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Abstract— We introduce Visual Inverse Kinematics (VIK),
which finds kinematically feasible joint configurations that
satisfy vision-based constraints, bridging the gap between
inverse kinematics (IK) and visual servoing (VS). Unlike IK, no
explicit end-effector pose is given, and unlike VS, exact image
measurements may not be available.

In this work, we develop a formulation of the VIK problem
with a field of view (FoV) constraint, enforcing the visibility of
an object from a camera on the robot. Our proposed solution
introduces a virtual kinematic chain that connects the physical
robot and the object, transforming the FoV constraint into a
joint angle kinematic constraint. Along the way, we introduce
multiple vision-based cost functions to fulfill different objectives.
We solve this formulation of the VIK problem using a method
that involves a semidefinite program (SDP) constraint followed by
a rank minimization algorithm. The performance of this method
for solving the VIK problem is validated through simulations.

I. INTRODUCTION

In robotics, the Inverse Kinematics (IK) problem is the
problem of finding the values of joint configurations given a
desired end-effector pose. Depending on the robot structure,
there may exist an uncertain number of solutions. Solving
the IK problem has been extensively researched over decades,
producing numerous approaches classified as analytical [1],
[2] and numerical solutions, e.g. [3]–[5]. See [6] for a review.
This paper investigates a variant of the IK problem, which
can be introduced using the following scenario.

Problem motivation. Imagine a robot manipulator that
needs to inspect an object using a camera attached to its
end-effector. For example, a manipulator makes inspections
of a product as part of a manufacturing procedure. Another
example is an underwater vehicle that relies on close-up
vision signals from a camera mounted on its manipulator to
perform operations in a low-visibility environment. Assuming
the object position is known (e.g. via SLAM), our goal is
to find a joint configuration that maintains the object in the
field of view (FoV) while achieving some objectives, such
as keeping the camera upright or viewing the object from a
preferred angle. We refer to such a problem as the Visual
Inverse Kinematics (VIK) problem, which is different from the
Inverse Kinematics problem because the end-effector pose is
not explicitly provided; instead, the feasible set is determined
by the intersection between the set of the kinematic constraints
of the IK problem and the set of configurations that make
the object visible to the camera.
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Challenges. In addition to the difficulty brought by the
kinematic constraints, solving the VIK problem is challenging
for the following reasons:

1) Multiple camera poses that satisfy the field of view
constraint may exist. However, due to the kinematic
constraints of the robot, not all of the poses are
kinematically feasible;

2) The pose of the frustum formed by the camera field of
view is a nonlinear function of the joint configuration.
Hence, restricting the object in this frustum yields a
nonlinear constraint.

A naive approach would be to decouple the problem into two
steps: (1) finding a camera pose that satisfies the field of view
constraint, and (2) solving the inverse kinematics problem
using this pose. However, this approach might fail due to
reason 1) alone. Another approach would be to incorporate
the field of view constraint in the kinematics problem of
the robot and solve it numerically. However, as mentioned
in reason 2), the additional nonlinearity makes regular IK
solvers prone to fail due to local minima.

Applications. A related area of research is visual servoing,
which is the application of vision data for the feedback
control of a robot [7]. Visual servoing has been applied
to different robotic scenarios such as tracking and positioning
of Unmanned Aerial Vehicles (UAVs) [8]–[10], ground robots
[11]–[13], manipulators [14]–[16], and etc.

Because the control relies on vision data, it is vital to
maintain the target in the Field of View. Prior works ensure
visibility in VS via trajectory optimization [8], [9], [17], [18],
control barrier functions [10], [16], [19], and learning-based
control [13], [20].

Method summary. In this paper, we define and propose a
way to solve the visual inverse kinematics problem. Unlike the
aforementioned visual servoing techniques, the VIK problem
seeks to find a configuration of the robot that satisfies the
visibility and kinematic constraints. This configuration can
serve as an initialization or target for visual servoing, similar
to how IK is used in joint-based control. Another difference
is that solving the VIK problem does not need to have actual
image measurements (as VS does).

