, = €2(n), then it is impossible to guess f(z)
(where x follows a biased product distribution) with very small error probability.

Because observations up to Phase 2 have been simplified by our analysis, we make some defi-
nitions and restate the problem we need to solve in Phase 3.
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B.4.1. Preliminaries

We have a Boolean function f : {0,1}" — {0, 1} and an input  ~ Ber(1/2)®™, and the goal is to
determine f(z). Then we independently observe each i € [n] with probability is py = 1 —n~csto(l)
forz; = 1and p_ = o(1) for z; = 0. Let s € {0, 1, *}" be the observations. That is, if coordinate
i is revealed, then s; is the revealed value; otherwise s; = *. Let U = {i € [n] : s; = x} be the
unrevealed coordinates. Conditioned on s, the distribution of x; is a product of Ber(q), where

_ 1- b+ — ’I’L_CS:EO(I). (9)
1-— D+ + 1-— pP—

q

Let f5 : {0,1}Y — {0, 1} be the function fs(zy) = f(s < zy) forall zy € {0,1}Y, where s <z
denotes the bit string where all * in s are replaced with the corresponding value in z;. Let p be the

distribution (&7, 5,1 — &= — ££) on {0, 1, }. Then without conditioning on , s has distribution
Qn
pom.

For any Boolean function g : {0,1}° — {0, 1}, define the g-biased influence of coordinate
1€ Sas

Infq,i(f) = IP)acher(q)®S (f(q;) 7& f({E @ 61))

and the g¢-biased total influence as

lo(f) = Infyi(f).

€S

When we mention the g-biased total influence of the function fs, the sum is over the unrevealed
coordinates ¢ € U.

For a string y € {0, 1}7, let D, denote the distribution of ¢ € {0, 1, +}* where for i € S with
y; = 1, t; = 1 with probability p, and ¢; = * with probability 1 —p; fori € S withy; = 0,¢; =0
with probability p_ and t; = * with probability 1 — p_. For a string t € {0, 1, *}°, let F, denote
the distribution of y € {0,1} where y; = t; if t; € {0,1} and y; ~ Ber(q) independently for
i € S with t; = %, where ¢ is defined in Eq. (9). With these definitions, we have z ~ Ber(1/2)®",
s~ p®" x ~ E, conditioned on s, s ~ D, conditioned on .

B.4.2. Step 3a
We connect the total influence I( f) with the biased total influence I, ( f5).
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Fix i € [n], we have (in the following, z U0; and x U 1; denotes setting the i-th bit of z as 0 and
1, respectively)

Inf;(f) =P, per(1 /20w (f(zU0;) # flz U Ly))
=P per1/22nn (f(U0;) # f(zU 1))

s~Dg,
=P ety (flzU0;) # f(zUL))
x~E
1
=P, =) sz:gea[n] (f(2U0;) # f(xU L) Asi =)
S[nl\i
1

TR O e =

— 5 By e P (@) 7 flo @ ).
The first step is by definition of Inf;. The second step is because s is not involved in the condition.
The third step is by considering the joint distribution between = and s. The fourth step is because
the two conditions f(z U0;) # f(z U 1;) and s; = * are independent: the former depends on S[n]\i
and the latter depends on s;. The fifth step rewrites the condition. The sixth step changes the order
of checking s; = * and choosing x ~ Ej.
Summing over i € [n], we have

pI) = S By ot [Loimn - Pais, (f(2) # f(o ® €2))]

i€[n]

= ESNP®[n] Z Prvp, (f(z) # f(x @ ei))

i€[n]:s; =%
= Es~p®[”] Iq(fs)

The second step is by linearity of expectation. The third step is by definition of |.

Note that p(x) = 1 — B= — B = 1 4+ o(1). Because I(f) > cn, we have
E, i u(J2) > (20 % o(1)n. (10

That is, fs has expected g-biased total influence at least (2¢ + o(1))n.

B.4.3. Step 3b

We prove the following lemma, which essentially says that adaptive exact queries in Phase 3 can
only decrease the g-biased total influence |, by a certain amount. In the following, recall the defini-
tion of f; for a Boolean function f : {0,1}" — {0,1} and ¢t € {0, 1,*}" is f where we restrict all
input coordinates 7 with ¢; # * to be equal to t;.

Lemma 10 Ler f : {0,1}" — {0,1} be a Boolean function. Suppose the input = follows
distribution Ber(q)®". Consider an algorithm which adaptively makes at most m exact queries
in expectation. Let t € {0,1,%}" be the random variable denoting the query results. Then
Elly(fe)] > 14(f) — m, where E is over the randomness of the revealed coordinates and the ran-
domness of the algorithm.
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Proof By induction it suffices to prove the case where the algorithm makes exactly one query.
Without loss of generality, assume that the algorithm makes an query to coordinate 1. Then ¢t =
1%"~! with probability ¢ and ¢ = 0+™~! with probability 1 — q.

Ellg(f0)] = ¢lq(fran-1) + (1 = @) lg(foun-1)
=q Z Infq,i(fl*"—l) + (1 - Q) Z Infq,i(fO*"—l)

2<i<n 2<i<n
= Z Infgi(f)
2<i<n
= 14(f) — Infg1(f)
> lg(f) — 1.

The first step is by expanding the expectation. The second step is by definition of |,. The third step
is because ¢ Infy ;(f1.m-1) + (1 — q) Infg;(foun—1) = Infy;(f). The fourth step is by definition of
l4. The fifth step is because Inf, ;(f) < 1. [

We now apply Lemma 10 to Phase 3. Let t € {0, 1, *}V be the observations made in Phase 3, where
U = {i € [n] : s; = «} is the set of unrevealed coordinates at the end of Phase 2. Then Eq. (10)
together with Lemma 10 implies that

Eqpom [Eellg((fs)e)]] = (2¢ = e £ o(1))n. (11)

B.4.4. Step 3c

After Phase 3, the Boolean function on the unrevealed coordinates has g-biased total influence at
least (2¢ — co + o(1))n = (n) in expectation. In particular, with probability > ¢ — ¢2/2 + o(1),
the function has I,((fs):) > (¢ — c2/2 & o(1))n. Any algorithm now needs to output an answer
in {0,1}. The following result shows that the error probability will be (1) no matter what the
algorithm outputs.

Lemma 11 Forany 0 < ¢ < 1, there exists ¢ > 0 such that the following holds. Let f : {0,1}" —
{0, 1} be a Boolean function and 5 < q < ¢/6 be a parameter. If 14(f) > cn, then

d < EzNBer(q)®” [f(zx)] <1-— c.

Proof Since I,(f) > cn and Inf, ;(f) < 1 for every 1, there exist at least cn/2 indices ¢ € [n] with
Infei(f) > ¢/2. As [¢/6q] < cn/2, there are m = |¢/6q| indices i € [n] with Inf,;(f) > ¢/2.
Without loss of generality, assume that Inf, ;(f) > ¢/2 for i € [m].

Let 0™ denote the length-m bit string with all 0’s. By union bound, we have

meBer(q)@" (x[m] = Om) >1- Z waBer(q)@)n (x;=1)=1-—mgqg>1-c/6. (12)
1€[m]
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Let ¢ denote the concatenation operation of two bit strings. For any ¢ € [m], we have

Py Ber(getnnimy (F(0™ 0 y) # fleioy))
=Popagen (F(@) # f(@ & €) | 2 = 0")
> Pyper(qyon (f(x) # f(x @ ei) Aapy =0™)
> Ppper(qen (f(2) # f(2 @ €) + Poper(gyen (Tfm) = 0™) — 1
> Infyi(f) + (1 —c¢/6) — 1 (By Eq. (12))
> ¢/3. (13)

Finally, we have

IEacher(q)®" (f(.%’))
> I[Dachelr(q)(@”(f(w) =1Az1+- -+ xy = 1)

= Z ]P)a:NBer(q)@" (f(l‘) =1A Lim] = 62')

1€[m]
=q(1 =" ) Pyper(getnmn (fleioy) =1)
i€[m]
>0c(q) - Y Pyoper(getnm (F(0™0y) =0 A f(0" oy) # fleioy))
i1€[m)|
>0c(q)- Y (]P’yNBer( yeunnmm) (f (0™ 0 y) = 0) + Py _per(genimn (f (0™ o y) # fleioy)) — 1)
1€[m]
> O.(1) - (]P’yNBer(q)@( i) (f(0™ 0y) = 0) +¢/3 = 1) (By Eqg. (13))
26(1) (:ENBerq)@” ():OAm[m]:Om)_‘_C/?’_l)
> 0c(1) - (Pyoper(qen (f(2) =0) + (1 —¢/6) —1+¢/3-1) (By Eq. (12))
=0 (1) (C/6 E, Ber q)®"(f( )))

By symmetry, we also have E, pe(qen (f(2)) <1 - [ |

Therefore, there exists ¢’ depending only on ¢ such that E, _pger(g)en [f(7)] > ¢

Applying Lemma 11 to the Boolean function (f5); on the unrevealed coordinates finishes the
proof.

Appendix C. Graph Connectivity

Recall the Graph Connectivity problem, where the input is an unknown undirected graph on n
labeled vertices. In each query, the algorithm picks an unordered pair e = (u,v) € (g) and the
oracle returns whether e is an edge of G, flipped independently with probability 0 < p < % The
goal of the algorithm is to determine whether G is connected or not.

