
Lehmann, B., Riedl, E. and Tanimoto, S.

Osaka J. Math.

62 (2025), 19–50

NON-FREE CURVES ON FANO VARIETIES

B LEHMANN, E RIEDL and S TANIMOTO

(Received April 21, 2023, revised November 1, 2023)

Abstract

Let X be a smooth Fano variety over C and let B be a smooth projective curve over C. Geo-

metric Manin’s Conjecture predicts the structure of the irreducible components M ⊂ Mor(B, X)

parametrizing curves which are non-free and have large anticanonical degree. Following ideas

of [19], we prove the first prediction of Geometric Manin’s Conjecture describing such irre-

ducible components. As an application, we prove that there is a proper closed subset V ⊂ X

such that all non-dominant components of Mor(B, X) parametrize curves in V , verifying an ex-

pectation put forward by Victor Batyrev. We also demonstrate two important ways that studying

Mor(B, X) differs from studying the space of sections of a Fano fibration æ → B.

1. Introduction

1. Introduction
Let X be a smooth complex Fano variety and let B be a smooth complex projective curve.

We let Mor(B, X) denote the scheme parametrizing morphisms from B to X as in [17, Chap-

ter I 1.9 Definition and 1.10 Theorem]. Recall that a morphism s : B → X is called a free

curve if s∗TX is globally generated and H1(B, s∗TX) = 0. Our goal is to classify the irre-

ducible components of the morphism scheme Mor(B, X) which parametrize only non-free

curves of large anticanonical degree. Ever since Mori’s inspirational work constructing ra-

tional curves on a Fano variety X, the moduli spaces Mor(B, X) have been a subject of intense

investigation. An important motivation behind our work comes from arithmetic geometry:

by Batyrev’s heuristics ([2]), one can deduce Manin’s conjecture over global function fields

from certain properties of components of the morphism scheme Mor(B, X).

[19] studies an analogous problem in a more general setting. A Fano fibration π : æ → B

is a morphism of smooth complex projective varieties such that the generic fiber of π is

a geometrically integral Fano variety. We will denote by Sec(æ/B) the Hilbert scheme of

sections of π. Note that Mor(B, X) is isomorphic to the space of sections of the trivial

fibration Sec(X×B/B); we distinguish the two settings by referring to the study of Mor(B, X)

as the “absolute setting” and the study of Sec(æ/B) as the “relative setting”.

[19] showed that the irreducible components M ⊂ Sec(æ/B) which parametrize non-

free sections can be classified using the Fujita invariant. More precisely, such components

come from B-morphisms f : ç → æ which increase the Fujita invariant along the generic

fiber. Passing to the absolute setting, we can apply the results of [19] to the trivial fibration

π : X × B → B. However, it is natural to wonder whether the conclusions of the theorem

also hold true in the absolute setting: can we account for non-free curves using morphisms

of the form f : Y → X instead of morphisms of the form f : ç → X × B? The question is
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subtle, and not all of the results of [19] hold in this context.

The goal of the present paper is to clarify which results from the relative setting carry

over to the absolute setting. We show that the qualitative results about non-free curves

mostly carry over and that the boundedness results carry over for non-dominant families of

curves. To prove these results we need to modify the arguments of [19] while keeping the

same overall structure. There are several minor points of distinction between the absolute

and relative settings which we highlight throughout the paper. On the other hand, we give

counterexamples to show where key parts of the argument of [19] simply do not hold in the

absolute setting. We would like to emphasize that whenever the two settings diverge, the

relative setting seems to be more natural.

1.1. Geometric Manin’s Conjecture.
1.1. Geometric Manin’s Conjecture. Geometric Manin’s Conjecture is a set of prin-

ciples that unifies predictions in the arithmetic setting (such as the function field version

of Manin’s Conjecture) and predictions in the geometric setting (such as the Cohen-Jones-

Segal conjecture). The key invariant in Geometric Manin’s Conjecture is the Fujita invariant.

D 1.1. Let X be a smooth projective variety over a field of characteristic 0 and

let L be a big and nef Q-Cartier divisor on X. The Fujita invariant of (X, L) is

a(X, L) = min{t ∈ R | KX + tL is pseudo-effective }.

If L is nef but not big, we formally set a(X, L) = ∞. If X is singular, choose a resolution of

singularities φ : X′ → X and define a(X, L) to be a(X′, φ∗L). (The choice of resolution does

not affect the value by [15, Proposition 2.7].)

1.2. Main results.
1.2. Main results. The first part of Geometric Manin’s Conjecture predicts that all non-

free curves come from morphisms f : Y → X which increase the Fujita invariant, and our

results verify this prediction over the field C of complex numbers. It is the analogue in the

absolute setting of [19, Theorem 1.3]. Before stating our main theorem, let us introduce one

piece of terminology we use frequently: let Y → T be a morphism between quasi-projective

varieties such that a general fiber is irreducible. Let Z → T be any morphism between

algebraic varieties such that the image meets with the Zariski open locus parametrizing

irreducible fibers. Then the fiber product Z ×T Y admits a unique irreducible component

dominating B which we call the “main component.” With this terminology, here is our main

theorem:

Theorem 1.2. Let X be a smooth projective Fano variety defined over C and let B be

a complex smooth projective curve. There are constants ξ = ξ(dim(X), g(B)) and Γ =

Γ(dim(X), g(B)) such that the following holds. Suppose that M ⊂ Mor(B, X) is an irre-

ducible component parametrizing non-free maps s : B → X of anticanonical degree ≥ ξ.

Let ã ν be the normalization of the universal family over M and let ev : ã ν → X be the

evaluation map. Then either:

(1) ev is not dominant. Then the subvariety Y swept out by the curves parametrized by

M satisfies a(Y,−KX) ≥ a(X,−KX).

(2) ev is dominant and the general map parametrized by M is birational onto its image.

Let ã
ν

be a normal projective compactification of ã ν with a morphism ev : ã
ν
→

X extending ev. Then the finite part f : Y → X of the Stein factorization of ev
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satisfies

a(Y,− f ∗KX) = a(X,−KX).

Furthermore, there is a rational map φ : Y � T such that the following properties

hold. Let F denote a smooth resolution of the closure of a general fiber of φ. Then

(a) a(F,− f ∗KX |F) = a(X,−KX).

(b) The Iitaka dimension of KF − a(X,−KX)KX |F is equal to 0.

(c) Let s : B → X denote a general map parametrized by M, let s′ : B → Y

denote the corresponding map to the Stein factorization and let W denote the

main component of B ×T Y. Then the image in M of the parameter space of

deformations of the map (id, s′) : B→ W has codimension at most Γ in M.

(3) ev is dominant and the general map parametrized by M is not birational to its image.

In this case the image of the general map is a rational curve of anticanonical degree

2. Thus ev factors rationally through a generically finite map g : ä → X where ä is

a projective model of a universal family ã → N of rational curves of anticanonical

degree 2 on X where N is an irreducible open locus of the Hilbert scheme of X. In

particular a(ä ,−g∗KX) = a(X,−KX).

R 1.3. In the analogous result [19, Theorem 1.3] condition (2).(b) is slightly dif-

ferent. This highlights one distinction between the absolute and relative settings – the Iitaka

dimension does not behave the same. See Theorem 7.2 and Example 7.1 for details.

This theorem is significant for two reasons. First, it explicitly identifies the “accumulating

varieties” which have more curves than expected. Since the Fujita invariant is easier to

work with than families of curves, we obtain a practical method for understanding non-

free curves. Second, by connecting the geometry of curves to the Fujita invariant we gain

access to powerful methods from the Minimal Model Program. In particular, [5] yields a

boundedness statement for the varieties considered in Theorem 1.2.

Next we prove the following theorem using the boundedness results of accumulating

maps proved in [19, Section 8]:

Theorem 1.4. Let X be a smooth projective Fano variety defined over C and let B be

a complex smooth projective curve. There is a proper closed subset V � X such that if

M ⊂ Mor(B, X) is an irreducible component parametrizing a non-dominant family of curves

then every curve parametrized by M is contained in V.

This theorem generalizes earlier results in [22] and [23]. The proof essentially follows

from boundedness results in [19]. However, we need slight modifications of the results in

[19] in order to adjust to the absolute setting. We carry out this project in Section 6.

R 1.5. Boundedness theorems lead to an important distinction between the relative

and absolute cases. [19, Theorem 8.8] shows that all non-free sections of a Fano fibration

are accounted for by a bounded family of twists of finitely many morphisms f : ç → æ .

In the absolute setting, one might guess that it is possible to “ignore the twists”: is there

a finite family of maps f : Y → X which account for all non-free curves? In Example 7.3

we demonstrate that this is not always possible: even in the absolute setting one must allow

twists over K(B).
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The following result is one of the key steps in the proof of Theorem 1.2. We present it

here as it gives new insight into the geometric significance of the Fujita invariant. It is an

analogue of [19, Theorem 1.12].

Theorem 1.6. Let X be a smooth projective Fano variety defined over C and let B be

a complex smooth projective curve. Fix a positive rational number a and a non-negative

integer T . There is some constant ξ = ξ(dim(X), g(B), a, T ) with the following property.

Suppose that Y is a smooth projective variety equipped with a morphism f : Y → X that

is generically finite onto its image. Suppose that N is an irreducible component of Mor(B, Y)

parametrizing a dominant family of curves C on Y which satisfy − f ∗KX · C ≥ ξ. Finally,

suppose that

dim(N) ≥ a · dim(M) − T.

Then

a(Y,− f ∗KX) ≥ a.

2. Background

2. Background
Throughout we work with schemes whose irreducible components are finite type over

a field k of characteristic 0. A variety is a separated scheme of finite type over k that is

reduced and irreducible. Given a coherent sheaf  on a variety V , we denote by tors its

torsion subsheaf and by ( )t f the quotient of  by its torsion subsheaf.

When X is a projective variety, we will let N1(X)R denote the space of R-Cartier divisors

up to numerical equivalence. In this finite-dimensional vector space we have the pseudo-

effective cone Eff
1
(X) and the nef cone Nef1(X). Dually, we will let N1(X)R denote the space

of R-curves up to numerical equivalence. Given a curve C, we will denote its numerical class

by [C]. Inside N1(X)R we have the pseudo-effective cone Eff1(X) and the nef cone Nef1(X).

2.1. Vector bundles on curves.
2.1. Vector bundles on curves. Throughout this paper, B denotes a smooth projective

curve defined over C. In this section we let  be a vector bundle of rank r on B. We recall

several definitions on semistability of  :

D 2.1. Let B be a complex smooth projective curve and let  be a vector bundle

of rank r on B. We define the slope of  on B as

μ() =
deg 

r
.

We say  is unstable if there is a non-zero subsheaf  ⊂  such that

μ( ) > μ().

When it is not unstable, we say  is semistable.

The Harder-Narasimhan filtration of  is a sequence of saturated subsheaves

0 = 0 � 1 � · · · � k = 

such that for each i, i+1/i is semistable and we have

μ(i+1/i) > μ(i+2/i+1).
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We denote μ(1) and μ(k/k−1) by μmax() and μmin() respectively.