In this work, the visual constraint is modeled using a series
of virtual links. Similar ideas have been seen in the domain
of visual servoing. For example, virtual linkage is used in
VS to connect the camera and the target such that the control
tasks are similar to the ones of controlling robots subject
to physical contacts with rigid bodies [21], [22]. In [23],
measurements are given by images of legs of parallel robots,
and the vision+kinematic system is reduced to a hidden robot



that, when controlled, achieves the desired task. Compared
to the above relevant concepts in VS, our work does not use
images of the robot, but we use a similar concept of modeling
image projection via virtual robot links, and our goal is not
to control, but to find a pose under which the virtual links
satisfy specific joint angle constraints (representing field of
view constraints).

We formulate the kinematic constraints of the robot using
the method introduced in [24] for the VIK problem; this
method uses a semidifinite programming (SDP) relaxation
followed by a rank minimization technique on fixed-trace
matrices. This method requires solving only a series of convex
problems and has local convergence guarantees. While the
original paper [24] considers only kinematic constraints such
as joint axis and angle limits, an expanded algorithm adds
prismatic joints in [25].

Paper contributions. This paper provides the following
contributions:

• We introduce the VIK problem that fills the gap between
inverse kinematics and visual servoing.

• We add the visibility constraints as a series of virtual
prismatic joints. The visibility constraint is then relaxed
to an SDP constraint and included together with the
kinematic constraints to form the feasible set of the VIK
problem.

• Along the way, we propose different vision-based costs to
fulfill various objectives (e.g., matching feature positions
to an image taken in advance).

• We use a solver from [24], [25]. However, while the
formulation of that solver is very general, it was tested
on relatively simple robots (arms, platform). As an
additional contribution, in this paper, we test the solver
in significantly more challenging configurations.

II. KINEMATIC CONSTRAINTS USING RANK-1
SEMIDEFINITE MATRICES

This section reviews previous work [24] and [25] on how to
model the kinematic constraints as the intersection of positive
semidefinite matrices and rank-1 matrices. We start with a
general formulation of the inverse kinematics problem which
includes revolute and prismatic joints.

A. Revolute joints

We parameterize the robot kinematic chain using a graph
G = (V, E), where V refers to the links and E refers to the
joints. We denote {Ri ∈ SO(3),Ti ∈ R3} as the set of rigid
body transformations from a reference frame attached to the
link i to the world reference frame W . The translation from
frame i to a neighboring frame j, iTj is known, fixed, and
related to the translations {Ti} and the rotation Ri by

Tj −Ti = Ri
iTj . (1)

Thus, we can parameterize the inverse kinematics problem
as a function of the rotation matrices

R̂ =
[
R1 R2 . . . Ri . . . Rn

]
. (2)

We denote a subset of the link indexes, Vr ⊂ V such that
each associated rotation Ri, i ∈ Vr is unknown, and the
corresponding matrix R as a truncated R̂ with only unknown
rotations. We denote nr as the number of unknown rotations.

As discussed in [24], the kinematic constraints of the
inverse kinematics problem with revolute joints can be defined
with the set U , consisting of all vectors u = vec(R) ∈ R9nr

such that

Aaxisu = baxis, (3a)
Aangleu ≤ bangle, (3b)
Ri ∈ SO(3),∀i ∈ Vr, (3c)

where (3a) and (3b) are linear constraints ensuring that the
links sharing a revolute joint have a common axis and joint
angle limit, respectively.

Remark 1: The constraints in (3) can be applied to spher-
ical joints by removing the common axis constraint (3a). In
this case, the angle limit constraint (3b) restricts a spatial
conic limit of the two links.

