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Abstract

The neural Ordinary Differential Equation (ODE) model has shown success in learning
complex continuous-time processes from observations on discrete time stamps. In this work,
we consider the modeling and forecasting of time series data that are non-stationary and may
have sharp changes like spikes. We propose an RNN-based model, called RNN-ODE-Adap, that
uses a neural ODE to represent the time development of the hidden states, and we adaptively
select time steps based on the steepness of changes of the data over time so as to train the model
more efficiently for the “spike-like” time series. Theoretically, RNN-ODE-Adap yields provably a
consistent estimation of the intensity function for the Hawkes-type time series data. We also
provide an approximation analysis of the RNN-ODE model showing the benefit of adaptive
steps. The proposed model is demonstrated to achieve higher prediction accuracy with reduced
computational cost on simulated dynamic system data and point process data and on a real
electrocardiography dataset.

1 Introduction

We consider the modeling and forecasting of time series characterized by irreqular time steps and
non-stationary patterns, which are commonly observed in various applications, such as finance [10]
and healthcare [3]. We treat the data as a sequence of ordered observations from an unknown
underlying continuous-time process, sampled at discrete time points. Recurrent Neural Network
(RNN) [29] is frequently employed to model such sequential data. This work proposes to use an
RNN-based model with a neural Ordinary Differential Equation (ODE) to fit time series data.

The classical neural ODE type approaches typically assume regular time grids in the data
sequences, or the same irregular time grids across different sequences [27]. When dealing with
highly non-stationary data, such as a time series with sudden spikes, it becomes imperative to select
sufficiently small time steps to ensure accurate modeling of regions with steep changes. These regions
require more refined time steps, especially the ones with abrupt spikes. However, it is common for
most of the time horizon to observe a slow-varying and less steep time series, which is more “flat”
over time; thus, the refined time steps would result in unnecessarily high computational costs. Some
examples of time series with abrupt spikes are shown in Figure 1, illustrating a spectrum ranging
from continuous time series to discontinuous time series such as counting processes.

To train the neural ODE for data with non-stationary patterns more effectively, we propose an
approach that employs adaptive time steps in the neural ODE model, which we refer to as RNN-ODE-
Adap. The model adaptively selects the time steps based on the local variation of the time series,
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Figure 1: Hlustration of spike-like time series. The crosses denote the discretely sampled time steps,
which can be irregular. In the left panel, the subsequences enclosed with the orange, yellow, and
green brackets represent the (training or testing) windows generated from this sequence.

enabling it to capture underlying trends with potentially fewer steps. Our numerical experiments
showed that, compared to other baseline models that use regular time steps, RNN-ODE-Adap could
achieve higher prediction accuracy with similar or lower time complexity. The contribution of the
work is as follows.

e Based on a neural ODE model characterizing the dynamics of hidden states, we propose an
algorithm to construct adaptive time steps, which assigns refined time steps to data around
“spikes” while using rough time steps for data in “flat” segments. This can significantly reduce
the computational cost in the training process with little impact on the modeling performance.

e We provide theoretical insights into the consistency of the model using the example of Hawkes
process type data, and the approximation guarantee of the RNN-ODE model that illuminates
the benefits of adaptive time steps.

e We conduct numerical experiments on both synthetic data and a real-world time-series data set
to demonstrate the advantage of the proposed algorithm in terms of both modeling accuracy
and computational efficiency.

1.1 Related Works

Neural ODE. Our work is closely related to the neural ODE |2| model, which parameterizes the
derivative of the hidden state using a neural network. In [2], a generative time-series model was
proposed, which takes the neural ODE as the decoder. Furthermore, [27] proposed a non-generative
model with continuous-time hidden dynamics to handle irregularly sampled data based on [2].
Compared with existing works related to neural ODE [27, 35, 37, 5, 22, 18, 23, 12, 11|, we model the
ODE that determines the progression of hidden states by including the data itself in the derivative
of the hidden state. In contrast to existing works on non-stationary environments such as the
piecewise-constant ODE [11], our work proposes to use adaptive time steps to automatically adapt
to sparse spikes in the time series, without pre-defining the time period for each piece of ODE.

Neural CDE. We note that the Neural Controlled Differential Equation (CDE) [19] also incorpo-
rates the observations into the model continuously. Specifically, the hidden states in [19] follow the
CDE h(t) = h(to) + ft’; fo(h(s))dXs, where the integral is a Riemann-Stieltjes integral. We would



like to emphasize some key differences between model (2) and Neural CDE. The X, in Neural CDE
is the natural cubic spline of {(x(t;),t;)}s, and fy : R% — R&W*(PHD) where dj, is the number of
hidden units and D is the data dimension. Thus, for the same number of hidden units, Neural
CDE requires a more complex parameterized fy to model h(t). Moreover, since X, is obtained by
cubic spline, it is less naturally adapted to the prediction task that requires extrapolation to the
time stamps not seen when computing the spline. Therefore, it is hard to evaluate the prediction
performance of Neural CDE and thus we defer the evaluation under the Neural CDE setting for
future work.

Continuous-Time RNNs. Our model belongs to the extensive family of continuous-time RNNs;,
originating from [26]. Several existing studies explore various RNN architectures, such as |1, 17, 6,
30, 16] These RNN models leverage their structures to address the exploding and vanishing gradient
problem. Our model also adopts a continuous-time ODE framework for time series data, and the
proposed adaptive time stamp selection method can be viewed as effectively reducing the length
of the discrete sequence when a significant part of the process is changing slowly. Meanwhile, our
approach can also be used concurrently with the methodologies such as in [6]. As the focus of our
work is to model the “spike-like” time series data, the combination of our model and the existing
continuous-time RNN models can further improve the efficiency when applied to such data.

Time Adaptivity. Previous studies have investigated the incorporation of time adaptivity in
continuous-time RNNs, such as GACTRNN [13], TARNN [16], and LEM [31]. In these works, time
adaptivity was incorporated by multiplying the ODE with an adaptively learned time modulator,
usually parametrized by another sub-network. In contrast, our method adaptively selects time steps
during the preprocessing phase, where the selection process only utilizes the steepness of change of
the time series data. Therefore, the proposed model does not involve the training of a sub-network
for the time modulator as in the previous models, which may incur an increase in model size and
additional computational costs.

2 Problem Setup

2.1 Training Data and Prediction Task

Consider a random continuous time series z(t) € R” over the time horizon [0, T] for some T € R*.
We observe multiple independent and identically distributed samples of the continuous process x(t),
where each sample is sampled at discrete time stamps, which can vary across different samples.
We split the observed sequences into training and testing sequences. From the training sequences,
we generate a total of K (Tr) training windows, denoted as {az(Tr’k)},f:(?), each of window length N
as our training data (see the left panel of Figure 2 for an illustrative example). Here z(T™F) =
{a(Tok) (thr’k))7 o, a(Trk) (tg\?rk))} and 0 < thr’k) < < tg\?r’k) < T are the corresponding time
stamps for the k-th training window. Similarly, we create K (T testing windows of length N from the
testing sequences, denoted as {zc(Te’k)}f:qe). To simplify the notation, we may drop the superscripts
and write {x(t1),z(t2),...,z(tn)} for a given training window if it does not cause confusion.

Our goal is to make predictions based on historical data. Given a historical series x(t1), ..., z(ty),
we aim to perform either one-step or multi-step predictions. The one-step prediction involves
predicting z(t,,+1) at a single future time ¢,,11 based on {z(¢1) ..., z(t,)}, while the m-step prediction
includes forecasting {z(tn+1), . - ., T(tntm)} at future times ¢, 41 < - -+ < tp4m. The detailed formulas
for measuring the prediction accuracy are provided in Appendix B.1.



2.2 Training Objective

Given the time horizon [0,T], recall that we have a collection of training windows with the k-th
one denoted as z(TF) = {£(Trk) (thr’k))7 (7 (I, k))} Here, the time steps are allowed to be
heterogeneous for different training windows We train the model parametrized by neural networks
(see Section 3.1 for the neural ODE model adopted in this paper) with trainable parameters © using

the mean-squared regression loss function

KT N
(Tr) Trk (Tr,k Tr,k Tr,k
LO: (= TIHL) = 37 Y1) — 2O B0 )
k=1 i=1

where © are the network parameters, z(*) (t) is the output of the neural ODE model under parameter

© conditioned on all past observation, and t(()Tr k) is the added initial time stamp for each window.

The time difference term |tl(»Tr’k) t(Trk | ensures that the empirical mean-squared error loss
(1) matches the £ loss for function estimation. This term will be important to balance the fitting
errors among time intervals with different time steps. This term would be necessary for the proposed
scheme with adaptive (non-uniform) time steps. In our numerical examples, we also performed an
ablation study regarding this term to demonstrate its necessity; see Figure A9 in Appendix B.5 for

an example.