D 2.2. We say that a coherent sheaf  on a smooth projective curve B is generi-

cally globally generated if the evaluation map

H0(B, ) ⊗ B → 

is surjective at the generic point of B.

We will need the following results concerning the positivity of generically globally gen-

erated bundles on curves.

Lemma 2.3 ([19, Lemma 2.5]). Let B be a smooth projective curve. Suppose that  is a

generically globally generated vector bundle on B. Then every successive quotient i/i−1

in the Harder-Narasimhan filtration of  satisfies μ(i/i−1) ≥ 0.

Lemma 2.4 ([19, Lemma 2.8]). Let B be a smooth projective curve of genus g. Suppose

that  is a generically globally generated vector bundle on B. Then

(1) h0(B, ) ≤ deg() + rk().

(2) h1(B, ) ≤ g(B) rk().

2.2. Morphism spaces.
2.2. Morphism spaces. Suppose that Z is a smooth projective variety and B is a smooth

projective curve. If M ⊂ Mor(B, Z) is an irreducible component, we have

−KZ · s∗B + dim(Z)(1 − g(B)) ≤ dim(M) ≤ h0(B, s∗TZ),

where s : B → Z is any curve parametrized by M. (See [17, Chapter 2, 1.7 Theorem]

for this claim.) More generally, suppose we fix closed points p1, . . . , pm ∈ B and closed

points q1, . . . , qm ∈ Z and consider the sublocus Mor(B, Z; pi �→ qi) of morphisms s such

that s(pi) = qi for every i. If M ⊂ Mor(B, Z; pi �→ qi) is an irreducible component then

−KZ · s∗B + dim(Z)(1 − g(B)) − m dim(Z) ≤ dim(M) ≤ h0(B, s∗TZ(−p1 − . . . − pm)),

where s : B → Z is any morphism parametrized by M. (Again see [17, Chapter 2, 1.7

Theorem] for this claim.)

For a morphism s : B→ Z to a smooth projective variety Z, we denote by Ns the normal

sheaf of s, i.e. the cokernel of TB → s∗TZ . If s is a general member of a dominant family of

morphisms to Z then the normal sheaf Ns will be generically globally generated.

Proposition 2.5. Let Z be a smooth projective variety and let B be a smooth projective

curve. Suppose that M is an irreducible component of Mor(B, Z) parametrizing a dominant

family of curves. Letting s denote a general map parametrized by M, we have

−KZ · s∗B + dim(Z)(1 − g(B)) ≤ dim(M) ≤ −KZ · s∗B + dim(Z) + 2g(B).

Proof. In this situation the normal sheaf Ns is generically globally generated. Indeed,

let V be the tangent space of M at s. We can identify V as a subspace of H0(B, s∗TZ). Let

π : ã = M × B→ M be the universal family over M with the evaluation map ev : ã → Z.

Then the tangent space of ã at a general point p ∈ B above s is given by V ⊕ TB,p. Because

ev is dominant, the evaluation map induces a surjection V ⊕TB,p → TZ,s(p). In particular, this

implies that H0(B, s∗TZ)⊕TB,p → TZ,s(p) is surjective. This means that H0(B, s∗TZ)→ Ns,p =
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s∗TZ,s(p)/TB,p is surjective. Since H0(B, s∗TZ)→ Ns,p factors through H0(B,Ns)→ Ns,p, we

conclude that H0(B,Ns) → Ns,p is surjective. Hence Ns is generically globally generated.

Now we have

h1(B, s∗TZ)≤ h1(B, TB)+ h1(B,Ns)= h1(B, TB)+ h1(B, (Ns)t f )≤ 3g(B)+ (dim(Z)− 1)g(B),

where in the last line we have used the elementary inequality h1(B, TB) ≤ 3g(B) and have

applied Lemma 2.4 to (Ns)t f . The desired statement follows. �

The deformation theory of a map s : B→ Z is best behaved under a stronger assumption

on the positivity of s∗TZ .

D 2.6. Let Z be a smooth projective variety and let B be a smooth projective

curve. We say that a map s : B→ Z is HN-free if μmin(s∗TZ) ≥ 2g(B).

The following result summarizes the key properties of HN-free maps.

Lemma 2.7 ([19, Lemma 3.6]). Let Z be a smooth projective variety and let B be a

smooth projective curve. Suppose that s : B→ Z is an HN-free map. Then:

(1) H1(B, s∗TZ) = 0 and for any closed point p ∈ B we have H1(B, s∗TZ(−p)) = 0.

(2) s∗TZ is globally generated.

(3) Let b be the smallest slope of a quotient of successive terms in the Harder-

Narasimhan filtration for s∗TZ . Then deformations of s : B → Z can pass through

at least 
b� − 2g(B) + 1 general points of Z.

Proof. In the notation of [19, Lemma 3.6],  = Z × B and T/B|C is s∗TZ . With these

translations, the statements follow from [19, Lemma 3.6]. �

The previous lemma shows that HN-free maps go through many general points of Z.

Conversely, maps through sufficiently many general points of the product B × Z must be

HN-free.

Proposition 2.8 ([19, Proposition 3.7]). Let Z be a smooth projective variety and let B be

a smooth projective curve. Let M be a component of Mor(B, Z). Equivalently, we can think

of M as parametrizing a family of sections of the projection map B × Z → B. Suppose that

the sections parametrized by M pass through ≥ 2g(B) + 1 general points of B × Z. Then the

general curve parametrized by M is HN-free.

E 2.9. In the setting of Proposition 2.8 we really need to work with the product

B × Z and not the variety Z. For example, suppose that Z is a P1-bundle over a high genus

curve T . Then sections of Z → T can contain arbitrarily many general points of Z but will

never be HN-free. This issue will come up again in Example 7.1.

We will also need to know the following avoidance property of HN-free maps.

Lemma 2.10 ([19, Lemma 3.8]). Let Z be a smooth projective variety and let B be a

smooth projective curve. Suppose that s : B→ Z is an HN-free map. Then for any codimen-

sion 2 closed subset W ⊂ Z there is a deformation of s which is HN-free and whose image

avoids W.



N-F C  F V 25

2.3. Fujita invariant.
2.3. Fujita invariant. Recall from Definition 1.1 that for a smooth projective variety X

defined over a field of characteristic 0 and a big and nef Q-Cartier divisor L on X, we define

the Fujita invariant by

a(X, L) = min{t ∈ R | KX + tL ∈ Eff
1
(X)}.

It follows from the seminal work [6] that the Fujita invariant will be positive if and only

if X is geometrically uniruled. We will use the Spectrum Conjecture for Fujita Invariants

which was first established in slightly different settings by DiCerbo and by Han and Li using

Birkar’s solution of the BAB conjecture ([4]):

Theorem 2.11 ([10, Theorem 1.2], [14, Theorem 1.3]). Fix a positive integer n and fix

ε > 0. Let X vary over all smooth projective varieties of dimension n defined over a field of

characteristic 0 and L vary over all big and nef Cartier divisors on X, the set

{a(X, L) | a(X, L) ≥ ε}

is finite.

The following definition is frequently useful when working with the Fujita invariant.

D 2.12. Let X be a smooth projective variety and let L be a big and nef Q-

divisor on X. A pair (X, L) is adjoint rigid if KX + a(X, L)L has Iitaka dimension 0. When

X is singular and L is a big and nef Q-Cartier divisor on X, we say (X, L) is adjoint rigid

if (X′, φ∗L) is adjoint rigid for a smooth resolution φ : X′ → X. This definition does not

depend on the choice of resolution.

The Fujita invariant can be used to bound adjoint rigid subvarieties. Indeed, let X be a

smooth projective variety defined over an algebraically closed field and L be a big and nef

Q-divisor on X. Then [20, Theorem 4.17] shows that the subvarieties Y ⊂ X such that L|Y is

big, a(Y, L) ≥ a(X, L), and (Y, L|Y) is adjoint rigid, are parametrized by a bounded family.

2.4. Slope stability for smooth projective varieties.
2.4. Slope stability for smooth projective varieties. The notion of slope stability with

respect to movable curve classes was developed by [8] and subsequently by [12] and [13].

D 2.13. Let X be a smooth projective variety and let α ∈ Nef1(X) be a non-zero

nef 1-cycle on X. For any non-zero torsion-free sheaf  on X, we consider the following

invariant:

μα() =
c1() · α

rk()
,

which is called as the slope of  with respect to a class α. A torsion-free sheaf  is α-

semistable if we have μα( ) ≤ μα() for every non-zero torsion-free subsheaf  ⊂  .

D 2.14. Let X be a smooth projective variety and let α ∈ Nef1(X) be a nef 1-

cycle on X. Let  be a torsion-free sheaf of rank r > 0. Suppose that

0 = 0 ⊂ 1 ⊂ 2 ⊂ . . . ⊂ k = 

is the α-Harder-Narasimhan filtration of  . The slope panel SPα() is the r-tuple of rational

numbers obtained by combining for every index i the list of rk(i/i−1) copies of μα(i/i−1)
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(arranged in non-increasing order). We define μmax
α () as the maximal slope of any torsion-

free subsheaf, i.e., μmax
α () = μα(1). We define μmin

α () as the minimal slope of any torsion-

free quotient, i.e., μmin
α () = μα(/k−1).

When we discuss slope panels of a curve, we will always assume that α is a degree 1 line

bundle and thus we will simply write μmax(), μmin(), SP().

Suppose that X is a smooth projective variety. Recall that a foliation  on X is a coherent

subsheaf of the tangent bundle  ⊂ TX such that that is closed under the Lie bracket of TX ,

i.e. [ , ] ⊂  .

Theorem 2.15 ([24, Proposition 1.3.32]). Suppose that X is a smooth projective variety

and let α ∈ Nef1(X) be a non-zero nef curve class. Let

0 = 0 ⊂ 1 ⊂ . . . ⊂ k = TX

be the α-Harder-Narasimhan filtration of TX . Then every term i with μmin
α (i) > 0 defines

a foliation on X.

Given a rational map f : X � Y from a smooth projective variety X to a normal projective

variety Y , the fibers of f define leaves of a foliation where the map is smooth. The foliation

induced by f is the corresponding saturated subsheaf of TX .

2.5. Families of non-birational maps.
2.5. Families of non-birational maps. Let Z be a smooth projective variety and let B be

a smooth projective curve. Suppose that M is an irreducible component of Mor(B, Z) such

that the general map parametrized by M is not birational onto its image. In this situation,

we will show that there is an intermediate curve B′ such that a general map s : B → Z

parametrized by M factors through a morphism s′ : B′ → Z that is birational onto its image.

Lemma 2.16. Suppose B is a smooth projective curve of genus g. Suppose we have a

family of degree d maps from B to smooth projective curves {Ct}, i.e. a commuting diagram

B × T ��

����
��

��
��

� 

����
��

��
�

T

where  → T is a smooth proper morphism of relative dimension 1 and T is connected.

Then the set {B→ Ct} of maps from B are all isomorphic to each other.

