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Abstract

A recent construction of polylogarithms on Riemann surfaces of arbitrary genus
in arXiv:2306.08644 is based on a flat connection assembled from single-valued non-
holomorphic integration kernels that depend on two points on the Riemann surface.
In this work, we construct and prove infinite families of bilinear relations among these
integration kernels that are necessary for the closure of the space of higher-genus poly-
logarithms under integration over the points on the surface. Our bilinear relations
generalize the Fay identities among the genus-one Kronecker-Eisenstein kernels to ar-
bitrary genus. The multiple-valued meromorphic kernels in the flat connection of En-
riquez are conjectured to obey higher-genus Fay identities of exactly the same form as
their single-valued non-holomorphic counterparts. We initiate the applications of Fay
identities to derive functional relations among higher-genus polylogarithms involving
either single-valued or meromorphic integration kernels.
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1 Introduction

A variety of cutting-edge challenges in high-energy physics and different areas of mathemat-
ics evolve around the treatment of iterated integrals on increasingly complex geometries.
Different flavours of polylogarithm functions have become a common theme of Feynman-
integral computations in quantum field theory [1, 2, 3, 4] and the moduli-space integrals
over punctured Riemann surfaces in string amplitudes [5, 6, 7, 8]. At the same time, spe-
cial values, Hopf-algebra structures and related properties of such polylogarithms connect
deep questions in number theory and algebraic geometry with computational advances at
the interface of mathematics and physics [9, 10, 11, 12]. A central objective in this field of
research is to construct function spaces of polylogarithms that close under taking primitives
and to exhibit effective algorithms to determine these primitives.

The space of polylogarithms on a (compact) Riemann surface ¥ strongly depends on
the genus of the surface ¥.. On the sphere (genus zero), polylogarithms arise from iterated
integrals of rational functions [13, 14, 15]. Their closure under taking primitives can be
traced back to standard partial fraction identities [16].

On the torus (genus one), elliptic polylogarithms were introduced in [17, 18, 19], ap-
plications to superstring amplitudes were studied in [20, 21] and further developed in [22].
When expressed as iterated integrals over Kronecker-Eisenstein kernels, elliptic polyloga-
rithms close under integration over points on the surface thanks to the Fay identities among
theta functions [19, 22]. Similar to partial fraction identities at genus zero, Fay identities
rearrange bilinears in Kronecker-Eisenstein kernels involving a total of three points on the
surface. In particular, Fay identities at genus one provide the necessary tools for the deriva-
tion of identities between elliptic polylogarithms and to determine their primitives in any
of their variables [20, 23]. Fay identities also underly the algebraic and differential relations
that elliptic polylogarithms satisfy at special values of their arguments [24, 25], known as
elliptic multiple zeta values [26, 27] and, in the real-analytic case, modular graph functions
and forms [28, 29, 30].

The literature on integration kernels, associated flat connections and polylogarithms on
Riemann surfaces of higher genus h > 2 goes back to the study of correlators in Wess-
Zumino-Witten models in [31] and more recently features a diverse bandwidth of approaches
(32, 33, 34, 35, 36, 37]. In view of the growing relevance of higher-genus polylogarithms for
Feynman integrals [38, 39, 40, 41, 42] and string amplitudes [43, 44, 45, 5, 46], the quest
for conceptual and computational control of the functional identities they obey is clearly
a timely endeavor. Nevertheless, higher-genus generalizations of the Fay identities among
Kronecker-FEisenstein kernels on the torus had thus far remained uncharted territory.

In this work, we close this gap by constructing and proving Fay identities for integration
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kernels on compact Riemann surfaces ¥ of arbitrary genus h. We will mostly follow the ex-
plicit approach to higher-genus polylogarithms in [36] where the integration kernels are given
by iterated convolutions of the Arakelov Green function [47, 48, 43] as well as holomorphic
Abelian differentials and their complex conjugates. As a consequence, the integration kernels
of [36] are single-valued but non-meromorphic functions of two points on ¥ and transform
as tensors under the modular group Sp(2h,Z) [49, 50, 51].

Our main results include infinite families of tensor-valued Fay identities among bilin-
ears in the single-valued higher-genus integration kernels of [36] which are complete in the
following sense. The dependence of these bilinears on three points z,y,z € ¥ can always
be rearranged to avoid a repeated dependence on any of the points x,y or z in more than
one integration kernel factor. This rewriting of higher-genus integration kernels in terms of
products with at most one x,y or z-dependent factor is essential for integration over the
respective point in terms of the higher-genus polylogarithms of [36].

We also investigate the three-point Fay identities in the limit of two coincident points
and encounter modular tensors that solely depend on the moduli of ¥ and generalize (al-
most) holomorphic Eisenstein series to higher genus. As a simple subclass of two-point Fay
identities, we recover the so-called interchange lemmas of [45, 51, 36] relating integration
kernels and Abelian differentials. The web of relations that is found to descend from the Fay
identities in this work paves the way for deriving functional identities among higher-genus
polylogarithms and proving their closure under taking primitives. In sections 7 and 9.5, we
illustrate the role played by the interchange lemmas and the Fay identities in the concrete
construction of primitives involving different flavors of higher-genus polylogarithms.

At genus one, our understanding of elliptic polylogarithms and their special values ben-
efitted from the interplay between two types of Kronecker-Eisenstein integration kernels:
single-valued but non-meromorphic f) and meromorphic but multi-valued ¢ with » > 0.!
Numerous main results of this paper are derived and proven through the properties of single-
valued but non-meromorphic modular tensors 1/ ;(x, y) which generalize the f(z—y) to
higher genus [36]. In particular, the ubiquitous integration-by-parts identities in our compu-
tations crucially rely on the single-valuedness of the f-tensors. Meromorphic but multiple-
valued higher-genus generalization of the ¢")(z—%) kernels, to be denoted by g/t ;(x,y),
were introduced by Enriquez through their functional properties [32].

!While the single-valued f(") entered the Brown-Levin formulation of elliptic polylogarithms [19] as well
as their string-theory applications in [20, 52], the alternative formulation of elliptic polylogarithms [21] in
terms of the meromorphic ¢(" is predominantly used in Feynman-integral applications [1].

2We depart from the normalization conventions of the meromorphic integration kernels w!t = ;(z,y)
introduced in Enriquez’s work [32] by g/t ;(z,y) = (=27i)"wlt"Ir ;(x,y) to attain a smooth genus-one
limit g/t ;(2,y)|h=1 = g\ (x—y) and simple poles g’ ;(z,y) = 0% /(x—y) + reg with unit residue.
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Another main result of this work is a generalization of the interchange lemma and a set of
conjectures for meromorphic Fay identities in terms of the Enriquez kernels g7 ;(x,y) at
arbitrary genus and tensor rank. While explicit representations for the Enriquez kernels are
somewhat cumbersome to exhibit,® their defining properties provide sufficient guidance for
anticipating and proving the conjectural identities in this work [53]. Finally, the coincident
limits y — x of Enriquez kernels g/t~ ;(x,y) are conjectured to introduce meromorphic
versions of the solely moduli-dependent modular tensors encountered in the analogous coin-
cident limits of fi-Ir ;(z, y).

Outline

This work is organized as follows: We start by motivating the quest for higher-genus Fay
identities in section 2 by highlighting the significance of partial fractions and genus-one Fay
identities for iterated integrals on the sphere and the torus, respectively. In section 3, we
review the protagonists of the Fay identities of this work, namely, the single-valued but
non-meromorphic integration kernels of [36] and the associated higher-genus polylogarithms.
Section 4 introduces a simple subclass of Fay identities on compact Riemann surfaces of arbi-
trary genus h that transform as scalars under the modular group Sp(2h,Z). We then proceed
to the general case of bilinear identities among higher-genus integration kernels with tensorial
transformation law under Sp(2h,Z): interchange lemmas involving two points in section 5
and Fay identities involving three or more points in section 6. In section 7 we illustrate the
role of the interchange lemmas and the Fay identities in the closure under taking primitives
of multivariate higher-genus polylogarithms. The coincident limits of higher-genus integra-
tion kernels and Fay identities featuring tensorial generalizations of (almost) holomorphic
Eisenstein series are discussed in section 8. Finally, in section 9, we gather counterparts of
the results obtained in earlier sections for the meromorphic but multiple-valued integration
kernels in the Enriquez connection [32], to produce meromorphic interchange lemmas and
conjectures for meromorphic Fay identities.

The appendices complement the discussion in the main text with additional background
material on the prime form and the Arakelov Green function (Appendix A), an alternative
approach to multi-variable Fay identities (Appendix B), proofs of the main lemmas and
theorems (Appendix C) and a construction of higher-weight Fay identities from convolutions
of lower-weight ones (Appendix D).

We conclude this outline with a collection of pointers to the main Lemmas, Theorems,
and Conjectures of this work:

3See [37] for a recent proposal to express the Enriquez kernels w!t* ;(z,y) in terms of Poincaré series

and Schottky variables in the restricted subset of moduli space where the Poincaré series converges.



e For the single-valued but non-meromorphic integration kernels of [36]:

— interchange Lemma 5.2,
— three-point Fay identities in Theorems 6.2 and 6.3,

— their coincident limits in Theorems 8.3 and 8.4
e For the meromorphic but multiple-valued Enriquez kernels of [32]:

— interchange lemma in Theorem 9.2,
— three-point Fay identities in Conjectures 9.6 and 9.7,
— their coincident limits in Conjectures 9.9 and 9.10.

After the first version of the present paper was submitted to the archive, a proof of the
Conjectures 9.6 and 9.7 was advanced in [54].
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2 Motivation: Fay identities at genus zero and one

The space of polynomials forms a ring under the operations of addition and multiplication
and closes under integration, namely the primitive of a polynomial is again a polynomial.
While rational functions also form a ring under addition and multiplication (they actually
form a field), the primitive of a rational function is not necessarily again a rational function.
Instead, the logarithm arises as the primitive of a simple pole, and polylogarithms [13, 14, 15]
arise from further operations of multiplication by rational functions and integration. The
resulting space that combines rational functions and polylogarithms on the complex plane or
on the Riemann sphere is closed under addition, multiplication and integration [16]. While
the study of polylogarithms has a long history [55, 56], their significance for perturbative
quantum field theory [57, 58, 59, 9] and string theory [60, 61, 62] has been recognized only
over the past few decades.

On the torus, elliptic functions again close under addition and multiplication, but integra-
tion again produces new functions, which are referred to as elliptic polylogarithms. Double
periodicity and meromorphicity are not always compatible with one another on the torus
and this conflict leads to different formulations of the function spaces of elliptic polyloga-
rithms. The standard choices are based on either single-valued but non-meromorphic flat
connections or alternatively meromorphic but multiple-valued ones [17, 18, 19, 21, 22]. Sim-
ilar to their genus-zero counterparts, elliptic polylogarithms have become a common theme
of perturbative computations in quantum field theory [63, 64, 65, 66, 67] and string theory
20, 29, 52, 68, 69].

Further generalization to polylogarithms on a higher-genus Riemann surface > have also
been introduced recently. The construction of polylogarithms is greatly facilitated by the
introduction of a flat connection whose associated path-ordered exponential integral, or
holonomy, between two points x, y € ¥ depends only on the homotopy class of paths between
the points x and y but not on the specific representative chosen to represent each class.
The conflict between meromorphicity and single-valuedness, that existed already on the
torus, persists for higher-genus Riemann surfaces ¥ and again leads one to make choices.
Formulations in terms of meromorphic flat connections on a punctured Riemann surface of
arbitrary genus feature either multiple-valued integration kernels with simple poles [32, 37]
or single-valued ones with higher poles [33, 35]. Their disadvantages are that modular
invariance is obscured, and that the basic integration kernels are somewhat cumbersome to
exhibit explicitly (though the Schottky parametrization has recently been used to evaluate
genus-two polylogarithms numerically [37]).

In a recent paper [36] a construction of polylogarithms was developed based on a non-
meromorphic but single-valued and modular invariant flat connection with at most simple



poles. More specifically, the Sp(2h,Z) invariance of the connection of [36] on a Riemann
surface ¥ of arbitrary genus h is explicitly realized in terms of integration kernels that
transform as modular tensors.

Closure under integration of the function space of a certain class of meromorphic hy-
perlogarithms was proven recently in [35]. It has remained a challenge, however, to obtain
effective algorithms for the explicit determination of primitives from that approach and any
other. It is the purpose of this paper to investigate the closure under integration of the
polylogarithms introduced in [36] multiplied by the integration kernels in their underlying
flat connection. We shall prove bilinear identities among the higher-genus kernels that imple-
ment this closure as detailed in section 7 and generalize the genus-one Fay identities among
the Kronecker-Eisenstein kernels in [19]. We also propose concrete conjectures for certain
relations that are needed to show the existence and determine the explicit form of primitives
of the meromorphic polylogarithms derived from the kernels of [32, 37].

In this section, we present brief reviews of the polylogarithms at genus zero, namely on
the Riemann sphere, and for elliptic polylogarithms at genus one, namely on the torus. The
remainder of the paper is devoted to higher genus.

2.1 Partial fraction decomposition at genus zero

On the Riemann sphere, any rational function of x may be expressed using partial fraction
decomposition. The primitive of every term in this decomposition, except for simple poles,
is again a rational function. Therefore, the extension beyond rational functions required to
obtain closure under integration is generated by differentials dx/(x — a;). The corresponding
polylogarithms G(ay, - -, a,;z) with a;,x € C are defined recursively by G(0;z) = 1 and,

G(ay, - ,an;7) :/ dz G(ag, -+ ,an;2) (2.1)
0 Z—al

By the shuffle relations among iterated integrals, the product of two polylogarithms G(- - - ; )
with the same endpoints 0 and x of the path is a linear combination of the same type of
integrals. Hence, in the discussion of closure under integration over x, it is sufficient to
consider expressions with at most one factor of polylogarithms (2.1). In order to integrate
over the labels a; of G(ay, - - - , a,; x), the differential equations of polylogarithms can be used
to move the integration variable into the endpoint of the path G(--- ;a;) [16, 60, 70, 71]. As
detailed in section 7, these types of functional identities are known as a change of fibration
basis, and we will lay the ground for their generalizations to arbitrary genus.

The primitive of the product of a polylogarithm G(ay,--- ,a,;z) and a rational func-
tion ¢(z) may be decomposed into a sum of rational functions and polylogarithms. To
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show this, we decompose ¢(z) into partial fractions. The primitive of any simple pole term
1/(2—b) in ¢(z) clearly produces a new polylogarithm G(b,ay, - - ,a,;x) while polynomial
and higher order poles may be integrated by parts and again recursively decomposed onto
the polylogarithms of (2.1). For example, choosing ¢(z) = Wl(z—lu) with two linear fac-
tors in the denominator, the partial fraction decomposition needed to integrate the product

d(2)G(ay, -+ ,ay; 2) via (2.1) is given by,
/deG(alv'”7an;Z>: 1 /de<G(CL1,"',CLn;Z)_G(CLl,"',CLn;Z))
0 (Z—b1>(2—b2) bl—bg 0 Z—bl Z—bg
1
~ b1—b,

Partial fraction decomposition is a property of rational functions and will not be available,

(G(blaala"' >an;x) _G(b%ala'” >an;$)> (22)

as such, for genus one and beyond. Instead, what will be available at genus h > 1 are
multi-periodic generalizations of the elementary partial fraction relation,

1 n 1 n 1
(z=z)(e—y)  (e=y)y—2) (y=2)(z—2)

among three points on the sphere which implies partial fraction decompositions involving an

~0 (2.3)

arbitrary number of points. More specifically, recursive application of (2.3) to products of
several simple poles will lead to standard partial fraction decomposition, such as in,

T

1 1
— + ermx’x7...’xr 24
z—x;  (z—z1)(v1—22) - - (B 1— 1) perm(z1, T2 ) (2.4)

j=1

or in,

1

(r1—22)(w2—23) - - - (1 —12,)

As will be motivated below, the multi-periodic generalizations of the elementary partial

—+ CYCI(LUl, To, "+ ,Ir) =0 (25)

fraction relation (2.3) to genus h > 1 will be referred to as Fay identities. Similar to the
situation on the sphere, elementary Fay identities among three points on a Riemann surface
of genus h will be sufficient to simplify functions of an arbitrary number of points. The
desired simplifications to be achieved via higher-genus Fay identities are set by the closure
of the genus-h polylogarithms of [36] under integration in the same way as partial fraction
enables the genus-zero integration in (2.2).

2.2 Kronecker-Eisenstein series at genus one

As mentioned in the introductory paragraphs to this section, function theory on the torus
reflects the conflict between meromorphicity and single-valuedness, and leads to two natu-
ral but different generalizations of rational functions on the sphere. They are referred to
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as the Kronecker-Eisenstein coefficients g™ (x) and f)(x) and are given by the following
generating series,”

g
w0y~ HOata) (I
Z / D)0 () (2 Irm)

where o € C plays the role of a bookkeeping device, while the modulus 7 of the torus
Y = C/(Z+77Z) will be suppressed throughout. The functions ¢ (z) defined by (2.6) are
meromorphic in x € ¥ but multlple valued, while the functions f)(z) are single-valued but
not meromorphic. One has ¢ (z) = f(©(z) = 1 and the first non-trivial functions are,

g (z) = 9, In () (2.7)

Imx

fY(z) = 0, In0y(z) + 2miy

mrT

Both of ¢(z) and fM(z) have simple poles for any = € (Z+7Z). While all the single-
valued f)(z) are regular on ¥ for r # 1, the meromorphic functions ¢ (z) for » > 2 on
the universal cover C of the torus have simple poles at x € (Z+7Z) \ Z.

The single-valued functions f)(z—y) will generalize at higher genus to the modular
tensors f1I ;(z,y) introduced in [36] while the meromorphic functions ¢ (z—y) will
generalize to the differential forms ¢’*';(z,y) introduced in [32]. Translation invari-
ance on the torus admits the simple parity properties f)(z—y) = (=1)"f®)(y—z) and
g (x—y) = (=1)"¢g™(y—x) of the genus-one functions. However, their higher-genus gen-
eralizations obey more involved identities dubbed interchange lemmas, see section 5 and
section 9.2 below.

Recall that the scalar Green function G(x,y) on the torus is defined by [7],

G(x,y) = —log

‘W ‘2 o @=y)® (2.8)

Im 7

where the Dedekind 7 function satisfies ¢;(0) = 275®. Note that G(z,y) is single-valued,
symmetric under swapping = and y, and depends only on the difference x—y in view of
translation invariance on the torus. The Kronecker-Eisenstein coefficients f)(z—y) can be

4The ¥-function is given by ¥ (z) = 2¢"/® sin(rz) [[0, (1 — ¢")(1 — €2™%¢q")(1 — e~2™%g") for g = €277,
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naturally obtained from G via differentiation and convolutions, as follows, [72],

fD(z—y) = —0.G(x,y) (2.9)
F () = / 20,6z, ) f"V (emy), 132
)

The Kronecker-Eisenstein coefficients, either meromorphic or single-valued, play a role for
iterated integrals on the torus [19, 20, 21] that is analogous to the role played by the differen-
tials dz/(z—a;) for the polylogarithms (2.1) on the sphere. Accordingly, both of ¢(")(z) and
™) (z) are referred to as integration kernels or Kronecker-Eisenstein kernels. Both g (x)
and f)(x) are said to have weight r which in both cases equals the transcendental weight
of the Fourier coefficient and in the case of f)(z) equals the modular weight (though the
¢ () do not transform as Jacobi forms under SL(2,Z) [73]).

2.3 Three-point Fay identities at genus one

In this subsection, we review the genus-one Fay identities in terms of both types of integration
kernels f() and ¢") and provide a definition of the term z-reduced for the genus-one case.

2.3.1 Three-point Fay identities in terms of f(")

The genus-one analogue of the partial-fraction identity (2.3) on the sphere is readily formu-
lated in terms of the Kronecker-Eisenstein kernels f) in (2.7) and f®, [19, 20]

fO =) [V (w=y) + fO (=9) fD y=2) + [ O (y=2) D (2=2)
+ [ z=y) + fDy=2) + [P (z=2) = 0 (2.10)

The factors f() in (2.10) account for the pole terms in (2.7), while the non-singular f terms
in the second line compensate for the non-holomorphicity of the first line. The relation in
(2.10) for fM and f® and its meromorphic counterpart for ¢ and ¢® are the simplest
examples of Fay identities [74] for the special case of genus one.

At genus one, the Fay trisecant identity relating the meromorphic functions ¢ and ¢®
may be derived via Riemann identities for ¥-functions at arbitrary points in the Poincaré
upper half plane. Similarly, for arbitrary genus, the Riemann identities hold at arbitrary
points in the Siegel upper half space. By contrast, the Fay trisecant identities for arbitrary
genus [74] hold only on the subset of the Siegel upper half space that corresponds to the period
matrices of compact Riemann surfaces, referred to as Torelli space. The identities derived
here similarly hold only on Torelli space, whence we refer to them also as Fay identities.
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The Fay identity (2.10) plays a crucial role in reducing the integrals of elliptic polylog-
arithms against products of f()-functions to elliptic polylogarithms again, similarly to the
discussion following (2.1) for the sphere. For example, in an integral over the variable z,
the Fay identity (2.10) allows one to reduce the product f®*(y—z)f®(z—x), both of whose
factors involve z, to a sum of terms in which only a single factor is z-dependent. We shall
refer to this process as z-reduction and the final expression thus obtained as z-reduced.
In this z-reduced form, the z-integral may now be carried out and produces again elliptic
polylogarithms, possibly multiplied by factors f)(z—y) with r > 1.

Analogous manipulations are needed to z-reduce more general products f) (y—z) f©®) (z—x)
for arbitrary values of r, s > 1, namely to express them in terms of a sum of products of
Kronecker-FEisenstein kernels with at most one z-dependent factor. This is accomplished by
the following generalization of the Fay identity (2.10) to arbitrary weight [20],°

FO(z—2)fO (y—2) = —(=1) FO+) (y—2) + Z(”Z_l

£=0

)£ @=y) £ (y=2)

T

() F Oty £ (a2) (2.11)

£=0

The z-reduction process, which was introduced and illustrated above for the case of genus
one, will play a central role throughout this paper and will be defined more generally and
more formally for arbitrary genus in section 3.6. Generalizations of the Fay identities (2.11)
which implement the z-reduction at arbitrary genus can be found in Theorems 6.2 and 6.3.

A generating series for the Fay identities (2.11) crucially enters the proof that the el-
liptic polylogarithms of Brown and Levin are closed under taking primitives [19]. The Fay
identity (2.11) drives integration algorithms for the variants of the Brown-Levin elliptic
polylogarithms used for genus-one string amplitudes [20, 52]. First, integrating products
of f&)(xz—2)f")(y—z) and elliptic polylogarithms over z necessitates a z-reduction of the
Kronecker-Eisenstein kernels via (2.11). Second, preparing these primitives with respect to
z for integration over x or y in a later step requires a change of fibration basis of the elliptic
polylogarithms which is performed through the differential equations they satisfy and the
Fay identities of their integration kernels [20]. A detailed discussion of changing fibration
bases and explicit results on its implementation at higher genus can be found in section 7
(also see section 9.5 for a formulation in terms of meromorphic polylogarithms).

>The generating series of (2.11) and its meromorphic counterpart follow from the Fay trisecant identity
for the odd ¥; function via (2.6). By a slight abuse of terminology, we shall also refer to the coefficient
identities (2.11) themselves, and their higher-genus generalizations below, as Fay identities.
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2.3.2 Three-point Fay identities in terms of ¢()

The Kronecker-Eisenstein kernels g literally satisfy the same Fay identities (2.11) upon
replacing f) by ¢ in all terms. The definition of z-reduction straightforwardly car-
ries over from f) to ¢(™. Accordingly, the meromorphic versions of the Fay identities
(2.10) and (2.11) obtained from replacing f) by ¢ are said to z-reduce the product
9 (2—2)g" (y—=2).

In fact, these algorithms carry over to the meromorphic formulation of elliptic polylog-
arithms [21, 23] (see [22] for recent work on their closure under taking primitives) upon
replacing the single-valued kernels f() by their meromorphic counterparts g™ in (2.6).

2.4 Higher-point Fay identities at genus one

Similar to the identity (2.4) among rational functions of multiple points z1,--- ,x, on the
sphere, one can iterate the genus-one Fay identity (2.11) to rewrite products [[}_, f ki) (z—x;)
in terms of z-reduced combinations of f(". The genus-one uplift of the cyclic identity (2.5)
among ((r1—m3)(z2—x3) -+ (v,_1—x,))~! may be expressed in terms of the following elliptic
(i.e. meromorphic and doubly-periodic) functions of n points on the torus [75, 76, 20,

Va(Loomn) = > 5 (=) f* (wo—ms) - - 5 (@ =, ) f O (0, —1) (2.12)

Their special cases with n = w-+1 vanish,

Vi(1,2,- - ,w+1) =0 (2.13)
as one can conveniently check from their generating series [75] or the following inductive
argument: The elliptic functions V,,(1,2,--- ,n) in (2.12) have simple poles in (z;,—x;41)
with residue V,_1(1,---,j—1,j+1,---n). Hence, the V,(1,2,--- jw+1) in (2.13) are non-
singular if their lower-weight counterparts V,,_1(1,2,--- ,w) vanish. With the base case
Vi(1,2) = fO(z1—x5) + fP(2y—21) = 0 of (2.13) and the fact that all the V,,(1,2,---,n)
with w < n vanish upon integrating xi,--- ,z, over the torus, this leads to an inductive

proof of (2.13).

The second non-trivial example V5(1,2,3) = 0 of (2.13) is literally the weight-two Fay
identity (2.10). At general w > 3 in turn, (2.13) realizes multiple instances of higher-weight
Fay identities (2.11) applied to different triplets of points. From the contribution with w
factors of fM(z;—x;11) to Vi(1,2,- -, w+1), the pole structure of (2.13) is identical to the
genus-zero identity (2.5), namely given by the cyclic orbit of ((x1—x3) - - - (z,—1—,)) " under
Tj — Tjp1 With Ty = 21.
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3 The Arakelov Green function and polylogarithms

In this section, we review some basic ingredients that will enter the formulation and proof
of interchange lemmas and Fay identities, including the homology of Riemann surfaces for
arbitrary genus h, modular transformations, Abelian differentials, the Arakelov Green func-
tion, integration kernels, and the construction of polylogarithms in [36] from flat connections.
Additional details on the construction of the Arakleov Green function via the prime form
may be found in Appendix A and in [7].

3.1 Homology, cohomology and Sp(2h,Z) basics

We follow the notation and conventions of [36] for the basic ingredients for integration on
compact Riemann surfaces ¥ of arbitrary genus h. A canonical basis of H,(X,7Z) = 7!
is spanned by homology cycles 2/ and B, with I,J = 1,2,---, h subject to a symplectic
intersection pairing J(A,B ;) = —T(B,,A!) = 6% and J(AL, A7) = F(B;,B,) = 0.

The h Abelian differentials w; € H'(3,Z) are normalized on the A-cycles while the
B-cycles give rise to the components €2;; = €, of the period matrix 2,

f;{]WJ:5§, £WJ:QIJ (31)
I

The positive definite imaginary part of {2;; and its matrix inverse will be denoted by,
Vi =ImQy, Y7 =(ImQ)")" (3.2)
and used to raise and lower indices, for instance,’
w=Y"w,, wr = Y w’ (3.3)

In local complex coordinates z,Z on Y, we will frequently peel the differential dz off the
Abelian differentials w; and denote the component functions wy(z) in normal font,

wr = wr(2)dz, o' =al(2)dz (3.4)

With the notation d?z = %dz A dz for the coordinate volume form the Riemann bilinear
relations take the following form,

% /E wi A& = /E 22w ()@ (2) = 67 (3.5)

SHere and throughout this work, repeated indices are understood to be summed over unless indicated
otherwise, i.e. Y/ w; = Z}}Zl Y'w; and Yijw’ = Z}}Zl Y7 ;w?’. Unless stated otherwise, the dependence
on the period matrix of the Abelian differentials, and other functions in the sequel, will be suppressed.

15



Modular transformations M € Sp(2h,Z) implement changes of canonical H(X,Z) bases
that preserve the intersection pairing, i.e. M'IM = T as 2h x 2h matrices. In the notation
A=A, B=Byj;, C=C" and D = D!} for the h x h blocks of M = (4 B), the modular
transformation of the homology cycles is given by,

B = A8, + B’

A = s, + DI 7 (3.6)
The holomorphic Abelian differentials w and their complex conjugates @, the period matrix
(), its imaginary part Y, and the inverse of Y transform as follows under Sp(2h,Z),

(;JI :(.UJR(Q)J] Q[J = (AQ+B)IKR(Q)KJ
o' = Q) w0’ Vir = Yo RS R(Q)
VI = YREQ) Q) (3.7)

where we use the following shorthand for the ubiquitous combination C'2+ D and its inverse,
Q) =CQ+ D, R(Q) = (CQ+D)™! (3.8)

By raising and /or lowering indices via contraction with Y/ and/or Y;;, one can trade trans-
formations via anti-holomorphic factors Q(€2) and R(€2) for transformations via holomorphic

factors R(Q2) and Q(€), respectively. For instance, while the anti-holomorphic form w; with
lower index transforms by a factor of R(f), its counterpart @’ transforms via a factor of
Q(R) as shown in the second line on the left of (3.7). It will be convenient to convert all
indices in such a way that their modular transformations are either under Q(2) or R(2), i.e.
not under their complex conjugates. A function 7}111,'_:}: that depends on €2 and possibly on

a number of points on ¥ and transforms as follows under Sp(2h, Z),
TR () = Q) g, - Q) &, THL () ROy, - R, (3.9)

is referred to as a modular tensor. A tensor of vanishing rank, namely with r = s = 0,
will be referred to as a modular scalar. Siegel modular forms constitute a special case of
(3.9) for which suitable anti-symmetrization of the indices reduces the transformation to
multiplication by a power of the determinant det (C2+ D). Modular tensors may be viewed
as sections of holomorphic vector bundles on Torelli space 7, namely the moduli space of
Riemann surfaces with a specified canonical homology basis (see also Appendix A).

3.2 Higher-genus integration kernels

Polylogarithms on higher-genus Riemann surfaces were constructed in [36] in terms of complex-
valued integration kernels f71I ;(z, y) that depend on the period matrix € and on two points
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z,y € ¥, and transform as modular tensors under Sp(2h,Z) in the sense of (3.9). Their ex-
plicit construction may be carried out in terms of convolutions of Abelian differentials and
the Arakelov Green function G(z, z) [36], and starts off with the following modular tensor,
introduced by Kawazumi in [50, 77], and exploited further in [51],

®!;(2) = /zd2z G(z,2) 0 (2)ws(2) (3.10)
Modular tensors of higher rank are defined via the following iterated integrals,
Il () = /E 2 G(x, 2) " (2) 0.85T (2)
Ghlr(z,y) = /zd2z G(z,2) 0" (2) 0.6 I (2,y) (3.11)

where we define G®27(2,y) = G(2,y) for r = 1. Both are complex-valued scalar functions
of x,y € ¥ and obey the following trace and symmetry relations,

@Il]rilJJ(x)
gjl...IT (ZL’, y) —

0
(=) gy, ) (3.12)

where the former implies the vanishing of the genus-one restriction ®"'r ;(z)|,—; and the
latter is established by successive integrations by parts. The integration kernels fr ;(x, )
are defined as follows,

£ () = 0,85 () — 0,61 (2, ) o (313)
They are (1,0) forms in x and (0,0) forms in y and transform as follows under Sp(2h,Z),
FIt () = QU g, -+ QU g XK (1, ) RE,(9) (3.14)

Combining the definition of (3.13) with the convolutions of (3.10) and (3.11), we get the
following formula directly for f7;(x,y) and the convolution formulas for f ;(z, ) with
"> 2,

Faten) = [ d20,60.2) (' () = 8l 0)8))
P ) = [ 20,60, 28" () 1) (3.15)

Note that the trace fir-f-1/;(z,y) gives —hd,G" =1 (z,y) while the traceless part in the
two rightmost indices gives 9,9 ;(z), i.e. no information is lost in taking the sum (3.13).
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While the Arakelov Green function G(z,y) is a conformal scalar in x, y, string theory cal-
culations often make use of the string Green function G(z, y) defined in (A.11) of Appendix A
which is not a proper conformal scalar in x,y but admits a simple representation in terms
of the prime form and Abelian integrals. Using the relation of (A.13), one readily verifies
that G(z,y) used in the iterative definition of f!;(z,y) and fiIr;(x,y) may equivalently
be replaced by G(z,y), as all dependence on their difference cancels out.