The rotations matrices introduce the nonlinear constraints
(3c). To prepare for the convex relaxation, for each Ri =[
R

(1)
i R

(2)
i R

(3)
i

]
∈ SO(3), we define the variable

Yi =

R(1)
i

R
(2)
i

1


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
T

∈ R7×7. (4)

There exists a linear transformation from Yi to Ri. The
first two columns, R(1)

i and R
(2)
i , can be recovered from the

last column of Yi and the third column R
(3)
i = R

(1)
i ×R

(2)
i is

a linear function of Yi. We denote g(·) as the transformation
from Y =

[
Y1 Y2 . . . Yi . . . Ynr

]
to R such that

g(Y) = vec(R).
We define the following relaxation of U .
Definition 1: The set Ū is defined as all ū = g(Y) ∈ R9nr

such that

ū satisfies (3a) and (3b) (5a)
Astructurevec(Y) = bstructure (5b)
Yi ⪰ 0,∀i ∈ Vr (5c)

where (5b) is a linear constraint that enforces the following
structure of Y (resulted by combining (3c)) and (4))

1) tr(Yi(1 : 3, 1 : 3)) = tr(Yi(4 : 6, 4 : 6)) = 1;
2) tr(Yi(1 : 3, 4 : 6)) = 0;
3) Yi(7, 7) = 1.

The kinematic constraints U can be exactly captured by the
relaxed set Ū intersected with a rank-1 constraint, as detailed
in the following theorem (see [24] for a proof).

Theorem 1: The set U is a subset of Ū , and is equal to
the intersection of Ū and R1, i.e., U = Ū ∩ R1, where R1

is the set of u = g(Y) ∈ R9nr such that each Yi ∈ R7×7

of Y is rank-1.



B. Prismatic Joints

The vision-based constraints use a formulation similar to
that of the kinematic constraints for prismatic joints. A way
to formulate such constraints is introduced in [25]. This
subsection gives a brief review.

Let Ep ⊂ E represent the set of prismatic joints and Vp the
parents of prismatic joints. The prismatic joint (i, j) ∈ Ep
can be defined by the following constraints.

Definition 2: The prismatic constraints are given by

Ri = Rj ∈ SO(3),

Tj = Ti + (τl + τi(τu − τl))R
(3)
i ,

τi ∈ [0, 1],

(6)

where τl, τu are the lower- and upper-bound of the extension
of the joint τi. The prismatic joint is assumed to be aligned
along the z-axis in this definition.

To write convex constraints for (6), we define the variable
Yτ =

[
Yτ1 Yτ2 . . . Yτi . . . Yτnp

]
, and

Yτi =


√
τiR

(3)
i√

1− τiR
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i√

τi√
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T

∈ R8×8. (7)

We define the constraint Y,Yτ ∈ Ȳτ to restrict the following
linear relations of Yτi and Yi entries: for (i, j) ∈ Ep,

1) the trace of Yτi equals 2;
2) tr(Yτi(1 : 3, 1 : 3)) = Yiτ (7, 7) and tr(Yτi(4 : 6, 4 :

6)) = Yiτ (8, 8);
3) Yτi(4 : 6, 7) = Yτi(1 : 3, 8);
4) tr(Yτi(1 : 3, 4 : 6)) = Yτi(7, 8);
5) Yτi(7, 7) ∈ [0, 1];
6) Yτi(7, 8) ≥ 0;

7) Yτi(1 : 3, 7) +Yτi(4 : 6, 8) =

Yi(2, 6)−Yi(3, 5)
Yi(3, 4)−Yi(1, 6)
Yi(1, 5)−Yi(2, 4)

.

The above constraints restrict the structure of Yτi, its
relation to Yi, and the bound on τi. These constraints are
utilized in the following theorem (see [25] for a proof).

Theorem 2: Equations (6) hold if and only if

Tj = Ti + τlR
(3)
i + (τu − τl)Yτi(1 : 3, 7), (8)

Yi, Yτi ∈ S+, Y,Yτ ∈ Ȳτ , Yi satisfies (5b), Ri = Rj ,
and rank(Yi) = rank(Yτi) = 1.