Proof. By taking relative Jacobians, we obtain a family of maps of abelian varieties

Jac(B) × T →  . We first claim that the fibers of  → T are all isomorphic to each other.

Consider the Stein factorization Jac(B) × T →  →  . Then t is an abelian variety and

t → t is finite of a fixed degree.

First note that the morphism Jac(B) × T →  over T is isotrivial. Indeed, a contraction

morphism from Jac(B) is determined by the numerical class of the pullback of an ample

divisor on t. Let L be a relatively ample divisor on . Then the numerical class of the

pullback of L|t
does not depend on t because the numerical class is invariant under flat

deformations, proving the claim.

Next note that  → T is isotrivial. It suffices to prove that the kernel of Jac(B) → t

does not depend on t. Note that the connected component of the kernel of Jac(B) → t is
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the kernel of Jac(B)→ t which does not depend on t. Thus we need to show that the order

of the kernel of t → t does not depend on t. However, this follows from the fact that the

degree of t → t is constant. The upshot is that the kernel of Jac(B)→ t does not depend

on t and this implies that  → T is isomorphic to J × T → T as relative abelian varieties

where J is an abelian variety.

To prove that the family  → T is isotrivial, it suffices to consider the relative principal

polarization of  → T by the Torelli theorem. However, since H2(t,Z) is discrete and the

monodromy is trivial, any deformation will fix the numerical class of the polarization, prov-

ing that Ct are all isomorphic to each other. Moreover since Jac(B) → Jac(Ct) is identified

with Jac(B) → J, the maps B → Ct are all isomorphic to each other. Thus our assertion

follows. �

Corollary 2.17. Let Z be a smooth projective variety and let B be a smooth projective

curve. Suppose that W is a locally closed subvariety of Mor(B, Z) such that the morphisms

parametrized by W are not birational onto their image. Then there is a finite morphism

g : B → B′ to a smooth projective curve B′ and a locally closed subvariety Y ⊂ Mor(B′, Z)

such that the general morphism parametrized by W is the composition of g with a morphism

parametrized by Y.

Proof. Apply Lemma 2.16 to the family of maps of smooth curves obtained by taking the

normalizations of the images of the general maps parametrized by W. �

3. Grauert-Mulich

3. Grauert-Mulich
In the remaining of this paper, we work over C and we let B denote a complex smooth

projective curve. Suppose that Z is a smooth projective variety and W ⊂ Mor(B, Z) is a

variety parametrizing a family of maps s : B → Z with universal family ãW → W. In this

section we will usually assume that the evaluation map ev : ãW → Z is dominant and that a

general fiber over W is contained in the flat locus of ev.

Let  be a torsion-free sheaf on Z. Under the assumptions above, the Grauert-Mulich

theorem of [19] shows that for a general curve s : B → Z parametrized by W the Harder-

Narasimhan filtration of s∗ is “approximately” the pullback of the Harder-Narasimhan fil-

tration of  with respect to s∗B.

D 3.1. Let Y be a variety and  be a globally generated vector bundle on Y . The

syzygy bundle (or Lazarsfeld bundle) M is the kernel of the evaluation map Y⊗H0(Y, )→

 .

Theorem 3.2 ([19] Corollary 4.6). Let Z be a smooth projective variety and let  be a

torsion free sheaf on Z of rank r. Let W be a variety equipped with a generically finite

morphism W → g,0(Z) and let p : ãW → W denote the universal family over W with

evaluation map evW : ãW → Z. Assume that a general map parametrized by W has smooth

irreducible domain, that evW is dominant, that the general fiber of the composition of the

normalization map for ãW with evW is connected, and that a general fiber of p is contained

in the locus where evW is flat.

Let C denote a general fiber of ãW → W equipped with the induced morphism s : C → Z.
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Let t be the length of the torsion part of Ns, let  be the subsheaf of (Ns)t f generated by global

sections, and let V be the tangent space to W at s. Let q be the dimension of the cokernel of

the composition

V → T
g,0(Z),s = H0(C,Ns)→ H0(C, (Ns)t f ).

Let ‖ − ‖ denote the sup norm on Q⊕r. Then we have

‖ SPZ,[C]() − SPC(s∗)‖ ≤
1

2

(
(q + 1)μmax(M∨ ) + t

)
rk().

To apply Theorem 3.2 in practice one needs to be able to bound the quantities q, t, and

μmax(M∨


) appearing in the statement. In this section we will show how to bound these

quantities using the genus of B and the dimension of Z. Using these bounds, we will obtain

a version of the Grauert-Mulich Theorem for Mor(B, Z).

The following result of [7] (explained carefully in [19, Theorem 4.8]) allows us to bound

the slope of the syzygy bundle for the restricted tangent bundle.

Theorem 3.3. Let  be a globally generated locally free sheaf on a curve C of genus g

and let M be its syzygy bundle.

(1) If μmin() ≥ 2g then μmin(M ) ≥ −2.

(2) If μmin() < 2g then μmin(M ) ≥ −2g rk() − 2.

We next discuss the quantity t. The key to bounding the ramification of a morphism

s : B→ Z is the following result of Arbarello and Cornalba.

Theorem 3.4 ([1, Corollary 6.11]). Let Z be a smooth projective variety defined over C

and let B be a complex smooth projective curve. Suppose that W ⊂ Mor(B, Z) is a locally

closed reduced subvariety such that the maps parametrized by W dominate Z and the general

map parametrized by W is birational onto its image. Let s be a general map parametrized

by W. Then the image of the map H0(B, s∗TZ)→ H0(B,Ns) has vanishing intersection with

(Ns)tors.

Using this result we can bound the ramification of a map s : B→ Z in terms of the genus

of B and the dimension of Z.

Proposition 3.5. Let Z be a smooth projective variety defined over C and let B be a

complex smooth projective curve. Suppose that W is a locally closed subvariety of Mor(B, Z)

such that the morphisms parametrized by W dominate Z. Let s be a general element of W.

(1) If the general map s is birational onto its image then the length of the torsion of Ns

is at most 3g(B).

(2) If the general map s factors as the composition of a finite morphism of smooth curves

h : B → B′ followed by a morphism s′ : B′ → Z that is birational onto its image,

then the length of the torsion of Ns is 3g(B′)d + r where d is the degree of h and r

is the total ramification degree of h. In particular, if g(B′) ≥ 2 then the length of the

torsion of Ns is at most 6g(B).

Proof. (1) We have the short exact sequence

H0(B, s∗TZ)→ H0(B,Ns)→ H1(B, TB).



N-F C  F V 29

By Theorem 3.4 we see the image of H0(B, s∗TZ) in H0(B,Ns) is disjoint from

H0(B, (Ns)tors). Since the cokernel of H0(B, s∗TZ) → H0(B,Ns) injects into H1(B, TB), it

follows that H0(B, (Ns)tors) has dimension at most h1(B, TB) ≤ 3g(B).

(2) Consider the diagram

0 �� TB
��

��

s∗TZ
��

=

��

Ns
��

ψ

��

0

0 �� h∗TB′
�� s∗TZ

�� h∗Ns′
�� 0.

Note that (h∗Ns′)tors has length d times the length of (Ns′)tors which by (1) is at most 3g(B′).

By the snake lemma, ψ is surjective and its kernel is a torsion sheaf of length at most r.

Altogether this proves the first statement. The final statement follows from the Riemann-

Hurwitz formula g(B) = dg(B′) + r
2
− d + 1. Indeed, we have

6g(B)= 6dg(B′)+ 3r− 6d + 6= 3dg(B′)+ r+ (3dg(B′)+ 2r− 6d + 6)≥ 3dg(B′)+ r. �

In many situations one can show that a general map will not have any ramification at all.

The following result is an analogue of [17, II.3.14 Theorem].

Proposition 3.6. Let Z be a smooth projective variety. Suppose that M is an irreducible

component of Mor(B, Z) that is generically reduced such that the morphisms parametrized

by M dominate Z. Let s be a general element of M and consider the Harder-Narasimhan

filtration 0 = 0 ⊂ . . . ⊂ r = s∗TX . Suppose there is a term  in this filtration which has

rank at least 2 such that μmin( ) > 2g(B). Then the general s parametrized by M must be

unramified.

In particular, if s∗TZ contains a subsheaf  of rank at least 2 such that μmin( ) > 2g(B)

then the general s must be unramified.

Proof. We start with some reminders about deformations of ramified maps. Suppose that

s : B → Z is a map parametrized by M which has a ramification point p and let z = s(p).

Let Mp,z be the space of morphisms s : B → Z such that s(p) = z and Mram
p,z be the space of

morphisms s : B → Z such that s(p) = z and s is ramified at p. Then the tangent space to

Mp,z at s is H0(B, s∗TZ(−p)) and the tangent space to Mram
p,z at s is H0(B, s∗TZ(−2p)).

Let π1, π2 denote the two projection maps on M × B. Suppose for a contradiction that a

general map parametrized by M is ramified. Consider the composition ev∗ΩZ → ΩM×B �

π∗
1
ΩM ⊕ π

∗
2
ΩB → π

∗
2
ΩB. We let  ⊂ M × B be the closed subscheme whose ideal sheaf is

the image of the corresponding morphism ev∗ΩZ ⊗ π
∗
2
TB → M×B.

We fix an irreducible component 0 of  equipped with the reduced structure. We let

Y be the irreducible subvariety of Z obtained by taking the closure of the image of 0. If

(s, p) is a general point of 0, then it follows from generic smoothness for the restriction of

ev to the smooth locus of 0 that the image of dev : T(s,p)M × B → Ts(p)Z contains Ts(p)Y .

However, since s ramifies at p the image of TpB under this map is zero. Thus, the image of

the corresponding map H0(B, s∗TZ) = TsM → s∗TZ |p has dimension at least dim Y .

Since M is generically reduced we have dim M = h0(B, s∗TZ). Thus for a general point

(s, p) in 0 we have

h0(B, s∗TZ(−p)) = h0(B, s∗TZ) − dim im
(
H0(B, s∗TZ)→ H0(p, s∗TZ |p)

)
≤ dim M − dim Y.
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Since the minimal slope of a quotient of  is greater than 2g(B),  (−p) is globally generated.

Thus

h0(B, s∗TZ(−2p)) = h0(B, s∗TZ(−p)) − dim im
(
H0(B, s∗TZ(−p))→ H0(p, s∗TZ(−p)|p)

)

≤ (dim M − dim Y) − dim im
(
H0(B, (−p))→ H0(p, (−p)|p)

)

= dim M − dim Y − rk .

It follows that dim Mram
p,z ≤ dim M − dim Y − 2 in a neighborhood of any general point (s, p)

in 0.

On the other hand, note that 0 has dimension at most sups,p{dim Mram
p,s(p)
} + 1 + dim(Y)

as we vary (s, p) over general points in 0. Here the 1 accounts for the choice of p ∈ B and

the dim(Y) accounts for the choice of image s(p) ∈ Y . Combining with the inequality above,

we conclude that dim(0) ≤ dim(M)− 1. This shows that 0 cannot map dominantly to M.