Finally, we define the weight r of a modular tensor to be the minimal number of Green
functions G(x,y) required to define the tensor. Thus, by this counting, all of fiI ;(z,y),
0,G1I=1(x,y) and 9,91 ;(x) have weight 7.

3.3 Anti-holomorphic derivatives

The proofs of the main results in this work will be based on the anti-holomorphic derivatives
of the integration kernels f/*"I ;(z,y) in (3.13) and (3.15). Their d; and 9; derivatives can
be traced back to the Laplace equation of the Arakelov Green function and the ® tensor,

aiaxg(za y) =7 (S(ZIZ', y) + K’(I)

agaxg(za y) =TT 5($a y) - WW](I’) @I(y)

0:0,9" ;(z) = —m & (z) wy(2) + 0% K(z) (3.16)
where k(x) = wr(z)@w!(z)/h is the normalized modular and conformally invariant volume

form on ¥ discussed more extensively in Appendix A. The above relations readily imply the
following formulas for the derivatives of f!;(z,y),

e fls(x,y) = —m 0! (2) wy(x) + 765 6(z,y)

0y f'5(x,y) = 850" (y) wie(2) — 785 6(x,y) (3.17)
The delta function is normalized by fz d*x §(x,y) = 1 and reflects the singular behavior,
1 / 0
axg(zay) = _—+reg> f J(x>y) = ——l—reg (318)
=y r=y

The analogous anti-holomorphic derivatives at higher weight r > 2 are given by,

O f1 1 s (2, y) = —w@"™ () f2 1 5 (2, y)
Oy f T (@, y) = w6y 1 I e (2, )™ (y) (3.19)

or equivalently (s > 1 and r > 2),

0:0,G"" (x,y) = —w 0" (2) G (2, y)
0y0,G" 1 (w,y) = 7, G (2, y) 0T (y) — w0 PN () 07 (y)
0:0,B1 1 () = —1 & () 0, BT () (3.20)
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At various intermediate stages in the sequel another family of modular functions, defined by
iterated convolutions, will occasionally enter,

Gnl(z,y) = /2d2z G(z,2)k(2) Guo1(z,9) (3.21)

where we set G(z,y) = G(x,y). One readily verifies that for n > 2, they are symmetric
Gn(z,y) = Gu(y, z) and satisfy the following Laplace equation,

0:0.Gn(x,y) = —mk(x) Go1(x, y) (3.22)

As we will see in (5.6), the 0,0, derivatives of the Go(z,y) function are ultimately expressible
in terms of f-tensors and Abelian differentials of total weight 2 with all of their indices
contracted.

3.4 Polylogarithms via a flat connection

The modular tensors f/Ir ;(x, y) may be used to construct a flat connection and associated
polylogarithms on a compact Riemann surface ¥ of arbitrary genus A > 1, which generalize
the genus-one non-holomorphic polylogarithms of Brown and Levin in [19].

3.4.1 The flat connection Jpnus

To do so, we introduce a Lie algebra & that is freely generated by 2h non-commutative
elements denoted by a’ and b; for I = 1,---,h. In addition, we construct a ®-valued
connection Jpus(z,p) on the punctured Riemann surface 3, = 3\ {p}, given by [36],”

Jpus(z,p) = —7 &' (2)b; + wy(x)a’ + Z dx 7" ) (x,p)By, - - Br.a’ (3.23)

r=1

where By is a derivation in & that generates the adjoint action By X = [b;, X] for any X € &.
The connection Jppus(z,p) is a differential form of type (1,0) @ (0,1) in = and a scalar in p,
the (0,1) part being generated solely by the first term in (3.23). Using the closure of the
forms w; and @!, and the anti-holomorphic derivatives of f given in (3.17) and (3.19), one
readily shows that the connection Jpus(z, p) satisfies the Maurer-Cartan equation,

d.Jpus (2, p) — Jons(z,p) A Tpus(w,p) = 7dZ A dx (z, p) [br, a'] (3.24)

"The generators denoted by a below were denoted by a! = a! + 7Y ?7b; in [36].
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and is therefore a flat connection, away from the singular point p,

dx

(z—p)

In view of the modular transformation laws under Sp(2h,Z) of wr,&” given in (3.7), and

Jpus(z,p) = b7, a'] + regular (3.25)

fhr (2, p) given in (3.14), the connection Jpyg will be invariant under Sp(2h, Z) provided
the generators a’ and b; transform as follows (see (3.8) for Q(Q2) and R(f2)),

al=Q(),d’, by = by R(Q)7; (3.26)

Restricting to genus one and redefining ¢ — a + 7b/Im 7 produces the non-holomorphic
connection of [19] valued in a Lie algebra freely generated by two elements a, b.

3.4.2 Polylogarithms from the flat connection Jpus

Flatness of Jpus(z,p) guarantees that the differential equation,

is integrable. Its solution, subject to the initial condition I'(y, y; p) = I, is valued in the Lie
group of  and may be represented by the path-ordered exponential,

L(x,y;p) = Pexp/ Jpus (2, p) (3.28)
y

which satisfies the composition law,

C(z,y;p) =T(x,2;p) T(2,9;p) (3.29)

The multiplication on the right side is understood to be that of the Lie group of &. Flatness
of Jpus(z, p) also guarantees that I'(x, y; p) is homotopy invariant, namely that its value only
depends on the homotopy class of paths used to integrate from y to x but is independent of
the representative path chosen within a given homotopy class.

Higher-genus polylogarithms are obtained by expanding I'(x, y; p) in words to consisting
of a finite number of letters in the alphabet made up of the letters a’ and b; for I,J =

1,---,h. This expansion requires working in the enveloping algebra of & and takes the
form,
L(z,y;p) = Y, wl(w;z,y;p) (3.30)
wel(®)
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where the sum is over all different words w in the enveloping algebra U(®) of & including
the empty word with T'(0; z,y;p) = 1. For a given word to, the function T'(to;x,y;p) is
homotopy invariant and referred to as a higher-genus polylogarithm. Since Jpus(x,p) is
modular invariant, so is I'(z, y; p), and the polylogarithms I'(tv; z, y; p) are modular tensors.
In section 3.5 below, we shall generalize these polylogarithms to depend on an arbitrary
number of variables.

The integral representation of their generating series (3.28) implies the following shuffle
product rule (see section 6.2 for properties of the shuffle product) on polylogarithms,

D(wy;z,y;p) Tz, y3p) = > Tz, y;p) (3.31)

toeto L o2

The polylogarithm I'(w; z, y; p) for a word to of length ¢, may be calculated by expanding
the path-ordered integral of (3.28) in powers of Jpyus (with ¢y = = in the n = 1 term),

oo z t1 tn—1
C(z,y;p) =1+ Z/ jDHS(tlap)/ Jous(ta, p) - - / Jons(tn, p) (3.32)
n=1vY Yy Yy

retaining only the terms with n < ¢, and projecting onto the contributions for the word tov.
Note that the polylogarithm I'(tw;x,y;p) for a word o of length ¢ will generically receive
contributions from all n < /.

3.4.3 Examples

The simplest examples correspond to words composed of the letters a’ only, or of the letters
b; only. They admit the following expressions,®

X t1 t'rfl
(" a” - --a%: 2, y:p) = / dty o, (1) / dtawon(ts) - - / dtown(t)  (3.33)
Yy Yy Yy

Y Y

x t1 t'rfl
L(brbr, - - brx,y;p) = (—W)T/ dt @Il(tl)/ dts 5112(752)"'/ dt, o' (t,)
Y

Both are homotopy-invariant, independent of p and multiple-valued in x,y. The first is
holomorphic in x,y while the second is anti-holomorphic in z, y.

Polylogarithms corresponding to words that involve both letters a’ and b;, however,
feature sums of iterated integrals, each of which generically fails to be homotopy-invariant
by itself. Thus, carrying out the expansion in (3.32) requires one to define all integrals to

8In the conventions of (3.23) for Jpus(z,p), the coefficients T'(ro; z,y; p) of words in a’ and by defined by
(3.30) were denoted by I'(to; z,y;p) in [36].
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be evaluated along the same path. Only when all contributions to the polylogarithm are
combined will the dependence on the choice of representative for a given homotopy class of
paths cancel out. We illustrate this mechanism for the simplest non-trivial case where the
word is to = bya’, and we obtain,

L(bra’;x,y;p) = /w dt f1(t,p) — 71'/90 dt_wl(t)/ dt' wy(t') (3.34)

y y y
Neither integral on the right side is homotopy-invariant, and their separate evaluation re-
quires specifying a path of integration from y to x along which the point ¢’ also takes values.
To see that I'(bja’; z, y;p) is path-independent within a given homotopy class of paths on
the punctured surface ¥,° we recast the integral in the following form,

L(bra’s 2, y;p) = / vt p) (3.35)
Yy
where the (1,0) @ (0,1) form v/ (¢, p) is given by,

vt p) =dt f15(t,p) — wdtwf(t)/ dt’' w;(t) (3.36)

y
The integral defining I'(b;a”; , y; p) is homotopy-invariant because the form v ; (¢, p) is closed
with respect to t and satisfies d;! ;(t, p) = 0 for t # p in view of the first equation in (3.17).
Note that special values p = x or p = y give rise to endpoint divergence whose regularizations
can for instance be approached via tangential base points [78, 71, 2].

Similarly, polylogarithms I'(tv; z, y; p) for longer words containing both letters of type a’
and by may be obtained by expanding the path-ordered exponential of (3.28) to higher order,
and collecting all contributions with the same word tv. Individual iterated integrals in the
expansion are of the form,

x t1 tm—1
/ dty f1 7 5 (1, p) / dty [R5 Lt p) - - / dtp [5G (b, D) (3.37)
Yy Yy Yy
multiplied by the coefficient,

(bry [ [ors @] o [ oy @™o [y [ by, 0] (3.38)

Each of these individual iterated integrals in (3.37) fails to be homotopy-invariant, but the
flatness of the connection (3.24) guarantees that (3.37) is always accompanied by a tail of

additional path-dependent integrals involving lower-weight f-tensors, that eventually render

a polylogarithm such as I'(by, - - - by, a”bg, - -bg,a’ -+ -bp - - -bp,a®; x,y;p) and all the other

s

higher-genus polylogarithms homotopy invariant.

9The simple pole f!;(t,p) = 6% /(t—p) +reg causes I'(b;a’; x, y; p) to change by integer multiples of 2mid’,
once the homotopy class of the path from z to y is modified by loops around the singular point p.
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3.5 Polylogarithms in multiple variables via a flat connection

Applications of polylogarithms to quantum field theory and string theory necessitate gener-
alizations of the polylogarithms discussed in the previous subsection to multiple variables,
namely dependent on several points p; € X fori = 1,--- ,n. An explicit construction of such
polylogarithms at arbitrary genus as provided in [36] will now be reviewed. Their construc-
tion requires enlarging the Lie algebra & to a Lie algebra &, which is freely generated by
a’,b; for I = 1,---,h and one extra generator ¢; for i = 1,--- ,n per additional point p;.
The corresponding multi-variable connection Jyy(z, p; p1,- -, pn) introduced in [36] is,

i=1
where H is given by,

H(SL’, Y; B) = amg(xv y) + Z &thmlr(% y)Bll T Blr (340)

r=1

or may alternatively be expressed solely in terms of the integration kernels f,

1
H(z,y; B) = ——f" (z,y) - P fh 17 (@, y)Br, -+ By, (3.41)
The connection Jyy(x, p; p1,- -+ ,pa) is flat away from the points p and p;, as may be verified

by evaluating its curvature form,
d:cjmv_jmv/\jmv :WdIAd$(6($ p bIa +ZCZ< x,p; —6(![’,]9))) (342)

The connection Jy,, is modular invariant under Sp(2h, Z), provided that w; and &7 transform
asin (3.7), fir-Ir ;(z, p) as in (3.14), the generators a’ and by as in (3.26), and the generators
¢; as scalars. The connection Jy,, reduces to the multi-variable Brown-Levin connection [19]
upon restricting to genus h = 1.

Higher-genus polylogarithms in multiple variables may now be defined in analogy with
the case of polylogarithms of a single variable, where the connection Jpyus and the Lie algebra
® in the expansion of the path-ordered exponential in (3.28) and (3.30) are now adapted to
Jmy and &, respectively,

I'(z,y;p;01,- - s pn) = Pexp/ Tt 031, Dn)
Y

= Y wl(wz,ypipn-- . pa) (3.43)

\‘OEU((.V)C)
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This expansion assigns a multi-variable polylogarithm I'(vo;z,y;p;p1,--- ,pn) to each to
in the enveloping algebra U(®.) of &, composed of all possible letters in the alphabet
{a', -+ ,a" by, --by,c1-+-c,}. The resulting multi-variable polylogarithms are homotopy-
invariant upon complete assembly of all contributions to a given word to and depend only on
the homotopy class of the path taken from z to y on the punctured surface X\ {p, p1,--- ,pn}-
Moreover, products of multi-variable polylogarithms with the same endpoints x,y of their
integration path satisfy the same shuffle relations (3.31) noted in the single-variable case,
implying their closure under multiplication.

Simple examples of multi-variable polylogarithms which depend non-trivially on an extra
point p; include,

L(ciz,y;pip1) = /w dt (8,G(t.p) — G(t. 1)) (3.44)

Y

x t
F(aKcl;x,y;p;pl)Z/ dtwK(t)/ dt' (0pG(t',p) — Oy G(t',p1))
Yy

Y

[(bres; o, y;p;p1) = / dt (8,G"(t,p) — 0:G"(t, p1))

Y

_ W/x dt ! (t) /t dt' (0xG(t',p) — G (t', ;1))

Y

where the homotopy invariance of the third example does not hold for the individual terms
and is tied to their special linear combination selected by the expansion of (3.43), also see
the discussion below (3.34) for a single-variable analogue.

3.6 Definition of z-reduced

Besides their intrinsic interest, the Fay identities will serve to carry out fundamental re-
ductions in the construction of polylogarithms that lead to their closure under addition,
multiplication, and taking primitives. To organize these reductions, we generalize the notion
of z-reduced, introduced informally for genus one in section 2.3, to arbitrary genus.

We shall present the definition here in the non-meromorphic context, and defer the minor
modifications needed for its adaptation to the meromorphic case to section 9. Informally, a
sum of products of tensors f is z-reduced if it can be expressed as a linear combination of
tensors f(z,y) or f(y,z) with coefficients that are independent of z.

More formally, the building blocks of the connection Jpys of section 3.4 and its general-
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ization J, to multiple points z,--- , 2y are given by the differential forms,*’
wr(z), @' (z), Pz, zg) = 10 5 (2 25)d (3.45)

for i,j = 1,--- N and all possible values of r > 0 and I,I;,---1.,J = 1,---  h (setting
F25(2,2;) = wy(z)). They generalize the forms dz;/(2;—2;) at genus zero and the forms
dz;, dz;, f(”)(zi—zj)dzi at genus one. Here and below, we are assuming that the points are
non-coincident, namely z; # z; for i # j. The differential forms of (3.45), together with the
two-forms obtained by applying the total differential d; = dz;0., + dz;0:, to f,

dif1 (20, 25) = =0, f1 T (2 2)dzs N dzy — w6y £ (2, 25) AW (z5)  (3.46)

generate an algebra Ay of differential forms in N variables whose multiplication is the
exterior product of differential forms. By construction, the algebra Ay is closed under
addition, under exterior product multiplication and under total differentiation by d;. This
is clear for wr(z;) and @’(z;) and holds true for the forms f and d; f thanks to the relations
(3.17), which we recast here in terms of differentials,

dif " (2, 25) = =m0 () A T (2, 2)

di(d; f1 (2, 25)) = =m0 (2) AP0 (2, 25) (3.47)

Note that wedge products of the form F ' ;(z;, ;) A £ (2, 2.) that share their first
point z; vanish identically.

An arbitrary element ¢(z1,---,2x) € Ay is defined to be z;-reduced, for a given value
of i € {1,---, N}, if it is a linear combination of z-independent terms and those gener-
ators of the algebra Ay that depend on z;, with coefficients that are independent of z;.
More explicitly, ¢(z1, - -, zn) is z;-reduced if its z;-dependent parts are a linear combination
of the differential forms w;(z;), @ (z), £ "1z, 2), £ 5(25, 2), di "7 (2, 2;) and
S J(zj, z;) with z-independent coefficients, and arbitrary assignments of the indices
I1,J. 1, ---I.. The process of obtaining the z;-reduced form of an element in Ay will be
referred to as z;-reducing or z;-reduction.

The Fay identities in section 6 will perform the z;-reduction for coefficients fr ;(z;, z;)
of the above differentials dz;. For instance, Theorem 6.2 provides the z-reduced form of
products fPPsM (g o) fhded (2 2), written in terms of bilinears of the schematic form
fly,2)f(z,y) and f(y,z)f(x,z) with no more than one z-dependent factor. Given that
the tensors 0® and 0G may be obtained from the trace and traceless part of the kernels
fhdr j (2, y) via (3.13), the definitions of z-reducing apply to the products involving O® and
0G as well.

10Tn this subsection, we shall denote the points 2, p and py, - - ,p, involved in the connections Jpug and
Jmv by 21, ,zy with N = n+2 in order to stress the generality of the definition of z-reduction.
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4 Scalar prototypes of higher-genus Fay identities

The simplest higher-genus Fay identities involving three points z, y, z will be modeled on the
relation between rational functions in (2.3) and doubly periodic functions in (2.10) for genus
zero and genus one, respectively. In both cases, the points z, y, 2z enter on an equal footing, as
the relations may be viewed as scalars in x,y, z, and invariant under cyclic permutations of
x,vy,z. On a Riemann surface of higher genus, however, it is the derivative of the Arakelov
Green function 0,G(z,y) that exhibits a simple pole, as shown in (3.18). The fact that
0.G(x,y) is a (1,0) form in x and a (0,0) form in y creates an asymmetry between the
dependences on x and y. It is not hard to see that the generalization of the Fay identity for
three points to higher genus cannot be cyclically symmetric in the points x,y, z, but rather
must be a (1,0) form in two of the points and a (0,0) form in the other point.

To exhibit this structure and its implications in the simplest possible setting first, we
begin with a discussion of the higher-genus Fay identity in three points for modular scalars.
An immediate extension to scalar Fay identities in an arbitrary number of points can be
found in section 4.4, and the more comprehensive generalizations to tensorial Fay identities
at arbitrary rank and weight are discussed in section 6.

4.1 The modular scalar Fay identity in three points

A natural Ansatz for a sum of products of the derivative of the Arakelov Green function
that contains the pole terms of (2.3) is provided by the following combination,

0:G (2, )0yG(y, 2) + 0,G(y, ©) .G (x, 2) — 0:G(, 2)0,G(y, 2) (4.1)

which we choose to be a (1,0) form in z and y and a (0, 0) form in z. Applying the O operator
to this combination in z,y, z using (3.16) reveals that it is not holomorphic and therefore
cannot vanish. This situation is familiar from the corresponding identity in (2.10) for doubly
periodic functions at genus one in which contributions from weight-two functions f® were
required. Similar contributions are required also here, and the result may be summarized by
the following theorem.

Theorem 4.1 The three-point Fay identity that is a scalar under modular transformations
states that the following combination, which is a (1,0) for in x,y and a (0,0) form in z,

Fg(.flf, Y, Z) = 8wg(x7 y) 8yg(y7 Z) + 8yg(y7 ZI}') amg(xv Z) - amg(xu Z) ayg(ya Z)

- w[(l') 8ygl(y7 Z) - Wl(y) 8:Bg1(x7 Z) + 8$8yg2(x7 y) (42)
vanishes identically on a Riemann surface ¥ of arbitrary genus,
Fg(l’,y,Z) =0 (43)
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Recall that the ingredients of (4.2) were defined in section 3, and we will see in section 5

that the last term 0,0,G2(x,y) may equivalently be expressed solely in terms of f and ®.

4.2 Method of proof

The proof of Theorem 4.1 follows the same method that will be used throughout this work
to demonstrate the vanishing of certain single-valued modular tensors. For this reason the
method of proof presented below is structured so that it applies to the proof of Theorem 4.1
as well as to the proofs of many results in the sequel. For simplicity, we consider the case
where the identity involves three points z,y, z on an arbitrary compact Riemann surface ¥,
the case of additional points being a straightforward generalization of the three-point case.

We consider a sequence of modular scalars or modular tensors 7, (z, y; 2) (tensor indices
will be suppressed throughout this subsection) labeled by a non-negative integer n indicating
their weight in the sense of section 3.2. The sequence may have a finite or an infinite number
of elements, and each element 7(,)(x, y; 2) is a polynomial in the integration kernels f, single-
valued in z, y, z, and assumed to be a (1, 0) form in x and y and a scalar in z. We shall assume
that the relation 7)(z,y;2) = 0 has been established to hold. The proof of a sequence of
identities for n > 1 of the form,

Ty (2,y32) =0 (4.4)
proceeds via the following two steps.

1. First, one proves that the anti-holomorphic derivatives of 7, (x,y; 2) in x,y and z all
vanish when 7, (z,y; 2) = 0 for all m in the range 0 < m < n,

8i7zn)(x> Y; Z) =0
05Ty (2,95 2) =0 mod {ﬁm) =0,0<m< n} (4.5)
0:Tiny (2,93 2) =0

using the differential equations in section 3.3. Holomorphicity in z,y, z implies that

Tny)(z,y; 2) is independent of z (since it is a scalar in z) and can be expanded in a
basis of holomorphic (1,0) forms in z and y as follows,

for an x,y independent modular tensor T({f)L .

2. Second, one proceeds to verify that 7,y (z,y;2) integrates to zero against a basis of
holomorphic (1,0) forms in x and y,

[ @) [ ot To w2 = T =0 (4.7)
b b
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Establishing the vanishing of these integrals is greatly facilitated by the fact that many
terms in T, (z,y; 2) are total derivatives of a single-valued function in  or y, or both.
Note in particular that, by virtue of (3.15), the tensors f11I* ;(x,y) and therefore also
0, @1 Ir ;(x) and 9,G™Ir=1(x,y) are total derivatives in = at arbitrary rank r > 1.

4.3 Proof of Theorem 4.1

Let us now apply the two steps of the previous section to prove the vanishing of F3 in (4.2).

1. One first verifies that the 0z, 05, 05 derivatives vanish. Holomorphicity in x,y follows
outright from (3.16), (3.20) and (3.22). However, the 0; derivative of Fj,

0:Fy(x,y,2) = 72" () (wi(@)0,® (y) — wic (@), G(y, 2) + (w2 9))  (48)

gives rise to a particular weight-one combination in the parenthesis which vanishes by
the interchange lemma (5.1). The latter was already demonstrated in [45, 51] and is
reviewed in more detail in section 5. Therefore, F3(x,y, z) must be independent on z, a
holomorphic (1,0) form in z,y, and admit an expansion F3(z,vy, 2) = wi (z)wy (y) FEL
with a modular tensor F#% independent on z,y.

2. Second, one verifies that Fj integrates to zero against [, d*zw™(z) [, d*yw™(y) to
show that F¥L = 0. The vanishing of the integral over z is manifest from the first,
third, fifth and sixth term on the right side of (4.2) since each one of these terms is a
total derivative of single-valued functions in x. Similarly, the second, third, fourth and
sixth terms in (4.2) are total derivatives of single-valued functions in y and integrate
to zero against [, d*y o (y).

4.3.1 Comments on Theorem 4.1

Although the Fay identity (4.2) is a (1,0)-form in x,y and a scalar in z and thus fails to
be cyclically symmetric in x,y, z for higher genus, its restriction to genus one is cyclically
symmetric and reduces to (2.10) in view of the following restrictions to genus one,

}h =1 0,6 (x ‘h 1:—f(1)(517_y)
Oa gf Doy = P —y), 0,0,Gs(x,y)|,_, = @ (2—y) (4.9)

Similarly, the genus-zero counterpart (2.3) is also cyclically symmetric in z,y, 2.
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4.3.2 Application of z-reduction to arbitrary genus

The scalar Fay identity in Theorem 4.1 provides a first example that motivates the general-
ization of the notion of z-reduction to arbitrary genus h given in section 3.6.

While the scalar Fay identity (4.2) is symmetric in z,y, it has no further symmetry
involving the variable z. As a result, (4.2) may be used in two inequivalent ways towards
the calculation of iterated integrals. As a (1,0) form in x,y and a scalar in z, it may be
rearranged either in a z-reduced or in an x-reduced form. More explicitly,

e z-reduce the product 0,G(z,2)0,G(y, 2) in the third term of (4.2), which is a (0,0)
form in z, to a sum of terms in which at most one factor is z-dependent; or

e z-reduce the product 0,G(y,x)0,G(x, z) in the second term of (4.2), which is a (1,0)
form in x, to a sum of terms in which one factor is xz-dependent

In neither case will the terms in (4.2) yield homotopy-invariant integrals over x or z all by
themselves. Still, the generating-series construction of higher-genus polylogarithms in (3.28),
(3.30) and (3.43) provides a complete prescription for how to arrange individual iterated
integrals over f-tensors to produce homotopy invariant combinations in a fully constructive
manner. Our main results in later sections are tensorial Fay identities among (1,0)-forms in
x,y and scalars in z which bring arbitrary products of w; and higher-weight tensors f, G,
0% into either a z-reduced or a x-reduced form.

4.4 Higher-point modular scalar Fay identities

On the sphere, the identity (2.3) for three points suffices to carry out a partial fraction de-
composition for an arbitrary rational function of an arbitrary number of points, as exhibited
for the denominators in (2.4) and (2.5). We shall establish here that an analogous strat-
egy essentially also works for arbitrary genus. Here, we shall again focus on the simplest
higher-genus identities that share the pole structure of (2.5) and are modular scalars.

It will be convenient to denote the various points by z; and use the standard abbreviations
for the arguments of functions such as in G(i,j) = G(x;, x;), and derivatives 0; = 0,,. In
particular, we introduce the following notation for the vanishing expression (4.2),

F5(1,2,3) = 51G(1,2)0,G(2,3) + 3:,G(2,1)01G(1,3) — 0:G(1,3):G(2, 3)
—wi(1)2:G6(2,3) — wr(2)0:G' (1, 3) + 0,0,G5(1, 2) (4.10)

The combination F3(1,2,3) is a (1,0) form in x;, 25 and a scalar in x3 with the manifest
symmetry F3(1,2,3) = F3(2,1,3).
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One readily engineers an expression with the pole structure of (2.5) for four points which
is a (1,0) form in x1, x9, 23 and a (0,0) form in x4, given by,

Fi(1,2,3,4) = 01G(1,2)0,G(2,3)05G(3,4) — 3:G(2,3)05G(3,4)01G(1,4) (4.11)
+03G(3,4)01G(1,4)0,G(2,1) — 01G(1,4)0:G(2,1)0:G(3, 2)
+ (0192G(1,2) — wr(2)01G" (1,4) — wr(1)8:G7(2,4)) [05G(3,4) — 35G(3,2)]
+ (0205G(2,3) — wr(2)85G" (3,4) — wr(3)2:G"(2,4)) [01G(1,2) — 01G(1,4)]

The first two lines on the right side capture the pole structure of the decomposition of (2.5)
in a minimal manner, namely with the smallest number of terms. The third and fourth lines
consist of terms required to make the full expression holomorphic in x1,- -+, x4. As a result,
F} is independent of x4 and is a holomorphic (1,0) form in xy, 29, z3. Finally, as in the case
of three points in Theorem 4.2, one readily shows that the integral of Fy(1,2,3,4) against
04 (1)w?(2)w’(3) vanishes so that we must have Fy(1,2,3,4) = 0.

One may construct an analogous combination for five points,

F5(17 27 Ty 5) = 8lg(17 2)a2g(27 3)83g(37 4)84g(47 5)_82g(27 3>83g(37 4)84g(47 5>81g(17 5)
+05G(3, 1)0,6(4, 5)00G(1, 5)0G (2, 1)=03G(4, 5)01G(1,5)0:G/(2, 1)85G(3, 2)
+00G(1,5)0,G(2, 1)05G(3,2)04G(4,3) + - - - (4.12)

where the ellipses stand for another 45 terms that are required for F5(1,2,3,4,5) = 0. These
terms may be constructed as we did for the cases of three and four points.

Instead of the above expressions for Fj and Fj in terms of individual monomials in the
derivatives of the Green functions and related functions, one may re-organize their expres-
sions recursively, as given for the four and five points functions in the following Theorem.

Theorem 4.2 The modular scalar Fay identities for four and five points may be recursively
expressed in terms of,

Fy(1,2,3,4) = (01G(1,2) — 21G(1,4)) F5(2,3,4) + (05G(3,4) — 9:G(3,2)) F5(1,2,4)
F5(1,2,3,4,5) = (0:G(1,2) — 0,G(1,5)) Fy(2,3,4,5) + {agg(3,4)a4g(4,5)

—0,G(4,5)9:G(3,2) + 85G(3,2)0:G(4, 3)} Fy(1,2,5) (4.13)
which both vanish identically on a Riemann surface ¥ of arbitrary genus,

Fy(1,2,3,4) =0
F5(1,2,3,4,5) =0 (4.14)
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In the expression for Fy the function Fy may be eliminated in terms of F3 functions using
the first equation, so that both Fy and F5 are linear combinations of F3 functions only.

Theorem 4.2 may be proven in two different ways. Either one may algebraically rearrange
the explicit expressions for F found in (4.11) and for F5 found in (4.12) into the above forms.
Or one may show that the expressions for F; and Fj given in Theorem 4.2 precisely contain
the corresponding minimal pole parts, and no other poles. In particular, one argues that all
poles between non-adjacent points, which arise from individual terms in (4.13), cancel in the
sums that make up Fj; and F5. Specifically, the pole term 0,G(2,4) cancels in F while the
pole term 0,G(2,5) cancels in F5. All other pole terms are between adjacent points. Since
F3 was already shown to vanish, it then follows straightforwardly that also F; and Fj vanish.

The generalization of Theorems 4.2 and 4.1 to the case of an arbitrary number of points
x1,: -+ ,x, is most easily provided by following the second argument above.

Theorem 4.3 The modular scalar Fay identity for an arbitrary number of points n, char-
acterized by the following minimal pole structure,

F.(1,2,-++ n) =0,G(1,2)0:G(2,3) - - - 0,_1G(n—1,n) (4.15)
n—1 n—1 i
+alg<1,n)z(_1)j( 11 al-g@,m)) (Hﬁkg(k,k—l)) 4o
j=1 i=j+1 k=2
may be recursively related to F,, for m <n as follows,
Fo(1,2,---,n) = (0:6(1,2) = 0:G(1,n)) Foey (2, -+ ,n) (4.16)
n—1 r—1 i
+ (—1)]( 11 &-Q(z’,Hl)) <H3kg(k,k—1))F3(1,2,n)
j=2 i=j+1 k=3

and therefore vanishes on a Riemann surface ¥ of arbitrary genus,
F.(1,2,---,n)=0 (4.17)

The proof of this theorem may be carried out with the help of the second approach
followed above for Fy and F5. The contributions with n—1 factors of 9;G(i, ) involving
adjacent points 4, j, spelt out in (4.15) have exactly the pole structure of the genus-zero
identity (2.5). Some of the factors 9;G!(i,j) in the ellipsis of (4.16) involve non-adjacent
points 7, j. The cancellation of terms 9;G (i, 7) involving non-adjacent 4, j, already established
for F; and Fj, can be recursively generalized to any number n of points. In fact, imposing
the cancellation of the poles ,G(2,n) in individual terms of F,,_1(2,--- ,n) fixes the form of
the second line in (4.16). Accordingly, the vanishing of F,(1,---,n) given by (4.16) can be

31



viewed as the higher-genus uplift of the identity (2.5) on the sphere. In the same way as the
higher-point identities (2.4) and (2.5) among rational functions boil down to iterations of
the three-point partial-fraction identity (2.3), the recursion (4.16) reduces n-point modular
scalar Fay identities at arbitrary genus to the elementary three-point identity F3(i, j, k) = 0.

4.4.1 Comments on Theorem 4.3

As a genus-one counterpart of the n-point identity (2.5) among rational functions, we re-
viewed the vanishing of elliptic functions V,,_;(1,- - ,n) in section 2.4. While the expression
(2.12) for arbitrary V,, functions only involves Kronecker-Eisenstein kernels f™)(x;—x;) with
adjacent j = i+1modn, the recursion (4.16) for higher-genus F,,(1,--- ,n) at n > 4 intro-
duces G'(i, j) with non-adjacent 4, j , see for instance (4.11). In Appendix B, we present an
alternative construction of vanishing n-point combinations of f-tensors with the pole struc-
ture of (2.5) which furnish a more direct generalization of V,,_1(1,---,n) = 0 to arbitrary
genus.
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5 Interchange lemmas

The goal of this section is to formulate and prove interchange lemmas that relate prod-
ucts of the form wy,(x) f11I ;(y, ), with two z-dependent factors, to their counterparts
war(y) fiI 5 (z, y) with 2 and y swapped plus a sum of products in which no more than one
factor depends on z.!' In the spirit of the definition z-reduction given in section 3.6 and
illustrated for scalar Fay identities in section 4.3.2 for arbitrary genus, interchange lemmas
will produce x-reductions of wy(x)f11 ;(y, r) necessary to express their primitives with
respect to x in terms of the higher-genus polylogarithms reviewed in sections 3.4 and 3.5.