C. Inverse kinematics and rank-constrained optimization

Theorem 1 and 2 enables us to write (3) and (6) as a
semidefinite constraint plus a rank-1 constraint on Y,Yτ .
The IK problem can be formulated as the following

Problem 1 (Rank constrained inverse kinematics):

min
Y,Yτ

fik(Y,Yτ ) (9a)

subject to g(Y) ∈ Ū , (9b)
Y,Yτ ∈ Ȳτ , (9c)
Yi = Yj , ∀(i, j) ∈ Ep, (9d)
rank(Yi) = 1, i ∈ Vr, (9e)
rank(Yτi) = 1, i ∈ Vp. (9f)

where fik is a quadratic function indicating the squared
distance between the poses of the end-effector and the target.
The constraints (9b) and (9e) ensure that g(Y) ∈ U using
Theorem 1. The constraints (9d), (9c), and (9f) together
enforce the kinematic constraints for the prismatic joints
defined in (6) hold using Theorem 2.

III. VISUAL INVERSE KINEMATICS

This section introduces the visibility constraints along with
different vision-based costs.

A. Perspective projection and virtual prismatic joints

In this work, we use the pinhole camera model [26]. We
denote Rc as the rotation from camera axes X,Y , and Z to
the world frame. A point P ∈ R3 is projected to a point p ∈
R2 on the image plane by the transformation π : R3 7→ R2,

p ∼ π(P) := C

[
P
1

]
, (10)

where C is the camera matrix. To capture the point P in
the field of view, p must be within the rectangular limit
of the digital image. We approximate the field of view by
restricting p to a circular region centered at the principal
point with a radius of h/2, where h is the image height. In
a 3-D world, the field of view then becomes a circular cone
(assuming the height is infinitely large) whose apex is located
at the camera center, and the axis is aligned with the camera
Z-axis. We define α as the aperture (or half-angle) of the
cone and α = rα arctan( h

2fc
), where fc is the focal length

and rα ∈ (0, 1] is a factor to control the tightness of the FoV
constraint.

The visibility constraint ensures that the target stays in
the field of view of the camera. To include this constraint
in our formulation, we first model the robot and the filmed
object using reference frames and then develop constraints
by placing virtual joints between them. To begin with, we
assume that the 3-D position of the object is available and
that the object is characterized by a set of points Vo, the
position of which is referred to as {Ti}i∈Vo (for simplicity,
we do not consider self-occlusion for the object). For each
point i ∈ Vo, we connect the point to the camera center
(denoted as the index c) through a series of virtual joints:
starting from the point, we put a prismatic joint followed by
a spherical joint located at the camera center, as shown in
Fig.1. Then we place two reference frames, attached to each
link of the prismatic joint.

Remark 2: Ideally, the field of view should have the
shape of a rectangular pyramid since images are rectangular.



However, the orientation of this shape is a function of the pose
of the camera, which results in more involved FoV constraints.
It should be possible to formulate also the constraint in our IK
framework by introducing two additional coincident revolute
joints at the camera center in addition to the prismatic joint.
However, we decided to keep the scope of the paper focused
on the simpler VIK problem with a conic FoV.

object

x

y

z

Camera Virtual Prismatic Joints

Virtual
Spherical

Joint

α
FoV as a

Cone

Fig. 1: The field of view is represented as a right circular
cone whose axis is aligned with the camera Z-axis. The
object is connected to the camera center through a virtual
chain consisting of prismatic joints and spherical joints. Each
prismatic joint is defined by two reference frames that share
the same z-axis. Then, the FoV constraint is developed to
restrict the z-axes in the cone.

B. Visibility constraint

From definition 2, the z-axes of the two frames attached to
the links of the prismatic joint are aligned and pass through
the camera center c and the point i ∈ Vo. As a result, the
field of view constraint is the same as restricting this z-axis
in the cone, which is equivalent to enforcing the ball bound:

R
(3)
i −R(3)

c ∈ S(
√
2− 2 cos(α)), (11)

where R
(3)
i and R

(3)
c are the third columns coincide with the

z-axis of the two frames, S(r) is a ball centered at the origin
with radius r. When R

(3)
i is on the cone surrounding R

(3)
c , the

two unit vectors form an isosceles triangle with the apex angle
equals α and legs equal 1. The length of the triangle base can
be found as 2 sin(α/2) =

√
2− 2 cos(α). It is clear that R(3)

i

remains in the cone when R
(3)
i −R

(3)
c ∈ S(

√
2− 2 cos(α)).

