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ABSTRACT

Decision making under uncertainty often requires choosing pack-
ages, or bags of tuples, that collectively optimize expected outcomes
while limiting risks. Processing Stochastic Package Queries (SPQs)
involves solving very large optimization problems on uncertain
data. Monte Carlo methods create numerous scenarios, or sample re-
alizations of the stochastic attributes of all the tuples, and generate
packages with optimal objective values across these scenarios. The
number of scenarios needed for accurate approximation—and hence
the size of the optimization problem when using prior methods—
increases with variance in the data, and the search space of the
optimization problem increases exponentially with the number of
tuples in the relation. Existing solvers take hours to process SPQs on
large relations containing stochastic attributes with high variance.
Besides enriching the SPaQL language to capture a broader class of
risk speci�cations, we make two fundamental contributions toward
scalable SPQ processing. First, we propose risk-constraint lineariza-
tion (RCL), which converts SPQs into Integer Linear Programs (ILPs)
whose size is independent of the number of scenarios used. Solving
these ILPs gives us feasible and near-optimal packages. Second, we
propose Stochastic SketchRefine, a divide and conquer frame-
work that breaks down a large stochastic optimization problem into
subproblems involving smaller subsets of tuples. Our experiments
show that, together, RCL and Stochastic SketchRefine produce
high-quality packages in orders of magnitude lower runtime than
the state of the art.
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Stock_Investments

ID Stock Price Sell After Gain

1 AAPL 195.71 0.5 days ?
2 AAPL 195.71 1 day ?
3 AAPL 195.71 1.5 days ?
. . . . . . . . . . . . . . .
730 AAPL 195.71 365 days ?
731 MSFT 373.04 0.5 days ?
732 MSFT 373.04 1 day ?
. . . . . . . . . . . . . . .
1460 MSFT 373.04 365 days ?
. . . . . . . . . . . . . . .

Scenarios

ID . . . Gain

1 . . . 2.45

2 . . . 3.45

3 . . . 3.76

. . .

730 . . . 31.45

731 . . . 1.56

732 . . . 0.94

. . .

1460 . . . 8.76

. . .

ID . . . Gain

1 . . . 0.45

2 . . . 0.56

3 . . . 0.42

. . .

730 . . . -3.15

731 . . . -1.34

732 . . . -2.23

. . .

1460 . . . 11.25

. . .

ID . . . Gain

1 . . . -1.53

2 . . . -1.34

3 . . . 0.78

. . .

730 . . . 23.45

731 . . . 0.34

732 . . . 0.23

. . .

1460 . . . -13.34

. . .

SPaQL query

SELECT PACKAGE(*)

FROM Stock_Investments

SUCH THAT

SUM(Price) <= 1000 AND

SUM(Gain) <= -10 WITH

PROBABILITY <= 0.05

MAXIMIZE EXPECTED SUM(Gain)

Package result

ID . . . Count

3 . . . 1
126 . . . 2
1358 . . . 1
2245 . . . 1

Figure 1: The gain in the Stock_Investments table is an un-

certain attribute, evaluated via simulated stochastic pro-

cesses. The scenarios represent di�erent simulations (possi-

ble worlds). The example SPaQL query contains a value-at-

risk (VaR) constraint, specifying that the probability of total

loss (negative gain) exceeding $10 is at most 5%.

1 INTRODUCTION

Many decision-making problems involve risk-constrained optimiza-
tion over uncertain data [2]. Consider a stock portfolio optimization
problem (Figure 1), where stock prices at future dates are uncertain
and are simulated as stochastic processes (e.g., Geometric Brownian
Motion [33]). We choose which stocks to buy, how many shares of
each, and when to sell them, with constraints on budget and risk
of loss. Such a problem can be expressed as a package query us-
ing SPaQL—Stochastic Package Query Language—allowing for the
bene�ts of in-database decision-making [6]. The example query in
Figure 1 requests a portfolio that costs less than $1000 and for which
the probability of losing more than $10 is at most 5%—the latter con-
straint is called a Value-at-Risk (VaR) constraint. The package result
is a bag of tuples, i.e., a portfolio of stocks and a selling schedule,
that satis�es the constraints while maximizing the expected gain.

To solve the stochastic optimization problem speci�ed by a
SPaQL query, we approximate it by a deterministic problem via
a Monte Carlo technique called Sample Average Approximation
(SAA) [27]. SAA creates numerous scenarios (“possible worlds”),
each comprising a sample realization for every stochastic attribute



of every tuple in the relation, e.g., a realized gain for every Stock–
Sell_After pair as in Figure 1. Such scenarios can be created using
the Variable Generation (VG) functions of Monte Carlo databases
like MCDB [26]. A VG function is a user-de�ned function that takes
a table of input parameters and generates a table—a scenario—of
sample values drawn from a corresponding probability distribution.
Because of their �exibility, VG functions can capture complex cor-
relations across the sampled tuples. In Figure 1, a VG function can
use simulation models trained on historical stock prices to simulate
discretized trajectories of future prices of every stock, and create
scenarios of potential gains.

The scenarios are used to construct an SAA approximation to
the original SPQ, where expectations are replaced by averages over
scenarios and probabilities are replaced by empirical probabilities.
E.g., the SAA approximation to the example query in Figure 1
maximizes the average pro�t over all the scenarios, with at most
5% of the scenarios having losses over $10.

Stochastic Package Queries (SPQs) are hard to scale on large
datasets. They represent constrained optimization problems that
grow along both: (i) the tuple dimension and (ii) the scenario dimen-

sion. More tuples directly correspond to more decision variables in
an SPQ, causing the search space of the optimization problem—and
correspondingly the solver runtime—to grow exponentially. On the
other hand, increasing the number of scenarios is necessary for
SAA accuracy, especially when stochastic attributes have high vari-
ance. However, this also increases the runtime for creating these
scenarios, formulating and solving SAA optimization problems
(whose size grows with the number of scenarios), and assessing
the empirical risks of packages over the scenario set. Even worse,
having more tuples also necessitates having more scenarios due to
the curse of dimensionality—more samples are needed to make the
SAA su�ciently accurate in high-dimensional decision spaces [11].

Prior work tackled scaling along either the tuple or the sce-
nario dimension, but not both. For all methods (including ours), we
assume that the size of the optimal package is small, which is of-
ten the case for real-world problems. SketchRefine [4] e�ciently
processes deterministic package queries (no scenarios involved) on
large relations by partitioning the relations into groups of similar
tuples and constructing representatives of each group o�ine. Dur-
ing query execution, the sketch phase solves the problem over only
the representatives; the re�ne phase then iteratively replaces repre-
sentatives in the sketch package with tuples from their partitions.
The ILPs for both sketch and re�ne queries are small enough to be
directly solvable by o�-the-shelf optimizers such as Gurobi.

SummarySearch [6] helps scale SPQ processing along the sce-
nario dimension. It exploits the fact that SPQs can be approximated
as ILPs using SAA. It creates packages using a set of optimization

scenarios and validates their feasibility over a much larger set of
validation scenarios. The key challenge is that large numbers of opti-
mization scenarios are typically needed to mitigate the “optimizer’s
curse”, which occurs when packages created from the optimization
scenarios violate risk constraints among the validation scenarios;
however, the size—and hence processing time—of the ILPs grows
with the number of optimization scenarios. To handle this scaling
issue, it replaces the optimization scenarios by a small set of con-
servative scenarios called summaries. Constraints based on these
summaries are harder to satisfy than constraints based on a random

set of scenarios as in SAA, so packages created from them are more
risk-averse and likely to be validation-feasible. E.g., the summary
of a set of scenarios in our investment example might comprise
the scenario-wise minimum gain for each tuple. By varying the
number of summaries, conservativeness can be carefully controlled
to ensure near-optimal and feasible solutions.

These methods have serious limitations. SketchRefine does
not work on stochastic data, and SummarySearch does not scale
well with more tuples because the formulated ILP has one decision
variable per tuple in the relation. Moreover, SummarySearch does
not work well with high-variance stochastic attributes: As variance
increases, more optimization scenarios are needed to accurately
re�ect the properties of the validation scenarios. With too few
optimization scenarios, an intermediate package is likely to be
validation-feasible but sub-optimal, so SummarySearch will spend
a lot of time increasing the number of summaries to relax the
problem, only to discover that more scenarios are needed.

Our work both enriches the expressiveness of the SPaQL lan-
guage and is the �rst to scale SPQ processing along both the tuple
and the scenario dimensions. With respect to expressiveness, we
extend SPaQL to allow speci�cation of Conditional Value-at-Risk
(CVaR) constraints, also called “expected shortfall” constraints. The
CVaR risk measure is widely used in �nance, insurance, and other
risk-management domains [3, 29, 34]. The VaR constraint in our
portfolio example is of the form:

SUM(Gain)<= -10 WITH PROBABILITY <= 0.05

whereas a CVaR constraint might be of the form:

EXPECTED SUM(Gain)>= -10 IN LOWER 0.05 TAIL

Roughly speaking, the former constraint requires that the “bad
event” where the loss exceeds $10 occur with probability of at most
0.05, whereas the latter requires that, given the occurrence of a
high-loss event of the form “loss exceeds $G” having 0.05 probabil-
ity, the expected value of the loss does not exceed $10. (Section 2
gives precise de�nitions.) Though VaR is a popular risk measure,
risk analysts often prefer CVaR over VaR because it is a coherent risk
measure with nice mathematical properties [34]. E.g., portfolio op-
timization problems with CVaR constraints promote diversi�cation
of stocks, and CVaR can avoid extreme losses more e�ectively than
VaR. For example, given a portfolio that satis�es the VaR constraint,
if an investor loses at least $10 (which happens with at most 5%
probability), they can actually lose much more than $10 without
any way to control the expected loss. Having an additional CVaR
constraint caps such expected losses when the bad event occurs.

We achieve scaling through two novel mechanisms: risk-const-
raint linearization (RCL) and Stochastic SketchRefine.

RCL handles scenario-scaling issues by replacing each VaR
and CVaR constraint by a linearized CVaR (L-CVaR) constraint
(Section 2). Crucially, an SPQ with only L-CVaR constraints leads
to a smaller SAA approximation whose size is independent of the
number of scenarios and can be solved e�ciently. Like CVaR, an
L-CVaR constraint is parameterized by two values: a tail speci�er
U and a value + , e.g., U = 0.05 and + = −10 in the foregoing CVaR
example. Our new RCL procedure e�ciently �nds values of U and
+ for each constraint such that the resulting feasible region for
the SAA problem contains a solution that is both feasible and near
optimal with respect to original SPQ.



Stochastic SketchRefine handles tuple-scaling issues by us-
ing a new data partitioning and evaluationmechanism. It retains the
divide-and-conquer structure of SketchRefine—similarly lever-
aging o�-the-shelf solvers and using sets of optimization and vali-
dation scenarios—but incorporates non-trivial extensions to over-
come challenges raised by stochasticity. Stochastic SketchRe-

fine uses our novel, trivially-parallelizable partitioning method,
DistPartition. Unlike existing hierarchical stochastic data clus-
tering approaches [21, 25], DistPartition’s time complexity is
sub-quadratic with respect to the number of tuples in the relation.
This makes it suitable for partitioning million-tuple relations.
Contributions and outline. RCL and Stochastic SketchRefine

synergistically reduce overall latencies, ensuring superior scala-
bility over both tuples and scenarios. Stochastic SketchRefine
keeps high-variance tuples in separate partitions due to their dis-
similarity with low-variance tuples. While re�ning partitions with
high-variance tuples, use of RCL reins in the SPQ-processing laten-
cies. In more detail, we organize our contributions as follows.

• We extend SPaQL to allow for the expression of CVaR constraints,
which allow for better risk control in stochastic optimization
problems. We further discuss necessary background and provide
an overview of our approach and key insights. [Section 2]

• We detail how RCL replaces VaR and CVaR constraints in an SPQ
by L-CVaR constraints, while ensuring the resulting packages
are feasible and near-optimal for the original SPQ. [Section 3]

• We present Stochastic SketchRefine, a two-phase divide-and-
conquer approach that splits SPQs on large relations into smaller
problems that can be solved quickly. Similar to SketchRefine, it
�rst solves a sketch problem using representatives over data par-
titions, and then re�nes the initial solution with data from each
partition. In contrast with SketchRefine, our method employs
stochastically-identical duplicates of representatives to handle
the challenges of stochasticity. [Section 4]

• Stochastic SketchRefine relies on appropriately-partitioned
data to generate the sketch and re�ne problems. We propose a
novel o�ine partitioning method for stochastic relations, Dist-
Partition, which can e�ectively partition stochastic relations
containing millions of tuples in minutes. [Section 5]

• We show that Stochastic SketchRefine achieves a (1 − n)2-
optimal solution w.r.t a user-de�ned approximation error bound
n . [23, Appendix E]
• We show via experiments that Stochastic SketchRefine gen-

erates high quality packages in an order of magnitude lower run-
time than SummarySearch. Furthermore, Stochastic SketchRe-
fine can execute package queries over millions of tuples within
minutes, whereas SummarySearch fails to produce any package
at such scales even after hours of execution. [Section 6]

2 CVAR AND RELATED CONSTRAINTS

In this section, we discuss the extension of SPaQL via the addition
of CVaR constraints. We �rst brie�y review the types of constraints
previously supported by SPaQL and then describe the syntax and
semantics of CVaR and related constraints in detail.

SPaQL constraint modeling. We assume a relation with = tu-
ples. In SPQ evaluation, each tuple C8 is associated with an inte-
ger variable G8 that represents the tuple’s multiplicity in the pack-
age result. A feasible package is an assignment of the variables in
G = (G1, . . . , G=), that satis�es all query constraints; as in the intro-
ductory example, we typically want to �nd a feasible package that
maximizes or minimizes a given linear objective function; see [7,
Appendix A] for a complete SPaQL language description.We denote
by C8 .� the value of the attribute� in tuple C8 ; if� is stochastic, then
C8 .� is a random variable. The SPaQL constraint types are as follows.

• REPEAT R : Repeat constraints cap the multiplicities of every tuple
in the package, i.e., G8 ≤ (1 + '), ∀1 ≤ 8 ≤ =.