In this section, we prove Theorem 2, which we recall below:

Theorem 2 (Hardness of Graph Connectivity) Any algorithm solving the Graph Connectivity
problem with error probability < % uses Q(n?logn) noisy queries in expectation.
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C.1. Preliminaries

Lemma 12 (Stirling’s formula)
1. There exists an absolute constant € > 0 such that for alln > 1,

o (2) <oz i (2)

n

2. Fix m > 2. There exists an constant ¢ = e¢(m) > 0 such that for all n > 1 and all

ki,....km>1withki+ - -+ ky, =n,

nnt1/2 - n ~ nnt1/2
€ T }kk‘i"rl/Q = \ky,o k) = oo k72
iclm) % :

i€lm] i

Let (P,), and (Q,,), be two sequences of probability measures such that P, and Q,, are defined
on the same measurable spaces §2,. We say Q, is contiguous with respect to P,,, denoted by
Qn < P,, if for every sequence (Ay), of measurable sets A, C Q,, P,(A,) — 0 implies
Qn(A,) — 0.

Lemma 13 (Cayley’s formula) The number of spanning trees on n labeled vertices is n™ 2.

C.2. Structure of a uniform spanning tree

Our proof of Theorem 2 uses several properties of the uniform random spanning tree (UST) of the
complete graph. In this section we state and prove these properties.
The notion of balanced edges is crucial to our construction and analysis.

Definition 14 (Balanced edges) Let 3 > 0 be a constant. Let T be a spanning tree on n labeled
vertices. An edge e € T is called -balanced if both sides of e has at least fn vertices. Let Bz(T')
denote the set of B-balanced edges of T

Proposition 15 Let T be a UST on n labeled vertices. There exist absolute constants €, vy1, 72,73 >
0 such that with probability at least €, the following are true simultaneously.

(i)
1vn < |Bys(T)| < yav/n.
(ii) Foralle € By3(T), if T1, T are the two connected components of T'\e, then
min{|By 7(T1)|, | Bi7(T2)|} > v3v/n.
Our proof of Proposition 15 uses the following lemmas.

Lemma 16 (Balanced edges form a chain) Let T be a tree on n labeled vertices. Then the sub-
graph formed by all edges in By 3 (T) is either empty or a chain.

Proof Suppose B /3(T) is non-empty. Let H be the subgraph formed by all edges in B /3(T').
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Step 1. 'We prove that H is connected. Let ey, eq € By /3(T) and e3 be an edge on the path (in T)
between e; and ey. Let T; 1, T2 (i = 1,2, 3) be the two connected components of 7"\ e;, such that
es3 € T171, es3 € T271, e1 € T3,1, e € T3,2. Then ‘Ti,j| > % for i,j S {1, 2}. We have Tgﬁ' D) TZ',Q
(t=1,2). So |T3,;| > % for: = 1,2 and e3 is %—balanced. This shows that H is connected.

Step 2. We prove that H is a chain. By Step 1, H is a connected subgraph of T, so it is a
tree. Suppose H has a vertex v of degree at least three. Then there exist three distinct %—balanced
edges e1, ea, 3 containing v. Say e; = (v,u;) (1 = 1,2,3). Let T; (i = 1,2, 3) be the connected

n

component of T"\e; not containing v. Then [T;| > % and T; (i = 1,2,3) are all disjoint. This
implies

n > |Ti| + |To| + T3] + 1> n+ 1,
which is a contradiction. So all vertices of H have degree at most two, and / must be a chain. W

The following statement about typical distances in a UST is well-known (e.g., (Aldous, 1991)).

Lemma 17 (Typical distance in UST) Let T be a UST on n labeled vertices and u, v be two fixed
vertices (not dependent on T'). Then for any € > 0, there exist absolute constants 1,2 > 0, such
that

P [y1vn < distr(u,v) < y2v/n| > 1—¢,
where distr denotes the graph distance in T.

To prove Proposition 15, we define a probability measure Q on the space of spanning trees on n
labeled vertices that is contiguous with respect to the UST measure, and Proposition 15 holds under

Q.

Definition 18 (Measure Q) We define the measure Q as follows. A tree tuple D is a tuple which
consists of the following data:

(i) Six distinct vertices ug, uj, uz, Vo, V1, V2 € [n].

(ii) Integers 5 — 155 < Lo, Ro < 5 — 1. Integers 5 — Lo < L1 < 135, 5
W:TL—LQ—Ll—Ro—Rl.

(iii) A partition of V' = [n] into five subsets V- = Vi, UVy, U Vg, U Vg, U Viy, where u; € Vi,
v; € VR,, u2,v2 € Viyy, and |VLZ" =L, Vp%‘ =R, |Vw| =W (i=1,2).

(iv) Five spanning trees: Ty, on V5, Tr, on Vg, Twy on Viyy (1 = 1,2).
Given a tree tuple D, it produces a spanning tree
T(D)=Tr,UTr, UTr, UTr, UTw U{(uo,u1), (u1,us2), (vo,v1), (v1,v2)}.
The measure Q is the distribution of T'(D), where D is uniformly chosen from all tree tuples.

Lemma 19 (Contiguity) Let P be the UST measure on n labeled vertices. Let Q be as defined in
Definition 18. Then Q < P.
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Proof Let us study the support of Q. By Lemma 16, %—balanced edges in T' form a chain. By the
construction (Definition 18), for ' = T'(D), uy and v; are the two endpoints of the chain B /3(T),
and ug (resp. vg) is the second vertex on the path from u; to vy (resp. v; to uy). Furthermore, g
(resp. vp) is the only neighbor x of u; (resp. v1) not on the path between u; and vy, such that ug’s
connected component in 7'\ (ug, ) (resp. vo’s connected component in 7'\ (vg, )) has size at least
% — 1og- This means that D can be reconstructed given T'(D), up to swapping (uo, u1,u2) and
other data with (v, v1,v2) and the corresponding data. Specifically, every 7" in the support of Q is
realized by exactly two Ds. Therefore, Q is equal to the conditional measure P(- | T € supp Q).

Now, to prove that Q < P, it suffices to prove that |[supp Q| = O(|suppP|) = ©(n"2).
Because every T’ is realized exactly twice, it suffices to prove that the number of different tree
tuples is ©(n"~2). We construct a tree tuple according to the following procedure.

(i) Choose six distinct vertices ug, u1, ug, vo, v1,v2 € [n]. There are n!/(n — 6)! = O(nb) ways
to do this.

(ii) Choose L and R; from [1, 175]. Choose L from [% — Ly, 5~ 1] and Ry from [% — Ry, 5 — 1].

(iii) Choose the partition V' = Vi, U Vy, U Vg, U Vg, U Vyy. There are

n—=~6
Lo—1,L1—1,Ry—1,R —1,W =2

ways to do this.

(iv) Choose the five spanning trees, 17, 1L, Try» Tr,, Tw. There are
Lézo—QLlLl—2Ré%o—2R{%1—2WW72

ways to do this.
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Summarizing the above, for large enough n, the number of different tree tuples is

n! n—=6
(n—6)! 2 2 <L0—1,L1—1,R0—1,R1—1,W—2>

1<L1,Ri<ygs g—L1SL0§§—1
g—R1<Ro<35-1
. L50—2L51—2R§0—2R{%1—2ww72
n Lo—17Li—1 pRo—1 pRi—1y1,W
= E E Ly "Ly Ry TRYTW
0 1 0 1
<L07L17R07R17W)

1<L1,Ri<y55 5—L1<Lo<% -1
Z—R1<Ro<%—1

nn+l/2

= Z Z 3/27171/2
1<t Ri< 21 siy<n o1 (LoLiRoRa )P
A Ri<Rp<H-1
n—3

)

Z Z (L1R1)3/2

1<Li,Ri<1g5 5—L1<Lo<%-1

4 Ri<Ro<Z-1

Z nnf?)
= 172
1< < (LB
=n"2
This finishes the proof. |

Lemma 20 (Proposition 15, Item (i) for Q) Ler T be sampled from Q (Definition 18). For any
€ > 0, there exist 1,2 > 0 such that with probability at least 1 — €, Proposition 15, Item (i) holds
forT.

Proof As we discussed in the proof of Lemma 19, all edges on the path between u; and v; are
%—balanced. Conditioned on Vyy, Ty being a UST on Viy, by Lemma 17,

P TV W S diStTW(ul,Ul) S ’)/QVW:| Z 1—e.
Noting that dist7(u1,v1) = distry, (u1,v1) and W = ©(n), we finish the proof. [

Corollary 21 (Proposition 15, Item (i)) Let T be a UST on n labeled vertices. There exist abso-

lute constants €,7v1,v2 > 0 such that with probability at least ¢, Proposition 15, Item (i) holds for
T.

Proof By Lemmas 19 and 20. |

Using Corollary 21, we can prove that Proposition 15 holds for Q.