�

We next bound the quantity q.

Lemma 3.7. Let Z be a smooth projective variety. Suppose that M ⊂ Mor(B, Z) is an

irreducible component parametrizing a dominant family of curves on Z and let W = Mred.

For a general map s parametrized by M consider the composition

V → H0(B, s∗TZ)→ H0(B, (Ns)t f ),

where V ⊂ H0(B, s∗TZ) is the tangent space to W at s. Then the cokernel of the composed

map has dimension at most g(B) dim(Z) + 5g(B).

Proof. Since we have a dominant family the normal sheaf Ns is generically globally

generated for a general map s. Since H0(B, (Ns)t f ) is a quotient of H0(B,Ns), the dimension

of cok(V → H0(B, (Ns)t f )) is bounded above by

(h0(B, s∗TZ) − dim(V)) + dim(cok(H0(B, s∗TZ)→ H0(B,Ns)))

and we estimate each piece in turn. First of all, we have

h0(B, s∗TZ) − dim(V) ≤ h0(B, s∗TZ) − dim(M) ≤ h1(B, s∗TZ)

≤ h1(B, TB) + h1(B,Ns) ≤ 3g(B) + g(B)(dim(Z) − 1),

where the last inequality follows from Lemma 2.4. Second, the cokernel of H0(B, s∗TZ) →

H0(B,Ns) has dimension bounded by h1(B, TB) ≤ 3g(B). �

Putting these results together, we obtain the Grauert-Mulich theorem for spaces of mor-

phisms.

Theorem 3.8 (Grauert-Mulich). Let Z be a smooth projective variety defined over C and

let  be a torsion free sheaf on Z of rank r. Let M be an irreducible component of Mor(B, Z)

and let ev : ã → Z denote the evaluation map.

(1) Assume that the composition of ev with the normalization map for ã is dominant

with connected fibers and that ev is flat on the preimage of some open subset of Mred.

Assume that a general s : B → Z parametrized by M is birational onto its image.
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Then we have

‖ SPZ,[s(B)]() − SP(s∗)‖ ≤

1

2

(
2g(B)2 dim(Z)2

+ 10g(B)2 dim(Z) + 4g(B) dim(Z) + 13g(B) + 2
)

rk().

(2) Assume that the composition of ev with the normalization map for ã is dominant

with connected fibers and that ev is flat on the preimage of some open subset of

Mred. Assume that there is some curve B′ of genus ≥ 2 such that the general map

s : B → Z parametrized by M factors through a morphism s′ : B′ → Z that is

birational onto its image. Then we have

‖ SPZ,[s(B)]() − SP(s∗)‖ ≤
(
g(B)2 dim(Z)2

+ 5g(B)2 dim(Z) + 2g(B) dim(Z) + 8g(B) + 1
)

rk().

(3) Let s : B → Z be a general map parametrized by M. Assume that μmin(s∗TZ) >

2g(B) and that dim(Z) ≥ 2. Then

‖ SPZ,[s(B)]() − SP(s∗)‖ ≤ (3g(B) + 1) rk().

Proof. (1) Let t be the length of the torsion part of Ns, let  be the subsheaf of (Ns)t f

generated by global sections, and let q be the dimension of the cokernel of the composition

V → H0(B, s∗TZ)→ H0(B, (Ns)t f ),

where V ⊂ H0(B, s∗TZ) is the tangent space to Mred at s.

Theorem 3.3 shows that μmax(M∨


) ≤ 2g(B) dim(Z) + 2. Proposition 3.5.(1) shows that

t ≤ 3g(B). By Lemma 3.7 we have q ≤ g(B) dim(Z) + 5g(B). We then apply Theorem 3.2 to

obtain the desired statement.

(2) Proposition 3.5.(2) shows that in this situation t ≤ 6g(B). Then we can obtain the

desired bound by repeating the argument for (1) using this new estimate on t.

(3) In this setting the general map s is unramified by Proposition 3.6 so that Ns is torsion-

free. By Lemma 2.7 s∗TZ is globally generated and thus Ns is also globally generated. We

have μmin(Ns) ≥ μ
min(s∗TZ) > 2g(B) so by Theorem 3.3 μmax(M∨

Ns
) ≤ 2. Furthermore M is

smooth at a general morphism s and the map H0(B, s∗TZ)→ H0(B,Ns) has cokernel whose

dimension is bounded above by h1(B, TB) ≤ 3g(B).

Note that the general fiber of ã → M is contained in the locus where ev is smooth, and

hence also in the flat locus of ev. Thus we have verified the hypotheses of Theorem 3.2

which gives the desired statement. �

4. Constructing foliations

4. Constructing foliations
Suppose that Z is a smooth projective variety and M is an irreducible component of

Mor(B, Z) parametrizing a dominant family of curves. We would like to understand the

slopes in the Harder-Narasimhan filtration of s∗TZ for a general map s : B → C ⊂ Z

parametrized by M. In turn, these slopes control the deformation theory of s. In this section

we show that under certain conditions one can identify an algebraic foliation on Z which

controls the behavior of these deformations.
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We will need the following construction describing the relationship between foliations

and relative tangent bundles.

C 4.1. Let Z be a smooth projective variety. Suppose that  is a foliation on

Z that is is induced by a rational map ρ : Z � W with connected fibers.

Suppose that s : B→ Z is a morphism whose image is contained in the regular locus of 

and goes through a general point of Z. Let Y denote the main component of B×W Z equipped

with the map g : Y → Z. By [16, Remark 19] we can choose a resolution μ : Ỹ → Y and a

morphism s̃ : B→ Ỹ such that g ◦ μ ◦ s̃ = s and s̃∗TỸ/B � s∗ .

We will also need the following flattening construction.

C 4.2. Let Z be a smooth projective variety and let W be a locally closed

subvariety of Mor(B, Z) parametrizing a dominant family of curves. Let ãW denote the

universal family over W and let ã ν
W

denote the normalization of ãW . Then ã ν
W

is equipped

with a map p : ã ν
W
→ W and an evaluation map evW : ã ν

W
→ Z. We claim there is a

birational map φ : Z′ → Z from a smooth variety Z′ and an open subset W◦ ⊂ W such that

the preimage ã
ν,◦

W
:= p−1W◦ admits a flat morphism ev′ : ã ν,◦

W
→ Z′ satisfying evW |ã ν,◦

W
=

φ ◦ ev′.

Indeed, suppose we take a flattening of ev, i.e. a diagram

ä
ẽv

��

ψ

��

Z̃

ψZ

��

ã ν
W evW

�� Z

where ä and Z̃ are quasi-projective varieties, ψ and ψZ are projective birational morphisms,

and ẽv is flat. (See, e.g., [11, Theorem 14.143] for the version of flattening we use or the

original source [25].) Let ρ : Z′ → Z̃ be a resolution of singularities. Since ẽv is flat,

ä ′ := ä ×Z̃ Z′ is also a quasi-projective variety and the projection map ev′ : ä ′ → Z′ is still

flat. The induced map ψ′ : ä ′ → ã ν
W

is still birational. Since p defines a family of curves,

there is an open subset W◦ ⊂ W such that p−1W◦ is disjoint from every ψ′-exceptional center.

Then W◦ has the desired properties.

We are now prepared to prove the main theorem in this section.

Theorem 4.3. Let Z be a smooth projective variety defined over C. Fix a positive integer

J ≥ 2g(B) + 3. Suppose M is an irreducible component of Mor(B, Z) parametrizing a

dominant family of morphisms and let ev : ã ν → Z denote the evaluation map for the

normalization of the universal family over M. Assume that either:

• the general map s : B→ Z parametrized by M is birational onto its image, or

• there is a smooth projective curve B′ of genus ≥ 2 such that the general map s : B→

Z parametrized by M factors through a morphism s′ : B′ → Z that is birational onto

its image.

Suppose furthermore that

deg(s∗TZ) ≥ dim(Z)(J + 2g(B) + γ) + g(B)(dim(Z) + 2),
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where we define

γ =
(
g(B)2 dim(Z)2

+ 5g(B)2 dim(Z) + 2g(B) dim(Z) + 8g(B) + 1
)

dim(Z).

Let ã
ν

be a normal projective compactification of ã ν with a morphism ev : ã
ν
→ X

extending ev. Let f : S → Z denote the finite part of the Stein factorization of ev. Then

there is a rational map φ : S � W such that the following holds. Let s : B → S be a

general morphism parametrized by M and define Y to be the main component of B ×W S̃ in

the pullback diagram

B ×W S̃ ��

��

S̃

φ̃

��

B
φ◦s

�� W

where φ̃ : S̃ → W is a resolution of φ. We denote by g the morphism g : Y → S̃ → Z.

Then there is a resolution μ : Ỹ → Y and a section s̃ : B → Ỹ of the map Ỹ → B such that

g ◦ μ ◦ s̃ = s and:

(1) The deformations of s̃ in Ỹ contain at least J general points of Ỹ.

(2) The space of deformations of s̃ in Ỹ has codimension in M at most

(dim(Z) + 1)(J + 3g(B) + γ + 1).

Proof. As in Construction 4.2 we choose a smooth birational model S′ → S that flattens

the family M. Since the evaluation map for M factors through S, we can take strict trans-

forms of the general maps parametrized by M to obtain a family of maps s′ : B→ S′. Note

that the general map s′ is either birational onto its image or it factors through a birational

map from a curve of genus ≥ 2 (possibly different from B′).

Recall that the normal sheaf Ns′ is generically globally generated when we have a domi-

nant family of maps. In particular, by Lemma 2.4 we have

h0(B,Ns′) ≤ h0(B, (Ns′)t f ) + h0(B, (Ns′)tors)

≤ deg((Ns′)t f ) + rk((Ns′)t f ) + h0(B, (Ns′)tors) = deg(Ns′) + rk(Ns′).

Thus

−KZ · s∗B + dim(Z)(1 − g(B)) ≤ dim(M) ≤ h0(B, s′∗TS′) ≤ h0(B,Ns′) + 3

≤ −KS′ · s
′
∗B + (2g(B) − 2) + (dim(S′) − 1) + 3.

Combining with our degree bound, we see

(4.1) dim(Z)(J + 2g(B) + γ) ≤ −KZ · s∗B − g(B)(dim(Z) + 2) ≤ −KS′ · s
′
∗B.

Consider the family of sections of B × S′ → B corresponding to the morphisms s′ : B→

S′. Let us assume that this family does not contain J general points of B×S′. By [19, Lemma

3.6] we see that

(4.2) μmin(s′∗TS′) < J + 2g(B) − 1.

Write the Harder-Narasimhan filtration of TS′ with respect to α := [s′∗B] as
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0 = 0 ⊂ 1 ⊂ · · · ⊂ k = TS′ .

