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Abstract

The k-principal component analysis (k-PCA) problem is a fundamental algorithmic primi-
tive that is widely-used in data analysis and dimensionality reduction applications. In statistical
settings, the goal of k-PCA is to identify a top eigenspace of the covariance matrix of a dis-
tribution, which we only have black-box access to via samples. Motivated by these settings,
we analyze black-box deflation methods as a framework for designing k-PCA algorithms, where
we model access to the unknown target matrix via a black-box 1-PCA oracle which returns an
approximate top eigenvector, under two popular notions of approximation. Despite being ar-
guably the most natural reduction-based approach to k-PCA algorithm design, such black-box
methods, which recursively call a 1-PCA oracle k times, were previously poorly-understood.

Our main contribution is significantly sharper bounds on the approximation parameter degra-
dation of deflation methods for k-PCA. For a quadratic form notion of approximation we term
ePCA (energy PCA), we show deflation methods suffer no parameter loss. For an alternative
well-studied approximation notion we term ¢PCA (correlation PCA), we tightly characterize
the parameter regimes where deflation methods are feasible. Moreover, we show that in all
feasible regimes, k-cPCA deflation algorithms suffer no asymptotic parameter loss for any con-
stant k. We apply our framework to obtain state-of-the-art k-PCA algorithms robust to dataset
contamination, improving prior work in sample complexity by a poly(k) factor.
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1 Introduction

Principal component analysis (PCA) stands as a ubiquitous technique in the areas of statistical
analysis and dimensionality reduction (see e.g. [Pea0l] and the popular reference [JC16|), offering
a powerful and general-purpose means to extract information from complex datasets. In one of its
most common use cases, applied to a distribution D, the k-PCA problem (Definition 1) seeks to
identify k& orthogonal principal components (PCs) which capture the most variation in D. Succinctly
put, the goal is to output the top-k eigenvectors of the covariance ¥ of D,! or an approximation
thereof, where the key challenge is that we only have black-box sample access to 3.

This statistical k-PCA problem is extremely well-studied, and due to its fundamental nature, many
recent works have explored the development of k-PCA algorithms under various constraints. These
variations include performing PCA in small space [JJKT16], under adversarial corruptions [JLT20,
DKPP23|, when the distribution is heavy-tailed [Minl5, WM17|, or when the sampling process
admits correlations [NSW23, KS23|. In some problem settings, additional constraints might be
imposed on the data distribution (e.g. sparsity |[ZHTO06]) or the output of the PCA algorithm (e.g.
differential privacy [LKJO22], fairness [LCYY23|). In all these scenarios, asking for an exact k-PCA
is impossible due to our black-box access to the covariance matrix ¥ in question, so the goal is to
output an approximate k-PCA, for appropriate notions of approximation.

Unfortunately, in many of the aforementioned settings, such as [JLT20, DKPP23, KS23, LKJO22|,
results are only currently known for extracting a single approximate PC, rather than the more
general approximate k-PCA problem. However, for most practical applications of PCA such as
dimensionality reduction, extracting a single PC is not sufficient and hence these algorithms do not
readily apply. Given the sophisticated techniques required to prove correctness of even extracting
a single PC in these constrained statistical settings, it is often not immediately clear how to extend
the analysis of these works to design a corresponding k-PCA algorithm.

One of the most commonly-proposed solutions to alleviate the burden of k-PCA algorithm design,
assuming existence of a corresponding 1-PCA algorithm, is a reduction-based approach, known as
a deflation method [Mac08, AZL16] (see Algorithm 1). In this framework, the extraction of a single
approximate PC is treated as a subroutine, and the deflation method repeatedly projects out the
results of calls to this subroutine from the dataset, k times in total. It is straightforward to see that
if the subroutine returned an exact top eigenvector each time, this strategy would indeed succeed in
outputting an exact k-PCA of the target matrix. As mentioned previously, under black-box access,
the key challenge is to quantify the approximation degradation of this recursive procedure.