• COUNT(Package.*)<= S : Package-size constraints bound the total

number of tuples in the package, i.e.,
∑=
8=1 G8 ≤ ( .

• SUM(A) <= V : Deterministic sum constraints bound the sum of
the values of a deterministic attribute � in the package, i.e.,∑=
8=1 C8 .� ∗ G8 ≤ + .

• EXPECTED SUM(A)<= V : Expected sum constraints bound the ex-
pected value of the sum of the values of a stochastic attribute �
in the package, i.e., E[∑=

8=1 C8 .� ∗ G8 ] ≤ + .

• SUM(A) <= V WITH PROBABILITY <= U : VaR constraints bound the
probability that the sum of stochastic attribute � is below or
above a value, i.e., P(∑=

8=1 C8 .� ∗ G8 ≤ + ) ≤ U .

Value-at-Risk. We �rst de�ne the notions of quantile and VaR.
Consider a stochastic attribute� with cumulative distribution func-
tion �� . For U ∈ [0, 1], we de�ne the U-quantile of �—or, equiva-
lently, of ��—as @U (�) = inf{~ : �� (~) ≥ U}.We can then de�ne
the U-con�dence Value at Risk of � as VaRU (�) = @U (�), i.e., the
VaR is simply a quantile. Thus a VaR constraint as above can be
interpreted as a constraint of the form VaRU (

∑=
8=1 C8 .� ∗ G8 ) ≥ + .

Conditional Value-at-Risk. As discussed in the introduction,
CVaR constraints help control extreme risks beyond what VaR
constraints can provide. Following [29, 34], we de�ne the lower-tail
U-con�dence Conditional Value-at-Risk of � as

CVaR⊥U (�) =
1

U

∫ U

0
@D (�) 3D =

1

U

∫ U

0
VaRD (�) 3D. (1)

and the upper-tail U-con�dence Conditional Value-at-Risk of � as

CVaR⊤U (�) =
1

1 − U

∫ 1

U
@D (�) 3D =

1

1 − U

∫ 1

U
VaRD (�) 3D.

From [29, Lemma 2.16], we have that if �� is continuous, then

CVaR⊥U (�) = E[� | � ≤ @U (�)] (2)

and CVaR⊤U (�) = E[� | � ≥ @U (�)], (3)

which motivates our CVaR-constraint syntax. Speci�cally, for a
value such as U = 0.05, the following SPaQL CVaR constraints

EXPECTED SUM(A) >= + IN LOWER U TAIL

EXPECTED SUM(A) <= + IN UPPER U TAIL

correspond to the constraints CVaR⊥U (
∑=
8=1 C8 .� ∗ G8 ) ≥ + and

CVaR⊤1−U (
∑=
8=1 C8 .� ∗ G8 ) ≤ + , respectively. In a portfolio setting,

constraints using CVaR⊥U (�) are useful when � represents a gain
as in our portfolio example, and constraints using CVaR⊤1−U (�) are
useful when� represents a loss. Since CVaR⊥U (�) = CVaR⊤1−U (−�),



without loss of generality, we will focus on CVaR⊥U and simply de-
note it by CVaRU ; we will also restrict attention to maximization
problems where the use of CVaR⊥U makes sense. Also, for simplicity,
we assume henceforth that all random attributes have continu-
ous distributions so that the representations in (2) and (3) are valid.
Then, given a set ( of i.i.d. samples from the distribution �/ of a ran-
dom variable / , we can estimate CVaRU (/ ) simply as �CVaRU (/ ),
the average over the lowest U-fraction of values in ( .1

Scalably solving SPQs with linearized CVaR. In contrast with
VaR constraints, CVaR constraints are convex, naturally reducing
the complexity of SPQs. However, replacing each VaR constraint
with CVaR—so the query contains only CVaR constraints—does not
su�ce to solve SPQs e�ciently: The convex optimization problem
resulting from the modi�ed SPQ is not amenable to SAA approxima-
tion and is usually very expensive to solve. To scalably solve SPQs,
we introduce the notion of linearized CVaR constraints. For a package
represented by integer variables2 G = (G1, . . . , G=)—i.e., the multi-
plicities of tuples in the package—and a stochastic attribute�, de�ne

L-CVaRU (G,�) =
=∑

8=1

CVaRU (C8 .�) ∗ G8 .

An L-CVaR constraint has the form L-CVaRU (G,�) ≥ + (in the
lower U-tail). When identically parameterized, an L-CVaR con-
straint is more restrictive than a CVaR constraint, which in turn is
more restrictive than a VaR constraint. Formally, letting G ·� denote∑=
8=1 C8 .� ∗ G8 and Z0 denote the set of nonnegative integers, we

have the following result, which holds even if �� is not continuous.
See [23, Appendix B] for all proofs.

Theorem 2.1. For any G ∈ Z=0 , U ∈ [0, 1], + ∈ R, and stochastic
attribute �:

L-CVaRU (G,�) ≥ + =⇒ CVaRU (G · �) ≥ +
=⇒ VaRU (G · �) ≥ +

As a simple example, consider a relation with two tuples C1 and C2
and a stochastic attribute� such that P(C1 .� = −1) = P(C1 .� = 1) =
0.5, and C2 .� and C1 .� are i.i.d. For G = (1, 1) and U = 0.5, we can
verify that L-CVaR0.5 (G,�) ≤ CVaR0.5 (G ·�) ≤ VaR0.5 (G ·�), which
implies the assertion of the theorem for this example. Observe that
CVaR0.5 (C1 .�) = CVaR0.5 (C2 .�) = −1, so that L-CVaR0.5 (G,�) =
1 ·CVaR0.5 (C1 .�)+1 ·CVaR0.5 (C1 .�) = −2. Also, the random variable
/ = G ·� = 1 · C1 .� + 1 · C2 .� satis�es P(/ = −2) = P(/ = 2) = 0.25

and P(/ = 0) = 0.5. Thus CVaR0.5 (G · �) = E[/ | / ≤ 0] = −2/3
and VaR0.5 (G · �) = median(/ ) = 0, verifying the inequalities.
Intuitively, the �rst inequality holds—strictly, in this example—
because L-CVaR involves separate averages over the lower tails
of C1 .� and C2 .�, each of which have half their probability mass
strictly below the median at 0. In contrast, the random variable
/ has signi�cant mass at the median value of 0, because positive
values of C1 .� can compensate for negative values of C2 .� and vice
versa, so the CVaR lower-tail average is higher. Moreover, VaR is
simply the median of / whereas CVaR is an average of values at or
below the median, which explains the second (strict) inequality.

1In general, CVaR⊥U (/ ) = E[/ | / ≤ @U (/ ) ] + @U (/ )
[
U − P

(
/ ≤ @U (/ )

) ]
, so

the only modi�cation to the methods in this paper is that estimation of CVaR from
optimization scenarios becomes slightly more complex.
2In a slight abuse of terminology, we use the term “package” to refer interchangeably
to either the integer vector G or the bag of tuples speci�ed by G .

Algorithm 1 RCL-Solve

Input: & := A Stochastic Package Query
( := Set of stochastic tuples in the SPQ
< := Initial number of optimization scenarios
V := Set of validation scenarios
X := Bisection termination distance
n := Error bound

Output: G := A validation-feasible and n-optimal package for& (( )
(or NULL if unsolvable)

1: O ← GenerateScenarios(<) ⊲ Initial optimization scenarios

2: qsSuccess, GD ←�ickSolve(Q, S) ⊲ Check if solution is “easy”
3: if qsSuccess = True then
4: return GD

⊲ Either solution to& (( ) or NULL
5: U,+ ← GetParams(& ) ⊲ Extract (UA ,+A ) for each A ∈ &
6: l0 ← OmegaUpperBound(&,(, GD,V)
7: while True do
8: + ′ ← + , U ′ ← 1 ⊲ Initial L-CVaR parameter values

9: Compute +̂0 as in (4) and set+! ← +̂0 ,+* ← + , U! ← U , U* ← 1
10: while True do
11: ⊲ Search for U
12: U ′old ← U ′

13: status, U ′, G ← U-Search(+ ′, U!, U* ,&, (, n, X, O,V, l0 )
14: if status.NeedScenarios = True then break
15: if status.Done = True then return G
16: ⊲ Search for V
17: + ′old ← + ′

18: status,+ ′, G ← V-Search(U ′,+!,+* ,&, (, n, X, O,V, l0 )
19: if status.NeedScenarios = True then break
20: if status.Done = True then return G
21: +* ← max(+ ′ − X,+! )
22: if max(+ ′old − +

′, U ′old − U
′ ) < X then break

23: if 2< > |V | then return G ⊲ Best solution found so far
24: O ← O ∪ GenerateScenarios(<) ⊲ Double # of scenarios
25: < ← 2<

3 RCL-SOLVE: SOLVING SMALL SPQS

In this section, we describe RCL-Solve (Algorithm 1), a standalone
scenario-scalable algorithm for solving SPQs over a relatively small
set of tuples. By completely eliminating the need for scenario sum-
maries, RCL-Solve outperforms SummarySearch. Moreover, our
new Stochastic SketchRefine algorithm (Section 4) solves a large-
scale SPQ with many tuples by solving a sequence& ((0), & ((1), . . .
of relatively small-scale SPQs, and slight variants of Algorithm 1
(discussed in Section 4) can be used to solve each SPQ encountered
during the sketch-and-re�ne process.

Overview. The basic idea is to replace each risk constraint (VaR
or CVaR constraint) in an SPQ with a corresponding L-CVaR con-
straint of the form L-CVaRU (G,�) ≥ + . Such replacement ensures
that the resulting SAA problem size is independent of the number
of scenarios. Moreover, the feasible region (in the space of possible
packages), which was formerly non-linear and non-convex, is trans-
formed to a convex polytope, so that the modi�ed SAA problem
can be e�ciently solved using an ILP solver. We carefully choose
the L-CVaR constraints so that (1) the package solution for the re-
shaped feasible region is validation-feasible, i.e., satis�es the original
set of risk constraints with respect to the validation scenarios, and
(2) the package solution is n–optimal, i.e., its objective value is ≥
(1−n)l , wherel is the objective value for the true optimal solution
to the original SPQ and n is an application-speci�c error tolerance.
Since the value of l is unknown, we use an upper bound l ≥ l , so
that any packagewith objective value above (1−n)l will have an ob-
jective value above (1−n)l (see below). One simple choice forl that
works well in practice isl0—the objective value of the package solu-
tion GD to query &D ((), where &D (() is the deterministic package



query obtained by removing all probabilistic constraints from& ((),
i.e., removing all VaR, CVaR and expected sum constraints (line 6).

Risk-constraint linearization (RCL) is the process of replacing all
risk constraints in a query & (() by L-CVaR constraints to achieve
objectives (1) and (2) above. RCL is accomplished via a search over
potential (U,+ ) values for every L-CVaR constraint. For each choice
of values, we solve the resulting SPQ via SAA approximation using
the optimization scenarios and then check whether the returned
package is validation-feasible and n–optimal (as conservatively
estimated above).

To design an e�ective search strategy, we �rst observe that, by
Theorem 2.1, an L-CVaR constraint with parametersU and+ is more
restrictive than a risk constraint with the same parameters. This
strict L-CVaR parameterization, when applied to all constraints,
results in a feasible-region polytope that is likely too small and may
not contain the true optimal solution. Thus, the resulting package so-
lution, while likely validation-feasible, will also likely be far from n–
optimal. By varying the U and+ parameters, we can systematically
shift and rotate the L-CVaR constraint boundaries until the feasible
region contains a solution that is validation-feasible and n-optimal.
As discussed below, for each constraint it su�ces to search for opti-
mal parameters in a bounded set of the form [U, 1] × [+0,+ ], where
U and + are the parameters of the original VaR or CVaR constraint,
which lets us use an e�cient alternating-parameter search algo-
rithm that navigates between solutions that are suboptimal and solu-
tions that are validation-infeasible to �nd the desired package solu-
tion. The user will know whether the parameter search was success-
ful or not. If successful, RCL-Solve will return a validation-feasible
and n–optimal package; otherwise, it will return the best validation-
feasible package encountered so far, but with no optimality guaran-
tees. Although the latter behavior is theoretically possible, we did
not encounter any failed parameter searches in our experiments.

Quick solution in special cases. Sometimes a query & (() can be
solved quickly, without going through the entire RCL process. If
the ILP solver can �nd a package solution GD to query &D (() as
above, and if this solution is validation-feasible for& ((), then GD is
the solution to & ((), since it satis�es all constraints, including the
probabilistic ones, and the objective value is as high as possible since
the probabilistic constraints have been completely relaxed, thereby
maximizing the feasible region. On the other hand, if no feasible
solution can be found for &D ((), then & (() is also unsolvable,
since& has all the constraints that&D has, and more. We denote by
�ickSolve(&, () the subroutine that detects these two possible
outcomes (line 2).�ickSolve(&, () returns a pair (qsSuccess, GD).
If qsSuccess = True, then GD either is the package solution to& (()
or GD = NULL, which indicates that & (() is unsolvable, and RCL-

Solve terminates and returns one of these values (lines 3–4). If
qsSuccess = False then GD solves&D (() but is validation-infeasible
for & (() and the full RCL process is needed.

The case of a single risk constraint. To understand how RCL
works in the case that qsSuccess = False, �rst consider an SPQ
& (() having a single risk constraint—on a random attribute � with
parameters (U,+ )—that will be replaced by an L-CVaR constraint.
If the L-CVaR constraint is too stringent, the package solution will
be validation-feasible, but sub-optimal, whereas if the constraint is
too relaxed, the package solution will be validation-infeasible. A

package solution may also be validation-infeasible or sub-optimal
if the number of optimization scenarios is too small so that the SAA
approximation is not accurate. We will discuss how RCL deals with
this latter issue shortly, but suppose for now that the initial number
< of optimization scenarios is adequate.