Since by (4.1) we have

μα(TS′) =
−KS′ · s

′
∗B

dim(Z)
≥ J + 2g(B) + γ,

there is some index i ≥ 1 such that we have μmin
α (i) ≥ J+2g(B)+γ. Let i be the maximum in-

dex for which this inequality holds. Applying Theorem 3.8 to relate the Harder-Narasimhan

filtration of TS′ to the Harder-Narasimhan filtration of its pullback, we obtain

μmin
α (TS′) ≤ μ

min(s′∗TS′) + γ < J + 2g(B) + γ − 1,

where the second inequality follows from Equation (4.2). This shows that i < k. On the

other hand, since i was selected to be as large as possible we must have

μmax
α (TS′/i) < J + 2g(B) + γ.

Since i is a term in the α-Harder-Narasimhan filtration of TS′ that satisfies μmin
α (i) > 0, it

is a foliation on S′ by Theorem 2.15.

By [9, Theorem 1.1] the foliation i is induced by a rational map φ : S′ � W that has

connected fibers. Since i < k this rational map is not trivial. By our flatness construction a

general morphism s′ parametrized by M will have image contained in the regular locus of

i. Let Ỹ denote a resolution of the main component of B ×W S̃ as in the statement of the

theorem and let s̃ : B → Ỹ denote the section chosen as in Construction 4.1. In particular

we have

s̃∗TỸ/B � s∗i.

Theorem 3.8 implies that

μmin(s∗i) ≥ μ
min
α (i) − γ ≥ J + 2g(B),

and so by Proposition 2.8 we see that deformations of s̃ can go through at least J general

points of ç̃ verifying (1). To prove (2), let N denote the space of deformations of s̃ in Ỹ .

Appealing to Proposition 2.5, we see that

dim(M)− dim(N)≤ (−KS′ · s∗B+ dim(Z)+ 2g(B))− (−KỸ/B · s̃∗B+ (dim(Ỹ)− 1)(1− g(B)))

= deg(s∗TS′/i)+ (dim(Z)− dim(Ỹ)+ 1)+ g(B)(dim(Ỹ)+ 1)

≤ (dim(Z)− dim(Ỹ)+ 1)(J + 2g(B)+ γ+ 1)+ g(B)(dim(Ỹ)+ 1)

≤ (dim(Z)+ 1)(J + 3g(B)+ γ+ 1).

Since the dimension of the space of sections is birationally invariant, we obtain (2). �

5. Main results

5. Main results5.1. Families of curves and Fujita invariants.
5.1. Families of curves and Fujita invariants. We start by relating the Fujita invariant

to the existence of families of curves. The following is an analogue of [19, Theorem 1.12]

(and in fact can be deduced from this result).
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Theorem 5.1. Let X be a smooth projective Fano variety defined over C and let B be a

complex smooth projective curve. Fix a positive rational number a. Fix a positive integer T .

There is some constant ξ = ξ(dim(X), g(B), a,T ) with the following property.

Suppose that Y is a smooth projective variety equipped with a morphism f : Y → X that

is generically finite onto its image. Suppose that N is an irreducible component of Mor(B, Y)

parametrizing a dominant family of curves C on Y which satisfy − f ∗KX · C ≥ ξ. Finally,

suppose that

(5.1) dim(N) ≥ a(−KX ·C + dim(X)(1 − g(B))) − T.

Then

a(Y,− f ∗KX) ≥ a.

R 5.2. Since dim(M) always has at least the expected dimension, the condition in

Equation (5.1) is implied by the more evocative inequality dim(N) ≥ a · dim(M) − T .

Proof. By [14, Theorem 1.3] there is a rational number ε > 0 depending only on a and

dim(X) such that no smooth variety of dimension ≤ dim(X) has Fujita invariant in the range

((1 − ε)a, a) with respect to any big and nef Cartier divisor. We define

ξ(dim(X), g(B), a, T ) = 1 + sup

{
0,

1

aε
(g(B)(a dim(X) + 2) + (dim(Y) − a dim(X)) + T ))

}
.

Since N parametrizes a dominant family of curves on Y , Proposition 2.5 yields an in-

equality

dim(N) ≤ −KY ·C + dim(Y) + 2g(B).

Combining with Equation (5.1) and rearranging, we find

(KY − a f ∗KX) ·C ≤ g(B)(a dim(X) + 2) + (dim(Y) − a dim(X)) + T.

Since we are assuming − f ∗KX ·C ≥ ξ, this inequality implies

(KY − (1 − ε)a f ∗KX) ·C < 0.

Since C moves in a dominant family on Y , this means that KY − (1− ε)a f ∗KX is not pseudo-

effective. In other words, we must have a(Y,− f ∗KX) > (1 − ε)a. But by our choice of ε this

implies a(Y,− f ∗KX) ≥ a. �

5.2. Classifying non-free curves.
5.2. Classifying non-free curves. Our earlier theorems address morphisms B→X which

factor through a curve of genus ≥ 2, so we will need an additional result to handle the genus

≤ 1 case.

Theorem 5.3. Let X be a smooth projective Fano variety of dimension ≥ 2 defined over

C and let B be a complex smooth projective curve. There is a constant Θ = Θ(dim(X), g(B))

such that the following results hold.

Let M be an irreducible component of Mor(B, Z) parametrizing a dominant family of

maps of anticanonical degree ≥ Θ.

(1) Suppose that a general morphism parametrized by M factors through a morphism
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P1 → X that is birational onto its image. Then the image of the general morphism

is an anticanonical conic.

(2) There cannot be a curve B′ of genus ≥ 1 such that a general morphism parametrized

by M is the composition of a morphism B → B′ of degree ≥ 2 followed by a mor-

phism B′ → X that is birational onto its image.

Proof. Let s : B→ X be a general map parametrized by M. Set r = deg(s∗TX) and define

Θ = 1 + sup{9, 12(g(B) dim(X) + 2g(B) − 2)}.

(1) First note that dim(M) ≥ r + dim(X)(1 − g(B)). Suppose that the image of the general

morphism s is a rational curve of anticanonical degree d. Since a dominant family of rational

curves has the expected dimension, we find:

dim(M) ≤ dim Morr/d(B, P1) + (d + dim(X) − 3)

≤

(
2

r

d
+ 1 + 2g(B)

)
+ (d + dim(X) − 3).

Comparing, we see that

r

(
1 −

2

d

)
≤ d + g(B) dim(X) + 2g(B) − 2.

Note that 2 ≤ d and d = r/e for some integer e ≥ 2. We have the following cases:

• Suppose d ≥ 5. We conclude that r ≤ 5
3
(d + g(B) dim(X)+ 2g(B)− 2). Since 2d ≤ r,

this in turn implies that r ≤ 10(g(B) dim(X) + 2g(B) − 2), contradicting the bound

Θ ≤ r.

• Suppose d = 4. Then r ≤ 2(d+g(B) dim(X)+2g(B)−2). If the generic map B→ P1

has degree 2 then r = 8. Otherwise r ≥ 3d and we conclude r ≤ 6(g(B) dim(X) +

2g(B) − 2), contradicting the bound Θ ≤ r.

• Suppose d = 3. Then r ≤ 3(d + g(B) dim(X) + 2g(B) − 2). If the generic map

B → P1 has degree 2 or 3 then r ≤ 9. Otherwise r ≥ 4d and we conclude r ≤

12(g(B) dim(X) + 2g(B) − 2), contradicting the bound Θ ≤ r.

Altogether we see that we must have d = 2, proving the statement.

(2) As before we have dim(M) ≥ r + dim(X)(1 − g(B)). Suppose that the image of the

general morphism s is a curve birational to B′ of anticanonical degree d. By Proposition 2.5

a dominant family of maps B′ → X dimension at most d + dim(X) + 2g(B′). On the other

hand, the tangent space to Morr/d(B, B′) has dimension 1 (if B′ is elliptic) or 0 (if g(B′) ≥ 2),

and this also bounds the dimension of the moduli space. Altogether we find

dim(M) ≤ dim Morr/d(B, B′) + (d + dim(X) + 2g(B)) ≤ d + dim(X) + 2g(B) + 1.

Comparing against the lower bound on dim(M), we see that

r ≤ d + dim(X)g(B) + 2g(B) + 1.

Since we must have r ≥ 2d, we see that r ≤ 2 dim(X)g(B) + 4g(B) + 2. But this contradicts

the assumption Θ ≤ r. �

We can now prove a classification theorem for non-free curves.
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Theorem 5.4. Let X be a smooth projective Fano variety defined over C and let B be

a complex smooth projective curve. There are constants ξ̃ = ξ̃(dim(X), g(B)) and T+ =

T+(dim(X), g(B)) such that the following holds. Suppose that M ⊂ Mor(B, X) is an irre-

ducible component parametrizing non-free maps s : B → X of anticanonical degree ≥ ξ̃.

Let ã ν be the normalization of the universal family over M and let ev : ã ν → X be the

evaluation map. Then either:

(1) ev is not dominant. Then the subvariety Y swept out by the curves parametrized by

M satisfies a(Y,−KX |Y) ≥ a(X,−KX).

(2) ev is dominant and the general map parametrized by M is birational onto its image.

Let ã
ν

be a normal projective compactification of ã ν with a morphism ev : ã
ν
→

X extending ev. Then the finite part f : Y → X of the Stein factorization of ev

satisfies

a(Y,− f ∗KX) = a(X,−KX).

Furthermore, there is a rational map φ : Y � Z such that the following properties

hold. Let Ŷ denote a smooth projective birational model of Y admitting a morphism

φ̂ : Ŷ → Z that resolves φ.

(a) Let F denote a general fiber of φ. Then we have a(F,− f ∗KX |F) = a(X,−KX)

and (F,− f ∗KX |F) is adjoint rigid.

(b) Let ŝ : B → Ŷ denote a map to Ŷ induced by a general point of M and let W

denote the main component of B ×Z Ŷ. Then the image in M of the parameter

space of deformations of the map (id, ŝ) : B → W has codimension at most T

in M.

(3) ev is dominant and the general map parametrized by M is not birational to its image.

In this case the image of the general map is a rational curve of anticanonical degree

2. Thus ev factors rationally through a generically finite map g : ä → X where ä is

a projective model of a universal family ã → N of rational curves of anticanonical

degree 2 on X where N is an irreducible open locus of the Hilbert scheme of X. In

particular a(ä ,−g∗KX) = a(X,−KX).

Proof. We first define several constants. Let ξ1 be the constant ξ(dim(X), g(B), 1, 0) in

Theorem 5.1. By [18, Theorem 0.2] there is a constant b depending only on dim(X) such

that −bKX is basepoint free. We next apply [19, Theorem 7.10] with our choice of b, with

arel = a = 1, with E = τ(π, E) = 0, with T = 0, and with β = 0 to obtain a constant

Γ(dim(X), g(B)). Define T+ = (dim(X) + 1)(Γ + 3g(B) + γ + 2) where

γ =
(
g(B)2 dim(X)2

+ 5g(B)2 dim(X) + 2g(B) dim(X) + 8g(B) + 1
)

dim(X).

Finally set

ξ̃(dim(X), g(B)) = sup

{
ξ1, ξ(dim(X), g(B), 1, (dim(X) + 1)(Γ + 3g(B) + γ + 2)),

Θ, dim(X)(Γ + 2g(B) + γ + 1) + g(B)(dim(X) + 2)

}
,

where ξ is defined as in Theorem 5.1 and Θ is defined as in Theorem 5.3.