3 Method

We state the neural ODE model used for the hidden dynamic in Section 3.1. The algorithm for
adaptive steps is introduced in Section 3.2, and the computational complexity is explained in Section

3.3. More implementation details, such as evaluation metrics and choice of thresholds, are given in
Appendix B.1.

3.1 Neural ODE for RNN model

To be able to model the observation z(t) as a function of a hidden value h(t), we follow the previous
continuous-time RNN neural-ODE approach [1, 6] to model the hidden dynamics of h(t) as

R(t) = f(h(t), z(t); On), (2)

where f is a neural network parameterized by 6. If one directly adopts the neural ODE model [2] to
the hidden state h(t), the ODE model would be h/(t) = f(h(t),t;8) without the observed time series
data z(t). In contrast, the model (2) incorporates the observed incoming time series data x(t) as
an input to f, which is important for modeling the time series data especially when the underlying
dynamics is non-stationary. The time evolution of the observed series z(t) is modeled by an output
neural network g that maps the hidden value h(t) to x(t) as

2(t) = g(h(t); 0a), (3)

where g is called the output function parameterized by 6.

Given the neural network functions f and g (which generally can adopt any architecture) and the
observed time series data z(t), from any initial input h(0), we can numerlcally solve the RNN neural
ODE model (2) to obtain the h values at any time ¢ € (0,7 as h(t )+ fo s); 0n)ds,
and then predict the value of z(t) by &(t) = g(h(t);64). The neural ODE 1ntegrat10n can be solved
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Figure 2: Tlustration of adaptive time steps resulted from Algorithm 1. In this example, NV = 8 and
L = 2; three samples are removed in phase [ = 1, and one sample is removed in phase [ = 2.

by existing first-order or higher-order schemes, and the back-propagation can be computed by the
adjoint method [24, 2|. If one uses the forward Euler scheme, the discrete-time dynamic of h(t)
(after incorporating the time step into the network function f) becomes h;+1 = h; + f(hi, 6;), which
recovers the structure of Residual networks [28, 14]. In this work, we adopt the forward Euler
scheme in experiments due to its better stability than higher-order schemes when the dynamic has
steep changes. Our methodology of adaptive time grids can potentially be extended to higher-order
differential schemes.

3.2 Adaptive Time Steps

We propose to learn a neural-ODE RNN model using adaptive time stamps, and thus the method
is called RNN-ODE-Adap. The construction of adaptive time steps is summarized in Algorithm 1.
The intuition behind the proposed algorithm is to assign longer (rough) time intervals during time
regions where the time series is slowly time-varying (such as “flat” curves), while assigning shorter
(fine) time intervals during those regions with “spikes” (highly non-stationary and fast time-varying
regimes). For constructing the adaptive time stamps, we assume the initial time grid is sufficiently
fine and adopt a dyadic-partition type algorithm to be detailed as follows.

Given a raw (discrete-time) training window xz(tp), z(t1),...,z(tx) sampled at the finest level
of the time stamps 0 < tg < --- < tny < T. For simplicity, below we write it as g, x1,x2,...,TN-
Without loss of generality, we assume N is a power of two. We first define a monitor function M (-)
that measures the variation of the sub-sequence {x;,...,x;}, i < j. In this paper, we mainly adopt
the mazimum variation defined as

T — Th—

L ()
which captures the maximum variation among any two adjacent time stamps. Here we may also
choose £, norms for any p > 1.

We then screen from the finest level of time grids and adaptively merge neighboring time grids if
their maximum variation is below a pre-specified threshold € > 0. In detail, for the first level [ =1,
we group the original N time intervals into N/2 sub-intervals (as demonstrated in Figure 2) and each



Algorithm 1 A dyadic algorithm for selecting adaptive time steps.

1: Input: Data series {z¢, z1,x2,...,zN}; threshold e > 0; L € Z..
2: Initialize: D = (). A flag vector Flag = {0,0,...,0} of length N.
3: for [ =1to L do

4:  Define a new flag: Flagney = {0,0,...,0} of length | N/2!].

5. fori=1to |[N/2!| do

6 if Flag[2(i — 1) 4+ 1] = Flag[2i] = 0 then
7: Compute the monitoring function M ({Zg1(;_1y, Tt (j_1)42:-1, Tat;})-
8 if M < e then

9 D=DuU(2'(i—1)+2"1).

10: else

11: Mark Flagpey[i] = 1.

12: end if

13: else

14: Mark Flagpey[i] = 1.

15: end if

16: end for

17:  Update Flag = Flagney.

18: end for

19: Output: Indexes of removed time steps D.

sub-interval contains three consecutive time stamps: {xg,z1, 22}, {x2, 3,24}, ..., {TN-2,2N_1,ZN}.
Then we calculate the maximum variation M (zg,x1,z2),..., M(xNn_2,2N-1,2y) for each sub-
interval. We then merge the two consecutive time intervals into one, i.e., remove the middle time
stamp xony1, forn =0,1,...,N/2 — 1, if

M (z2p, Ton+t1, Tant2) < €.

In other words, we only keep the time stamps on which the maximum variation exceeds e.

The above selection procedure is repeated similarly for [ = 2,3, ... until a pre-specified maximum
integer L. The value L corresponds to the roughest time interval. The algorithm is detailed in
Algorithm 1, in which we maintain a set D that characterizes which time stamps to be removed.
Meanwhile, we also keep a Flag vector in each round as an indicator of whether the midpoint
time stamp was removed in the last round and Flagye, indicating whether the middle time stamp
will be removed in the current round. The elements in the Flag vector equals 0 for intervals with
slight variation (M (-) < €) and 1 otherwise. The primary usage of such Flag vector is that for
two consecutive intervals in round [, we only merge the intervals if both of them are slow-varying
intervals (i.e., merged from a previous round [ < I').

The output of Algorithm 1 is the set D of time stamps to be removed. The model is trained on
the remaining time steps only. We provide an illustration in Figure 2 of the algorithm for selecting
adaptive time steps. From the final results in Figure 2, it can be seen that the output of the adaptive
time steps uses longer time steps to model stationary periods (from i = 0 to 4 and from i = 6 to 8),
and uses shorter time steps to model spikes (from i = 4 to 6) in the sequence.

3.3 Computational Complexity
The computational complexity of applying Algorithm 1 in the preprocessing stage to K (™) training

windows is O(K (™ N D), where D is the data dimension. For the neural ODE model described as in



(2)-(3), when f possesses the same network structure as a vanilla RNN with dj, hidden units and g is a
one-layer fully connected network, the complexity in the training process is O(n.K ™ N,dy,(dj, + D)),
where n, and N, represent the number of training epochs and the average length of the adaptive
windows, respectively.

Since the computational cost in the training process usually dominates that in the preprocessing
step (which happens as long as n.d; > 2%), the overall complexity of the RNN-ODE-Adap model is
O(ne K™ N,dy,(dy + D)). This is of the same order as the complexity of training a vanilla RNN
(we refer to Appendix B.2 for the specific structure) with dj, hidden units in n. epochs, using K ()
training windows with the same length N,. Therefore, compared with the complexity when training
with the original finest N time grids, the complexity associated with the adaptive method will be
reduced by a factor of N,/N. The smallest achievable complexity will be reduced by a factor of
1/2% when choosing a sufficiently large threshold e.

4 Theory

In this section, we provide the recovery consistency of the training objective (Section 4.1) and
approximation error guarantee of the RNN-ODE model revealing the benefit of adaptive step size
(Section 4.2). All proofs can be found in Appendix A.

4.1 Function Estimation for Event-type Data

We present the theoretical analysis for function estimation based on the proposed model under
counting-type time series. It is worthwhile noting that counting-type time series represent a special
class of continuous-time models since they exemplify the extreme case of “spike-like” data, where we
have discontinuities from zero to one, as shown at the right end of Figure 1.

For event-type sequences, the raw data contains a list of event times 0 < t; <to < ... <t, <T
on the time horizon [0,7]. Each timestamp is the time when an event happens. In practice, the
estimation is performed on discrete-time grids. Define the counting process N(t) := > | 1(t; < t)
as the total number of events happened before time t. We convert such continuous-time data
into discrete observations by discretizing the time interval [0, 7] into M intervals of equal length
At =T/M, and then let x,,, = N(mAt) — N((m — 1)At), m=0,1,..., M (by convention xy = 0).
When At is chosen sufficiently small, it becomes the Bernoulli process where x; € {0,1}.

We consider the temporal Hawkes processes [25], in which the values z; are mostly zero under mild
assumptions, corresponding to sparse “spikes”. Such temporal Hawkes processes can be characterized
by its conditional intensity function defined as

N (t) = iigloA*lE[N(t +A) — N(t)|F,

where the filtration F; stands for the information available up to time ¢t. In the case of Hawkes
processes, \(t) = 1+ « fg o(t — s)dN(s) is simply a linear function of past jumps of the process,
where ¢(-) is the influence kernel. For example, under the special case of exponential kernels, the
intensity function becomes \*(t) =+ af [, e PE=T) AN (7).

The intensity function recovery consistency by minimizing least-square population loss is proved
in Theorem 4.2 under a memory constraint. We parameterize the function by a neural network (NN)
based structure characterized as in (2)-(3). We define the prototypical network architecture below.

Definition 4.1. Define the function class NN-ODE(dout, Ly, pr, La, pa) as

NN-ODE(dous, Lins phs Las pa) = {F : R — RE[F(t) = g(h(1)), 1 (£) = f(h(t), 2(1),
g is NN with Ly layers and maz-width pg, h is NN with Ly, layers and maz width pp.}

7



Theorem 4.2. Assume there exist d buffer time steps with samples x_q,...,x_1 prior to the
Hawkes count data {zog,...,xpr} and each time step has duration At =T /M. We further assume
NN-ODE(dout, L1, ph, La, pa) is rich enough to model the true intensity function. Then the minimizer
F* to the population loss function

M
U(F) = Z E[(zm — F(mAt)At)lem_d e Tme1]

m=1

optimized within the neural network class F € NN-ODE(D, Ly, pn, La,pa), satisfies F*(mAt) =
A(m) == A f&ﬁm X*(t)dt, which is the discretized intensity.