Lemma 22 (Proposition 15 for Q) Let T be sampled from Q (Definition 18). There exist absolute
constants €,71,7%2,vs > 0 such that with probability at least €, both items in Proposition 15 hold
forT.
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Proof Let &7, (resp. Er,, Ew) be the event that ‘Bl/S(TLo)‘ (resp. ‘Bl/g(TRO) , (uy,v1))is
in [y1v/n,v2v/n]. Let € = &, N Er, N Ew. Let A be the o-algebra generated by Vi, Vr,, V.
Conditioned on A, the three subtrees 17, Tr,, T3 are independent and are USTs on the respective
vertex sets. By Lemma 17, Corollary 21, and Lo, Ro, W = O(n), there exist €,y1,y2 > 0 such that

P(E1y|A), P(Ery|A), P(Ew |A) > €'/,

By independence, we have P(£].A) > €. Therefore P(E) > ¢

Now we show that when £ happens, both items in Proposition 15 hold. As we discussed in the
proof of Lemma 19, By 3(T) is the set of edges on the path between u; and v;. So Item (i) holds
because &y happens. Now consider Item (ii). Let e be an edge on the path between w; and v;. Let

Ty, T5 be the two components of T'\ e, where u; € T4, v1 € Tp. Then Tp,, C 11, Tg, C T5. Every
‘ Lo‘

f—balanced edge of 17, d1V1des TLO into components of size at least ,s0itis a S-balanced edge

of T7 with § = g{;‘;l' > '23 2100 2 . The same discussion holds for TRO and 75. Because &7, and
Er, happen, Item (ii) holds |

By Lemmas 19 and 22, we complete the proof of Proposition 15.
Lemma 23 Let T be a UST. Then for any e > 0,0 < 3 < %, there exists v > 0 such that
P[|Bs(T)| <yv/n] 21—

Proof The proof is by the first moment method. Let e = (u,v) be an unordered pair of vertices.
For any integer fn < k < (1 — f)n, the number of spanning trees containing e such that u’s side
contains exactly % (including ) vertices is

n—2 n n"=3/2
kk—z —k n—k—2 — -2 k,k’—l —k n—k—1 — — n—9/2'
(o0)pm—n VYA (ko= ="
So the number of trees T" with e € Bg(T') is
— nn79/2 = nn77/2‘
ke[Bn,(1-B)n]
Therefore,
(n) . pn=T/2
The result then follows from Markov’s inequality. |

Lemma 24 Let T be a UST. For e € T, let sp(e) denote the size of the smaller component of T \e.
Then for any € > 0, there exists v > 0 such that

[ZST ) < yn? ]21—6.

ecT
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Proof The proof is by first moment method. Let e = (u, v) be an unordered pair of vertices. We
define sp(e) =0if e ¢ T'. Then

Bfor(6)] < iy > k'(Zﬁ)’“k_Q(n_k)"—’f—?

nn
1<k<2

= nin 3 <Z> K (n — k) ht

Therefore,

E lz ST@] - (;) 12 2,

ecT

The result then follows from Markov’s inequality. |

Combining Proposition 15, Lemma 23 and Lemma 24, we get the following corollary.

Corollary 25 LetT be a UST onn labeled vertices. There exist absolute constants €,v1, Y2, V3, V4, V5 >
0 such that the following are true simultaneously.

(i)
nvn < ’BI/S(T)’ < {31/42(T)‘ < Y2v/n.
(ii) Foralle € By3(T), if T1 and Ty are the two connected components of T'\e, then
v3v/n < min{| By 7(Th)| , | B1/7(T2) |} < max{|By14(T1)|,|B1/14(T2)|} < yav/n.
(iii)
> sr(e) < qsn2.

ecT

Proof By Proposition 15, there exist €,v1,7v3 > 0 such that with probability at least ¢, the lower
bounds in Corollary 25, Items (i) and (ii) hold. By Lemma 23, there exists y2 > 0 such that

P [|B1/a2(T)| < 72v/n] > 1—¢/3.
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By Lemma 24, there exists 5 > 0 such that

P

ZST(e) < 75113/2] >1—¢/3.

ecT

By union bound, with probability at least €/3, Corollary 25, Items (i) and (iii), and the lower bound
in Corollary 25, Item (ii) hold. Now notice that By /14(T1) U By/14(12) € By 42(T), so the upper
bound in Corollary 25, Item (ii) holds with y4 = ~s. |

C.3. Hard distribution and three-phase problem

We now start the proof of Theorem 2. Our input distribution is defined as follows.
Definition 26 (Hard distribution for graph connectivity) Ler 5y = % We generate the input
graph G using the following procedure.

(1) Let T be a UST on vertex set V = [n].

(2) If Bg,(T') =0, return to the previous step. Otherwise, let ey ~ Unif(Bg,(T)).

(3) Throw a fair coin z ~ Ber(1/2). If z = 1, output G =T if z = 0, output G = T \ey.

We define the following three-phase problem, where the algorithm has more power than in the
noisy query model.

Definition 27 (Three-phase problem) Let G be generated from Definition 26. Let c¢1,co > 0 be
constants to be determined later. Consider the following three-phase problem.

1. Phase 1: The algorithm makes m1 = c1logn noisy queries to every unordered pair of ver-
tices (u,v) € (‘2/)

2. Phase 2: The oracle reveals some edges and non-edges of G. The choice of these edges and
non-edges will be described later.

3. Phase 3: The algorithm makes up to ma = con? (adaptive) exact queries.

The goal of the algorithm is to determine whether the input graph G is connected.

Lemma 28 [f no algorithm can solve the three-phase problem (Definition 27) with error probabil-
ity € > 0, then no algorithm can solve the graph connectivity problem with error probability € using
at most mims = c¢1can> log n noisy queries.

The proof is similar to Lemma 6 and omitted.

Proposition 29 (Hardness of the three-phase problem) For some choices of c1, co, and Phase 2
strategy (Definition 27), the following is true: there exists € > 0 such that no algorithm can solve
the three-phase problem (Definition 27) with error probability €.

Proof [Proof of Theorem 2] Combining Proposition 29 and Lemma 28. |

The following sections are devoted to the proof of Proposition 29.
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C.4. Phasel

In Phase 1, the algorithm makes m; = c¢; logn noisy queries to every potential edge e € (‘2/) Let
ae denote the number of times where a query to e returns 1. Then for e € G, a. ~ Bin(mq,1 — p);
fore € G, a. ~ Bin(my, p). For 0 < k < my, define

pr = P(Bin(m1,1 —p) =k) = (";1) (1 — p)kpm—k,

Let]l = [pml —10g"% n, pmy + 1og®¢ n]
Lemma 30 Let x ~ Bin(my,1 — p), y ~ Bin(mq,p). Then
P(z € I) = n~cs%e(), (14)
P(yeI)=1-o(1), (15)
where c3 = c¢1(1 — 2p) log lp%p.

The proof is the same as Lemma 8§ and omitted.

Let P(O) denote the graph distribution in Definition 26. Let P(1) denote the posterior distribu-
tion of G conditioned on observations in Phase 1. Let C(O) (resp. C (1)) deonte the support of P(©)
(resp. P(1)). Then C(V = €O and for any graph H € C(9), we have

PO (H) o P ((ac) e v H ) PO(H), (16)

= <H p%) < H pm1ae) P(O)(H)'
ecH ecH¢

where ¢ denotes the complement (‘2/) \H.

C.5. Phase 2

In Phase 2, the oracle reveals some edges and non-edges of G as follows.
2a. In Step 2a, the oracle reveals potential edges e with a, & I.

2b. In Step 2b, the oracle reveals every e € G independently with probability g,.. We choose

Pmq—35Pj . . 0.6
;=1 — =L for j € I where j; = pm1 — my°.
q;j PjPmy—j, J Ji = pmq 1

2c. In Step 2c, the oracle reveals n — 2 edges of GG as follows. If GG is disconnected, reveal all
edges of (G. Otherwise, GG is connected and is some tree 1. If GG has a Sy-balanced edge that
is not revealed yet, uniformly randomly choose an edge e¢* from all such edges, and reveal all
edges of G'\e*. If all Sy-balanced edges of G have been revealed, report failure.
C.5.1. Step 2a and Step 2b

By the same analysis as in Sections B.3.1 and B.3.2, observations up to Step 2b have the same effect
as the following procedure:

Definition 31 (Alternative observation procedure) Let G be generated as in Definition 26.
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(1) Observe every edge e € G independently with probability

pr=1-> pil—gq)=

Jel

=1—(1+0(1))

ZPTM —Jj

Jjel
Pi_ _ 1 _ j—esto(l)
Pmi—j

pm1 —Ji

(2) Observe every non-edge e € G€ independently with probability

p- =P(Bin(my,p) ¢ I) = o(1).

Let IP’(%) be the posterior distribution of G after Step 2b and C(?) be its support. Let Efa)
(resp. E ) denote the set of edges (resp. non-edges) revealed in Step 2a. Let E( ®) be the set of
edges revealed in Step 2b that were not revealed in Step 2a. Define E(<2b) Efa) U Efb). Then
C(2) is the set of graphs H € C(©) satisfying ES: b) C H and E(_Qa) NH=0.

By the same analysis as in Sections B.3.1 and B.3.2, the posterior distribution satisfies

o\ HIE(=2)
P2 (H) o (l) PO (H). (17)
pmlfkl

for H € C(?).

C.5.2. Step 2c

Let Efc) be the set of edges revealed in Step 2c that were not revealed in previous steps. Let P(2¢)

be the posterior distribution of G and C(2¢) be the support of P(2¢).

Lemma 32 Conditioned on G being connected, with probability Q(1), Step 2c¢ does not report
failure, and e* is %-balanced.

Proof Step 2c reports failure when G is connected and all Sy-balanced edges have been revealed in
previous steps. Let 7" be a UST. By Corollary 25, for some €, v;,v2 > 0, we have

P [yivn < [Bys(T)| < [Bgy(T)] < vav/n] > e.