Indeed, despite their being perhaps the most natural reduction-based k-PCA strategy, there has
been surprisingly-limited work rigorously analyzing the performance of deflation methods. For
example, standard analyses require strong gap assumptions on the target matrix (e.g. each of the
top-k eigenvalues being separated) [LZ15], and this condition has even been quoted in a variety
of works as being necessary [LZ15, MM15, Shal6, LKO22|. The challenge of obtaining provable
guarantees for deflation methods (or small-block variants thereof) was an open problem stated in
[MM15]. Our primary contribution is a direct analysis of the approximation parameter degradation
of deflation methods, with no gap assumptions on the target matrix. This refutes the aforementioned
conventional wisdom that deflation methods fail without strong spectral assumptions.

Our work is motivated by a closely-related result of [AZL16]|, which primarily focused on applications

!The standard definition of an exact k-PCA allows for arbitrary tiebreaking if the dimensionality of the top-k
eigenspace is > k, see Definition 1 for a formal statement.
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in the white-box setting where the target matrix is explicitly available.? However, the [AZL16]
analysis loses large polynomial factors in the approximation quality parameters, under their notion
of approximation (Definition 4), which we will shortly compare to our results. Our focus in this work,
in comparison, is to give tighter characterizations of when it is possible to obtain lossless or nearly-
lossless reductions in the black-box PCA setting, typically of interest in statistical applications.

1.1 Our results

We model black-box access to a target matrix M € Sgﬁd through the template in Algorithm 1,

a black-box k-to-1-PCA reduction.? Specifically, the algorithm only interacts with M through an
oracle O1pca, which we assume returns an approximate top eigenvector of PMP for a specified
projection matrix P. This also explains why Algorithm 1 is often called a deflation method, as it
repeatedly “deflates” directions from consideration as specified by recursively calling O1pca.

Algorithm 1: BlackBoxPCA(M, k, O1pca)

Input: M € Siﬁd, k € [d], O1pca, an algorithm which takes as input M € S‘if)d and a d x d
orthogonal projiection matrix P and returns a unit vector in R? in span(P); ﬁo «— 1y
for i € [k] do
u; < Or1pca(M,P;_q)
Pi — Pi—l — uzu;r
end
Return: U < {u;};e) € RF

To motivate our approximation-tolerant analysis, first consider the performance of Algorithm 1
when O1pca returns an exact 1-PCA of PMP on inputs (M, P), using the following definition.

Definition 1 (Exact PCA). For M € Sgﬁd, the exact k-principal component analysis (k-PCA)
problem asks to return orthonormal V. € R¥* such that <VVT, M> 18 maximal.

If O1pca is assumed to be an exact 1-PCA algorithm, then it is straightforward to show that
Algorithm 1 is an exact k-PCA algorithm (indeed, this follows as a special case of our Theorem 1).

In Sections 3 and 4, our focus is analyzing the behavior of Algorithm 1 when O;pca only has
approximate 1-PCA guarantees. We consider two types of approximation which are well-studied in
the literature, that we call energy PCA (or ePCA, see Definition 2) and correlation PCA (or cPCA,
see Definition 4). We chose these definitions of approximate PCA because of their prevalence as
error metrics in the PCA literature; to our knowledge, essentially all works on PCA in the statistical
setting (i.e., under sample access from a distribution) give guarantees under one of these metrics,
including the aforementioned works [Minl5, JJKT16, WM17, JLT20, LKJO22, KS23, DKPP23,
LCYY23|. Correspondingly, our main results concern Algorithm 1 when Ojpca is assumed to be
an approximate 1-ePCA oracle or 1-cPCA oracle, notions formalized in Definitions 3 and 5, and we
want Algorithm 1 to respectively return a k-ePCA or a k-cPCA of M.

ePCA. The first approximation notion we consider is energy k-PCA, which defines the perfor-
mance of an approximate PCA algorithm by a sum of quadratic forms over components. Intuitively,
this definition quantifies the amount of variance of the data captured by the returned subspace.

2For example, in this white-box setting, one can query matrix-vector products with the target matrix, which is

not a realistic assumption if the target matrix is the covariance of a distribution we have sample access to.

3For notation used throughout the paper, see Section 2; S‘éﬁd is the set of positive semidefinite d X d matrices.



Definition 2 (Energy k-PCA). Let k € [d], M € Sdg)d, and € € [0,1]. We say orthonormal
U € R¥™* is an e-approximate energy k-PCA (or, e-k-ePCA) of M if

<UUT,M> > (1—¢) M|, where |M], = max <VVT,M>.

orthonormal VERd4xk

Our guarantees for Algorithm 1 as a black-box ePCA reduction are stated in the following result.