Lemma 5.1 The basic interchange lemma [45, 51] has weight one and reads as follows,
wr (€)M 5 (y) + wn ()9, @Y 5 (x) = w(2)8,G(y, ) — wi(¥) DG (z,y) =0 (5.1)
or equivalently as follows in terms of f-tensors,

wir(@) Y 5 (y, ) + wnr(y) Y (2, y) = 0 (5.2)

The role of the tensor ®, which was defined in (3.10), may be viewed as compensating for the
lack of translation invariance of the Arakelov Green function G(z,y) on a Riemann surface
of higher genus h > 2. The equivalence between (5.1) and (5.2) is readily established using
the decomposition of (3.13). The proof of Lemma 5.1 in [45] follows the two steps explained
in detail for Theorem 4.1 in section 4.2: The left sides of (5.1) and (5.2)

1. are easily verified to be holomorphic in x,y via (3.16) and (3.17), respectively,

2. integrate to zero since all of 9,8 ;(x),9,G(x,y) and fM ;(x,y) are total derivatives of
single-valued functions in x (and the remaining terms are similarly total y-derivatives).

5.1 Interchange lemmas at higher weight

Convolutions of the basic interchange lemma (5.1) or (5.2) with 0,G(z, x) lead to higher-
weight analogues [36]. At weight two, the compact formulation in terms of f-tensors is,

wir (@) f™M 5y, ) — wn (W) ™ (o y) + oy, a) (2, 0) = fra(z, b) 7 5(y,a) =0 (5.3)

1 One can view interchange lemmas as simpler versions of Fay identities that only involve two instead of
three points and trivialize at genus one by translation invariance on the torus and the parity f("(z—y) =
(=1)"f") (y—x) of Kronecker-Eisenstein kernels.
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This relation may be derived either from convolutions of the weight-one interchange lemma
with 0.G(z, z)&! (x)'? or by following the steps in the proof of the basic interchange lemma
in (5.2). The combination of the last two terms may be viewed as a matrix commutator
which is actually independent of the points a,b € ¥, and may be re-expressed as follows,

Sy, a) fY (e, b) = frar(x,0) Y 5 (y, a)
= 9,0" ) (y)0,2M () — 0, i ()0, M s (y) (5.4)

The interchange lemmas (5.1) and (5.3) at weight one and two allow us to express derivatives
of the Ga(z, y) function (3.21) entering the Fay identity of Theorem 4.1 in terms of f-tensors:
Integrating the weight-one lemma (5.1) against the product 0,G(x, z)w;(z) gives,

/2 d*2 0,G (v, 2)wi (2)07 (2)0,G(y, 2) = wun(z) FM 1 (y, 2) + 0, DY ()9, D7 11 (y) (5.5)

Then, upon contraction in I, .J and using the contracted version of the weight-two lemma
(5.3), wy(x) fIM 1 (y, 2) = wi(y) fFM (2, y), we arrive at the two equivalent representations,

h9,0,G2(7,y) = wy () ™1 (y, 2) + 0,9 1 ()0, u1(y)
=wu(y) f™Mi(2,y) + 0,2Y 1 (2)0,9 1 (y) (5.6)

One may further rewrite 9,®7;(x) as the traceless part of f7;(x,a) for an arbitrary point a.

The generalization of (5.3) to arbitrary weight r+1 is provided by the following lemma.

Lemma 5.2 The modular tensors L1"Ir j(x,y) defined by,

it sz, y) = war(@) f1 M s (y, @) + (1) wa (y) f1 0 (2, y) (5.7)
S [ () 1M ) — S ) £ )
k=1
with arbitrary points ay, -+ ,a,,by,- -+ , b, € X vanish for all r > 0,
Lty (z,y) =0 (5.8)

The proof of the lemma is carried out by repeating the two steps in section 4.2 just as we
did in the above proof of (5.2).

12The derivation of (5.3) by integrating (5.2) against d?x 9.G(z, z)w! (x) requires an additional application
of the weight-one interchange lemma (5.1) to the term 9,G(z, x)w! (x)wns () f ;(y, ) in the integrand to
x-reduce the product 9,G(z, x)war(x).
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1. Holomorphicity in x is most conveniently proven by induction in r by noting that,
0L (2, ) = mo™ (x) L1 (2, ) (5.9)

and that the base case L% ;(z,y) = was(2) fM s (y, 2) +wrr(y) fM 5(z,y) at 7 = 0 vanishes
by (5.2). Holomorphicity in y follows from the previous result 9;L£ " ;(z,y) = 0
through the symmetry property £ ;(z,y) = (=) L1 ;(y, ) under simultaneous
exchange = <+ y and reversal Iy --- I, — I,.-- - I; of the indices.

2. The integral [, d*z&" (x) [ d*y 0 (y) LM ;(x,y) vanishes since each term in (5.7) is
a total derivative in x or y of a single-valued function on ¥ x 3.

Note that the second line of (5.7) can be alternatively rewritten as,

T

> o (=1)k [&fbh"'IkM(y)8x<1>“"'1’€“MJ(I) - 8y<1>h"'Ik*MJ(y)ﬁx@““'lkM(:v)] (5.10)

k=1

in terms of the higher-weight ®-tensors in (3.11) since the G-tensors in the decomposition
(3.13) cancel separately at each value of k. In this way, we recover the formulation of higher-
weight interchange lemmas in section 4.6.1 of [36] that manifests the independence on the
arbitrary points a;, b; of (5.7).

5.2 Uncontracted interchange lemmas

The interchange lemma 5.2 may be used to obtain the x-reduced form of the specific con-
traction wy(x) f1 "M ;(y x) over M. In a more general situation, however, one may wish
to x-reduce a product wy(x)f1 1L (y, ) with free indices Iy, -- , I, J,L and K in prepa-
ration for integration over x in terms of the higher-genus polylogarithms of [36]. In this
section, the product wy(z)fi Il (y,z) with “uncontracted” indices will be z-reduced to
the “contracted” interchange lemma 5.2 at general weight by means of the identity

ws (@) [F T ke, 2) — FT Pk (y, a)] = wi(2)0 0,67 (y,a) — 0,67 (y, )] (5.11)
— L@ [FTM (g, 2) — Ty, )]

valid for arbitrary a,z,y € ¥. Here and below, we use mul(t_i—index notation ? =Ll ---1,
for ordered sets of » > 0 indices I; and denote the reversal I = I,.---Iy1; through a flipped
arrow. The rearrangement (5.11) is a straightforward consequence of the decomposition
(3.13) since the 0,® contributions to f?LK(y, -) and f?MJ(y, -) clearly cancel from both
lines. This takes advantage of the fact that all the dependence of f/!r ;(x,y) on the second
point y is concentrated in the trace 5? with respect to the last two indices. In other words,

35



when flI ;(z,y) is viewed as an h x h matrix indexed by I, J, the decomposition (3.13)
implies that each term is either proportional to the unit matrix or independent on y.

The rearrangement (5.11) paves the way for the following uncontracted version of the
interchange lemma 5.2:

Lemma 5.3 The modular tensor wj(x)f?LK(y, x) with multi-index 7= L - - - I, and weight
r+1 may be x-reduced as follows,

@) F T ey 2) = —(—1)ws () f T (@) + wi (@) f T ey, a) — 0w () F T (y, )

T

(1) ws () T Eae(,b) — (—1)kewn () T 5 (,b)
+0g Y (1) [fhmILlMJ(ya ag) fr 1w (2, by)
=1
P (gaan) £ )| (5.12)

This lemma is readily proven by applying (5.11) to both terms on the left side of

(@) Ty, 3) + (=1)ws(y) T e, y) (5.13)
— (@) ey, @) — SEwn (@) f T (y, )
(=) w () T g, b) — (—1) 0w (9) f T 52, b)

T

05 [t (2)F T 5 (g, 2) + (=1 wne () £ T 5 (2, )]

and eliminating the coefficient of §% in the last line through the contracted interchange
lemma 5.2.
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6 Tensorial Fay identities

This section is dedicated to the systematic construction and proof of higher-genus Fay iden-
tities among bilinears in the tensors f71I* ;(x, 1) of section 3.2 involving three points. In
section 6.1 we shall extend the three-point identity in (4.2) among bilinears in the modular
scalar 0;G(7, j) to a tensor-valued identity. Such an identity is needed already to obtain an
x-reduced form (in the spirit of the definition given in section 3.6 and its illustration in sec-
tion 4.3.2) of products 9,G(y, )0, P k() in the same way as (4.2) provides the z-reduced
form of the product 0,G(y, )0,G(z, 2).

The shuffle product will greatly facilitate and shorten the formulation and proof of tensor-
valued Fay identities of higher rank and higher weight, and will be briefly reviewed in section
6.2. The fundamental Lemma 6.1 of section 6.3 will underly many of the subsequent results
in this section. In section 6.4, we will construct explicit all-weight formulas for tensorial Fay
identities that z-reduce the expression fT™ ;(x,2)f? 7 (y,2) which is a scalar in z and a
(1,0)-form in both = and y and where we use the multi-index notation,

0 cr=0 0 cs=0

7:{11---@ fr>1 ?:{Pl---Ps Ds>1 (6.1)
introduced already informally in section 5.2. In section 6.5 we shall rearrange the Fay
identities of section 6.4 in order to obtain the z-reduced expression for a product of the type
f?J(QU, z)f?JK(y,x), which is a (1,0)-form in z.

The contraction of one index J in the Fay identities of sections 6.4 and 6.5 is convenient
to formulate compact expressions. In section 6.6, we deduce Fay identities for expressions
of the form f?QL(x, z)f?MK(y, z) and f7K(:c, z)f?QL(y, x) from their counterparts with
one index contraction, using the same techniques that allowed us to deduce the uncontracted
interchange lemmas in section 5.2. Most importantly, iterative use of these uncontracted Fay
identities produces z-reduced expressions for higher products of f-tensors with an (N > 3)-
fold appearance of a given point z.

6.1 Tensorial Fay identity at weight two

The simplest tensorial Fay identity has weight two and is given by

M) Tk 2) + Yy 2) (@, 2) — (2, 2) [k (y, 2)
+wy (@) M ke (y,2) + ws () [ k(2 2) +wi (@) f ™ K (y,2) = 0 (6.2)

It comprises h? components from the values M, K = 1,2, --- , h of the free indices. The left
side of (6.2) is symmetric in = <> y which is manifest for the first two terms and the last
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two terms. Verifying the z <+ y symmetry of the remaining two terms wy(z) M7k (y, z) —
M y(z,2) f7k(y, 2) requires the weight-two interchange lemma (5.3).

We shall discuss the following two alternative proofs of (6.2):

e Following the two-step procedure of section 4.2, one first verifies that the left side of
(6.2) has vanishing anti-holomorphic derivatives in x,y, z, which relies on the weight-
one interchange lemma (5.2). The integral of the left side of (6.2) against [ @' (z) [, @’ (y)
vanishes, since each term on the left side of (6.2) is a total derivative in z or in y of a
single-valued function.

e Alternatively, one applies the arguments of the previous paragraph to prove that,

VP (2,y,2) = wi(y)wr (2) £ 12, y) + wi (W) k(2 2) (@, y) + eyel(a,y,2) (6.3)

vanishes, thereby generalizing the vanishing of the elliptic V5(1, 2, 3) function in (2.12)
to arbitrary genus. The identity Vl(z)(x, y,z) = 0 used in section 4.6.2 of [36] is a (1, 0)-
form in all of x,y, z as opposed to the left side of (6.2) which is a (1,0)-form in z,y
and a scalar in z. Even though only three out of six terms in the cyclic sum (6.3) have
an exposed factor of wy,(z), one can apply (contracted and uncontracted) interchange
lemmas to rewrite V}?) (z,9,2) = wy(2)ZM g (2,9, 2). The tensor ZM g (x,y, z) turns
out to exactly reproduce the left side of (6.2).

In Appendix B, we conjecture a construction of identities Vl(w)(atl, ce Typy1) = 0
at arbitrary genus and arbitrary multiplicity which generalize the genus-one identity
Vw(1,2,...;w+1) = 0 of section 2.4.

The scalar three-point identity in (4.2) may be recovered from (6.2), up to a factor of h, via
contraction with 0% which for instance reduces the last two terms to —wr(x)d,G'(y,2) —
wr(y)9.G' (x,z) by the tracelessness condition 895(1)?MK(5L’)51\[§[ = 0. The remaining h?—1
components of (6.2) are captured by the traceless part in M, K,

8,6 (y, )0, 0" k (2) = —=0,G (2, )0, i (y) + wy (2)9, 2" k() + w (1) 0@ ()
+ wJ(x)fMJK(yv LL’) - %5%WJ(x>fLJL(y7 LL’)
L+ 0,0M (90,87 k() — LMD, 8" ()0, () (6.4)

which z-reduces the left side. Hence, the added value of the tensorial Fay identity (6.2)
beyond the trace component in (4.2) is an z-reduced expression for 0,G(y,x)0,®M k(z).
Note that the last two lines are, up to renaming of indices, the traceless projection of the
tensorial weight-two convolution in (5.5).
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6.2 The shuffle product

The shuffle product provides an efficient tool in terms of which to organize and prove various
tensor-valued Fay identities for higher rank and higher weight. Here, we review the essentials
of the shuffie product and shuffle algebra that will be needed in the subsequent developments
(for a standard reference see for example [79]).

The shuffle product 7 LU ? is a binary operation on two words 7 and 7 formed out
of a given alphabet of letters and is given by the sum of all possible ways of interlacing the
letters of X and Y such that the order of the letters in each word is preserved in X LU
The shuffle product has the following properties that make the set of words equipped with
addition and the shuffle product into a shuffle algebra:

1. associativity (Xz LLJ 7) W7 =X w (7 LLJ 7) —XwYw 7;

2. commutativity ? LL ? = 7 LL 7;

3. neutral element provided by the empty set () such that 7 W)= Xk;

4. recursive decomposition for non-empty words ? = X;---X, and ? =YY,

XWY = XX X,wY) +Vi(X WYs---Y)
(X1 X, W)X, 4 (X WYY )Y, (6.5)

The shuffle products considered here will be on words formed out of multi-indices denoted

=11, and ? = P, - - - P, containing letters in the alphabet {1,---  h}. The represen-
tations of the shuffle algebra on the tensors encountered here is obtained by implementing
the recursive decomposition of item 4. above on tensors as follows,

FrID (@, y) = fO TP (g ) g pRTRRR) (g ) (6.6)

Accordingly, the anti-holomorphic derivatives (3.19) of f tensors generalize to shuffles via,

Z’,y) = _7.(.@]1

sz(?“ﬁmz{( )f(Ig---ITLI_I?)]\_/[)K(

PPN ) (6.7)
8gf1‘7(?LL'?)K(9:,y) _ ﬂ_|:5kfﬁ(11"'1r71m?)R(x’y) i 5llzsf1\7(P1...ps,1Lu7)R(I’ y)]@R(y)

(x z,y) — T (z)

ﬁ
for arbitrary M = M;--- M; with t > 0 and ?, ? # (). Many of the subsequent formulas
simplify by writing f%;(x,y) = w;(z), in analogy with the kernel f(® = 1 at genus one.

6.3 A fundamental lemma

In subsequent subsections, we shall derive two different types of Fay identities. Suppressing
all index structure, they may be schematically represented as follows:

39



e in section 6.4 to z-reduce the product f(z,z)f(y, z), namely where the repeated point
z corresponds to the scalar on both factors;

e in section 6.5 to x-reduce the product f(x,z)f(y,z), namely where the repeated point
x corresponds to a (1,0) form on one factor and a scalar on the other factor.

On a genus-one Riemann surface these two cases are equivalent to one another, but for genus
h > 2 they are inequivalent and require separate treatments. Both cases will be built on a
single lemma, valid for arbitrary rank, weight and genus, which we now state.

Lemma 6.1 The following combination, defined for ? =1I---1. and ? = P, --- P, via,

ST e,y 2) = 1T o, 2) (17l ) = £k, 2))
#7502 (P kay) = T cla, )

3, ) Py, 2)

k=0

37 P (g a) TP 2, 2) (6.8)

=0
vanishes identically for arbitrary r,s > 0,

STIP o (2,y,2) =0 (6.9)

Here and throughout we use f°;(z,y) = wy(x).

The lemma is proven in Appendix C.1. The right side of (6.8) exposes the symmetry,
ST e(w,y,2) = 87 e(y, v, 2) (6.10)

under simultaneous exchange of ? ? and r <> y. For ? = ? = (), all dependence on z
cancels, and the remaining terms reduce to the basic interchange lemma given in (5.2).

6.4 Eliminating repeated scalar points at all weights

In this section, we extend the tensorial weight-two identity (6.2) to arbitrary weight which is
one of the main results of this work. A first variant of all-weight Fay identities among three
points x,y, z € ¥ is stated in the following theorem.
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Theorem 6.2 The contracted product f?MJ(y, Z)f?JK(ZE, z), which is a scalar in the re-
peated point z, may be z-reduced as follows,

FPM L, ) F T e, 2) = (=1) wi () £TMP e, y) (6.11)
T () f P ke, 2) 4 ST () fP T 1M (2
k=0
PV 2) T () + S0 T (g, ) TP POM ()
=0

+ Z(_l)s_z |:fP1"'PzJ(y7 be)f?MPSmP”lJK(I, ag) — [T e (y, be)f?MPSmPZJ(SC, a)
=1

%
where? =1---1, ? =P ---Pyand P =P,---P,P,. Thepointsay,--- ,as andby,--- , b
in the last line are arbitrary and actually drop out of the combination on the last line.

The proof of Theorem 6.2 is given in Appendix C.2 and relies on Lemma 6.1. In view of
our convention f?;(z,y) = wy(z), the k = 0 and £ = 0 summands in the second and third line
of (6.11) are given by wJ(:c)f(?“J‘]?)MK(y, ) and wJ(y)f(?L“J?)MK(:c, z), respectively. The
trace component of (6.11) with respect to M, K expresses Oyg?(y, 2)0,G " (z, z) for arbitrary
pairs P, I of multi-indices in terms of G and ®-tensors without any repeated appearance
of z. Inserting the decomposition (3.13) into the last line of (6.11) cancels all 9G tensors and
one is left with manifestly a;, b;-independent bilinears of 9, and 9,® tensors.

6.4.1 Comments on Theorem 6.2

Since the proof of Theorem 6.2 in Appendix C.2 is not constructive, we sketch two construc-
tive algorithms in Appendix D that may be used to generate higher-weight Fay identities
from convolutions of lower-weight ones. The examples at weight 3 < w < 6 obtained from
the methods of Appendix D led to anticipating (6.11), initially as a conjecture, which is now
underpinned by the proof in Appendix C.2.

In the specialization of (6.11) to genus one, the last line cancels, and the shuffle products
lead to Kronecker-Eisenstein kernels (2.6) multiplied by combinatorial factors according to

fcl»»vcp(Al»»vAmLuBl---Bn)Dl»»quK(x’y)}hZI _ <mnﬂ:”) flmntp+q) (z2—y) (6.12)

In this way, one recovers the binomial coefficients in (2.11) and can readily verify consistency
with the genus-one Fay identities at arbitrary weight.
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6.4.2 Examples at weight three and four

The simplest example of (6.11) at T=P-= () is the weight-two identity (6.2). For choices
of ? and P with a total of one and two letters, we obtain the following Fay identities at
weight three and four,

Py ) k(@ 2) = Moy, o) 7k (@, 2) + (e y) Y ke (y, 2)
+ M@ y) k(Y 2) +wi(@) 7™M ke (y, 2)
+wr (W) M k(2 y) + ws(y) fOM (2, 2)
S5y, ) F1 (0, 2) = Y5 (g, o) FR g (e, 2) + 02 (e, ) f7 Y ke (y, 2)
+ (e, y) Y ke (y, 2) + Y (2 0) R (y, 2)
+wy (@) I e (y, 2) + wi(y) M e (2, )
+wy () fUEM (2, 2)
My, ) Y k(@ 2) = [Py o) Y ke (@, 2) + oy, o) O e (3, 2)
+wy(y) fUOM e (@, 2) + M (2, 9) 7 ke (y, 2)
+ [ y) fEYIM ey, 2) + wi () fETIM e (y, 2)
+ Py, 0) M e (,a) — fc(y, 0) F1Y7 5 (2, a)
—wy(y) fM ke (2, y) (6.13)

6.4.3 Examples involving weight-one factors

The all-weight family of Fay identities (6.11) with P - () takes the simple form

P 2 T e 2) = P () f T ke, 2) + £ T () F (v, 2) (6.14)
S F (y) fM  (y,2) s ly) T () + ws () T (a, 2)
k=0

where the bilinears of 0,9 and 0,9 tensors in the last line of (6.11) are absent. More
importantly, the right side of (6.14) features just a single repeatedly z-dependent term
My, x) f 17k (x, 2) even though the Fay identities (6.11) are engineered to eliminate re-
peated points z rather than z. Hence, as exploited in Appendix D.4, the Fay identities (6.14)
can also be solved to x-reduce f ;(y,z)f!7k(x,z) on the right side instead of z-reducing
the left side. In other words, (6.14) intersects with the Fay identities of the next section
which are dedicated to the removal of repeated one-form points. This is a peculiarity of
having P - () in (6.11) and will no longer be the case for non-empty
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6.5 Eliminating repeated one-form points at all weights

We shall now proceed to another main result of this work which may be summarized in the

following theorem.

Theorem 6.3 The contracted product f?J(x,z)f?JK(y,:z), which is a (1,0)-form in the
repeated point x, may be x-reduced as follows,

£, ) = 75 7l (6.15)
_ Z(_l)s—é Z fPSmPZHu_Jl---IkJ(x7 y)fPl---PZJI]ﬁLl---ITK(y7 Z)
£=0 k=0

= A (g, ) [ D () 4 RISl ()
/=0

where?=[1---lr and?:Pl---PS with r > 1 and s > 0.

The proof is presented in Appendix C.3 and proceeds in two parts. In the first part
we prove Lemma 6.4 below. In the second part the result of Lemma 6.4 is used to prove
Theorem 6.3.

Lemma 6.4 The contracted product f?J(QU, z)f?JK(y,x) may be expressed in terms of,

s

f?J(i’% Z)f?JK(% T) = Z(—)s_é A?LUPSMP‘Z“IPIH'PZK(% Y, 2) (6.16)

=0

where the right side is built from the following x-reduced products,
NP ey, 2) = 1131 k. 2) = 17 ) (F 7 sew) = £kl 2)) (607)

— s TP e (,2) = S0 () f R e Ty, 2)

=0

+ Z [f?LUP‘"'PSJ(SC, 2) fP e e (y, ap) — f?UJJPZ“'“PSK(% 2) 7 (y, ar))

=1
The points ay,--- ,as € % in the last line are arbitrary. The specific choice by which they
are all identified with z produces various cancellations in (6.16) that lead to (6.15).

Given the non-constructive proofs of Theorems 6.2 and 6.3 in Appendices C.2 and C.3,
respectively, we sketch two constructive algorithms in Appendix D that were initially used
to generate examples and played an essential role in proposing (6.11) and (6.15).
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6.5.1 Examples

The simplest example of (6.15) with ? =TI and ? = () reproduces the weight-two identity
(6.2) after applying the interchange lemma (5.3). Specializing I = I and P=Pto single
letter words leads to the weight-three identity

Frale, 2) 7wy, x) = =15, 9) 7k (y, 2) + 75 0) [k (y, 2)
— 25, 2) Y k@ y)+ (g, 2) 500 ()
— Py, ) ke (,2) + (e, 2) 7 ke (y, 2)
—wy () T ke (y, 2) +wsy) [T k (2, 2)
+aws(y) fI (2, y) (6.18)

One can derive all instances of Theorem 6.3 for arbitrary ? and 7 # () from suitable
combinations of Theorem 6.2 with different choices of the multi-indices. The key idea is
to solve (6.11) for the term fI_D)MJ(y, :E)f?JK(ZL’, z) on the right side which has a repeated
appearance of the (1,0)-form point z and where the factor of f£'™ ;(y, z) carries a maximum
number of indices.'® In this way, fI™;(y,z)f"'k(z,2) can be iteratively expressed via
terms fPl"'PfJ(y,x)f(?LL'JP‘H'”PS)MK(x, z) with fewer indices in the f ;(y, x)-tensor and z-
reduced terms. This recursion terminates in the base case w;(y)f ! FIM g (z, 2) where
f25(y, ) = wy(y) only leaves a single 2-dependent factor.

6.5.2 Comments on Theorem 6.3

In view of f?;(x,y) = w,;(z), the summand with & = 0 and ¢ = s in the second line of (6.15)

is given by —w;(z)f¥7 ! k(y,2). Similarly, the £ = 0 term of the last line is (—1)*"tw,(y)
B (PwT)J (Pawry 1,11 N

multiplying [f x(x,y)+ f vl (x, 2)] with P = Py--- PyPy.

The terms with a repeated appearance of = on the left side of (6.15) are
0,67 (5, 0)f T 1e(,2) = 0,67 (39,2) (350,61 (w,2) — 0,0 () (6.19)

Accordingly, the Fay identities needed to xz-reduce the products ayg?(y, 1)0,GN =1 (2, 2)
and ayg?(y, x)@xCD?K(:B) are obtained from the trace and the traceless part of (6.15) with
respect to I, K, respectively.

13The term f?MJ(y,x)f7JK(fI;,Z) in (6.11) can be lined up with the index structure of the left side
f?,](:zr, z)f?JK(y, x) of (6.15) by means of the matrix commutator identity (with arbitrary a,b € X),

PP () f T ke (,2) = £ 27 k() T M g, 2) — FP (@) £ 1M 5 (,8) + FEM 5 (g, 0) £ 77 e, b)
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6.6 Uncontracted and iterated Fay identities

Our main results for tensorial Fay identities at arbitrary weights in (6.11) and (6.15) feature
a contracted index J in f?MJ(y, Z)f?‘]K(L z) and f7J(:£, z)f?JK(y, x). In this section, we
describe simple manipulations that generalize the earlier Fay identities to situations where
all indices are free, leading to “uncontracted Fay identities”. In this form,_)Fay identities
can be iterated, and we provide an algorithm to z-reduce products H;VZI [Pk, (x5, z) with

%
arbitrary multi-indices F; and possibly an extra factor of f ’ m(z,y).

6.6.1 Uncontracted Fay identities for repeated scalar points

The driving force for the derivation of uncontracted Fay identities is the mild generalization
of (5.11)

PPy, ) [T, 2) — FT(w,a)] = FPM ey, 2)09[0,G7 (2,0) — 0,67 (x,2)] (6.20)
=62 FPM () [T e, 2) — £ T ke (, )]

valid for arbitrary x,y,z,a € ¥ which makes use of the fact that all the dependence of
f?Q r(x, z) on the second point z is concentrated in the trace 5? with respect to its last two
indices. The same idea leads to the rearrangement

(PP, 2) — £y, )] f Mk, 2) = 62[0,6" (v, @) = ,67 ()] F T M ie(w,2) (6.21)
=S [FPM (g, 2) — FPM (g, )] T e (a, 2)

As aresult, we can enforce index contractions in an uncontracted Fay identity either via (6.20)
FPMely T 2) = 027 (5, 2)f T e, ) (6.22)
Yy 2 ) = 02Ty ) T ()
or via (6.21)
£y 2 M iw,2) = 08 £V sy ) el ) (6.23)
£ PO M w,2) = 02T (g @) T )

In both of (6.22) and (6.23), the only term with a repeated point z on the right side is
f?M 7(y,2) f?‘] x(z,2). The latter has exactly the right index configuration (including the
contraction of J) to apply the contracted Fay identity (6.11), eliminating the repeated ap-
pearance of z. Hence, both of (6.22) and (6.23) can be viewed as uncontracted Fay identities
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that z-reduce the product f?MK(y, z)f?QL(x, 2) by applying (6.11) to f?MJ(y, z)f?JK(a:, 2)
on the right side.

The arbitrary points a in (6.22) and (6.23) can be identified with = or y without alter-
ing the desired simplification of the z dependence. In presence of f-tensors depending on
additional points, however, different choices of @ might turn out to be even more opportune.

6.6.2 Uncontracted Fay identities for repeated one-form points

The uncontracted version of the Fay identities (6.15) to eliminate the repeated (1,0)-form
point z in f?J(x, z)f?JK(y, x) can be obtained from the same techniques. We shall only
spell out one of the two possible rearrangements analogous to (6.20) and (6.21)

Tk ) [P 2) — P a)] = 7 i(2.2)02[0,67 (v.0) — 9,6 (y.2)]  (6:24)
= 0257 (e, ) [k, 0) — £ k(s )
As a result, we are led to the uncontracted Fay identity

£ e, 2) F Py, 2) = 62 F T s, 2) 7 ey, ) (6.25)
+ f?K(Ia Z)f?QL(ya a) — 5§f?J(I= Z)f?JK(ya a)

where the only term f?J(:E, z)f?‘]K(y, x) with a repeated appearance of z on the right side
can be z-reduced by means of the contracted Fay identity (6.15). The arbitrary point a € ¥
can be identified with z without impairing the simplification of the x dependence, though
situations with additional marked points may suggest different choices.

6.6.3 Iterated Fay identities

The uncontracted Fay identities (6.22) and (6.25) allow for an iterative reduction of higher
products of f-tensors that share a given point z an arbitrary number of times. We shall
consider products of the form

i) XT3

N

=4 T
HijKj(xj,Z) — : & ‘:
j=1

N TN-1 (6.26)
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which can be viewed as the higher-genus uplift of the product of (z—x;)~" in (2.4). The
visualization as a star graph is based on drawing a directed edge between vertices x; and z
for each factor of fFJ)'Kj(xj, ).

The following algorithm will eventually z-reduce the product (6.26). To see this, one
starts by applying the uncontracted Fay identity (6.22) to any two factors (6.26) — without
loss of generality the first two — resulting in a single z-dependent factor in each term with a
different index structure,

— — —— —

P (o0, ) o (@0,2) = D [ ORI, (2, 00) f2 (01, 2) (6.27)
— 1K2Q2

Q2

—— —
P1P2Lo Q2
+ DRI (01, 2) % 1 (1, 2)|

—— ——
The modular tensors C’; t?jé(:vg,:vl) and D?jjfé(zl, xg) are (1,0)-forms in their first ar-
guments built from f-tensors and Kronecker-deltas which can be made fully explicit by
combining (6.22) with the contra(i?d Fay identity (6.11).!* The sum over the multi-index
Q9 in (6.27) includes the case of Q3 = () and is finite since it preserves the weight of both
sides. Upon multiplication with the remaining factors in (6.26) with 7 > 3, the maximal

number of z-dependent factors is N—1.

— —

In the next step, the factors of f92;,(zy,2) and f92;, (s, 2) on the rig&t side of (6.27)
are combined with another factor from (6.26) — without loss of generality ff* g, (x3,2) — and
one applies (6.27) again to these products of two z-dependent factors. The result involves

— =¥ ——
Cerp?,l;:’,> and DQ2P3L_3>

20833 2A83W3

Together with the j > 4 contributions to (6.26), the maximal number of z-dependent factors

additional modular tensors that depend on z1,z9, z3 but not on z.

is now N—2.

By iteratively applying (9‘).27) to the product of the residual z-dependent factors of the
previous step and the next 7 x (x;, z) from (6.26), the (N—1)"™ step eventually results in at
most one z-dependent factor per term, i.e. a z-reduced expression. These final z-dependent
f-tensors will be accompanied by up to N—1 tensors C' and D in (6.27) (with various index
contractions among different factors) whose explicit form is fully determined by (6.22) and
(6.11). The number of terms upon expanding these cor;tracted C- and D-tensors will grow
drastically with NV and the length of the multi-indices P; in (6.26).

The above algorithm can be straightforwardly extended to the products (6.26) multi-
plying an additional (1,0)-form f}—% v (2,y) in z: apply the uncontracted Fay identity (6.25)

In view of the arbitrary points (as, be) in the last line of the contracted Fay identity (6.11), its individual
terms only take the form of (6.27) upon setting (ag, be) to either (y, z) or (z,z). However, there is no need
to make this choice since all of ag, by drop out separately for each value of £ in the last line of (6.11).
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followed by its contracted counterpart (6.15) to the product of fﬁ m(z,y) and the final
z-dependent factor from the N—1 iterations of (6.27).

