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Abstract

Zeroth-order methods are extensively used in machine learning applications where gradients
are infeasible or expensive to compute, such as black-box attacks, reinforcement learning, and
language model fine-tuning. Existing optimization theory focuses on convergence to an arbitrary
stationary point, but less is known on the implicit regularization that provides a fine-grained
characterization on which particular solutions are finally reached. We show that zeroth-order
optimization with the standard two-point estimator favors solutions with small trace of Hessian,
which is widely used in previous work to distinguish between sharp and flat minima. We further
provide convergence rates of zeroth-order optimization to approximate flat minima for convex and
sufficiently smooth functions, where flat minima are defined as the minimizers that achieve the
smallest trace of Hessian among all optimal solutions. Experiments on binary classification tasks
with convex losses and language model fine-tuning support our theoretical findings.

1 Introduction

There are many emerging machine learning problems where gradients are not accessible or expensive to
compute, hindering the application of gradient-based optimization algorithms. For example, fine-tuning
large language models (LLMs), particularly at the scale of billions of parameters, faces significant
memory bottlenecks, primarily because of the memory-intensive nature of backpropagation. Zeroth-
order optimization offers a compelling alternative as it permits gradient estimation via finite differences
of loss values. Malladi et al. [69] reported that zeroth-order methods are capable of fine-tuning a
30-billion-parameter model using a single A100 GPU with 80 GiB memory, whereas gradient-based
methods require 8 A100s. In addition to recent advances in fine-tuning LLMs, zeroth-order methods
have also found numerous applications in black-box settings [17, 18, 6] and nonsmooth optimization
[74, 57, 47] where gradient computation is often infeasible. They have further proven effective in
reinforcement learning [80, 68, 39| and distributed learning [31, 93, 77| to reduce computation and
communication costs.
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To be more specific, for the optimization problem min, ga f(2) with parameters x € R? and a loss
function f: R? — R, zeroth-order optimization with the standard two-point gradient estimator |74]
(Algorithm 1) iteratively updates by substituting the computationally intractable gradient with

flz+ Au) — f(x — Au)

g(z,u) = ) u, (1)

where u ~ N (0,1,) is a standard Gaussian random vector and A € R is a smoothing parameter. It
is convenient to understand zeroth-order methods through a surrogate smoothed function defined
as fa(z) = Ey oz, lf (@ + Au)] [27, 74]. Since Eq. (1) unbiasedly estimates the gradient of
falz) [74], i.e., Elga(z,u)] = Vfa(z), standard convergence analyses directly indicate that fy(z) is
minimized. Further noting that fy(z) is close to f(x) when \ is small, the convergence of zeroth-order
optimization can be established on the original loss f(z). For example, when f(z) is smooth and
convex, zeroth-order methods guarantee that the average of the iterates, Zp, after T iterations satisfy
E[f(Zr) — min,cga f(z)] < O(d/T); see e.g., [74].

However, in the presence of multiple solutions, it remains unclear from the above arguments whether
zeroth-order methods prefer certain minima. Our intuition to this question comes from revisiting the
underexplored role of fy(z). Using Taylor’s theorem (with details in Eq. (2)), one can find that

2
@) = fa) + 5T (V1 (@) +o().

This implies that zeroth-order optimization implicitly encodes an additive regularizer using the trace of
Hessian, which is a widely adopted metric in the literature [89, 88, 58, 34, 24, 3| to differentiate sharp
and flat minima [40, 46, 29, 75, 25, 38|. Existing works studying flat minima mostly centered around
first-order methods. The work of [75, 103, 85] empirically demonstrated that stochastic gradient
descent (SGD) converges to solutions with small expected sharpness E, (0,1, [f (2 + Au)] — f(7)
on a variety of vision tasks, which also implies small trace of Hessian according to Eq. (2). It was
also shown that SGD with label noise provably decreases trace of Hessian as a regularization term
for overparameterized models [12, 22, 55]. Wen et al. [89] proved that sharpness-aware minimization
(SAM) [33], a method specifically designed for finding flat minima, minimizes trace of Hessian when
the batch size is one. Further discussions on the relevance of flat minima, as well as the role of the
trace of Hessian can be found in the recent work [3].

This work formalizes the intuition above and initiates the study of the implicit regularization of
zeroth-order optimization with the standard two-point estimator. Despite relying only on function
evaluations of f(z), we show that zeroth-order optimization converges to flat minima, which are
typically characterized using second-order information such as the Hessian matrix V2 f(x). In particular,
our contributions are summarized below.

e We define flat minima as the minimizers that achieve the smallest trace of Hessian over the set
of all minimizers; see Definition 3.1. Assuming the function is convex and three times continuously
differentiable with Lipschitz-continuous gradient, Hessian, and third derivatives (Assumptions 3.3
and 3.4), we prove that zeroth-order optimization with the standard two-point estimator (Algorithm
1) converges to (O(e/d?), ¢)-approximate flat minima, defined in Definition 3.2, after T = O(d*/¢?)
iterations; see Corollary 2. While standard convergence analysis directly treats A2Tr(V2f(x)) as
a bias term and controls it by choosing a sufficiently small A\, we provide a tighter and novel
characterization in Section 3.1 of zeroth-order update dynamics to analyze convergence of F'(z) :=
f(x) + (\2/2)Tr(V2f(x)). This result is of independent and broader interest for advancing the



understanding of zeroth-order optimization and naturally extends to analyzing convergence rates of
first-order methods such as SAM and SGD on the smoothed loss towards flat minima (Remark 3.4).

e We provide empirical evaluations to examine the behavior of the trace of Hessian under zeroth-
order optimization across three settings: a test function (Figure 1), binary classification tasks using
overparameterized SVMs and logistic regression (Figure 2), and language model fine-tuning tasks with
RoBERTa [61] (Figure 3). Consistent with our theoretical predictions, we observe that the trace of
Hessian decreases when using zeroth-order optimization across all these settings. Note that we adopt
an estimation of the trace of Hessian on language models for scalability purposes.

To the best of our knowledge, this is the first work to prove that zeroth-order optimization converges
to flat minima. Note that all results provided in this paper can be readily extended to zeroth-order
optimization with other unbiased estimators of V fy(x) satisfying E[uu'] = I such that Eq. (2) holds,
including the one-point estimator suggested in 32, 74], as well as gradient estimation using random
vectors uniformly distributed on the Euclidean sphere [81, 97].

Notation. We use ||| for the Euclidean norm of vectors and [m] for the set {1,2,--- ,m}. The
trace of a square matrix J is denoted by Tr(J). A standard Gaussian random vector in R? is
written as v ~ N(0,1;) and satisfies Efvv'] = I;. A function p : R? — R is convex if ap(zx) +
(1 —a)ply) > plax + (1 — a)y), Vz,y € R and o € (0,1). A function ¢ : R? — R is rth-order
smooth with L, > 0 if it is r times differentiable and |[V"q(z) — V"q(y)| < L||lx — y||, where
V7 ()| = mae, e o1 [V q(@)[s]"| and V7 qa)[s]7 2= X o i (07 a(a) Oy, -0y )si, -5,
We say for brevity that ¢(x) is Li-smooth if r = 1.

1.1 Related Works

Zeroth-Order Optimization. Existing works primarily focused on convergence to a stationary
point, while we prove the first result on convergence to flat minima. The development and early
advances of zeroth-order optimization can be found in [70, 21]. Nesterov and Spokoiny |74] provided a
convergence analysis of zeroth-order optimization across various settings. Their results for nonsmooth
convex functions were refined by [81], while improvements for nonsmooth nonconvex functions were
made by [57, 16, 47]. Extensions to the stochastic setting were considered in [36]. Lower bounds
were also provided in [90, 28], showing that the dimension dependence in the convergence guarantees
of zeroth-order optimization is unavoidable without additional assumptions. Several recent works
[94, 69, 97] proved that such dimension dependence can be relaxed to a quantity related to the
trace of Hessian. Zeroth-order optimization has been extended to minimax optimization [86], bilevel
optimization [1], constrained optimization [10, 64], and Riemannian optimization [52, 53]. It has also
been integrated with coordinate descent [56], conditional gradient descent [9], SignSGD [60], and
variance reduction techniques [59, 30, 43|. A line of work [83, 66, 10, 96, 79| established convergence
to second-order stationary points, demonstrating that zeroth-order methods can also escape saddle
points. The noisy function evaluation setting was studied in [8, 65, 4|, where higher-order smoothness
assumptions were used to reduce bias in gradient estimates. The capability of zeroth-order methods
for fine-tuning LLMs was first demonstrated by Malladi et al. [69]. Following this work, several
recent studies have introduced various improvements aimed at enhancing runtime efficiency and
performance, including momentum [100, 44], variance reduction [35|, sparsification [37, 63], use of
Hessian information [101], and better sampling strategies [19].



Algorithm 1 Zeroth-Order Optimization with the Two-Point Estimator

Input: Initialization zg € R?, number of iterations T, stepsize n > 0, smoothing parameter A > 0.
1: fort=0,1,--- ,7T—1do
2:  Sample u; uniformly from the standard multivariate Gaussian distribution N (0, 1;).
3:  Construct the two-point gradient estimator

flxy + Aug) — fz — Aug)
2\

9/\(%, Ut) = Ut-

4:  Update the parameter
Tep1 < T — Nga(@e, up).