This constraint is equivalent to the joint angle constraint (3b)
in [24], where we restrict the difference of the first columns
of the two neighboring reference frames in a ball.

We formulate the VIK problem similarly to what we do
for the IK problem of the robot with additional virtual joints,
which is

Problem 2 (Visual inverse kinematics):

min
Y,Yτ

fvik(Y,Yτ ) (12a)

subject to Y,Yτ satisfy (9b)-(9f), (12b)
AconeY ≤ bcone. (12c)

In Problem 2, the objective function (12a) is a vision-based
cost, which we discuss in the next section. The constraint
(12b) contains all the constraints in Problem 1 and captures
the kinematics constraints of the robot while (12c) is a

relaxation of the visibility constraint (11), where the ball
restricting R

(3)
i −R

(3)
c is approximated with a polyhedron

represented by a linear inequality constraints. Eventually,
because R

(3)
i −R

(3)
c is a function of Y, (12c) is obtained

as a linear constraint on Y.

C. Vision-based costs

The cost (12a) in Problem 2 can have different forms to
fulfill different visual tasks. In this section, we introduce three
costs that encode different objectives of the visual inverse
kinematics problem. To perform flexible tasks, these costs
can be used jointly by combining them linearly.

1) Levelness: To align the image with the ground, we
minimize the deviation of the camera y-axis, Rc, from the
world z-axis using the objective function

f(R) = ∥R(2)
c −

[
0 0 1

]T∥22. (13)

When minimized, the cost indicates that the camera is close
to an upright condition.

2) Centering: The visibility constraints keep the object in
the image but do not specify where in the image. In some
scenarios we would like to keep the object around the center
of the image, motivating the following cost function.

f(R) =
∑
i∈Vo

∥R(3)
i −R(3)

c ∥22 (14)

Minimizing (14) means that the vector in the l.h.s of (11) is
not only bounded in the ball but also minimized for all the
points Vo. We can also see that minimizing (14) is equivalent
to maximizing

∑
i∈Vo

R
(3)T
c R

(3)
i =

∑
i∈Vo

cos(θic), where
θic is the angle between the two vectors. Therefore by
minimizing (14), the vectors {R(3)

i }i∈Vo are averaged such
that the vector R

(3)
c is as close as possible to the mean on

the unit sphere (interested readers are referred to [27] for
averaging rotations on manifold).

Minimizing (14) is the same as maximizing∑
i∈Vo

cos(θic), thus pushing the camera away from
the points. We provide below another centering cost that,
when minimized, yields the closest camera poses to the
objects that center features in the image.

f(R,T) =
∑
i∈Vo

∥Ti −Tc −R(3)
c ∥22 (15)

3) Minimizing the reprojection error: The reprojection
error is the distance between the projection of a point P onto
the image plane, p, and a corresponding measurement p̂.
Suppose we are given a preexisting image of the object
and would like to find the configuration such that the
reprojection error of the camera is minimized (e.g., as part
of a standardization of an industrial inspection procedure).
We denote the coordinates of the projections of the object
points as {p̂i}i∈Vo

, and their corresponding 3-D vectors as

p̃i =

[
p̂i

fc

]
. The spherical reprojection error is given by

f(R) =
∑
i∈Vo

∥R(3)
i −Rc

p̃i

∥p̃i∥
∥22, (16)



where R
(3)
i is a unit vector pointing toward the point i and

p̃i

∥p̃i∥ is the unit vector that passes through the corresponding
point on the image. Minimizing (16) finds a solution such
that the camera can take a picture that matches the given
image.