Let U ′ and + ′ denote the adjusted parameters of the L-CVaR
constraint. Recall from Theorem 2.1 that, for any risk constraint
with parameters U and + , setting U ′ = U and + ′ = + will cause
the corresponding L-CVaR constraint to be overly restrictive. Also
note that an L-CVaR constraint of the form L-CVaRU ′ (G,�) ≥ + ′

becomes less restrictive as either + ′ decreases or U ′ increases. The
parameter U ′ can be set as high as 1, in which case each coe�-
cient �̂8 = L-CVaRU ′ (C8 .�) will be the average of the C8 .� values
across all the optimization scenarios. On the other hand, for a
given value of U , the parameter + ′ can be set as low as +0, where
+0 =

∑=
8=1 CVaRU (C8 .�) ∗ G�8 and G� = (G�1 , . . . , G

�
= ) is the pack-

age solution to the probabilistically unconstrained problem &� (().
Note that, given a set O of optimization scenarios, we can approxi-
mate +0 as previously discussed:

+̂0 =

=∑

8=1

�CVaRU (C8 .�,O) ∗ G�8 . (4)

For any “non-trivial” risk constraint, i.e., a constraint that is not
satis�ed by G� , setting the L-CVaR parameters to (+ ′, U ′) = (+0, 1)
will necessarily yield a validation-infeasible package that does not
satisfy the constraint. We thus need to search for the least restrictive
value of + ′ and U ′ between the limits [+0,+ ] [U, 1] respectively
that results in a validation-feasible and n–optimal package solution.

Alternating parameter search (APS). The RCL process starts
by setting the L-CVaR constraint values to (+ ′, U ′) = (+ , 1). Using
the maximal value of U ′ will most likely make the package solu-
tion validation-infeasible. To attain feasibility, we make the L-CVaR
constraint more restrictive via an U-search, that is, by decreasing
U ′, using bisection, down to the maximum value for which the re-
sulting package is validation-feasible, while keeping + ′ unchanged
(line 13)—decreasing U ′ further would lower the objective value.
After the above U-search terminates with a validation-feasible pack-
age, we improve the objective value (while maintaining feasibility)
by making the L-CVaR constraint less restrictive via a + -search,
that is, by decreasing+ ′, via bisection, down to the maximum value
for which the corresponding package remains validation-feasible,
while keeping U ′ unchanged (line 18). Each bisection search for
+ ′ terminates when the length of the search interval falls below
a speci�ed small constant X ; in our experiments we found that
X = 10−3 was an e�ective and robust choice.

We then pivot back to adjusting U ′. Speci�cally, we decrease
the new value of + ′ by X , so that the corresponding package based
on (+ ′ − X, U ′) is now validation-infeasible. We then decrease U ′

using an U-search to regain feasibility, then decrease + ′ via a + -
search to improve the objective, and so on. If any intermediate
package is validation-feasible for the original SPQ& (() and is near-
optimal, i.e., the objective value equals or exceeds (1 − n)l0, then
we immediately terminate the RCL search and return this package
as our solution, setting the variable Done to True (lines 15 and 20).
The foregoing procedure works even if the initial (+ , 1) L-CVaR
constraint yields a validation-feasible package; in this case the �rst





Algorithm 2 SolveSketch

Input: & := A Stochastic Package Query
) R := A set of representative tuples
g :=Maximum number of tuples in a partition
ΔΓ := Change in relative risk tolerance
< := Initial number of optimization scenarios
V := Set of validation scenarios
%max :=Max. number of distinct tuples in a package
n := Error approximation bound
X := Bisection termination distance

Output: G := A validation-feasible + n-optimal package for& ((0 )
1: qsSuccess, GD ←�ickSolve(&,) R ) ⊲ Is the solution “easy”?
2: if qsSuccess = True then

3: return GD
⊲ Either sketch solution or NULL

4: Γ ← InitialRiskTolerance(g )
5: while< ≤ |V | do
6: (0 ← ∅
7: for C ∈ ) R do
8: 3 ← NumberOfDuplicates(C,&, Γ,<, %max )
9: �C ← Partition(C ) ⊲ Set of tuples represented by C
10: d ← MedianCorrelation(C, �C )
11: (0 ← (0 ∪ GenDuplicates(C, 3, d )
12: G0,NeedsScenarios← RCL-Solve-S(&,(0,<,V, X, n )
13: if NeedsScenarios = True then
14: < ← min(2<, |V | )
15: else
16: if G0 ≠ NULL then return G0
17: else
18: if Γ > 0.0 then
19: Γ ← max(Γ − ΔΓ, 0.0)
20: else
21: < ← min(2<, |V | )
22: return NULL ⊲ means the problem is unsolvable

The next step is to create a sketch (0 using the representatives. In
the deterministic setting, it su�ces to simply de�ne the sketch as the
union of the representatives; the corresponding package solution
speci�es a multiplicity G (C) ∈ [0, 1, 2, . . .] for each representative
C . In the stochastic setting, however, this can lead to infeasible
or sub-optimal packages due to in�ation of risk—see Section 4.1
below—so instead of relying solely on multiplicities, we augment
the sketch (0 with distinct but stochastically identical duplicates of
each representative (Figure 2c). To account for statistical correlation
between the tuples within a partition, the duplicates must also be
mutually correlated—a Gaussian copula method called NORTA is
used to generate correlated duplicates [17].

Stochastic SketchRefine then solves & ((0) using a slight
variant of RCL-Solve, called RCL-Solve-S, thereby assigning a
multiplicity to each duplicate (Figure 2d) and creating a package
solution. This package solution is then re�ned into a new set of
tuples (1 by selecting a subset of partitions containing at least one
tuple appearing in the package solution and replacing the duplicates
in these partitions by the original tuples in them (Figure 2e); because
the size of each partition is bounded, the resulting query& ((1) can
be solved quickly using a slight variant of RCL-Solve called RCL-

Solve-R. This re�nement process continues until all duplicates in
the sketch solution are replaced by tuples from their respective
partitions, thus obtaining the �nal package solution. The following
sections describe these algorithmic components in detail.

4.1 The Sketch Phase

SolveSketch (Algorithm 2) creates a sketch (0 using the set )R of
representatives produced by DistPartition and then solves the
resulting query & ((0) to create an initial sketch solution package

G0. As with RCL-Solve, the �ickSolve function tries to solve
the deterministic package query &D ()R) obtained by removing all
risk constraints from & . If a solution GD exists that is validation-
feasible with respect to & , it is returned as the sketch solution G0;
if a solution to &D ()R) does not exist, then SolveSketch declares
the sketch problem unsolvable and returns NULL (lines 1–3).

If qsSuccess = False, then the full query & must be solved. The
key di�erence from the deterministic setting is the need to create
duplicates of each representative in)R to form the initial sketch (0.
The key issues are (i) determining the number of duplicates to create
for each representative, (ii) determining the appropriate correlation
between a set of duplicates, and (iii) generating scenarios from
correlated duplicates. We �rst motivate the use of duplicates and
then discuss how issues (i) and (ii) are addressed; see [23, Appen-
dix C] for details on how the NORTA procedure is used to generate
scenarios from correlated duplicates.

The need for duplicates. Duplicates are used in a partition %

to ensure that optimal tuples in % do not get erroneously elimi-
nated from consideration due to overestimation of risk. As a sim-
ple example, consider a partition containing tuples C1, . . . , C: hav-
ing a stochastic attribute � such that C8 .� has an independent
# (0, 1) distribution (normal with mean 0 and variance 1) for all
C8 ∈ % . Also suppose that the SPQ has a constraint of the form
sum(�)<= -2.0 with probability <= 0.1. Suppose that the truly
optimal package contains two tuples C1 and C2 from % , each with
a multiplicity of 1. The sum C1 .� + C2 .� has a # (0, 2) distribution,
so that P(C1 .� + C2 .� ≤ −2.0) ≈ 0.08 and there are no feasibility
issues. Here, losses from one tuple can be o�set by gains in the
other tuple, reducing the overall risk of high losses. However, if
there is only a single representative C? ∈ % in the sketch of % , then
a candidate sketch package that tried to use two tuples from % (as
in the optimal package) would end up using C? with multiplicity 2,
so that 2C? .� ∼ # (0, 4) and P(2C? .� ≤ −2.0) ≈ 0.16, violating the
constraint. Due to this overestimation of risk, the representative C?
can have a multiplicity of at most 1 in the sketch package. Suppose
that another representative CA from a di�erent partition is also in
the sketch package (a typical outcome). Then we cannot re�ne
[C? : 1, CA :<] to the intermediate package [C1 : 1, C2 : 1, CA :<] for
any< ≥ 1 since this package is necessarily infeasible; if it were fea-
sible, then [C1 : 1, C2 : 1] would not be optimal since the objective of
[C1 : 1, C2 : 1, CA :<] would be greater. Thus, the �nal package would
have at most one of C1 and C2, and hence be suboptimal. We solve

this problem by maintaining duplicates C (1)? and C (2)? . Then, as with
the actual tuples, a sketch solution could contain these duplicates,
and not violate the constraint. After % is re�ned, the solver would
have the option of using both tuples C1 and C2 in the �nal package
solution. In general, tuples within a partition might be correlated;
in this case, the duplicates would also be correlated to accurately
approximate the risk of using tuples in the partition when forming
a package. We emphasize that, because of the re�nement step, ac-
tual tuples, and not duplicates, appear in the �nal package solution.
We provide an ablation study that empirically demonstrates the
deleterious e�ect of not using duplicates [23, Appendix I.1].

Choosing the number of duplicates.We assume that we have
an upper bound %max on the number of distinct tuples in a pack-
age. This can often be derived from query constraints such as



COUNT(*)≤ %max, or SUM(A) ≤ + , or on domain knowledge. In an ex-
treme case, all of the %max tuples in the optimal package might
belong to the same partition; if each representative has %max du-
plicates and if the optimal tuples are close to the representative,
the sketch will yield a validation-feasible package. However, since
each duplicate induces a corresponding decision variable, solver
runtimes can be expensive.

We therefore aim to use 3C < %max duplicates for each represen-
tative C . Doing so incurs some risk: if the optimal package contains
%max tuples and all of these tuples come from C ’s partition, then
the average multiplicity of each duplicate in the sketch solution is
%max/3C . As we have seen, assigning a multiplicity ≥ 2 to any dupli-
cate results in an increased probability of each risk constraint A ∈ '
being violated. Speci�cally, for a given constraint A that imposes
a lower bound on a risk metric (VaR or CVaR), the risk value of
the package based on 3C duplicates in the sketch will be lower than
that of the package formed using %max duplicates and hence more
likely to violate the lower bound. We measure the relative increase
in risk with respect to A due to using 3C duplicates instead of %max

duplicates by W (A, 3C ) =
(
RiskA ((max) − RiskA ((3C )

)
/|RiskA ((max) |,

where (max and (3C are sketches consisting of %max and 3C dupli-
cates of C , and RiskA is the VaR or CVaR function that appears in
constraint A . Note that W (A, 3) increases with decreasing 3 . We de-
termine the number of duplicates 3C (A ) as the smallest 3 such that
W (A, 3) ≤ Γ, where Γ is a speci�ed risk tolerance ratio. We then set
3C = min(maxA ∈' 3C (A ), |%C |), where |%C | is the number of tuples in
C ’s partition. (Thus the number of duplicates is upper-bounded by
the number of tuples in %C .) The function NumberOfDuplicates

in line 8 performs these calculations.
Note that, as Γ decreases, the number of required duplicates 3

increases. Using bisection, we initially choose Γ ∈ [0, 1] such that∑
C ∈) R 3C ≤ max(g, |)R |), where )R is the set of representatives

and g is an upper bound on the total number of duplicates (line 4).
The bound g is set such that in-memory ILP solvers like Gurobi
can solve problems with g tuples within an acceptable amount of
time. The number of tolerable decision variables can vary due to
underlying hardware attributes of the system, di�erences in the
solver software, runtime versus quality requirements, and so on.

Choosing the correlation between duplicates.We have de�ned
duplicates to be distinct but stochastically identical, by which we
mean that for a set C (1) , . . . , C (3 ) of duplicates and each stochastic
attribute �, the marginal distributions of C (1) .�, . . . , C (3 ) .� are the
same. To motivate the notion of duplicates we gave a small example
using two statistically independent duplicates having a common
# (0, 1) marginal distribution. In general, however, assuming mu-
tual independence among duplicates ignores correlations between
the actual tuples within a partition, which can cause problems in
the re�ne phase. E.g., if all tuples in the partition are highly corre-
lated, then sums of the form

∑
8 C8 .� ∗ G8 are subject to more severe

�uctuations than sums involving independent C8 .�’s, and the risk of
violating VaR or CVaR constraints is higher. Thus, a sketch package
with independent duplicates for a given partition may underesti-
mate the risks of including actual tuples from that partition, and
no feasible solution may be found during re�ne, when the solver
tries to replace independent duplicates with positively-correlated

tuples. Duplicates of each representative should therefore roughly
mirror the correlation between tuples in the partition.

We use the median d of the pairwise Pearson correlation co-
e�cients between the representative and all other tuples in its
partition as the correlation coe�cient between each pair of dupli-
cates (line 10). Using the median ensures that the number of tuples
having a higher correlation with the representative relative to the
duplicates equals the number of tuples having a lower correlation
with the representative. Thus, if one of the duplicates is replaced
by a tuple having a higher correlation coe�cient than the median,
thereby increasing risks compared to the sketch package, the solver
will have the chance to balance it out by taking another similarly
optimal tuple that has a lower correlation coe�cient. (We actually
take the maximum of d and 0 so that the correlation matrix for
the duplicates is positive semi-de�nite. Our clustering method—see
Section 5— ensures that that the median value is virtually always
nonnegative so that no correction is needed.)