Output: z, for 7 sampled uniformly at random from {0,1,--- ,7 — 1}.

Sharpness-Aware Minimization. Prior studies of flat minima have mostly centered on first-order
methods. Algorithms designed to find flat minima have achieved strong empirical success, including
Entropy-SGD [15], stochastic weight averaging [42, 45|, and sharpness-aware minimization (SAM) [33].
Similar methods to SAM were proposed in [92, 102], and their efficiency and performance were further
enhanced in e.g., [49, 62, 26, 104, 5, 50]. Also inspired by the insights in Eq. (2), Zhang et al. [95]
proposed a gradient-based method that effectively minimizes the smoothed loss. A recent work [78§]
introduced a method that replaces the SAM perturbation with zeroth-order estimation. In addition
to the trace of Hessian used in this work, other notions of sharpness have also been studied in the
literature. One such example is the largest eigenvalue of the Hessian matrix, which has been shown
to be implicitly penalized by (S)GD with large learning rates [20, 7, 87, 67, 23, 2] and SAM [89, 11].
Li et al. [51] proved that SAM implicitly promotes balanced solutions on scale-invariant problems.
A sharpness measure based on the largest gradient norm in a local neighborhood was proposed in
[99]. Recently, Ahn et al. [3| provided a formal definition of flat minima and studied the convergence
complexity of finding them. A local concept of flat minima was used, defining them as local minima
that are also stationary points of the trace of Hessian evaluated at limit points under gradient flow.
Two gradient-based algorithms were proposed with convergence guarantees to flat local minima under
the assumptions that the loss function is four times continuously differentiable, satisfies the local PL
condition, and has a twice Lipschitz limit map under gradient flow. In this work, we adopt a global
notion of flat minima and assume convexity of the function to show that zeroth-order optimization
with the two-point estimator converges to flat global minima.

2  Warm-up: Sharpness as Implicit Regularization

Throughout this paper, zeroth-order optimization refers specifically to the method described in
Algorithm 1. As the two-point estimator in Eq. (1) is an unbiased gradient estimator for the smoothed
function fx(7) = Eypn(0,1,)[f (x + Au)] [74], zeroth-order optimization directly minimizes fy(z). Let
f(x) be twice continuously differentiable. By Taylor’s theorem, we have that

f(x+u) = f(z) + ' Vi(z)+ );UTVQf(x)u +0(\?).
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Figure 1: Loss and trace of Hessian on Example 2.1 with d = 100. (a) Comparisons among gradient
descent (GD), zeroth-order (ZO) optimization (Algorithm 1) with A = 0.1, and ZO with A — 0
(directional derivatives). (b) Comparisons on different A used in ZO. GD and ZO with A — 0 fail
to decrease the trace of Hessian. Larger A in ZO leads to larger errors in the loss but brings more
regularization effect on minimizing the trace of Hessian.

Taking expectation w.r.t. u ~ N(0,I;), we obtain that

2
fa(@) = @)+ 5 B [T (w72 7(@)] + o0 o
2
= f(z) + %Tr (V2f(x)) + o(N?).

The results suggest that the smoothed function introduces trace of Hessian as an additional regu-
larization term. In the literature for sharpness-aware minimization, the trace of Hessian is often
used to measure the sharpness of the solution [89, 88, 3|. Recall that E[gy(z,u)] = V fi(x), and thus
zeroth-order optimization implicitly minimizes sharpness:

2
Bu,[xt41 — @) = —nV f (@) — %VTr (V2 f (1)) + 0o(3). (3)

This holds for any twice continuously differentiable function without further assumptions. It can be
readily deduced from Eq. (3) that when z; is close to optimal, i.e., with small gradient, the iterates
move in expectation towards a direction that reduces trace of Hessian. Before formally establishing
that Eq. (3) leads to flat minima, we first illustrate this intuition through a concrete example.

Example 2.1. Consider the function h(z) = (y 'z — 1)2/2, where z = (y",2")T € R?? for y, z € R%.
The optimal value is achieved when y 'z = 1, and the trace of Hessian is ||y[|? + ||z[>. Among all
optimal solutions, the smallest trace of Hessian is achieved when y = z and ||y|| = 1.

Figure 1 plots the values of the loss function and the trace of Hessian when applying gradient descent
and zeroth-order optimization on Example 2.1. Gradient descent and zeroth-order optimization with
A — 0 leave the trace of Hessian almost unchanged throughout. The smoothing parameter A controls
the trade-offs between regularization on the trace of Hessian and the optimization error induced by
this additional bias term. Despite the large oscillation in loss values from zeroth-order methods due



to random search directions, the trajectory of the trace of Hessian decreases noticeably smoother.
Example 2.1 belongs to a class of scale-invariant problems studied in Li et al. [51]. It was proved that
SAM promotes balanced solutions on these problems where B; := (||y]|? — ||2¢]|?)/2 converges to 0
in the limit, while B, remains By for gradient descent [51]. Note that only flat minima are perfectly
balanced with ||y|| = ||z|| among all optimal solutions of Example 2.1. We show in the following that
zeroth-order optimization favors balanced solutions as well. A proof is provided in Appendix A.

Proposition 2.2. When applying zeroth-order optimization (Algorithm 1) on Example 2.1, the limiting
flow with n — 0 satisfies that dE[B;]/dt = —2)\2E[By]. In other words, E[B;] — 0 when t — co.

The smoothing parameter A plays a critical role in driving E[B;] towards zero and determines the
rate. When A = 0, the regularization effect disappears, and zeroth-order optimization behaves like
gradient descent to maintain E[B;] as a constant. These theoretical findings align with Eq. (3) and
Figure 1. However, the qualitative discussion of implicit regularization in this section does not offer
insights on the complexity to reach flat minima, which will be the subject of the next section.

3 Complexity for Finding Flat Minima

To formally study the convergence complexity of zeroth-order optimization with the two-point estimator
towards flat minima, we first define the notion of flat minima that we are interested in.

Definition 3.1 (Flat Minima). Suppose that f(z) is twice differentiable with a well-defined Hessian
matrix. Let X'* := arg min,cra f(2) denote the set of minimizers of f(z). We say z* is a flat minimum
of f(z) if z* € argmingex+ Tr(V2f(z)). That is, #* is a minimizer of f(z) that achieves the smallest
trace of Hessian among the set of minimizers.

The above definition of flat minima implicitly encodes a constrained optimization problem

. 2 .
min Te(V2f(z)), st. f(z) - min f(z) <0.

This functional constraint is equivalent to requiring x € X, since it always holds that f(z) >
mingcpa f(x). In the literature on functional constrained optimization problems mingec 1o (z) with
the constrained set C := {x € R?|+1(z) < 0}, a common objective is to find e-approximate solutions
& satisfying ¥ (%) — mingec ¥o(z) < € and ¥1(z) < e [71, 13, 98]. Motivated from this connection to
constrained optimization, we define approximate flat minima in the following.

Definition 3.2 (Approximate Flat Minima). Suppose that f(z) is twice differentiable with a well-
defined Hessian matrix. Let A™* := argmin ps f(z) denote the set of minimizers of f(x). For
€1,€2 > 0, we say & is an (€1, €2)-approximate flat minimum of f(x) if

f(z) — min f(z) < e, Te(Vif(£)) — min Tr(V2f(z)) < eo.
zERI TEX*

Ahn et al. [3] defined flat minima as local minima that are also stationary points of the trace of Hessian
evaluated at limit points under gradient flow. Since the trace of Hessian is highly nonconvex, such a
local definition does not necessarily correspond to minima with the lowest trace of Hessian. In this
work, we adopt a global notion of flat minima and prove that zeroth-order optimization converges to
them. The following assumptions are required to guarantee convergence to approximate flat minima.



Assumption 3.3 (Smoothness). We assume the function f(x) is three times continuously differentiable
and satisfies that (a) f(x) is Li-smooth; (b) f(x) is second-order smooth with Lo > 0, which implies
that all third-order partial derivatives are bounded: |93 f(x)/0z;0x;0xx| < Lo, Vi, j,k € [d] and
Va € RY; and, (¢) f(x) is third-order smooth with Lz > 0, which implies that Vz,y € R?,

fy) = fx) = V@) (y—2) - %(y — ) V2 f(z)(y — ) — évg’f(w)[y —a)’| < %Hl‘ —yll%,

where V3 f(z)ly — ]* = 32, j e (0% (2)/02:020x1) (i — ) (y; — =) (yk — T1).

Since the characterization of flat minima already involves second-order information of f(x), it is natural
to require assumptions on higher-order information to establish convergence guarantees. Higher-order
smoothness assumptions have been widely used to establish fast convergence rates [8, 72|, guarantee
convergence to second-order stationary points [30, 79|, analyze implicit regularization [7, 89], and
study the complexity of finding flat minima [3]. We emphasize that these assumptions on higher-order
information are used solely for convergence analysis; Algorithm 1 requires only zeroth-order information.
In order to prove global convergence, we also need the following convexity assumption. Although f(z)
is convex, Tr(V2f(z)) is in general nonconvex. Seeking flat minima with lowest Tr(V?2f(z)) in the set
of minimizers X'* is therefore a challenging task.

Assumption 3.4 (Convexity). The function f(z) is convex on R? and thus Tr(V2f(z)) > 0.