With the above reduction of (6.26) and its extension to include additional factors of
f’—% v (2z,y) at hand, we have z-reduced the most general polynomial in f-tensors compatible
with the (1,0)-form degree < 1 (see section 3.6), and systematically eliminated a wide class
of obstructions to the z-integration of the higher-genus polylogarithms in [36]. The above
argument was carried out for products with star-graph topology in (6.26), but we will see in
section 8 that coincident limits x; — z; or y — z; (introducing loops into the star graphs) do
not alter the conclusion. The procedure of this section implies that Fay identities involving
three points x, y, z € 3 are sufficient to eliminate the repeated appearance of any given point
in functions of an arbitrary number of points x1,--- ,xy,¥y, z that are built from f-tensors
and Abelian differentials.

48



7 Fay identities and polylogarithms

In this section, we illustrate the role of the interchange lemmas and Fay identities of the
previous sections for the closure of the higher-genus polylogarithms of sections 3.4 and 3.5
under integration over all points they depend on.

Primitives with respect to the endpoints x,y of the path that defines the polylogarithms
[(to;x,y;p) in (3.30) and their multi-variable generalization in (3.43) readily follow from
their construction as iterated integrals. More specifically, the differential equation,

dy T(z,y:po; p1, -+ s Pn) = T (@, D03 D1, -+, Pn) T(, Y5 pos 1, -+ 4 D) (7.1)

of the multi-variable path-ordered exponential (3.43) determines the primitives of any (1,0)®
(0,1)-form in x occurring in the expansion of the right side. This settles the closure under
integration over x for products of f1Ir ;(x, p;) with polylogarithms I'(v; 2, y; po; p1, -+ , Pn)
labeled by arbitrary words tv in the letters a’,b; and ¢; with i = 1,--- ,n. The z-reduction
performed by the Fay identities of the previous section furthermore determines the primitive
in x for I'(ro; x, y; po; p1, - - , pn) multiplied by arbitrary products,
N —
111 520 T %k (0 0) (7.2)

Jj=1

Recall that products of the type f/ I ;(z;, z;) f51 % (2, z1.) which share their first point z;
never arise, since the corresponding wedge product £ ;(z;, z;) A FF 1 (2, 2) of (1,0)
forms in the algebra Ay of section 3.6 vanishes identically.

While closure under integration in the variable = clearly holds true in view of the dis-
cussion above, we also claim closure under integration in all the other points p; of arbitrary
products of multi-variable polylogarithms I'(ro;, y; po; p1, - -+, pn) and f1Ir ;(p;, 2). The
quest for primitives in the additional points p; (i = 0,1, - - ,n) of the flat connection in (7.1)
is considerably more challenging since they enter the defining representation of higher-genus
polylogarithms through the second argument of 9,G1 ¥ (¢, p;). Our main strategy to prepare
for integration over p; is to rewrite all polylogarithms in the integrand such that their entire
dependence on p; is moved to the integration limit. These rewritings are said to change the
fibration basis.'”” For a generic scalar or tensor-valued function I'(p;) of the point p; to be
integrated, changes of fibration bases are implemented through the fundamental theorem of

15The terminology stems from the fact that singling out a particular point p; amongst the points
Do, D1, ,pn may be formalized in terms of a choice of fibration of moduli spaces My, , — My, p—1 for
genus h with n and n—1 punctures, respectively, as advocated, for example, in [16, 19].
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calculus,

F@D=N®+/%%N® (7.3)

as done for polylogarithms at genus zero [16, 60, 70, 71] and genus one [20, 23]. In the
cases of our interest, the placeholder I'(p;) is identified with multi-variable higher-genus
polylogarithms I'(to; x, y; po; p1, - - - , Pn). The central task is then to express the (1,0)®(0, 1)-
form de['(€) in terms of the expansion coefficients on the right side of (7.1) with £ in the
place of x — without any additional dependence on p; in the integrand of (7.3). Whenever
this is accomplished, integrations of (7.3) over p; can be performed with the same ease as
the integral of I'(v; z, y; po; p1, - -+ , Pn) Over x. In particular, the primitives with respect to
p; of arbitrary products I'(vo; z, y; po; p1, - - - , pn) multiplying f(p;,-) and possibly additional
f (-, pi)-tensors become available through algorithmic methods in this case.

Instead of attempting a general proof that the differentials d¢I'(€) can be brought into
the desired form, we shall present three non-trivial case studies in this section. The first one
in section 7.1 shows through the computation of d¢I'(bra”; x,y; €) that the polylogarithms
generated from the connection Jpus(x,p) of (3.23) in two variables do not by themselves
close under integration over p. Instead, primitives with respect to p automatically introduce
the multi-variable polylogarithms of section 3.5. The second case study in section 7.2 neces-
sitates an interchange lemma to attain the desired form of d¢I'(tv; z, y; &) with w = a®a’b;
and exemplifies that changes of fibration bases of I'(v; x,y;&;p1, - -+, pn) are performed re-
cursively in the length of the words tv. The third case study in section 7.3 illustrates the
need for Fay identities to integrate generic I'(to;x, y; po; p1,- -, Pn) With words to of length
> 4 over p;. These three examples should incorporate the key features of a general integra-
tion algorithm for the higher-genus polylogarithms of [36], and it would be valuable to have
computer implementations similar to those for polylogarithms [70, 80, 81].

7.1 The need for multi-variable polylogarithms
The protagonist of the first case study is the polylogarithm,

I (2, y;p) = D(bra”’; 2, y;p) = /90 dt f5(t,p) — 7T/m dfd)l(t)/ dt' wy(t') (7.4)

Y Y Y

which was already discussed in (3.34). The opening line (7.3) towards integration over p = p;
then specializes to,

I%m%mzﬂm%m+f@WmW@ (7.5)

q
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where the p-independent term I'? ;(z,y;q) on the right side is straightforward to integrate
over p (upon multiplication with one-forms in p). The actual challenge is a rewriting of the
integral over £ in terms of polylogarithms I'(w; p, ¢; x;) with p-independent coefficients. The
double integral in (7.4) and the 9,®7 ;(t) part of f?;(¢,p) do not depend on p and therefore
do not contribute to,

/q DA (2, €) = / Lt / Cde ! (1.6)

= —5§ /x dt /p (d§ 8§8tg(t, £) + dé&g&g(t,g))

zag/qug/yx (—d 0:G(t, €) + dF DG (1, €)) +7r5§/quM /;“’M
-5 { [ 0gte - 09(6.m)

fonf e[
=05 (Dlcoip s y5 %) — 70a (p, )T (2, y) + 7l a (2, )T (p, @) (7.6)

In passing to the third and to the fourth line, we used 9:0,G(t, &) = —mwy(t)w™(€) and
0:0:G(t,&) = —mwp (§)w™ (t) away from the support of the delta function in (3.16). In the
last line, we have identified combinations of the Abelian integrals (3.33)

T t1 tr—1
Ly (o) = La* o) = [ wn(t) [Cwnt) [ wit) @0
. 1 ) N ) " Yy -
D (o) = Db i) = [ @) [T et [T an )
) ) Yy

and the simplest example (3.44) of multi-variable polylogarithms at higher genus.

The final form of (7.6) with all p-dependence as an integration limit of some I'(1o; p, ¢; - - )
is tailored to facilitate integration over p. As an example, we compute the primitive of
dpwi (p)(TLj(z,y;p) — 765 0 (2, y)TM (p, q)), where the subtraction of the anti-holomorphic
term ~ '™ (p, q) in p ensures closure under d, and homotopy invariance of

/ ) dpwic(p) (T s(z, y; p) — w05 as (2, )T (p, q)) (7.8)

=/ dpwi(p)(T' s (z,y;q) + 05T (ca; . s y; ) — w04y (p, )T (2, y))
q

=Dz, QT 5 (2, y39) + 65 (D(a"eps 2, gy 2) — 7l rar (2, )T (2, )
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The term I'(c,;p,q;y;x) in the last line of the rewriting (7.6) of I'/ ;(z,y;p) and its con-
tribution I'(a®c,; 2, ¢; y; ) to the primitive in (7.8) illustrate an important property of the
function spaces: Even though the polylogarithm I'Y ;(z, y; p) is generated by the path-ordered
exponential (3.28) of the connection Jpus(z,p) in two variables, its primitives with respect
to the last point p inevitably involve multi-variable polylogarithms such as I'(a®¢,; 2, ¢; y; z)
in (3.44).

7.2 Primitives from interchange lemmas

While the p-integration of the example in the previous section did not require any func-
tional identities of the integration kernels other than 0:0,G(t,&) = 0:0,G(&,t), we will now
demonstrate the necessity of interchange lemmas by means of the example,

Les!(z,y;p) = T(a"a’br; 2, y; p) (7.9)

T t1
_ / dty () / dty 15 (t,p)
Y Y

T t1 to
— T / dtl wK (tl) / dtQ (A)J (tg) / d{g (IJI (t3)
Yy Y Y

Similar to the previous section, we follow the integration strategy of (7.3), exposing that all
the p-dependence concentrates in the diagonal §%,

Ui (z,y;p) — Ty’ (2,y5q) = /p del iy’ (z,y; €) (7.10)
=5} [ttt [ i [ (60:006(0.6) + dE006(0:,))
:51{ pd xdt 1) (0:G (€, 1) — 0:G (¢,

J /q f/y 1wK( 1)( 3 (f 1) 3 (f y))

#Tulpa) [ i) [ " 5@ (12) — 7T (p, ) Crcaa(a, 0}

In passing to the last two lines, we have again used the Laplace equation of the Arakelov
Green function, rewrote dto0¢04,G(t2, &) = di,0:G(ta, &) — dt20:0;,G (12, €) and identified the
(anti)holomorphic polylogarithms via (7.7). Even though all the p-dependence on the right
side of (7.10) enters through an upper integration limit, the double integral in the first term
fqp dé fyx dt1 wi (t1)0:G (&, t1) is not yet of the right form to be identified with a polyloga-
rithm in the multi-variable path-ordered exponential (7.1). In order to show consistency of
Iy (z,y;p) with the closure of higher-genus polylogarithms under integration over p, we
need to further simplify this double integral.
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The weight-one interchange lemma (5.1) turns out to provide the desired rewriting
/qp e /y ity wie(1)0:G (6, 1) (7.11)
_ / T / "ty (wnr(8)0BM 0 (€) + g (€)0, BV () — wie(€)D G (11, )
(o) / 0@V )+ Tup) [ aro o) — [ deunt©) [ 00,6001,

Y q Y

The last integral in the third line has been brought into a suitable fibration basis in section
7.1, e.g. the trace components of (7.5) and (7.6) are equivalent to

/ dt, 0, G(t1,€) :/ dt1 0, G(t1,q) — T(ces &, ¢ 95 ) (7.12)

Yy )
— L (z, )T (€, q) + 7T (€, )TV (2, y)

Upon insertion into (7.11), the challenging double integral [7d¢ ["dti wi(t1)9G(€, 1) is
expressed in terms of multi-variable polylogarithms generated by (7.1), and we can bring the
right side of (7.10) into the following final form,

Ui (x,y;p)—T s (2, y;q) = 6% {—FM(CU, DM (p, ¢;y) — Tar(p, )T ™ (2, y59)  (7.13)
+T(a"c; 2, ¢y 2) — 70k (p, )T (2, y) — 70 keas (2, )TV (p, q)}

using the notation I'(ac,; z, ¢;y; x) for the multi-variable polylogarithm in (3.44) and the
following shorthand for the variant of the polylogarithm (7.4)

x x t
L™ (2, y:q) = T(a™bas;z,y5q) = / dt fM i (t, q) + 7r/ dtwK(t)/ dt o™ () (7.14)

y y y
In summary, the quest for primitives of I'g ;7 (z,y; p) with respect to p necessitates both the
weight-one interchange lemma (5.1) and the change of fibration basis performed for the sim-
pler polylogarithm I'! ;(x, y; p) in section 7.1. This illustrates the more general phenomenon
that the changes of fibration bases for polylogarithms I'(vw; z, y; po; p1, - - - , Pn) needed for clo-
sure under integration over any p; are implemented recursively in the length of the word 1.

7.3 Primitives from Fay identities

Our last case study is dedicated to the simplest double integral involving two non-trivial
kernels dt, fLx (t1, z)dtaf! 5 (ts, p) with two distinct points z # p in their second arguments.
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A convenient homotopy-invariant realization via multi-variable polylogarithms of (7.1) is
given by,

r gl (@, y;p, 2) = D(ba®a’br; 2, y; p) + 65T (c.a”by; 2, y; p; 2) (7.15)

— - [(an st | Yty £ (1 p) £ 7 [ et [ " wk(t) / " () / "o (n)
v ot | " k() / C by (1) — [t | " ot / " o (ny)

Our general strategy (7.3) then brings the p-dependence into the form of,
D s (@, yip,2) = T iy (2,950, 2) (7.16)

= — /x dty fYk(t1, 2) / 1 dts /p (d€ O f1 5 (t2, &) + dE D f 5 (t2,€))
Yy Yy q

T t1 to P _
o / & (t) / wil(ty) / it / (dE B f" (15, €) + dE O f! 5 (15,))
y y y q
= —m0 DY (p, QT  ni (5 2) + 65 (T (2, 30, 65 2) + Ly (2, 431, G5 2))
where the first term in the last line reduces to a polylogarithm of section 3.4,

D ren(@,y;2) = T(bra™a™; 2, y; 2) (7.17)

:/yxdtl fri(ty, 2) /ytl u"M(t2)—7T/yxwL(lh)/yt1 wi(t2) /j w(ts)

However, the two additional integrals ZFy, ZF in the last line of (7.16) require further
simplifications before they can be identified with multi-variable polylogarithms that occur
in (7.1),

x t1 P
Th (@ pr i 2) = / ity ol 2) / dts / 4 91,6 (1, €) (7.18)
Yy Yy q

= [ an e [ de (0606 - 06€.w)

Y q

Y

7 Tar(p. ) / Cdty [t 2) / "o (1)
)

x t
TE (2, y;p, 45 2) = —W/ GJL(tl)/
) )

1 wik (t2) /yt2 dts /qp d€ 0:0,,G (t3,€)
- /y "ot (h) /y Y () / U (06, 1) — 0G(E, )

q

~#ua) [ ot " it / " oM (1)

o4



Both cases necessitate the t;-reduction of a product f¥(t1,2)0:G(&,t1) or wi(t2)0:G(E, t2).
In case of ZZ i, this is resolved through the weight-one interchange lemma (5.1)

—x [Catt) [ onte [ deagicn

w [fohe [ [ {ur©0,900.) — o0, () - (e ()}

o{ ) [ ot [ dnouatit - [Macasi) [Cato) [N oute)
v [ oo / " oH(n) / ) 10,9129} (7.19)

The last term is still incompatible with the fibration bases occurring in the multi-variable
polylogarithms of section 3.5 and will be seen to cancel later on.

We shall proceed to simplifying the integral ZX ;- where the tensorial Fay identity (6.2) is
needed to t;-reduce the bilinear ¥ (t1,2)0:G(&,t1) in the integrand of (7.18). In this way,
the most challenging contribution to ZFx takes the form,

[t ) [Casagien) = [ ar [Cae{ota© £ e )+ a5 e 2
— A& ) M R (t2) + wnr (€)M i (8, €) + wnr () F i (€, 2) + wn (€) M (8, Z)}
-/ "de 0.0 (c, 2) / Cdt et 2) + Tarle,y) / "dE P (€, 2) + Tar(p.) / "t I 2)

q Y q Y

+/qungK(&Z)/:dthM(t,i)+/quM(£)/ymdthMK(t,§) (7.20)

The last line features two terms f; dt fEa(t, €) and f; dt fEM (¢, &) which are not yet in
a suitable fibration basis for integration over £. The former has already been simplified in
(7.12), and the latter requires a separate computation along the lines of section 7.1,

‘ LM _ ’ LM M ’ ¢ L — 0 a L
dt f¥M e (t,&) = | dt f*M i (t, q) — oy dt | (dno,0,G"(t,n) + dif 0;0,G"(t,n))

Y Y

T 13
- / dt F™7 (2, q) + Y / dn (8,G* (1, 2) — 8,6 (n,))
Y q

wnat{ [ “&h) [ aertaten+ [Tot [ " Fnln, 0}
' ’ ’ ' (7.21)
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For both integrals fyx dt fEr(t,n) and ff dn f¥r(n,t) in the last line, we perform another
change of fibration basis via (7.12). The latter then produces a term —d% f; ds 0:G(s, &)
which — upon integration against ["@™(t) and ["wa(§) in the last lines of (7.21) and
(7.20) — cancels the term [ wr(€) [ @ (t1) f;l dty 0;,G (t2, ) from the simplification of ZF i
in (7.19).

As a result of the above manipulations, the sum over the integrals ZF i and ZZ i in (7.18)
is expressible in terms of homotopy-invariant multi-variable polylogarithms in (7.1) with all
p-dependence in the upper integration limit:

I (2, y5 0, 43 2) + Ly i (2,450, 43 2) = D(a%bpey; p, gy s y) + 70 (2, 9)T (@™ ey p, ¢; 25 9)
+ 7l (z,y)0(a"bra™;p, ¢; 2) — @Ta(p, )k (x, ) T (2, y) + T (p, )T (2, y)
+ Tar(z, )0 (a"brbas; p, ¢; 2) + Taa(p, )T (" brbas; 2, y; 2) + Do (p, T (brbaa® s 2,y q)
+ 05D (cyi py @ 2 9)T(ca 2,y 45 2) — D(bpa®™;s 2,y )T (a™bars p, g5 y) (7.22)
Together with (7.16), this prepares the combination of multi-variable polylogarithms in (7.15)

for integration over p and illustrates the closure of I'(w;x,y;p;p1,---,pn) under taking
primitives in p in a non-trivial case that relies on a tensorial Fay identity.
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8 Coincident limits of Fay identities

In this section, we shall investigate the coincident limits of the modular tensors 9,G7 " (x, )
and fIIr j(z,y) as y — x, as well as the coincident limits of the Fay identities constructed
in section 6 for three points x, vy, z, as z — x or z — y. In particular, we will show that the
coincident limit of the modular tensors 9,G' I (x,y) produces constant modular tensors
NPPs of various ranks s < r+1 that restrict to (almost) holomorphic Eisenstein series
at genus one. We will also x-reduce products f! j(x,y)ff’k(y,x) of f-tensors which share
both points x and y. Hence, primitives with respect to the shared point x can be constructed
in the same function space of higher-genus polylogarithms [36] as in the case of products
(6.15) or (6.26) of f-tensors with a single point shared by an arbitrary number of factors.

8.1 Coincident limits of genus-one Fay identities

A crucial step in this section is to generalize the coincident limit of the Kronecker-Eisenstein
coefficients on the torus,
lim f"(z—y) = -G,, r>3 (8.1)

Yy—x

to arbitrary genus. Our normalization for the holomorphic Eisenstein series G, is as follows,

1
G, = —, >3 8.2
ZQ (mT+n)T r= ( )
m,nel
(m,n)#(0,0)

Recall that the restriction of both equations to r > 3 is required by two types of subtleties.

w(z—%2)
zlmT

z — 0 depends on the direction along which the limit is taken. Second, while the double sums
in (8.2) are absolutely convergent for r > 2 they are only conditionally convergent at smaller

whose limit as

First, the short-distance behavior of f(z) features a contribution

values r < 2. The holomorphic quasi modular Eisenstein series Go may be defined using
the Eisenstein summation prescription and is related to the almost holomorphic modular
completion Gy by the second relation below (see for example [82] and [7]),

M

N
6mn N
Gp= lim Y lim ) Smnwz09 Go=GCo— (83

M—o00 N—oo v (mT—I—?’L)z ’ ImT7

m=—M n—=—

where the notation d(mn)x(0,0) instructs us to drop the summand with (m,n) = (0,0). Al-
ternatively, the modular version Gs of weight-two Eisenstein series arises in the limit,

lim <f<2>(x—y) v (j_@) = Gy (8.4)

y—z Im7 xz—y
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which is well-defined by the subtraction of the problematic term ~ 2 of f®(z). We will
generalize the coincident limits (8.1) and (8.4) to arbitrary genus and encounter modular
tensors M1 with a higher-genus analogue of the integral representations of (almost)

holomorphic Eisenstein series [83],

G - (H/ d x]) amlg xlax2)8x2g(x2,x3> 8%719(1}_1,:CT)ﬁxrg(xr,xl), T Z 3

ImT7 ImT7

R 2
:/d T / d? :Bg &Elg (21, 22)05,G (22, 71) — 890189029(:61,%2)) (8.5)

in terms of the Arakelov Green function G(x,y) on the torus defined in (2.8). In contrast
to the vanishing of Eisenstein series Gopyq at odd weight, their higher-genus counterparts
MPFs turn out to be non-trivial also at odd rank s € 2N+1.

In view of the relations (8.1) and (8.4) between Kronecker-Eisenstein coefficients and
(almost) holomorphic Eisenstein series, the coincident limit y — x of the genus-one Fay
identity (2.11) takes the form (see Appendix A of [84] or section 6.3 of [25]),

f(?")(z)f(s)(z) _ (rj;s>f(r+s)(z) _ i(rfj—ﬁ) G, f(r+s—£)(z)

+ (_1)SG7‘+S . Z(T—l—j:i—g) GZ f(r—l—s—f)(Z)

{=4
<r+s—2

TS TIE) + G f )| (8.6)

with at most one z-dependent factor in each term on the right side. For instance, the
coincident limit of the weight-two Fay identity (2.10) akin to partial fraction gives rise to
the following identity involving double poles,

(fD(2))* =21 (2) — 8.V (z) — Ca (8.7)

The main results of this section will be the generalizations of (8.6) to arbitrary genus in (8.39)
and (8.42) below which produces an z-reduced form for the product f?J(x, y)fl—gJK(y, x) in
terms of f-tensors, their derivatives in the second point and constant modular tensors D1 Fs

8.2 Higher-genus coincident limits at weight two

We start by generalizing the coincident limits of (8.4) and (8.7) of weight two and genus
one to arbitrary genus. This may be achieved by organizing the coincident limit z — y of
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the modular scalar three-point Fay identity (4.2) at higher genus by grouping together those
terms whose limit is immediate and those terms whose limit is not,

lim | (9:9(x.y) - 0.9(x.2) ) 0,9 (y. =) — wr(2)2,G" (4. 2)
= wi(y)G' (2, y) — 8,0,Ga(2,y) — 0:G(x,4)9,G(y, x) (88)

Here and below, the short-distance behavior 9,G(y, z) ~ (z—y)~" introduces derivatives of
the accompanying functions of y and z. The difference of 0,G(z,y) and 0,G(z, z) inside the
limit of the first line can be converted to a derivative of a meromorphic function using the
relations (A.11) and (A.13) between the Arakelov Green function G(x,y) and the prime form
E(z,y), which in turn is defined in (A.5),

— x,2) = — nE(x,y) miwr(z) | Im ywl
0.0(0) - 0.9(.2) = 00 T o) (1 ["w') 89

Grouping terms according to tensorial modular properties proves the following Lemma.

Lemma 8.1 The coincident limit of the modular scalar three-point Fay identity (/.2) at
arbitrary genus is given by,

wi()C'(y) = 0,G(%,4)0,G(y, ©) — 0:0,G(x,y) + 0:0,G2(x,y) — wi(y)0:G" (x,y)  (8.10)

with the following well-defined limit,

Yy
C'(y) = lim 5ygf(y,2)+zi—y wl] (8.11)

Similar to the limit of the genus-one term (Z—y)/(z—y) in (8.4), the limit of the second
term inside the brackets of (8.11) by itself would depend on the direction in which the points
z and y approach one another. However, the combination with 9,G(y, z) leads to a well-
defined (1,0)-form C’(y) limit. In order to see this, we note that the right side of (8.10) is
manifestly single-valued in x and y so that C!(y) must be single-valued in y. Furthermore,
one verifies that the right side is holomorphic in z, as the left side is. Integrating against
©w!(r) and discarding total derivatives of the non-singular and single-valued combination
0,G2(z,y) — wr(y)G!(z,y) gives the following integral representation,

¢'ty) = [ dai'(@) (.0(2,00,6(0.2) ~ 2.0,9(.»)) (8.12)

The double poles of the terms inside the parentheses on the right side cancel one another,
so that the integral is absolutely convergent and produces a well-defined (1,0)-form in y. To
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obtain a more tractable expression, we evaluate the d; using the Laplace equations (3.16)
for the Arakelov Green function, and express the result in terms of the ®-tensor,

Ogcl(y) = —mDM(y)@yCDIM(y) = 8g0y<I>MIM(y) (8.13)

Therefore, the combination C!(y) — 9,®!;(y) is holomorphic and single-valued in y, so it
can be expanded in terms of holomorphic Abelian differentials, i.e. we have,

C'(y) = 8,2M7 1 (y) + war () RMT (8.14)

for a y-independent tensor N Upon insertion into (8.12), we obtain an integral represen-
tation for D7 by integrating against @’ (y),

W [ e ) (5.15)
= [ [ @yl 0) 0)(0.0.00,00.0) - 0.09(.0)

This integral is absolutely convergent as the double poles of the terms inside the parentheses
cancel one another. By the manifest symmetry of the second line in I, .J, we deduce that
N = NIl Comparison with the integral representation (8.5) of the almost holomorphic
Eisenstein series @2 identifies the following restriction to genus one,

N, =Gy (8.16)

and shows that the coincident limit (8.14) at arbitrary genus restricts to the coincident limit
(8.4) of f@ at genus one (we recall that /1 ;(y)|,—; = 0 by their vanishing trace (3.12)).

8.2.1 Coincident limit of the tensorial weight-two Fay identity

Based on the simplified coincident limit (8.14), the higher-genus Fay identity in (8.10) may
be recast as follows,

0 = 0,G(x,9)0,9(y. 7) — 0,0,0(w,y) + ,0,0a(x,y) (8.17)
- ‘ﬁUWI(SC)MJ(y) - wl(y)ﬁxgl(x, y) — Wl(x)ayq)MIM(y)

The symmetry of the right side in x,y is manifest in the first four terms. The symmetry of

the remaining terms —w;(y)9,G" (z,y) — wr(x)d,®M3;(y) under I <> J can be established

from the corollary wy(y) M7y (z,y) — wy(x) My (y, 2) = 0 of the weight-two interchange
lemma in (5.3) whose last two terms cancel upon contraction with 67.
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The coincident limit (8.17) of the scalar Fay identity at weight two can be unified with the
traceless component (6.4) of the tensorial weight-two Fay identity (6.2) to the compact form,

Flate, ) f ke (y. x) = 050:0,G(x,y) — wa(y) ' (2, y) — ws (@) F k (y) (8.18)
where the last term is given by,

I
To

Flcly) = lim | f7 ey, 2) + / w"} = 0,87 i (y) — §L.C7 (1)
Y

= 0,97 i (y) — 0%0,0M7 1 () — SN M (y) (8.19)

Y

One can view (8.17) and (8.18) as the simplest examples of x-reductions that involve deriva-
tives ayf?MJ(:z, y) = —5y0x8yg?(x, y) of f-tensors, or dyf?MJ(:)s, y) in the notation of sec-
tion 3.6. At genus h = 1, the Fay identity (8.18) reduces to (8.7) in view of fiIr ;(z,y) —
FO (z—y) as well as F/ i (y) — —Gs and 9:.0,G(2,y) — Op fY (z—y).

8.3 Coincident limits of higher-weight f-tensor

Starting from weight three, one can evaluate the coincident limits z — y of the modular
tensors f 1 ;(y,z) or 9,G""(y, z) in a more direct way. For rank s > 2, we introduce the
shorthand,

CP P (y) = lim 9,6 (y, 2) (8.20)

z—=Y

for the coincident limit at weight s+1 without the need for any addition of anti-holomorphic
Abelian integrals as in (8.11). The goal of this section is to establish both the well-definedness
and the explicit form of the limits (8.20) through a recursive strategy.

8.3.1 Coincident limit of weight-three tensors

We shall first illustrate the recursive computation of the limits (8.20) through the weight-
three example at rank s = 2. The first step is to combine the anti-holomorphic derivatives
(3.20) of the 9,G"(y, z) tensors in both variables to obtain,

0y lim 9,G" (y, z) = 7 lim [@J(z)ﬁygj(y, z) — @' (y)0,G” (v, z)] — oM (y)0,®" i (y) (8.21)
2=y

zZ—=Y

The limits of the individual terms on the right side are ill-defined since they are lacking
the anti-holomorphic Abelian integrals of the expressions for C’(y) in (8.11). However, the

61



combination in the square bracket of (8.21) conspires to yield a well-defined limit,
lim [0 (2)8,G" (y, 2) — &' (y)9,G”(y, 2)]

B =@’ (2)C"(y) — @' (y)C’ (y) + 7 lim L{w"(Z) /Zy @' = &'(y) /zy QJ}

2=y Y—2

=@’ (2)C"(y) — @' (y)C” () (8.22)

since the curly bracket in second line of (8.22) vanishes with (g—z)%. Hence, the anti-
holomorphic derivative (8.21) of the limit (8.20) at rank s = 2 is well-defined,

0;CM (y) = m[@’(2)C"(y) — &' (y)C” (y)] — 7™ ()0, @™ 11 (y) (8.23)

With the expression (8.14) for C!(y) in terms of ® and rank-two 9 tensors, one can readily
integrate (8.23),
C(y) = 9, (y) — 8,2 wi(y) + 0,9M" ni(y) (8.24)
+ 0, @y ()M = 0,7 1 () MM + s (y) W
which introduces a rank-three tensor 1M1/ independent on y. Upon integration against

@M (y) and discarding the total derivatives of the single-valued ® tensors, we arrive at the
following integral representation of the new tensor MM/ in (8.24),

NMIT = /E d*y o™ (y)ct (y) = /Z dy o (y) lim 0,6 (y, 2) (8.25)
:/dewM(y) lirrzll d*r 0,G(y, )0 (2)0,G” (z, 2)
5 =Y s

:/Ed2y&;M(y)/Ed%wl(:c)/zdzww‘](w) 9,9y, 2)0:G (2, w)0,G(w, y)

In passing to the second and third line, we have inserted the recursive definitions of 9,G"7 (y, 2)
and 9,G” (x, z) as convolutions of lower-rank G-tensors. The third line of (8.25) manifests the

MMIT — QIIM , and integration by parts with respect to all of z,y,w fur-

cyclic symmetry
thermore reveals the reflection property /'™ = —9MJ/I Moreover, the integrals in (8.25)
are absolutely convergent which establishes that not only the anti-holomorphic derivative

(8.21) but also the limit (8.20) defining C?7(y) itself is well-defined.

8.3.2 Recursion for higher-weight coincident limits

The steps of section 8.3.1 in the rank-two case can be repeated to show that the limits
CPiFs(y) in (8.20) are well-defined at arbitrary rank s > 2. The inductive step in showing
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this has two steps. In the first step, the anti-holomorphic derivatives (3.20) are used to
establish the relation,

Oy lim 8ygpl“'PS (y,z) = mlim [G)PS(y)@ngy“Psfl(y, z) — @Pl(y)ﬁygpz“'Ps (vy, z)]
z—y z—y
— 7™ (y)3, 2w (y) (826)
which amounts to the following recursion relation,
OpC 1 (y) = 7w (y)CM T (y) — w™ (y)C T (y) — moM ()9, @7 e (y)  (8.27)

since both C-tensors on the right side have lower rank s—1 than the one on the left side. If
we assume s > 3 here (see section 8.3.1 for the s = 2 case), then the limits on the right side
are individually well-defined by the inductive hypothesis.

Each step of integrating (8.27) introduces a new modular rank-(s+1) tensor NM PP
ch(y) = / @z 0,G(y, ) [@" (y)C™ " (y) — & (y)C™ T (y)]
i 8yq)Mp1...psM(y> _'_WM(y);j\ftMPr--Ps (828)

representing the holomorphic piece in the kernel of ;. Upon integration against & (y) as
in (8.25), one arrives at integral representations

M Pr-Py :/d2y@M(y)CP1'”PS(Z/) :/
s

d*y @™ (y) lim 9,G™ > (y, 2) (8.29)
> 2=y

which can be simplified by the recursive definition of 9,G""*(y, 2) as an iterated convolution
as in (8.25) for r > 3,

it I — (H/ d*x; @Ij(xﬂ)amg(%,xz)ang(@,%z) w0 O, G (21, 0) 0, G (@, 1)
j=17%

(8.30)

These expressions for the tensors Nl imply their dihedral symmetry under permutations
of the indices I},

&1112--@ _ ;j\/tlg---lrll : {T\tlllg---lr _ (_1)r{ftlr---1211 (8.31)

where the alternating sign under the reflection I1I5--- I, — I,.--- 131, stems from the total
of r integrations by parts in the derivation via (8.30).