Remark 4.3. We have the recovered intensity function F*(mAt) = A(m) and is extendable to the
entire time horizon as F*(t) = F*(mAt)1{(m — 1)At <t < mAt} for any t € [0,T]. In Appendix
A.1 we extend the analysis to show that under the asymptotic scenario when M — 0o, we have that
ST IF*(t) = A*(8)]dt — .

The above argument is made under the population loss, showing that using the least-square
loss function can recover the actual intensity function for the Hawkes process. It is mainly due to
the generality of the ODE model (2) and (3), which is consistent with Hawkes process and most
time series models. The argument may be extended to empirical processes by utilizing the empirical
concentration of the process.

4.2 Approximation Analysis of RNN-ODE-Adap

For theoretical generality, in this subsection, we consider the continuous-time process y(t) € R
satisfying
W(t) = f(h(t),2(t), y(t)=g(h(t)), h(0)=ho, te€][0,T], (6)

where z(t) € R is the observable input data and h(t) € R% is the underlying hidden process from
some initial value hg. Taking y(t) to be x(t) reduces the model to the case (2)(3) considered in the
other parts of the work. We provide two theorems: Theorem 4.6 proves the uniform approximation
to y(t) by continuous-time RNN-ODE model without time discretization; Theorem 4.9 further takes
into account the discrete-time scheme and obtains the approximation on a time grid.

Approximation of the continuous-time model. We will use neural network functions fy and
ge to approximate the functions f and g, respectively, see Lemma 4.5. Given z(t) on [0,77], let
hnn (t) be the solution to the hidden-process ODE hyy(t) = fo(hnn(t), z(t)) from hnn(0) = ho.
This leads to the output process ynn(t) defined by

() = fo(hnn(t), z(t)),  ynn(t) = go(hnn(t)), hnn(0) = ho, t€[0,T]. (7)

The approximation of yxn(t) to y(t) will be based on the approximation of fs and g4, which calls
for the regularity condition of the system (6). We take the following technical conditions.

Assumption 4.4. (A1) The observed process x : [0,T] — [~1,1]P and is Lipschitz continuous over
t; The hidden process h : [0,T] — [—1,1]%.

(A2) f:[-1.1,1.1)% x [-1,1]P — R (n,x) — f(n,z), and is Lipschitz continuous with respect to
both n and x.

(A3) g:[-1.1,1.1]% — [—1,1]”",n s g(n) is Lipschitz continuous.



We let L, denote the global Lipschitz constant of g on [—1.1, 1.1]%». For f, both global and local
Lipschitz constants on the domain [~1.1,1.1]% x [—1,1]P are used. More detailed definitions of
these constants will be introduced in Lemma 4.5 (for the global constant) and Theorem 4.6 (for the
local constant).

The next lemma directly follows by applying [36] to the case where f and g have lst-order
regularity (Lipschitz continuity). The proof is given in appendix A.2.

Lemma 4.5. For any ef,e4 > 0, there exist neural networks fg, gy such that

max 1f(n,2) = fo(n,z)lly <er,  max [lg(n) —gs(n)ll, < €, (8)
n€[—1.1,1.1]% z€[-1,1]P ne[-1.1,1.1]%

and

e fg has O(In %f +1Indy, +1) layers and O((Cy/es)® P (In f—; +1Indy, + 1)) trainable parameters.

® gy has O(In %g +1In D' + 1) layers and O((Cy/ey)% (In %9 +1In D’ + 1)) trainable parameters.

The constants in big-O may depend on D,D’, and dj. Here Cy = max{Lf’h,Lf’x,Mf}, where
My = sup(, yer—1.1,1.10 x[-1,112 1/ (7, @) and LI" L% are denote the Lipschitz constant of f on
[—1.1,1.1)% x [=1,1)P (see formal definitions in (A1) in the proof of Lemma 4.5 in Appendiz A.2).
Cy = max{Ly, My}, and Mg = sup,c(_y 11 yja, [9(n)]-

For the spike-like data, the majority of the regions are slow-varying, with the spikes occupying
only a minor part of the whole interval [0, T]. Thus, the whole interval [0, 7] may be partitioned
into two disjoint sets D; and Da, each of which consisting of unions of disjoint intervals in [0,77]. To
characterize this partition more precisely, we define the constants related to an interval in [0, 7] as
follows:

e For an interval [s,¢] C [0,T], we define the domains B", B as
B o= (h((s.f)) + BY%) € [(1L11%, B = (a(fs.t]) + BP)A[-L1P, ()

with 7 = 0.1, and B, BP represent balls with radius r in R% R respectively (see Figure 3
for illustration). Here, h([s,t]) + B% means the Minkowski addition, namely {hy + ha, hy €
h([s,t]), ha € B3}, and z([s,t]) + BP is defined in the same way. Then, we denote

L= sup  sup 1/, 2) = fna, 2)I|
’ rEeB® 7]177]2€Bh Hnl - 772H
L{;,:Ié] = sup  sup ||f(777$1) - f(777$2)|| ’ (10)
’ heBh z1,22€B” |21 — 22|
as the local Lipschitz constants of f within the domain B" x B*, and
ML= swp [If(n,@)]a (11)

(n,x)eBhx B*

With the local Lipschitz constant defined as above, we suppose that any time grid [sq,¢1] in Dy
f?h <
[s1,t1] =

Lpign (< Lf"). Here, Dy is comprised of regions with slow

corresponds to a local Lipschitz constant L Liow. On contrast, if [s9, to] belongs to Ds, the

fvh <

local Lipschitz constant Lijgy < L[SQ’ 1] <



x() b
x(s)
N

0 st ‘ T

Figure 3: Demonstration of the domains B* and B" defined as in (9) for the time interval [s, ] (here
dp = 2,D =1). The domains D; and Dy that correspond to slowly and fast varying regions are
colored in orange and blue respectively.

variations, while Dy encompasses regions with sharp changes, as demonstrated in Figure 3. It may
often be the case that |D;| is greater than |Ds|. Then, we define

1
Leve) — 7 (Liow|D1] + Luign| Da|)- (12)

Following Lemma 4.5 and the partition described above, Theorem 4.6 below provides the approxima-
tion results for the continuous-time process y(t) using (7).

Theorem 4.6. Under Assumption 4.4 and for L&V8) defined as in (12), suppose €f,e4 > 0 and e
satisfies
Tel™Te, < 0.1, (13)

and let fy, gy be the neural networks satisfying (8) (the model complexity is bounded as in Lemma
4.5), then

Jmase [[y(t) = yw(t)]| < e + LyTe ™ ey, (14)
Remark 4.7 (Interpretation of L(®V8) and local Lipschitz constants). (14) can provide an improved
bound because when the data have sharp changes, Ly;gn (as the co-norm of the Lipschitz constant
over time) can be large while L(®8) = (Ljoy|D1|+ Lpign| D2|)/T (as certain L'-norm of the Lipsthictz
constant over time) may stay at a smaller value. The partition D1 U Dy reflects how adaptively
choosing grids may help improve the theoretical results, and this will be further explored in the
next subsection. Therein x(¢) will only be observed at a discrete time grid, which can be adaptively
chosen according to the local Lipschitz constants (see Theorem 4.9 for more details).

Remark 4.8 (Arbitrary desired accuracy in (14)). For any ¢ > 0, we can choose

1 . € €
f < Wmm{@.l, 7}, Eg < =

‘ 2L, 2
then the right-hand side of (14) is bounded by e.
Approximation under time discretization. We assume that z(¢) is only observed at discrete
time grids {t;}2Y, instead of on the whole interval [0,7]. Below, the time grids can be chosen
adaptively, which will be detailed in Remark 4.10. Given the time grids {ti}f\ip we define the
following constants that will be used in the theorems later:
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e By (A2), for each i, let Llf’h, Llf’x and sz be defined as in (10) and (11) respectively, where
we take the interval [s,t] as [t;—1, ;).

e By (Al), for each i, let L¥ be the Lipschitz constant of z(¢) on t € [t;—1,8;]. i=1,...,N+1
(we follow the convention that tg = 0,tn+1 =T).

For At; :=t; — t;_1 and BNN(O) = hg, the forward Euler scheme is applied on (7) as follows:
han(ti) = han(tio1) + At fo(han(tic1), 2(tic1)), - Inn(ti) = go(han(t:)), i=1,...,N. (15)

Compared to Theorem 4.6, Theorem 4.9 below additionally accounts for the discretization error
from the numerical integration, providing an upper bound of the approximation error using x(t)
observed at discrete time grids. Theorem 4.9 focuses on the forward Euler method, and we refer to
Remark 4.11 for its extension to higher-order schemes.