3.1 Convergence Analysis

We start with a brief recap of standard convergence analysis for zeroth-order optimization. We then
explain the major theoretical contribution in this paper that leads to convergence towards flat minima.
By the zeroth-order updates in Algorithm 1, we have that Vz € R?,
Elze1 — zl* = Ellwy — x| — 2nElga (w4, w)] ' (20 — 2) + 17 Bl|ga (e, we)[|*
2
< Bl — 2|” = 2n(fa(ze) — fa(@)) + n* Ellga (e, ue) |
Here, we use E[gx (¢, ut)] = Vfa(z¢) and the property that fy(z) is convex when f(z) is convex [74].

Standard analysis considers optimizing f(x). When f(x) is smooth, the second term fy(x;) — fa(z) =
f(zy) — f(x) + O(N\?), and the third term can be bounded as

Ellga(ze, ue)|” < 2(d + 4[|V f(2)|* + O(N).

Since f(z) is Li-smooth, we also have that ||V f(z)|> < 2L1(f(z) — min,cga f(z)). By selecting z as
one minimizer from the set X* and setting n = O(1/d), we can rearrange Eq. (4) to obtain

(4)

E | f(z) — min f(z)| < O(d)(El|z; — @l* = Ezer — 2l*) + O(N?).

zeR

Summing up from ¢t = 0 to t =T — 1 and averaging by T' give E[f(Z7) — min,cga f(x)] < O(d/T)
with a small enough A, where Z7 is the average of iterates [74].

Going beyond the classical analysis and targeting at flat minima, we take inspiration from Eq. (2)
and instead focus on the regularized loss

2
F(z):= f(z)+ %Tr (V2 f(z)). (5)
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In this way, we do not treat Tr(V2f(z)) as a bias to be controlled but instead view the term as
an objective to be optimized. Indeed, the @(\?) error term in the standard analysis mostly comes
from bounding A\2Tr(V2f(x)) from above by A2Lid when f(z) is L1-smooth. To proceed, we need
to control the difference between F(x) and fy(z), as well as to bound E|[gy(z¢, u;)||? by the term
|[VE(x)||? to establish convergence on F(x).

Lemma 3.5. Let Assumption 3.3 be satisfied. For F(x) defined in Eq. (5), it holds that

L
|fr(z) — F(z)| < 2—ZA4(d +4)2,  vzeRL

The second moments of the two-point estimator gx(z,u) defined in Eq. (1) can be bounded as

L3 L3
Bllga(z, )| < 2(d+6) [VF@)|* + X4 (d +6)* + - 220 (d+ 10)°,

Note that the result above is a non-trivial extension of classical analysis. Particularly for E|[gy(x,u)]|?,
Isserlis’ theorem [41, 91| is required to compute an 8th-order moment E[H?zl u;;] where each i; € [d]
and u;; is a standard Gaussian (see Lemma B.1), while standard theory only needs to compute a
4th-order moment. By a combinatorial computation, there are in total 105 terms to be considered for
8th-order moments, but only three terms for 4th-order moments. We also need smoothness of F(x)

for relating ||V F(z)|? to F(z) — mingcge F(x).

Lemma 3.6. Let Assumption 3.3 be satisfied. Then F(z) is (2L1)-smooth if \* < /2Ly /(d*/?Ls).

Proofs of Lemmas 3.5 and 3.6 can be found in Appendix B.2. Following the one-step analysis in
Eq. (4) and using the above two lemmas, the theorem below establishes convergence guarantees of
Algorithm 1 to minima of F'(x). A proof is provided in Appendix B.3.

Theorem 1. Under Assumptions 5.5 and 3./, Algorithm 1 with stepsize n = 1/(8(d + 6)L1) and
smoothing parameter N2 < /2L /(d®/?L3) satisfies that

8(d + 6)L1||xo — )2

- EX‘(d +4)% + L—%A‘*(d +6)3 + iﬁ(d +10)*
6 241, 1152L, ’

where xog € R is the initialization, x} € argmingcpa F(x), and the expectation is taken w.r.t. the
randomness in all search directions and the selection of x,.

Following the standard gradient-based method to minimize F'(z) via VF(z), third-order derivatives of
f(x) are required due to the computation of VTr(V2f(x)). Here, we prove that Algorithm 1 that uses
only zeroth-order information of f(x) converges to minimizers of F(z). Although F(x) is nonconvex,
the difference between F'(x) and a convex function, f)(x), can be made small, and thus convergence
to global minima is still guaranteed. The corollary below transfers convergence guarantee towards
minima of F'(x) to convergence guarantees towards flat minima of f(x). The proof of it can be found
in Appendix B.3.



Corollary 2 (Iteration Complexity for Finding Flat Minima). Let Assumptions 5.3 and 3./ be satisfied.
For e > 0, Algorithm 1 with stepsize n = 1/(8(d + 6)L1) satisfies that

‘ 3L3¢ €
E|ston) = 109)] = st (1 i)

E [Tr(VQf(J:T)) — min Tr(VQf(:v))] <,

TEX*

when setting the smoothing parameter \ and the number of iterations T such that

2 i V2L 12y/Lie 3e 3L1e
B d3/2L3 L3(d+10)2" 4L3(d +4)2" L3(d+6)3 [’

T=>

€

64(d + 6) L1 ||zo — 2% ||? . d3?L3 L3(d+10)? 4L3(d+4)? L3(d + 6)°
V2L, 12y/Lje ’ 3e " 3L '

Recall X* = arg mingega f(x). According to Definition 5.2, this means that (O(e/d?),€) approzimate
flat minima can be guaranteed with T = O(d*/e?) and X = O(e'/?/d3/?).

Remark 3.1. Our convergence guarantees require that f(x) satisfies first-, second-, and third-order
smoothness assumptions. In Appendix C, we explain how the first- and third-order smoothness
assumptions can be relaxed, at the cost of slower convergence rates; see Table 1 for a summary.

Remark 3.2. We discuss here how the parameters A and 1" are selected and compare with the standard
analysis [74]. Let E[F(z,) — min,cga F(z)] < Err(A\,T), where Err(\,T) = O(d/T) + O(\*d?)
is given by Theorem 1. In the proof of Corollary 2, we show that E[f(z;) — min,cga f(z)] <
Err(\, T) + O(A2d) and E[Tr(V2f(x,)) — mingex- Tr(V2f(2))] < 2 Err(\, T)/A2?. The guarantees on
E[f(z;) — mingepa f(z)] < O(d/T) + O(A%d) share the same dependence on the leading error terms
as the standard analysis [74], but we additionally ensure E[Tr(V2f(z,)) — mingex+ Tr(V2f(x))] <
O(d/(N*T)) + O(A%d3). We choose A\? = O(e/d?) and T = O(d/(\%¢)) such that E[Tr(V2f(z,)) —
mingex+ Tr(V2f(z))] < e, which results in E[f(x,;) — mingega f(2)] < O(N2(e + d)) = O(e/d?).
Standard analysis [74] set T = O(d/e) and A\? = O(e/d) such that E[f(x,) — min,cpa f(z)] < €.

Remark 3.3. We focus on the convex setting in this work, but the analysis extends to cases where
the objective is locally convex in a neighborhood. When initialized in this region, zeroth-order
optimization identifies local minima with the smallest trace of Hessian among all local minimizers in
the neighborhood. When f(z) is generally nonconvex, the current definition of flat minima is not
theoretically tractable without additional assumptions. We leave for future work a detailed study on
the definition of computationally feasible flat minima and the assumptions required to understand the
complexity of finding them in the nonconvex setting [2].

Remark 3.4. Our proof framework can be extended to understand the complexity of first-order
methods towards flat minima. For example, a gradient-based method, xy+1 < z; — nV f (2 + Auy)
with us ~ N(0,1;), that uses a gradient evaluated at the perturbed point as the descent direction also
minimizes the smoothed loss fy(x) in the expectation. By upper bounding E||V f(z + Au)||? with the
term ||V F(z)||?, convergence guarantees on F(z) and thus to flat minima can be established. The
same framework provides new insights on how SAM can be analyzed as well. Our primary focus is on
zeroth-order methods, and extensions to first-order methods are deferred to future.
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Figure 2: Training loss, trace of Hessian on the training data (Train Hess in the plot), and test
accuracy on (a) SVMs and (b) Logistic regression. Zeroth-order (ZO) optimization is slower than
gradient descent (GD) for minimizing the loss and maximizing the accuracy, but there is a clear trend
of decreasing trace of Hessian for ZO.

4 Experiments

Binary Classification with SVMs and Logistic Regression. We start empirical evaluations
using support vector machines (SVMs) and logistic regression. Given a training dataset {a;,b;}¥,
with feature vectors a; € R% and binary labels b;, we consider an overparameterized regime where each
a; € R is mapped to ¢(a;) = Wa; € RP via a random matrix W € RP*? with W;; ~ N(0,1) and
D > N > d. We use two standard binary classification benchmarks from the LIBSVM library [14]: aba
(N =6,414, d = 123) and wba (N = 9,888, d = 300) [76], and set D = 10,000 to overparameterize.
This ensures a higher-dimensional solution set with increased diversity, enabling a meaningful study
of implicit regularization to investigate the solutions selected by the algorithm. We consider SVMs
with the squared hinge loss and b; € {—1,1}, that is,

N

min f(r) = min %Z(max{o, 1 —bip(a;) " x})2

xERD zERD ‘
=1

For o(z) = 1/(1 + exp(—2)) and b; € {0, 1}, logistic regression minimizes the loss

. 1
Jnin, flx) = min ; (—bi log o(p(a;) ' ) — (1 — b;) log(1 — J(qb(ai)Tx))) .