(1) Let ψ : Ỹ → Y be a resolution and let N parametrize the strict transforms of the

curves on Ỹ . Denote the composition of φ with the inclusion map by ψ̃ : Ỹ → X. Since

dim(N) = dim(M), we may apply Theorem 5.1 to ψ̃ with the constants a = 1 and T = 0. We
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conclude that a(Ỹ ,−ψ̃∗KX) ≥ a(X,−KX). Since the Fujita invariant is a birational invariant,

we conclude (1).

(2) Let ψ : Ỹ → Y be a resolution and let N parametrize the strict transforms of the

curves on Ỹ . Denote the composition of ψ with f by f̃ : Ỹ → X. Since dim(N) = dim(M),

we may apply Theorem 5.1 to f̃ with the constants a = 1 and T = 0. We conclude that

a(Ỹ ,− f̃ ∗KX) ≥ a(X,−KX); since f̃ is dominant the equality must be achieved. Since the

Fujita invariant is a birational invariant, we also have a(Y,− f ∗KX) = a(X,−KX).

Since our curves have anticanonical degree ≥ ξ̃ and the general morphism s is birational

onto its image, we can apply Theorem 4.3 to X and M with J = sup{2g(B)+ 3, Γ+ 1}. Since

by assumption the curves parametrized by M are non-free the corresponding sections cannot

go through J general points of Y × B (see [19, Proposition 3.7]). Thus Theorem 4.3 yields

a non-trivial rational map φ : Y � Z with the following property. Suppose φ̂ : Ŷ → Z

is a resolution of φ. For a general map ŝ : B → Ŷ parametrized by M, let W denote the

main component of B ×W Ŷ . Then there is a resolution W̃ → W and a section s̃ : B → W̃

such that the deformations of s̃ contain at least Γ + 1 general points of W̃. Furthermore the

space of deformations of s̃ in W̃ has codimension at most T+ in M. Letting h : W̃ → X

denote the induced map and W̃η denote the generic fiber of h, our choice of ξ shows that

a(W̃η,−h∗KX |W̃η) = 1 and the conclusion of [19, Theorem 7.10] shows that (W̃η,−h∗KX |W̃η)

is adjoint rigid. Since the Fujita invariant and the Iitaka dimension are constant for general

fibers of the map W → B by invariance of plurigenera (see [21, Theorem 4.3]) we conclude

that a general fiber F of W → B has Fujita invariant 1 and is adjoint rigid with respect to the

pullback of −KX . But since s is general we see that F is also a general fiber of φ̂, finishing

the proof.

(3) It only remains to consider the case when a general map s is the composition of a

morphism B → B′ of degree ≥ 2 and a morphism s′′ : B′ → X that is birational to the

image. Theorem 5.3 combined with our definition of ξ̃ shows the case g(B′) ≥ 1 is not

possible. If g(B′) = 0 then the rational factoring through ä is an immediate consequence of

Theorem 5.3. Note that a rational curve of anticanonical degree 2 on X satisfies a(C,−KX) =

1 = a(X,−KX). Since ä is covered by such conics, we have a(ä ,−g∗KX) ≥ a(X,−KX)

by [20, Lemma 4.8]. The reverse inequality a(ä ,−g∗KX) ≤ a(X,−KX) follows from the

Riemann-Hurwitz formula as in [20, Lemma 4.7]. �

6. Boundedness statements in the absolute case

6. Boundedness statements in the absolute case
The goal of this section is to prove the following boundedness theorem.

Theorem 6.1. Let X be a smooth projective Fano variety and let B be a smooth projective

curve, both are defined over C. There is a proper closed subset V � X such that if M ⊂

Mor(B, X) is an irreducible component parametrizing a non-dominant family of curves then

every curve parametrized by M is contained in V.

This theorem is almost an immediate consequence of the analogous boundedness result

in the relative setting, [19, Theorem 8.10]. There is one important issue: there is a particular

closed set of X × B used in [19] and we must verify that this closed set does not dominate

X under the projection map. This claim is true, but unfortunately a careful verification takes

some work. We make this verification in the rest of the section, giving the precise statement
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in Theorem 6.11.

For the rest of this section k denotes an algebraic closed field of characteristic 0 and B

denotes a smooth projective curve defined over k. We denote the function field of B by

F. We will freely use the language and constructions of [20] and [19] when we give the

appropriate reference.

6.1. Lemma 8.3 of [20].
6.1. Lemma 8.3 of [20]. First we recall some definitions from [20]:

D 6.2. Let F be a field of characteristic 0. Let X be a smooth geometrically

uniruled projective variety defined over F and L be a big and nef Q-divisor on X. We define

the b-invariant for (X, L) as

b(F, X, L) := codimension of the supported face of Eff
1
(X) containing a(X, L)L + KX .

When X is singular, we take a resolution β : X̃ → X and define the b-invariant as

b(F, X, L) := b(F, X̃, β∗L).

This is well-defined due to [15, Proposition 2.10]. When F is algebraically closed, we drop

F from b(F, X, L) and simply denote it by b(X, L).

D 6.3 ([20, Definition 7.1 and Definition 8.2]). First let us assume that our

ground field F is an algebraically closed field of characteristic 0. A good family of ad-

joint rigid varieties is a morphism p : ã → W of quasi-projective smooth varieties and

p-relatively big and nef Q-divisor L on ã satisfying the following properties:

(1) The morphism p is projective, smooth, and surjective with irreducible fibers;

(2) For any closed point w ∈ W and the corresponding fiber ãw above w, a(ãw, L|ãw) is

constant and positive, and (ãw, L|ãw) is adjoint rigid;

(3) b(ãw, L|ãw) is also constant for any closed point w ∈ W; and,

(4) Let Q denote the union of all divisors D in fibers ãw such that a(D, L|D) >

a(ãw, L|ãw). Then Q is closed in ã and flat over W. Moreover if we set ä = ã \Q,

there is a projective birational morphism φ : ã ′ → ã that is an isomorphism over

ä such that ã ′ is smooth over W and ã ′ \ ä is a strict normal crossings divisor

relative to W.

Now let us assume that F is an arbitrary field of characteristic 0. A projective morphism

p : ã → W is a good family of adjoint rigid varieties if the base change of p to F is a good

family of adjoint rigid varieties.

D 6.4 ([20, p.1405]). Again let us assume that our ground field F is an alge-

braically closed field of characteristic 0. A good morphism of good families of adjoint rigid

varieties is a diagram

ç
f

��

q

��

ã

p

��

T �� W

and p-relatively big and nef Q-divisor L on ã such that p, q are good families of adjoint

rigid varieties with respect to L and f ∗L respectively, the relative dimensions of p, q are
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equal, and for any closed point t ∈ T , we have a(çt, f ∗L|çt
) = a(ãw, L|ãw).

When F is an arbitrary field of characteristic 0, a diagram

ç
f

��

q

��

ã

p

��

T �� W

is a good morphism of good families if its base change to F is a good morphism.

The following lemma is essentially [20, Lemma 8.3]. The only difference is that we

perform every construction in the absolute setting:

Lemma 6.5. Let X be a uniruled smooth projective variety defined over k and L be a big

and nef Q-divisor on X. Let æ be the base change of X to F and LF be the base change of

L to F. Let p : U → W be a surjective morphism between projective k-varieties where U is

equipped with a morphism s : U → X. Let pF : ã →  be the base change of p to F with

the morphism sF : ã → æ .

Suppose that there exists a Zariski open subset W◦ ⊂ W such that p : U◦ → W◦ is a

good family of adjoint rigid varieties over k (here U◦ denotes the preimage of W◦) and that

any fiber over W◦ has the same a-invariant with respect to s∗L as X has with respect to L.

Then there exist a proper closed subset R � X and a finite set of dominant generically finite

morphisms { f j : Y j → U} defined over k that can be fit into commutative diagrams

Y j

f j
��

q j

��

U

p

��

T j
�� W

such that the following holds. Let ç j,  j, f j,F , q j,F be the base changes of the corresponding

objects to F. Then:

(1) Both Y j and T j are projective varieties, Y j is smooth, T j is normal, and q j : Y j → T j

is generically a good family of adjoint rigid varieties;

(2) The canonical model for a(X, L) f ∗
j
s∗L+KY j

is a morphism and this morphism agrees

with q j over some open set of T j;

(3) The morphism T j → W is dominant, finite, and Galois;

(4) We have Bir(Y j/X) = Aut(Y j/X); and,

(5) Assume that q : ç →  is a projective surjective morphism of varieties over F

where ç is smooth and geometrically integral and that we have a diagram

ç
f

��

q

��

ã

pF

��


g

�� 

satisfying the following properties:

(a) There is a Zariski open subset  ′ ⊂  such that ç is a good family of adjoint

rigid varieties over  ′ and the map f : q−1( ′) → ã has image in ã ◦ and is
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a good morphism of good families.

(b) There exists a rational point y ∈ ç(F) such that sF ◦ f (y) �  where  is the

base change of R to F.

Then for some index j there will be a twist f σ
j

: çσ
j
→ ã over F such that f (y) ∈

f σ
j

(çσ
j

(F)). Furthermore, there exists a dominant generically finite map ̃ → 

such that the main component q̃ : ç̃ → ̃ of the base change of q by ̃ → 

satisfies that the induced map f̃ : ç̃ → ã factors rationally through f σ
j

in a way

that a general geometric fiber of q̃ maps birationally to a geometric fiber of the map

qσ
j

: çσ
j
→  σ

j
.

Proof. This lemma follows from the proof of [20, Lemma 8.3]. Indeed, one can perform

every construction in Steps 1 and 2 of the proof of [20, Lemma 8.3] over k. Their base

changes to F will satisfy the universal property (5) which can be justified by Step 3 of the

proof of [20, Lemma 8.3]. �

6.2. Section 2.5 of [19].
6.2. Section 2.5 of [19]. We modify [19, Construction 2.17].

C 6.6. Let X be a uniruled smooth projective k-variety and let L be a big and

nef Q-Cartier divisor on X. It follows from [20, Theorem 4.19] that there are a proper closed

subset V , finitely many projective varieties Wi ⊂ Hilb(X), proper families pi : Ui → Wi

where Ui is a smooth birational model of the universal family U′
i
→ Wi, and dominant

generically finite morphisms si : Ui → X such that

• a general fiber Z of pi : Ui → Wi is a smooth uniruled projective variety which is

mapped birationally by si onto the subvariety of X parametrized by the correspond-

ing point of Hilb(X) and it also satisfies a(Z, s∗
i
L|Z) = a(X, L) and is adjoint rigid

with respect to s∗
i
L|Z; and

• for every subvariety Y ⊂ X not contained in B+(L) which satisfies a(Y, L|Y) ≥ a(X, L)

and which is adjoint rigid with respect to L, either Y is contained in V or there is

some index i and a smooth fiber of pi that is mapped birationally to Y under the map

si.