Computing the sketch package. As discussed, SolveSketch ini-
tially sets W in line 4 so as to ensure at most g duplicates overall. In
lines 7–11 the initial set of duplicates are created to form an initial
version of the sketch (0. Then a slight variant of RCL-Solve is
used to try and solve & ((0) (line 12). This variant, RCL-Solve-S, is
almost identical to RCL-Solve, except that the process of increasing
the number of scenarios is now controlled by the calling function
SolveSketch. Speci�cally, if NeedScenarios = True as in lines 14
or 19 of RCL-Solve, then a NeedScenarios indicator variable is
set to True and returned to SolveSketch. Moreover, lines 23–25
in RCL-Solve are replaced by a simple “return NULL” statement.
Thus if the need for more scenarios is detected during an U-search
or + -search within RCL-Solve-S, this information is immediately
sent to SolveSketch, which then increases the number of scenarios
(lines 13 and 14). If RCL-Solve-S returns NULL, i.e., if the num-
ber of optimization scenarios appears adequate but an n-optimal
and validation-feasible solution cannot be found while attempting
to solve the sketch problem, then Γ is decreased (line 19) and the
resulting, larger sketch is tried. If Γ = 0 so that a decrease is im-
possible, we double the number of optimization scenarios (line 21)
and try again, keeping Γ = 0 since we know that we will need a
lot of duplicates. Note that we try decreasing Γ—thereby adding
duplicates—before we increase the number of scenarios because
generating more optimization scenarios can incur signi�cant com-
putational costs, and is hence deferred as long as possible.

4.2 The Re�ne Phase

The re�nement process is very similar to that of the deterministic
SketchRefine algorithm, so we give a brief overview and refer to
reader to [4] for further details. The process iteratively replaces each
synthetic representative selected in the sketch package with actual
tuples from its own partition. First, using the ‘Best Fit Decreas-
ing’ algorithm for bin-packing [15], the Refine algorithm bins the
partitions with tuples in the sketch package into a near-minimum
number of ‘partition groups’ such that total number of tuples in
each partition group is at most g . Then, in each step, it replaces
all the selected duplicates from one of the partition groups, while
preserving both the selected duplicates from the as yet unre�ned
partitions and the tuples selected during previous re�nements.



Number of optimization scenarios. Refine uses as many op-
timization scenarios as were used to derive the sketch package.
The intuition is that if< optimization scenarios were enough to
create a satisfactory package from the representative duplicates,
they should su�ce for doing the same from the actual tuples, since
each tuple should be similar to their representatives.

Re�nement order. Starting from a sketch package with tuples
in : distinct partitions that are binned into 1 groups, there are 1!
possible orders in which the partitions can be re�ned. Using an
‘incorrect’ order can lead to an infeasible intermediate ILP, or one
whose package solution is far less optimal than the sketch package.
Refine attempts to select a correct order using a “greedy back-
tracking” technique as in [4]. The idea is to start with a randomly
selected permutation of partition groups, i.e., re�nement order. If an
intermediate re�nement fails to �nd a validation-feasible package
whose objective value is within (1± n) of the objective value of the
sketch package, we “undo” the previous re�nement and greedily
attempt to re�ne the failing partition group in its place. We keep
undoing the previous re�nements until the partition group can be
successfully re�ned. If the group cannot be re�ned even when it
is moved back to the �rst position in the re�nement order, then
the stochastic behaviour of the tuples within the partition group
is not adequately captured by the behavior of the duplicates for
the partition. This can happen if the correlations among the du-
plicates are too small (Section 4.1), so we increase the common
correlation coe�cient for each of those partitions from d to d + Δd

(we take Δd = 0.1). This discourages the sketch solver from taking
more tuples from these partition groups. Afterwards, we re-execute
the sketch query, and re�ne the newly obtained sketch package.
Greedy backtracking continues to explore di�erent orders in which
the groups may be re�ned until an acceptable �nal package is found.

Re�nement operation. At each step, Refine selects an unre�ned
partition group with at least one duplicate appearing in the sketch
package. The re�nement operation involves solving an ILP cor-
responding to & ((2 ∪ (? ∪ (D ), where & is the SPQ of interest,
(2 comprises all of the actual tuples for the partition group cur-
rently being re�ned, (? comprises package tuples remaining from
previously-re�ned groups, and (D comprises the duplicates from
all as yet unre�ned groups. The constraints of the ILP include all
constraints in & (including the linearized risk constraints), as well
as additional constraints ensuring that the multiplicities of the tu-
ples in (? and (D remain unchanged. Thus the only change to the
package is to replace the duplicates for the current group with
zero or more actual tuples from its partitions. We use the variant
RCL-Solve-R to formulate and solve the ILP. The only di�erences
between RCL-Solve and RCL-Solve-R are that (i) in line 6 the
upper-bound constant l0 is instead chosen as the objective value
l̄ corresponding to the package solution of the sketch problem
& ((0) produced by SolveSketch, (ii) in line 23, NULL is returned
rather than the best feasible solution so far and (iii) the number of
optimization scenarios is not increased. Thus a non-NULL pack-
age returned by RCL-Solve-R will be validation-feasible with an
objective value l that satis�es l ≥ (1 − n)l̄ .

5 STOCHASTIC PARTITIONING

Stochastic SketchRefine needs tuples in a relation to be parti-
tioned into su�ciently small groups of similar tuples prior to query
execution. Speci�cally, each re�ne ILP has at least as many deci-
sion variables as tuples in the partition being re�ned. We therefore
constrain the number of tuples in every partition to a given size
threshold g . The parameter g is as in Algorithm 2 and is chosen
to ensure reasonable ILP-solver solution times. Also, Stochastic
SketchRefine requires high inter-tuple similarity within partitions.
During sketch, every tuple in a partition is represented by a single
representative, and a representative that is not su�ciently similar
to all the tuples in its partition may result in sketch packages that
cannot be re�ned to feasible and near-optimal packages. Finding a
suitable representative can be hard if tuples within a partition are
too dissimilar with respect to their attributes.

Prior Clustering Methods. Existing uncertain data clustering
algorithms that cluster similar stochastic tuples together do not
ensure the resulting clusters will satisfy size thresholds [13, 18,
19, 22]. Although some hierarchical partitioning approaches [20,
40] can be modi�ed to repeatedly repartition the clusters until
no cluster has more than g tuples, their runtime complexities are
super-quadratic with respect to the number of tuples in the relation,
making them unsuitable for fast partitioning of large relations.
We therefore introduce DistPartition, a partitioning algorithm
having sub-quadratic time complexity that ensures no partition in a
stochastic relation has more than g tuples. We provide a high-level
overview of the working principles of DistPartition here, and
refer interested readers to [23, Appendix D.3] for more details.

Diameter Thresholds. To ensure that tuples within a partition
are su�ciently similar, DistPartition ensures that the “distance”
(as de�ned below) between any pair of tuples in a partition with
respect to each attribute � is upper-bounded by a diameter thresh-

old 3� . Values of 3� for every attribute � can be chosen by the
user based on runtime requirements. Smaller values of 3� produce
tighter partitions whose representatives better re�ect the stochastic
properties and deterministic values of other tuples in their parti-
tions, leading to better quality solutions. However, this increases
the number of partitions, thereby increasing the number of decision
variables in the sketch ILP and consequently increasing runtime. In
our experiments, we chose values of 3� that keep the total number
of partitions to approximately within [ g10 ,

g
2 ], to allow some wiggle

room for Sketch to create duplicates without exceeding the size
threshold g or incurring excessive runtimes.

Inter-tuple distances. We calculate the distance between any
two tuples C1 and C2 w.r.t. an attribute � using their Mean Ab-
solute Distance (MAD), which we de�ne as MAD(C1 .�, C2 .�) =

E[|C1 .�−C2 .�|]. Thus, if� is deterministic, thenMAD(C1 .�, C2 .�) =
|C1 .�−C2 .�|; if� is stochastic, then we estimate MAD as the average
of |C1 .� − C2 .�| over a set of i.i.d. scenarios. We assume throughout
thatE[|C .�|] < ∞ for all tuples C and attributes�, so that theMAD is
always well de�ned and �nite. Unlike other metrics such as Wasser-
stein distance [31] and KL-divergence [35], which only consider sim-
ilarities between probability density functions, MAD inherently ac-
counts for correlations between tuples. Given C1 and C2 with similar
PDFs for attribute �, the distanceMAD(C1 .�, C2 .�) is smaller when
C1 and C2 are positively correlated than when they are independent;



the case study in [23, Appendix D.1] gives a concrete example of this
phenomenon. If inter-tuple MADs within a partition are small, then
the tuples in the partition will have similar values across scenarios,
allowing a representative to closely re�ect their stochastic behav-
ior. This property is formally established via Theorem 5.1, which
shows that bounding the MAD between two tuples also bounds the
di�erence in their CVaRs at the tails of their distributions.

Theorem 5.1. Suppose the MAD between tuples C1 and C2 w.r.t.

an attribute � is bounded by 3� , i.e., E[|C1 .� − C2 .� |] ≤ 3� . Then,

the di�erence between the CVaRs of C1 and C2 in their lower U-tail is

bounded: |CVaRU (C1 .�) − CVaRU (C2 .�) | ≤ 3�
U

We give a formal proof in [23, Appendix B]. Intuitively, consider
what happens if the theorem’s conclusion is false in an SAA set-

ting: If the average value of |C1 .� − C2 .� | exceeds 3�
U in any set

of ⌊U<⌋ lowest-valued scenarios, then even if there is no (abso-
lute) di�erence between their values in the remaining scenarios,

E[|C1 .�−C2 .� |] > U 3�
U = 3� , thus contradicting the hypothesis. For

e�ciency, DistPartition generates a �xed set of scenarios before
partitioning to avoid repeatedly generating scenarios on the �y.
Using more scenarios makes MAD estimation more accurate for sto-
chastic attributes. In our experiments, we precomputed a set of 200
scenarios. See [23, Appendix D.2] for insight on howmany scenarios
are needed to obtain statistically accurate estimates of MAD. Using
MAD allows us to formally guarantee that Stochastic SketchRe-
fine achieves a (1 − n)2-optimal solution; see [23, Appendix E].

Triggering the partitioning of a set. DistPartition recursively
partitions sets of stochastic tuples until no size or diameter con-
straints are violated. The size constraint is violated if a set has more
than g tuples. Exactly determining the diameter of a partition for
an attribute � would require estimating the MAD between every
pair of tuples in the set. To avoid this quadratic complexity, we
use a conservative approach which exploits the fact that MAD,
because it is based on the !1 norm, inherits the triangle inequality:
MAD(C1 .�, C3 .�) ≤ MAD(C1 .�, C2 .�) +MAD(C2 .�, C3 .�). In an oper-
ation we call PivotScan, we �nd the distance of every other tuple
in the set from a randomly chosen tuple C . Hence, if the distance of
the farthest tuple ¤C� from C is ¤3� , the distance between any two tu-
ples in the partition is bounded by 2 ¤3� . If 2 ¤3� ≤ 3� is true for each
attribute �, all the diameter constraints are necessarily satis�ed. If
any constraint is violated, further partitioning is triggered.

PivotScan-based partitioning. To partition further, DistParti-
tion (1) executes a PivotScan for each attribute from a random
tuple C to identify the attribute �∗ with the highest diameter-to-
threshold ratio:�∗ = argmax� 2 ¤3�/3� , (2) runs a second scan over
all tuples in the set, but this time calculates their distances from the
farthest tuple ¤C�∗ found in the �rst scan, and (3) stores a list of tuple
IDs in increasing order of distance from ¤C�∗ . Further partitioning
is done by segmenting the list and creating a sub-partition out of
each segment. Speci�cally, if the size constraint is violated, then
we partition the list into contiguous segments each containing ≤ g

tuples. Each resulting segment thus satis�es the size constraint. If a
diameter constraint is violated by any resulting segment (according
to the conservative test described previously), it is recursively parti-
tioned using distance-based partitioning. Let ¥3�∗ be the distance of
the farthest tuple in the sub-partition from ¤C�∗ . For distance-based

partitioning, we create ⌈ ¥3�∗/3�∗⌉ sub-partitions where the 8-th sub-
partition contains all tuples within distance [(8 − 1) · 3�∗ , 8 · 3�∗ ].
Each sub-partition is then recursively partitioned until no diameter
constraints are violated. PivotScan is embarassingly parallel, and,
after the initial size-based partitioning, diameter-based partitioning
can be conducted in parallel for each partition. DistPartition can
hence be accelerated with multi-core processing.

Representative Selection. After partitioning, we select a repre-
sentative tuple for each partition. The value of each deterministic
attribute of the representative tuple is equal to the mean of that at-
tribute among every tuple in the partition. For stochastic attributes,
naively computing a “mean distribution” is computationally ex-
pensive. Thus the distribution of each stochastic attribute of the
representative is made equal to that of a chosen tuple in the parti-
tion, preferably the tuple with the lowest mean distance to every
other tuple. However, �nding the tuple with the lowest mean dis-
tance requires quadratic MAD estimations. Instead, we propose the
total worst-case replacement cost heuristic for selecting representa-
tives. First, we compute the minimum and maximum values of an
attribute � over all the tuples in each scenario. In a given scenario,
we de�ne the worst-case replacement cost of C .� for a tuple C as the
greater of its absolute di�erence with that scenario’s minimum or
maximum. The cost for C .� is obtained by summing its replacement
costs over all the scenarios. The representative variable for � is
then chosen as that of the tuple with the minimum total cost. We
provide pseudocodes for the DistPartition and representative
selection routines in [23, Appendix D.3] and [23, Appendix D.4].

This representative tuple selection scheme assumes that values
for di�erent stochastic attributes are generated independently. See
[23, Appendix D.5] for a description of the minor modi�cations to
representative selection and scenario generation when the stochas-
tic attributes within a tuple can be statistically correlated.

6 EXPERIMENTAL EVALUATION

We show that (1) RCL-Solve produces packages of comparable
quality as SummarySearch in an order of magnitude lower runtime
and (2) Stochastic SketchRefine scales to signi�cantly larger
data sizes than both of these approaches. Additional experiments in
[23, Appendix I] justify the use of duplicates and DistPartition.

6.1 Experimental Setup

Environment. All approaches are implemented in Python 3.12.14.
We use Postgres 16.1 as the supporting DBMS, and Gurobi 11.0.3
as the base solver. We ran our experiments on a 2.66 GHz 16-core
processor with 16 GB of RAM. For each experiment, we report
average results and standard deviation error bars over 16 runs.