Theorem 4.9. Under Assumption 4.4 and given a time grid {t;}Y., on [0,T] at which x(t) is
observed. Suppose €p,eq > 0 and ey, At; satisfy

N
Texp(z Llf’hAti) <€f + max{,ujAtj}> < 0.1, (16)
J

i=1
where
pj = LM+ LI L,
and let fy, gy be the neural networks satisfying (8) (the model complexity is bounded as in Lemma
4.5), then

N

max ly(t:) — dnn(ta)|l < €g + LgT eXP(Z LI At) <€f + m?X{NjAtj}> : (17)
i=1

The condition (16) in Theorem 4.9 is imposed to guarantee that the numerically integrated

hidden states {hxn(t;)} belong to [—1.1,1.1]% so that the approximation results in Lemma 4.5 are
applicable.

Remark 4.10 (Arbitrary desired accuracy in (17)). For any £ > 0, suppose the time grids satisfy that

1 €
max{u;At;}} < min{0.05, —}, (18)
oty A1} Texp(XN, LI At) t 3Lg}
then we can choose
1 € 5
< min{0.05, —1}, €, < -,
= exp(3N, Llf’hAti) { 3Lg b 3

to make the right-hand side of (17) bounded by e.

Remark 4.11 (Extension to higher-order integration schemes). The numerical integration scheme (15)
can be extended to the multi-step explicit methods of higher orders (e.g. Runge-Kutta methods),
given that the time grid selection appropriately fulfills the requirements of the integration scheme.
For example, we may choose t;11 —t; = t; — t;—1 for adjacent sub-intervals [t;_1, t;], [t;, ti+1] to apply
the commonly used RK4 method .

Theorem 4.9 provides insights into the utility of the adaptive steps for improving the model fitting
performance, which is reflected in the last term, involving max;{u;At;}, in Eq. (17). Specifically,
time grids may be selected such that At; is small if L7 is great, indicating a steep change in x(t) for
t € [ti—1,t;]. On the contrary, when the variation in x(t) is smaller, we employ larger At; to reduce
the total number of required time grids.

11



Spiral data: Testing Precition MSE vs. Complexity

—— RNN-ODE
—<— RNN-ODE-Adap
0.05 —»— RNN

LSTM

79 13 17 21 25 29 33 37 41 45 49 53 57 61 65
number of grids

Figure 4: Comparison of the MSE prediction errors on the simulated spiral data generated from Eq.
(19) for RNN, LSTM, RNN-ODE, RNN-ODE-Adap. The x-axis represents the average length of the
training windows, which reflects the complexity of the models (see Section 3.3).

5 Numerical Experiments

We validate the performance of the proposed method using three types of datasets: the simulated
spiral series, the simulated event data, and a real ECG dataset. We present the complexity vs.
accuracy tradeoff curves for different methods, and demonstrate the advantage of the RNN-ODE-Adap
method. The code can be found at https://github.com/Yixuan-Tan/RNN_ODE_Adap.

5.1 Trained Models

In this section, we examine and report the performance of two models, RNN-ODE and RNN-ODE-
Adap. Both models are trained to minimize the loss function as in (1), and the difference lies in
the choice of the time grid. Specifically, RNN-ODE is trained using regular (non-adaptive) time
steps, and RNN-ODE-Adap is trained with adaptively selected time steps by Algorithm 1. The
architecture of both models is the same as vanilla RNN; see more details in Appendix B.2.

As explained in Section 3.3, the computational cost of training the models is proportional to the
average length of the training windows. Hence, in this section, when we compare the performance
under varying complexities, the “complexities” are discussed in terms of averaged “numbers of grids”
of the training data. More details of the experiment settings are in Appendix B, with the boxplots
of the error plots and additional results provided in Appendix B.5.

5.2 Simulated Spiral Data

We first investigate the capability of our method to fit and capture the underlying dynamics of the
simulated spiral data. For a given matrix A € R?*2, one spiral is generated by integrating the ODE

a'(t) = f(a(t) = llz(t)]| 7 A (t), (19)

over the time span [0, 7], with the initial value #(0) = x9 € R2. The initial training and testing
windows are of length N = 64, corresponding to the largest complexity shown in Figure 4.

We first compare the on-sample prediction performance with RNN and LSTM [15] under different
computational complexities. For each testing window, we use the first half as available historical
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Example: Reconstruction of the Spiral from Regular Time Series, Using 31% Data
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Example: Reconstruction of the Spiral from Irregular Time Series, Using 31% Data
RNN LSTM RNN-ODE

15
w /j
0o
. \\_, /
10
-15 -

S5 o 95 o o5 10 s

RNN-ODE-adap

10 -
05 /
00 : |
X g
05 .
/

10 p
15

Ts o 05 oo o5 10 15

Figure 5: Comparison of RNN, LSTM, RNN-ODE, RNN-ODE-Adap on the reconstruction of
simulated spiral data generated from Eq. (19), using regular (upper) v.s. irregular (lower) time
series.

O

data and perform predictions for the second half. Figure 4 shows the averaged Mean Squared Errors
(MSEs) computed as in Eq. (A6) for the models, with varying complexities. From the trade-off
curves in Figure 4, we observe that when the training cost is relatively low, namely the training
windows are short, all the models underfit and do not learn the dynamics well, resulting in poor
prediction performance. When the training cost increases and the training windows consist of more
time steps, the models overfit, and prediction accuracy worsens.

Moreover, we observe from Figure 4 that for the same complexity, RNN-ODE significantly
improves the forecasting performance compared to the vanilla RNN, especially when the number of
grids is not too small so that the models begin to learn the dynamics well. Additionally, RNN-ODE-
Adap further achieves smaller prediction errors than RNN-ODE since it selects data points more
informatively with the same number of grids. Finally, we note that while LSTM performs best in
most cases, it possesses a more complex network structure. We refer to Appendix B.5 for additional
results about the LSTM and Lipschitz-RNN [6] variants of the adaptive model.

Figure 5 shows examples of spiral reconstructions using about 30% of the data. The time steps
might be obtained by interpolation and regular (the upper half of Figure 5), or be chosen adaptively
by Algorithm 1 and thus irregular (the lower half of Figure 5). We can see that there are mismatches
between shapes reconstructed by RNN and LSTM and the ground truth spiral shape. In contrast,
we note that RNN-ODE and RNN-ODE-Adap are consistent with the underlying spirals.

5.3 Simulated Point-Process Data

We further apply our method to a simulated example of event times data generated from temporal
Hawkes processes [25] as described in Section 4. We train the model (2)-(3) and estimate the true
intensity function A(t) using the output z(¢). The mean squared loss L = fg(dN(t)/dt — A(t))%dt is
used when fitting the neural ODE model.

The fitting errors of the four models versus the complexity are shown below in Figure 6 (left).
It can be observed that for all the models, the fitting errors decrease as the training complexity
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increases. Furthermore, RNN-ODE-Adap achieves the best fitting performance. The right panel
shows the log-log plot of RNN-ODE and RNN-ODE-Adap, from which we can see more clearly that
for fixed model complexity (network structure), the proposed model approaches the true intensity
function.

Figure 6 (right) shows two examples of fitting performance. In this example, all models use 33
grids on average. Thus, the complexity is 50% of the largest one. It can be observed that RNN fails
to capture the smooth decay of the kernel. Furthermore, we can see that with the adaptive choice of
time steps which is more refined, RNN-ODE-Adap can learn the dynamics of the intensity function
much better — it can estimate the “jump” in the intensity accurately.

5.4 Real Data: ECG Time Series

We validate the proposed RNN-ODE-Adap on one public electrocardiography (ECG) dataset PTB-
XL [34, 9]. We focus on learning the underlying dynamics of ECG signals using the RNN-ODE
model and use adaptive time steps for “spikes” in data series. We remark that windows of the highest
sampling rate are chosen to have N = 96 time grids, in which usually two cycles are contained. In
this way, the prediction of the second half given the first half would be more meaningful.

Figure 7 (left) shows the on-sample prediction MSEs of the four methods for two different
prediction lengths, 24 and 48, which are 1/4 and 1/2 of the whole window. Here, the prediction
is performed with the original finest grids by integrating the ODE function. It can be seen that
RNN-ODE has smaller prediction errors than RNN on average, and adding addictive steps helps
achieve slightly better performance. Furthermore, LSTM still achieves the smallest error most of the
time. The reason for this is explained in Section 5.2 and may be due to its more complex network
structure.

L2 Testing Error vs. Complexity & log-log Plot Example: Hawkes data & fit
L2 error vs. complexity log-log plot of L2 error vs. complexity Testing Window (Example 1) 15 Testing Window (Example 2)
—— RNN-ODE — true traj LST™M

015 ] —— RNN-ODE-Adap X true event A —— RNN-ODE
—— RNN —— RNN-ODE-Adap

) Keﬁ&
0.5 —_—

17 33 49 65 754.0 4.5 5.0 5.5 6.0 0.0 1 2 3 0.0 1 2 3

number of grids log, (number of grids)

15

LSTM

log, (L2 error)

''''' RNN-ODE, slope = -0.73
''''' RNN-ODE-Adap, slope = -0.86
I

Figure 6: Left: Comparison of the fitting errors of the underlying intensity function of the simulated
event-type data generated from the Hawkes process for RNN, LSTM, RNN-ODE, RNN-ODE-Adap.
x-axis represents computational complexity, y-axis is the fitting error computed as in Eq. (A7).
Right: Examples of fitted intensity function of the simulated event times data generated from the
Hawkes process using RNN, LSTM, RNN-ODE, RNN-ODE-Adap.