The following theorem is essentially [19, Theorem 2.18] but stated in the absolute setting.

Theorem 6.7. Let X be a uniruled smooth projective k-variety and let L be a big and nef

Q-Cartier divisor on X. Denote by {pi : Ui → Wi} the finite set of families equipped with

maps si : Ui → X and by V the closed subset of Construction 6.6. There are a closed set

R ⊂ X and finitely many smooth projective varieties Yi, j equipped with dominant morphisms

ri, j : Yi, j → Ti, j with connected fibers and dominant morphisms hi, j : Yi, j → Ui forming

commuting diagrams

Yi, j

hi, j
��

ri, j

��

Ui

pi

��

Ti, j
ti, j

�� Wi

that satisfy the following properties. Let us denote the base changes of
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X, L,Ui, si, Yi, j, Ti, j, ri, j, hi, j,R

to F by

æ , LF ,ãi, si,F ,çi, j, i, j, ri, j,F , hi, j,F ,

respectively. Then we have

(1) Each map hi, j is generically finite and fi, j = si ◦ hi, j is not birational;

(2) ti, j is a finite Galois cover and Ti, j is normal;

(3) We have Bir(Yi, j/Ui) = Aut(Yi, j/Ui);

(4) Every twist çσ
i, j

of çi, j over ãi admits a morphism rσ
i, j,F

: çσ
i, j
→  σ

i, j
which is a twist

of ri, j,F;

(5) We have a(Yi, j, f ∗
i, j

L) = a(X, L); and,

(6) Suppose that ç is a geometrically integral smooth projective variety and that f :

ç → æ is a morphism that is generically finite onto its image but not birational

such that a(ç , f ∗LF) ≥ a(æ , LF). Suppose furthermore that y ∈ ç(F) satisfies

f (y) � . Then:

(a) there are indices i, j and a twist hσ
i, j,F

: çσ
i, j
→ ãi of hi, j,F such that f (y) ∈

si,F(hσ
i, j,F

(çσ
i, j,F

(F))), and

(b) if (ç , f ∗LF) is adjoint rigid then furthermore f factors rationally through hσ
i, j,F

and f maps ç birationally to a fiber of rσ
i, j,F

.

Proof. There are two inputs into [19, Theorem 2.18]: [20, Lemma 8.3] and [19, Construc-

tion 2.17]. Lemma 6.5 is a version of [20, Lemma 8.3] in the absolute setting. It is clear that

the closed set ä of X × B constructed in [19, Construction 2.17] is obtained by base change

from a closed subvariety V ⊂ X. With these changes the proof of [19, Theorem 2.18] works

with no issues. �

6.3. Section 8.1 of [19].
6.3. Section 8.1 of [19]. Here we improve results from [19, Section 8] in the absolute

setting. Given a smooth projective curve B, we denote by η its generic point; given a mor-

phism æ → B, we denote by æη its generic fiber. We recall the following definition from

[19]:

D 6.8 ([19, Definition 3.1]). We say that a morphism π :  → B is a good

fibration if:

(1)  is a smooth projective variety,

(2) B is a smooth projective curve, and

(3) π is flat and has connected fibers.

We then perform constructions from [19, Section 8] in the absolute setting:

C 6.9. Let X be a uniruled smooth projective variety defined over k and L be

a big and semiample Cartier divisor on X. Set a = a(X, L) and denote X × B by æ and the

pullback of L to æ by LB.

Applying Construction 6.6 to X we obtain a proper closed subset V ⊂ X and a finite

collection of families pi : Ui → Wi whose smooth fibers are birational to closed subvarieties

of X. Let ãi and i be Ui × B and Wi × B with the natural map pi,B : ãi → i and let ä
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denote V × B. LetWi be Sec(i/B). We defineW = �iWi. Let W◦
i
⊂ Wi be a Zariski open

subset such that over W◦
i
, pi|p−1

i
(Wi)

is smooth. We first shrinkW so that the generic point of

every section parametrized by W is contained in W◦
i,η

. We enlarge V by adding the images

in X of the fibers of pi over Wi \W◦
i
. While doing so, we continue to let ä denote V × B.

C 6.10. Let �G(G, B) be the Hurwitz stack parametrizing pairs (C → B, ψ)

where C → B is a Galois cover from a smooth projective curve C and ψ : Gal(C/B) � G

is an isomorphism of groups. (See [27] for the construction of such a stack as a Deligne-

Mumford stack.) Fix an étale covering �GG → �G(G, B) from a scheme.

Let X be a uniruled smooth projective variety defined over k and L be a big and semiample

Cartier divisor on X. Set a = a(X, L). We denote X × B by æ and the pullback of L to æ by

LB. Let Z→ W × B be the morphism constructed in Construction 6.9.

By Theorem 6.7 we obtain a closed set R ⊂ X and a finite set of smooth projective

k-varieties Yi, j equipped with dominant generically finite morphisms hi, j : Yi, j → Ui and

dominant morphisms ri, j : Yi, j → Ti, j. Let V be the union of R with the closed set from Con-

struction 6.9. Then we enlarge V by adding si(Bi, j) where Bi, j is the union of the irreducible

components of the branch locus of hi, j. We further enlarge V by adding the Zariski closure

of the union of the images of the fibers of ri, j which fail to be smooth, fail to have the same

a-invariant as Yi, j, or fail to be adjoint rigid. We denote V × B by ä .

We then exactly repeat the remaining steps in [19, Construction 8.4]. The result is a

family F → S × B whose base is a countable union of finite type schemes and a morphism

g : F→ S × æ such that

(1) the fiber Fs is a normal projective B-variety such that Fs → B has connected fibers

for every closed point s ∈ S ;

(2) the map gs : Fs → æ is a B-morphism that is generically finite onto its image

and the corresponding morphism Fs → Zw is a dominant finite morphism for every

closed point s ∈ S;

(3) we have a(Fs,η, g
∗
sL|Fs,η

) = a and (Fs,η, g
∗
sL|Fs,η

) is adjoint rigid for every closed point

s ∈ S;

(4) moreover if ç is a good fibration over B and f : ç → æ is a generically finite

B-morphism such that a(çη, f ∗L|çη) = a and (çη, f ∗L|çη) is adjoint rigid, either

the map f is birationally equivalent to gs for some closed point s in our family or

f (çη) ⊂ äη.

We also have a family Y → D × æ parametrizing integral models hσ
i, j

: çσ
i, j
→ ãi of twists

hσ
i, j,η

: çσ
i, j,η
→ ãi,η.

The following theorem is essentially [19, Theorem 8.7]. The only difference is that we

can take our proper closed subset to be the base change of a proper closed subset on X.

Theorem 6.11. Let X be a uniruled smooth projective variety defined over C and L be

a big and semiample Cartier divisor on X. Set a = a(X, L). Denote X × B by æ and the

pullback of L to æ by LB.

Fix a rational number β. Fix a positive integer T . Fix a positive integer b > a such that

bL′ defines a basepoint free linear series. There are:

• a constant ξ† = ξ†(dim(æ), g(B), a, T, β, b),
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• a proper closed subset V ⊂ X, and

• a bounded family of smooth projective varieties q : F̂ → Ŝ equipped with Ŝ-

morphisms p : F̂→ Ŝ × B and g : F̂→ Ŝ × æ

which have the following properties:

(1) The morphism F̂s → B is a good fibration for every closed point s ∈ Ŝ;

(2) The morphism gs : F̂s → æ is a B-morphism that is generically finite onto its image

for every closed point s ∈ Ŝ ;

(3) The composition of g|
F̂i

: F̂i → Ŝ × æ with the projection Ŝ × æ → æ → X is

dominant for every irreducible component F̂i of F̂;

(4) We have a(F̂s,η, g
∗
sLB|F̂s,η

) = a(X, L) and (F̂s,η, g
∗
sLB|F̂s,η

) is adjoint rigid for every

closed point s ∈ Ŝ; and,

(5) Assume that ψ : ç → B is a good fibration equipped with a B-morphism f : ç → æ

that is generically finite onto its image and satisfies a(çη, f ∗LB|çη) ≥ a. Suppose

that N is an irreducible component of Sec(ç/B) parametrizing a dominant family

of sections C on ç which satisfy f ∗LB · C ≥ ξ and f ∗(Kæ/B + aLB) · C ≤ β. Let

M ⊂ Sec(æ/B) be the irreducible component containing the pushforward of the

sections parametrized by N. Finally, suppose that

dim(N) ≥ dim(M) − T.

For a general section C parametrized by N, either:

• f (C) is contained in ä = V × B, or

• there exist an irreducible component F̂i of F̂ and an irreducible component N′

of Sec(F̂i/B) parametrizing a dominant family of sections on F̂i such that f (C)

is the image of a section C′ parametrized by N′ and if F̂i,s denotes the fiber

containing C′ then the strict transform of C′ in a resolution of F̂i,s is HN-free.

Proof. We let L′ denote the sum of LB and the pullback of an ample line bundle of degree

1 from B. Note that L′ is big and semiample on æ . Step 1: Let d be as in Step 1 of the

proof of [19, Theorem 8.7]. Let �G(G, B) be the Hurwitz stack and fix an étale covering

�G,|G|≤dG → �G,|G|≤d(G, B) by a scheme. We will work over this base for the entire

proof.

Note that the divisor E = 0 satisfies the condition of [19, Proposition 7.1]. Define ξ =

ξ(dim(æ), g(B), 0, 1, a, T, β + a, b) as in [19, Theorem 7.6]. We then choose

ξ+ = ξ+(dim(æ), g(B), 0, 1, a, T, β+ a, b) and T+ = T+(dim(æ), g(B), 0, 1, a, T, β+ a, b)

as in [19, Corollary 7.11]. Define � = �(dim(æ), g(B), 1, a, T, β + a, b) as in [19, Theorem

8.1]. Finally we define ξ† = sup {ξ, ξ+}.

Since L is big and semiample, there is a closed subvariety V1 ⊂ X such that the family

of subvarieties of X that are not contained in V1 and have L-degree ≤ � is bounded. By

[20, Theorem 4.18.(2)] there is a closed sublocus V2 ⊂ X that contains all subvarieties with

larger generic Fujita invariant. Let V3 be the exceptional closed set from Construction 6.10.

We start by setting V to be the union of V1, V2, and V3; we will later enlarge it.

Let Zi → Wi×B be the families in Construction 6.9. Then there is a finite-type subscheme

Ri ⊂ Wi parametrizing those varieties whose images in æ have L′-degree ≤ � and are not
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contained in ä . We define Zi,Ri
→ Ri as the universal family over Ri. Set R = �iRi.

Let Y → T → D, T′ → M, F → S and g : F → æ × B be defined as in Construction

6.10. We let S′ denote the sublocus of S consisting of maps gs whose image is a member

of our fixed bounded family ZR → R and denote by F′ → S′ the corresponding family.

Step 2: We next claim that there is a morphism Q → S′ ⊂ S such that Q is of finite

type over C and for every map gs parametrized by S′ the map gs,η is a twist of the generic

fiber of a map parametrized by Q. Indeed, this follows from the discussion of Step 2 of [19,

Theorem 8.7] without any modification.