D. Optimization

This subsection introduces a strategy to solve the visual
inverse kinematics problem. At first, a convex relaxation of the
problem is solved. After that, the solution is moved iteratively
to the set of rank-1 matrices through a rank minimization
algorithm based on the work in [25].

1) Convex relaxation: Without the visibility constraint
(12c), Problem 2 reduces to a standard inverse kinematics
problem. Therefore we can perform the same convex relax-
ation as we do for the robot inverse kinematics problem,
which leads to the following formulation.

Problem 3 (Relaxed Visual inverse kinematics):

min
Y,Yτ

f(Y,Yτ ) (17a)

subject to Y,Yτ satisfy (9b)-(9d) (17b)
AconeY ≤ bcone (17c)

The objective function (17a) can be any of the costs in Section
III-C passed on to Y,Yτ . Problem 3 is a relaxation of
Problem 2 because they are the same except that the rank
constraints (9e) and (9f), are omitted. We can apply an off-
the-shelf solver to Problem 3 but the solution for Yi and
Yτi is not, in general, rank-1. We briefly discuss below a
way to project such solutions to the set of rank-1 matrices.

2) Rank minimization: The key idea in this rank minimiza-
tion method is to maximize the largest eigenvalue of each Yi

and Yτi, and, because tr(Yi) and tr(Yτi) are constant, the
rest of the eigenvalues decrease accordingly and eventually
render rank-1 matrices with only one non-zero eigenvalue. The
method iteratively solves the following problem for an update
{Uk,Uk

τ} of the variables {Yk,Yk
τ } at the k-th iteration.

Problem 4 (Update problem):

min
Uk,Uk

τ

f(Yk−1 +Uk,Yk−1
τ +Uk

τ ) (18a)

subject to∑
i∈Vr

vec(Uk
i )

T∇λ1(Y
k−1
i )≥

∑
i∈Vr

(c−1)(λ1(Y
k−1
i )−3)

(18b)∑
i∈Vp

vec(Uk−1
τi )T∇λ1(Y

k−1
τi )≥

∑
i∈Vp

(c−1)(λ1(Y
k
τi)−2)

(18c)

Yk−1 +Uk,Yk−1
τ +Uτk satisfy (17b), (17c). (18d)

In Problem 4, λ1(·) is the largest eigenvalue as a function of
a matrix, and c ∈ [0, 1] is a constant. The complete algorithm
for solving the visual inverse kinematics problem is presented
in Algorithm 1. This algorithm uses an adaptive approach in
steps 4-7 to find a constant c that yields feasible solutions of
Problem 4. By doing this, the algorithm dynamically selects
a c that increases the largest eigenvalues [25, Sec. VII.D].

Algorithm 1 Visual Inverse Kinematics Solver
Input {Ti}i∈Vo , µ, ϵ1, ϵ2, kmax, pmax, c0, a
Output {R∗

i ,T
∗
i }i∈Vr

1: Solve Problem 3 to get an initial solution Y0,Y0
τ and

set k = 1, p = 1.
2: while (∃λ1(Yi) ≤ 3 − ϵ1 || ∃λ1(Yτi) ≤ 2 − ϵ1) &
∥Uk∥F ≥ ϵ2 & k ≤ kmax do

3: For each Yk−1
i and Yk−1

τi , compute the largest
eigenvalues λ1(Yi) and λ1(Yτi), respectively.

4: while p ≤ pmax & Problem 4 is infeasible do
5: c = 1− (1− c0)

(a(p−1)+1), p← p+ 1.
6: Solve Problem 4 to get Uk and Uk

τ .
7: end while
8: Update Yk

i = Yk−1
i + Uk

i for all i ∈ Vr and
update Yk

τi = Yk−1
τi +Uk

τi for all i ∈ Vp and set
k = k + 1, p = 1.

9: end while
10: Recover the rotations {Ri} from g(Yk−1).
11: Recover the translations {Ti} using (1).