Figure 7 (right) and Figure A1l in Appendix B.5 present examples of prediction on the testing
windows for prediction lengths 48 and 24, respectively. These examples demonstrate that RNN-
ODE-Adap models capture the cycles and trends of the ECG more effectively than RNN. The good
performance implies that the proposed algorithm could be used to fit and predict the ECG-type
signal well. This also implies potential future applications of RNN-ODE-Adap in real healthcare
problems.
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ECG data: Testing Precition MSE vs. Complexity Example: ECG data, fit & prediction (for 48 time steps)

prediction length = 24 prediction length = 48 Testing Window (Example 1) 10 Testing Window (Example 2)
1.0 T . T
0.20 0.20 —— true traj —— true traj
—— RNN —— RNN
=<7 —— RNN-ODE-Adap —— RNN-ODE-Adap
0.15 0.15 = - —
1 == H .
w T & -
Sol0f = 0.10 ' 1. -
—— RNN-ODE —— RNN-ODE A j 0 -
0,05/ — RNN-ODE-Adap 0.05) —— RNN-ODE-Adap ' i :
—— RNN —— RNN
LSTM LSTM
0.0053 49 73 97 00055 49 73 97
number of grids number of grids

Figure 7: Left: Comparison of the prediction errors on the real ECG data under two different
prediction lengths (24 and 48) for RNN, LSTM, RNN-ODE, RNN-ODE-Adap. z-axis has been
explained in the caption of Figure 4. Right: Examples of 48 steps ahead prediction for the testing
ECG data using RNN (marked in blue) and RNN-ODE-Adap (marked in red). The predicted region
is marked between dashed lines.

6 Discussion

In this paper we propose a general framework for constructing adaptive time steps when using the
neural ODE combining the observed data to model times series. We demonstrate that it tends to be
more efficient for modeling “spike-like” time series. The proposed algorithm of adaptive time steps is
widely applicable to other types of models, not limited to neural ODE and RNN models. Moreover,
the selection of adaptive time steps can be generalized to a broad class of non-stationary time series
with different kinds of non-stationarities.

This highlights the potential for further research in this filed, which may be approached from
several angles. Firstly, there is a need for more theoretical analysis of the proposed RNN-ODE-
Adap framework under a broad spectrum of non-stationary time series, ranging from continuous to
discontinuous data sequences. Additionally, there is a need to investigate the more flexible adaptive
scheme, which could freely add middle steps adaptively and merge time grids without being restricted
to dyadic partitioning.
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A  Proofs

A.1 Proofs in Section 4.1

Proof of Proposition 4.2. We consider the case with discretized and finite time grids. We assume
there exists d buffer time steps with samples x_4,...,2_1. The samples used for estimation are
xo, ..., Ty, and each time step is with duration A¢. Thus the whole time duration is T' = M At.
The random process we observe on discrete time horizon {m : 1 < m < M} is as follows. At time m
we observe integer variable x,,, € {0,1,2,...}. Here x,, means the number of event happening within
((m—1)At, mAt] and x,, = 0 means no event happening. Note that for the Hawkes process, which is
essentially an inhomogeneous Poisson process, the variable x,, is just a Poisson random variable with
the intensity parameter depending on the historical observations. We denote the average intensity
function within the time interval ((m — 1)At, nAt] as:

_ 1 mAt .
Km) = & /(m_l)AtA (1),

where A\ (t) = p+ « f(f ¢(t — s)dN(s) is the true (continuous-time) intensity function.

By the properties of the Poisson distribution, we have E[z,| Frn—1] = A(m)At and Var|z,, | Frn_1] =
A(m)At. Our goal is to recover the intensity function A(-) using the given observations. We consider
the population loss function:

M
\If(eh, Gd) = Z E[(l‘m — F(m; Qh, Gd)At)2|xm,d, e ,wm_l]

3
Il

m—d

Ela2,[x" "} — 2E [z, - F(m; 04, 00) At|x™~ L) + E[F?(m; 0, Gd)(At)Q]a:m_l]}.

3
[

o

(A(m) — F(m; 04,04))*

<
M=

3
I

Thus the optimizer will equal to S\(n) as long as the function class RNN-ODE(dout, L1, Phy La, pa) is
rich enough to model the structure of the true intensity function. O

Proof of the claim in Remark 4.3. Note that when there is no event happening within the time
interval ((m — 1)At,mAt| or when there is one event happening at mAt, we have [A\(m) — A*(¢)] <
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CaAt where C is a constant related to the Lipschitz constant of the influence kernel ¢(-). And when
there is one event happening in ((m — 1)At, mAt), we have |A\(n) — \*(t)| < a. By the concentration
of Poisson distribution, there exists positive constant M’ such that there are at most M’ events
happening within [0, 7] with high probability, and there is at most one event in each sub-interval
[(m — 1)At, mAt] for M sufficiently large, we have that fOT IA(t) — N (t)|dt < CaTAt + M'aAt — 0
as M — oo. O

A.2 Proofs in Section 4.2

Remark A.1 (Expressiveness of the model). The hidden state h(t) € R% in (6) encodes the historical
data, enabling z(t) to be time-inhomogeneous. This raises the question regarding the expressiveness of
Eq. (6) in representing a general dynamical system described by z’(¢t) = F(z(t),t). There exist works
that explored the expressiveness of the system h'(t) = fo(h(t), z(t)),y(t) = g4(h(t)), where fp, gs
are neural networks and fy possesses a RNN structure [8, 4, 20, 21|. Among these works, [8, 4, 20|
assumed that z(t) was generated from the underlying dynamics (6), and thus the approximation
problem was reduced to estimating f and g using neural networks fy and g4. On the other hand,
[21] took into account a broader range of input-output relationships. Specifically, it studied the
expressiveness of the linear RNN structure in representing functionals H; that determined the output
at time ¢ according to Hy({z(7),7 € T}), where T is an ordered index set (e.g., 7 = [0,T7). [21]
mainly focused on the case when {H;({z(7),7 € T})} is linear and time-homogeneous.

Our approximation analysis bears more resemblance to the first category of studies and examines
the approximation error for the discretely observed data.

Remark A.2 (Time-homogeneous dynamical systems). For a time-homogeneous dynamical system
2'(t) = F(z(t)), it can be represented as Eq. (6) by setting dy, = D, f(h,z) = F(h), and g(h) = h.
Theorems 4.6 and 4.9 indicate that neural networks fy, g4 can be configured such that the observed
data is approximated to any pre-specified accuracy. Prior studies [8, 4, 20, 21| proved that the
system 2/(t) = F(z(t)) could also be approximated using a continuous-time RNN, although without
upper bounding the network size.

Proof of Lemma 4.5 Following the notations in [36], we consider Sobolev space W™ ([—1,1]%),
with n = 1,2,..., defined as the space of functions on [—~1,1]¢ lying in L> with their weak
derivatives up to order n. From the proof of [36, Theorem 1], for any f : [-1, 119 - R such that
f e Wn>([—1,1]%) and € > 0, there exists a neural network f such that max,e(_q 1) | f(z) — f(2)] <
e, and f has O(In(d + 1)(In(%£) 4 1)) layers and O(24@*+Dg?+21n(d + 1)2(@)%(111(%) + 1))
trainable parameters, where ay = || f|lyyn.0o(j_1,1j¢) = MaXp:n|<n €88 SUPe[_1 17| D" f(2)], Bf =
MaXn:|n|=1 €S8 Supxe[—l,l}d’an(x)"

In our case, we take n = 1. For f :[—1.1,1.1]% x [~1,1]” — R% that is Lipschitz in both 7 and
x, we define L/, L% as follows:

1S (1, ) = f (2, )|

L= sup sup [ | ,
e[-1,11P ny mae[-1.1,1.1]% n — 12
z€[=1,1P ny ma€] ] "
Lf,l‘ = sup sup Hf(na .’L'l) - f(n,xg)” .
he[—l.l,l.l]dh 11,9626[—1,1]13 Hxl — xQH

For f = (fi,...,fa,) : [-1,1]% x [-1,1]P — R% defined as f(i,x) == f(1.17, ), we have
that af < 1‘1Cf’ﬁfi < 1.1Cy, i = 1,...,dy. Therefore, there exist dj, subnetworks, denoted as
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fla--~7fdh,SUCh that

. L €

o 1]22355)(6[—1,1}[’ |fi(, @) — fi(7), z)| < NG

and each subnetwork has O(In(*152 Cf )+ Indy, + 1) layers and 0((%)%”(111(1 1) 4 Indy, + 1))
weights, where the constants of blg O notations depend on dp and D.