These two models can be viewed as linear probing [48] on a two-layer neural network with a frozen
first layer and an identity activation. In the SVMs case, the second layer uses an identity activation
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Figure 3: Training loss, trace of Hessian on the training data (Train Hess in the plot), and test
accuracy on (a) SST-2 with K = 32 and K = 256, and (b) SST-5 and TREC with K = 32. Both
gradient descent (GD) and zeroth-order (ZO) optimization reduce the trace of Hessian during training.
In most cases, GD achieves lower training loss, smaller trace of Hessian, and higher test accuracy.

and is trained with the squared hinge loss, while logistic regression applies a sigmoid activation and
minimizes the cross-entropy loss. Both SVMs and logistic regression have convex objective functions,
and the trace of Hessian can be efficiently computed. Figure 2 shows the optimization trajectories
of gradient descent and zeroth-order optimization. In all cases, gradient descent and zeroth-order
optimization achieve comparable training loss and test accuracy; however, zeroth-order optimization
consistently reduces the trace of Hessian and converges to flatter solutions. Detailed experimental
setups and additional results can be found in Appendix D.2.

Fine-Tuning Language Models on Text Classification Tasks. We also evaluate the behaviors
of zeroth-order optimization on nonconvex language model fine-tuning tasks. Following Malladi
et al. [69], we consider few-shot fine-tuning on RoBERTa-Large (355M parameters) [61] with K = 32
and K = 256 examples per class on three sentence classification datasets: SST-2 and SST-5 [82]
for sentiment classification, and TREC [84] for topic classification. All experiments are tested on
a single NVIDIA H100 GPU with 80 GiB memory. To mitigate the effect of mini-batch noise on
reducing the trace of Hessian, we use full-batch training for both gradient descent and zeroth-order
optimization, which is feasible in the few-shot setting. As the exact computation of the trace of
Hessian is intractable due to the large model size, we adopt the widely-used expected sharpness
(2/6%)| By (0,1, Lf (2 +0u)] — f(x)| as an approximation |75, 103, 85], where f(z) denotes the training
loss evaluated at model weights = € RY. We set § = 10~ and estimate the expectation by averaging
over 100 samples. The performance of gradient descent and zeroth-order optimization is presented in
Figure 3. In this setting, both methods are observed to decrease the trace of Hessian. It is conjectured
that the behavior in gradient descent results from the implicit regularization associated with large
learning rates [20, 7]. Meanwhile, the observed decrease in zeroth-order optimization matches our
theoretical insights. Detailed setups and additional results are deferred to Appendix D.3.
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In classical optimization theory |74, 28], the convergence rates of zeroth-order methods scale with the
dimension d, limiting their applicability to problems with large d such as language model fine-tuning.
Previous work [69, 97] explaining why zeroth-order methods still achieve reasonable performance
on language model fine-tuning tasks has relaxed the dependence on d to a term related to the
trace of Hessian, Tr(V?f(z)). Assuming Tr(V2f(z)) < dL; when f(x) is Li-smooth, zeroth-order
optimization achieves dimension-independent rates and remains effective even in high-dimensional
settings. Our experimental results show that the trace of Hessian decreases and attains values much
smaller than the actual dimension, thereby supporting the assumption made in prior work to explain
the empirical success of zeroth-order optimization.

5 Conclusion

Motivated by the observation that zeroth-order optimization with the two-point estimator (Algorithm 1)
inherently minimizes Tr(V?2f(z)), we initiate a formal study of this implicit regularization. Specifically,
we analyze its convergence to flat minima, defined as the ones with the lowest trace of Hessian
among all minimizers. For convex and sufficiently smooth (Assumptions 3.3) functions, we prove
that Algorithm 1 guarantees (O(e/d?), €)-approximate flat minima (Definition 3.2) after T = O(d*/e?)
iterations. This is the first work showing that zeroth-order optimization converges to flat minima.
Experiments on binary classification tasks using SVMs and logistic regression, as well as language
model fine-tuning tasks on RoBERTa support our theoretical findings.

Theoretical and empirical performance of zeroth-order methods is often limited by the high variance
in gradient estimation. A promising direction is to combine zeroth-order and first-order methods to
leverage the strengths of both [69, 100, 54]. We only examine zeroth-order optimization using the
standard two-point estimator. Exploring whether the convergence complexity can be further improved
with possible modifications and additional algorithmic designs remains an interesting line of work.
The current theoretical results require convexity and higher-order smoothness assumptions of the
function. Investigation into nonconvex functions with relaxed assumptions is left for future work.
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A Missing Proofs from Section 2

Proof of Proposition 2.2. Algorithm 1 applied to Example 2.1 gives

Ti41 — X i h(fL‘t + )\’LLt) — h($t — )\ut)
- = U,
n 2\

where u; ~ N(0,154) is the search direction. Let u; = (v, ,w,")T. The dynamics can be written as

Y41 — Yt ((ye + Moe) T (20 + dwy) — 1)2 — ((ye — Aog) T (20 — Awy) — 1)21;
- tsy

n 4N

zer— 2 (e 4 o) T (24 M) — 1) = ((ye — Ave) T (2 — M) — 1)2w
— ..

n 4N

Let Ay := ((ye + Ave) T (2 + Mwy) — 1) — ((yz — Avg) T (26 — Awy) — 1)2. As it holds that
Ay =4\ (y] 2 — 1+ N we) (g we + 2] vy),
the dynamics can be simplified as

E [?Jtﬂ — Yt
n

xt} = —E[(y) 2 — 1 + X0 w) (3 we + 2 ve)ve | 2]

= —(ytTZt - 1)E[UtUtT]Zt - )\2E[Utvtthth]yt

= _(y;rzt — D)z — Ny,

and the same reasoning applies to

E |:Zt+1 — 2t
n

xt] = —E[(y;zt -1+ )\2vtth)(ytth + thvt)wt | 24
= —(y 2t — Dy — N2z

Here, we use that wy, v; are independent, and that E[w,w, | = E[vsv, | = 1. For By = (||y:|>— || 2:/1%) /2,
we then have that

2 2
Biy1— B _ o7 (yt+1 - yt> T (zm - Zt> L <yt+1 —yt> o (Zt-i—l - Zt>
1 ' 1 ' 77 2 n 2 1

Since it holds that

ytTE [yt+1 — Yt

z — Z
- xt] _ZIE[ 1 — 2t

Ui

4 = X2(|4ll? — lwel?)

= —2)\By,

we conclude that

Biy1— B
IE[ t+1 t
n

Therefore, by taking the limit 7 — 0, we have that dE[B;]/dt = —2\2E[By]. O
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B Missing Proofs from Section 3

We use Isserlis’ theorem [41, 91| frequently in this section and restate it below for clarity.

Fact B.1 (Isserlis’ theorem). Let u ~ N(0,14) be a standard Gaussian random vector in R?. The i-th
coordinate of u is denoted by w;. For i; € [d] with j € [N], it holds that

N
E|JJuy| =2 II dua
j=1

peP% (k.hep

where P]%, is the set of all distinct ways of partitioning [N] into pairs, and d;,;, is the Kronecker delta,

equal to 1 if ix = 4;, and 0 otherwise.

ikl

For example, when N = 4, there are in total (;1) @) /2! = 3 distinct ways, and we have that

Pf={{(1,2),(3,4)}.{(1,3),(2,4)}, {(1,4), (2,3)}}.

Applying Isserlis’ theorem gives that
4
B\ [ ;| = 6iris0isia + GiriaOinis + GirisOinis-
j=1

In general, there is no such partitions and the expectation is 0 when N is odd. For the even case, the
number of distinct partitions is

()6
(N/2)! = (N—1)(N—-3)---3-1,

which results in (N — 1)!! terms in the summation.

B.1 Supporting Lemmas

Let f(x) be three times continuously differentiable and u ~ N (0,1;) be a standard Gaussian random
vector in R%. To simplify notation in this section, we denote

Go(x,u) = (uTVf(az)) u,
Hy(x,u) = (uTV(uTV2f(:L')u)> u.
Since E[uu '] = I, we have that

E[u'Vf(x)u] = Eluu' |V f(z)
=V f(z).
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This shows that the directional derivative Go(z,u) when taking A — 0 in the two-point estimator (see
Eq. (1)) is an unbiased estimator of V f(x). For Hy(z,u), it holds that

d
Hy(z,u —uZuk— V2 f(2)u)

k=1

d d d

9 & f(x)

k=1 i=1 j=1

d d d

> f(x)
- Z Z Z 0z;0x;0xy, itlj U
i=1 j=1 k=1
Let h; be the I-th coordinate of Hy(z,u) for | € [d]. Applying Isserlis’ theorem, we have that

d d d 83f(1‘>
Elh] = Z Z Z mﬂﬂ[um]ukul]
d d d
O f(x)
- Z Z Z W(émékl + 5ik6jl + 6il<5jk)

L0 ()
N 87&61 — 8%‘? '

1=

This means that E[Hg(z,u)] = 3V(Tr(V2f(z))), and that Go(z,u) + (A\?/6) Ho(x,u) is an unbiased
gradient estimator for F'(z) defined in Eq. (5).