Datasets.We use two datasets in our experiments: (1) We construct
a stock investments table (Figure 1) using historical NASDAQ, NYSE,
and S&P-500 data [30] with up to 4.8M tuples. We model gains us-
ing Geometric Brownian Motion with drift and volatility estimated
from historical stock prices for 3289 companies. We vary holding
periods from a half a day to 730 days. (2) We generate up to 6M
LineItem tuples from the TPC-H V3 benchmark [32]. We add Gauss-
ian noise (`noise ∼ N(0, 1), f2noise ∼ Exp(2)) to price and quantity
to introduce stochasticity. Further details are in [23, Appendix H.1].



Workloads.We generate a workload of SPQs following themethod-
ology of [28]:We vary the constraint bounds of the SPQs to generate
queries of varying hardness (H), measured as the negative log like-
lihood that a random package satis�es the query’s constraints; see
[23, Appendix H.2]. For stocks, the queries �nd portfolios that max-
imize expected total gains, such that total price is below a �xed
budget and total gains exceed a threshold with a given high proba-
bility. For TPC-H, the queries �nd packages of items that maximize
expected total prices, such that total price exceeds a minimum
bound with a given high probability, total quantity shipped is be-
low a limit with a given high probability, and total taxes are below
a �xed amount. All packages have a size constraint of at most 30
tuples. We provide complete workload details in [23, Appendix H.2].

Hyperparameters. We set the number of initial optimization (<)
and validation scenarios (<̂) to 100 and 106, respectively, for both
SummarySearch and RCL-Solve. We use n = 0.05 as the approxi-
mation error bound, and set X = 10−2 as the bisection termination
threshold for RCL-Solve. For Stochastic SketchRefine, we set
%max to 30, and during Sketch, we decrease the relative risk toler-
ance by 0.03 in each iteration, i.e., ΔΓ = 0.03. We set the partitioning
size threshold g = 105, as Gurobi solves randomly-generated, satis�-
able ILPs with 3 constraints in roughly one minute at this scale. We
set the diameter thresholds for the Portfolio dataset as 3price = 10,
3gain = 100, and for TPC-H as 3price = 50, 3quantity = 5, 3tax = 0.05.
[23, Appendix G] contains details on how our results are not sensi-
tive to small changes in parameter values and provides guidance on
�nding appropriate hyperparameter settings for di�erent datasets.

Metrics.We report wall-clock query run times and the relative inte-
grality gap (l −l∗)/l∗, where l is objective value of the returned
package and l∗ is that of the best package found on a relaxation
of the query with integrality constraints removed. The latter “best”
package is one found by either RCL-Solve, SummarySearch, or
(on data sets with fewer than 40K tuples) Naïve [7]. We report the
means (`) and standard deviations (f) of the relative integrality
gaps of packages formed by Stochastic SketchRefine (on larger
relations) and RCL-Solve (on data sets with fewer than 40k tuples).

6.2 Main Results: Scalability and Optimality

Increasing uncertainty. We evaluated our novel RCL-Solve
method against the state of the art in stochastic package query
evaluation, SummarySearch. As we noted in Section 1, Summary-
Search does not work well with high-variance stochastic attributes.
In Figure 3, we demonstrate the performance of the two methods as
the uncertainty in the stochastic attributes increases, while keeping
the datasets small (40K tuples for Portfolio and 20K for TPC-H). We
control uncertainty by modifying the volatility of the GBM model
of a stock’s gain, and the variance of Gaussian noise added to price
and quantity in TPC-H. Increasing uncertainty also increases query
hardness, as indicated by the hardness ranges reported in each plot.
RCL-Solve is signi�cantly faster than SummarySearch and this
di�erence is more pronounced with high uncertainty and increased
hardness. The reason is that RCL-Solve generates fewer scenarios
than SummarySearch (approximately 6x fewer scenarios on aver-
age for the highest variance / volatility settings). Moreover, with
many scenarios, SummarySearch solves not only more, but also
harder optimization problems, that Gurobi takes minutes to solve.

The runtime gains of RCL-Solve do not come at the cost of
quality. The packages it produced have a relative integrality gap in
the 0.94–0.99 range, same as SummarySearch.

Key takeaway: Our novel risk linearization approach is superior
to the state of the art, by maintaining robust quality and fast
performance in cases of increased data uncertainty.

Increasing data size. While we saw RCL-Solve outperform Sum-

marySearch, it alone cannot scale to larger data sizes. Stochastic
SketchRefine provides the evaluation mechanism to achieve this
scaling, while using RCL-Solve as a building block. In the experi-
ment of Figure 4, we evaluate our query workload with all three
methods, while increasing the data size to several million tuples.
While RCL-Solve continues to outperform SummarySearch, their
runtimes increase sharply when the data size is higher than g , and
both methods fail to produce results on data larger than 1M tuples
(or less in some cases), due to time-outs (runtime exceeds 1.5 hours)
or crashes (Gurobi runs out of memory). In contrast, Stochastic
SketchRefinemaintains remarkably stable performance, thanks to
its divide-and-conquer approach, ensuring that ILP subproblems �t
within the available memory. On relations with size less than g , Sto-
chastic SketchRefine and RCL-Solve have identical performance
as Stochastic SketchRefine makes a single RCL-Solve call with
the entire relation. The runtime bene�ts do not impact quality, and
Stochastic SketchRefine produces packages that approximate
the continuous relation of each SPQ with ratios ranging from 0.92

to 0.97. For the cases that SummarySearch and RCL-Solve pro-
duced results, those were also of high quality, with approximation
ratios in the 0.95–0.98 range.

Query run times are higher for the Portfolio workload than
TPC-H due to the expensive nature of sampling from a Geometric
Brownian Motion model than from a Guassian one. Even so, since
Stochastic SketchRefine requires fewer optimization scenarios
and does not generate scenarios from all tuples at once, its runtime
on the portfolio datasets stays under 20 minutes for all queries.4

Key takeaway: Stochastic SketchRefine remarkably scales to
very large data, signi�cantly outperforming the prior art.

7 RELATED WORK

Probabilistic Databases [9, 14, 26] specialize in representing data
with stochastic attributes. Prior work has focused primarily on
supporting SQL-type queries over uncertain data, allowing for ad
hoc what-if analyses, as opposed to the in-database optimization
that we support, which systematically searches through the space
of possible decisions to �nd the optimal course of action.

In-database decision-making pushes decision making-related
activities closer to where the data resides, and thus simpli�es
decision-making work�ows and reduces unnecessary data move-
ment. The work in [9] supports what-if analysis over historical
data, but does not support full-scale optimization. SolveDB [36]
and its successor, SolveDB+ [37] integrate a variety of black-box
optimizers and their functionalities into a DBMS. However, they
do not scale to large problems; presumably some package query
solving techniques could be incorporated into SolveDB+. Recently,

4Although validation scenarios are larger in number, they only need to be generated
for a few tuples, so they do not signi�cantly impact runtime.



Figure 3: Increasing variance or volatility coe�cients increases tuple uncertainty as well as query hardness. (� range reported

with each plot). RCL-Solve is faster than SummarySearch especially at high variances. In each plot, ` and f report the mean

and standard deviation, respectively, of the relative integrality gap for RCL-Solve’s packages.

Figure 4: RCL-Solve continues to outperform SummarySearch but fails to scale beyond 1M tuples. The absence of data points

indicates that no solutions were found within 1.5 hours. Stochastic SketchRefine scales well as data size and query hardness

(� ) increase. Each plot shows the relative integrality gap statistics (`, f) for Stochastic SketchRefine’s packages.

Progressive Shading [28] was able to improve over SketchRe-
fine using a novel hierarchical partitioning scheme together with
customized ILP solvers. An interesting direction for future work
would be to extend this approach to stochastic data.

Stochastic Optimization has often used Monte Carlo sam-
pling to estimate uncertain attributes that cannot be quanti�ed
exactly [24]. Constrained optimization involving probabilistic con-
straints can be hard to handle, as they can make the feasible regions
non-convex [2]. Sample Average Approximation generates many
scenarios to approximate these constraints using sample values [27].
Prior methods have often attempted to reduce computational com-
plexity by reducing the number of scenarios [6, 10]. Summary-
Search [6] uses conservative summaries to restrict the feasible
region and improve feasibility. However, the feasible regions for
the optimization problems remain nonconvex in general, and the
search for an optimal set of summaries can be time consuming.
Other methods have approximated non-convex risk constraints
using their convex CVaR counterparts, but these approaches incur
a quadratic time complexity for doing so [8]. RCL-Solve e�ectively
summarizes all of the information contained in numerous scenarios
with one linear constraint in the ILP, and �nds the best set of L-
CVaR constraints within a logarithmic number of iterations using
bisection.

8 CONCLUSION AND FUTURE DIRECTIONS

In this work, we propose RCL-Solve, an improved SPQ solver that
converts non-convex stochastic constrained optimization problems
into ILPs whose size is independent of the number of scenarios.
With Stochastic SketchRefine, we tackle scalability challenges
in constrained optimization caused by the number of tuples in
large relations. We further introduce DistPartition, an e�cient
approach for partitioning probabilistic relations. Together, these
novel methods allow users, in the face of uncertainty and large
datasets, to quickly compute near-optimal packages that satisfy a
given set of constraints. In the future we wish to explore (i) how
to relax stochastic query constraints to recommend alternative
packages with better objectives that may slightly violate current
constraints, (ii) how to scalably support sequential decision-making
or two-stage stochastic programs, and (iii) how to explain SPQ
solutions allowing for increased user trust with uncertain data.
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[THE FOLLOWING APPENDICES WILL APPEAR IN THE

ONLINE EXTENDED VERSION ONLY]

A FREQUENTLY USED NOTATIONS

For the reader’s convenience, Table 1 displays a list of notations
that we have used frequently throughout the paper.

Table 1: Table of Notations

Notation De�nition

CVaR⊥U (�) Lower-tail U-con�dence CVaR
CVaR⊤U (�) Upper-tail U-con�dence CVaR

L-CVaRU (G,�)
∑=
8=1 CVaRU (C8 .�) ∗ G8 , for tuples {C1, ..., C=}

O Set of Optimization Scenarios
V Set of Validation Scenarios

�CVaRU (C8 .�,O) SAA-estimate of CVaRU (C8 .�) based on O
& Stochastic Package Query
< Initial Number of Optimization Scenarios
<̂ Number of Validation Scenarios
X Bisection Termination Threshold
n Approximation Error Bound
)' A set of representative tuples
g Size Threshold
3� Diameter Threshold for �
Γ Risk Tolerance
ΔΓ Change in risk tolerance
%<0G Maximum number of distinct tuples in a package

B PROOFS OF THEOREMS

Proof of Theorem 2.1. The �rst implication follows from [29,
Prop. 6.9]. For the second implication, suppose that VaRU (G ·�) < + .
Then the monotonicity of VaRU implies that VaRD (G · �) < + for
D ∈ [0, U]. Using the de�nition in (1), we then have

CVaRU (G · �) =
1

U

∫ U

0
VaRD (G · �) 3D <

1

U

∫ U

0
+ 3D = + ,

which proves the contrapositive of the implication. □

Proof of Theorem 3.1. Since F& (( ) is nonempty, we know
that (U∗,+ ∗) exists and so need to show that APS will �nd this
parameterization. First suppose that U∗ < 1 and let Ũ > U∗ be the
least value of U ′ for which APS �nds a parameterization (Ũ, +̃ )
yielding an infeasible package. We claim that +̃ ≥ + ∗. To see this,
�rst note that (Ũ,+ ∗) must yield an infeasible package since Ũ > U∗

implies that (Ũ,+ ∗) yields a higher objective value than (U∗,+ ∗)
and hence the package must be infeasible by de�nition of (U∗,+ ∗).
However, given U ′ = Ũ , APS will ensure that +̃ is set to the max-

imum value of + ′ that yields an infeasible package, due to the
pattern of alternating decreases in U ′ and + ′ during the search.
This proves the claim. After �nding (Ũ, +̃ ), APS next decreases U ′
to the maximum value that yields a feasible package—we claim this
value must be U∗. Indeed, (U∗, +̃ ) yields a feasible package since
(U∗,+ ∗) does and +̃ ≥ + ∗ by the previous claim, and if (Û, +̃ ) were
to be found for some Ũ ≥ Û > U∗ then APS would decrease + ′

until a parameterization (Û, +̂ ) yielding an infeasible package is
found, contradicting the de�nition of Ũ as the smallest value of U ′

exceeding U∗ for which PS �nds an infeasible solution. Next, APS
improves the objective score of the feasible package produced for
(U∗, +̃ ) by reducing+ ′ as much as possible. Since+ ′ = + ∗ results in
themost optimal feasible package, APSwill �nd the parametrization
(U∗,+ ∗).

Now suppose that U∗ = 1. Since + ∗ ≤ + implies that (1,+ )
is at least as restrictive as (1,+ ∗), the package corresponding to
(1,+ ) is feasible. Thus the �rst step of APS, i.e., the U-search, will
immediately terminate and return the pair (1,+ ). The+ -search will
then �nd the pair (1,+ ∗) = (U∗,+ ∗) and terminate. Thus APS will
�nd (U∗,+ ∗) in all cases. □

Proof of Theorem 5.1. For 8 = 1, 2 denote by �8 the event
{C8 .� ≤ @U (C8 .�)}. Observe that

Pr(�1 \ �2) = Pr(�1) − Pr(�1 ∩ �2)
= U − Pr(�1 ∩ �2)
= Pr(�2) − Pr(�1 ∩ �2)
= Pr(�2 \ �1) .

Hence, we de�ne 2 = Pr(�1 \ �2) = Pr(�2 \ �1) > 0. Next observe
that

E[C2 .� |�1] − E[C2 .� |�2]

=
E[C2 .� × 1(�1)]

Pr[�1]
− E[C2 .� × 1(�2)]

Pr[�2]

=
1

U
(E[C2 .� × (1(�1) − 1(�2))])

=
1

U
(E[C2 .� × (1(�1 \ �2) − 1(�2 \ �1))])

=
1

U
(E[C2 .� × 1(�1 \ �2) − C2 .� × 1(�2 \ �1)])

=
2

U

(
E[C2 .� × 1(�1 \ �2)]

Pr(�1 \ �2)
− E[C2 .� × 1(�2 \ �1)]

Pr(�2 \ �1)

)

=
2

U
(E[C2 .� |�1 \ �2] − E[C2 .� |�2 \ �1]) ≥ 0,

where the last inequality holds because the �rst expectation inte-
grates over C2 .� values that exceed @U (C2 .�) whereas the second
expectation integrates over values equal to at most @U (C2 .�). Thus
E[C2 .� |�1] ≥ E[C2 .� |�2] = CVaRU (C2 .�) and it follows that

CVaRU (C1 .�) = E[C1 .�
�� �1]

= E[C2 .�
�� �1] − E[C2 .� − C1 .�

�� �1]
≥ E[C2 .�

�� �1] − E[|C2 .� − C1 .� |
�� �1]

≥ CVaRU (C2 .�) − E[|C2 .� − C1 .� |
�� �1]

≥ CVaRU (C2 .�) −
E[|C2 .� − C1 .� |]

U

≥ CVaRU (C2 .�) −
3�

U
.