Finally, the absolute convergence of the integrals in (8.30) for any r > 2 implies that not
only the anti-holomorphic derivatives (8.27) but also the limits C'**I"=1(y) themselves are
well-defined if their lower-rank counterparts are. This completes the inductive proof that
the limits (8.20) are well-defined, where the cancellation in (8.22) can be bypassed within
the inductive step once the well-defined limit (8.24) at s = 2 is taken as a base case.
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8.3.3 Explicit higher-weight coincident limits

The inductive proof of the previous subsection led to the integral representation (8.30) for
N-tensors of rank > 3 (see (8.15) for the extra term in the integrand of the rank-two case) as
well as the recursion relation (8.28) that relates CF*(y) to convolutions of its lower-rank
analogues. An explicit solution of this recursion (8.28) is presented in the following theorem:

Theorem 8.2 The coincident limits ™' (y) = lim,_, 8,6 (y,z) at rank r > 2 are

given by,
Ch...[r(y) _ wM(y);jz\lellTnlr + ayq)Mh..,IrM(y) (832)

+ Z (_1)T’—q [ayéhfz...fp,luﬂrfr,l...IqﬂM(y);ﬁprjpﬂ...Iq

1<p<q
(p,@)#(1,r)

_'_ 8y(b(11[2"'1p,1LLII7‘I7«,1'"Iq+1)MIpIp+1mIqM(y>j|

The proof of the theorem proceeds in two steps. In a first step, we demonstrate by induction
in 7 that the expression (8.32) obeys the differential equation (8.27) relating C of different
rank. This is readily accomplished by means of the variant (p # 1 and ¢ # r),

agay¢([1[2m[p,1\_ulrl7«,1~~~Iq+1)aM(y) — _7_(.@[1 (y)ay¢(12~~~Ip,1\_I_IIT[T.flmlq+1)6M(y) (833)
R, (y)qu)(hfszpflmhfl--~Iq+1)3M(y)

of (6.7) for shuffle products of f-tensors which casts the y derivative of (8.32) into the form,

0,C1(y) = M ()0, () (331
3D (L[t ()0, (g G
1<p<gq
(p,a)#(1,7)

+ 5#7@1? (y)8yq>1112...Ip,1mfr,1m1q+1M(y);ftMIpIpH...Iq

_'_ 5107&1@11 (y)ayq)(lgmlpflLLIITIT-,lmlq+1)MIpIp+1mlqM(y)

_'_ 5q7érajlr(y>8y(b(11[2m1p,1m17-,1~~~Iq+1)MIpIp+1~~~IqM(y>
The notation d,.; and d4, indicates that the respective terms are absent for p = 1 and
q =7, and we set 0,®%,(y) = wi(y) in the (p,q) = (2,7) contribution to the second line as
well as the (p,q) = (1,7—1) contribution to the third line. The first term on the right side of

(8.34) accounts for the last term in the aspired differential equation (8.27). The remaining
terms match the target expression since the coefficients of ' (y) in the second & fourth line
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and the coefficients of @*(y) in the third & fifth line match —xC’2"*(y) and 7C™r-1(y),
respectively, by the inductive hypothesis.

The second step of the proof is to show that the identity (8.32) is not off by a holomorphic
term in y. This can be verified by integration against @’ (y) where only the first term on the
right side of (8.32) contributes and yields 9177/, This matches the @’ (y) integral of the
left side by the first step of (8.29), completing the proof of (8.32).

With the decomposition (3.13) of the f-tensors, the expressions (8.32) for CI*"Ir(y) make
the coincident limit

P ey g) = 0,88 () = (), 22 (8:35)

of f-tensors fully explicit, see (8.19) for the more subtle case with r = 1 where 117y (y, 2)
itself does not have a well-defined z — y limit. At genus one, comparison of the integral
representations (8.30) and (8.5) implies that the modular tensors 971" F» at rank s > 3
reduce to holomorphic Eisenstein series,

sftpl---Ps

h=1

Gy :s>3
_{ 62 e (8.36)

where we have incorporated the earlier rank-two result (8.16) involving the almost holo-
morphic Eisenstein series Gy. Together with the vanishing genus-one restrictions of the
®-tensors, this implies

)]y = G Tk (yy)| sy = G, 22 (8.37)

whereas (8.14) and (8.16) identify C"*(y)| P G in the weight-two case. In summary, the
coincident limits (8.35) of higher-genus f/4/ (1, 2)-tensors are considerably richer than
their genus-one counterparts in view of the hierarchy of modular tensors NPrPe of rank
2 < s < r+1 in the expansion (8.32) of CI*Ir(y).

8.4 Coincident limit of Fay identities for arbitrary weight

We are now ready to state and prove the coincident limit as z — y of the three-point Fay
identity established in Theorem 6.3. The main result of this section is Theorem 8.3 for
arbitrary rank, the proof of which is relegated to Appendix C.5.

The starting point is formula (6.15) for the Fay identity for three points of Theorem 6.3.
As we take the limit z — y, the left side converges to f 7 ;(z,y) f¥71(y, ), which is to be
x-reduced. On the right side, all terms admit regular limits as z — y, except for the following
two cases: terms with singularities f!;(y, 2) = 0%(y—2)~! + reg and terms that are affected
by the direction dependent z — y limit of 7172 ;(y, z) discussed below (8.11).
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1. When s = 0, the term on the first line of (6.15), and the k = r, r—1 terms on the
second line have singular or direction-dependent limits.

2. When s = 1, the limits of the term on the first line of (6.15), the terms (k,¢) =
(r,0), (r,1), (r—1,0) on the second line, and the ¢ = 1 term on the third line are
singular or direction dependent.

3. When s > 2, the terms (k,¢) = (r,0), (r,1), (r—1,0) on the second line of (6.15) and
the ¢ =1, 2 terms on the third line have singular or direction-dependent limits.

As the z — y limit of the left side of (6.15) is convergent in all cases, so must the limit of the
combined right side be. Indeed, all the singularities tabulated above for each case, combine
and cancel one another to produce well-defined limits as 2 — y. The net result of these finite
limits may be expressed in terms of the following tensor functions of a single variable,

gy, y) P>
0,112 ;(y) — 6 Cli(y) :r=2
it oy~ 3O J 8.38
=1 e (539
wy(y) cr =0

where the tensor function C1(y) was defined in (8.11) and evaluated in (8.14). The coincident
limit of the three-point Fay identity (6.15) then results in the following theorem.

Theorem 8.3 The coincident limits of the three-point Fay identities allows us to x-reduce
the contracted product f?J(a:,y) f?JK(y,x) with multi-indices ? = Ii---1I. and ? =
Py---P; of lengthr > 1 and s > 0,

£ y) I ey, m) = £ (2, 9) FP7 aely) — (=)0, fF 200l ()
_ Z Z(_)(—SfPS...PZHLuIl...IkJ(:L,’ y) FPI"‘PZJIk+1"'ITK(y)

k=0 ¢=0
=S () ER R () fRe eI e T (g ) (8.39)
=0

Alternatively, the rightmost term of the first line may be re-expressed using,
Puwn1,_)I I Puwh I
Oy f e g (2, y) = =08 0,0,G "z, y) (8.40)

The proof of the theorem is relegated to Appendix C.5, and the adaptation of (8.39) to the
three cases s = 0, s = 1 and s > 2 can be found in (C.66) to (C.68). The derivation of
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uncontracted Fay identities from contracted ones in section 6.6.2 straightforwardly carries
over to the coincident limit z — y, leading to,

£ e ) P w,2) = 82 £ T () () (8.41)
T ) O 0) = 02T ) k(g a)
with an arbitrary point a € ¥. Moreover, the coincident Fay identities (8.39) _can be used

to extend the reduction of products of f}_{)M(z, y) and an arbitrary number of f%7 k;(zj,2) in
section 6.6.3 to situations with z; — y.

An alternative representation of the coincident Fay identity (8.39) is stated in the theorem
below, whose proof is given in Appendix C.6.

Theorem 8.4 The z-reduction (8.39) for the contracted product f?J(x,y) f?JK(y,x) is
equivalent to,

£ o) £ ey, 2) = —(—1)ws () F TP () (8.42)
+ (—1)85§£0x8yg"1“‘”*1“$(:B, y) + (= 1) et (g0 [6:C7 (y) — 0,97 k()]

r—1 s
=Y Sayrroroy (1) R P () fP P ey ()

k=0 (=0
B Z yt[fheP (y’az)fPSmPprlJu_l?K(x’y) . flePg,lJK(y7ag)fPS---PgLu?J(x’y)}
with arbztmry points ay, - -+ ,as € M.

8.4.1 Comments on Theorem 8.4

The alternative form (8. 42732 of the coincident Fay identity manifests the cancellation of
the first term f on the right side of (8.39) and the reduction of several
FPPes(y) in its second and thlrd line to their 9,®™ " ;(y) parts. Moreover, (8.42) is a
more suitable starting point to make contact with the coincident Fay identity (8.6) at genus
one. The shuffle products of f-tensors reduce to multiples of f with the binomial coeffi-
cients in (6.12) upon restriction to genus one.'® The first term on the right side of (8.42)
reproduces the first term ~ f("+*) on the right side of (8.6). The last term of (8.6) originates
from the second line of (8.42). The third line of (8.42) produces the term ~ G, in (8.6)
from the extremal term (k, /) = (0, s) and the sums over ¢ in (8.6) from the remaining sum-
mands. The last line of (8.42) drops out at h = 1 since both of the a,-dependent f-tensors
reduce to their respective 0® parts.

60ne has to shift s — s+1 in (8.6) to account for the extra upper index J besides ? = P;--- P, in the
factor f_P)JK(y,x) on the left side of (8.42).

67



9 Meromorphic Fay identities

In this section, we spell out conjectural echos of the identities of sections 5 to 8 among
non-meromorphic and single-valued f-tensors for meromorphic but multi-valued integration
kernels on surfaces of arbitrary genus. More specifically, we propose interchange lemmas and
Fay identities for the meromorphic expansion coefficients g/t ;(x,y) of the flat Enriquez
connection [32] that literally match the analogous identities of the f/1 ;(z,y) through the
formal substitution rule f — ¢g. We also investigate the coincident limits y — z of the
Enriquez kernels which introduce meromorphic analogues of the modular tensors MNP
seen in the coincident limits of f71I* ;(x, ) in the previous section.

After the first version of the present paper was submitted to the archive, a proof of the
Conjectures 9.6 and 9.7 was advanced in [54], and an independent proof is under investiga-
tion.

At genus one, the Fay identities of Kronecker-Eisenstein kernels f*)(z) and ¢ (2) play
a two-fold crucial role for integration on the torus: first, for a general proof that elliptic
polylogarithms close under taking primitives [19, 22]; second, for an explicit derivation of
differential and algebraic identities among elliptic polylogarithms [19, 20, 21], elliptic multiple
zeta values [26, 24, 27, 68] and modular graph forms [84, 25, 85] (as a reformulation of
the holomorphic subgraph reduction developed earlier in [30, 86, 87]). By analogy with
this impact of genus-one Fay identities, the interchange lemmas and Fay identities of this
work are expected to crucially feed into derivations and classifications of relations among
configuration-space periods at arbitrary genus.

By extending the interchange lemma and Fay identities among higher-genus f-tensors
to their meromorphic counterparts from the Enriquez connection, the results of this section
pave the way for the study of iterated integrals of g ;(x,y) including the hyperelliptic
polylogarithms of [37]. In particular, the subsequent identities will be applied to change
fibration bases of the meromorphic polylogarithms of [37] similar to those in section 7 for
non-meromorphic polylogarihms. Relations between the single-valued f-kernels and the
meromorphic g-kernels, and their consequences for the associated classes of polylogarithms
are beyond the scope of this work and under investigation in collaboration with Enriquez
and Zerbini [53].

9.1 Basics of the Enriquez coefficients

Enriquez introduced meromorphic flat connections, on the universal cover of an arbitrary
compact Riemann surface, which have at most simple poles at the marked points and pre-
scribed monodromies [32]. Expanding the two-variable case of the Enriquez connection in cer-
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tain non-commutative generators gives rise to merormophic integration kernels g ;(x, y)
which are uniquely defined through their functional identities [32].

Theorem 9.1 (Enriquez [32]) There ezists a unique family of differentials, denoted by
Wit j(x,y) in Enriquez’s work and normalized with additional powers of —2mi in this work,

9" (e y) = (2 (@) 20 &)

depending on two points x,y in the universal covering space of a compact Riemann surface X
of genus h and its complex-structure moduli such that
1. ghvtr y(x,y) are (1,0)-forms in x and scalars in y;
2. g1 j(z,y) are meromorphic in all variables;
3. the r = 0 instance is given by the Abelian differentials, ¢°;(x,y) = wy(x);
4. the monodromies of g ;(x,y) in x,y vanish around the AL-cycles and obey the
following recursion around the By -cycles,'”

— (—2mi)* .
g (@B, y) = g () + ) % 8 gt () (9:2)
k=1 '

T

2mi)* P
gh IrJ(x7 y‘HBL) — gh IrJ(x7 y) + 6§r Z % gh I’rka(:L,, y) 5L k41 1
k=1 ’

where the generalized Kronecker-deltas are given by 017" = shgl ... 5l

5. given a (simply connected) fundamental domain Xy for the surface ¥ with x,y € Xy,
all of g1 ;(x,y) with r # 1 are reqular as y — x; the r = 1 instance, however,
exhibits a simple pole with the following residue,

I
9 s(z,y) = :E—_Jy + reg (9.3)

6. aty # x, the only poles of g ;(x,y) atr > 1 are those mandated by their monodromy
relations and the pole of g*;(x,y).

As detailed in section 8 of the published version of [32], the Enriquez kernels for genus
one coincide with the meromorphic Kronecker-Eisenstein coefficients defined by (2.6),

gII.“ITJ(xuy)‘hzl = g(r)($_y> (94)

1"The B monodromy in y in the second line of (9.2) is derived in part b) of Lemma 9 of [32].
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9.1.1 Decomposition into trace and traceless components

The g/t ;(x, ) obey a direct analogue of the decomposition (3.13) of the f-tensors: Their
dependence on y is concentrated in the trace 5? with respect to the last two indices [32],

g11~~ Iy (:C y> w[l "ITJ(I) _ 6§TXII"'IT71 (I, y)
wt e j(2) = 0 (9.5)
Therefore, the traceless part @/t ;(x) solely depends on the point z, and this dependence
is holomorphic on z in the universal covering space of ¥. Its 8 monodromies follow from
the traceless projection of the first line in (9.2) with respect to I, J,

2
ol t (I—F’B ) Il‘I'r +Z 7” 511 Ikwlk+1"'1rj(x)

—2m

T , ) <5§1---ITWJ(:U) R Eéj*éf f”wL(x)) (9.6)
r!

By the tracelessness of w!'I* ;(z), their restrictions to genus one vanish, and the trace of

(9.4) relates the x/tI=1(z, y) to the meromorphic Kronecker-Eisenstein kernels

I 1,

w x)}h:1 — 0’ XI1...IS (l,’y)}h:1 _ _g(s+1)($_y) (97)

111

The pole structure of g J(z,y) in items 5. and 6. of Theorem 9.1 readily translates into

the y — = behavior,
1
X(z,y) = —— +reg (9.8)
y—x

whereas all of y'“Is(z,y) with s > 1 are regular as y — x. Moreover, the only poles of
L (2, y) with s > 0 at y # x are those mandated by (9.8) and the monodromies,

(—QWi)SH LT

2m
i IS(:c—l—%L, y) = i IS (xz,y +Z 5"1 I’CXI’M IS(x,y)—7(8+1)!h 2w (x)
271)8 k+1
B 1) — A fs(:c,y)—Z”i,gh“mx,y)a?“ . (9.9)

pare (s—k+1)!

Explicit expressions for g’t!r

J(z,y) at h > 2 remain somewhat cumbersome to exhibit ex-
plicitly at this time, though recent work [37] offers formulas in the local Schottky parametriza-
tion of moduli space that lend themselves to numerical evaluation for genus two. Representa-

I,

tions of g J(z,y) in terms of the f-tensors and iterated integrals of lower-rank instances

are currently under investigation in joint work with Enriquez and Zerbini [53].
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9.2 Meromorphic interchange lemmas

In this section, we produce the meromorphic counterparts of the interchange lemma for f-
tensors in section 5 which will allow us to z-reduce expressions of the type wy(z)g" " ;(y, x).
The definition of z-reduced in the meromorphic case is analogous to but simpler than the one
given for the non-meromorphic case in section 3.6. For mutually distinct points 2z, - -, 2z,
the exterior algebra generated by the differential forms,

wi(z), g (2, 25)d, 0,9 (21, 2)dz A dz; (9.10)

will be denoted Ay. It is manifestly closed under addition, the wedge product, and appli-
cation of the Dolbeault differentials 0; = dz;0., and 5]- = dz;0z;, the latter since the forms
are all meromorphic and the points z; are mutually distinct. An arbitrary element of Ay is
defined to be z;-reduced, for a given value of i, if it is a linear combination of z;-independent
terms and those generators of Ay that depend on z with coefficients that are indepen-
dent of z;. In short, z;-reduced products of the generators (9.10) feature no more than one
z;-dependent factor besides dz;.

The simplest example occurs at rank » = 1 where the meromorphic analogue of the basic
interchange lemma (5.2) with a contracted index reads,

wir(2)g™ 5 (y, ) + wu () g™ s(z,y) = 0 (9.11)

Through the decomposition (9.5) of the Enriquez kernels, this translates into the following
meromorphic counterpart of (5.1),

wir(2)@w™ 5 (y) + wn(y)@™ 5 (x) — ws(z)x(y, ©) — wi(y)x(z,y) = 0 (9.12)

and illustrates that the traceless component @™ ;(x) of g™ ;(z,y) compensates for the lack
of translation invariance in the trace component x(z,y) at genus h > 2. For arbitrary rank
r > 0, we obtain the meromorphic analogue of the non-meromorphic contracted interchange
Lemma 5.2.

Theorem 9.2 The differentials I11"Ir j(x,y) defined by,

It () = war(2) g™ (y, @) + (1) wa(y) g5 (2, y) (9-13)

4 (_1)k+r |:w11~~-IkM(y> wlr"'1k+1MJ(x) _ WIT---IkM(SL’) wll"'lkflMJ(y)]

k=

[y

satisfy the following properties:
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1. they are (1,0) forms in x,y and obey the symmetry T ;(z,y) = (=) 11 4 (y, z);

2. have vanishing 2 monodromy in x and y, and their B monodromy in y are given by,

(—2mi)*
k!

I (o, y4B1) = 0 () + 3 S () (9.14)
k=1

3. they are holomorphic in x and y for all v > 0;

4. as a consequence, they vanish identically for all r > 0,

Ity (a,y) = 0 (9.15)

We note that the last line in (9.13) may alternatively be expressed solely in terms of the
differentials g% ;(x,y), leading to the following representation,

Ity (@, y) = war(@)g" M (y, ) + (1) wa (y)g" " s (2, y)

+) (=DM [911"'11“1\4(% ag) g™ M (2 by)
k=

[y

=gt My, ar)g' e (a, by ) (9.16)
where aq,---,a,, by, -+ ,b. are arbitrary points in the universal cover of . Solving the
vanishing of TI7*!* ;(z,y) in (9.13) for the first term on the right side provides the z-reduced
form of wys(x)g’ "M ;(y, z). The proof of Theorem 9.2 is relegated to Appendix C.7.

9.2.1 Uncontracted interchange lemmas

Since the decompositions (5.11) literally carry over to f — ¢ as well as 9G — x and
0P — w, we obtain a meromorphic version of the uncontracted interchange lemma (5.12)
that xz-reduces wJ(:L’)g7LK(y, x) with free indices J, K, L and T = LI,

Corollary 9.3 The meromorphic un-contracted interchange lemma takes the following form

7L

T

wi(@)g T Ex(y,0) = —(—1)ws ()9 Exc(@,y) + wiz)g T Ly, a) — SEwn()g T 5y, a)
+ (=D)"ws(y)g" (2, b) — (—1)" 0w (y)g "™ 5 (x,b)
+ 5[L( Z(_l)k—i-r [gll---lk,lMJ(y’ ak)glr---IkM(x’ bk)
k=1
— g (y, ag) g e M (a, bk)} (9.17)

with ? =1y --- 1. and two additional arbitrary points a,b in the universal cover of 3.
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9.2.2 Swapping identities

As another important two-point identity among Enriquez kernels, we shall here introduce
the meromorphic analogue of the symmetry property,

0:0,G"" " (2, y) = (=) 0:0,G"" (y, x) (9.18)

which straightforwardly follows from differentiating (3.12) with respect to x and y. In con-
trast to their single-valued counterparts 9,G"Ir(x,y), the trace components x'tr(x,y) of
the Enriquez kernels in (9.5) do not feature an exposed holomorphic derivative in x. Still, the
trace component G — x of the substitution rule f — g converts (9.18) to a valid identity
stated in the following theorem.

Theorem 9.4 The (1,0) forms UM (z,y) in x and y defined by,

U (z,y) = 9x" I (2, y) — (=) dex M (y, 1) (9.19)

vanish identically for any r > 0

U (2,9) =0 (9.20)
The proof of the theorem can be found in Appendix C.8. It relies on the 8 monodromies
in (9.9) as well as the cancellation of poles 9,x(z,y) = —ﬁ + reg from U(x, y).
By the decomposition (9.5), the y derivatives of the Enriquez kernels gIr¥ ;(z,y) are
concentrated in the trace with respect to K and J, i.e.
0yg" " (w2, y) = =05 O (,y) (9:21)

and one arrives at the following corollary of Theorem 9.4

Corollary 9.5 Derivatives of the Enriquez kernels obey the swapping identities for all r > 0

Dyg" I (2, y) = (=) 0ug" S (y, @) (9.22)

The swapping identities will play a key role in the change of fibration bases for the mero-
morphic polylogarithms in section 9.5.

9.3 Meromorphic Fay identities

As a meromorphic analogue of the simplest tensorial Fay identity (6.2) of the f-tensors, the

111>

Enriquez kernels g7; and ¢’z ; are proposed to obey

9" (@) k(. 2) + 9V sy, )97k (2, 2) — g™ s (2, 2) 97k (y, 2)
+ws (@) g™ Ky, 2) + ws () g™ k (2, 2) + wi(2)g™ k(y,2) = 0 (9.23)
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Through the decomposition (9.5) of the Enriquez kernels, the trace with respect to M, K
implies the following meromorphic counterpart of (4.2)

0= x(z,y)x(y,2) + x(y, v)x(z, 2) — x(v, 2)x(y, 2)
—wri()x (y,2) — wi(y)x'(z, 2) + x2(z,y) (9.24)

where the symmetric function ys(x,y) = x2(y, x) can be viewed as the meromorphic analogue
of 0,0,G2(z,y) in (3.21) and can be rewritten in analogy with (5.6),

iy, 2) + = (@)@ ()

1(z,y) + @’ 1(2)@’ 5 (y) (9.25)

hxa(r,y) = wu(r)g

= wu(y)g™

The traceless part of (9.23) in turn yields the meromorphic analogue of (6.4)

Xy, 2)@ k() = —x(z, )@Y k() + wi (@)@ k (y) + ws(y)@" k (z)
+ws(@)g" K (y, 2) — FoK wy(x)g™ L(y, x)
+ o (y)@’ k(z) — 2o @ 5 ()@’ L(2) (9.26)

The products ¢ ;(y, z)g” k (x, 2), x(y, 2)x(x, 2) and x(y, )™ g (x) may be z-reduced with

the help of equations (9.23), (9.24) and (9.26). Alternatively, (9.23) and (9.24) can be used
to z-reduce the products ¢ ;(x, 2)g” k (y, 2) and x(z, 2)x(y, 2).

9.3.1 Contracted meromorphic Fay identities

More generally, the contracted Fay identities (6.11) and (6.15) at arbitrary weight > 2 are
proposed to carry over to the Enriquez kernels as follows:

Conjecture 9.6 The contracted product g?M (vy, )g?‘]K(x z) for multi-indices ? =1---1,
and P = Py --- P;, which is a (1,0) form in x,y and a scalar in z, can be z-reduced in terms
of Enriquez integration kernels as follows,

9"V 1y, 2)9 7 k(. 2) = (~1fws(y)g T kel y) (9.27)
+ M (g (g 2) S g, ) g T e M ()
k=0
+ "M (g )g T e, 2) + (7 2)g TP POM ()
=0
31 (T (g ag PR (b)) — g7 (g, a0)g TP (b))
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with arbitrary points ay, - -+ ,as, by, - -+, bs in the universal cover of 3.

In Appendix C, the analogous Fay identities in Theorem 6.2 on the z-reduction of
the scalar f?MJ(y,z)f T (z,2) are shown to imply Theorem 6.3 for the x-reduction of
f1i(x,2)fP k(y,x). This proof only relies on identities of f-tensors that apply in identical
form for the Enriquez kernels, for instance that the dependence of both f1I ;(z, 1) and
g"v " ;(xz,y) on y is concentrated in the trace 0’7, see (3.13) and (9.5). Accordingly, the
following meromorphic version of Theorem 6.3 is a corollary of Conjecture 9.6:

Conjecture 9.7 The contracted product g7J(:)3, z)g?‘]K(y, x), which is a (1,0)-form in the
repeated point x, may be x-reduced as follows in terms of Enriquez integration kernels,

g7 5,29 ke (y, >:g?J<x,z>g?JK<y,z> (9.28)
_Z Z Szgpé PeJrlLLlfl Ty (:C y>gP1 Pg]]k+1 I (y7z)
k=0

_ Z 15 gPFe sy, 2) [g(Ps...meu?)JK(x’y) + g(Pr P Wt ()]

9.3.2 Uncontracted meromorphic Fay identities

The derivation of uncontracted Fay identities among f-tensors from contracted ones in sec-
tion 6.6 is solely based on the decomposition (3.13) into traces and traceless parts which
carries over to the Enriquez kernels as seen in (9.5). Accordingly, the uncontracted Fay
identities (6.22) hold in identical form for f — g,

07 (5, 2)g 7 2p (2, 2) = 6297 1y, 2)g 7 ke (w, 2) (9.29)
P

+ g™ M (y, 2)g7 2 (@, a) — 559?%(% 297 x(z, a)

where Conjecture 9.6 may be used to z-reduce the first term on the right side. Similarly, the
uncontracted Fay identities (6.25) have the direct meromorphic analogue

g7 k(2 2)g7 Ly, x) = 6297 5(x,2)g" k(y, x) (9.30)
+ g7 k(297 2y, a) — 0997 s(z, 2)g7 "k (y, a)

where Conjecture 9.7 may be used to x-reduce the first term on the right side.

In conclusion, the meromorphic uncontracted Fay identities (9.29) and (9.30) ensure that
the elimination of repeated points z and z in g?MK(y, 2)g19p(z, z) and g7K(:B, )9t (y, x)
does not rely on the contracted index J in (9.27) and (9.28), respectively.
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9.3.3 Iterated meromorphic Fay identities

We have seen in section 6.6.3 that iterative use of uncontracted Fay _1>dent1tles among f-
tensors z-reduces products of f wm(z,y) and an arbitrary number of f% ;(xj,2). The con-
jectures in this section imply that the meromorphic uncontracted Fay identities (9.29) and
(9.30) take the same form as those of the f-tensorsin (6.22) and (6.25). As a consequence, the
reduction algorithm of section 6.6.3 should carry over to arbitrary products vazl gt K; (75, 2)
of Enriquez kernels after applying the substitution rule f — g to the C- and D-tensors in
(6.27).

In conclusion, the above meromorphic Fay identities involving three points are sufficient
to z-reduce arbitrary products of Enriquez kernels of (1,0)-form degree < 1 in z. The
algorithmic reduction of such products will be important to derive identities among iterated
integrals of the Enriquez kernels.

9.4 Meromorphic coincident limits

This section is dedicated to the coincident limits z — y of Enriquez kernels g/ ;(y, 2)
and their corollaries for Fay identities. We provide evidence that the results of section 8 on
coincident limits of f-tensors — in particular the modular tensors M-I that do not depend
on any point — have a direct meromorphic counterpart.

9.4.1 Coincident limits of Enriquez kernels

While the coincident limits of f-tensors were studied based on anti-holomorphic derivatives,

11"'ITJ(y, z) at z — y relies on monodromies.

With the monodromies (9.9) of the trace components x'*(y, 2) of the Enriquez kernels

our analysis of their meromorphic counterpart g

at hand, it is straightforward to determine simultaneous monodromies as both of y, z are
moved around the cycle B, e.g.

2 h
XU(?J‘F%L, Z+%L) = XU(?% Z) + 2“(5] I( ) - 51 J( 72) - WUL(?J))

ik <5ng (v) ~ 5071y )) Rk <% ) 1) o

Upon comparison with (9.6), the simultaneous B monodromy ! (y+B., z+B1) — x'(y, 2)

is found to be identical with that of @ ;(y). In the coincident limit z — y, the difference

X (y,y) — @™ (y) is therefore a single-valued and holomorphic (1,0)-form in y which can

X (y+Br, 24+BL) = X (y, 2) — 2miww! L (y) + M <1 — —) Stwr(y) (9.31)
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thus be expanded in wy;(y),

X' (y,y) = @™ ar(y) + war(y) MM (9.32)

for some y-independent 91!, The restriction of g/ ;(x,y) to meromorphic Kronecker-
Eisenstein kernels at genus one, see (9.4), together with the coincident limits,

lim g (z—y) = -G,, r>2 (9.33)
y—T

implies that the quantity 91! in (9.32) can be viewed as a higher-genus uplift of the quasi-
modular holomorphic Eisenstein series (8.3),

N\ _ =Gy (9.34)

The right side of (9.32) is obtained from the non-meromorphic identity (8.14) through the
formal substitution rule 9® — o and MML — NML, However, the coincident limit of xZ(y, 2)
leading to the left side of (9.32) does not necessitate any analogue of the subtraction in (8.11)
prior to the limit z — y of 9,G'(y, ). It is tempting to apply the same substitution rules to
the limits z — y of 9,G™ ' (y, 2) at higher rank r > 2 in section 8.3. Indeed, substituting
0% — w and MM — MM into the expression (8.24) for lim,_,, 9,G"(y, z) completely
captures the monodromy (9.31) of x!/(y+B.,2+B1) — x!’(y, 2) in the limit 2 — y: The
first five terms on the right side of

XIJ(% y) = WIMJM(?J) - WJMIM(?J) + WMIJM(Z/)
+ @ ()M — @ () MM+ war (y) MM (9.35)

fully capture the monodromies of the left side in y, which introduces yet another y-independent
meromorphic function MM?/ in the last term. The matching of the monodromies on both
sides relies on the symmetry 9™ = MM’ of the meromorphic functions in (9.32) which we
shall justify in the discussion below (9.39).

More generally, we expect the following meromorphic analogue of the z — y limit (8.32)

of 9,611 (y, 2):

Conjecture 9.8 The coincident limits of the 67 trace components x''"Ir(y,z) of the En-

riquez kernels g 17 i (y, 2) in (9.5) with r > 1 are given by,

X (g, y) = wpy (y) DT Te M I () (9.36)

r
+ E (_l)r—q |:w11]2~~~1p1\_|_lf7nfr1---Iq+1M(y) mMIpIp+1---Iq
1<p<q
(p,a)#(1,m)

+ w(III?“IpflLUITIrfl“‘Iq+1)MIpIp+1‘“IqM(,y>
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provided that the meromorphic y-independent quantities I obey dihedral symmetry,
S)’tIlIZ"'Ir — ml2“'1r11 S)’tIlIZ"'Ir — (_1)7‘mlr---12[1 (937)

Assuming the dihedral symmetries (9.37) at lower rank, we have verified (9.36) by comparing
monodromies on both sides up to and including rank four. In case the cyclic symmetry in
(9.37) fails at some ranks r > 3, then the right side of (9.36) needs to be augmented by
counterterms involving at least one factor of /172 Is —f2Ist ip each term to match the B
monodromies. By the restriction (9.7) of the components w and x of the Enriquez kernels
to genus one and their coincident limits (9.33), we recover holomorphic Eisenstein series of
modular weight » > 3 from the genus-one instance of (9.35) and (9.36),

m[llg---lr

=G, (9.38)

We leave it as two important open problems to find 2(-cycle-integral or theta-function rep-
resentations for M12"I» and to determine their modular properties.