The constants c0 and a are two parameters that control how
the c value is increased when seeking a feasible solution.

Each iteration of Algorithm 1 minimizes an upper bound
on

∑
i λi, which is a concave cost, thus ensuring local

convergence. See [25] for a detailed proof of convergence.

IV. SIMULATION RESULTS

To validate the proposed method, simulations are performed
on a 7-degrees-of-freedom Sawyer manipulator, which is
mounted with a camera on its hand and tasked to take a
photo of some quadrotors. We assume that the positions of
the quadrotors are known and each quadrotor is simplified as
a point. We connect each point with the camera center through
the virtual joints mentioned in Section III-A. The visibility
constraint requires the camera to capture the quadrotors in
the field of view, i.e., to restrict the points in the viewing
frustum.

(a) Level (b) Level and center

Fig. 2: Our solver finds a posture of Sawyer subject to the
visibility constraint of capturing the quadrotors in the camera
field of view while targeting different vision-based objectives.

Fig. 2 shows two postures solved for an example where
five quadrotors hover in front of the manipulator and the



objectives are set differently: one with levelness cost alone
and the other with a combination of levelness and centering
(function (14)) costs. As seen in Fig. 2, the quadrotors are
restricted in the circular cone mentioned in Section III-A. As
expected, both of the images are level with the ground while
the quadrotors in the right image are closer to the center.
The robot consists of 7 revolute joints and is added with 5
prismatic and 1 spherical virtual joints. The cone aperture
α = 15.5°. Fig. 3 depicts the computational process of the
solution in Fig. 2a by showing the changes of the largest
eigenvalues, λ1, which as seen, is increased to the maximal
values fixed by the traces tr(Yi) = 3 and tr(Yτi) = 2.

0 1 2 3 4 5 6 7 8

1

1.5

2

2.5

3

Fig. 3: The largest eigenvalues during the rank minimization
process are increased to the fixed values of traces, i.e.,
tr(Yi)=3 and tr(Yτi)=2, indicating rank-1 solutions. Each
curve corresponds to the λ1 of a matrix.

Fig. 4: Demonstration of how a random configuration fails
to serve as a good initialization pose for visual servoing of
a manipulator. Our method does not need an initial solution
and finds a configuration such that the captured features are
very close to the ones in the desired image.

We then show that our method can find an initial pose
for eye-in-hand visual servoing algorithms. For comparison,
we use randomly sampled camera poses to initialize the
visual servoing. We start by placing 9 features to simulate
a checkerboard placed in front of a PUMA 560 robot.
Then, 1000 robot configurations are randomly selected within
the task space. A standard gradient-based visual servoing
algorithm from [28, Sec. V] is used to drive the camera
from each initial pose to match with the image of a mutual
pose that includes the features around the center of the
image without considering FoV or joint limit constraints.
The algorithm is counted as a failure if the error does not
converge in 200 iterations. In the end, only 65 initial poses
resulted in successful solutions. This shows that using a

randomly generated initial pose can result in failures of VS.
To efficiently initialize VS, we solve a VIK problem by
minimizing the reprojection error (16) using Algorithm 1.
The resulting configuration is presented in Fig. 4 along with
the features of the desired image and those captured from
the configuration solved by the VIK solver. It is seen that
the features captured from the solved pose are close to the
ones in the desired image. The difference arises from an
increase in the cost function f in (16) (+0.0058) during the
rank minimization process. Finally, the solved configuration
is used to initialize VS and converge to the image pose
successfully.

To evaluate our method’s performance on various scenarios,
we generate two sets of objects uniformly distributed in
spaces {Ti}i∈Vo

of two different sizes, marked as “con-
densed”:

[
2.2 −1.5 −0.5

]T ≤ Ti ≤
[
6.8 1.5 6.5

]T
and “scattered”:

[
1.4 −2 −1

]T ≤ Ti ≤
[
7.6 2 7

]T
.