Lemma B.1. Let f(z) be three times continuously differentiable and u ~ N(0,14) be a standard
Gaussian random vector in R? independent of x € R%. It holds that

(a) E[[Go(z,w)|* = (d + 2)|V f(x)|I,
(b) E[Go(z,u)" Ho(z,u)] = 3(d + 4) V f(z) ' VIx(V2f(2)),

2 2 ) Sy (L) Y
(Bl 0] =90+ T )+ 6 +0) Y3 (05050 )

Proof. For (a), we have that




Similarly for (b), we have that
E[Go(w,u) Ho(w,u)] = E |(u"Vf(2))(u" V(u V2f (@)u >>||u||]

d 8 4 gy d

=E ( £ U ZZZ 1:28:1;]83: D020y, I (Zl u?)
d d d d d $ f( )

Z Z Z Z Z or; 8:5 10z O E[ulu]ukumui]

i=1 j=1 k=1 m=1n=1

By Isserlis’ theorem (see Fact B.1), when N = 6 to compute E[u;u;ugumu2], there are in total 5x3 = 15
terms in the summation, and the problem reduces to how we partition the set {3, j, k,m,n,n} into
three pairs. Let us consider the following two cases.

(1) We pair n with n and partition {4, j,k,m} into two pairs. This gives 3 terms in the summation.
5z‘j5km + 5ik5jm + 5im5jk = Aj.

Here, we use d,, = 1 and let A1 denote the summation of terms considered in case (1), and then
d

ZZZZZ@Q?@JJ 0wy, 63: A _3dzzax26xk ﬁxk '

i=1 j=1 k=1 m=1n= i=1 k=1

(2) We select two ordered indices in {i, 7, k,m}, pair the first one with the first n, and pair the second
one with the second n. The remaining two indices form the third pair. This gives 4 x 3 = 12 terms
in the summation. To further simplify notation, we divide case (2) into two subgroups, each with 6
terms, and denote the summation of considered terms by As_1, As_o, respectively.

In Ay_1, we consider the case where both selected indices come from {i, j, k} involved in third-order
derivatives. It contains 6 terms and thus

19) 39 D) SPLE LS L g op
8:c 83; 0z OTm — ox, Oz

i=1 j=1k=1m=1n

In As_o, we consider the case where one index in the selected two indices is m. This also gives 6
terms, and we have that

r) Of(x
Zzzzzaxax Oz Oz, 7622837283% 8xk ’

i=1 j=1k=1m=1n i=1 k=1

Considering the above cases (1) and (2), we conclude the proof of (b).
d d

0
E[Go(z,u) " Ho(x,u)] 22; z:lz (936 o x@xk éfx( )E[uzujukumui]
7 j m
d d d d fz) Of()
B ;; ;mz:l; 8:17 O0x;j0xy, 0T, (A1 + Az-1 + Az-o)
d

d+4 ZZ a$28$k 8xk

i=1 k=1
=3(d+4) Vf(z)"VTr(VZf(x)).
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Finally for (¢), we have that
E||Ho(z, w)|* = E |(u” 9V (u" V2 f(2)u))?|ul?]
2
d d d d
_ > f(x) 2
=FE Z ; Z 02,0, 0a, Ui UK ;ul

i=1 j=1 k=1

d
X o
Z Za /) /) E[us, wjy wk, Wiy, up, U7 )

x;, 024, 0x), 0x4,07 5,07y,

I
M=~

o

i1,J1,k1=112,52,k2=1 I=1
where le 1.k —1 means Z?lzl 23‘11:1 Zzlzl. By Isserlis’ theorem (see Fact B.1), we need to consider
all distinct ways of partitioning the set {i1, j1, k1, 2, j2, k2, [, [} into four pairs, which has 7x 5 x 3 = 105
terms in the summation. We consider the following two cases.

(1) We pair | with [ and partition {i1, j1, k1,92, j2, ko} into three pairs. This gives 5 x 3 = 15 terms
in the summation. We further divide case (1) into two subgroups and denote the summation of
considered terms by A;_1, Aj_s, respectively.

Aj_1 has 3 x 3 =9 terms, where the first pair is formed with one index from {41, ji, k1 } and the other
index from {i9, jo, ko}, the remaining indices in {i1, ji1, k1} yield the second pair, and the remaining
indices in {i2, jo, k2} give the third pair. By symmetry of the summation, we have that

d

P f( *f(x) L (@) ()
Z Z Z (%U“(%Uhamkl 0,01 ,0x}, A = 9dz Z Z 8x28xk 8$28xk

11,J1,k1=112,52,k2=1 I=1 =1 j=1 k=1

.

The rest 6 terms of cases (1) are collected in A;_o, where all three pairs consist of one index from
{i1, 71, k1} and the other index from {is, j2, ko}. Therefore, we have that

d d d d d
DO SEDS 1) ey (S0
k=1 I=1 aa:ualeaxkl 8x228xj28xk2 A - 8xi8xj8mk ’

i1,J1,k1=112, =1 j=1 k=1

1

(2) We select two ordered indices in {i1, j1, k1, 12, j2, k2 }, pair the first one with the first [, and pair
the second one with the second [. The remaining four indices form the last two pairs. This gives
(6 x 5) x 3 =90 terms in the summation. We further divide case (2) into two subgroups and denote
the summation of considered terms by As_1, As_o, respectively.

In Ay, the selected two indices come from the same {i1, ji, k1} or {is, jo, ka}. There are in total
3 X 2% 2x 3 =36 terms involved. By symmetry of the summation, we have that

d d
> X
j2,k2=

i1,j1,k1=112,

d
f(@) 0*f(z) f(z)
lz; 8m118m318xk1 0x;,0x,0x}, Az—1 =36 Z Z Z 8x23:pk 31:2833k

1 =1 j=1k=1

In Ay_o, the selected two indices consist of one from {i1, ji, k1 } and the other from {is, jo, k2} to pair
with [. To simplify computation, As_s is further split into As_o_1 and As_s_o, according to how the
remaining two pairs are constructed.

For case As_s_1, after having the two pairs with [, the remaining indices in {i1, j1, k1 } yield the third
pair, and the remaining indices in {is, j2, ko} give the fourth pair. One example of such partition is
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{(41,1), (i2,1), (j1, k1), (j2, k2)}. There are in total 3 x 3 x 2 = 18 terms in the summation, and

d d d d d
> f( 0*f(x) x) 9*f(x)
A =1
Z Z Z 836“836]18:6;{1 0,01 ,,0x}, S 5 Z Z Z 8x28xk 8x28xk

t1,j1,k1=112,j2,ka=1 I=1 i=1 j=1k=1

For case As_o_o, after having the two pairs with [, the remaining two pairs are composed of one index
from {i1, j1,k1} and the other index from {is, jo, ko}. There are 3 x 3 X 2 x 2 = 36 terms, and thus
we have that

d d 4 91 (x) d d d Pr) \?
Z Z Z 8:(:“81:]18ku 0%, 02, 0T, Az-p-2 = 36222 <8x26x]8xk> '

i1,J1,k1=112,j2,k2=1 I=1 =1 j=1 k=1

A sanity check 36 4+ 18 + 36 = 90 makes sure that all terms are included in case (2), and 15+ 90 = 105
ensures all terms are considered to compute E[u;, wj, uk, i, uj,ug,u?]. Therefore, considering all cases
above, we have that

E||Ho(z,u)|® = Z Z Za . xa . 82}“((; E s, w, wp, iy iy iy i3]
11,J1,k1=112,j2,ka=1 I=1 L1 05 0Ty OLjy 0T, OT ey
d

d d d 2
0f(x) P f(x) O
=9(d+6) Z Z < 970wy 896259% 6ld+6) - Z Z <8$z8%89€k>

i=1 j=1 k=1 i=1 j=1 k=1

LS (B
=9(d +6)|VIx(VZf(@)|> +6(d+6) > > Y (axlaxjaxk> '

i=1 j=1 k=1

This proves (¢) and concludes the proof of Lemma B.1. O

B.2 Proofs of Lemmas 3.5 and 3.6

Proof of Lemma 3.5. Recall fy(x) = E[f(z + Au)] and F(x) = f(x) + (\2/2) Tr(V2f(x)). The first
part follows from the third-order smoothness of f(x) in Assumption 3.3. To simplify notation, we let

2 3
Dz + M) = f(z) + AV f(2) Tu+ 2o V2f(2)u+ Agv?’f () [u)?, (6)

2
where V3f(z)[u]® = 2 ijkeld (03 f(x)/0m;0x 0z )ujujuy and u ~ N(0,14) is a standard Gaussian

random vector. Taking expectation w.r.t. u, we have that
)\2
Ey[®(x + Au)] = f(x) + ?E[uTvzf(x)u]
= F(x).
As a result, we obtain
In(@) = F(@)] = [B[f (@ + X)) - E@,(a + Xu)]
< E‘f(a: +Au) — @, (x + )\u)‘

< =XE
< SMEull,
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where we use Assumption 3.3 (¢). The proof is complete applying Lemma 1 in Nesterov and Spokoiny
[74] such that E|u” < (d+~)"/?if v > 2.