9.4.2 Coincident limits of meromorphic Fay identities at weight two

With the above candidate expressions for the limits z — y of x/'"I*(y, 2), we shall now
spell out the coincident limits of the conjectural meromorphic Fay identities of section 9.3.
In the same way as the pole 9,G(x,y) = (y—z)~! + reg in non-meromorphic Fay identities
introduced y-derivatives of f11I ;(z, ) into their coincident limits of section 8.4, the simple
pole x(z,y) = (y—z)~' + reg gives rise to contributions 9,¢" " ;(x,y) to the subsequent
formulas. As an additional simplifying feature of the meromorphic setting, one does not
encounter any analogues of the Abelian integrals in (8.9) or the terms ~ (z—7g) in (C.56)
which compensate for the ill-defined z — y limit of 9,G(y, 2).

The simplest example is the z — y limit of the meromorphic Fay identity (9.24). Using
the coincident limit (9.32) of x(y, 2), we obtain

0= x(z,y)x(y, ) — Iyx(x,y) + x2(z,y) (9.39)
— N wi(y)ws(z) — wi(y)X' (@, y) — wr(z)@™ u(y)

as a meromorphic analogue of (8.17) with xo given by (9.25). By integrating = and y over
the A and AQ cycles, one can deduce the symmetry property 977 = 97! from (9.39):

e x(z,y)x(y,z) and xo(z,y) are symmetric under x <> y by inspection, and so is
Oyx(z,y) = Oux(y, ) by the swapping identity in Theorem 9.4 at rank r = 0; hence,
the respective 2-periods fmp dx me dy of x2(z,y) and the non-singular combination
x(z,y)x(y, x) — Oyx(z,y) are symmetric under P < @Q;
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e the last two terms —w;(y)x!(z,y) — wi(z)w™!(y) are also symmetric under x < y

by the corollary wa(x)g"™ 1(y, ) = wu(y)g
and therefore have a P <+ () symmetric integral against fmp dx me dy;

IM (x,y) of the interchange lemma (9.15)

By virtue of these observations, the computation of MY = ¢, . dx §,o dy N w;(y)w,(2)
from (9.39) yields a symmetric function under P < @ as was used in the matching of B
monodromies in (9.35).

The scalar coincident Fay identity (9.39) and the traceless two-tensor identity (9.26) can
be combined to the following meromorphic counterpart of (8.18)

Il (2, y) — wi(2) 9" K (y, y) (9.40)

9'3(@. )9k (y, ) = 0 Dyx (. y) — wi(y)g
which also follows from the z — y limit of (9.23).

9.4.3 Coincident limits of meromorphic Fay identities at arbitrary weight

At higher weight, we shall use the compact notation,

g (yy) s> 2

Xy =qo,@aly)  cr=1 (9.41)
wJ(y) cr=20
Iy, IyIr

sy, y) = @l (y) = Gy x I (y, y) ds pro-
posed to admit the further decomposition via (9.36), though the conjectures in this section
would not be affected by tentative counterterms in (9.36) involving OM/1/2Is —if2-Ishi - Tp
the notation of (9.41), the meromorphic coincident Fay identity at arbitrary weight (which

analogous to (8.38). The trace part of g

is conjectural since the underlying three-point Fay identities (9.28) are) takes the form,

7 BJ

Conjecture 9.9 The contracted product g* j(z,y) g* * k(y,z) may be x-reduced as follows,

g7 1(x,y) g7 K (y,x) = g?,@ v APT () + (=) 6L,y T HDT1 (3, y)
_ZZ f S P‘s PeJrlLLlfl Ik (I y) XPl Pg]]k+1 ITK(y)

k=0 (=0

—Z YR () gPr P 0T () (9.42)

This contracted version of the meromorphic coincident Fay identity can be uplifted to an
uncontracted version through the meromorphic analogue of (8.41):

07 k(@) 0y, 2) = 6297 5(z,)g" k (v, 2) (9.43)

(@ 9)g" (v, a) — 0297 5(2, )97 xe(

+g Kyva)
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with an arbitrary point a on the universal cover of ¥. For the single-valued analogue of
the coincident Fay identities (9.42) in Theorem 8.3, the steps in Appendix C.6 lead to the
reformulation in Theorem 8.4. By adapting the computations of Appendix C.6 to f/+Ir; —
g"I* ; the meromorphic coincident Fay identities (9.42) can be shown to admit the following
alternative form:

Conjecture 9.10 The product g?J(x,y) gl_D)JK(y,at) may be alternatively x-reduced via,
97 1@, 99"k (y2) = —(~1)wsy)g” T k(e y) + (~1)EONTT P (2y)  (9.44)
_ i ZS:(_1)8—5911---1kLLIPS---Pg+1J(x’ y)g PP e I ()
k=0 (=0
S (g ag ™ T ) = g ) T )]
=1
with arbitrary points ay,--- ,as on the universal cover of X.

In comparison to the non-meromorphic analogue (8.42) of (9.44), the coincident limit
g’ (y,y) in the (k,£) = (r—1,0) term of the second line is by itself well-defined and there
is no need to sidestep the ill-defined z — y limit of f/" (v, 2) via 9, @’ g (y) — 0%C’ (y).

9.5 Change of fibration basis for meromorphic polylogarithms

This section aims to provide an introduction to the implications of our identities among

Enriquez kernels for the corresponding iterated integrals. We shall focus on the meromorphic

polylogarithms introduced in section 5.6 of [37] for hyperelliptic ¥ and extended here to
arbitrary Riemann surfaces of genus h,

(02 Te) = [agtu e B( B0 ) T(Riee) =1 09

p1 P2 v Pe y D2 v Pe 0

This relation provides a definition of the polylogarithms, recursively in the length ¢ > 0,

and in the number of points py,---,py, as we shall now explain. For multi-indices 17,

9, 75 involving ny, ng, -+, ny > 0 letters, the specialization of (9.45) to genus one

exactly matches'® the formulation of elliptic polylogarithms via g(™)-kernels [21] once the

lower endpoint y of the integration path of is fixed to the origin of the universal cover of the

torus, .
Do ahey) |, =T i) (9.46)
p1 p2 - Pe —

y=0

18We depart from the normalization conventions in section 5.6 of [37] by powers of —27i due to the relative
factors in (9.1) between the integration kernels g/t "I ;(z,y) in (9.45) and the w’'"I* ;(z,y) employed in the
hyperelliptic polylogarithms in the reference.
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As is familiar from the elliptic polylogarithm f(}“:c) with @ = 0 and a = x [20, 23], the
integral T ( 2 |, y) over the singular integration kernel g ;(¢,p) = % +reg exhibits endpoint
divergences if p = x or p = y which require regularization, for instance via tangential base
points [78, 71, 2]. At higher length ¢ > 2, the meromorphic higher-genus polylogarithms
(9.45) are taken to be shuffle-regularized such that the treatment of endpoint divergences is

~ T
determined by the regularization prescription for I" ( i, y)

Empty multi-indices ?k = 0 in (9.45) refer to integration kernels wy, (¢) which do
not depend on p, and we shall then omit the third row of the respective column as in
f( - })k i, y). If all the multi-indices ?k are empty, the polylogarithms (9.45) reduce to
iterated Abelian integrals I'j,...; (x, y) obtained from the special case (7.7) of the generically

non-meromorphic polylogarithms I'(to; x, y; p) of [36] for words to in letters a’* only,
f(% % L% ; :L’,y) =T(a"a” - -a’;2,y;p) =Ty, (2,9) (9.47)

The dependence of (9.45) on the points pj. is concentrated in the traces with respect to Ji

with the rightmost index of 7k, and the relation x1{s(¢, p) = —%gll"'lsKK(t,p) propagates

as follows to the polylogarithms in (9.45),

* < Ty T, 1o/ Tk T~ T,
/ dt X?l(t,pl)F<Jz Jf;t,y> = _EP( KR Jf;l",y) (9.48)
Y P2 - D¢ P1 p2 - Dy

By the meromorphicity of the Enriquez kernels, the polylogarithms in (9.45) are meromor-
phic in all points =, y, p1, - - - , pe in the universal cover of ¥ and in the moduli of the surface.
Accordingly, total differentials reduce to the components involving the holomorphic deriva-
tive, and one for instance simplifies d¢ to d§0; in,

(T ) = (0 Fay) + /pk dgol (5707 Tiny)  (049)

D1 et ook . 1 £ e g

In the remainder of this section, we shall combine (9.49) with the meromorphic interchange
lemmas and Fay identities of sections 9.2 and 9.3 to perform changes of fibration bases for
the meromorphic higher-genus polylogarithms of (9.45). The existence of the change-of-
fibration-basis identities is essential for the closure of (9.45) under integration as detailed in
the case of non-meromorphic higher-genus polylogarithms in early section 7. The explicit
form of these identities to be derived below from (9.49) at low length ¢ < 2 is valuable for
applications to Feynman integrals, string amplitudes or other situations in physics. The key
ideas of the subsequent examples straightforwardly apply to higher length ¢ and allow us to
algorithmicially (in fact recursively in /) relegate the dependence of (9.45) on an arbitrary
point py, solely to the endpoint of the integration path as seen in (9.49).
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9.5.1 Length one

At length one, the opening line (9.49) leads us to the following change of fibration basis,

f(llglr%x,y) - f(hib;x,ﬁ - /p d /""’ dt g™ s (t,€)
q Y

S—— pdg xdta (NS
: / / (1, €)
= (=)ol | de | dtop (et
arr / / Vg p)
— (et / de ("1 (€, ) — X (e, )
= %(—)’"59 {f(”i;h[(;p, q) - f(“%“;p, q)} (9.50)

From the first line to the second, we have used the fact that d¢g” " ;(t,€) is proportional
to 5§T and in going to the third line we have applied the swapping identity in Theorem 9.4.
The integrals over ¢ in the fourth line were lined up with the polylogarithms I in the last
line by means of the integration identity (9.48) for the trace components x*' 7+ (z, ) of the
Enriquez kernels.

One could have also carried out the change of fibration basis without isolating the &-
dependence of 9zg" 1 ;(t,£) through the trace decomposition (9.5). With the alternative
representation (9.22) of the swapping identity, one arrives at,

- o, - o, SR ST o S A o 8
F(hJI xy) —F(hJI xy) = (—)T{T( J ;p,q> —F(l it ;p,q)} (9.51)
p q Y x

Equivalence to the earlier form (9.50) of the change of fibration basis at length one follows
~ fIp_qI1 1,
from the fact that the traceless part of F< e i D, q) is independent on y. Note that the
y

specialization of (9.51) to genus one and y = ¢ = 0 reproduces the well-known identity among
elliptic polylogarithms (see section 2.2.2 of [20] for derivations of closely related identities),

D(pse) = D(532) = (7 {T(6:0) ~ L (5:p) | (9.52)

9.5.2 Length two

The key steps in the length-one computation of (9.50) generalize to carrying out the change of
fibration bases in higher-genus polylogarithms of arbitrary length ¢ > 2. We shall explicitly
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present thg case of length ¢ = 2 with multi-indices 7 =11, ? = P;--- P, and its
reflection P = P;--- Py, again starting from (9.49),

~ (T PMm ~ (T PMm P ’ 7 " Pm
r cx,y) —T Ty ) = d dt t1, dty O, ta,
(IZ(?!L"?/) (IZ({]%!L"?/) /qf/y 19K(1Z)/y 20¢g R(zf)
= (—)S/ df/ dt Q?K(tl,z) (Q?MR(f,tl) —Q?MR(S,?J))
q y
= (—)85RM/ df/ dty g?J(tlaZ) (Q?JK(S,tl) —Q?JK(&?J))
q y

—ra{ [lae [Carg st o™ ke -1 (Twa)i (Wina)} o

We have applied the swapping identity 85g$MR(t2, €)= (—)Sﬁtzg?MR(f, ty) in passing to the
second line and then used a relabeling of the trace-decomposition identity (9.30) to introduce
contracted indices J in the integrand. In this way, the bilinear ¢g* ;(t, z)g?" kx(&,t) in the
last line is amenable to the uncontracted Fay identity in Conjecture 9.7.

Since the goal of this section is to arrive at a fibration basis with all the p-dependence in
the integration limit, it is essential to perform the integration over ¢ prior to that over £. This
is accomplished by t-reducing the last line of (9.53) via (9.28) and expressing the ¢-integrals
in terms of polylogarithms,

f(gﬁg;x,y)—f(zﬁg;x,y)25%{(—)3f@;z,y>[ (?‘Iyp,q> f(%‘];p,qﬂ

z q
L/ PyPppawl-I
z b3 / s<g>< )
=0 k=0
T
[ Tate AR )

o7y ,p,) (g )L o

z

In order to express the leftover integrals over ¢ in terms of T (---;p,q) in the aspired fibration
wPpyqWly--T
basis, it remains to apply the length-one identity (9.51) to rewrite both r < H%' T T, y)
PS PZ+1 LLl?

and F( K |, y) in the fibration basis of I'(- - - ; €, ¢). With the recursion (6.5) for
3
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the shuffle product, the leftover &-integrals take the form,

p ~ / Ps-P, Iy1
[ gttt p (T ) (955)

q

~ ( Ps- Pyl ~ ( PrPpJljyq1Ir

=T J s,y )T K Dy q
z

op | = ProPedlgprIr (PoyorPstidyIn)Pegq
+ (=)™ Z{F< K J ;p,q) —(x<—>y)}

N ()k+sg{f<P1---Plék+1---Ir (PHl---PSLLI;Ikl---Il)Ik . q) e y)}
as well as
/p dg g™ (¢, z)f( (PS'"P%IUJ?)J , y) = f( (PS'"P%IUJ?)J , y)f ( Pl'zfpl D, q)
g
# B (P T ) e ] 059

The above computations express a generic length-two polylogarithm f(% ?22 ;x,y) in the
p1 p2

fibration basis of f( -+ ;p2,q). The alternative fibration basis of f( -+ ;p1,q) can be readily
attained by employing the shuffle product,

~ (T T - /T - /T - (T Th
F<J1 J22;367y) = F(Jll;x,y)F<J§;$,y> —F<J§ 7 ;$,y> (9.57)
P1 p2 p1 D2 P2 p1

and applying relabelings of the changes of fibration bases (9.51) and (9.54) at length ¢ =1
and ¢ = 2 to the p;-dependence on the right side.

9.5.3 Arbitrary length

Similar to the non-meromorphic change-of-fibration-basis identities in sections 7.2 and 7.3,
our method (9.49) to change fibration bases of meromorphic polylogarithms is recursive in
their length. The use of swapping identities and meromorphic Fay identities in the ¢ = 2
computations of (9.53) and (9.54) generalizes to arbitrary length ¢ and necessitates change-

of-fibration-basis identiti?es at7> length < /—1 to perform the &-integral on the right side of
(9.49). For instance, f( T g, y) can be brought into the fibration basis of I'( - - ; py, q)
Pe

b
as follows:

e straightforwardly adapt the steps of (9.53) to perform the innermost integral, resulting
in contributions of the form ¢ ‘fflj(tg_l,pg_l)g?JK(g, te—1) to the leftover integrand,
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e t,_1-reduce this bilinear and integrate the outcome of Fay identities over ty,--- ,t,_1 in

~ T Ty K - v Tya K
terms of F< FA A ;x,y) and F( o Tl ;:c,y) of length /—1 as in (9.54);
P1 v Pe—2 Pe—1 p1 v Pe—2 &

e assuming that change-of-fibration-basis identities at length /—1 are available, express

all the f( N Tl )T, y) of the previous step in the fibration basis of f( -3€,q) to
p1 v Pe—2 &

perform the &-integral as in (9.55) and (9.56).

7T T
Ji -

The rewriting of f( o Ty e Ty T y) at arbitrary k < ¢ in the fibration basis of I'(- - - ; py, q)
P1 o Do De

can be reduced to the previous case of k& = £ by moving the column of p; to the rightmost
position via shuffle identities similar to (9.57) and importing relations at lower length.

85



10 Conclusions and further directions

As the main result of this work, we have generalized the Fay identities among the Kronecker-
Eisenstein integration kernels in the elliptic polylogarithms of Brown and Levin [19] to
compact Riemann surfaces of arbitrary genus. Our higher-genus Fay identities are bilin-
ear relations among the single-valued tensorial integration kernels f71r ;(x,y) that furnish
the backbone of the flat connection used to generate the polylogarithms in [36]. Bilinears
of the schematic form f(y,z2)f(x,z) and f(x,z2)f(y,x) with arbitrary collections of ten-
sor indices are rewritten in (6.11) and (6.15) without repeated appearance of the points z
and z, respectively. These Fay identities among single-valued but non-meromorphic kernels
fhIr (2, y) are proposed to apply in identical form to the meromorphic but multi-valued
kernels g/t ;(z,y) introduced by Enriquez [32].

Already at genus one, Fay identities among Kronecker-Eisenstein kernels are crucial to
demonstrate the closure of elliptic polylogarithms under taking primitives [19] and to develop
concrete integration algorithms [20]. Similarly, the higher-genus Fay identities in this work
are essential to change fibration bases and to determine primitives of the polylogarithms
in [36] when they are multiplied by more than one f-tensor, i.e. necessary conditions for
closure under integration. In fact, Fay identities involving three points on the surface suffice
to integrate products of fI1Ir j(x 1) kernels involving an arbitrary number of points (as
is familiar from genus one). By the meromorphic Fay identities in this work, the same
algorithms and arguments for closure under integration apply to iterated integrals of the
multi-valued Enriquez kernels g/ ;(z, y) including the hyperelliptic polylogarithms of [37].

The coincident limit of the single-valued Fay identities introduces modular tensors hdr
of all ranks 7 > 2 that do not depend on marked points and reduce to (almost) holomorphic
Eisenstein series upon specialization to genus one. By analogy with the role of coincident
Fay identities at genus one for the differential equations [84] of modular graph forms [29, 30],
the modular tensors M1 are expected to govern the differential relations among modular
graph tensors at arbitrary genus [51]. Our coincident Fay identities among Enriquez kernels
similarly relate the y — x limit of g/ ;(x, ) to certain meromorphic functions on Torelli
space that should prominently feature in the differential structure of higher-genus analogues
of elliptic multiple zeta values [26].

In applications to string scattering amplitudes, the Fay identities in this work will be a
driving force for bootstrap approaches to their moduli-space integrand and the integrations
over the moduli in the low-energy expansion. This can for instance be anticipated from the
simplifications of fermionic correlation functions — cyclic products of so-called Szego kernels
— in terms of f-tensors [46]. Our Fay identities will facilitate the identification of simplifying
amplitude structures from the conspiracy of these fermionic correlators with bosonic ones.
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A The prime form and the Arakelov Green function

The purpose of this appendix is to collect some basic results on J-functions, the prime form,
the Arakelov Green function, and some aspects of their relation with string amplitudes. For
a more detailed and systematic exposition, we refer to [7, 88].

The Siegel upper half space of rank h is the set of h x h symmetric matrices with complex
entries and positive definite imaginary part,

My, = {Q € C™" such that Qf = Q, Im (Q) > o} (A.1)

The space Hj;, may also be given as the Kéahler coset H;, = Sp(2h,R)/U(h) where Sp(2h,R)
is the group of matrices M € Sp(2h,R) defined by,

_ (A B g~ . (0 I

and A, B,C, D are real h x h matrices. The space H; is the Poincaré upper half plane.

Riemann 9-functions are holomorphic functions of (¢,2) € C" x H, that may be aug-
mented by characteristics § = [§, §"] with &, 8" € C", and are defined as follows,

NI = 3 exp (m(n +8)IQ(n + ) + 2mi(n + 0)H(C + 5”)) (A.3)

nezh

Half-integer characteristics &',8” € (Z/2Z)" are either even or odd depending on whether
the integer 4(8")'” is even or odd or, equivalently, whether ¥[0](¢|€2) is even or odd in (.

The homology group H;(X,7Z) of a compact Riemann surface ¥ (which is connected
by definition) of genus A is isomorphic to Z?* and may be generated by a canonical ho-
mology basis of cycles 2! and B; with intersection pairing J(21, A7) = J(B;,B,) = 0
and J(A1,B ;) = §7 where I,J = 1,--- ,h. The dual cohomology group H'(%,Z) may be
generated by h holomorphic Abelian differentials w; which are canonically normalized on
27-cycles as in (3.1). The modular group Sp(2h,Z) transforms a canonical homology basis
into a canonical homology basis. Its transformation laws were summarized in section 3.1.

The period matrix €2 of a Riemann surface ¥ of genus h, defined in (3.1), is an element
of the corresponding Siegel upper half space H;, for all genera h. However, the converse does
not hold globally for genus A > 2 and does not hold even locally for genus A > 4 where it
gives rise to the Schottky problem. The subspace of H; whose elements correspond to the
period matrix of a compact Riemann surface is referred to as Torelli space and denoted T,.
Equivalently, one may define 7, as the moduli space of Riemann surfaces of genus h endowed
with a choice of canonical homology basis.
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A.1 The prime form

For any odd half-integer characteristics v, one defines a holomorphic (1,0) form,

0
w, (1) = wi(x) 99[¥)(0]2) 0"I[v](0]92) = o Il o (Ad)
whose 2(h—1) zeros are all double zeros as a consequence of the Riemann vanishing theorem.
As a result, its square root h,(x) is a holomorphic (%, 0) form on ¥, namely it is a spinor

with spin structure v. The prime form is defined as follows,

The prime form E(z,y) is a holomorphic (—1

—5,0) form in 2 and y, and is independent of
the choice of v. While its 2l monodromy is given by a factor of +1, its 8 monodromy is
non-trivial and renders E(z,y) multiple-valued on ¥. Meromorphic Abelian differentials of
the second and third kind, given by,

E(z,u)

0,0, In E(z,y), 0, In E(r.0)

(A.6)

respectively, are single-valued (1, 0) forms in x and y, but the latter is multiple-valued in u, v.
For local complex coordinates x,y parametrizing nearby points, the prime form satisfies,

E(x,y) =z —y+O0((x —y)*) (A7)

and vanishes nowhere else on ¥. Therefore E(x,y) plays the role of a local difference function
between points on a Riemann surface of arbitrary genus. As a result, we have,

E(z,y)

(956 ax In E((L‘7 z)

=7(x,y) — wd(z, 2) (A.8)

The Riemann-Roch theorem precludes the existence of a single-valued meromorphic (1,0)
form with only a single simple pole on a compact Riemann surface X, a fact familiar from
electrostatics that one cannot place a single charge on a compact manifold.

A.2 The Arakelov Green function

The Arakelov Green function G(x,y) is a single-valued scalar Green function of z,y € X,
which is symmetric G(y,z) = G(z,y) and is defined by the following equations,

0:0,0(2,y) = —w(x, y) + 7H(x) | /Z Prr(@) Gy =0 (A9)
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Here, k(z) is the pull-back to ¥ of the translation-invariant Kéhler form on the Jacobian
variety J(X) = C"/(Z" + QZ"), and is given in terms of the Abelian differentials w; by,

k(z) = %wf(:z)wl(z), /Ede k(r)=1 (A.10)

As a result, x is a modular invariant and conformally invariant volume form on . Since the
defining equations for the Arakelov Green function in (A.9) are modular and conformally
invariant, so is their unique solution G(x,y).

An explicit construction of G(x,y) may be given in terms of the so-called string Green
function G(z,y) = G(y, ) defined by,

G(x,y) = —log|E(z,y)|> + 2 (Im /y wj) (Im /y wf) (A.11)

While the second term on the right side transforms as a scalar in x,y, the first term does
not as it involves the logarithm of a differential form of non-zero weight. As a result, G(x,y)
transforms non-trivially under conformal transformations © — ',y — v/,

G'(2y) = G(x,y) + u(z) + u(y) (A.12)

for some function u(x) which depends on x and the conformal transformation z — a’. To
properly define G(z,y) and relate it to G(z,y), we choose a (simply connected) fundamental
domain Xy for the Riemann surface X, in terms of which the Arakelov Green function may
be obtained by,

G(x,y) = Gla,y) —v(x) = 7(y) + 0 (A.13)

where ~y(z) and -, are given by,
@) = [ PyrGaw, = [ e (A14)
by by

The Arakelov Green function, so obtained, is properly modular and conformally invariant.
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B Vanishing cyclic forms Vl(w) at arbitrary genus

In this appendix, we propose a recursive construction of single-valued and holomorphic (1, 0)-
forms V}w) in w—+1 points xy, -+, z,41 on a higher-genus surface > which
. are cyclically symmetric under z; — x;; with z,,,0 = x1;
. share the pole structure of the rational function (2.5) of 7 = w+1 points on the sphere;
. generalize the vanishing elliptic V,,(1,--- ,w+1) functions of (2.12) to arbitrary genus;

1

2

3

4. generalize the vanishing V}z)(xl, To, x3) function in (6.3) to higher multiplicity;
5. are solely expressed in terms of f-tensors and holomorphic Abelian differentials;
6

. integrate to zero against HwH Js, d*x; @™ (j) and thus vanish by the earlier properties.

By the cyclic invariance of V}w)(l, 2, w+l) = Vl(w)(xl, To, ++ ,Tywy1), one can fully char-
acterize the subsequent construction of the aspired Vl(w) functions through those terms where
the free vector index I is carried by (1,0)-forms f* (1, a) or w;(1) in 21 as opposed to ;.
Imposing the Vl(w) functions to reproduce the vanishing elliptic V,,(1,---,w+1) functions
(2.12) upon restriction to genus one admits the two choices @ = 2 and a = w+1 for the
second point of the characterizing fl_g (1, a) factors.

B.1 Examples at low weights

In fact, the construction of vanishing Vl(w) functions for all values w < 5 — and conjecturally
for all higher w > 6 — succeeds with two additional simplifying features

e there are no factors of w;(1) carrying the free vector index of Vl(w) 1,2,...,w+1), so
that the free index I is always carried by a factor of f? 1(1,a) for P # (;
e all factors of fl—gl(l, a) in Vlw)(l, 2,...,w+1) have a = 2 and not a = w+1

which are illustrated by the following examples:

vi(1,2) = wJ(Q)fJI(l,Q)—i-Cycl(l 2) (B.1)
VP(1,2,3) = ws(2)wi(3) 57 1(1,2) + ws(2) 1 (3, 1) F51(1,2) + eyel(1, 2, 3)
VIP(1,2,3,4) = wy(2wi (3)wr (4) F571(1,2) + ws(2) 7k (3, wr (4) F51(1,2)
+wp(2ws(3) 7w (4, 1) 1 (1,2) + wi (2 (3,4) FF1(4,1) (1, 2)
+ wy(2)wr (3) 57 L4, 1) fF1(1,2) + cyel(1, 2, 3, 4)
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Note that the vanishing of V}l) (1,2) is equivalent to the weight-one interchange lemma (5.2),
and that the vanishing of Vl(z)(l, 2,3) can be verified through the tensorial Fay identity (6.2)
at weight two. One may suspect that the vanishing of the higher-weight Vl(w) in this section
can be deduced from a sequence of three-point Fay identities (6.11) or (6.15), and it would be
interesting to demonstrate this at generic multiplicity. In absence of a direct computation,
we have proven the vanishing of VI(B) in (B.1) and V}4), V}E’) below by checking

e integrating to zero: The expressions for V}w) involve no more than w factors of f P s(a,b)
without any cycles among the pairs z,, ;. Hence, for each term in Vl(w), at least one
of the points z. only enters through the (1,0)-form leg z, = . of a single f? s(a,b)
without any instance of b = ¢. Such a term is a total derivative of a single-valued
function of x, and thus integrates to zero against [, d*z.w" (c).

e meromorphicity: The anti-holomorphic derivatives in all points vanish for z; # z; as
has been tested by computer algebra up to and including w = 5.

e absence of poles: The residues of the poles (x;—x;;1)" in V}w) are given by the lower-
weight function V}w_l)(l, oo J, 42, -+ ;w+1). Since the latter satisfies the earlier
vanishing conditions to the weights w < 6 we tested, the absence of poles in V}w) is
established by induction in w.

The restriction of our expressions for Vi< ) to genus one via f T (zy) = fO(z—y)
matches the expansion (2.12) of the vanishing V,,(1,2,- - ,w+1) functions as one can easily
see from the unit coefficients on both sides.

The representation (B.1) of the cyclic seeds can be lined up with a recursively defined

family of modular tensors,
Pr(1,2) = w(1) (B.2)
Pr(1,2, )—WK(l)fKI( 3) = P(1,2)"1(2,3)
Pr(1,2,3,4) —wK(l) £(2,3)F1(3,4) + wi (Dwr(2) f451(3,4)
= Pr(1,2,3)f"1(3,4) + Pr(1,2) Pr(2,3) f*1(3,4)
Pr(1,2,3,4,5) = Pr(1,2,3,4) f*1(4,5) + Pre(1,2) Pr(2,3) Par(3, 4) f155 1 (4, 5)
+ [Pi(1,2,3)Py(3,4) + Pc(1,2) Py (2,3, 4)] F25 (4, 5)

) 7

in the sense that,
VY (1,2) = Pr(2,1,2) + ceycl(1,2) (B.3)
2,3) = P;(2,3,1,2) + cyel(1, 2, 3)
V3 (1,2,3,4) = P(2,3,4,1,2) + cycl(1, 2, 3, 4)

91



In the first line of (B.2), we refer to an implicit adjacent leg in the notation w;(1) = P;(1,2)
to preserve the weight n—2 of the other P;(1,2, -, n).

B.2 Higher-weight conjectures

We shall next present a conjectural higher-multiplicity generalization of the expressions (B.1)
or (B.3) for V}wg?’) by proposing a recursive construction of higher-point tensor functions
Pi(ay, aq,- -+, ai) such that,

VOU(,2,0 n) = Pr(2,3, -+ ,n,1,2) + cyel(1,2, -+, n) (B.4)

obeys the properties in the preamble of this appendix. Our proposal for an all-multiplicity
family of P; — in particular the extension of the recursion (B.2) — is most conveniently stated
in the shorthand notation,

Pi(1,2,--,n) = Pr(1,2,--- ,n,n+1) (B.5)

t19

where the last leg without (1, 0)-form degree is kept implicit.'” The recursion relations (B.2)

then take the more compact form,

Pr(1) = wi(1) (B.6)
Py(1,2) = Pr(1) f51(2,3)
Pr(1,2,3) = Pr(1,2) f51(3,4) + Prc (1) PL(2) f*51(3,4)
)

Pr(1,2,3,4) = Pg(1,2,3)f%; (4 5) + [PK(l 2)Pp(3) + Px(1)Pr(2,3 3)] 4% 1(4,5)
+ P <1>PL<2> w (3) FMH (4, 5)

and we shall also spell out the next instance relevant for V}4)(1, 2,3,4,5):

6) (B.7)
)] fLKI(57 6)

A

(2,
Px <1>PL<2>PM<3,4>}fM“2<5,6>

Pr(1,2,3,4,5) = Px(1,2,3,4) %, (5,
+ [Pr(1,2,3) Po(4) + Pie(1,2) Py (3,
+ [Pr(1,2) P(3) Par(4) + P (1) Pr(2,
+ Prc (1) P(2) Par (3) P (4) f VM55 (5, 6)

4+ Pe(D)Py
3)Pu(4) +

We have verified the validity of (B.7) and a similar 16-term expression for pf(l, 2,--+,0)
to reproduce the functions V§4) and V§5) with the desired properties via (B.4) and (B.5).

19Given that the last point n+1 in the fl_gl(n, n+1)-tensors entering Py(1,2,--- ,n) is excluded from the
notation on the left side, the P; can be thought of as being defined with respect to a cyclic reference ordering
1,2,...,w. As an exceptional property of the n = 1 case, the notation ]51(1) = wy(1) reflects all the variables
of this tensor function.
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The pattern exhibited by these low-weight formulas leads us to the following conjecture at
arbitrary multiplicity.

Conjecture B.1 The recursion relation for the seeds Py of the cyclic forms V}"_l) in the
sense of (B.4) and (B.5) at arbitrary multiplicity is given by,

n—1
P12, ) =3 S0 Pry(A) Pro(As) - Py (A) R (1) (BS)

j=1 AjAg-A;=N

where N stands for the sequence N =12 --- (n—1) and the sum over N = A; --- A; stands
for the sum over all deconcatenations of N into non-empty ordered sets Ay, --- , A; (see below
for ezamples). Decomposing the sum over j into its individual terms gives the following more
explicit formula,

Pi(1,---,n) =Px(1,--- ,n—=1) % (n,n+1) + Z Pr (A) Py, (B) fR250 (n, n+1)
AB=N
+ Z pKl (A)PKz(B)PKs( )fK3K2K11(n7 n+1)
ABC=N
_I_ ..
+ Py (1) Py (2) -+ Pre,, (n=1) fF1 728 (g 1) (B.9)
For example, the sum ) ,5_n Tuns over all deconcatenations of N = 12 --- (n—1) into

two disjoint and non-empty ordered sequences A = 12 ---1 and B = (i+1) --- (n—1) for
i =1,---,n—2, while the sum Y 1po_n Tuns over A = 12---i, B = (i+1) -+ j, and
C=(+1) -+ (n—=1) with1 <i<j<n-2.