Hence

CVaRU (C2 .�) − CVaRU (C1 .�) ≤
3�

U
.



Algorithm 3 GenerateScenario

Input: C := A representative tuple
� := A stochastic attribute
� (C ) := The cumulative distribution function of C .�
3 := The number of duplicates
d := Correlation coe�cient between duplicates

1: � (C ) ← Estimated CDF of C .�
2: ^ = NORTAfit(d, � (C ) ) ⊲ compute Σ/ o�-diagonal entry value

3: B1, . . . , B3 ← i.i.d. samples from # (0, 1)
4: B′1 ← B1

√
1 + (3 − 1)^ −∑3

8=2 B8
√
1 − ^

5: for 8 ∈ {2, . . . ,<} do
6: B′8 ← B8

√
1 − ^ − B1

√
1 + (3 − 1)^

7: for 8 ∈ {1, . . . , 3} do C (8 ) .� = �−1(C ) (Φ(B
′
8 ))

8: return [C (1) .�, . . . , C (3 ) .�]

Similarly, we can show that

CVaRU (C1 .�) − CVaRU (C2 .�) ≤
3�

U
,

so that

|CVaRU (C1 .�) − CVaRU (C2 .�) | ≤
3�

U
.

□

C ACCELERATED NORTA PROCEDURE

Let C be a representative, � a stochastic attribute of interest, and
{C (1) , . . . , C (3 ) } a set of 3 duplicates of C . To generate a scenario for
the random variables C (1) .�, . . . , C (3 ) .�, which are mutually corre-
lated with common pairwise correlation coe�cient d , we propose
an accelerated version of the NORTA (NORmal-To-Anything) cop-
ula method [17]. In general, to generate samples of a 3-dimensional
random vector . = (.1, . . . , .3 ) having speci�ed marginal cu-
mulative distribution functions (CDF’s) �1, . . . , �3 and a speci�ed
covariance matrix Σ. , the NORTA method �rst generates a 3-
dimensional multivariate normal random variable / with mean
vector (0, . . . , 0) and covariance matrix Σ/ , and then generates
a sample . by setting .8 = �−18

(
Φ(/8 )

)
for 8 = 1, . . . , 3 , where

�−18 (D) = inf{~ : �8 (~) ≥ D}; standard results show that each .8
has CDF �8 . The covariance matrix Σ/ is selected (via o�ine solu-
tion of a semi-de�nite program) so that the resulting covariance
matrix of . is either very close to, or exactly equal to, the target
covariance matrix Σ. . To generate the / vector, we �rst generate a
3-dimensional vector / ′ of mutually independent # (0, 1) random
variables, and then set / = *

√
Λ/ ′, where Λ is a diagonal matrix

whose entries are the eigenvalues of Σ/ and * is an orthogonal
matrix whose columns are eigenvectors of Σ/ ; see [16]. In general,
computing Λ and* has a computational complexity of O(33). This
makes constructing scenarios expensive as we need to perform
this decomposition for every representative. Furthermore, the al-
gorithm may iteratively increase the number of duplicates to get
better packages, requiring the computation to be repeated at each
iteration. Fortunately, Σ. has a special structure in our case, namely,
Σ. (8, 9) equals 1 if 8 = 9 and equals d otherwise. We can exploit
this structure to signi�cantly speed up the NORTA calculations.

In more detail, for any pair (8, 9) with 8 ≠ 9 , the general NORTA
method computes Σ/ (8, 9) as a solution ^8, 9 to the equation

Σ. (8, 9) =
∫ ∞

−∞

∫ ∞

−∞
�−18 (Φ (I8 )) �

−1
9

(
Φ

(
I 9

) )

· i8 9
(
I8 , I 9 , ^8, 9

)
3I8 3I 9 − `8` 9 ,

(5)

where `8 and ` 9 are the means of �8 and � 9 and

i8 9 (I8 , I 9 , ^8, 9 )

=
1

2c
√
1 − ^28, 9

exp



− 1

2
(
1 − ^28, 9

)
[
I28 − 2^8, 9I8I 9 + I

2
9

]


is the standard bivariate normal probability density function. In
our setting, �8 ≡ � (C ) for all duplicates, where � (C ) is the CDF
of the corresponding random variable C .�, and Σ. (8, 9) ≡ d̄ for
all pairs (8, 9) with 8 ≠ 9 . Thus the root-�nding problem in (5)
is identical for all (8, 9) pairs, so that we can take ^8, 9 ≡ ¯̂ for
an appropriate value of ¯̂ ≥ 0. This gives us the matrix Σ/ af-
ter setting Σ/ (8, 8) = 1 for 8 ∈ [1..3]. A closed form of the
eigenvalues and eigenvectors of Σ/ can then be trivially com-
puted as _1 = 1 + (3 − 1)^ with the corresponding eigenvector
[1, 1, . . . , 1] and _2 = 1 − ^ with 3 − 1 corresponding eigenvectors
[−1, 1, 0, . . . , 0], [−1, 0, 1, . . . , 0], . . . , [−1, 0, . . . , 0, 1].

Thus, after generating a vector B = [B1, . . . , B3 ] of i.i.d. samples
from the standard normal distributions, a sample vector B′ of 3
correlated multivariate normal distributions can be computed in
O(3) time as B′ = [B1

√
_1−
√
_2

∑3
8=2 B8 , B2

√
_2−B1

√
_1, . . . , B3

√
_2−

B1
√
_1]. Finally, sample values C (1) .�, . . . , C (3 ) .� can be generated

as C (8 ) .� = �−1(C )
(
Φ(B′8 )

)
for 8 ∈ [1..3]. The CDF � (C ) can be

pre-computed o�ine using a histogram-based density estimation
scheme as in [12]. Algorithm 3 describes our linear time NORTA-
based scenario construction scheme. The function NORTAfit in
line 2 solves the root-�nding problem in (5).

D PARTITIONING DETAILS

D.1 MAD Case Studies

To gainmore insight into the behavior of theMADdistancemeasure,
we consider two di�erent scenarios.

Correlated normal random variables. We �rst consider the
case of two correlated normal random variables - and . having
respective means `- and `. , respective variances f

2
-
and f2

.
, and

covariance 2-. . Let Δ = E[- −. ] = `G −`~ and f2 = Var[- −. ] =
f2
-
− 22-. + f2) . Using standard results for the “folded normal”

distribution, we have that

MAD(-,. ) = f
√
2/c4−Δ2/2f2 + Δ

(
1 − 2Φ(−Δ/f)

)
, (6)

where Φ is the standard normal CDF. If f2 is very small relative to
Δ, thenMAD ≈ Δ, and thus the MAD distance primarily re�ects the
distance between the distribution means. If f2 is much larger than

Δ, thenMAD ≈ f
√
2/c and thus mostly depends on the variance

of - − . . In this latter case, f2 becomes smaller as nonnegative
correlation between - and . increases, so that the MAD distance
primarily re�ects the correlation between - and . . The general
formula in (6) balances inter-mean distance and correlation.



0.0 0.2 0.4 0.6 0.8 1.0

0
1
0

2
0

3
0

4
0

5
0

6
0

ρ

M
A

D

1

2

3

4

µ = 20, α = 2

µ = 50, α = 2

µ = 100, α = 2

µ = 50, α = 1.5

Figure 5: MAD for correlated Pareto(0, U) and uniform[0, 100]
random variables for di�erent values of NORTA correlation

coe�cient d , Pareto mean ` =
(
U/(U − 1)

)
0, and Pareto tail

coe�cient U .

Correlated Pareto and uniform random variables. We next
consider a scenario where the two correlated random variables
(-,. ) have widely di�erent marginal distributions, one of which
also has a heavy tail, and show that the MAD distance behaves in
the desired manner.

Let the marginal distribution of - be a Pareto distribution
with CDF �- (G) =

(
1 − (G/0)−U

)
� [G ≥ 0], where 0 ∈ (0,∞),

U ∈ (1, 2], and � [·] is an indicator function. For U in the given
range, E[- ] =

(
U/(U − 1)

)
0 < ∞ but Var[- ] = ∞. Let the mar-

ginal distribution of . be a uniform distribution on [0, 100], i.e.,
�. (G) = min(G/100, 1)� [G ≥ 0], so that E[. ] = 50 and . has �nite
moments of all orders. Suppose that- and. are correlated using the
NORTA method; that is, to generate a joint sample of - and . , �rst
generate (/1, /2) according to a bivariate normal distribution with

covariance matrix Σ =
( 1 d
d 1

)
, then set (* ,+ ) =

(
Φ(/1),Φ(/2)

)

where Φ is the CDF of a # (0, 1) random variable, and �nally set
(-,. ) =

(
�−1
-
(* ), �−1

.
(+ )

)
. Thus the degree of correlation between

- and . is governed by the correlation d of the bivariate normal
distribution: if d = 0, then - and . are mutually independent and
if d = 1, then - and . are perfectly positively correlated in that
. = 6(- ) for some increasing deterministic function 6.

Figure 5 shows the MAD between - and . for various values
of d , U , and ` = E[- ]. As can be seen, for all values of ` and
U , the MAD decreases as d increases, that is, as the correlation
between - and . increases. Comparing curves 1, 3, and 4, we see
that, for a given value of d ∈ [0, 1] and given value U = 2, the MAD
decreases as |E[- ] − E[. ] | decreases. Finally, comparing curves 2
and 4, we see that, for �xed d ∈ [0, 1] and E[- ] = E[. ] = 50, the
MAD increases as the tail coe�cient, and hence the variability, of
the Pareto distribution increases relative to the variability of the
marginal distribution of . .
Performance of Stochastic SketchRefine with a hetero-

geneous stochastic attribute. To further examine how e�ectively

Figure 6: Consistent with the notation in Figure 4, (`, f)

shows the relative integrality gap statistics for Stochastic

SketchRefine’s packages. In a setup where underlying dis-

tributions for di�erent tuples are heterogeneous for the same

attribute, MAD-created partitions continue to have tuples

similar enough to create packages of good quality, and bal-

ance the number of partitions with the number of tuples-per-

partition to allow Stochastic SketchRefine to outperform

RCL-Solve and SummarySearch. Absence of data points

indicates no solutions were generated in 1.5 hours.

MAD identi�es similar tuples within heterogeneous and heavy-
tailed distributions in the context of Stochastic SketchRefine,
we repeated the experiment in Figure 4 for a single query with
a modi�ed version of the stochasticized Lineitem relation of the
TPC-H dataset. As before, samples of the stochastic attribute ‘Price’
are obtained for a given tuple by adding to the original determinis-
tic TPC-H Price value a noise term sampled from a tuple-speci�c
probability distribution. For half of the tuples, this distribution was
a Pareto distribution with a tuple-speci�c mean and U sampled
from * (1, 5) and * (1, 2.5); for the remaining tuples, the distribu-
tion was a uniform distribution* (;, ℎ), where tuple-speci�c values
of ℎ and ; were randomly sampled from [−10, 10] and [−10, ℎ]. The
stochastic attribute ‘Quantity’ was speci�ed in the same way. We
kept all hyperparameters settings the same as those described in
Section 6. For a sample query, Figure 6 shows that the partitions
generated with MAD were both small and similar enough to create
packages from large datasets within a reasonable amount of time
and with small integrality gaps despite the heterogeneity in the
underlying distributions of the tuples and the heavy-tailed nature
of the Pareto distribution.