We now show the second part using Lemma B.1. Similarly to Eq. (6), we define

3
A8 f ().

Do (x— M) = f(x) = AV f(z) u+ );UTVQf(x)u -5

By Assumption 3.3 (c¢), we have that

o+ 2a) — (2 — )| < (2 + M) — B+ Aat)| + B — Mat) — f(z — M)
+|Pz(z + Au) — Op(z — Au)

A3 L
< ‘2Wf(:v)Tu V@ + Al
For the two-point estimator in Eq. (1), it holds that
flx+ M) — flz — Iu))?
Jor(e, ) = LEFAD S R0F
4\

T N s 3 ’ > L3 6y 110

2 (V1) Tu+ X @)l + O

Recall Go(z,u) = uu! Vf(z) and Ho(z,u) = uu' V(u! V2f(x)u) = uV3f(z)[u]®. Therefore, we have

) ,  2X2 - A4 , L3
Ellga(z, w)|* < 2E|Go(w, w)[|* + —-E[Go(w, u) " Ho(w, u)] + TE| Ho(z, w)|I* + S

4
@ o (w2 @))?

Eful*

= 2(d+2)[|Vf(2)|* +2(d + 4)A2Vf(x)TVTr(V2f(x))

d+6 A4ZZZ 2 LQ)\6EH HlO
8x18x 8xk 288

i=1 j=1 k=1

L3 L3
2(d +6)|VF(2)[* + 32/\4(65 +6)" + 28?;3/\6(65 +10)°.

Here, we plug in Lemma B.1, apply Assumption 3.3 (b), and use Lemma 1 in |74].

For completeness, we also show here that second-order smoothness implies the boundedness of
third-order derivatives. Recall the second-order smoothness in Assumption 3.3 (b).

IV?f(y) = V2F ()|l < Lolly — 2II,  Vy,z € R,
where the matrix norm is defined as

IV2f(y) = V2 f ()] = max  |w V2f(y)w —w' VEf(2)w|.

weRd,juw]<1

For simplicity of the notation, we let Vi, j € [d],

Pfly)  f(2)
al‘iax]’ 8%895] '

Dl](ya Z) =
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Let e; € R? denote the unit vector whose i-th coordinate is 1 and all other coordinates are 0. Since
|leil| = 1, we have that Vi € [d],

Dii(y, z)| = |e] V2 f(y)ei — e] V2 f(2)e;

<[V f(y) = V2 f ()
< Lafly — 2|

We define wt := (e; +¢;)/v/2 and w™ := (e; — e;)/v/2 for any i, j € [d] and i # j. It holds that
()T (V2 F(5) = V2F() (@) = 5(Daly,2) + 2Dy, ) + Dy, ),

()T (V2 £(3) = V21 () w) = 5(Daly,2) — 2Dy, ) + Dy, ).

Since ||lwT|| = |Jw™]| = 1, we have that

1 Dij(y, 2)| = % (W) (V2 (y) = V2F () () = () (V2 (y) = V2 f(2)(w™)
< IV2f(y) = V£ (2)]
< Lolly — 2|

This means that the function 02 f(x)/dz;0x; is Lo-Lipschitz for all 4,5 € [d] and implies that its
gradient norm is upper bounded by Lo. As a result, we have that Vi, j, k € [d],

<8x181‘]8xk> H <8x18x]>

< L3

2

This concludes the proof that |9 f(z)/0x;0x;0xk| < Lo, Vi, j, k € [d). O

Proof of Lemma 5.6. Recall the third-order smoothness in Assumption 3.3 (c).
IV2f(y) = V2f(2)| < Lally — 2ll, ¥y, 2 € R,
where the tensor norm is defined as

IV2f(y) = VPF() = max  [VPF(y)lw]’ — V2 f(2)[w]’

weR, [|w||<1

)

and V3£ (y)[w]® = > jkeld] (93 f(y)/0w;0x j0x) )w;w;wy,. More details can be found in Eq. (1.1)-(1.5)
of Nesterov |[72] and Appendix 1 of Nesterov and Nemirovskii [73]|. For simplicity of notation, we let
Vi, j, k € [d],

83f ( ) & f(2)

Dz]k(y7 ) .

Let e; € R? denote the unit vector whose i-th coordinate is 1 and all other coordinates are 0. Since
|le;|| = 1, we have that Vi € [d],

|Diii(y. 2)| = [V f(y)[es]® = VP f(2)[e]?]
<|IV3f(y) = V()|
< Lally — 2.
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We define wt := (e; + ex)/Vv2 and w™ := (e; — ex)/V/2 for any 4, k € [d] and i # k. It holds that

VAWt — VA = YDy, 2) + 3Dus(v. ) + 3Dis(v. ) + Deva,2))
V() — V) = Y (Dia.2) — 3Dy 2) + 3Dusa(y.2) — Dy ).
Since ut|| = [w-|| = 1, we have that
D) = L2 (VT — T ) — (@) = V)T — 5 Dusa(v.2)
< 2290 4) - V()] + 21 Duaal. )
< ity =]

As a result, we obtain

IVTe(V2f(y)) — VI (V2 f(2))]* =

2
0 Py 9 LK)
<8$kz 81’% k; 8:10? )

d
; =1
d / d 2
= Z (Z Dzzk ya )
k=1 \1i=1
d [/ d 2
< Z ( |Duk Y,z )
k=1 =1
< 2d°L3[ly — z[|*.

By Assumption 3.3 (a), we have that Yy, z € R,

2
IVE(y) = VE)| <[[Vf(y) = V() + %HVTr(wf(y)) — VTe(V2£(2))ll

A2d3/2 4
<|Li+
( NV ly — z||.

This means that F(x) is (2L;)-smooth when A2 < /2L, /(d*?L3). Therefore, we have that

2

F ( - L or@ >) < F@) - 5 IVF@I + L

1
_—VF
2L, 5L,V ()

1
= F(z) — —||VF(z)|>
@~ 1 IVF @)
Rearranging terms, we obtain that Vo € R,

|IVF(x)||? < 4L, (F( )—F <x - —VF( )))

214
(7)
<4l (F(x) — min F(x)) .
z€ER
This property of smooth functions is used in the proof of Theorem 1 below. O
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B.3 Proofs of Theorem 1 and Corollary 2

Proof of Theorem 1. By Assumption 3.4, f(z) is convex, which suggests that the smoothed function
fr(z) is also convex [74]. Let x% be one minimizer of F(z) = f(z) + (A\2/2)Tr(V2f(x)). By the
zeroth-order update rule in Algorithm 1, we have that
Eullzer1 — 2l” = [lze — 251> = 20 Elgx (e, ue)] ' (2 — 2) + 0 Ellga(we, w) |

= |zt = 251> = 20V faxe) T (20 — &) + 17 Elga(ae, ue) |

< e = 2 l1* = 20(fa(ae) — fa(@h)) + 1 Ellga (e, we) |1

< ot — apl* = 20(F (2e) — F(ap) +1° Ellga(ze, ue) ||

+ 20| F (i) — fa(@o)] + 20| fa(aF) — F(zF)]

« « Ls
< lwy — apl? = 20(F(21) — F(25)) + 0 Ellga(@e, ue) |* + gﬁ)\‘l(d +4)?,

where we apply Lemma 3.5 in the last step. Using the same lemma, we also have that
L3 L?
Ellgx(ze, ue)[|? < 2(d + 6)||VF ()| + ?2/\4(d +6)* + ﬁ/\("(d +10)°
2

L L2
< 8(d + 6) Ly (F(xy) — F(z})) + ?2)\4(d +6)* + §38)\6(d +10)°,

where we apply Lemma 3.6 with A2 < v/2L1/(d%/?L3) and use Eq. (7) when F(z) is (2L;)-smooth.
As a result, we obtain that

Eu, |z — 2pl? < lloe — agl* = 20(1 — 4n(d + 6) L) (F(ze) — F(a))

L3 4 2, L3 904 i, L3 56 5
+ 617)\ (d+4)° + 3n)\(d+6) +28877>\(d+10).

We choose n =1/(8(d + 6)L;) such that 1 —4n(d + 6)L; = 1/2. Rearranging terms, we have

E[F(z;) — F(zF)]

E et 2_E k|2 L L2 L2
< Bllze = 2l = Bl = o + o N A+ 4) 4+ RN+ 6) 4 Sn X (d + 10)°

U
<8(d+6)L1(E||z: — 2 ]|* — Ellzesr — 27]1%)
- éxl(d +4)% + L3 A(d+6)° + Lig/\ﬁ(d +10)*.
6 241, 1152L;

Summing up from t =0 to t =T — 1 and dividing both sides by T', we have that

E [F(xT) — min F(x)]

T—1
1 x
:fZE[F(fEt)—F(UCF)]
t=0
8(d+6)Lillzo — 2k ]* | L4 o L3 4 3 Ly 6 4
< —X\*(d+4 —=A*(d ——X\°(d + 10)~.
- T +6 (+)+24L1 (+6)+1152L1 (d+10)
The proof is thus complete. O
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Proof of Corollary 2. First, we show the guarantee on the function f(z). Assumption 3.4 implies that
Tr(V2f(z)) > 0,Vx € R, and thus f(z) < F(x),Vz € R% Since f(z) is Li-smooth by Assumption
3.3, we also have that

2
min F(z) = min <f(ac) + )\2Tr(v2f(x)))

< min <f(x) + )\;le)

)\2
= min f(x) + ?le.