When constructing the input distribution (Definition 14), conditioned on GG being connected, the
distribution of G is uniform over all spanning trees with at least one [y-balanced edge. Let & be
the event that G is connected, has at least v;/n %—balanced edges, and at most y2/n [Bp-balanced
edges. By the above discussion, P(£1) = Q(1). In Definition 31, every edge is observed indepen-
dently with probability p, =1 —n —esFo(1) By choosmg c1 > 0 small enough, we can let cg > 0
be arbitrarily small. Let By /3 (resp. Bﬁo) be the set of f—balanced (resp. Bp-balanced) edges of G
not revealed in previous steps. Then

§1/3g§ﬁo7 ‘51/3’ NBin(‘Bl/ii(G)‘al_er)v ‘E,Bo

~ Bin (|Bs,(G)],1 - p).
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Note that

E [Bin (| By/3(G p+)] = |Bis(@)] - (1 —py) = pl/2—eso(1).

E [Bin (|Bg, (G)|,1 —py)] = |Bg, (G| - (1 — py) = nl/2esFod),

By Bernstein’s inequality, there exists 3,4 > 0 such that conditioned on &1, we have
P Hél/?" =73 }B1/3(G)‘ (T=py) | 51} >1—exp (—n1/2—03i0(1)> 7

P HEBO <74 |Bg,(G)] - (1 —py) | 51} > 1—exp (—n1/2_63i0(1)> :

Let & be the event that ‘§1/3’ > 3 |B1/3(G)|- (1 —py) and }Eﬁo
above discussion shows that P(&|&1) = 1 — o(1).

When &; and & both happen, we have ||Bl 3|| > 1271 > 0. So conditioned on &1 N &, the
Bo

probability that e* is $-balanced is €2(1). This finishes the proof. [ |

< 74|Bg,(G)| - (1 —p4). The

From now on we condition on the event that Step 2¢ does not report failure, and e* is %—balanced.
(s2) _ ESFS%) U Efc) be the set of observed
edges at the end of Step 2c. Then ESFQC) consists of n — 2 edges, which is a forest with two

Let us consider the posterior distribution P(2¢ °), Let EY

components 7 and 75, each containing at least 5 and at most %" vertices. The support C (20) jg easy
to describe. Let Go = T1 U Ty and G, = T1 U Ty U {e} for e € E(T1,T3). Then

C(2C) = {Go} U {Ge e € E(Tl,TQ)\E(_2a)} .

The posterior distribution P(29) is not simply the distribution P(2%) restricted to C(2%). For H € C(29),
we have

P29 (H) ]P’( S <2b)) P20 (f) (18)
[H]—(n—2)
P (B | 7, B2 ( Pk ) PO ().
(B B ) (e (H)
For H = Gy, Eq. (18) simplifies to
P29 (Gp) ox PO(Gy). (19)
For H = G,, Eq. (18) simplifies to
PRI(@,) o ! Ph_p0)(q,), (20)

|Bay(GO\ES™| P

Note that the o« symbols in Egs. (19) and (20) hide the same factor.
Further simplifying Egs. (19) and (20), we get

1
P29 (Gy) o Z —_ (21)
e€E(T1,T») |B50(Ge)’

1 a
BC9(G,) o S T, Yee BT, T)\E®Y. (22)
‘Bﬁo (Ge)\E ‘ Pmy—k
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We now consider the set Bg,(G,) for e € E(T1,T3). Let §; = % By = % Then 1—14 <

B, e < % and Bg, (T1) U Bg,(T2) € Bg,(Ge) forall e € E(T1,T3). Fore; € T; (i = 1,2), let
St (e;) be the set of vertices in the smaller component of 7T;\e;. (If the two components have the
same size, choose a side arbitrarily.) For e = (uj,u2) € E(Ty,Ts) (with u; € T;, i = 1,2), an
edge e; € T;\Bg,(T;) (i = 1,2) is in Bg,(G.) if and only if u; € St,(e;). Fori € {1,2} and
e = (uy,uz) € E(Th,T), define

B, (e) = {ei : e; € T;\Bg,(T;), ui € St,(ei)}-
Then for e € E(T3,T3), we have
B, (Ge) = {e} U Bg, (1) U By, (T2) U Br, (e) U By, (€). (23)
Note that the union is a disjoint union.

Lemma 33 Conditioned on G being connected, there exist constants €,71, 72,73 > 0 such that
with probability at least €, the following are true simultaneously.

(i) Step 2c does not report failure and e* € By s3(G).
(ii)
Y1vn < |Bg, (T1)| + | Bp, (T2)| < y2v/n.
(iii)
> ISnle)l+ D> [Sn(e2)| < yan®

e1 ET1\351 (T1) eQETQ\B,ﬁ'Q (TQ)

Proof Let T be a UST. Let & be the event that all items in Corollary 25 hold. Then conditioned
on G being connected, £ happens with probability €2(1). In the following, condition on that G is
connected and &£ happens.
Let & be the event that Lemma 33, Item (i) holds. By the proof of Lemma 32, conditioned on
&1, & happens with probability 2(1). In the following, condition on that £; and & both happen.
By Corollary 25, Item (ii), and because e* € By 3 (1),

|Bg, (T1)| + | Bg, (T2)| > | B1/7(T1)| + | Biy7(T2)| > v3v/n,
B, (T1)| + |Bg, (T2)| < |Byj1a(T1)| + | B1j1a(T2)| < yav/n.

Therefore conditioned on £; and &>, Lemma 33, Item (ii) holds.
By Corollary 25, Item (iii), we have

S ISnledl+ Y [Snle) £ Y ISn(e)] < pn2

el €T1\361 (Tl) 62€T2\352 (TQ) ecT

Therefore conditioned on £; and &>, Lemma 33, Item (iii) holds. [ |
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Corollary 34 Conditioned on G being connected, there exist constants €,v1,7%2,73, V4,75 > 0
such that with probability at least €, the following are true simultaneously.

(i) Foralle € E(TY,T3),
|Bg, (Ge)| > 11v/n.
(ii) Foralle € E(Ty,Ty),
2By (Go)l - (1= p1) < | By (GNEE™| <73 By (GOl - (1= py). 24
(iii)

1
3/2 < - < 3/2
Yan S g < ysnle.
e€B(T1,T») | Bo (Ge)l

Proof Let T be a UST. Let £ be the event that all items in Lemma 33 hold. Then conditioned
G being connected, £ happens with probability €(1). In the following, condition on that G is
connected and £ happens.

By Lemma 33, Item (ii) and Eq. (23), we have

| Bgy (Ge)| = | B, (T1)| + | B, (T2)| = 1v/n.

So Corollary 34, Item (i) holds. This implies the upper bound in Corollary 34, Item (iii) as

1 2 1 ~1,3/2
Z g <Nt ——= =1 n".
o B @O ="

By Corollary 34, Item (i) and Bernstein’s inequality, for every e € E(T1,T»), with probability
1 —exp (—nt/2~esto(l)) 'Eq. (24) holds. By union bound, with probability 1 —o(1), Eq. (24) holds
forall e € E(T1,T»). This proves Corollary 34, Item (ii).

It remains to prove the lower bound in Corollary 34, Item (iii). By Lemma 33, Items (ii) and (iii),
and Eq. (23), we have

Y. |Ba(Go)l

e€E(Th,T>)

= > (1+[Ba(T)|+ B (o)l + [ By, (e)| + | By (e)])
e€E(T1,T»)

< Y (T+9evn+|Br(e)| +|Bye))

eEE(T1 ,Tg)

<A+ VATl + D Sple)-|Tol+ Y. [Sn(e)] - |ITh
€1€T1\B51 (Tl) 626T2\B52 (Tg)

< (14 2 4 y3)n°/2.
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On the other hand, by Cauchy-Schwarz inequality,

2

Nl )

Y L Ba@al| = (mim) >

e B(T1,Ty) By (Ge)l c€E(T1,Ty)

So

Z 1 > 2 n3/2.
iy B (GOl T 92 +73)

Now we are able to further utilize Eq. (21) and Eq. (22). Write

1 1 Dk
Z(2C) — 1
P T ATRADD

<o0)| :
e€E(T1,T3) € E(Ty To)\ ) BﬁO(Ge)\Ei— ) Pk

Conditioned on that all items in Corollary 34 hold, for all e € E(T}, T 2)\E(_2a), we have

1 ) Dk, - 1 . Pk, - 1
Bﬂo (Ge)\EErS%)‘ Pm,—k |B,30 (Ge)’ (1 _p+) Pmq—Fk; ’BBO(GQN

)

where the second step holds because

Pm;— Pmy—

Phy Phy kel kel
Therefore,
709 = 3 L s
ecE(T1,T2) |B’BO (Ge)|
1 1
PG = 7oy 2. TBa@
(2¢)
ASE c€E(T1,T2) |Bﬁo(Ge)|

By Bernstein’s inequality, for any d; > 0, we have

P HE(f“)

> 51n2} — o(1).
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So for small enough 0; > 0, with probability 1 — o(1), we have

Z P(QC) (Ge)

e€ B(Ty , To)\EPY

1 1 pkl
~ (2 Z <2b)|
7/(2¢) eeE(T1,T2)\E<,2a) Bﬁo (Ge)\E_(ij ) Pmi—k

1
= n*3/2 _
Z Bﬁo (Ge)|

e€ B(Ty, To)\EPY

1 1
= n_3/2 —_— — —_—
2 | B, (Ge) 2 | B, (Ge)|

e€E(Th,Ts) eGE(2a>

~ pn-3/2 (n3/2 — 52 n*1/2>
=1,

(2a)

where in the second-to-last step we used Corollary 34, Items (i) and (iii), and ‘E ‘ < §1n?.