We have verified that the recursive construction (B.4), (B.5) and (B.8) yields vanishing
Vl(w)—functions up to and including w = 5 by the analysis of holomorphicity and vanishing
surface integrals as detailed in section B.1. The validity of the construction at arbitrary
weights w > 6 is expected but conjectural.
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C Proofs of the main lemmas and theorems

In this appendix, we collect the proofs of Lemma 6.1, Lemma 6.4, and Theorems 6.2, 6.3,
8.3, 8.4, 9.2 and 9.4. The lemmas and theorems were stated in the main body of the paper,

but their proofs are too lengthy to be given there in any detail.

C.1 Proof of Lemma 6.1

To prove Lemma 6.1, we proceed as follows. The combination STIP i (z,y, z) defined in (6.8)
is a (1,0) form in both x and y and a scalar in z. Following the two steps in section 4.2, we

shall first prove that it is holomorphic in z,y, 2z so that it must be independent of z, and a
linear combination of wa(z)wp(y) with coefficients that are independent of x and y. Then,

by showing that its integral against w*(x)w?(

y) vanishes, we establish the Lemma.

To show that 8?@ k (2,9, z) is holomorphic in z,y, 2z, we begin by noticing its symmetry,
Yy

K Z’,y,Z) = S?|? (

k(y,7,2)
and evaluate its O derivatives with respect to z,v, z,
08T (., 2) = —m" (2) S 1P (. 2)
0,871 (2,1, 2) = —m@" (y) ST P e (w,, 2)
858?@) ( T(z) Shdr- e J(z,y,2) 5;5

Ty, %) = TW
+ W@J(Z) S7|P1...P571J(x,y, 2) 5[125

When r = 0, the corresponding equations become,
0:897 1 (2,y,2) = 0
038" ie(2,y,2) = —m @ (y) S (2, 2)
0:8"7 i(2,y,2) = m @’ (2) SWPP1 (2, y, 2) 61

while for s = 0 we have,

0@S?|®K(a:, y, 2) = —m o (z) S (2, y, 2)
agS?MK(LU, Y, Z) = O

058?“2);{(:5, y,2) = 1@l (2) Sl (1 y, 2) ok

r>1

Finally, for r = s = 0, all z-dependence cancels out and the function reduces to,

Sz, y,2) = wy(x) f k(. 2) + wi(y) f k(2 y)
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which vanishes identically by the basic interchange lemma given in (5.2).

We shall now proceed with a proof by induction on n = r—+s for r,s > 0. For given
n > 1 we assume that S?l‘?lK(:ﬂ, y, z) vanishes for all pairs (', s’) such that r'+s" < n—1
and 7/ =1;---1, and ?/ = P;--- Py. From the structure of the differential equations in
(C.2), (C.3), and (C.4), it follows that the d derivatives in x,y, z of all 8?"—3}K(:c,y, z) with
r+s = n then vanish, so that S?@)K(x, Yy, z) is independent of z and is a holomorphic (1, 0)
form in both x and y. Integrating against @ (x) and wP(y), we see by inspection of the
defining equation (6.8) that the integral in y of the first and third lines vanishes and that
the integral in z of the second and fourth lines vanishes (recall that the f-tensors are total
derivatives in their first argument of single-valued functions). Therefore, we have,

/E &x o (z) /E Py () ST (z,y,2) = 0 (C.6)

Since S?‘?K(

x,y, z) is a holomorphic (1,0) form in = and y, which is independent of z, as
was already established earlier, it follows that S?ﬁ; k(z,y,2z) = 0 for all r+s = n. This

completes the proof by induction on n of Lemma 6.1.

C.2 Proof of Theorem 6.2

To prove Theorem 6.2, we begin by recasting the relation (6.11) in terms of the following
sum, in which the variables x and z occur only through a single factor in each term,

y?I?IMK(xv Y, Z) = f?MJ(xv y)f?JK (yv Z) + Z fIlmIkJ(xv y)f(?LUJIkJrlmIr)MK(y? Z) (C7>
k=0

This sum is precisely the second line in (6.11). Inspection of (6.11) reveals that Theorem 6.2

may be expressed as the vanishing of the combination R 1M (., y, z) defined as follows,

PP, ) T k) + 2T () (€8

Z?ﬁ?\MK(

where x,y) is given by,

Z?\TﬂMK(

,y) = (=) ws ) f TP (2, y)

S

+y (=) (fpln'PZJ(y7 be) f TP P (2 a,)

(=1

— [ e (y, bé)f?MPS'"P’“’J(fE, af)) (C.9)
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R?|TD’|MK(

To prove the vanishing of x,y, z) we shall first show below that it is holomorphic
in x,y, z. Since R?‘?“‘/[K(x7 Yy, z) is a scalar in z it must then be independent of z, and since
it is a (1,0) form in = and y, it must admit a decomposition into a linear combination of
wa(z)wp(y) with coefficients that are independent of z and y. Second, we shall show that

its integral against w?(z)w?(y) vanishes,
[ #ratta) [ @yt RTP M c(ay.2) =0 (©10)
> >

The combination of these two results then implies the vanishing of R?|?|M i (z,y, 2), thereby
completing the proof of Theorem 6.2.

To show holomorphicity of R, we begin by evaluating the J derivatives of ) in (C.7),

DV TEIM (2 2) = "t () YT P (5 o) 4 w6(a, ) FPUTM (), 2)

8gy?\?\M y?|P2---PS|MK( f(?UJ?)MK(

K(Ivyu Z) = _W(Dpl(y) .f(f,y,Z) - W(S(y,l‘) .CL’,Z)

0T ey, 2) = m () (£ T el )T 09, 2) + s (@) P T 1y, 2) o)

+m o @ (2) Y (e y) fPW eI () 2 (C.11)
/=1

and the 0 derivatives of Z in (C.9),

8552?'?']”;((1', y) = —W@Il(x)ZIQ“'I*”_D)'MK(x, Y)
= w

02T P (2, ) = —m(y) 2717 P (1, ) =
052 TP () = =" () wa(y) S T k() s=1  (C12)
Combining these results with the definition of R?|?‘M x(x,y,z), we obtain the following

formulas for its 0 derivatives,

ORTIPIM (1 y, 2) = —m " () REIPIM (5, 2)

%Rﬂ?\M R?|P2-~P5\MK(

K(Z’,y,Z) :_ﬂ-wpl(y) Iayaz)

o.RTIPIM ST (2,y, )M (C.13)

K(Sl?,y,Z) = W@L(Z)

S7|?L(

where the combination x,y, z) is the one defined in (6.8) of Lemma 6.1.

Since we have already proven S?U—J> r(z,y,2) =0 in Lemma 6.1, it follows from the third
line in (C.13) that R?@)'M i (z,y, z) is a holomorphic scalar on ¥, and thus independent of z.
Next, we proceed by induction on the sum r+s as advocated in section 4.2. We have already
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established that the case r = s = 0 corresponds to the weight-two identity (6.2), which was
proven earlier. Now let us assume that we have established the vanishing of R 17M i (2, 4, 2)
for all r,s > 0 such that r+s < n. The first two equations in (C.13) then imply that the
combinations R?|?|M i (z,y, z) are holomorphic (1,0) forms in z and y for all r, s such that
r+s = n+1. To further establish that the combination vanishes, we show that its integral
against w”(x)w?P(y) vanishes. To see this, note that the integral of ZTIPIM K (x,y) against
@A (z) vanishes term by term. Similarly, the first term on the second line in (C.8) integrates
to zero against w?(z). Finally, Y '17IM (. y, 2) integrates to zero against @”(y), so that all
terms in (C.8) individually integrate to zero against the combined @*(x)w?(y). Therefore

Z?‘?‘MK(ZL’, y) = 0 for all 7+s = n+1, thus completing our proof by induction on r+s.

C.3 Proof of Lemma 6.4

The starting point for the proof of Lemma 6.4 is again Lemma 6.1 which states the vanishing
of 8?‘?;((:6, Y, z) in (6.8). This result implies that the contracted product f?J(x, z)f’_g‘]K(y, ),
which is a (1,0) form in the repeated point x, may be expressed as follows,

13 P ety ) = £ 0w 2 ae,2) = 17 o, ) (1T k) = Tk, 2))

=3 ) Py, 2)
k=0

B Z FPP(y, x)f?l_uJPeH...PsK(x’ 2) (C.14)
=0

Recall that the essence of Lemma 6.4 is to z-reduce the left side. Clearly the sum over /¢
on the last line is not z-reduced, and the contracted index J enters the factors of f(y,x)
and f(z,z) in different positions as compared to the left side. But the position of J may be
rearranged to be of the same form as on the left side by using the following identity,

fPl'”P‘J(y, l’)f?LUJPZHWPSK(ZL’, Z) — f?LLIPZmPSJ(LU, z)ny”PeﬂJK(y’ x) (C15)
_f‘?LLIP["'PsJ(l.’ Z)ayq)Pr“PquK(y)
_'_f?u_lJPHr"PsK(x’ Z)ayq)Pr“PeJ(y)

Note that all the extra terms that are produced by this rearrangement on the last two lines
of (C.15) are properly z-reduced. Using the above result, we may now write a new equivalent
version of (C.14) in which all terms with products of two x dependent f-tensors have the
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same tensorial structure,

P ) P ey, w) = AP (g, 2) = S0 F TP (@, 2) PP (g 2) (CL16)

(=1

where A?ﬁ; K (x,y, 2) is z-reduced by construction and defined as follows,

NP e,y 2) = 1T o, 20 Pkl 2) = 1700 2) (7 el ) = £k, 2))

. wJ(y)f?L“J?K(:C, Z) - Z fll"'IkJ(SL’,y)f?m‘]lkﬂm[r]((y, Z)

k=0
- Twp,--P, PPy 1J
+>0 (s Sz, 2)0,® ()
/=1
= fTSIR (3, 20,07 () (C.17)

It is straightforward to rearrange the last line in (C.17) into the form presented in (6.17) of
Lemma 6.4 by using the following relations,

By @M (y) = fI P e (y) 4+ 0,67 (y, ag) 0
0,07 1 (y) = F1 T (y) + 0,6 T (y, ap) 6 (C.18)

and observing that the terms involving 9,G""*-1(y, as) cancel for arbitrary values of a.

C.3.1 Inverting equation (C.16)

To prove the relation (6.16) of Lemma 6.4, it remains to invert the relation (C.16) and

\?'K(

and ?l of 7 and ? To do so, we recast (C.16) by moving the sum over ¢ from the right
side to the left side of the equation, and then including the term on the left as the ¢/ = 0

/ /
express f? J(z, 2) f?‘] i (y, z) solely in terms of AT x,y, z) for various combinations 7

contribution to the sum, so as to obtain,

AT (g, 2) = S fT0PrPe (g 2) PPl ey, ) (C.19)

k=0
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using the convention 7 W Peyq - Py = ? for the case k = s. We now use this formula to
evaluate the right side of (6.16) as follows,

s

Z(_)s—é A?LUPS---PeH\Pl'"PzK(I’ Y, Z) (C.QO)

=0

s J4
S TP, By,

£=0 k=0
= 3P (g ) S () TR PPy )
k=0 l=k

s—1
= PP ) T 2) + Y B, 2) P ey, )

k=0
where we denote the coefficients as follows for 0 < k < s —1,

S

BZ‘PIHY“PSL}(ZL’, Z) _ Z(_)s—éf(7u_|Ps~~~Pg+1)|_qu+1~--PeJ(I’ Z) (0.21)

=k
The first term on the right side of the last line of (C.20) is precisely the left side of (6.16).
Thus, to prove Lemma 6.4, it will suffice to prove that the sum over k on the last line of (C.20)
vanishes. Since all dependence on y is concentrated in the coefficients f7 P+ (y, z), and
these functions are linearly independent of one another for different values of k, the coefficient
functions BZ'P“"PS J(z, 2) should vanish for each value of k in the range 0 < k < s—1. This

is indeed the case as we shall now prove.

C.3.2 Vanishing of B; in (C.21)

We begin by using the associativity of the shuffle product to rewrite (C.21) as follows,

s

BZ‘Pk+1'“PSJ(x’ Z) _ Z(_)s—éf?Lu(PsmPHlu_lPkH~~~Pe)J(I’ Z) (0.22)
=k

Henceforth we shall drop the argument (z, z) which is common to all functions below. For
k = s—1 we clearly have Bs_|1PSJ = 0. Henceforth we set 0 < k£ < s—2. Next, we identify
all the contributions for which the last index in a given shuffle (Py--- Ppyq W Pyyq -+ Py) is
P, for m in the range k+1 < m < s. For each value of m only two “terms” in the sum
will contribute (of course, each “term” is really a sum of shuffles). To this end we use the
following decomposition formula,

f?LLI(Ps~~'Pz+1UJPk+1"'Pz)J — f?LU((Ps"'PZ+1U-|PI¢+1"'PZ71)PZ)J

+ f?u_l((Ps--~Pe+2LUPk+1"'PZ)PZ+1)J (C.23)
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Substituting this decomposition into (C.22), and changing summation variables in the second
sum (41 — ¢ gives,

BZIPkH'lP&J :( )8 k‘f?LLIPs Pk+1 _I_ Z 8 ff?LLl{ PS PZ+1LLIP]€+1 PZ 1)PZ}J

{=k+1
s

+ f?LUPk+1“‘PsJ _ Z (_)S_Ef?u-'{(Ps“‘P€+1|-UPk+1“‘PZ71)PZ}J ((124)
(=k+2
Except for the contribution ¢ = k+1 in the first sum and ¢ = s in the second sum, all other
terms in the two sums cancel one another. The remaining contributions are readily seen to
cancel the first terms in the two lines on the right side of (C.24). This completes the proof
of Lemma 6.4.

C.4 Proof of Theorem 6.3

To prove equation (6.15) of Theorem 6.3, we start from the expression (6.16) of Lemma 6.4,
which we repeat here for convenience,

s

FT o, 2) P (g, m) = SO (=) ATUP Pl Py (o) (C.25)

é_

0
Our first step is a reorganization of the e 7Plressmn () 17) for ATIP K (z,y, z) where the first
terms f? (x,2) f? k(y,z) and —w;(y in the first and second line are ab-
sorbed into extensions of the sums on the last line of ((). 17) to £ = s+1 and ¢ = 0, respectively.

Upon setting the arbitrary points in (6.17) to a, = z, we arrive at the decomposition,

5
AP (w,y.2) = 3 A P ey, 2) (C.26)
j=1
in terms of the following shorthands,

AP @y, 2) = =12 (0, 2) T e, w)

A2?|?K(xa v, Z) _ Z fll"'lkj(x, y)f?LUJIkJFl---ITK(y’ Z)
k=0
AP g, 2) = S0 TP () fPPud ()
m=0
AP i, y,2) = 1750, 2) 1T el 2)
?|? — - Pl"'Pm ?LUJPerl'”PS
A5 K(xvyuz) - Zf J(yvz)f K(xu Z) (C27>
m=0
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The main task of this proof is to obtain the complete right side of (6.15) from the sums
ZZZO(—)S_ZA]-?LUPS"'P‘Z“|P1"'P2K(:c,y,z) in (6.16) over the individual contributions in (C.27)
with j = 1,2,---,5. However, before doing so in section C.4.2, we shall first establish several
combinatorial identities to rearrange the iterated shuffle products from the sums over £.

C.4.1 Combinatorial lemmas

The following Lemma C.1 on alternating sums of shuffle products and its Corollaries C.2,
C.3 and C.4 will be instrumental in simplifying the sums in (C.26) and (C.27).

Lemma C.1 For multi-indices ? = P, --- P, of length s, the alternating sum,

s

T(P) =3 (-1)" ‘P P w Py Py (C.28)

£=0

vanishes for any non-empty ? and otherwise yields the neutral element O of shuffle multi-

plication,
{0 for B#0
T(P) = { o T Py (C.29)

The proof of Lemma C.1 proceeds by first evaluating the cases with s =0 and s = 1,

T(O) = 0w = ¢ (C.30)
T(Pl):—@LUP1+P1LU®:0

The vanishing of Y(P; - - - Ps) for arbitrary s > 1 is then proven by induction on s, starting
with Y(P;) for s = 1 in (C.30). Assuming that T(ﬁ) — 0 for all multi-indices & of length
s—1, the recursive definition (6.5) of the shuffle product simplifies the length-s case to,

Y(P)=r ( i(—l)s—fp2 P, WP,.. .PM)

(=1

s—1
+PS<Z(_1)S_ZP1"'PZLUPs—l---PZ-H)

=0

:PlT(PQ"'PS)—PST(Pl"'Ps_l):O (CBl)

since both of T(% -+ Pg) and Y(P; --- P,_1) vanish by the inductive hypothesis. Together

with the case of P = () in (C.30), this concludes the proof of Lemma C.1.
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Corollary C.2 Upon shuffle multiplication with an arbitrary multi-index 6 =Q1--Q of
length t, the combination

YP,0)=T(P)wg = i(—ms—épl PWP,.. Py w @ (C.32)

simplifies to

6 for? 0

Corollary C.2 is a simple consequence of (C.29) and () being the neutral element of shuffle

(P, 3) = { r P iw (C.33)

multiplication.

Corollary C.3 The combination of shuffles,
Z(PiPy- - Py ], Q) = S (=) Py P T (P Po w 5) (C.34)
=0

admits the following simplified representation,
E(P\Py+ P, J, @) = PPy PG (C.35)

The proof is again most conveniently performed via induction in the length m of the first
entry. In the base case at m = 0, we evidently have,

=0,7,3)=0wJOwG)=J] (C.36)

For m > 1, we apply the recursion (6.5) for the shuffle product to (C.34),

=(Py P ), Q) =P1(i<—>m—ep2-~a W T (P P 5))

/=1
"‘J(Z(—)m_zpl"'Pz L (Pm"'P£+1 L 5))
/=0
— PE(Py-- P, J, Q)+ JY(P; - Py, O) (C.37)

The second term Y(P;--- Py, 6) of the third line vanishes as a consequence of Corollary
C.2 (the first entry of T is non-empty for m > 1). The first term of the third line may
be simplified on the basis of the inductive hypothesis Z(Ps - - - P,,, J, 5) =P---P,J 6 for
words of length m—1 in the first entry, which gives (C.35) and proves Corollary C.3.
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Corollary C.4 The combination of shuffles,

OP,---P,J, 1) = Z =P, Puy W JP Py T (C.38)
=0

admits the following simplified representation,
OP,---P,J, 1) = PJw T (C.39)

This time, the proof relies on induction in the combined length r+s of the multi-indices
P,---P, and 7 = I, --- I: After checking the base case (0, J,?) = (0w Ju T=JwTl
at s = 0, we apply (6.5) in the inductive step at s > 1 and arbitrary r:

OP, - Py, J, 1) = J(i(—)s‘éPs---PgH W Py Py 7) (C.40)

=0

s—1
+PS<Z(—)HPS_1---Pg+1 W JPy -+ Py Ll ?)

=0
+11<Z(_)s_eps...pg+l W JP, -+ Py Ll 12"'17»)
=0
= JY(Pi--- P T)~PO(P - Py, 1)+ LO(P - Py, J Iy 1)
= (—=)'P,(Ps Pljm?) L (P PT W L T,)

In passing to the last line, we have used Corollary C.2 to set Y(P; - - -PS,7) = 0 (using
s > 1) and the inductive hypothesis O(P; - - - Ps_1, J, ?) =(=1)*"1'P_y--- P J W ? as well
as O(Py - Py, J, Is---1I,) = (=1)°P;--- PiJ W I--- 1., both of which have reduced overall
length r+s—1 of the first and last entry. The result of (C.39) is obtained based on the
recursion (6.5) in reverse order.

C.4.2 Application to the proof of Theorem 6.3

Equipped with combinatorial identities of section C.4.1, we can now proceed to performing
the sums ZZZO(—)S_ZA?LUPS"'P‘“‘Pl'"P‘K(x, Yy, z) as in (6.16) over the Aj—; .. 5 in (C.27).

j = 1: The summation over the terms A?‘?K(z, Yy, z) in the first line of (C.27) straight-
forwardly produces the sum on the third line of (6.15) corresponding to the first term inside
the parentheses of the summand.
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J = 2: We begin with the summation of the terms AZ ? K (x,y, z) produced by the second
line of (C.27). To this end we write out this contribution more explicitly as follows,

T S
AP Pl (1 2) = 35 PR, ) PP ) 2

k=0 m=¢
(C.A41)
where we shall use the abbreviation I, = I, --- I, throughout this appendix. Its contribu-
tion to the right side of (6.15) is given by the sum over ¢,

S

Z(—)S_ZAzMPS'"P“l'Pl"'PZK(x, Y, z) (C.42)

=0

— Z Z(_)5—mfps"'Pm+1U-|Il"'IkJ(x7 y) Z(_)m—gfp1"'PgLUJ(Pm"'P(+1LUIk)K(y’ Z)

k=0 m=0 £=0

where we have swapped the summations over ¢ and m. The sum over ¢ realizes the combi-
nation = in (C.34) at 6 = I which we shall simplify via Corollary C.3,

Z(_)m—ffpl~--PeLL|J(Pm-“Pe+1LLIIk)K(y7 Z) — fE(Pl..'P77L7J’Ik)K(y7 Z) (C43)
=0

— fpl"'Pmij — PPl s

K(yvz> K(y,Z)

As a consequence, (C.42) takes the more tractable form,

s

SO ()t Ad PRIy ) (C.44)

£=0

_ Z Z(_)s—mfPS---PmHl_uIl---IkJ(x’ y)fPl"'PmJIkH”'ITK(y, Z)

k=0 m=0

Changing summation variables from m to ¢ in the above formula precisely produces the
double sum on the second line of (6.15).

7 = 3: The summation of the terms Az‘?K(x,y, z) in the third line of (C.27) gives the
first term in (6.15). To show this, we collect the sum over ¢ as follows,

s

Z(_)s—é AZLUPs“'PeJrﬂPl“'PzK(x’y’ Z) (045)

£=0
s

_ Z FRPnT (g 2) Z(_)s—ef(7mps-~-Pe+1)Lupmﬂ...pZJ(I’ 2)
m=0

l=m
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Using associativity of the shuffle product, we may drop the parentheses in the superscript of
the second factor. For each value of m, the sum over ¢ can be lined up with the alternating
combination Y defined in (C.32) with P, - - Ps in the place of P; - - - P;,

s

Z(_)s—@f(?l_uPs---PHl)LLIPm+1"'PeJ(I’ Z) = fT(Pm“Pm*z"'Ps’?)J(ZL’, Z)
=0

= G T (2, 2) (C.46)

where we have used the vanishing of T with a non-empty first entry established in Corol-
lary C.2. Hence, the first sum in (C.45) collapses to the term m = s, resulting in

s

> () NPT (0 2y = £y, 2)f T (a,2) (CA4T7)

=0
which gives precisely the first term in (6.15).
j =4,5: The summation over ¢ of the last two terms AZ'TD)K(:c,y, z) and A??K(x, Y, 2)

in (C.27) produces the sum on the third line of (6.15) involving the second term inside the
parentheses of the summand. To show this, we begin with the summation of the last term,

s

Z(_)S—Z AE’?LI_IPS...PZ+1‘P1...PQK(I’ y’ Z) (048)

=0

s L
= YD (g ) T ) S ()
£=0 m=0

s

_ Z fPl,,,PmJ(y’ Z) Z(_)s—f‘f(?mPSmPpﬂ)u_lJPm+1---PgK(:L,’ Z)
m=0

l=m

The sum over ¢ realizes the combination © in (C.38) with P, 41 P42+ Ps in the place of
P, P, - - P, which we shall simplify via Corollary C.4:

Z(_)S—Zf(?LLIPS"'Pe+1) LLIJPm+1'“PeK(x’ Z) — f®(Pm+1PS’J7?)K(l” Z) (049)

l=m

— (_1)s—mfPSPS,1umHu_l?K(x’ Z)

Thus, (C.48) becomes,

S S

SO()rt ATy oy Sy e () TR P ()
{=0 m=0
(C.50)
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Assembling this result with the summation of the terms AZ‘? k(z,y,2) in (C.27) and re-
naming the summation variable m in (C.50) to ¢, we have,

s

=0 [p TWPs Twp, -
Z(_) ¢ [A4 WP+ Pyy1|P1 PZK(%?J; 2) + A, WP+ Pyia|P1 PZK(%?J; Z)}
£=0

= DT (g 2) (FT P e, 2) = TP (3, 2) )
£=0

S Z(_)s—efpl---PzJ(y’ Z)f(Ps---PZ+1JLU h---lrfl)HK(x’ 2) (C.51)
=0

where the simplification in passing to the last line was carried out using the basic property
of the shuffle product,

f?'-UPS“‘PZJrlJK(x’ Z) - f(?u-'PS"'PZ+1)JK(x’ Z) + f(Il---IrﬂLuPs~~~Pz+1J)IT-K(x’ Z) (0.52)

followed by the commutativity Iy --- I,y W Py PpyqJ = Py PpyJ W I -+ - I._1. In this
form, the last line of (C.51) is readily seen to match the sum on the third line of (6.15)
corresponding to the second term inside the parentheses of the summand.

In summary, the combination of the five terms in (C.27) reproduces the complete right
side of (6.15) — its first line via As, its second line via Ay and its third line via A; (first term
inside the parenthesis) and A5 (second term inside the parenthesis).

C.5 Proof of Theorem 8.3

In the proof of Theorem 8.3, it is helpful to treat the cases s =0, s = 1 and s > 2 separately,
as the structure of the singularities and direction dependent limits that occur in these three
cases is significantly different. In slight abuse of terminology, we shall refer to both the
simple pole f7x(y,z) = 0% (y—2)"' + reg and to the direction dependent z — y limit of
[Tk (y, z) (see section 8.2) as “singular”.

C.5.1 Proof for the case s =0

For s = 0 we have B = () and the Fay identity in (6.15) simplifies as follows,

T

f?J(Iv Z) fJK(y7 ZL’) = f?J(xv Z) fJK(y7 Z) - Z fhm[kJ(xa y)fJIkaITK(yv Z)

k=0

_ wJ(y) <f?JK(l', y) + f(JLI_II1---Ir71)IT-K(:L,’ Z)) (053)

106



The limit of any term involving f71I ;(y, 2) with r > 3 is regular and given by F7 I ;(y)
defined in (8.38). The singular terms are as follows,

sing_o(w9,2) = (1750, 2) = £ o)) cly 2) = 120 5w k9, 2) (C54)

The calculation of their limit may be organized as follows, using the fact that the contribution
from the tensor ® to f cancels in the first term,

lim sing,_o(z, y, 2) = 6% lim l((?xgh'“f”(x, 2) — 0,G1 I (x, y))f?yg(y, 2) (C.55)
z—y

z—=Y

()06 (3, z>} P (,9)0, 87 k()

Here, only the 9,G(y,z) term in f/x(y,z) contributes to a non-vanishing limit. The last
term arises as the finite limit from decomposing f”!" k(y, z). Expanding the difference inside
the parentheses on the first line of (C.55) to first order in z—y, we obtain,

8xgl1~~fr71(x’ Z) _ axgjl“‘Irfl(l.’ y)
= (2= 9)0:0,G" (2, y) + (2 — §)0,0,6 " ()
= (2 = 9)8:0,6" " (w,y) — w(z — g’ (y) f1 I (2, y) (C.56)

Upon identifying the Abelian integral (2—7)’(y) = [’ @7 + (2—7)*, the last term on the
third line above combines with the 9,G”(y, z) on the second line of (C.55) to produce the
well-defined limit C”(y) defined in (8.11). The latter combines with the last term of (C.55) to
produce the combination /I i (y) defined in (8.38). Therefore, the limit in (C.55) becomes,

lim sing, o, 4, 2) = 0L 0,0,0" " (m,y) — F1F (2, ) F i (y)  (C57)
2=y
Combining this result with (8.40), we obtain the coincident limit for the case s = 0,

£ @) Fr,x) = =0, T k(@) — ws) 72T x(z,y)

r—1

= 3 ) F I () (C.58)

k=0

Comparing with (8.39) for the case of s = 0, we find agreement upon using the fact that the
k = r term in (8.39) cancels the first term on the first line of the right side of (8.39). This
concludes the proof of Theorem 8.3 for the case s = 0.
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C.5.2 Proof for the case s =1

The proof of Theorem 8.3 for the case s = 1 proceeds analogously to the s = 0 case. The
singular terms as z — y are as follows,

Sings:l(x> Y, Z) = fJK(y> Z)fPLU?J(ZEa y) + fJITK(ya Z).fPLUIl'”IrilJ(l’a y)
_ fPJ(y, Z) (f?JK(SL’,y) + f(JLu[l,,,IT.,l)ITK(x’ Z)) (C.59)

The calculation of their limit may be organized as follows,

lim Sings:l(xv Y, Z) = 8yq)JK(y)fPLU?J(x7 Z/) + ay(I)JITK(y)fPLUIlm[ril](xv y)

z—Y

= 0,7 )74 el ) = O T (0,07, ) 171 o)

+0,G(y, 2) (axg“’l“'“fl(a;, 2) — 8,GP I (g, y))} (C.60)

Expanding the difference on the last line to first order in z—y, as in (C.56), produces a double
derivative term in z,y and a term that combines with 9,G”(y, z) to produce C”(y) which
combines with 9,®7" ¢ (y) to produce F/'r i (y). Collecting all contributions, we obtain,

lim sing,_; (2,5, 2) = F/ () 77 s(w,y) + F () 72010 ()

zZ—=Y

— FP )T ) 4 0, f 0l () (C.61)

Combining the above limit of the singular terms with the limits of the regular terms then
produces (8.39) and proves Theorem 8.3 for the case s = 1.

C.5.3 Proof for the case s > 2

For s > 2, the term on the first line on the right side of (6.15) admits a regular limit. The
terms (k,¢) = (r,0), (r,1), (r—1,0) on the second line of (6.15) and the terms ¢ = 1, 2 on
the third line of (6.15) are singular, and are given by,

(_)sSing522(za Y, Z) = _f$M?J($a y)fJK(y> Z) - fﬁm}lnv}f.il](x> y)fJITK(ya Z) (062)
e fPPT ) (P ey, 2) = fPP ) P T ()
+ fPlJ(ya Z) <f(PSMP2LU?)JK(x> y) + f(Ps.“szLuIl...Iril)ITK(Ia Z))
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Decomposing each f(y, z)-tensor into its 9,®(y) and 9,G(y, z) parts, we obtain,

(=)’singzo(,y, 2) = —JﬁLU?J(% )9, @7 i (y) — f$LUIl"'IT71J(93> Y)0, @k (y)
PP T (0,00 e (y) — 0,87 F () P T ()
n 8y<I>P1J(y) <f(PS---P2u_|?)JK(x’y> + f(PS,.,ngLu11,,,17.71)1TTK(I7 z))

+ 05 0,0(y. 2) (0.7 (@,2) = 0,67 )
+ fPunet (200,67 (y, 2) ok (C.63)

Note that terms proportional to 9,G™(y, z), which arise at intermediate steps from the
second line of (C.62), cancel one another outright. Taking the limit, we obtain,

(=) lim sing o (2.9.2) = — 727 5(2,9)0,@7 k(y) — fP1 1 s, ) F/lie(y)  (C.64)

zZ—Y

4 fps,,,p2 "“7J($, y)ayq)PlJK(y) _ ay(I)P1P2J(y>fPsmP3JLLI?K(I7 y)
£ 0,07 ()T () + 0 9,0,67 4 ()

The 0,® factors on the second line may be promoted into the corresponding F factors
because the differences cancel between the two terms. Thus, the final result for the limit
may be expressed as follows,

(=) T sing (@, 9,2) = =72 Ty, ) Flacly) = £7 50702 (@, ) Fuely) - (C.65)

+ fhebu 7)J(% Y)F ke (y) — fPlPQJ(y)fPS"'PSM?K(SCa Y)
+ FP () PRI T () 4 68 0,0,67 41T (2, y)

While the terms corresponding to (k,¢) = (r,0), (r,1), (r—1,0) on the second line of (6.15)
and the terms ¢ = 1, 2 on the third line of (6.15) were combined in the calculation of the
limit of the singular terms, we see that on the right side of (C.65), the first term provides the
term (k, ) = (r,0) in the double sum of (8.39), the second term provides its (k,¢) = (r—1,0)
term, and the third term provides its (k,¢) = (r,1) term. The fourth and fifth terms of
(C.65) provide the £ = 2 and ¢ = 1 terms in the single sum on the third line of (8.39).
Finally, the last term of (C.65) is identified as the second term on the right side of (8.39) via
(8.40). Thus all terms in (8.39) are properly produced in the limit for s > 2. This concludes
the proof of Theorem 8.3 for the case s > 2 and thus for all cases.