Definition 3 (ePCA oracle). We say Oepca is an e-approximate 1-ePCA oracle (or, e-1-ePCA
oracle) if, on inputs M € S%d, and P € R4 where P is required to be an orthogonal projection

matriz, Oepca returns u € RY, an e-1-ePCA of PMP, satisfying u € span(P).

Theorem 1 (k-to-1-ePCA reduction). Let e € (0,1), let M € S‘éﬁd, and let O1pca be an e-1-ePCA
oracle (Definition 3). Then, Algorithm 1, when run on M, returns U € Rk an e-k-ePCA of M.

Perhaps surprisingly, Theorem 1 states that there is no loss in approximation parameters via the
reduction in Algorithm 1, if our approximation notion is ePCA. This is optimal; for example, if
d > 2k, and M = diag ({1, 04-%}), then leting Ospca repeatedly return /1 — ee; + v/eex; in each
iteration i € [k], the result is an e-k-cPCA of M. Our proof of Theorem 1 in Section 3 is a simple
application of Cauchy’s interlacing theorem, but to our knowledge it was not previously known.

cPCA. The other notion of approximation we consider is correlation k-PCA, a popular definition
in the literature [Shal6, AZL17] which defines the performance of an approximate PCA algorithm
in terms of the correlation with the small eigenspace of M, allowing for a gap in the definition of
“small.” Let V<*(M) denote the orthonormal matrix spanning the eigenspace of M corresponding
to eigenvalues < A\. We define cPCA as follows, parameterized by a gap I" and a correlation A.

Definition 4 (Correlation k-PCA). Let k € [d], M € Sgﬁd, I' € [0,1], and A € [0,k]. We say
orthonormal U € R js a (A, T)-approximate correlation k-PCA (or, (A,T')-k-cPCA) of M if

2

H (V<= (M))T u| <A

F

Definition 4 requires that U be almost entirely-contained in an eigenspace of M corresponding to
eigenvalues which are, at worst, barely outside the top-k space. For example, in the gapped setting
when Ao(M) < (1 — D)\ (M) and k = 1 (so V<U"DA%M) s simply the subspace orthogonal to
the top PC of M), Definition 4 implies recovery of the top PC in the sin? error metric. In general,
cPCA guarantees can be viewed as more geometrically explicit than ePCA counterparts (as they
bound correlation with specific eigenspaces), and hence may be preferable when they are available.*

The only analysis of the black-box deflation method for k-PCA (Algorithm 1) we are aware of is
due to [AZL16], who gave a black-box k-to-1-cPCA reduction under the following definition.

Definition 5 (cPCA oracle). We say O.pca is a (6,7)-approximate® 1-cPCA oracle (or, (3,7)-
1-¢PCA oracle) if, on inputs M € S‘éf)d, and P € R where P is required to be an orthogonal

projection matriz, Ocpca returns u € RY, a (8,7)-1-cPCA of PMP, satisfying u € span(P).

“However, in some black-box settings e.g. robust PCA (Section 5.2), certificates on specific eigenspaces are harder
to achieve, and only weaker certificates such as quadratic forms have found algorithmic use (giving ePCA guarantees).

5We sometimes use lowercase Greek letters to denote parameters for the 1-cPCA oracle, to differentiate from
capital Greek letters used to parameterize overall k-PCA guarantees.



Under Definitions 4, 5, the main result Theorem 4.1(a) of [AZL16| can be rephrased as follows:
Algorithm 1 returns a (A, T')-k-cPCA if O1pca is assumed to be a (d,7)-1-cPCA oracle, for

A1(M)
AR(M) W

r A2
Y= 5, (5 = @ <W) y Where K,k(M) =

In the white-box setting, (d,v)-1-cPCA runtimes typically scale polynomially in % and logarith-

mically in § (e.g., Theorem 1, [MM15]), so [AZL16] focused on maintaining a low overhead in .