Thus, we can construct fg as a network consisting of dj, parallel sub-networks that implement

each of f;. Then, for fy(n,2) = fo(ign, =),

max Hf(77795) - f9(777x)||2 = max Hf(ﬁ?x) - f~9(f]7x)H2

n€[—1.1,1.1]% z€[-1,1]P f€[—1,1]% z€[-1,1]P

<\F max Hf( z) — f( z)[loo < €f-

[-1,1)% ze[-1,1]P

5 has O(In(2252 1f L)+ Indy + 1) layers and O((@)dh“)(l (224 lf L) +Indp, + 1)) weights, where the
constants of big-O notations depend on d and D. Specifically,

1.1C
#(layers of fo) < Cln(dy + D + 1)(In(~ Ly 4+ Indy + 1),
f
dp+D+2
#(weights of fg) < C2Un+DNd+DHY) (g, 4 DYdrtD¥2 27 In(d), + D 4 1)?
2.2C 1.1
(22 a1y (11Cs +lndy, + 1),
(
€ €f
for some absolute constant C' > 0. g4 can be constructed similarly. We define g = (g1,...,9p/) :

[—1,1]% — RP" as §(7) == g(1.17)). Then, there exist D’ subnetworks, denotes as §1,...,jpr, such
that

o~ . €g . /
max (1) — G < , 1=1,..., D,
ﬁe[—l,l]dh ng(n) 91(77)H2 \/ﬁ
and each subnetwork has O(In(%: 1C") + InD’ + 1) layers and O((%)dh (111(%) +InD +1))
weights, where the constants of blg—O notations depend on dj and D’. We construct g4 as a network
consisting of D’ parallel subnetworks that implements {g;}. Then, for g4(n) = §¢(ﬁ77),

max lg(n) — g6 (M)l < €g5
ne[-1.1,1.1]%

and

#(layers of g4) < C'ln(dy, + 1)(ln(1'1Cg) +InD" +1),
€9

- 2.2 1.1
#(weights of g4) < C'th(dhﬂ)d;thrQ D' ln(dh +1)%( Cg)dh - (In( Cg) +InD"+1).

€g €g

This proves the claim.

Proof of Theorem 4.6.

Proof of Theorem 4.6. We denote u(t) = [|h(t) — hxn(t)||, and to = infyco j{u(t) > 0.1}. Since
u(0) = 0 and u(t) is continuous, we know that ¢y > 0. In the following, we show that t) = T by
contradiction. Otherwise, suppose that ¢y < T'. Then for ¢ € [0,], u(t) = ||h(t) — hnn(t)]] < 0.1,
which implies that hxy(t) € [~1.1,1.1]%.
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Then, by (8), for t € [0, to],

ult) = \ [ 06).5(60) = ). (1) s

t

< /0 17 (h(s), 2(5)) — folhnen(s), ()] ds
t

< /0 (e + L(s)[h(s) — hn(5)]]) d,

where
L(s) =L ifseltintili=1,....n+1,

and {¢;}!", the time grid corresponding to the partition D; U Dy such that %Z?:Jrll Lf Pty —

tic1) < %(Llow!le + Lyign|D2|) = L(av8) and L{’h is defined as in (10) with taking the interval
[s,t] = [ti—1,t;]. Therefore,

u(t) < ept + /OtL(s)u(s)ds, t € [0, o).

By the Gronwall’s inequality,

t n+1
u(t) < est exp(/ L(s)ds) < efTexp(Z Llf’h(ti —ti—1)) < efTeXp(L(an)T) < 0.1, te]lo,to.
0

=1

Specifically,
u(to) < €T exp(LV®T) < 0.1.

Since u(t) is continuous, there exists a sufficiently small 6 > 0, such that u(t) < 0.1 for t € [to, to + ).
This is a contradiction to the definition of tg. Thus, we conclude that t3 = 7', and therefore
hnn(t) € [-1.1,1.1)% V¢ € [0, T]. By the similar analysis above, we have that

u(t) < ;T exp(L@T), te[0,T).

Thus, for ¢ € [0,T],

ly(®) = yn (@O < llg(h(t)) = g(han ()] + llg(han(#)) — go(han (D))
< LT exp(L®®T)es + ¢y,

which proves the claim. O

Proof of Theorem 4.9.

Proof of Theorem 4.9. Denote g; = h(t;) — han(;), then g = 0. In the following, we apply the
induction argument, iteratively showing that

lei|| < en < 0.1, hxx(t) € [-1.1,1.1]%, i=0,...,N, (A2)
where
N
ep = Texp(z Llf’hAti) (ef + max{,ujAtj}> .
i=1 !
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For i = 0, (A2) naturally holds since h(0) = han(0). If (A2) holds For i < k, then for i = k + 1,
by |lexl < 0.1, han(tx) € [~1.1,1.1]% . From the definition of g1,

Chp1 = H <h(tk) + /tﬂ1 f(h(s),x(s))ds) — (ﬁNN(tk) + Atk+1f9(ibNN(tk)7$(tk))) H

tg
let1
<eép+ /
tg

Next, we upper bound the second term. By the triangle inequality, hxn(t%) € [—1.1,1.1]% and (8),
for s € [tk,tk+1],

F(h(s),2(s)) — folhx(t), :c(tk))H ds.

| £1(s),2(5)) = Solho(ta), 2(t0))|

< | £(h(s), w(5)) = £t o) + | £ ot 2(86) = ol (8 (8|
<[ (h(s).x(s)) = F(htr) (5Dl + £ (lti), 2(s)) = F(hlti), 2(t) |

+ || £t () = (), 2(80))| + €5

(Li—thlf—f—l + Lifl k1) Atggr + LiflAtkHsk +€f

where the first component is due to ||h(s) — h(tx)|| = || ftk (uw))du|| < M. k+1Atk+1 and the
second term results from [2(s) — x(tg)| < Ly, Atgy1.
This implies that

epr1 < (1+ Lk+1Atk+1)5k + Ye+1, (A3)
where
Vi1 = €Aty + (LPI ML+ LET LE A = ep Aty + 1 At
From (A3), we obtain that

+1 k+1
Eht1 < Z V5 H 1 —{—Llf’hAtl) .

l=7+1

Since 1+ z < exp(x),

k+1 k+1
H (1 —{—Lf "At) < exp( Z thAtl) < exp( ZLf’hAtl)
I=j+1 I=j+1 =1
Hence, we have
N N N
Eht1 < eXp(Z Llf’hAti) Z’yj = eXp(Lf’hT) Z EfAtj + /LjAtjz
i=1 j=1 j=1

N
< Texp(z L{’hAti) <6f + max{ujAtj}) = ep.
J

=1

Therefore, (A2) holds for i = k + 1. By the induction argument, (A2) is true for i =1,..., N.
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Finally, for 2 = 1,..., N, by triangle inequality and the fact that HNN(ti) € [-1.1,1.1]% applying
(8) results in

Ily(t:) — gnn ()]l = llg(h(t)) — go(han(t:)) |
< llg(h(t:)) — g(han ()|l + llg(hnx (i) — go(hnn (£:)) (A4)
<€+ Lycpy1 < €g+ Lgep,.

This proves the claims in Theorem 4.9. O

B Experimental Details

B.1 Implementation Details

Given the training windows {:B(T“k)}kK:(?), the algorithm 1 is used as a preprocessing step to prepare

each training window to the irregular sub-window with adaptive time steps. The resulting adaptive
training windows are then used to train the neural ODE model (2)-(3) using the mean-squared loss
function (1). During the inference phase, the learned ODE model (2) will be used for fitting and
prediction tasks. It can be used for arbitrary and irregular (future) time steps.

Choice of Monitor Functions. The monitor function in Algorithm 1 can be chosen flexibly,
not restricted to the maximum variation defined in (4). Since this work mainly uses non-stationary
time series with “spike™like patterns as an example, the monitor function (4) is a natural choice for
identifying abrupt “spikes”. In general, the monitor function may be designed case-by-case depending
on the problem context. For example, when modeling the event-type counting process (such as the
Hawkes process simulated in Section 5.3), where z; € N is the number of events in the current time
interval, we may choose to use the maximum counts M(x;,...,z;) := max{x;,...,z;}. By setting
the threshold € € (0,1), such a monitor function will assign the finest time steps to intervals with
events (z; > 0) and use rough time steps for regions without events (z; = 0).

Choice of Threshold in Algorithm 1. The choice of the selection threshold € used in Algorithm 1
can be selected from training data via simulation. In detail, note that a larger threshold € would lead
to a sparser set of selected time steps (the output of Algorithm 1). Therefore, we primarily determine
the threshold € by calibrating the number of remaining time stamps after applying Algorithm 1,
allowing us to control the desired efficiency. Specifically, we employ a validation data set to calibrate
the selection of threshold values, ensuring that the chosen € yields the desired average lengths for the
adaptively selected time steps. As illustrated in Figure A1, an example of ECG data demonstrates
the influence of the threshold parameter € on the chosen grids. It can be observed that an increasing
€ leads to a reduction in the number of selected grids. Furthermore, for each value of ¢, the chosen
grids correspond to sub-intervals with greater variation.

Evaluation Metric. To compare the multi-step prediction performance of different time series
models, we use the mean-squared multi-step ahead prediction error as follows. After obtaining the
fitted model, we can use the trained networks (2)-(3) to make predictions on the testing windows

{:I:(Te*)}kK:(?e), where z(Tek) = [z(Tek) (the’k)), . a(Tek) (t%Te’k))}. Given a historical trajectory
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Original data £=0.01 £=0.05 £=0.80

0.8 1 0.8 0.8 1 0.8 1

0.6 1 0.6 0.6 1 0.6 1

0.4 0.4 0.4 1 0.4 1

0.2 0.2 0.2 1 0.2 1

Figure Al: Illustration of adaptively selected time steps with different thresholds (ECG data). The
gray dots depict the original data points and the red points illustrate the time steps selected by
Algorithm 1 using threshold € = 0.01, 0.05, and 0.8, and L = 3.