C.6 Proof of Theorem 8.4

We shall here prove the equivalence of the two representations (8.39) and (8.42) of the
coincident Fay identities at arbitrary rank, weight and genus. As a first step, we specialize
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the general identity (8.39) for f?J(x,y) f?JK(y,x) to the three cases of ? = PP P,
with s =0, s = 1 or s > 2 and adapt the tensor functions F* ;(y) in (8.38) to each term:

e s =0: The first term f?J(:c,y) F7x(y) on the right side of (8.39) (with 7= L---1)
readily cancels the (k,¢) = (r,0) term in the second line, and we are left with,

f?J(i’v", Y) 'y, x) = 065£0,0,G" (2, y) — WJ(y)f?LUJK(!L", Y) (C.66)
+ it (e, y) [0 C7 (y) — 0,97k (y)]

r—2
= ) T e (g, y)

k=0

e s = 1: The first term f?J(:c, y) FP7k(y) on the right side of (8.39) readily cancels the
(k,0) = (r,1) term in the second line, resulting in,

£ y) 7 kg, ) = —6k0,0,6" 111 (2, y) -y VTP ()

r—2
) ST () [ e () Zf’l g y) [ e ()
k=0

P o) 8,8 ) — )
7T (0,97 k() = 0,075 () 74 T () (C.67)
e s > 2. After isolating all cases of F/'"Ir;(y) with r < 2 which depart from the
expression f11I7 ;(y, y) at generic rank from the sums in (8.39), we have,
17 5w) 7k, 0) = 7)1 1e(,y) + (<1)050,0,6 717 (2, )
(— )Sf(’g“”“'”*lj(x, )[0%C7 (y) — 0,27k (y)]
DY T ) £ ()

k=0
]

(1w () f T () = SO ) f TP (2, )

(=3

= (P (T ()0, ) — 0,87 5 () 7T ()
(2 (T ()0, k() — 0,87 () 1B T () (C68)

where the C!(y) from the (k,¢) = (r,1) term in the second line and the ¢ = 2 term in
the third line of (8.39) have already been cancelled. The symbol §;_s<,_o in the third
line of (C.68) excludes the terms (k, ¢) € {(r,0), (r—1,0), (r,1)} from the double sum
over k and /, ensuring that ffr-Te/ler-Ir (4 /) has at least three upper indices.

110



In the cases s = 0 and s = 1, the specializations (C.66) and (C.67) of (8.39) straightforwardly
line up with the corresponding s = 0 and s = 1 cases of (8.42). Hence, the leftover task is
to show agreement of (8.42) with the rewritten form (C.68) of (8.39) at s > 2.

Several terms of (C.68) and (8.42) are easily seen to match:

o (~1)°650:0,6" 1 (2,y) and —(~1)ws(y)f T e (a,y)

as well as (—1)Sf$m11m1;1J(g;,y) [67:C7 (y) — 0, @7 k() ];
e the last two lines of (C.68) match the terms ¢ = 1,2 in the last line of (8.42).

After taking these matches into account, it remains to verify that

S

£ y) 77y y) = SO (=) PP (g, ) f TP P () (C.69)

(=3

- Z(—l)é_s Z D P (G} ) SR (TR )
=0 k=0

r—1 s
= 3> S (L) PR () pP R e ()
k=0 ¢=0

= (=G, az)fps'"P”lJLU?K(% y) — [ e (y, az)fps'”PM?J(xa y)]
(=3

For this purpose, we rearrange the double sum in the second line of the left side according
£0 D 5o Do Thmtr—2 = D g Dopo Ob—ttr—1 + Ip_s O, leading to

=S ) S G fI R P () pRFT T () (C.70)
/=0

k=0

s r—1
=- Z(—l)z_s Z Y e (X)) S (TR )
=0 k=0
= 7 7
= (0P ) PP ey ) = () £ (g, y)
(=2

In the last line, we have exposed the last term of the sum _;_, which cancels the first term
on the left side of (C.69). Since the middle line of (C.70) matches the first line on the right
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side of (C.69), the last step is to check that

—_

S S—

Z(_)Z—SfPl---PZJ(y’ y)f?uJPSmPZHJK(x7 y) + (_1>£—3f7|_uPS---Pg+1J(x’ y)fPl---PgJK(y’ y)
(=3 2

o~
||

s

— (_1>s—£ [fPl”'P‘J(y, CLg)fPSmPZ“JLU?K(x, y) - fPl---Pg,lJK(y’ aZ)JcPS---PgLu?J(x7 y)]
{=3

(C.71)

This is the case since the 0G terms of the f-tensors with y as their first argument separately
cancel on both sides, and the 0® contributions are seen to match after shifting the summation
variable of the second term on the left side to (+1 = m € {3,4,---,s}. We have thus
demonstrated (C.69) which concludes the proof of this appendix that (8.39) is equivalent
to (8.42).

C.7 Proof of Theorem 9.2

The subsequent proof of Theorem 9.2 is most conveniently performed in the original nor-
malization convention w!'! ;(x,y) of the Enriquez kernels [32] related to the g/ ;(z, y)
in this work via (9.1). The decomposition (9.5) then takes the form

Iy--Iy Ay

Wity (w,y) = &l (o) = Sy X (wyy), @Y () = 0 (C.72)

with rescaled components

@Il'”b](m) = (—QWi)_Twll"'ITJ(:B)

(2, y) = (—2mi) =l (2, y) (C.73)

In this way, we can take advantage of the simplified monodromies of the Enriquez kernels
wlIr ;(x,y) in demonstrating the vanishing of,

vt s, y) = (=2mi)" {wM(:c) WM (g, ) + (1) wan(y) Y (,y) (C7T4)

£ 31 [l T () M () — T T () T )] }
k=1

claimed in Theorem 9.2. To prove the theorem, we note that it is straightforward to verify
item 1.

To prove item 2 we note that the 21 monodromy of IT/t"!r ;(x,y) vanishes since the
21 monodromy of wIr ;(x,y) vanishes for all r > 0, thus establishing the first part of
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item 2. The heart of the theorem is the proof of the %6 mondromy formula in (9.14). The
monodromies around B-cycles of w!'" ;(z,y), given in (9.2), may be expressed as follows,

W j(2+B,y) = W (2, y) + Agﬁ Wil (2,y)
W (@, y+98) = Wl (2, y) + AR Wl (2, y) (C.75)

where the monodromy shifts are given by,

T

z L .
A Wl (2, y) = E&l T lievtr (g, y)
k=1
(), LI I, - (_)k I-1 L g1 Ir—a
AY w ’J(:L',y):éjZTw =k (x,y) 0 (C.76)
k=1 )

Throughout, we shall extend the definition to include w’ I ;(x,y)|,—o = w,(z) which is a
single-valued holomorphic Abelian differential. We shall also need the % monodromy of the
traceless part o/t ;(z) in (C.72), which may be readily deduced from the first equation in
(C.76) and can be found in (C.78) below.

In view of the symmetry stated in item 1, the monodromies in x and y are equivalent to
one another. The combinatorics of the calculation of the B monodromy of TI1 % ;(z, y) will
be simpler in the variable y than in x, and we begin by computing the monodromy in y of
the four contributions in (C.74). The first two terms on the right side of (C.74) involve,

A(y) Iy 1, M _ . l Illk Ik:+1“'I7«M 5£1]7M

B /8 2) | o 2y, @) + (1)) wy(y) (C.77)
A(y) Ir-hM _ M - (_)k Iy Iy 1 Ie-I _(_\r M 51111“.]7“

B, w J(xay) — 5] Z k" 5[, W L(I,y) ( ) (SJ (r+]_)| wL(l’)

k=1

One verifies that the contributions from the terms with denominators (r+1)! cancel one
another in the sum of these two terms that enters into (C.74). The y-dependent parts of the
summands in (C.74) transform as follows,

-1

1 1 .. 1
A‘%/i zih'"IZAMJ(y) - Z m 5£1"'In @In+1"'1271MJ(y) + Eég I <5£/I wJ(y) N E 5y WL(?J))
n=1 :
/—1 1 1 1
A%/Z @,h...l‘gM(y) — Z m 5£1"'In @.Inﬂ---leM(y) + E 5?---12 WM(y) . W 521...1571 55{ WL(y)
n=1 " . .

(C.78)
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Adding the contributions from these two terms in (C.74), one verifies that the contributions
with denominators h cancel one another. As a result, the sum over k in (C.74) evaluates to,

T

A(gé/)L Z(_)H—k <@_I1~~~IkM(y) @.Ir~~~lk+1MJ(x) o @IT'“‘I]@'M(:L.) @.hmlkﬂMJ(y))
k=1

T

- Z I S (=)t ey () e By )

k=n+1
-3 ety s )
k=1
+ Z L Yl e (g) e ) (©.79)
k=n
The remaining terms are as follows,
A ) 5 Lt ot (50

n=1
r

_ Z T'Hf IkM(y) @LLH"'IkﬂMJ(ZE)

k=n+1
r

(e ) e ey )
k=n

T

k
r =)" oneeqp . .
HYaya) 3 L (i (g, ) — 1 )
k=1 )
The terms inside the square bracket almost make up I+ Ir ; (2 4). Accounting for the
difference, we obtain after some simplifications,

T

=2mi)" ...
A Ity y) = %5? Pt (2, y) (C.81)
n=1 ’
r r—i—n Il
27TZ r Z |i )5L1..v n—1 <WITNInL(y, ,’L’) i ﬁlrmjnL(y))
n=1

_wM(x)éil“‘In <w1r'”1n+1MJ(y7 .:C) _ @Ir"'17l+1MJ(y>):|

Using the definition of the traces x and the traceless parts @ in (C.72), the terms in the
parentheses may be simplified as follows,

I (g, 0) = I () = =0 K )
w[k...[n+1MJ(y7 .:C) o @Ik"'l’!lJrlMJ(y) 5M 7 5 1n+1(y7 x) (C82>
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It is readily verified that the second and third lines in (C.81) precisely cancel one another,
thereby completing the proof of item 2 of Theorem 9.2.

To prove item 3, namely holomorphicity in z, we notice that the second line in (C.74)
is by itself holomorphic since w(x) is. The first line is automatically holomorphic in z for
r > 1 since its ingredients are individually holomorphic, while holomorphicity for » = 0
follows from the fact that the pole at x = y manifestly cancels between the two terms.

To prove item 4, we make use of the items 1, 2 and 3 established earlier. In particular,
we use the relations between the monodromy of IT and the fact that II is holomorphic in z, y.
Cutting the Riemann surface X along a set of canonical homology cycles and decomposing
the boundary of the resulting fundamental domain as follows,

h
¢=[J 2B (W) By (C.83)

K=1

we use the holomorphicity of II to conclude that, by Cauchy’s theorem in absence of poles,

f de I (2, ) = 0 (C.84)
<

The contributions from the integrals over B and ‘B[_{l cancel one another in view of the
invariance of IT under the 21X transformation that maps By to By', and we are left with,

Z% dx (HII"'ITJ(%L%K,y) — et (a, y)) =0 (C.85)
K AR

Using the monodromy relation established in item 2, this becomes,

T

—9mi)F
oy
! % AK

k=1

For r = 1, only the value k = 1 contributes and the relation becomes,

Zafg f;{K dx 1l (z,y) = 7{ dx 1l (z,y) =0 (C.87)

Al

Since I1;(z,y) is a single-valued holomorphic (1,0) form in z the above equation implies
that I1;(z,y) = 0. By induction on the value of 7, the integrals over I/t ;(z, 1) vanish at
arbitrary rank r > 1,

j{ dx T j(z,y) = 0 (C.88)
AK

Since IT11Ir ; (2, y) is a single-valued holomorphic (1,0) form in z, it must vanish identically.
This completes the proof of Theorem 9.2.
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C.8 Proof of Theorem 9.4

The first step in proving the vanishing of the combinations % (z, y) in (9.19) is to evaluate
their monodromies in x and y. The 2 monodromies in both points vanish since those of
xIr(z,y) do, and the 8 monodromies can be assembled from the following consequence
of the monodromies in (9.9),

) — (—2mi)* g
O X" (@B, y) = O,x" IT‘(a:,yHZi( il L gt g, (a,y)
k=1 ’
Iy LIy - (27Ti)k LIy LTy
OuxX™ " (y, 2 4BL) = Oux" (1) + > oL DXy, x)  (C.89)
k=1 )

The resulting expression for the 8 monodromy of U1I*(z, ) in z allows us to recombine
the terms of schematic form d,x(z,y) and 0, x(y, x) to lower-rank instances of (9.19),

r o k
U e ,0) = (o) + 3T ) (o0
k=1 ’

The swapping identity U™ Ir(z,y) = —(=)" U1 (y,x) which is evident from (9.19) simi-
larly organizes the 8 monodromy of U%*I*(z,y) in y into lower-rank combinations U.

The second step in proving Theorem 9.4 is to demonstrate holomorphicity of U1 (z, y)
in x,y. According to the discussion around (9.8), the only poles as y — x occur in 1" (z, )
at rank r = 0. Hence, all of 9,x"*"'r(z,y) and thus U™ Ir(z,y) at > 1 are non-singular as
y — x. At rank r = 0 in turn, we have a double pole in,

Oyx(x,y) = —ﬁ + reg (C.91)

where simple poles are absent since x(z,y) does not exhibit any logarithmic terms log(x—y).
Nevertheless, these double poles cancel out from the combination,

U(ZL', y) = 0yx(a:, y) - axX(ya ZL’) (092)

in (9.19) and we have established holomorphicity of U™ *(z,y) as y — x at any rank
r > 0. The monodromies (C.90) then imply that U™ 7 (x,y) are regular when z and y are
in distinct fundamental domains of ¥.

In order to conclude the proof of Theorem 9.4, we apply Cauchy’s theorem in the absence
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of poles (as established in the previous step),

0= %dxuh”'lr(:c,y) = 27{ dx (L{Il"'lr(:c—i-%;(, Y) — Uh"'lr(:c,y)>
¢ AK

_ Z( 27TZ 611 Ik Z% dl.ulkJrl IT 1' y) (093)
k=1

using the decomposition of the boundary € of the fundamental domain for 3 in (C.83) and
the B monodromies (C.90) in passing to the second and third line, respectively. At rank
r =1, (C.93) specializes to §,, U(z,y) = 0 which, together with holomorphicity and single-
valuedness of U(x,y), implies the vanishing U(x,y) = 0. By induction on the value on r,
one can then successively show that the analogous A% periods vanish at arbitrary rank,

f dzU" " (z,y) =0 (C.94)
QlK

which, together with its holomorphicity and single-valuedness, implies the vanishing of the
respective UM I (z,y).
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D Recursive construction of Fay identities

This appendix introduces two constructive methods to derive Fay identities via iterated
convolutions of the tensorial weight-two identity (6.2). In this way, the non-constructive
proofs of Theorems 6.2 and 6.3 in Appendices C.2 and C.4 are complemented by a recursive
construction that was initially used to propose the general form of the Fay identities (6.11)
and (6.15) before they were rigorously established.

The first method, which is described in sections D.1 and D.2, is the more general one
but suffers from inefficiencies in certain cases specified below. The second method, which is
described in sections D.3 and D.4, is presented in less generality but offers a targeted fix for
the shortcoming of the first method.

D.1 A first method applied to weight three

In order to illustrate the first method to generate Fay identities at increasing weight, we
evaluate the auxiliary integral,

H™M (. 2) = / P ()75 () £ 1 ye) oo (s, 2) (D.1)

in two different ways. In both cases, we will use the following convolution identities which
are straightforward consequences of (3.10), (3.11) and (3.15),

/Z Pud (u)f () £ 5 (0 0) = —58 £ (2, a) (D.2)
/ P () IR e (o, w)w () = 85 FOR e (,b) — 8 735 (2,1)
>

where ? # (), and the second line involves an arbitrary point b € X.

(i) bring the first two factors f ;(x,u)f”'(y,u) in the integrand of (D.1) into a u-reduced
form (see section 3.6) using (6.2) and then integrate term by term via (D.2)

(o) = [ @) (7500 sl + P o) Puln)  (D3)
+wy () fM Ly, w) +wi(y) 7Y (e, w) + ws(2) 71y, SC))fLK(Ua z)

= — My ) (2, 2) = () K (y, 2)

—wy(@) "M ke (y, 2) —ws () 1M ke (@, 2)
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(ii) bring the last two factors /1 (y,u)fLk(u, z) in the integrand of (D.1) into a u-reduced
form using (6.2) and then integrate term by term via (D.2)

T (oy2) = [ st @) (1700025 e 2) = ) o (0:2)

—wn () 1w, ) = wn () () = wn ) [ (7)) (DA)

=My, 2) k(@ 2) + ™Y (@ y) k(s 2) + wi(y) M k(2 y)
+ws) Mg (@, 2) 4+ fa(, 0) M k(g 2) = (@ 0) f ke (y, 2)

Equating the two representations of H'* i-(x,y, z) obtained from (i) and (ii) yields a weight-
three Fay identity, based on the weight-two input (6.2). Setting the arbitrary point in (D.4)
to b = y cancels the second term in the third line of (D.3), and we arrive at

— Moy, 2) [ k(2 2) —wi (@) ™k (y, 2) —wo(y) 7™ k (2, 2)
= — My, ) [k (@, 2) + Y () e (g, 2) + (e, y) Y k(y, 2)
+ws W) ™M k(@) +ws(y) f17Y ke (2, 2) (D.5)

Solving this identity for f* ;(y, 2) f!’ k(x, z) then reproduces the first example in (6.13).

D.2 A first method applied to higher weight

The key idea in the above derivation carries over to arbitrary weight: Adapt the above
methods (i) and (ii) to the higher-weight generalization of the weight-three integral in (D.1)

WP o,,2) = [ st sty fPalus) (D)
%

_>
For each choice of the multi-indices M, ? and 6, one can derive a higher-weight Fay identity
from the auxiliary integral (D.6) by equating two methods of reducing the number of u-
dependent factors in the integrand:

_>
(i) bring the first two factors fM ;(x,u) f P (y, w) into a u-reduced form using lower-weight
identities for repeated scalar points, see section 6.4

(ii) bring the last two factors f?‘] L(y,u) faL i (u, z) into a wu-reduced form using lower-
weight identities for repeated one-form points, see section 6.5

In both cases, the integration over u can be performed term by term via (D.2) after applying
the Fay identities of (i) and (ii).
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We shall now illustrate to what extent the weight-three Fay identity (D.5) gives access
to weight-four Fay identities. While (D.1) is the only weight-three integral amenable to the
method of this section, there are three weight-four instances of (D.6):

HIMOC (2, y,2) + need Fay for fM;(z,u)f1(y,u) & f/p(y,u)fx(u, 2)
HIMNOD (2,y,2) <> need Fay for fMVj(z,u)f”1(y,w) & £/ p(y, w) fFx(u, 2)
HLM’R@K(xu Y, Z) <> need Fay for fMJ(xv u)fPJL(y7 u) & fPJL(yv u)fLK(u7 Z)

Two of the required Fay identities (for f™ ;(x,u)f’1(y,u) and for f/p(y,u) Xk (u,2)) are
of weight two and again boil down to relabelings of (6.2). The remaining four required Fay
identities have weight three,

(&) f/oly,u)f?" k(u,2) (c) Moz, u) f™ Ly, u)
(b) N sz u) Ly, w) (d) oy, u)f ke (u, 2) (D.7)

Both of (a) and (c) are available from relabelings of (D.5), namely (a) by solving for the
unique term with two z-dependent factors and relabeling x — w and (c) by solving for the
unique term with two z-dependent factors and relabeling z — u. The Fay identity (b) can
also be extracted from (D.5) by applying the matrix commutator identity,

M, ) k(@ 2) = [y, 2) f™ (2, 2)
— Tk a) f™ 5 (2, b) + M 5 (y,a) 1k (2,b) (D.8)

with arbitrary a,b € ¥ to the unique repeatedly z-dependent term and relabeling the first
term 7 (y, 2) f™ ;(z, 2) on the right side of (D.8) to match the names of the indices and
variables of the target fMN ;(z,u)f’1(y,u) in (b).

Finally, the term f77p(y,u)fLk(u, z) in (d) may share the form degrees with the term
oy, u) fLg(u, 2) in (a) but crucially differs from its index structure. This can be seen
from the fact that the bilinear terms in G are given by 0%0,G" (y,u)d,G(u, z) for (d) and
64:0,G(y,u)0,G%(u, z) for (a), where the repeated point u enters the weight-two factors
9,6 (y,u) and 9,G%(u, z) with a different form degree. In principle, this could be fixed by
inserting separate permutations of (D.5) under = <+ y into one another. However, we refrain
from spelling out this cumbersome workaround and take the complication in deriving the
Fay identity for (d) as a motivation to introduce a separate method in the next section.

The simplifications of auxiliary integrals (D.6) at various weights < 6 benefitted from the
following method to modify the position of the upper contracted index J in the second factor
of f?J(a, x)f 7 k(b,c). Even though the techniques of section 6.6 allow us to reformulate
Fay identities without any index contractions, the identity (D.9) below offers convenient
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shortcuts in the recursive construction of Fay identities. The key realization which drives
the rerouting of contracted indices is that the antisymmetrized combination on the left
side of,

F77 5(a,2) fA7BQC (b, ¢) — £ (a,2) FAPEIC (b, ¢) (D.9)
= FTP () 7B (b, 0) = FT9(a,y) FAPEIE (b, )

does not depend on the point . That is why this expression is equated to its relabeling
x — y in the second line. Applications to Fay identities arise if one of b or ¢ coincides with
x on the left side, so the two terms on the right side no longer exhibit the repeated point
x. As a net effect of (D.9) in these cases, terms with the upper contracted index J in the
position of f47FQC ;(b, ¢) are traded for others with J in an arbitrary different position
fXP By K (b, ¢) (where some of A, B or C' may be empty). For instance, (D.9) translates
the Fay identity for f™ ;(y, 2) f'/ k(z, z) in the first line of (6.13) into,

M k(@ 2) = Moy, o) [ k(s 2) + Mol y) k(s 2) + P 5 y) f k (y, 2)

+ws (@) ™M (y, 2) + wi(y) fMD e (2, 2) + wi(y) 7 (2, y)
(D.10)

with J <> I swapped in the second factor. In this way, lower-weight Fay identities relevant
to the two evaluation strategies (i) and (ii) of the auxiliary integral (D.6) can be brought
into the most opportune form.

D.3 A second method applied to weight three

We shall next present an independent method to construct Fay identities from convolutions
of lower-weight instances which makes use of the auxiliary identity for P # 0,

/ P& (2)9,6% (w,0) P s, a) = FOP (u, a)
>

/Z &2 o (2)0,G9 (u, 2)wy (z) = ,D9T(u) (D.11)

derived from the trace of (D.2) in R, K. As a first example, we apply (D.11) to perform the
following integral in two different ways:

A (g, =) = /E Pr @ ()06 (u, 2) 5 (y, 2) f xc (x, 2) (D.12)
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(i) bring the last factors f ;(y, z) fk(x, z) into an x-reduced form using the x <+ y image
of the weight-two Fay identity (6.2),

j;\IIMK(uv Ys Z) = /Edzx @I(l’)ﬁug(u, I) (fMJ(y7 z)fJK(xv Z) - fMJ(xv y)fJK(ya Z)

—wi(W) Mk (xy) —ws@) M k(2 2) —wi(@) Y & (Y, 2))
= Moy, 2) 1 ke (us 2) = ™ 5w, y) f ke (Y, 2) — wi(y) FM ke (u,y)
—ws() "Mk (u, 2) — fY ke (y, 2)0,97 5 (u) (D.13)

(ii) bring the first and the last factor 9,G(u, z) f/ k(x, 2) into an x-reduced form using (6.2)
when the middle term contributes ™ ;(y,z) — —6¥9,G(y, x),

ffIMK(u,y,Z)=/dzxwl(x)aug(u,f)(ay@MJ(y)f‘]K(%Z)—5yg(y,x)fMK(l‘, z))

2
= 0,@" s (y) [ ke (u, 2)

n / P& (2)0,0(y. 2) (1™ (w, 2) k(1 2) — 0, () f e (=)

= 0,M ; () f1 i (u, 2) — 0, M ; () f17 i (y, 2) + H™ e (y,u, 2)  (D.14)

In the first step, we have rewritten —0,G(u,x)fMg(x,2) as fMj(u,2)f (2, 2) —
0. ®M ;(u) f’ k(x,2). In passing to the last line, the y <+ u image fIIMK(y,u, z) of
the integral (D.12) has been identified from the factors 8,G(y, ) fM ;(u, ) f' (2, 2) in
the integrand.

When equating the two expressions for H'™ j(u,y,z) in (i) and (i), the y +> u image
H™ 1 (y,u, z) in (D.14) is understood to be evaluated through the five-term expressions on
the right side of (D.13) with y and u interchanged:

My 2) Y ke (w, 2) = ™Y () i (g, 2) — ws () ™ k()
— w7 ke (u, 2) = Y ke (y, 2)0,97 5 (u)
= 9, @M ;(y) [ K (u, 2) — 0, M 5 (w) [ K (y, 2)
+ M, 2) [k (y, 2) = ™My, w) i (u, 2) —wi(y) M e (y, )
- wJ(U)fIJMK(?/> z) — fJMK(Ua Z)ayq)IJ(y) (D.15)

One can simultaneously uplift the 9®-tensors on both sides to f-tensors 9, ;(u)— f1 ;(u, a),
0, M ;(u) — fM;(u,a) and 9,®M ;(y) — fM;(y,b), 0,9 ;(y) — f1;(y,b) with arbitrary
a,b € ¥ since the corresponding 0,G(u,a) and 0,G(y,b) cancel. Setting a,b — z leads to
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cancellations of four terms, and one arrives at the following weight-three Fay identity with
manifest antisymmetry in x < v,

0= w(@) "Mk (y, 2) = ws(y) 7" k(, 2)
+wi (@) M ke (y, ) = wi () FM ke (2, y)
+ My, ) k(s 2) = ™M () f k(y, 2)
+ 1y, ) M k(e 2) = (e 2) ™ ke (y, 2) (D.16)

which is in fact equivalent to (6.18). Once the third term w;(z) ff*7 k(y, ) on the right side
is eliminated through the weight-three interchange lemma 5.2, the fifth one f'™ ;(y, z) f' ¢ (z, 2)
is the only instance of the repeated point 2. Upon solving for the fifth term '™ ;(y, ) f/ (x, 2)
and relabeling points and indices, the Fay identity (D.16) provides the missing u-reduced
rewriting of the term (d) in (D.7). The trace component d% of (D.16) eliminates the re-
peated appearance of = in 9,G (y, 2)9.G(x, z) whereas the the previous method provided the
analogous elimination for 9,G(y, x)0,G'(z, z) via (D.5), which has a different form degree
of  in the weight-two function. This illustrates the synergy between the method of section
D.2 and the alternative method of the present section that we shall next generalize to higher
weight.

D.4 A second method applied to higher weight

The higher-weight generalization of the method in the previous section D.3 relies on the
following variant of the integral (D.12):

’,7/-[\176]\/[K-(u7 Y, z) = /X:d2l’ @I(I)aug(u, I)faMJ(yv x)fJK(xv Z) (D17)

We deliberately introduce less multi-indices than in the earlier family H! MPJ x(x,y,z) of
auxiliary integrals in (D.6) to demonstrate that the present method is recursive in weight.
The mechanism to derive new Fay identities is again to equate the evaluations of the integral
(D.17) using two different lower-weight Fay identities

(i) bring the last two factors f du 7y, 2) f? g (2, z) into an x-reduced form using Fay identi-
ties obtained from the same procedure at lower weight (see below why this is possible)
and integrate the resulting expression term by term via (D.11)

(ii) bring the product 9,G(u,x)f’k(x, 2) of the first and the last factor into an z-reduced
form when the middle term contributes faMJ(y, T) — —5yayg3(y, x); regardless on
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the choice of 5, this solely requires the weight-two Fay identity (6.2):

HY M (g, 2) = / P (@)0,6(u,2) (0,895 (9) 7 xc(2,2) — 0,69 (y,2) M e, 2))
= 0,99 () f x(u, 2) (D.18)
+ /E 220" (2)0,69 (5, ) (fM 1 (u, 2) 7 (0, 2) — D, 8M 5 (u) 7 (i, 2))
= 0,09M,(y) " (1, 2) — 0, 2M 5 () f I ey, 2)
+ [l @0, ) (1 o) il 2) = P ) ,2)
—wy(u) fM (2, u) — wi(u) [T ke (2, 2) = wi (@) Y Kk (u, 2))

The rewriting —0,G (u, ) fM g (z, 2) = fM  (u, 2) f/ k (2, 2) — 0, M ;(u) f/ (2, 2) in the
first step is identical to that in (D.14). In the last step, the weight-two Fay identity
(6.2) leads to an z-reduced parenthesis multiplying 9,G% (v, z), so we can perform the
a-integral for each term via (D.11):

ﬁl’aMK(% y,z) = 8y<I>6MJ(y)f”K(u, z) — 8u‘I)MJ(u)fa]‘]K(y, 2) (D.19)
M, 2) FO ey, 2) — £y ) f e, 2)
— wy () FIMI (g w) — w0y () O™ e (y, 2) — B, 997 () f7M g (u, 2)

For a given multi-index a = (Q1Q2 - Q, of length 7, the next step is to equate (D.19) with
the outcome of integrating the weight-(r+2) Fay identity for f¢M ;(y,z)f’k(z,2) in (i)
against [, d*x 0’ (x)9,G(u, z). We shall argue in two steps why this is guaranteed to yield
a Fay identity of weight (r+3) that u-reduces féIMJ(y, u) f7 i (u, z) for arbitrary 6: First,
none of the terms in the expression for (D.17) due to (i) can involve a repeated appearance of
u by inspection of the right side of (D.11). Second, after applying the interchange lemma 5.2
to the term WJ(U)faIMJK(y, u) on the right side of (D.19), the only repeatedly u-dependent
term in (D.19) and hence the entire Fay identity due to (i) = (ii) is faIMJ(y,U)fJK(U, z).
By repeating this derivation for different lengths r of () = Q1Qs - - - Q,., one arrives at an all-
weight family of Fay identities that eliminate the repeated point = in f1 ;(y,z)f'x(x, 2)
for arbitrary I .

The discussion below (D.7) identified the Fay identity (d) for f77 1 (y,u) f¥x(u, 2) as a bot-
tleneck in applying the method of section D.2 to all weight-four cases. Also for higher-weight
instances of the auxiliary integral (D.6), the required Fay identities for f7‘] L(y,u) fre(u, 2)
turn out to be most difficult to derive from the method of section D.2. Hence, the recursive
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generation of Fay identities for f 1 1 (y,u) fE i (u, 2) in the present section complements the
earlier method by resolving a major obstacle in its systematic higher-weight application.

Given a u-reduction of fI_D)JL(y,u)fLK(u, z) at fixed ?, the method of section D.2 was
found to recursively generate higher-weight identities for f£7 (y,u)f91 9Lk (u,2) in sev-
eral examples, adding indices to the second factor. The underlying auxiliary integrals take
the form of HI’M’]_D)’Ql"‘Q"K(:c,y,z) at fixed ? and increasing length r of ) = Q;---Q,.
One can see from the following reasoning that the Fay identity for f* ;(x,u) f?J L(y,u)
required in the rewriting (i) of HIMFQ1-Qrp (3 4y 2) integrals is readily available: First,
the sequence HIMIQ1Qr (1 4. 2) at empty B can be shown to generate Fay identities for
fJL(y,u)faLK(u,z) at all weights. Second, by the observation in section 6.4.3, these Fay
identities involving one f-tensor of weight one can be solved for the unique repeatedly z-
dependent term f7(y, 2) faL i (u, ), see (6.14). Third, relabelings of the indices and points
yield the desired Fay identities for fM ;(z,u)f*71(y,u).

In conclusion, the methods of section D.2 and the present one are found to be in
fruitful symbiosis: The latter method is known to generate all-weight Fay identities for
f?‘] (y,u) f¥k(u, z), and the former method is believed to then deduce more general Fay
identities f77p(y,u)f9Fk(u, z) with additional multi-indices 5 From the combination of
both methods, we generated a selection of Fay identities at weight < 6 with various choices
of ? and 5 which turned out to be sufficient to propose the general Fay identities (6.11) and
(6.15) as conjectures. In view of the proof of (6.11) and (6.15) in Appendices C.2 and C.4,
we did not attempt a rigorous investigation if the method of this appendix will eventually

construct the Fay identities for f?‘] r(y,u) faL x(u, 2) with arbitrary P and
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