Summarizing the above, at the end of Step 2c¢, with probability 2(1), we have

P(2¢) (disconnected) = P29 (G) = O(1),
P(29) (connected) = Z PCI(G,) = O(1).

e€B(Ty o)\ EPY

C.6. Phase 3

In Phase 3, the algorithm makes cyn? adaptive exact queries. We show that for c5 > 0 small enough,
with probability (1), the algorithm will not be able to return the correct answer.

Let E®) be the set of edges queried in Phase 3. We can w.Lo.g. assume that E®) C E(T}, Ty)\ E®?,
because only queries in this set are useful. Conditioned on G being connected, the probability that
E®) hits the edge e* is

> ecr® PP (Ge)
(2a) P(QC) (Ge)

< con? - @(n*Q) = C9,
ZGEE(Tl,TQ)\E

which is 1 — (1) for ¢a > 0 small enough. Therefore, for small enough co, with probability (1),
E®) does not hit the edge e*.
Conditioned on E®) does not hit e*, let P(3) denote the posterior distribution of the original
graph G given all observations. We have
P®) (disconnected) = PG (Gy),
P®) (connected) = Z PO(G.),
e€B(T1,To)\ (ECVUE®)
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where

1 1

P (Gy) = —= E e
3 )

70 o 1Ba(Ge)

. 1 1 ) Pk,
73 <2b ’
2| By (GBS s

1 1 Pk
703) — !
2 TBaGo” 2

(<2)[ Py k.
e€E(T1,Tz) eEE(Tl,TQ)\<E(_2a)UE(3>) ‘BﬁO(Ge)\}Lr Prma—Fky

]P)(2c) (Ge)

By the same discussion as in the end of Phase 2, Step 2c, for ¢ > 0 small enough, with
probability (1), we have

P®) (disconnected) = ©(1),
P®) (connected) = ©(1).

In this case, any return value would lead to an error probability of {2(1).
This concludes the proof of Proposition 29.

C.7. s-t Connectivity

In this section we modify the proof of Theorem 2 to show hardness of s-t Connectivity. Recall the
s-t Connectivity problem, where the input is an unknown undirected graph on n labeled vertices,
and a pair of vertices s,£ € V. An algorithm can make noisy queries to edge membership and the
goal is to determine whether s and ¢ are in the same connected component of G.

Proposition 35 (Hardness of s-t Connectivity) Any algorithm that solves the s-t Connectivity
problem with % error probability uses 2(n?log n) noisy queries in expectation.

Proof As discussed in Section 2.2, the error probability in the proposition statement can be replaced
with any 0 < € < %, and the expected number of queries can be replaced with worst-case number
of queries.

We design an input distribution for s-t Connectivity by generating G from Definition 26, and
choosing s, ¢ i.i.d. ~ Unif(V).

Then we run the same proof as Theorem 2. That is, we define a three-phase problem for s-¢
Connectivity, where the oracle uses the same strategy in Phase 2 as in Graph Connectivity. Because
s and t are independent with G, in the end of Phase 2, conditioned on Step 2c does not report
failure, with probability (1), s € 77 and ¢t € Ty. In this case, s-t Connectivity is equivalent to
Graph Connectivity. In the proof of Graph Connectivity, we have shown that with probability €2(1)
(over the randomness of the graph and Phase 1 and 2), any algorithm that uses at most can? queries
in Phase 3 has (1) error probability. This implies that the same holds for s-t Connectivity. |

Appendix D. Threshold and Counting

In this section we present our proof for Theorem 3 and Theorem 4. We use TH} to denote k-
Threshold problem with input length n.
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D.1. Lower bound for k-Threshold

In this section we prove the lower bound part of Theorem 3. That is, solving TH} for k < 2n — 1

. log & . L .
requires at least (1 — 0(1))% noisy queries in expectation. The & = o(n) case has been

proved in (Wang et al., 2025) (see also Section E for our alternative and simpler proof).
Theorem 36 For k = o(n), solving TH} with 6 = o(1) error probability requires

nlog%

A=) 5 =)

noisy queries in expectation, even when the input is uniformly chosen from ([Z]) with probability
1/2 and uniformly chosen from ( k[z]l) with probability 1 /2.

In our lower bound proof, we will use Theorem 36 with k = O(n/logn).
We first prove the case where k = (n + 1) /2.

Lemma 37 Solving THik_1 with § = o(1) error probability requires

2k log %

A=) 5 o=

noisy queries in expectation, even when the input is uniformly chosen from ([Qkk_ 1]) with probability
1/2 and uniformly chosen from ([215__11]) with probability 1 /2.

Proof Suppose for the sake of contradiction that we have an algorithm A that solves THik_1 with

2k log % . . .
7 —~ NOI1S ueries 1n expectation fOI‘ some
D (pli—p) 1O18Y 4 p ’

absolute constant € > 0. Let D be a distribution of inputs where with 1/2 probability the input

error probability § = o(1) and uses only (1 — ¢)

is chosen uniformly from ([%k_ 1]), and with 1/2 probability the input is chosen uniformly from
([2:__11}). Now we consider two cases, depending on whether the expected number of queries A
make on indices with 1’s is larger or not. In either case, we will use A to obtain an algorithm more
efficient than the lower bound in Theorem 36, thus reaching a contradiction.

First, suppose .4 makes more queries in expectation on indices with 1’s under input distribution
D. Let k' = ©(k/logk) and let n = k — 1 + k. Consider an instance of TH}}, where the input is

uniformly chosen from ([k",}) with probability 1/2 and uniformly chosen from ( k[’ﬂl) with probability

1/2. By Theorem 36, this instance requires (1 — 0(1))% =(1- 0(1))% queries
in expectation. We will design an algorithm B solving such an instance utilizing .A.

When B gets the input, it first adds 2k — 1 — n 1’s to the input, and then randomly shuffle the
indices. Then B sends this input to .A. Whenever .4 makes a query to a 1 that is artificially added,
B simulates a noisy query using random bits; when A makes a query to an actual input, B makes a
query as well and pass the result to .A. When A returns a result, B returns the same result. It is not
difficult to verify that the input distribution for A is exactly D. Also, whenever the input to .4 has
at least k 1’s, the input to BB has k' 1’s, and vice versa, so the correct output of A is the same as the
correct output of 5. Therefore, B3 is correct whenever A is correct, which happens with probability

J.

Next, we analyze the expected number of queries B makes, which consist of two parts:
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» The number of queries .4 makes to an actual 0 in the input: Because we are in the case where
A makes more queries in expectation on indices with 1’s in the input than indices with 0’s,

the expected number of this type of queries is at most half of the expected total number of
klog %

queries .4 makes. Thus, the number of queries in this case is at most (1 — €) D li=p)

* The number of queries .4 makes to an actual 1 in the input: Each actual 1 in the input to
B is later permuted to a random position in the sequence. By symmetry, a random 1 in the

. . o . . 2klog & . .
input to A under the input distribution D is queried at most k—il -(1—¢) ﬁﬁgﬁp) times in
expectation. The number of actual 1’s is &' = O(k/ log k), so the expected number of queries
o B (1 — ) 2kloe§ _ . _klogg
A makes on them is ;™ - (1 —¢) D ) = o(1) D o7
klog %

As aresult, the total number of queries 5 makes is (1—¢) D oli=p) which contradicts Theorem 36.

For the second case where .4 makes more (or equal number of) queries in expectation on indices
with 0’s under input distribution D. The only difference is that, when B sends the input to A, it has
to flip the roles of 0’s and 1’s. Additionally, it has to flip the result A returns. We omit the details. ll

Given Theorem 36 and Lemma 37, we are ready to prove the lower bound for general k.

Theorem 38 Solving TH} with § = o(1) error probability requires

nlog%

A= oM) 5 mT1=)

noisy queries in expectation for n/logn < k < n/2.

Proof The high-level proof strategy is similar to that of Lemma 37, by reducing from a hard instance
to TH}. However, the difference is that we need to reduce from two different cases depending on
whether the average number of queries per 1 or per 0 is larger. In Lemma 37 we did not have to
do it because we can simply flip all the 0’s and 1’s in the input and retain the same problem as
n=2k—1.

Let D be the input distribution where with 1/2 probability the input is chosen uniformly from

([Z]) and with 1/2 probability the input is chosen uniformly from ( k[ﬁ}l). Let A be an algorithm

solving TH} under input distribution D using (1 — e)#ﬁf_p) noisy queries in expectation, for
some absolute constant e > 0. Let gy denote the expected number of queries .4 makes on a random
index with input value O (under input distribution D), and let g; denote the expected number of
queries A makes on a random index with input value 1 (under input distribution D). Let ) be the
expected number of queries .4 makes.

Consider the following two cases: o < ¢ and g > q;.

Case g0 < q1. Letk’ = O(n/logn) < k and letn’ = n — k + k’. Note that n’ € [n/2,n], so
we have k' = ©(n’/logn’). By Theorem 36, solving TH}, under input distribution where with
1/2 probability the input is uniformly from ( [Z,/]) and with 1/2 probability the input is uniformly

from (k[,"_l]l) with error probability § requires (1 — o(1)) (1-— 0(1))% noisy

queries in expectation.