{z(t1),...,2z(t,)}, we can apply the fitted model to perform multi-step ahead prediction
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#(tis1) = g(h(tis1); 0a),

which will be iteratively solved for i = 1,...,n+m. The first ODE can be solved by, for instance, the
Euler method. When comparing the m-step ahead prediction performance of different methods, we use
the averaged ¢o norm of the prediction error of length m; specifically, we take n = |[N/2],m = N —n
in the experiments in Section 5 and perform the prediction in Eq. (A5) for each testing window
x(Te%) with the predicted value denoted as i:(Te’k)(-), then the resulting prediction performance on
test data is measured as follows

1 K(Te) 1 n+m ek - 9 1/2
ST =ty 32 (1 2 [0 -5 s
k=1 i=n+1

We could also use other reasonable metrics that measure the discrepancy between times series data,
such as the averaged ¢; norm or the dynamic time warping distance [33].

To compare the one-step prediction performance of different methods on the intensity function of
the event data generated from Hawkes processes which is described in Section 5.3, we employ the
error as defined in (A7), which has the similar form to the training loss (1):

K(Te) N
1 “ (Te Tek o Te k) ||2 1, (Te,k Te,k
MSEge = 2y > 3 [ATRET) = ATR 10) [FaTe0 —T50) - (ar)
k=1 i=1

here the superscript (T®) denotes that the error is evaluated on the testing data. A\ and A denote
the true and fitted intensity functions of the event data, respectively. In this case, A is obtained by
iteratively solving (A5) with n = N — 1 and m = 0.

Buffer Steps. To facilitate training and improve the performance of the models, we leverage

additional “buffer steps” at the beginning of each window to mitigate the effect of the zero initialization
of the hidden states. Buffer steps refer to the additionally padded time stamps before each
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Figure A2: Illustration of buffer steps constructed on a discrete-time event data generated from a
Hawkes process.

Tr,k:))}

window. Specifically, for the k-th training window {x (Tr.k) (t; i]\il, adding m buffer steps

(
2
means that the original time series is augmented to {x(TF)(¢; (Tr, k))

tEJTrr k) tl(Tr k) = At = min;—q,.. N— 1{tZJTrr1k) - tETr’k)}. An illustration of the buffer steps for the

discrete point process data is shown in Figure A2. Detailed information on buffer steps, pertaining to
the experiments in Section 5, along with additional experiments examining the impact of incorporating
buffer steps and selecting the appropriate number of buffer steps using validation data, can be found
in Appendix B.4.

ie o, Where for i = —m, ..., —1,

B.2 Network Structure

In the experiments, we use the same network structure for RNN, RNN-ODE, and RNN-ODE-Adap,
namely the ODE function f follows the vanilla RNN structure

f(h,z;0©;) = tanh(Wy[h, x| + by),

where h € R, Wy € R x(dn+D) by € R% and ©5 = {Wy,bs}. RNN updates the hidden states
discretely by hy, = f(ht,_,,Tt,; OF).

Furthermore, in this paper, the output function g for RNN, RNN-ODE, and RNN-ODE-Adap is
taken as a fully connected (FC) layer

g(h; O4) = Wyh + by, (A8)

where h € R W, e RDPxdn by € RP and ©, = {W,,b,}. In all the experiments, we take dj, = 128.
For the LSTM model, we use the same output function as in (A8) to decode hidden states and
the vanilla LSTM block to update hidden states. The latter is detailed as

JustMm(h, ¢, 230 o) = 0(h, 2;0,) ® tanh (c(h, ¢, x;0.)),
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where

o(h, ;0,) = a(Wolh, z] + b,),
c(h,c,z;0¢) = p(h,z;0,) © c+i(h,z;0;) © q(h, x;0y),
i(h,z;0;) = o(Wi[h, 2] + b;),
p(h,z;0p) = a(Wplh, z] + bp),
q(h, z;04) = a(Wylh, z] + by),

here h,c € R, W,, W;, W, W, € R#X(@+D) b b, b b, € R% and the parameters in the LSTM
model is denoted as O o, = {Wo, Wi, Wy, Wy, bo, bs, by, by }. LSTM updates the cell states and
hidden states iteratively by c¢;, = c(hs, i, ¢t 15 %1,30c), e, = frsem(ben_ysCois 4,50 f) =
o(ht, ,,,;0,) ® tanh(c, ).

B.3 Training, Validation, and Testing Data Sets
B.3.1 Windows of the Finest Grids

In all the experiments, the results are obtained from multiple replicas. In each replica, training,
validation, and testing windows of the finest grids are independently generated, and then used for
training the neural networks, validating, and evaluating performance.

For the data in the spiral example, 50 of the total 500 training windows of length 65 are randomly
chosen as validation data, and there are 500 testing windows of the same length. Each spiral follows
the ODE system described in Section 5.2, with A perturbed. 5 windows are randomly chosen for
each spiral sampled at 200 regular time steps.

For event-time data generated from Hawkes process, 200 of the total 2000 training Hawkes
sequences are randomly chosen as validation data, and there are 1000 testing sequences. Each
sequence is generated with a = 0.5, u(t) = 0.5 and an exponential kernel ¢(t) = 2e~2!. The data
lies in physical time [1,5]. Note that the original data set only consists of the time stamps when
the events happen. We need to further preprocess the original data to time series that indicate the
number of events happening in small intervals. Specifically, we discretize the time space into uniform
bins, transforming the continuous-time event times into discrete counts.

For ECG data, we select ten patients from the PTB-XL ECG dataset. For each patient, we
have the 12-lead ECGs of 10-second length, with 50Hz frequency. We use 3-lead in our training and
testing. Thus, there are in total 30 trajectories of length 500. The first 70% and last 30% of each
trajectory are used to extract training and testing windows respectively to avoid overlapping. 300 of
the total 3000 training windows are randomly chosen as validation data, and there are 900 testing
windows. In this case, for each of the 30 trajectories, 100 training windows of length 97 are taken
from the first 350 time steps, and 30 testing windows of the same length are from the last 150 time
steps.

B.3.2 Windows of the Predetermined Lengths

To get windows of a certain length, for RNN, LSTM, and RNN-ODE that use regular time steps,
the original windows are interpolated to get regular time steps with the desired number of grids;
RNN-ODE-Adap selects the time steps by adjusting hyper-parameters € and L in Algorithm 1, such
that the averaged length of the adaptively selected validation windows is close to the desired length.

The situation is different for the event-type data since the time when the event happens is
available. In this case, RNN, LSTM, and RNN-ODE utilize the windows that count the number of
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events happening in time intervals formed by regular time steps of the required length. RNN-ODE-
Adap first generates longer windows (and smaller A;) and then takes L = 1,e = 0.5 in Algorithm 1
to generate windows with similar lengths to the required one. In this way, RNN-ODE-Adap utilizes
windows with irregular time steps.

B.4 More Details on Buffer Steps

For RNN, LSTM, and RNN-ODE that use regular training time series {xy, }I*, with t;41 —t; =
At (i=0,...,n— 1), adding m buffer steps means that the original time series is augmented to
{ay, Y, with t;;1 —t; = At (¢ = —m,...,n —1). For spiral and ECG data, we take m = 2 and
T_9 = x_1 = xo. For the event-type data from the Hawkes process, we take m = {%J and {xy,}; 1
as the true event data, in this way tg —t_,,, = mAt = | jf ~ 1. Here Ay = = due to that the
event-time data are generated in an interval with physical time 4.

For RNN-ODE-Adap that is trained with irregular training time series {ay,}!" , we first find
the minimal increment in time At := min;{t;+1 — ¢;}, then the series with m buffer steps added is
{ze, 30, with ti41 —t; = At (¢ = —m, ..., —1). For spiral and ECG data, we still take m = 2 and
r_o9 =x_1 = xg. For the event-time data, we use the same number of buffer steps as the other three
methods for a fair comparison.

Figure A3 below presents two examples of the event-type data from the Hawkes process, illus-
trating the performance improvement achieved by incorporating buffer steps, which mitigate the
effects of zero-initialized hidden states. The light and dark green lines represent the fitted intensity
of RNN-ODE without and with buffer steps, respectively. It can be observed that, in the absence
of buffer steps, the initial few steps are not accurately estimated due to zero initialization. The
inclusion of buffer steps effectively eliminates this issue.

. Example 1 , Example 2
—— RNN-ODE (16 buffer steps)
RNN-ODE (no buffer steps)
2 Foy /
@ @
g’ g K
2 2 4 \
0 T T T T T T T 0 T T T T T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
time time

Figure A3: Comparison of RNN-ODE models with or without buffer steps on the two examples of
the discrete event-time data generated from the Hawkes process (the number of grids is 65).

We investigate more on the number of buffer steps for the event-type data. Specifically, Figure
A4 below shows the fitting errors of RNN-ODE for different buffer steps when the number of grids
is 65. We remark that At keeps the same for all the number of buffer steps, thus the number of
buffer steps also reflects the physical buffer time used. It can be observed that as the number of
buffer steps increases from 2 to 16, the fitting error decreases. This implies that for the data with
long history dependence like the Hawkes process, enough buffer steps should be kept to circumvent
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non-stationary results.