As a result, we obtain that

. : Lyiyo
E|f(z,) — <E|F(z,) — min F(z)| + —2\%d
flar) = min f(0)| < B |Far) - min )] + 5
8(d+6)Li|lwo — 2R ]* | L1,
< -
< T =+ 5 Acd
+E>\4(d+4)2+ 2 A4(d+6)3+L7§A6(d+ 10)%.
6 241 11521,

Next, we prove the guarantee on the trace of Hessian. Since X* = argmin,cga f(z), we have that

2
min F(z) = min (f(x) + )\2T1"(V2f(x))>

x€R4 rER4

< ip (10 + 19500

reX*
2

= min f(x) + X min Tr(V2f(z)).
reRd 2 zeX*

As a result, we obtain that

E [Tr(VQf(a;T)) — gfgi)g Tr(VQf(az))]

< GELF () = fa)] = 55 (min Fo) - min @) )

— A2 xER4 zER4

- zERI

16(d + 6) L1 ||[wo — x5 ||> | L3, 2 L3 ., 3 Ly 4
< — X\ (d+4 —~- X\ (d+6 —\*(d +10)".
= T AT A6+ e A (d 4 10)

< %E [F(:CT) ~ min F(:L‘)]

Given € > 0, choosing A and T such that

e min{ V2L, 12yIqe 3¢ 3L1€ }

d32Ly" Ly(d + 10)2" 4L3(d + 4)2" L2(d + 6)3

T >

64(d + 6)L1||xo — 2% ||? . d3?L3 L3(d+10)? 4L3(d+4)% L3(d+6)°
V2L, 12y/Lie ' 3e " 3Lje ’

€
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to make sure that each term in the right-hand side of Eq. (8) is at most €¢/4, we have that
E [Tr(v2f(a:7)) ~ min Tr(V2f(a:))] <e.
TEX™
This also ensures that E[F(x,) — ming,cpe F(2)] < A%¢/2, and thus

E [f(:cT) — min f(x)] <E |:F(:U7—) — min F(m)} + L1y

z€RI z€RI 2
)\2
S ?(6 + le)
3L3e €
< 773 3 + .
2L5(d +6) Li(d+6)
The proof is thus complete. O

C Alternative Proof of the Main Result

In Section 3.1, we provide a convergence analysis by relating E||gx(z¢, ut)||? to |[VE(x)||?. Here, we
show that it is also possible to first bound E||gx(z¢, ue)||? by || V.fa(z)]|?.

Lemma C.1. Let Assumption 3.3 be satisfied. The second moments of gx(z,u) can be bounded as

L2
Ellgx(z, w)l|* < 4(d + 2)[|V fa(2)]|* + f*‘(d +8)°.

Proof. The proof mostly follows from Lemma 3 and Theorem 4 in Nesterov and Spokoiny [74]| and is
similar to that of Lemma 3.5. With a slight abuse of notation, we define

D, (x4 M) = f(z) + AV f(z) v+ );uTVQf(x)u,
B, (z— M) = f(x) = AV f(z) u+ A;uTv2 f(@)u.
Assumption 3.3 (b) implies that
7+ 2u) — B 4 ) < 20,
and the same holds for |f(x — Au) — ®,(x — Au)|. Therefore, we have that

|f(z 4+ M) — f(z — )| < |f(x+ M) — Py(x + Au)| + [ Pp(z — Au) — f(z — Au)|
+ | Py (2 + Au) — Dp(z — Au)|

L
< ‘2)\Vf(:c)Tu‘ + Nl
For the two-point estimator gy(z,u), it holds that

2 Ut — o= w2
4)2

L2
< 2(u' V() ul® + T§A4\IUII8-

lga (2, w) [
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Recall Go(z,u) = uu' Vf(z) in Lemma B.1. By Lemma 1 in [74], we obtain that
2 2, L34 8
Ellga(z, w)[|” < 2E[|Go(z, w)||” + 7oA El|u]
L2
< 2d+ 2V (@) + 73N+ 8)".

Then we upper bound the difference ||V f(z) — V fa(x)|| as

flz+ )\u)z—)\f(ac - )\u)u] H

1970 = V(o) = | [TV (010 -

< %EH((I);B(;U F ) — B — M) — flz+ M)+ f(x — )l

IN

L
G AEull*
Lo

ZEN2(d + 4)2.
5 (d+4)

IN

As a result, this gives that
2 2 > L34 4
Ellga(z, w)lI” < 4(d + 2)[VA(@)" + 4(d + 2)[Vf(2) = VA@)IT+ A (d +8)
L2
< 4(d+2)[|Vr(2)|]* + fxl(d +8)°.

The error term O(A*d®) has worse dependence on d compared to Lemma 3.5. O

Theorem 3. Under Assumptions 5.5 and 3./, Algorithm 1 with stepsize n = 1/(8(d + 2)L1) satisfies

+

E [F(zT) ~ min F(z) - oL

RS THEIEE. (= Y
zeRd

L
(d+8)* + I—S’A‘*(d +4)2.

where xog € R? is the initialization, = € argmingega fr(7), Zr = (1/T) ZtT;(]l xy¢ is the average of
iterates, and the expectation is taken w.r.t. the randomness in all search directions. This implies

L3¢ €
E | f(Zr) — mi < L 1
[f(m seRd f(@] =12+ 8y ( * L1(d—|—8)> ’
B [TV (er) - mig TV ()| < 6
TEX™*
when setting the smoothing parameter A and the number of iterations T such that

\2 — min 2e 2L1€
B Ls(d+4)?" L2(d+8)* "’

B+ 2L~ 3P [La(d+ 4P L3(d+5)!
2¢ " 2L4€ '

T >

€

According to Definition 5.2, this means that (O(e/d?),€) approzimate flat minima can be guaranteed
with T = O(d®/€?) and X\ = O(e'/?/d?).

Remark C.1. Compared to Corollary 2, Theorem 3 has similar dependence on € but worse dependence
on d in number of iterations 7. This comes from the worse dependence O(A*d®) in Lemma C.1.

33



Table 1: Summary of convergence rates to approximate flat minima with different set of assumptions.
Convexity is required for all cases and is thus omitted in the table. Ly means f(z) is Lo-Lipschitz,
and L, denotes that f(z) is rth-order smooth for » = 1,2,3. Under the L;-smoothness assumption,
(O(M\2d), €) approximate flat minima are attained; without this assumption, zeroth-order optimization
converges to (O(Ad'/?), €) approximate flat minima.

Assumptions  Reference Smoothing A Stepsize n Iteration Complexity

Li, Ly, Ly Corollary 2 O(eY2/d3/?) O(1/d) O(d*/e?)
Ly, Ly Remark C.2  O(min{e'/2/d?, e/d%/?}) O(1/d) O(max{d®/e%,d*/e?})
Lo, Lo, Ly Remark C.3  O(min{e'/2/d, e /3/d*3})  O\/d)  O(max{d®/e?,d*/e"/?})
Lo, Lo Remark C.3 O(e/d®?) O(\/d) O(d"/?/e*)

Remark C.2. In this framework, the only place that uses the third-order smoothness assump-
tion is to upper bound the difference |F(xz) — fi(x)|. With second-order smoothness, an alter-
native result |F(z) — fa(z)| < (L2/6)A3(d + 3)3/? has worse dependence on \; see Theorem 1 in
[74]. This leads to E[Tr(V2f(Z7)) — mingex~ Tr(V2f(2))] < O(d/(N2T) 4+ X2d* + X\d*/?) and thus
T = O(max{d’/e%,d*/e3}). Relaxing the third-order smoothness assumption gives strictly worse
convergence rates. The detailed derivations are similar to the proof below and are thus omitted.

Remark C.3. We also briefly discuss how the L;-smoothness assumption on f(x) can be relaxed to the
function being Lo-Lipschitz, i.e., |f(z) — f(y)| < Lollz — v, Vz,y € R%. By Lemma E.3 in [27], when
f(z) is convex and Lo-Lipschitz, fy(z) is convex and (Lg/\)-smooth. This means all dependence
on L; can be replaced by Lg/A in the analysis below. With both second-order and third-order
smoothness assumptions, and setting n = O(A\/d), this gives E[Tr(V2f(Z7)) — mingex Tr(V2f(z))] <
O(d/(N3T) + A3d* + X\2d?) and thus T = O(max{d®/e?, d*/e*/?}). With only second-order smoothness
assumption, this gives E[Tr(V2f(Z7)) — mingex- Tr(V2f(z))] < O(d/(N3T) 4+ A3d* 4+ Ad*/?) and thus
T = O(d"/?/e*). Table 1 summarizes the complexity under different set of assumptions on f(z).

Proof. When f(x) is Li-smooth and convex, fi(x) is also Li-smooth and convex [74]. Let x3 be one
minimizer of fy(z). The same as the proof of Theorem 1, we obtain that

Eu,llzes1 — 23] = |z — 23)1? — 20 Elga(ze, we)] " (z0 — 23) + 7 Ellga(ze, we)|?
= lze — 23|I — 20V (o) " (e — 2%) + 0P Elga (2, wr) ||
< oy — 23 )1° = 20(fa(ze) — Fa(@})) + 0 Ellga(me, ).

By Lemma C.1, we have that

L2
Ellgx(ze, ug)lI” < 4(d + 2)[|V faze)|” + f*(d +8)°

<8(d+2)Li(fa(mr) — Fr(23)) + 2N d+8)°.
As a result, we obtain that
2

* * ES L
Eu, l|lze41 — 23 |1° < llze — 231> — 2n(1 — dn(d + 2)L1) (fa(ze) — fr(z})) + ?2772)\4(0Z +38)°.