However, known sample complexity lower bounds in the black-box statistical setting (e.g., Theorem
6, [AZL17]) show > ﬁ samples are required to obtain a (d,7)-1-cPCA, even under strong tail
bounds such as sub-Gaussianity. Hence, the [AZL16| reduction in the black-box setting uses

k*ry, (M)
~ AT @)

samples for obtaining a (A, I')-k-cPCA via Algorithm 1, times problem-dependent factors such as
the dimension, which is a poly(k, A, T") factor worse than the lower bound. Our goal is to understand
whether this parameter loss is inherent for black-box cPCA reductions.® As a starting point, in
Section 2, we prove the following simple results transferring guarantees between Definitions 2 and 4.

Lemma 1. If U € R¥™* is an e-k-ePCA of M € Sdg)d, it is a (lf‘)‘\z/(IIU}I“),F)—k—cPC’A of M for any
I'e(0,1).

Lemma 2. Ifu € R? is a (A,T)-1-cPCA of M € S, it is a (T + A)-1-ePCA of M.

By combining Lemmas 1 and 2 with our black-box ePCA reduction in Theorem 1, it is straightfor-
ward to show Algorithm 1 returns a (A, I')-k-cPCA if O1pca is a (d,y)-1-cPCA oracle, for

5:7:e<lmfg\4)>. (3)

Our transfer lemmas and Theorem 1 therefore already yield a sample complexity scaling as

kP ki (M)?

in standard statistical settings, which is incomparable to (2) in general but already improves upon
it in, e.g., the dependences on k and I'. However, both (2) and (4) yield polynomial overheads
in various approximation factors. We hence ask the natural question: can we characterize when
Algorithm 1 serves as an asymptotically lossless cPCA reduction, even when k is a constant?

In Section 4, we give our main result analyzing the use of Algorithm 1 as a black-box k-to-1-cPCA
reduction. We show that if A - x;(M)? < T2 for a target matrix M, then Algorithm 1 indeed is an
asymptotically lossless reduction for k = ©(1). More precisely, we prove the following result.

Theorem 2 (k-to-1-cPCA reduction). Let (A,T') € (0,1) and M € S‘g)d satisfy A - kp(M)? < T2,
and let O1pca be a (6,7)-1-cPCA oracle (Definition 5), where ¢ := m CA, = %ﬁ T, for
appropriate constants. Then, Algorithm 1 returns U € R>* | q (A, T)-k-cPCA of M.

(
That is, when A-r(M)? < T2, it suffices to take O1pca to be a (8,7)-1-cPCA oracle, for § = O4(A),
v = O(T"). We complement Theorem 1 with an impossibility result (see Proposition 1), showing

SNote that Theorem 1 shows no such loss is necessary, if our approximation metric is instead ePCA.



that if the condition A-x(M)? < I'? is violated, then Algorithm 1 fails to have this lossless reduction
property, even when £ = 2 and d = 3. In conclusion, Proposition 1 and Theorem 2 completely
classify regimes where Algorithm 1 acts as a lossless cPCA reduction, up to the dependence on k.

An immediate question in light of Theorem 2 is to obtain a tighter characterization of the k& depen-
dence. We view our quasipolynomial k€1°g%) factor overhead in the parameter degradation, which
is e.g. d°V) for k = ©(log d), to be a proof-of-concept of Algorithm 1’s utility as a k-cPCA algorithm
design template; we conjecture it can be improved to be poly(k), which we leave open.

Applications. To showcase our reductions, in Section 5 we directly apply Theorem 1 to obtain
new algorithms for k-ePCA in the statistical setting, which are robust to adversarial corruptions to
the dataset. Our first such result extends a recent near-linear time 1-PCA algorithm of [DKPP23|.

Theorem 3 (Robust sub-Gaussian k-ePCA). Let D be an O(1)-sub-Gaussian distribution on R?
with covariance . Let € € (0,€9) for an absolute constant €y, and 6 € (0,1). Let T' be an e-

%) for an appropriate constant. Algorithm

Ay, (Corollary 3) run on inputs T, €, v = O(elog(1)), 8, and k € [d] outputs orthonormal U € R**
such that, with probability > 1 — 6, U is an O(elog(2))-k-ePCA of %, in time O("g—%kpolylog(%)).

corrupted set of samples from D with |T| = O(

We then consider a heavy-tailed variant of the robust statistical estimation problem in Theorem 3,
where rather than requiring our distribution to be sub-Gaussian, we ask that it is hypercontractive
(Definition 8), the de facto finite moment bound assumption used in the PCA literature (see e.g.
[MZ18|). Under this heavy-tailed assumption, we design a new robust 1-ePCA algorithm following
a stability framework of [DKPP23| (see Definition 11), and prove the following result.