Next, the generated sets of points are used as inputs in
Algorithm 1 with different vision-based costs. The simulation
is performed on Intel Core i7-10510U at 2.30 GHz CPUs
with MOSEK [29] as solver. In this simulation, we use a
quaternion parameterization introduced in [25, section VIII] as
an additional technique to reduce the number of variables. It
is shown in [25] that using this parameterization can improve
the computation speed. Some other settings include choosing
c0 = 0.1 and a = 4 in the algorithm. To test how the
method minimizes the reprojection error, we use solutions
from tests with levelness plus centering costs to generate
images. Then, we add random noise (≤ 10−2) to the images
and use our method to find solutions that match the features.
The results are presented in Table I, where each row shows
the results obtained from 500 tests, including success rate and
for successful solutions: averaged computation time spent
on solving the SDPs, averaged iterations taken, averaged
cost increase ∆f̄ during the rank minimization algorithm,
maximal distance of the rotation matrices {Ri} from their
projections on SO(3), {P (Ri)}, and the maximal second-
largest eigenvalues of Yi and Yτi.

It is seen in Table I that the method can recover matrices
that are very close to real rotation matrices and can minimize
rank to be very close to 1. In some simulations, the solver
fails to find a solution within the loop in steps 4-7 in limited
attempts pmax. This is because the algorithm guarantees only
local convergence, and if started from a bad initial point,
the algorithm can get stuck at solutions with rank higher
than one. It is also observed that adding more points and
expanding the distribution can reduce the success rate and
slow down the computation, i.e., making the problem more
difficult to solve. In general, the results in Table I show that
the proposed method can find solutions to visual inverse
kinematics problems that have various costs and inputs.

V. CONCLUSIONS

In this work, we introduce the visual inverse kinematics
problem and formulate the camera visibility constraint as
SDP constraints on a series of virtual joints. We provide
multiple vision-based costs to fulfill different objectives. We



Distribution Number of points Type of cost Avg. time / iterations Success rate ∆f̄ max(∥Ri − P (Ri)∥F ) maximal e2

Condensed 5 1⃝ 1.4892(s)/8.1820 100% 0.1429 2.7924 · 10−4 4.1864 · 10−5

Condensed 5 1⃝+ 2a 1.3432(s)/7.8380 100% 0.2749 2.7250 · 10−4 3.2707 · 10−5

Condensed 5 1⃝+ 2b 1.5849(s)/6.4334 94.6% 0.3907 2.7667 · 10−4 3.6456 · 10−5

Condensed 15 1⃝+ 2a 4.6871(s)/8.5991 91.8% 0.4491 2.7834 · 10−4 2.3803 · 10−5

Condensed 15 3⃝ 2.2349(s)/7.0331 98.7% 0.0178 2.7050 · 10−4 4.0702 · 10−5

Scattered 5 1⃝ 2.5394(s)/9.2511 87.6% 0.1770 2.7953 · 10−4 6.4208 · 10−5

Scattered 5 1⃝+ 2a 1.6593(s)/8.4910 88.8% 0.3738 2.7873 · 10−4 2.7337 · 10−5

Scattered 15 1⃝+ 2a 5.6191(s)/9.023 69.6% 0.7133 2.8161 · 10−4 3.3635 · 10−5

Scattered 15 3⃝ 2.3684(s)/7.0708 97.4% 0.0060 2.5488 · 10−4 7.2774 · 10−6

Types of cost are labeled as: 1⃝ levelness; 2a centering using (14); 2b centering using (15); 3⃝ minimizing the reprojection error.

TABLE I: Performance of the proposed method on different visual inputs and vision-based costs. Each row shows results
from 500 tests.

then provide a way to find solutions using a semidefinite
relaxation followed by a rank minimization technique on
fixed-trace matrices. For future work, we aim to investigate
the cost increases observed during rank minimization in our
simulations. Our goal is to develop post-processing strategies
to mitigate these increases. Moreover, we plan to expand the
proposed vision-kinematics framework to other applications
in robotics such as camera pose estimation and robot hand-
eye-calibration.
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