Step 3: Next we define an integer t as in the discussion of Step 3 of [19, Theorem 8.7].

Step 4: Lemma 6.3 and Corollary 6.13 of [19] show that as we vary the closed point

q ∈ Q the set of twists of hq : Pq → q which are trivialized by a base change B′ → B of

degree at most d and with at most t + d(T + T+) branch points is parametrized by a bounded

family. We denote by F̃ → S̃ the bounded subfamily of F′ → S′ parametrizing maps

gs : Fs → s satisfying these properties. After taking smooth resolutions and stratifying

the base, we obtain F̂ → Ŝ such that each fiber is a good fibration over B. We then shrink

Ŝ by removing all irreducible components S j such that the corresponding family F̂ j fails to

dominate X and we enlarge V by taking the union with the closures of the images of these

families.

Step 5: Finally the verification of the desired properties of F̂ → Ŝ follows from Step 5

of [19, Theorem 8.7] without any modification. �

Now, we prove Theorem 6.1 using Theorem 6.11:.

Proof of Theorem 6.1. It follows from [18, Theorem 0.2] that there exists a constant

b′ only depending on dim X such that −b′KX is base point free. Let L = −KX . We apply

Theorem 6.11 with β = 0, b = (2g(B) + 1)b′, T = 0, a = 1 to obtain ξ†, V1, and a bounded

family of good fibrations F̂ → Ŝ. Let V2 ⊂ X be the closure of the loci swept out by non-

dominant families of curves s : B→ X with deg(−s∗KX) ≤ ξ†. Note that since the parameter

space for such curves has finite type, V2 is a proper closed set of X.

We claim that V = V1 ∪ V2 satisfies our assertion. Indeed, suppose that we have a non-

dominant family M ⊂ Mor(B, X) of anticanonical degree ≥ ξ†. Suppose that a general curve

parametrized by M is not contained in V . By the universal property, a general C comes from

a relatively free section C′ in a member of our bounded family of varieties F̂ → Ŝ. Then

it follows from [19, Lemma 8.5] that such C′ deforms to other varieties in our family so

that it dominates an entire irreducible component of F̂. However, such a component maps

dominantly to X. This is a contradiction. Thus every non-dominant family parametrizes

curves in V . �

7. Distinctions between relative and absolute case

7. Distinctions between relative and absolute case
There are several ways in which the absolute case is fundamentally different from the

relative case. We briefly explain the key distinctions.

The first difference is the behavior of adjoint rigidity. Suppose that π : æ → B is a Fano

fibration and that f : ç → æ is a generically finite map such that ç admits a family of

sections of high degree that is “large” in the corresponding component on æ . [19, Theorem
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7.10] shows that if these sections go through sufficiently many general points on ç then

(çη,− f ∗Kæ/B) is adjoint rigid.

The analogous statement in the absolute setting for maps f : Y → X is no longer true, as

demonstrated by the following example.

E 7.1. Let X be a general quartic threefold. For sufficiently positive d > 0 we will

construct a curve B of genus 801 and a component Nd of Mor(B, X) such that the curves

parametrized by Nd sweep out a surface S with the following properties:

(1) (S,−KX |S) is not adjoint rigid.

(2) The curves parametrized by Nd have anticanonical degree d and go through at least

max{0, 2d − 1921} general points of S.

Thus there is no bound we can impose on the number of general points contained in our

curves which will force S to be adjoint rigid.

Let S denote the surface in X swept out by lines. By [26] S is contained in |80H|. Fur-

thermore, if we denote the universal family of lines by g : Y → B with evaluation map

f : Y → X then g is a P1-bundle over a smooth curve B of genus 801 and f : Y → S is

birational.

Let  denote the rank 2 locally free sheaf on B such that Y = PB(). Then KY/B =

g∗c1() − 2ξ where ξ is a divisor representing Y/B(1). On the other hand, if we write

− f ∗KX ≡ aF + bξ where F denotes a fiber of g then we have

− f ∗KX · F = 1 =⇒ b = 1 (− f ∗KX)2
= 320 =⇒ b2c1() + 2ab = 320

so that − f ∗KX ∼num ξ + 160F − 1
2
g∗c1(). Thus KY/B − 2 f ∗KX ∼num 320F. In particular,

since f : Y → S is birational we conclude that (S,−KX |S) is not adjoint rigid.

When d is sufficiently large there is an irreducible component Nd ⊂ Sec(Y/B) parametriz-

ing sections of g satisfying − f ∗KX ·C = d. Then we have

dim(Nd) ≥ −KY/B ·C + (1 − g(B)) = (2d − 320) + (1 − g(B)).

Let us show that Nd is also an irreducible component of Mor(B, X). If the curves deformed

out of Y then they would lie in an irreducible component M parametrizing a dominant family.

Then we would have

dim(M) ≤ d + 3(1 − g(B)) + h1(B, s∗TX) ≤ d + 3(1 − g(B)) + h1(B, TB) + h1(B, s∗TX/TB)

≤ d + 3(1 − g(B)) + (3g(B)) + (2g(B)),

where the final inequality follows from Lemma 2.4. Since this is less than dim(Nd), we

conclude that when d is sufficiently large Nd is an irreducible component of Mor(B, X). By

[19, Lemma 3.6] the sections parametrized by Nd go through at least (2d − 320)− 2g(B)+ 1

general points of Y .

Rather, the correct statement is the following.

Theorem 7.2. Let X be a smooth projective Fano variety and let B be a smooth projective

curve. Fix a positive integer T . There is some constant Γ = Γ(dim(X), g(B), T ) with the

following property.

Suppose that f : Y → X is a morphism that is generically finite onto its image and N is
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an irreducible component of Mor(B, Y) parametrizing a dominant family of curves C on Y

such that

dim(N) ≥ −KX ·C + dim(X)(1 − g(B)) − T.

Suppose that a(Y,− f ∗KX) = 1. Then either:

(1) (Y,− f ∗KX) is adjoint rigid, or

(2) deformations of the corresponding sections on Y × B go through at most Γ general

points of Y × B.

Proof. This follows immediately from [19, Theorem 7.10] applied with arel = 1, β = 0,

E = 0, and b a positive integer only depending on dim(X) chosen so that | − bKX | is very

ample. �

A second difference between the relative and absolute settings is the formulation of

boundedness statements. Loosely speaking, [19, Theorem 8.8] shows that in the relative

setting all non-free curves can be accounted for by the union of a closed set and twists of

a finite set of dominant morphisms. It is natural to wonder if in the absolute setting we

can “remove the twists”: does a Fano variety X admit a closed set and a finite collection of

generically finite maps f : Y → X which account for all non-free curves? The following

example answers this question in the negative.

E 7.3. Let X be the Fano threefold PP2( ⊕ (1)) equipped with the projective

bundle map g : X → P2. We will let H denote a divisor representing g∗(1) and let E denote

the rigid section of g. By [3, Lemma 5.2, Theorem 5.3, Theorem 5.5] every dominant map

f : Y → X satisfying a(Y,− f ∗KX) = a(X,−KX) will be birationally equivalent to a projection

map f̂ : S ×P2 X → X induced by a generically finite morphism ψ : S→ P2.

Let B be a general hyperelliptic genus 8 curve so that B admits a unique degree 2 mor-

phism h : B → P1 up to automorphisms of P1. We let  denote the degree 2 line bun-

dle defining these morphisms. Let Md denote the closure of the sublocus of Mor(B, X)

parametrizing maps s : B → X such that s is birational onto its image, g ◦ s is a 2 : 1 map

onto a conic in P2, and deg(−s∗KX) = d. Note that Md is non-empty when d is sufficiently

large. Indeed, the product G = B×P2 X is a P1-bundle and so admits sections of large degree

and we can simply take the image of these sections in X. For d large enough, we see that the

normal bundle Ns/G will have very large degree, so that Ns/G(−p) will be globally generated

for any p, and hence the curves in Md which pass through p will not all pass through some

other point q of G. It follows that a general s is birational onto its image in X.

We claim that when d is sufficiently large then Md is an irreducible component of

Mor(B, X) which parametrizes a dominant family of non-free curves. Suppose the maps

parametrized by Md were not dense in an irreducible component. Then when we compose

the general map in this component with g we would obtain a birational morphism B → P2

onto a degree 4 curve. But this is not possible since the genus of B is too large. To show

that the general map s parametrized by Md is not free, note that the surjection TX → g
∗TP2

yields a surjection s∗TX → h∗((3) ⊕ (3)). Thus

h1(B, s∗TX) ≥ h1(B,⊗3) ≥ (g(B) − 1) − 3 deg() > 0,
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and so s is not free.

Next we show that when d is sufficiently large there is no dominant generically finite

map f : Y → X of degree ≥ 2 and no irreducible component N ⊂ Mor(B, Y) such that

f∗ : N → Md is dominant. If there were such a map, then Theorem 5.1 implies that

a(Y,− f ∗KX) = a(X,−KX). Thus Y is birationally equivalent to the projection S ×P2 X → X

for some generically finite map ψ : S → P2 of degree ≥ 2. After replacing Y by a birational

model and N by a family of strict transforms, we may assume that Y admits a morphism to

S.

Consider the images on S of the curves parametrized by N on Y . There are two cases:

(1) The image on S of the general curve parametrized by N is rational. Then S carries a

family R of rational curves C such that ψ|C is an isomorphism

and ψ∗(R) is dense in the family of conics on P2. Since the preimage of a general

conic is irreducible by the Bertini theorem, the only possibility is that ψ : S→ P2 is

also degree 1 and hence birational. This contradicts our assumption that deg( f ) ≥ 2.

(2) The image on S of the general curve parametrized by N is birational to B. Then S

carries a family R of curves C birational to B such that ψ|C is a 2 : 1 cover of a conic

in P2 and ψ∗(R) is dense in the family of conics on P2. Note that the ψ-preimage of a

general conic is smooth by the Bertini theorem so that a general curve parametrized

by R is isomorphic to B.

Let D denote the branch divisor of ψ. Let U denote the parameter space of conics

in P2. As we vary Q ∈ U the intersection D∩Q defines a morphism U → M0,2 deg(D)

where the latter space parametrizes stable genus 0 curves with 2 deg(D) marked

points. We claim that the image of this map has dimension at least 1; indeed, some

conics are tangent to D while others will meet D transversally at distinct points.

However, the ramification divisor for the 2 : 1 cover B→ P1 corresponds to a unique

point in M0,2 deg(D) (since any two such maps are related by an automorphism of P1).

Thus it is impossible for the ψ-preimage of every general conic to be isomorphic to

B.

Together (1) and (2) show the impossibility of a morphism f : Y → X and an irreducible

component N ⊂ Mor(B, Y) as above. It follows that there is not a finite set of dominant

generically finite maps { fi : Yi → X} of degree ≥ 2 such that a general curve parametrized

by Md can be obtained by composing fi with a map s : B→ Yi.
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