34



We choose n = 1/(8(d +2)L1) such that 1 —4n(d + 2)L; = 1/2. Rearranging terms, we have
||z — 23|* — Ellwe — 23]
n
8(d +2)L1(Ellz: — a3||* — Ellwesr — 23%) +

+ L—%nA“(d +8)°

2
1214
Summing up from t =0 to t =T — 1 and dividing both sides by T', we have that

E[fa(ze) — fa(z})] <

2 \4(d + 8)*,

Rd

1 T-1
B | o) - min ()] < 7 Bl - A3
t=0

8(d +2)Lulwo — 231> | L3 |,
N(d
< T + 2L, (d+8)%,

where 27 = (1/7) ZtT;()l x4 is the average of iterates. By Lemma 3.5, we have that
min fy(z) = min(F(x) + fu(z) — F(x
min f3(x) = min (F(@) + fs(s) — F(2))

< fellil@(F(x) + | fa(z) — F(2)])
. Ls

As a result, we obtain that

E [F(JIT) — min F(m)] <E {fk(x;r) - ;Iel.ﬁ%% f,\(a:)] + |fa(@r) — F(Z7)| + min fy(z) — min F(x)

zeR? zeR? zeR?
< 8<d+2>L11|Jx0_x3”2 + 1221>\4(d+8) f2A (d+4)”.
According to the proof of Corollary 2 (see Eq. (8)), this implies that
B | (V@) ~ mip TV ()| < 5 | Flor) - min Flo)
< 16(d + 2)%4&’0 - ZC,\H2 6[,21 N2(d+8)* + Ié3>\2(d+ 4)2,

Given € > 0, choosing A and T such that
\2 — min 2e 2L€
B L3(d +4)2" L3(d + 8)*
48(d + 2) Ly || zg — 3|2 X{ 3(d + 4)? Lg(d+8)4}

T>

2L1¢
we guarantee that E[Tr(V2f(Z7)) — mingex+ Tr(V2f(z))] < € and that

€

E {f(a:T) felﬁ@% f(z )] <E [F(mT) - féﬁ{b F(m)} + %Azd
2

A
?(€+L1d)

L3¢ €
< (14— ).
- L%(d+8)3 < + Ll(d—|—8)>

IN

The proof is thus complete.
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Figure 4: Loss and trace of Hessian (Hess in the plot) on Example 2.1 using different random seeds.
The observation aligns with Figure 1 (random seed 13). Zeroth-order optimization (ZO) decreases the
trace of Hessian, and A controls the trade-offs between regularization on the trace of Hessian and the
optimization error induced by additional bias terms.

D Additional Experiments

D.1 Test Function

In Figures 1 and 4, we plot the values of the loss function and the trace of Hessian when applying
gradient descent and zeroth-order optimization on Example 2.1. We test the example with dimension
d = 100 and run the algorithms for 7" = 100, 000 iterations. Gradient descent uses a stepsize of 0.01,
and zeroth-order optimization uses 0.001. In Figures 1 (a) and 4 (a), zeroth-order optimization is
run with a smoothing parameter A = 0.1. The initialization is sampled from the standard Gaussian
distribution A/(0, I;). Randomness arises from both the initialization and random search directions in
zeroth-order optimization. Figure 1 uses random seed 13, and Figure 4 reports results for additional
seeds 17 and 73. The results are consistent across all 3 seeds. Each run is executed on a CPU and
takes approximately 1 second.

D.2 Binary Classification with SVMs and Logistic Regression

The datasets “aba” and “wba” used in both the SVMs and logistic regression experiments are standard
binary classification benchmarks from the LIBSVM library!. LIBSVM [14] is released under the BSD
3-Clause “New” or “Revised” License’. The a5a dataset contains N = 6,414 training and 26, 147
test samples with d = 123 features, and the wba dataset contains N = 9,888 training and 39, 861
test samples with d = 300 features. We set D = 10,000 to overparameterize and run all algorithms
for T = 10,000 iterations. To mitigate the effect of mini-batch noise, we use full-batch gradient

"Mttps://www.csie.ntu.edu.tw/"cjlin/libsvmtools/datasets/binary.html
*https://github.com/cjlinl/1libsvm/blob/master/COPYRIGHT
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Figure 5: Training loss, trace of Hessian on the training data (Train Hess in the plot), and test
accuracy on (a) SVMs and (b) Logistic regression using different random seeds. The observation is
consistent with Figure 2 (seed 29), where zeroth-order optimization (ZO) reduces the trace of Hessian.

descent and zeroth-order optimization in the experiments. The stepsize and smoothing parameter A
are searched from the grid {0.5,0.1,0.05,0.01,0.005,0.001, 0.0005, 0.0001,0.00005}. Gradient descent
uses a stepsize of 0.001 for SVMs and 0.01 for logistic regression. For zeroth-order optimization, the
selected hyperparameters are listed below.

e For SVMs, the stepsize is 0.0001, and the smoothing parameter A = 0.05.
e For logistic regression on aba, the stepsize is 0.01, and the smoothing parameter A = 0.1.
e For logistic regression on wba, the stepsize is 0.005, and the smoothing parameter A = 0.05.

The initialization is drawn from the Gaussian distribution A/(0, (0.1)%Ip). Randomness arises from
the initialization, the random matrix W used in ¢(a;) = Wa;, and the random search directions in
zeroth-order optimization. Figure 2 uses random seed 29, and Figure 5 reports results for additional
seeds 13 and 83. The results are consistent across all 3 seeds. Each run is executed on a CPU and
takes approximately 3.5 hours.

D.3 Fine-Tuning Language Models on Text Classification Tasks

We follow experiment settings in Malladi et al. [69] and consider few-shot fine-tuning on RoBERTa-
Large® (355M parameters) [61] with K = 32 and K = 256 examples per class on 3 text classification

Shttps://huggingface.co/FacebookAI/roberta-large
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Figure 6: Training loss, trace of Hessian on the training data (Train Hess in the plot), and test
accuracy on (a) SST-2 with K = 32 and K = 256, and (b) SST-5 and TREC with K = 32 using

different random seeds. The observation is consistent with Figure 3 (random seed 42).

tasks: SST-2% and SST-5° [82] for sentiment classification, and TREC® [84] for topic classification.
RoBERTa is available under the MIT License’. The datasets are commonly-used benchmarks that are
publicly available for research purposes. Our implementation is based on the codebase provided by
Malladi et al. [69] and uses the same prompts. Their code is released under the MIT License®. The
SST-2, SST-5, and TREC datasets contain 2, 5, and 6 classes, respectively. We consider K = 256 only
for the SST-2 dataset, and K = 32 for all 3 datasets. The training set is constructed by sampling K
examples per class from the original dataset, and the test set is built by randomly selecting 1,000
examples from the original test dataset.

We fix the number of iterations to 100,000 for K = 32 and 50,000 for K = 256. The trace of Hessian
is evaluated every 100 steps using the expected sharpness (2/6%)|Eq, 0.1, [f (2 + 6u)] — f(z)] as an
approximation, where § = 10~ and the expectation is estimated by averaging over 100 samples. To
reduce the impact of mini-batch noise, we use full-batch gradient descent and zeroth-order optimization
in all experiments, both without learning rate scheduling. This leads to batch sizes of 512 (SST-2 with
K = 256), 64 (SST-2 with K = 32), 160 (SST-5 with K = 32), and 192 (TREC with K = 32). The
stepsize for gradient descent is set to 5 x 107> for all cases. Zeroth-order optimization uses a stepsize
of 1075 for SST-2, and 5 x 1076 for SST-5 and TREC. The smoothing parameter X in zeroth-order
optimization is set to 2 x 1073 for SST-2 and TREC, and 1072 for SST-5. Randomness arises from the
selection of datasets, the initialization, and the random search directions in zeroth-order optimization.
Figure 3 uses random seed 42, and Figure 6 reports results for additional seeds 21 and 87. The results

‘https://huggingface.co/datasets/stanfordnlp/sst2
"https://nlp.stanford.edu/sentiment/
Shttps://huggingface.co/datasets/CogComp/trec
"https://github.com/facebookresearch/fairseq/blob/main/LICENSE
Shttps://github.com/princeton-nlp/MeZ0/blob/main/LICENSE
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Table 2: Total runtime (hours) and memory consumption (MiB) when fine-tuning RoBERTa using
gradient descent (GD) and zeroth-order (ZO) optimization. We report both mean and standard error
of the runtime across three random seeds {42,21,87}. Due to additional forward passes required to
approximate the trace of Hessian, the reported runtime is longer than standard training. GD consumes
less memory than the default first-order optimizer, AdamW, which stores additional optimizer states.

_ SST-2 SST-5 TREC
as K = 256 K =32 K =32
Batch Size 512 64 160 192

Number of Iterations 50,000 100, 000 100,000 100,000
—— GD 29474093 7.384+0.33 21.64+1.18 14.79 + 0.56
ZO 25.13+0.94 7.34+0.22 18.9140.52 13.37+0.47

Memmor GD 54,214 7,986 18,826 14,258

erhoty 70 5,038 3,074 3,440 3,274

are consistent across all 3 seeds. All experiments are tested on a single NVIDIA H100 GPU with 80
GiB memory. The runtime and memory are summarized in Table 2.
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