D.2 MAD Estimation

To estimate MAD(-,. ) for two (possibly dependent) attributes
- and . using a sample size of = > 1, we take i.i.d. samples
(-1, .1), . . . , (-=, .=), compute the quantities �8 = |-8 − .8 | for
8 ∈ [1..=], and then estimate the true value < of MAD(-,. ) as
<̂= = =−1

∑=
8=1 �8 . To help �gure out roughly how large = needs

to be, we reason as follows. When estimating< in the context of
DistPartition, the most important goal is to avoid erroneously
including distant points in a given partition. We can formalize this
goal as ensuring that P(<̂= ≤ 3) ≤ ? when< = 3 + n , where 3 is
the target diameter of the partition, ? is a speci�ed small proba-
bility, and n > 0 represents an “indi�erence zone” within which
we are willing to accept a misclassi�cation error. For tractability,
suppose that - and . have normal distributions with means `-





Algorithm 4 DistPartition

Input: ' := A set of stochastic tuples
g := Size Threshold
3̂ = [3�1

, 3�2
, . . . , 3�3

] := Diameter Threshold for each
attribute

Output: % := Partitioning of ' satisfying size and diameter con-
straints

1: ?8E>C := PickAtRandom(')

2: A<0G := 0 ⊲ Highest diameter-to-threshold ratio

3: �<0G := None ⊲ Attribute with highest ratio

4: for 8 = {1, . . . , 3} do
5: _, 3'

�8
← PivotScan(?8E>C, �8 ) ⊲ Distance of the farthest tu-

ple from ?8E>C with respect to �8

6: if
2∗3'

�8

3�8
≥ A<0G then

7: A<0G ←
2∗3'

�8

3�8

8: �<0G ← �8 ⊲ Update attribute with highest ratio

9: if |' | ≤ g and A<0G ≤ 1 then

10: return ' ⊲ Both size and diameter constraints are satis�ed

11: else

12: ids_with_distances, _← PivotScan(?8E>C, �<0G ) ⊲ Get tu-

ples identi�ers with increasing distances from ?8E>C

13: ?8E>C ← LastElement(ids_with_distances) ⊲ Repivot to the
farthest tuple

14: ids_with_distances, _← PivotScan(?8E>C, �<0G ) ⊲ Get tu-

ples identi�ers with increasing distances from ?8E>C

15: % ← q

16: CSet← q

17: if |' | > g then ⊲ Size-based Partitioning

18: for 83, _ ∈ ids_with_distances do
19: if |CSet|= g then ⊲ CSet is already full

20: % ← % ∪ DistPartition (CSet, g , 3̂) ⊲ Recur-
sively repartition current set of tuples

21: CSet← q

22: CSet← CSet ∪ 83
23: if |CSet| > 0 then

24: % ← % ∪ DistPartition (CSet, g , 3̂) ⊲ Repartition
remaining tuples

25: else ⊲ Distance-based Partitioning

26: multiplier← 1

27: for id, distance ∈ ids_with_distances do
28: if distance ≥ multiplier∗3�<0G

then

29: % ← % ∪ DistPartition (CSet, g , 3̂) ⊲ Recur-
sively repartition current set of tuples

30: CSet← q

31: multiplier← multiplier +1
32: CSet← CSet ∪ 83
33: if |CSet| > 0 then

34: % ← % ∪ DistPartition (CSet, g , 3̂) ⊲ Repartition
remaining tuples

35: return %

Algorithm 5 RepresentativeSelection

Input: � := the stochastic attribute
C1, . . . , C# := N tuples
( := the set of precomputed scenarios

1: for 9 ∈ {1, . . . , =} and 8 ∈ {1, . . . , # } do
2: (8 9 .�← the realized value of C8 .� in scenario 9

3: for 9 ∈ {1, . . . , =} do
4: < 9 .�,"9 .�← min1≤8≤# (8 9 ,max1≤8≤# (8 9
5: for 8 ∈ {1, . . . , =} do
6: �8 .�←

∑=
9=1max("9 .� − (8 9 .�, (8 9 .� −< 9 .�)

7: 8∗ ← argmin8 �8 .�

8: return C8∗

experiments.) In the case of success, we show that for maximization
problems, the sketch package produced by SolveSketch will have
objective value l̄ ≥ (1 − n)l∗

B:
, where l∗

B:
is the objective value

of the optimal sketch solution to & ((0). Moreover, as discussed
in Section 4.2, Refine produces a feasible package with objective
value l ≥ (1 − n)l̄ . Theorem E.1 combines these observations to
provide an approximation guarantee on the objective value of a
non-NULL package G∗ produced by Stochastic SketchRefine.

We �rst de�ne “sketch feasibility”. For a sketch (0 = {A1, . . . , A3 }
of a set ( = {C1, . . . , C=}, denote by Λ the set of all functions _ : ( ↦→
(0 such that, for each 8 ∈ [1..=], the element A 9 = _(C8 ) is one of
the duplicate representatives in C8 ’s partition. For a package G ∈ Z=0
and mapping _ ∈ Λ de�ne the package _(G) = (~1, . . . , ~3 ) ∈ Z30 by
setting ~ 9 =

∑
8∈� 9 G8 for 9 ∈ [1..3], where � 9 = {8 : _(C8 ) = A 9 }. A

package G for & (() is said to be sketch feasible if there exists _ ∈ Λ
such that ~ = _(G) is a feasible package for & ((0).

Theorem E.1 (Approximation Guarantee). Suppose that Sto-

chastic SketchRefine returns a non-NULL solution package G∗

for a query & ((). If G∗ is sketch feasible, then the objective value l

corresponding to G∗ satis�es

l ≥ (1 − n)2 (l∗ − 3>%max), (7)

where l∗ is the objective value of the optimal package solution to

& ((), the quantity %max is the maximum allowable package size, and

3> is the diameter threshold of the objective attribute $ .

Proof. Write ( = {C1, . . . , C=} and (0 = {A1, . . . , A3 }. Consider
�rst the sketch phase and observe that, since duplicates of a repre-
sentative have identical marginal distributions, we have that, for
any _ ∈ Λ,

E[C8 .$] − E[_(C8 ).$] = E[C8 .$ − _(C8 ) .$]
≤ E[|C8 .$ − _(C8 ).$ |] ≤ 3> .



Hence E[_(C8 ).$] ≥ E[C8 .$] − 3> . By assumption, Stochastic
SketchRefine returns a non-NULL package G∗, and the corre-
sponding objective value for ~ = _(G∗) in & ((0) is

l∗B =

3∑

9=1

E[A 9 .$]~ 9

=

=∑

8=1

E[_(C8 ) .$]G∗8 ≥
=∑

8=1

(E[C8 .$] − 3> )G∗8

=

=∑

8=1

E[C8 .$]G∗8 − 3>
=∑

8=1

G∗8 ≥ l∗ − 3>%<0G .

Since G∗ is assumed to be sketch feasible, we can choose _ so that
~ = _(G∗) is a feasible solution of & ((0). Then the objective value
l∗
B:

for the optimal solution ~∗ to & ((0) satis�es l∗B: ≥ l∗B ≥
l∗ −3>%<0G . Note that l∗B: ≥ l∗B may hold even if G∗ is not sketch
feasible, in which case the approximation guarantee will still hold.
As discussed before the statement of the theorem, the objective
value l̄ for the solution to& ((0) returned by SolveSketch satis�es
l̄ ≥ (1 − n)l∗

B:
≥ (1 − n) (l∗ − 3>%<0G ). Moreover, the objective

value l corresponding to the solution G∗ satis�es l ≥ (1 − n)l̄ , so
that

l ≥ (1 − n)l̄ ≥ (1 − n)2 (l∗ − 3>%<0G )
as desired. □

The probability that the optimal package is sketch feasible in-
creases as the diameter thresholds for the attributes in the query
constraints become small. Small diameter thresholds ensure that a
package’s sum for any attribute does not change signi�cantly when
switching to the sketch problem; see F for details. We can obtain
similar guarantees on minimization problems.

F PROBABILITY OF THE OPTIMAL PACKAGE
BEING SKETCH FEASIBLE

Theorem E.1 assumes that the optimal package solution to the
SPQ of interest is sketch-feasible, as de�ned prior the theorem.
To provide insight into sketch feasibility, we present Theorem F.1,
which analyzes the probability of the optimal package being sketch
feasible with respect to a given L-CVaR constraint.

Theorem F.1. Denote by G∗ = {G∗1 , . . . , G
∗
=} a non-NULL op-

timal feasible package computed by RCL-Solve or Stochastic

SketchRefine for a query & (() where ( = {C1, . . . , C=}, and de-

note by B the package cardinality. Consider an L-CVaR constraint∑=
8=1�+0'U (C8 .�)G8 ≥ + and suppose that

(i) 3? ≥
∑
8∈�? � (G∗8 > 0) for each partition ? in the sketch (0 of

( , where 3? is the number of duplicate sketch representatives in

partition ? , � is an indicator function, and �? is the set of indices

for all tuples C8 ∈ ( that lie in partition ? ; and

(ii) the CVaR values (with respect to attribute �) for the tuples in each

partition are independently and uniformly distributed around the

CVaR value of their representative.

Then the probability of G∗ being sketch feasible is

1 − 1

B!

⌊ ( B2 −
XU
3�
) ⌋∑

:=0

(−1):
(
B

:

) (
B

2
− XU

3�
− :

)B
,

where X =
∑=
8=1 CVaRU (C8 .�)G∗8 −+ and 3� is the diameter threshold

for � .

Proof. Suppose a tuple C8 is replaced by _(C8 ), a duplicate of
their representative in the sketch problem. The diameter constraint
dictates that the mean absolute distance between C8 and _(C8 ) w.r.t.
� is bounded by a threshold 3� , i.e., E[|_(C8 .�) − C8 .� |] ≤ 3� . From
Theorem 5.1, we have

|CVaRU (_(C8 .�)) − CVaRU (C8 .�) | ≤
3�

U
.

Assumption (ii) implies that

CVaRU (C8 .�) = CVaRU (_(C8 .�)) + U8

[
−3�
U
,
3�

U

]
,

whereU8 [;, A ] is an independent sample from the uniform distri-
bution over the interval [;, A ]. Since, by Assumption (i), every tuple
is mapped to a distinct representative (to minimize risk) and since
X ≥ 0 by the assumed feasibility of G∗ for & ((), the probability of
G∗ being feasible with respect to the constraint as de�ned over (0 is

P

(
=∑

8=1

CVaRU (_(C8 .�))G∗8 ≥ +
)

= P

(
=∑

8=1

(
CVaRU (C8 .�) + U8

[
−3�
U
,
3�

U

] )
G∗8 ≥ +

)

= P

(
=∑

8=1

CVaRU (C8 .�)G∗8 +
=∑

8=1

(
2
3�

U
U8 [0, 1] −

3�

U

)
G∗8 ≥ +

)

= P

(
=∑

8=1

CVaRU (C8 .�)G∗8 + 2
3�

U

=∑

8=1

U8 [0, 1]G∗8 −
3�

U

=∑

8=1

G∗8 ≥ +
)

= P

(
+ + X + 23�

U

B∑

8=1

U8 [0, 1] −
3�B

U
≥ +

)

= P

(
2
3�

U

B∑

8=1

U8 [0, 1] ≥
3�B

U
− X

)

= P

(
B∑

8=1

U8 [0, 1] ≥
B

2
− XU

23�

)

= 1 − P
(

B∑

8=1

U8 [0, 1] ≤
B

2
− XU

23�

)

= 1 − 1

B!

⌊ ( B2 −
XU
23�
) ⌋∑

:=0

(−1):
(
B

:

) (
B

2
− XU

23�
− :

)B

The last line follows from the the Irwin-Hall formula for the CDF
of a sum of independent uniform random variables. □

The result can be trivially modi�ed to �nd the probability of G∗

being sketch-feasible w.r.t. L-CVaR constraints of di�erent formats,
and can be used for �nding the probability of sketched version
of G∗ satisfying a deterministic constraint by setting U = 1. To
�nd the overall probability of G∗ being sketch feasible, we can
make a simplifying assumption that the probability of satisfying
each constraint is independent of each other, and multiply the
probabilities together or, alternatively, use the Bonferroni inequality
to derive a conservative probability estimate.



For any feasible package, X ≥ 0 is guaranteed for every constraint.
The probability of any constraint being satis�ed is the least when
X = 0. In that extremity, the probability of the optimal package
being sketch-feasible w.r.t. that constraint is 1/2, regardless of the
value of B . For a query containing � such mutually independent
constraints, the probability of the optimal package being sketch
feasible is thus 1/2� .

Theorem F.1 assumes that RCL-Solve is able to �nd the optimal
package by replacing each risk constraint with an appropriately
parameterized L-CVaR constraint.While this is a strong assumption,
RCL-Solve usually terminates with a package that has an objective
value of at least (1 − n)l∗. The probability of this package being
sketch-feasible can then be derived from Theorem F.1. In the event
that this package is indeed sketch-feasible, the objective value of
the package produced consequently by Stochastic SketchRefine

is lower bounded by the result of Theorem E.1.

G NOTES ON SETTING HYPERPARAMETERS

We provide notes on how a user can set the value of each hyperpa-
rameter used in RCL-Solve and Stochastic SketchRefine.

Like their predecessor SummarySearch, they require the speci-
�cation of the initial number of optimization scenarios (<). A key
consideration while setting< is the time needed to generate each
scenario. This depends on the computational e�ciency of the Vari-
able Generator (VG) function, since optimization scenarios require
that values be generated for every tuple. For more expensive VG
functions, scenario generation times can be high, and users may
wish to start with a smaller number of optimization scenarios in
hopes that feasible and near-optimal packages can be generated
from them. If not, RCL-Solve and Stochastic SketchRefine will
automatically increase the number of optimization scenarios and
retry. In our experiments, we used a relatively simple set of VG
functions, i.e., Geometric Brownian Motion for the Portfolio dataset
and Gaussian noises for the TPC-H dataset. We used 100 as our
default value for<, but also found that setting< to 50 or 200 did
not largely e�ect the overall runtimes or relative integrality gap of
packages.

We further require the speci�cation of the number of validation
scenarios <̂. We recommend <̂ to be set as large as possible, unless
validation scenario generation runtimes become prohibitively ex-
pensive. The need for having more validation scenarios increases
with the variance of the stochastic attributes. In our experiments,
we set <̂ = 106. To validate if this is a judicious choice for our
datasets, we ran an experiment where we ran 30 trials for �nding
the objective value of 30 randomly generated packages containing
5 distinct tuples each over 106 i.i.d. scenarios. The objective values
of each package were very uniform across the trials, with average
variances of objective value measurements being in the orders of
10−35 and 10−29 for the Portfolio and TPC-H datasets respectively.
This indicates that using 106 validation scenarios can give us a
stable measurement of the objective value of a package in these
datasets. Readers can repeat such experiments in their own setups
to determine appropriate values of <̂.

RCL-Solve and Stochastic SketchRefine both require the
speci�cation of the approximation error bound, n . In response,

except in very rare cases which never occurred during our experi-
ments, RCL-Solve has a (1±n)-guarantee on the relative integrality
gap of its generated packages, while Stochastic SketchRefine
usually provides a similar guarantee in the order of (1 ± n)2. In our
experiments, we set n to 0.05. We noted that many of the returned
packages had better relative integrality gaps than what would be
expected from this bound, since in practice, RCL-Solve tends to
terminate its Alternating Parameter Search with near-optimal pa-
rameterizations that result in better packages than indicated by n .
For all queries in our workload, relaxing n from 0.05 to 0.1, does
not result in the relative optimality gap increasing by more than
0.01, and does not cause a signi�cant reduction in runtime. We note,
however, that setting n to 0.01 can make the optimality requirement
too strict, with no package result being found within an hour of
execution by Stochastic SketchRefine for Portfolio’s queries Q3-
Q5. In new environmental setups, users can try a similar search for
an appropriate value of n , relaxing it for queries where a package
solution cannot be found within a reasonable amount of time.