Theorem 4 (Robust hypercontractive k-ePCA). For an even integer p > 4, let D be (p,Cp)-
hypercontractive on R? with mean 0g and covariance . Let € € (0,¢), 6 € (0,1), and v =

2
@(0361_5) such that v € (0,70) for absolute constants €y, vo. Let T be an e-corrupted set of samples

2
from D with |T| = @(m%l;g(l/@)) for an appropriate constant, where 3 := C’ge_;. Algorithm
A (Corollary 8) run on inputs T, €, 7, 8, and k € [d] outputs orthonormal U € R™** such that,

with probability > 1 — 6, U is an O(y)-k-ePCA of X, in time O(%ﬂ“polylog(%)).

We show our approximation factor v in Theorem 4 is tight up to constants in Lemma 18. Moreover,
we mention that even for uncorrupted data and k = 1, we are unaware of any other polynomial-
time PCA algorithm with a similar additive dependence on log(%) in the sample complexity under
a heavy-tailed assumption (rather than sub-Gaussianity), improving on [Min15].

Interestingly, both Theorems 3 and 4 incur no overhead in k in their sample complexities, since
our stability-based approach composes with deflation (see Lemma 15). The only other robust k-
PCA algorithm we are aware of (under the well-studied definition of robustness in Definition 10)
is due to Proposition 2.6, [KSKO20], which applies to distributions satisfying an assumption which
is a variant of (4,Cjy)-hypercontractivity, but is not directly comparable. We give a comparison
between our two results in the case p = 4 at the end of Section 5.2, where we show that under the
more standard assumption of hypercontractivity, our recovery rate matches the rate obtained by
[KSKO20], while our sample complexity improves by a factor of up to k2.

Finally, to show how to apply Theorem 2 to statistical settings, we design an online k-cPCA al-
gorithm for heavy-tailed distributions in Theorem 5 by using Oja’s algorithm [Oja82]. While The-
orem 5 does not match the state-of-the-art due to [AZL17], it follows a more black-box approach
rather than requiring a custom sophisticated analysis. As new 1-cPCA algorithms emerge in the



literature, e.g. under the aforementioned input or output constraints, we are optimistic the roadmap
in Theorem 5 will serve as a useful template for solving the corresponding k-cPCA problems.

1.2 Our techniques

We now give a high-level overview of our proofs for Theorems 1 and 2. Letting M € Siﬁd, the
centerpiece of both our proofs is analyzing the approximation parameter degradation of composing
U; € R¥¥1 an approximate ki-PCA of M, and Uy € R¥*2_ an approximate ko-PCA of M :=
(Ig — UlUl—)M(Id — UlUir) with Uy L Uy, to form an approximate (k1 + k2)-PCA of M. We
describe how we analyze compositions under both types of approximation we consider.

Energy k-PCA. In the case of ePCA, we analyze this composition using Lemma 3, an application
of Cauchy’s interlacing theorem. Interestingly, we show that the composition of an e-k;-ePCA and
an e-kg2-ePCA in the sense described previously results in an e-(k; + k2)-ePCA of M (Corollary 1),
i.e. we show that ePCA composition suffers no approximation parameter degradation. We defer the
details of our proof to Section 3, owing to the conciseness of the argument.

Correlation k-PCA. In the case of cPCA, our proof relies on Lemma 5, which bounds the quality
of a composition of two cPCAs. To describe this result, we introduce some notation. Let Uy be a
(0,7)-k1-cPCA of M and Uy be a (9, 7)-ko-cPCA of M, and let U := (U1 Ug) and k = ki + ko.
Moreover, for parameters (A,I") to be set, let L := VZA-DAM) 1o the large eigenspace of M
that (A,T')-k-cPCAs are required to be correlated with, let A be diagonal containing eigenvalues of

M corresponding to L, and let L := V=172 (M) (M) be the analogous large eigenspace of the
residual matrix M. Then, Lemma 5 states that U is a (A, T')-k-cPCA of M, for

~112
U/LAL'L

i |

A =30+
v? Ak (M)?