/ K
n'log 7~ _
Dxr.(pll1-p)
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Given an instance of THE,/ , we add n — n/ artificial 1’s to the input, and then randomly permute
the input, and feed it to .A. If A queries an actual input, we also make an actual query; if .4 queries
an artificial input, we can simulate a query without making an actual query. Finally, we use the
result returned by A as our answer. It is not difficult to verify that this algorithm is correct with
error probability J, and the input distribution to A is D.

Let us analyze the expected number of queries (' used by the algorithm, which can be expressed
as follows:

% (@K =1) +go(n—k+1)) + % (k' + qo(n — k).

Also, notice that the number of queries () made by A under input D is

_

5'(Q1(k—1)+qO(n—k+1))+%‘(Q1k+QO(n—k)).

As qo < q1, the above implies that ¢; > @ /n. Furthermore, we have that Q — Q" = ¢; - (k — k') =
q1 - (n—n') > 2= . Q. Therefore,

k
n'log %
Dxi(p [|1—p)

s

oo ™
<(1-0 n’log

@ @sl-9 DDl 1)

which contradicts Theorem 36.

Case gy > q;. ByLemma 37, solving T Hik ~1 under input distribution where with 1 /2 probability

211y and with 1/2 probability the input is uniformly from (1)
2k log % 2klog & . ..

7DKL(I7H16—]7) =(1- 0(1))7[)&(1)“15_10) noisy queries in

the input is uniformly from (

with error probability ¢ requires (1 — o(1))
expectation.

Given such an input to THikil, we add n — 2k 4+ 1 artificial 0’s to the input, and then randomly
permute the input, and feed it to 4. Similar as before, we make an actual query if .4 queries an
actual input, and we simulate a query otherwise. It is not difficult to verify that this algorithm is
correct with error probability d, and the input distribution to A is D.

The expected number of actual queries used by the algorithm can be similarly analyzed as the
2k log %

previous case, which can be upper bounded by (1 — ¢€) VR CE=D)

, contradicting Lemma 37. |

D.2. Upper bound for k-Threshold

In this section we prove our upper bound for k-Threshold, stated as follows.

Theorem 39 Given a sequence a € {0,1}" and an integer 1 < k < n, there is an algorithm that
can output min{ k, ||a||1} with error probability § = o(1) using

nlog%

L+ 0(1))DKL(p | 1—-p)

noisy queries in expectation.
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D.2.1. Preliminaries

The following lemmas are standard.

Lemma 40 (e.g., (Gu and Xu, 2023; Wang et al., 2025)) For a bit B, there is an algorithm CHECK-BIT(B, 9)
that can return the value of the bit with error probability < 0 using

log %

WtosM) p miT=p)

noisy queries in expectation.

Lemma 41 (e.g., (Feller, 1970)) Consider a biased random walk on Z starting at 0. At each time
step, the walk adds 1 to the current value with probability p < 1/2, and adds —1 to the current
value with probability 1 — p. Then the probability that the random walk ever reaches some integer

x> 0is (p/(1—p))*

Lemma 42 (e.g., (Feller, 1970)) Consider a biased random walk on Z starting at 0. At each time
step, the walk adds 1 to the current value with probability p < 1/2, and adds —1 to the current
value with probability 1 — p. Then the expected number of steps needed to first reach some integer

. X
—x <O0is o

Our algorithm for k-Threshold and Counting uses the following asymmetric version of CHECK-BIT.
Lemma 43 For a bit B, there is an algorithm ASYMMETRIC-CHECK-BIT(B, d¢, d1) such that:

* [fthe actual value of B is 0, then the algorithm returns the value of the bit with error proba-
bility < g using
log %

(1 +01/61(1))m

noisy queries in expectation.

 Ifthe actual value of B is 1, then the algorithm returns the value of the bit with error proba-
bility < 01 using
log %

(1+ 01/50(1))—DKL(p T1=7)

noisy queries in expectation.

Proof Let a and b be two integer parameters to be set later. The algorithm works as follows: we
keep querying the input bit, and keep track of the number of queries that returns 1 (denoted by ¢;)
and the number of queries that returns 0 (denoted by ¢p). We stop once g1 — go = —a, in which case
we declare the bit to be 0, or g — gy = b, in which case we declare the bit to be 1.

If tge input bit is 1, then the probability that the algorithm returns 0 can be upper bounded by

(1%) using Lemma 41, so by setting a = {%—‘ , this probability is upper bounded by 6.
On the other hand, if the input bit is 0, then the probability that the algorithm returns 1 can be

b
upper bounded by (ﬁ) using Lemma 41, so by setting b = {%-‘, this probability is

upper bounded by dg.
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Now we consider the expected running time of the algorithm. First suppose the input bit is 1,
then the algorithm can be viewed as a random walk on integers starting at 0, and each time it adds 1
with probability 1 — p and subtracts 1 with probability p. It stops once the random walk reaches —a
or b. This stopping time is upper bounded by the first time it reaches b, and the expected number of

steps required for it to first reach b is ﬁ = (14 015 (1))% by Lemma 42. Similarly,

if the input bit is 0, then the expected number of queries used by the algorithm is upper bounded by
log(1/6

(14 0175, (1) presafiy -

D.2.2. The proof

We are now ready to state our proof of Theorem 39.

Our algorithm is extremely simple and is outlined in Algorithm 1. It repeatedly calls the sub-
routine ASYMMETRIC-CHECK-BIT(a;,d/2n,d/2k) from Lemma 43 for every i € [n], and uses
the returned value as the guess for a;. If at any point, the current number of a; whose guess is 1
reaches k, the algorithm terminates early and return k. Otherwise, the algorithm returns the number
of a; whose guess is 1 at the end.

Algorithm 1
1: procedure THRESHOLD-COUNT({ay, ..., an}, k,0)
2: ent =0
3 fori=1—ndo
4: ent = ent + ASYMMETRIC-CHECK-BIT(a;,0/2n, 6 /2k)
5 if cnt > k then return k&
6 return cnt

Error probability. We first analyze the error probability of the algorithm. First, suppose ||a||; >
k. Let S C [n] be an arbitrary size-k set where a; = 1 for ¢ € S. Then by the guarantee of
ASYMMETRIC-CHECK-BIT, for every i € S, the probability that the guess for a; is not 1 is < §/2k.
Therefore, by union bound, the guesses for a; for all i € S are 1 with probability > 1 — §/2.
Therefore, the count will be at least k so the algorithm will return k as the correct answer with error
probability < 6/2 < 4.

If ||al|1 < k, then by union bound, the probability that all guesses are correctis > 1— - - [|a||1 —
% (1—1la]l1) = 1—4, so the returned count of the algorithm is also correct with probability > 1—4.
Expected number of queries. We first consider the number of a; with a; = 1 that we pass
to ASYMMETRIC-CHECK-BIT. One trivial upper bound is ||a||;. Also, the expected number of
a; = 1 we need to pass to ASYMMETRIC-CHECK-BIT before cnt is incremented by 1 is < ﬁ,
so another upper bound is % < (1+o0(1))k (as § = o(1)). On the other hand, the number of
a; where a; = 0 that we pass to ASYMMETRIC-CHECK-BIT is upper bounded by n — ||al|;. Note
that whether we pass some a; to ASYMMETRIC-CHECK-BIT only depends on the queries we make
to ay for i’ < i, so even given that we pass some a; to ASYMMETRIC-CHECK-BIT, we can still use

the bounds from Lemma 43 to bound the expected number of queries we make to a;. Therefore, the
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expected number of queries can be upper bounded by

og % og &
(1+o(1) (rmn{nauhk} Bt + (= lalh): m> -

Then we consider two cases depending on how large k is.

Case k > n/logn. Inthis case, log(n) = (1+0(1)) log k, so the expected number of queries can
be upper bounded by

og & oo E
(1+0(1)) (min{llall,k} : Dm(lp‘jq_p) +(n — [lall1) - DKprgﬁ_pJ
_ nlog%
=(1 +o(1))m.

Case k < n/logn. Inthis case, klog% = o(nlog %), so the expected number of queries can be
upper bounded by

. log % . log§
(1+ol1)) (’“ D 1-p) " Dy |1 —p>>
(1 1 nlog%

=Lt >)DKL(p [ 1—p)

D.3. Bounds for Counting

Let us first prove a one-sided upper bound for Counting.

Theorem 44 Given a sequence a € {0,1}", there is an algorithm that can output ||a||1 with error
probability 6 = o(1) using

nlog Ha”61+1

W+ oM) 5 T =)

noisy queries in expectation.

The difference between Theorem 44 and the upper bound part of Theorem 4 is that we have ||a||; +1
rather than min{||a||; + 1,n — ||a|[1 4+ 1} inside the log term.
Proof

Outlined in Algorithm 2, the algorithm for counting is an adaptation of Algorithm 1. Notice
that in Algorithm 1, when calling ASYMMETRIC-CHECK-BIT, we have §g = 6/2n and 6; = 0/2k.
The value g is fixed regardless of the value of k, and the value é; depends on k. The algorithm
for counting in some sense is simulating Algorithm 1, but dynamically adjusting J; based on the
current estimate of k£, which is the number of input bits that are believed to be 1’s.