L2 error v.s. number of buffer steps
—< RNN-ODE

0.090

0.085

0.080 1

mean of L2 error

0.075

0.070

8 10 12 14 16

2 4 6
Number of buffer steps

Figure A4: Comparison of the fitting errors versus the number of buffer steps for the discrete
event-type data generated from the Hawkes process for RNN-ODE (the number of grids is 65).

B.5 Other Implementation Details and Additional Results

We implement all the methods using PyTorch (Paszke et al., 2019), and all the experiments are run
on a PC with 2.6 GHz 6-Core. We use Adam (Kingma & Ba, 2014) for optimization. Moreover,
additional numerical results (Boxplots for Section 5) are given in Figures A5, A6, A7, A8, A9, A10,
and All.

Boxplot of Figure 4. Figure A5 shows the boxplot of the prediction errors of the models for the
spiral data (the mean of MSE over replicas is plotted in Figure 4).

Spiral data: Testing Precition MSE vs. Complexity (boxplot)

—+— RNNODE

—=— RNN-ODE-Adap
0051 —e RNN

LSTM

79 13 17 21 25 29 33 37 41 45 49 53 57 61 65

number of grids

Figure A5: The boxplot of the prediction errors on the simulated spiral data from Eq. 19 for RNN,
LSTM, RNN-ODE, and RNN-ODE-Adap. z and y axes have been explained in the caption of Figure
4.
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LSTM and Lipschitz-RNN variants. Figure A6 shows the mean and the boxplot of the
prediction errors of the models for the spiral data, including the LSTM variant of the adaptive
model (which we refer to as LSTM-ODE-Adap and is plotted in the orange dashed lines). Similarly,
Figure A7 shows the mean and the boxplot of the prediction errors of the models for the spiral data,
including the Lipschitz-RNN [6] and its adaptive variant (which we refer to as Lipschitz-RNN-Adayp
and are plotted in the light and dark purple solid lines respectively).

Spiral data: Testing Precition MSE vs. Complexity

mean of MSE boxplot of MSE
0.40 0.40
0.35
0.30
n 0.25
=
O 020
c v
©
Q
E 0.15
—— RNN-ODE ! 1 © + I | —— RNNODE |
010 —— RNN-ODE-Adap 010 I —— RNN-ODE-Adap
—»— RNN —»— RNN
0.05 LSTM 0.059 LSTM
LSTM-ODE-Adap LSTM-ODE-Adap
0.00 0.00
79 13 17 21 25 29 33 37 41 45 49 53 57 61 65 79 13 17 21 25 29 33 37 41 45 49 53 57 61 65
number of grids number of grids

Figure A6: Comparison of prediction errors on the simulated spiral data from Eq. 19, including the
LSTM variant (plotted in the orange dashed lines). The left and right panels show the mean and
boxplot of MSE, respectively.  and y axes have been explained in the caption of Figure 4.

The results in Figures A6 and A7 indicate that LSTM and Lipschitz-RNN with adaptive time
steps achieve higher accuracy than the other models, thus validating the utility of incorporating
adaptive time steps. Furthermore, this demonstrates that our proposed scheme of adaptive time
steps can be easily and flexibly integrated into various time series models, leading to enhanced
performance.

Sensitivity of LSTM to the number of parameters. Figure A8 shows the mean and the
boxplot of the prediction errors of the models for the spiral data, including the LSTM with a similar
number of parameters to that of RNN models. It can be observed that the performance of LSTMs
with varying numbers of parameters is comparable and thus, the performance of LSTM is not
sensitive to the number of parameters.

Ablation study of the time difference term in the training objective (1). Figure A9 shows
the boxplot of MSE of the models for the ablation study without the term |t§Tr’k) - tgrl’k)] on the
event-type data, and RNN-ODE-Adap is plotted in a red dashed line. The results indicate that if
the neural networks are trained without considering the time intervals, the models fail to fit the

underlying intensity function, despite having the same network structure as before.

Boxplot of Figure 7. Figure A10 shows the boxplots of the prediction errors for ECG data, and
the corresponding mean of MSE is shown in Figure 7.
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Spiral data: Testing Precition MSE vs. Complexity

mean of MSE boxplot of MSE
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Figure A7: Comparison of prediction errors on the simulated spiral data from Eq. 19, including the
Lipschitz-RNN and its adaptive variant (plotted in the dark and light purple solid lines). The left
and right panels show the mean and boxplot of MSE, respectively.  and y axes have been explained
in the caption of Figure 4.

Examples of 24-step predictions for the ECG data. Figure All presents a comparison
of 24-step ahead predictions for the testing ECG data using RNN and RNN-ODE-Adap. The
corresponding 48-step ahead predictions can be found in Figure 7 (b).

Comparison with LEM. We compare our model with LEM [32|, which incorporates the time-
adaptivity through the time modulator multiplied by the ODE function. The performance is
evaluated on the simulated data generated from the FitzHugh-Nagumo system [7],

3
v’:v—%—w—l—fext, w' =7(v+a—bw),
which is a two-scale dynamical system and included as an example in [32]. As in [32], we take
T =10.02, [ext = 0.5, a = 0.7,b = 0.8, the time ¢ € [0,200], and the initial values (vg,wp) = (co,0),
where ¢y ~ U([—1,1]). We rescale the system such that the time horizon is [0, 1] and [v| is O(1).
Specifically, if we formulate the original system as y(t)' = f(y(t)), where y = (v, w), then we
consider the rescaled system §(7) = f(4(7)), with t = 87, () = ay(B7), f(&) = af(Lg). We take
a =10, 8 = 200, and in this way 7 € [0, 1].
We compare the performance of the following models,

LEM W (t) = 6(Wah(t) + Vax(t) + b2) o (0 (Whg(t) + Vaz(t) + ba) — (1)),
g'(t) = 6(Wih(t) + Viz(t) + ) o (o (Wyh(t) + Vg (t) +bg) — 9(t)),
LEMLO - {h'(t) o (Whg(t) + V() + bh> (t).
g'(t) = a(Wgh(t) + Vg (t) +bg) — 9(t),
ANN.ODE {h’(t) o (Wing(t) + Wigg 1 ) + vmt) + bn),
g'(t) = a(Wynh(t) + Wqeg(t) + Veu(t) + by),
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Spiral data: Testing Precition MSE vs. Complexity
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Figure A8: Comparison of prediction errors on the simulated spiral data from Eq. 19, including the
LSTM with a similar number of parameters to that of RNN models (plotted in the orange dashed
lines). The left and right panels show the mean and boxplot of MSE, respectively.

with the output
&(t) = Wy nh(t) + Wy gg(t) + bs.

Here 6(z) = 0.5(1 + tanh(z/2)), h, g € R%. Note that LEM-0 is LEM without the time modulators,
and RNN-ODE possesses the vanilla RNN structure if we view the concatenated (h(t), g(t)) € R
as the hidden state. As in the other experiments, we still take dj, = 128.

The length of both training and testing windows is set to N = 64, with the windows sampled
at regular time intervals defined by t; = ﬁ,i =0,...,N. When integrating the ODE models,
the time step difference is kept consistent with the physical time difference, specified as At = ﬁ
Consequently, the only difference between the models is the structure of the neural ODE. To compare
the time adaptivity incorporated in the time modulator of LEM and the adaptive algorithm proposed
in this study, we additionally present the results obtained by training LEM-0 and RNN-ODE with
the adaptively chosen time steps.

Table 1 presents the MSE for one-step predictions made by the models, trained either using the
original training windows or those selected adaptively (Both LEM and LEM-0 are implemented
utilizing the code in [32]). As observed from Table 1, the RNN-ODE models exhibit a lower error

Model Training data Testing MSE

LEM-0 Original windows, N =64  3.54e — 02 £ 2.69¢ — 03
LEM-0 Adaptive windows, N, = 43 3.6le — 02 & 1.85¢ — 03
RNN-ODE  Original windows, N =64  2.55e¢ — 02 +4.12¢ — 03
RNN-ODE  Adaptive windows, N, = 43 2.44e — 02 & 5.56e — 03
LEM [32]  Original windows, N =64  3.03e — 02 &+ 2.29¢ — 03

Table 1: MSE for one-step prediction of the models on data simulated from the FitzHugh-Nagumo
system [7]. The presented results are from 25 replicas, and the MSE for the one-step prediction is
calculated as in (AT).
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L2 error vs. complexity
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Figure A9: Comparison of prediction errors for the event-type data generated from Hawkes processes,
including RNN-ODE-Adap trained with constant At (plotted in the red dashed line).

on average compared to the LEM models. The adaptive training windows slightly enhance the
performance of the RNN-ODE model, while they do not improve the performance of LEM-0. LEM
outperforms LEM-0 by incorporating time modulators, yet the RNN-ODE-Adap model behaves
better than LEM by up to one standard deviation.
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ECG data: Testing Precition MSE vs. Complexity (boxplot)
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Figure A10: Boxplot of the prediction errors on the real ECG data.
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Figure A11: Examples of 24 steps ahead prediction for the testing ECG data using RNN (marked in
blue) and RNN-ODE-Adap (marked in red). The predicted region is marked between dashed lines.
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