For all the queries in our workloads, the initial risk tolerance
Γ was set to over 0.99, so our choice of setting ΔΓ = 0.03 had no
e�ect on the results. Similarly, changing the bisection termination
threshold X from 14 −2 to 54 −3 and 54 −2 did not have a noticeable
impact on the runtime or quality of the generated packages for any
query. For the DistPartition-related parameters, as mentioned
in Section 6, the size threshold g was set to 100, 000 based on ex-
periments where we saw Gurobi solving randomly generated ILPs
with 105 variables and 3 linear constraints in about a minute. To set
the diameter constraints, we tried di�erent combinations of values,
and chose the one where the number of resulting partitions was
within [ g10 ,

g
2 ], and for which the diameter constraints for every

attribute were reasonably tight.

H DETAILS OF THE EXPERIMENTS

H.1 Datasets

We varied the TPC-H dataset for di�erent comparisons as follows:

• To demonstrate scalability over increasing relation sizes, we
created di�erent versions of the relation having 20,000, 60,000,
120,000, 300,000, 450,000, 600,000, 1,200,000, 3,000,000, 4,500,000
and 6,000,000 tuples.

• To compare between SummarySearch and RCL-Solve, we cre-
ated a dataset consisting on 20, 000 randomly selected tuples.
To test the e�ect of increased variances on the approaches, we
created alternate versions of the relation where the variances of
each tuple where multiplied by factors of 1, 2, 5, 8, 10, 13, 17 and
20.

We varied the portfolio dataset as follows:

• To demonstrate scalability over an increasing number of tuples,
we varied the intervals after which stocks could be sold from 3

months to 45 days, 1 month, 15 days, 9 days, 3 days, 1 day and
0.5 days respectively.

• For SummarySearch vs RCL-Solve, we used the smallest dataset
created by restricting the interval after which stocks could be
sold to 3 months. To test di�ering variances, we boosted up the
volatility of each stock by factors of 1, 2, 5, 8, 10, 13, 17 and 20.



H.2 Queries

Estimating query hardness. A query is ‘hard’ if the probability of
a random package being feasible w.r.t. it is small. We estimate this
probability similar to the method introduced in [28]. The probabil-
ity that a package with s tuples satis�es a constraint of the form∑=
8=1�8G8 ≤ + , where the values of � are normally distributed

with mean ` and variance f2, is equivalent to the probability of∑B
8=1 # (`, f2) ≤ + , or # (`B, f2B) ≤ + according to the central

limit theorem. This probability is given by the CDF of the normal
distribution # (`B, f2B) at + . For any given query, we make the
simplifying assumption that the probability of each constraint be-
ing satis�ed is independent of any other constraint being satis�ed.
Hence, if a query has� constraints�1,�2, . . . ,�� with satisfaction
probabilities % (�1), . . . , % (�� ), the probability of the query being
satis�ed is

∏�
8=1 % (�8 ). We de�ne hardness as the negative log like-

lihood of this probability, i.e., � (&) = − log∏�
8=1 % (�8 ). Given an

SPQ, we �rst relax it by removing all integrality constraints from
it, solve it using RCL-Solve and measure the hardness of the ILP
that �nds a feasible and near-optimal package.

Portfolio Queries:

Q1:

SELECT PACKAGE(*) AS P

FROM Stock_Investments_Half

SUCH THAT

COUNT(*) <= 30 AND

SUM(Price) <= 500 AND

SUM(Gain) >= 350 WITH PROBABILITY >= 0.95

MAXIMIZE EXPECTED SUM(Gain)

Q2:

SELECT PACKAGE(*) AS P

FROM Stock_Investments_Half

SUCH THAT

COUNT(*) <= 30 AND

SUM(Price) <= 1000 AND

SUM(Gain) >= 600 WITH PROBABILITY >= 0.97

MAXIMIZE EXPECTED SUM(Gain)

Q3:

SELECT PACKAGE(*) AS P

FROM Stock_Investments_Half

SUCH THAT

COUNT(*) <= 30 AND

SUM(Price) <= 1000 AND

SUM(Gain) >= 900 WITH PROBABILITY >= 0.97

MAXIMIZE EXPECTED SUM(Gain)

Q4:

SELECT PACKAGE(*) AS P

FROM Stock_Investments_Half

SUCH THAT

COUNT(*) <= 30 AND

SUM(Price) <= 1000 AND

SUM(Gain) >= 900 WITH PROBABILITY >= 0.97 AND

SUM(Gain) >= 1000 WITH PROBABILITY >= 0.90

MAXIMIZE EXPECTED SUM(Gain)

Q5:

SELECT PACKAGE(*) AS P

FROM Stock_Investments_Half

SUCH THAT

COUNT(*) <= 30 AND

SUM(Price) <= 1000 AND

SUM(Gain) >= 900 WITH PROBABILITY >= 0.97 AND

SUM(Gain) >= 1500 WITH PROBABILITY >= 0.90

MAXIMIZE EXPECTED SUM(Gain)

TPC-H Queries:

Q1:

SELECT PACKAGE(*) AS P

FROM Lineitem_6000000

SUCH THAT

COUNT(*) <= 30 AND

SUM(Tax) <= 0.05 AND

SUM(QUANTITY) <= 20 WITH PROBABILITY >= 0.95 AND

SUM(PRICE) >= 750 WITH PROBABILITY >=0.90

MAXIMIZE EXPECTED SUM(PRICE)



Q2:

SELECT PACKAGE(*) AS P

FROM Lineitem_6000000

SUCH THAT

COUNT(*) <= 30 AND

SUM(Tax) <= 0.03 AND

SUM(QUANTITY) <= 10 WITH PROBABILITY >= 0.95 AND

SUM(PRICE) >= 750000 WITH PROBABILITY >=0.95

MAXIMIZE EXPECTED SUM(PRICE)

Q3:

SELECT PACKAGE(*) AS P

FROM Lineitem_6000000

SUCH THAT

COUNT(*) <= 30 AND

SUM(Tax) <= 0.02 AND

SUM(QUANTITY) <= 8 WITH PROBABILITY >= 0.95 AND

SUM(PRICE) >= 7500000 WITH PROBABILITY >=0.97

MAXIMIZE EXPECTED SUM(PRICE)

Q4:

SELECT PACKAGE(*) AS P

FROM Lineitem_6000000

SUCH THAT

COUNT(*) <= 30 AND

SUM(Tax) <= 0.02 AND

SUM(QUANTITY) <= 8 WITH PROBABILITY >= 0.98 AND

SUM(PRICE) >= 750000000 WITH PROBABILITY >=0.98

MAXIMIZE EXPECTED SUM(PRICE)

Q5:

SELECT PACKAGE(*) AS P

FROM Lineitem_6000000

SUCH THAT

COUNT(*) <= 30 AND

SUM(Tax) <= 0.01 AND

SUM(QUANTITY) <= 5 WITH PROBABILITY >= 0.98 AND

SUM(PRICE) >= 1000000000 WITH PROBABILITY >=0.98

MAXIMIZE EXPECTED SUM(PRICE)

H.3 Example Package

As a case study, we show the package obtained by employing Sto-

chastic SketchRefine to solve the query Q1 for the full-sized
Portfolio Dataset which contains one tuple for each stock invest-
ment option where company shares can be sold at intervals of half
a day (i.e. the relation in Figure 1). Table 2 shows that the resulting
package invests in a multiple stock options, which helps to satisfy
the risk constraint in the query. It is easy to verify that the package
satis�es the budgetary constraint of being within $500, requiring a
total price of 499.19$. The two major investments recommended by
the package, MCO and XCLS showed strong growth over 2023-2025,
indicating that portfolios recommended by Stochastic SketchRe-

fine may be useful in real-world stock markets.
We, note, however, that these packages were created by gener-

ating gains using Geometric Brownian Motion, and the usage of
more sophisticated scenario generation models could lead to better
portfolios generated by Stochastic SketchRefine. The example
portfolio should not be considered as �nancial advice.

Table 2: Portfolio Created by Stochastic SketchRefine in

response to Q1 over 4.8 million tuples

Ticker Sell After (Days) Price Multiplicity

MCO 278.5 289.50 1
EXLS 648.5 180.24 1
STBZ 341 21.59 1
HNTIF 587 3.33 2
EQS 614.5 1.65 1

I ADDITIONAL EXPERIMENTS

I.1 Ablation Experiment: Use of Duplicates

We compared the relative integrality gap, as de�ned in Section 6, of
the objective values of the generated packages when representatives
are duplicated, to those produced when they are not duplicated
at all, and when multiple unduplicated representatives are chosen
from the same partition. The results are compiled in Table 3. Lower
relative optimality gaps imply better packages.

Without duplication, as mentioned in Section 4, packages
with multiple tuples from the same partition are often rendered
validation-infeasible, and Stochastic SketchRefine is thus lim-
ited to choosing the best out of the more suboptimal packages that
remain feasible, causing a large relative optimality gap.

A second alternative we tested was to choose a random subset of
min(%<0G ,<) tuples from each partition, where< represents the
maximum number of tuples in a partition, and %<0G represents an
upper bound on the number of tuples in a package. In this setting,
the tuples in the partition that are not chosen as representatives
have a lower representation during sketch than our original pro-
posal of using correlated duplicates.

For example, suppose that our random sample contains three
representatives from a partition, all of which are highly correlated
with each other. Among the tuples in that partition that are not
chosen in the sample, there may be some that are not positively
correlated with any of the representatives. However, the sketch
solver only has access to the three highly correlated representatives,
and thus may regard the partition as ‘too risky’ to choose multiple
tuples from, and opt to create suboptimal package with tuples from
other partitions instead. This is similar to the situation with only
one representative from the partition with multiplicity > 1.

In our proposal, a single ‘median-like’ representative is dupli-
cated, with each duplicate’s Pearson’s correlation coe�cient with
the others being equal to the median of the representative’s corre-
lation with all other tuples in the partition. As such, if there exist
tuples that are not highly correlated with the representative, the
duplicates will also exhibit lower inter-tuple correlation between
themselves in the sketch problem; this avoids the potential issue of
the sketch solver discarding the partition due to risk constraints
being violated by choosing several highly correlated tuples. This
phenomenon is seen in Table 3, where packages created from mul-
tiple correlated duplicates have a lower optimality gap than those
created from multiple randomly chosen un-duplicated representa-
tives.



Table 3: We compared the relative integrality gap (a lower bound of how close the objective value of a package is with the

optimal package) of the generated packages from Q1 of the Portfolio dataset when representatives are (a) duplicated, (b) not

duplicated and (c) not duplicated, but multiple tuples are chosen as representatives from the same partition. The objective

values of packages unsurprisingly fall sharply when a representative is not duplicated at all. Taking multiple randomly chosen

representatives from the same partition instead of duplicating the same single representative yields slightly more suboptimal

packages than forming correlated duplicates of the same representative.

Relative Integrality Gap
Relation Size With Duplicates Without Duplicates With Multiple Representatives
161,161 0.05 0.82 0.06
269,698 0.06 0.94 0.06
802,516 0.06 0.97 0.07
2,400,970 0.04 0.93 0.09
4,801,940 0.07 0.95 0.09

I.2 Ablation Experiment: Partitioning Schemes

In this experiment, we compare DistPartition to three alternative
schemes, based on o�-the-shelf methods:

• KD-Trees: It is used by SketchRefine in deterministic set-
tings [5], and modi�ed to use MAD as the distance measure.

• PCA+AC: We represent each tuple as a high-dimensional vector
constructed by concatenating the scenario values for all the sto-
chastic attributes with the values of every deterministic attribute;
we then use PCA [1] to reduce the number of dimensions to the
number of attributes, and �nally use single linkage agglomerative
clustering [38] to partition the tuples.

• FINDIT : We represent tuples as in PCA+AC, but now partition the
vectors without reducing their dimensionality using FINDIT [39],
a fast, high-dimensional clustering algorithm.5

Figure 9 reports the o�ine pre-processing time and solution
quality—measured as the integrality gap—for each query executed
over the resulting partitioning. KD-Trees is slightly faster than
DistPartition (at most a 5 minute decrease in runtime), but the re-
sult quality is inferior. Since KD-Trees does not account for shapes
of probability distributions as DistPartition does, it cannot pro-
vide theoretical guarantees of intra-partition tuple similarity, which
translates to less optimal packages. PCA+AC and FINDIT require
much larger runtimes. Their integrality gaps are also higher: the
aggressive dimensionality reduction in PCA+AC tends to obfuscate
inter-tuple di�erences in tail behaviors for a given stochastic at-
tribute, and the dimension voting in FINDIT (which clusters points
with low di�erences across a large number of dimensions) ignores
large di�erences that may occur in a small number of tail scenarios.

Key takeaway: DistPartition results in better intra-partition
tuple similarity, leading to more optimal packages.

5For both PCA+AC and FINDIT, we cluster vectors based on Euclidean distance. We
set their hyperparameters to ensure the number of resulting partitions remained in
the range { g

10 ,
g
2 }, similar to determining the diameter thresholds for DistPartition.



O�ine pre-computation (mins) Relative Integrality Gap

partitioning time preprocessing time Portfolio TPC-H

Portfolio TPC-H Portfolio TPC-H Q1 Q2 Q3 Q4 Q5 Q1 Q2 Q3 Q4 Q5

DistPartition 4.60 18.70 44.42 27.50 0.03 0.02 0.04 0.05 0.04 0.03 0.05 0.04 0.05 0.04
KD Trees 3.85 14.12 43.72 23.42 0.07 0.08 0.11 0.13 0.12 0.07 0.07 0.06 0.08 0.09
PCA+AC 52.32 128.49 93.56 136.93 0.05 0.06 0.09 0.12 0.11 0.08 0.07 0.06 0.06 0.08
FINDIT 36.62 28.31 77.23 36.75 0.04 0.03 0.04 0.06 0.05 0.07 0.07 0.06 0.08 0.07

Figure 9: O�line pre-computation runtime, which includes representative selection, is minimally higher with DistPartition

compared to KD-trees, but the resulting packages achieve lower relative integrality gaps when DistPartition is used. O�-the-

shelf techniques such as dimensionality reduction with PCA and Agglomerative Clustering, and high-dimensional clustering

approaches like FINDIT have larger o�line pre-computation runtimes, and generate packages with larger integrality gaps
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