For simplicity, throughout the analysis, we use k* = ||al|; to denote the desired answer. Let
So C [n] be indices i with a; = 0 and let S = [n]\So.
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Algorithm 2
1: procedure COUNTING({ay,...,an},0)
2: k<0
3: c <« {0}"
4: Active <+ [n]
5: while True do
6: 1% 4 arg max; ¢ Aqtive Ci
7: if ¢« < _ 108(6(k+1)/9) tpen return k

log((1—p)/p)

8: if QUERY(a;~) = 1 then

9: Cix = cix + 1

10: if ¢;« > % then
11: Active + Active\{i*}
12: k—k+1

13: else

14: Cix = Cj+ — 1

Error probability. For any ¢, we can view the value of ¢; as a random walk, i.e., after every query
to a;, we either adds 1 to ¢; or subtracts 1 from c;. If ¢; = 1, then the probability that we add 1 to ¢;
after every step is 1 — p, and the probability that we subtract 1 is p. If ¢; = 0, then the probability
that we add 1 to ¢; after every step is p, and the probability that we subtract 1 is 1 — p. Conceptually,
we can view ¢; as an infinite random walk, and the algorithm only utilizes some prefix of it.

log(6/9) )W is at most

For ¢ € S1, by Lemma 41, the probability that ¢; ever reaches — {W

log(6/9)

log((1—p)/p)
<1fp>g pp:5/6'

log(6/6)
log((1—p)/p)
Active and contributes towards k. Since the random walks ¢;’s are independent for different i’s, the
probability that there are [k*/2] + 1 many ¢ € S; where ¢; reaches — [%-‘ can be upper

bounded by

Furthermore, if some c¢; never reaches — { -‘ then ¢ will eventually be removed from

k* ) [k*/2]+1 k* k*/2+1 k*/2
([k*/ﬂ N 1) (6/6) <27 (6/6) < (1.56) (6/6) <4/6,
where the last step holds because § = o(1) and hence we can assume 1.56 < 1. Thus, up to 6/6
error probability, the number of ¢ € S; that contributes towards k is at least k* — ([£*/2] + 1),
which means the final value of &k is > max{0, ¥* — ([k*/2] + 1)} = max{0, |k*/2] — 1}. This
further implies that k£ + 1 > k*/3. Let E; be the event k + 1 > £*/3 and as analyzed above,
P(~E;) < 6/6.

Next, we consider the event F5 where all ¢; for ¢ € S; never reaches — [

log(6(k*/3)/9)
log((1—p)/p)

log(6(K* /3)/6)
Toa(1=p)/) W By

Lemma 41, the probability that each ¢; for ¢ € S; reaches — [ -‘ is upper bounded by

log(6(k™/3)/6)

P Tog((1=p)/p) B o)
2k

1—p
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Therefore, by union bound, P(—E3) < §/2.
Next, let F’3 be the event where all ¢; for i € Sy never reaches {%W . By Lemma 41,
log(6n/9)

the probability that each ¢; for ¢ € Sy reaches [W1 is upper bounded by

log(6n/5)

P Tog((1—p)/p) B )
1—p ~6n’

Therefore, by union bound, P(—E3) < §/6.

Assume Ej, Fy, E3 all happen. Then we know that £ + 1 > k*/3, and so all i« € 57 will
eventually be removed from Active and contribute towards k. Also, all ¢ € Sy will not contribute

towards k. Therefore, the returned value of £ will be equal to £*. Hence, the error probability of the
algorithm is upper bounded by P(=E; V —=Es V —=FE3) < §/6 +0/2+0/6 < 0.

Expected number of queries. Next, we analyze the expected number of queries used by the
algorithm.

First, for every i € S, the expected number of times we query a; is upper bounded by the ex-

log(6n/9) w . By Lemma 42

pected number of steps it takes for the random walk c; takes to reach {W

it is bounded by

L 10<g<(16n/>(? )W log %
1oe\—p)/p) | ey
e T SO vy YT s

Then we consider the expected number of times we query a; for ¢ € Sy. Fix any ¢ € Sj. Let
F; be the event where for exactly j distinct ' € Sp\{¢}, the infinite random walk c; ever reaches

{%W . By analysis in the error probability part, P(F}) < (7}) - (6/6n)’ < ¢7. Note that F}

is independent with the random walk ¢;. If F; holds, then the number of times we query a; is upper
10g(6(k*+j+1))/5)-‘

log((1—p)/p)
(because once c; hits this value, k can never be larger than £* + j under F};, so we will not query a;

again). By Lemma 42, this expectation is

bounded by the expected number of steps it takes for the random walk ¢; first hits [

log(6(k*+j+1))/6 ® | s
[—ngoé«lt];)/%/ )W (14 o(1)) %
1-2p B Dxr(p || 1—p)
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Let @); be the number of times we query a;. Then we have

z) = ZE(QZ|FJ) : P(Fj)

j=>0 '
WMy
::Ihi&:ﬁflp) 2;5j40g<k*;1)_+z;5jqq&j+1)
< DBl 157 (13 o8 (k;1> +O(1)>
£<1+0<1>>1%'

Summing up everything, the overall expected number of queries is

*i n— k* %
<1+0<”><k Dl 1-p ") DKL<pu1—p>>'

Similar to the proof of Theorem 39, we consider two cases depending on how large k* is.

Case k* > n/logn. In this case, log(n) = (1 4 o(1))log(k* + 1), so the expected number of
queries can be bounded by

logl‘““r1 log B-£L
Tto)) [k —8 0 (k). —2 3
( ”>< Dl i-p ") D=7

k+1

nlog

=+ o) 5 )

Case k* < n/logn. In this case, k*log s = o(nlog k- E=H), so the expected number of queries
can be bounded by

. log% . lo gk*Jrl

(1+0l1) (’“ D [1-p) " Dinlp [ 1- >)
nlogk +1

=0 +o M) o= p

Finally, we prove Theorem 4, which we recall below:
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Theorem 4 (Noisy query complexity of Counting) Given a sequence a € {0,1}", computing
|la||1 with error probability § = o(1) needs and only needs

min{||all1,n—la[[1}+1
[

nlog

(1£o(1)) Dxi(p || 1-p)

noisy queries in expectation.

Proof
Suppose there is an algorithm for Counting with

nlog min{llaHl,g—HaHl}‘*‘l

DxrL(p |l 1-p)

noisy queries in expectation, for some absolute constant ¢ > 0. First, suppose ||al|; < n/2. Recall
that in the lower bound for k-Threshold, the hard distribution for k-Threshold is to distinguish
whether the input contains k£ or £ — 1 1’s. Thus, by running the assumed algorithm for Counting,
the running time would be

(1-

log EtL
(1_6)u7
Dxr(p || 1-p)

which contradicts the lower bound for k-Threshold.

If ||al[y > n/2, we can simply first flip all the bits in the k-Threshold instance, and then use the
same argument.

For the upper bound, given Theorem 44, it suffices to first estimate whether ||a||; is bigger than
n/2 or smaller. When it is smaller, we can directly run Theorem 44; otherwise, we first flip all input
bits and then run Theorem 44.

More precisely, we randomly sample n°-”* input elements with replacements, use Lemma 40
to estimate them with error probability 1/n'00. If the fraction of elements in the sample whose
estimates are 1 is < %, we directly call Theorem 44 with error bound § and return the result;
otherwise, we flip all input bits, call Theorem 44 with error bound ¢, and return » minus the result.

Regardless of whether we flip the input bits, the output is always correct assuming the returned
result of Theorem 44 is correct. Therefore, the error probability of the algorithm is at most .

Next, we analyze the expected running time of the algorithm. Let E; be the event that the
fraction of sampled elements that are 1 is within n =901 of the fraction of all elements that are 1. By
Chernoff bound,

0.99

_ —0.01)2_, 0.99 1
P(~E;) < 2¢2(n ") m §0<n99>.

Let E5 be the event that the returned result of Lemma 40 for all sampled elements are correct. By

union bound,

1

If E; and E» both hold, the expected number of queries of Theorem 44 can be bounded as
log 122, it flal|y < m/2 — n®,

log 2L, it n/2 —n%% < |lally < n/2 + n"%,
log "t = if gl > n/2 4+ 009

n

o) pelip
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n log mnlelln=llal }+1

Regardless of which case it is, the expected number of queries is always (1+o(1)) Dl =p)
Even if E; and E» do not both hold, the expected number of queries of Theorem 44 can be bounded
as

nlog"T‘H
1+o0(1) — 280
o) B i=p

Therefore, the overall expected number of queries can be bounded as

logL nlog min{lajsn=jall}+1
0.99 n 1% °
A+o) ppit—p OO =5 1=
nlog nEL
+P(—E; V —Ey) (14 0(1)) ——2
CEV 2R+ M) p hl1-9)
nlo min{|a|l1,n—|la|1}+1
—(1+o(1)) %8 >
Dxr(p |l 1-p)

as desired. .

Appendix E. A simpler proof of hardness of Threshold for small i

In this section we provide a simpler proof of Theorem 36. Let us recall the theorem statement.

Theorem 36 For k = o(n), solving TH} with § = o(1) error probability requires

nlog &
O vy ey B

noisy queries in expectation, even when the input is uniformly chosen from ([z]) with probability
1/2 and uniformly chosen from ( k[ﬁ]l) with probability 1/2.

Our proof uses the three-phase framework which we also used in the proof of Theorem 2. It is a
refinement of (Feige et al., 1994)’s two-phase framework, which were used to prove that computing
TH} requires (2 (n log %) noisy queries. Here we add a phase where the oracle can send extra
information to the algorithm, allowing for a more precise analysis obtaining the exact constant.

Comparison with (Wang et al., 2025)’s proof. Let us briefly compare our proof with (Wang
et al., 2025)’s proof. Both proofs are based on (Feige et al., 1994)’s two-phase framework. (Wang

etal., 2025)’s proof is divided into three cases: log(1/d) loglog(1/0) < logk < %, log k >

log(1/0)loglog(1/6), logk < %. The first two cases are handled using the two-phase
framework, and the last case is proved using Le Cam’s two point method. In comparison, our proof
is simpler and handles all k¥ = o(n) and 6 = o(1) uniformly. We achieve this simplification by

carefully designing the information that the oracle reveals to the algorithm for free.
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E.1. Three-phase problem

Let us now describe the three-phase problem. Let €1, €2 > 0 be two absolute constants (i.e., they do
not grow with n).

k

1. In Phase 1, the algorithm makes m; = (1 — 61)% queries to every element.

2. In Phase 2, the oracle reveals some elements to the algorithm.
3. In Phase 3, the algorithm makes my = (1 — €2)n adaptive exact queries.
The goal of the algorithm is to distinguish whether there are at least k£ + 1 ones among the elements.

Lemma 45 [f no algorithim can solve the three-phase problem with error probability § > 0, then

k
no algorithm can solve TH}, with error probability § using at most (1 —¢1)(1—e3) DKﬁog d

T ARIE R nois
pli—p) Oy

queries.

The proof is similar to Lemma 6 and omitted.
By Lemma 45, to prove Theorem 36, it suffices to prove hardness of the three-phase problem.

Proposition 46 For any absolute constants e1,ea > 0, no algorithm can solve the three-phase
problem for TH} with error probability § for k = o(n) and 6 = o(1), where the input is uniformly
chosen from ([Z]) with probability 1/2 and uniformly chosen from ( k[r_l]l) with probability 1 /2.

Theorem 36 follows by combining Lemma 45 and Proposition 46.
The rest of the section is devoted to the proof of Proposition 46.

E.2. Phase 1

Define A = {i € [n] : a; = 1} where a is the input bit string. Then A € ([Z]) U (k[ﬁ]l)’ and the goal
is to distinguish whether |A| = k or k — 1.

k
In Phase 1, the algorithm makes m; = (1 —¢;) % queries to every element i € [n]. Let

a; denote the number of times where a query to ¢ returns 1. Then for i € A, a; ~ Bin(m1,1 — p);
fori ¢ A, a; ~ Bin(mq,p). For 0 < j < my, define

pj = P(Bin(my,1 —p) =j) = <”JLI> (1 —p)lp™ .

Letl = [pml —m{% pmy + m?ﬁ].

Lemma 47 Let x ~ Bin(my,1 — p), y ~ Bin(my,p). Then

P(x € I) = (6/k) —atel), (25)
PlyeI)=1-o(1). (26)
Proof Eq. (25) is by Lemma 5. Eq. (26) is by Chernoft bound. |
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Let P(9) denote the prior distribution of A and P(Y) denote the posterior distribution of A condi-
tioned on observations in Phase 1. Let C(° (resp €M) denote the support of 2C (resp P(1). Then
c) =0 = (k[ﬁ]l) ([k]) and for any set B € C(?) we have

BN (B) o P ((ar) e B) PO (B)

- (Hpaz) (H pml—az) PO(B).
icB i€Be

In Phase 2, the oracle reveals some elements in A and not in A as follows.

E.3. Phase 2

2a. In Step 2a, the oracle reveals elements ¢ with a; & I.

2b. In Step 2b, the oracle reveals every ¢ € A independently with probability ¢,,. We choose

=1 — 2P for j € T where j; = pmy — m9S.
PjPmi—j
2¢. In Step 2c, the oracle reveals k — 1 elements of A as follows. If |A| = k — 1, reveal all

elements of A. Otherwise, = k. If A contains an element that is not revealed yet,
uniformly randomly choose an element ¢* from all such elements and reveal all elements in
A\i*. If all elements of A have been revealed, report failure.

Step 2a and Step 2b. By the same analysis as in Sections B.3.1 and B.3.2, observations up to Step
2b have the same effect as the following procedure:

(1) Observe every element ¢ € A independently with probability
p+=1—ij(1—qj)=1—7 > P
jeI Pma—ji et

—1— (14 o0(1)-Ph_ =1 — (§/k) o),
Pmi—j

(2) Observe every element ¢ € A¢ independently with probability
_ =P(Bin(my,p) ¢ I) = o(1).

Let A( (resp. A ) denote the set of elements in I (resp. not in I) revealed in Step 2a. Let
Afb) be the set of elements in [ revealed in Step 2b, and A(f%) = Afa) A(fb). Then the oracle
reports failure in Step 2c¢ if and only if ‘AEE%)‘ = k.

Let P(?Y) denote the posterior distribution of A after Step 2b and C(?) be its support. By the
same analysis as in Sections B.3.1 and B.3.2, the posterior probability after Step 2b satisfies

(20) o \TEY
P)(B) PO (B)

Pmi—j,

for B € C?Y). In particular, (ASLS%), A(_Za), ]A|) is a sufficient statistic for A at the end of Step 2b.

(<2b)

We note that ‘A ‘ < k with probability > §'~<1#°(1) because

P (Bin(k,1 —py) >0) =1 —pk > 1 —exp (k(1 — py)) > st-rFo), 27
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Step 2c. Let Afc) be the set of elements in I revealed in Step 2c¢ but not in previous steps, and
Afzc) = AS;%) U Afc). Let P(29) be the posterior distribution of A and C(*°) be the support of

P(2¢) Then
@2) _ ) 4. [n] ]\ (=20 < 4 C [\ A2
w0 = Laae ()0 (1), € ac
(£2¢) UA2a }

= {AEL U LA Uiy e ) (4§

For simplicity of notation, define Ay = A(QC) and A; = A (<20) U{z} fori € | (A <20) | A2 )
Then

P9 (Ag) oc PO (Ap),

1 Dj
P(20) A;) o 2 pO)4,).
S ]Af?b)’ b
Recall that P(0)(B) = 3 03] ) for |B| € {k —1,k}. LetIP (resp IF’](C 1) denote the probability
|B|

measure of observations at the end of Step 2c conditioned on |A| = k (resp. |A| = k£ —1). Summing
over 7, we have

(2¢) . n
ol G P e et

Lemma 48

(20)

]P)](fc) (dP?QC) S 561/2) Z (51761ﬁ:0(1).
dP,

AB

Proof Because p_ = o(1), with probability 1 — o(1), we have < npl,/ ?. Then

’[n]\ (A%Qc) U A(E“)) ] —n—(k—1)— A% = 1+ 0(1)n

and
dp{%) 1 v,k
?2@ =1 £o(L))n <ob)| -
P k- [AE] P

k Dy )
— |G| P

— (1 0(1)

Note that k — ’A(Qb)’ Bin(k,1—p4), and ’Af%)‘ is independent with ’A(,Qa)‘ conditioned
on |AJ. Recall that

1—py=(1+ 0@))% — (5/k) —erEe(),
Pmi—j
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If k1611 > §=1/2 then k(1 — p) = w(1) and by concentration
1
P (Bin(h 1~ p) > K1 - ) ) = 1-o(1)

Under IP’,(EC) , conditioned on k — ’AS;%)’ > %k(l — p+), we have

P k pj
—k _ — (1+0(1)) L = 0(1).
dp*) k= [aE)] P

If k916191 < 671/, then conditioned on )A(f%)} < k (which happens with probability at
least 61 —<1%2(1) by Eq. (27)), we have

dp) k ;i e ate
éc) = (1%o0(1)) (<20)| = ‘ < 1/2%0(1)
P kA P

Combining both cases we finish the proof. |

From Lemma 48 we can conclude that no algorithm can determine | A| with error probability < § at
the end of Phase 2. Suppose for the sake of contradiction that such an algorithm exists. Let £ denote

(2¢)

P . . .

the event that ZIP(#QC) < §~4/2, Under ngc), conditioned on &, the algorithm outputs “|A| = k” with
k—1

probability at least 5 (otherwise the overall error probability under IP’I(CQC) is at least & - gl—<Fo(),

However, this implies that under }P’,(ff)l, the algorithm outputs |A| = k with probability at least
%561/2 by definition of £.

E.4. Phase 3
In Phase 3, the algorithm makes at most (1—e3)n adaptive exact queries. If } ]\ (A(f%) U A<2a)) ‘ =

(1£+0(1))n, then with probability (1+0(1))ea, these exact queries do not hit any elements in A. Let
]P’S’) (resp. IP,(CS_)I) denote the probability measure of observations at the end of Phase 3 conditioned
on |A| = k (resp. |A| = k — 1). Conditioned on that the exact queries do not hit any elements in A,
we have

dpy (<20) || 4(2a) 1 i (i)
_ [ (4629 5 4% G 40 i St
) i (4 ) k= [aE] P ()

where A®) denotes the set of elements queried in Phase 3. By a similar proof as Lemma 48, we can
prove that

dp'®)
P](j) (];) < 62—15—61/2 > 6261—61i0(1).
P,
However, €7 is a constant, so the discussion in the end of Section E.3 still applies. This concludes
that no algorithm can solve the three-phase problem with error probability < ¢ using at most (1 —

6) nlog %

———0— OISy queries.
Drr(pll—p) MOV
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