P T:=2y. (5)

In other words, as long as we can appropriately control the quantity HU]—LALTiHOp, we can bound
the parameter degradation (from (d,v) to (A,T')) of composing two cPCAs. For instance, if this
quantity is O(yA\g(M)), then cPCA composition blows up both the ¢ and « parameters by constants.

Our proof of (5) applies the cPCA guarantees of U; and Uj in turn, and uses a decomposition
inspired by the gap-free Wedin theorem of [AZL16] to bound a cross term arising in the analysis. In
light of (5), we focus on bounding |[U{ LALTL||op, i.e. for arbitrary unit-norm u € span(U;) and

w € span(L), our goal is to bound ' LALTw, where by definition of our algorithm, v L w. Note
that by our cPCA assumption, u is highly-uncorrelated with S := L , the small eigenspace of M.

Our first observation is that when the spectrum of M is gapped, in that (1 —~)\g, (M) > Ag, 41 (M),
the cPCA guarantee of U; affords an additional head guarantee (Definition 6) by taking comple-
ments. Concretely, L is simply the top-k; eigenspace of M in the gapped setting, and because Uy
captures almost all of the spectral mass of L, w (which is orthogonal to Uy) is highly-uncorrelated
with L. In other words, we have shown that in the gapped setting, v and w lie almost entirely in
complementary eigenspaces of M. By exploiting this fact along with v | w, it is straightforward to
bound u LALTw = O(yA,(M)),” as we show in Lemma 7, so that A = O(§) in (5).

In this step, we require that (A,T) do not lie in the infeasible parameter regime ruled out by Proposition 1.



Our second observation is that whenever the spectrum of M is not gapped, but M has a well-
conditioned top-k eigenspace, we can nonetheless use our head guarantee strategy to bound (5)
with some amount of approximation parameter degradation, shown in Lemma 11. To do this, we
show that in this setting, we can artificially induce a head guarantee with a loss of &~ k in the
gap parameter by carefully inducting on intermediate cPCA guarantees (see Lemma 12). This lets
us conclude that while u,w do not lie in entirely-complementary eigenspaces, the spectrum of M
corresponding to the overlapping eigenspace lies in a very narrow range. By plugging in our bounds
into (5), we show that A = § - poly(k) and I' = 2+ suffices in the well-conditioned regime.

After establishing complementary results in Lemma 7 (handling the gapped setting) and Lemma 11
(handling the well-conditioned setting), we show how to bucket the top-k spectrum of M so that one
of these two analyses always applies. We then recursively apply our composition results via dyadic
merging strategies, leading to Theorem 2, where the quasipolynomial £©U°8(k) ]oss arises due to
the number of merges. We consider the possibility of poly(k)-overhead black-box cPCA reductions
to be an interesting open direction suggested by our work, which likely requires new ideas.

1.3 Related work

We are aware of few papers considering deflation-based approaches to k-PCA without strong gap
assumptions on the target matrix (see e.g. [LZ15] for a gap-based analysis). The most direct
comparison is [AZL16], who analyze Algorithm 1 when Ojpca is a 1-cPCA oracle, giving guarantees
summarized in (1). Our Theorem 1 shows the lossiness in the [AZL16]| reduction is unnecessary if
our approximations are instead measured through Definition 2 (ePCA), and yields a competitive
guarantee (3) for cPCA. Our Theorem 2 further removes all overhead in this cPCA reduction for
k = ©(1), in the valid parameter regimes not ruled out by our lower bound, Proposition 1.

We also draw inspiration from the extensive body of work focusing on computationally efficient and
statistically optimal algorithms for PCA, e.g. [MM15, GHJ*16, Shal6] which give runtime bounds
in the white-box setting, and e.g. [HP14, SRO15, BDWY16, Shal6, JJK*16, LWLZ18] which focus
on offline and online variants of statistical PCA. In particular, the gap-free notion of approximation
in our cPCA definition is patterned off analogous definitions in this latter line. Further, several
other notions of PCA approximation have been proposed in the white-box setting, e.g. Eqgs. (1)-(3)
of [MM15]; however, all such results we are aware of use matrix-vector products. Our motivation
is analyzing Algorithm 1 as a reduction, so we focused on error metrics where black-box 1-PCA
guarantees already exist, though it is interesting to prove similar reductions for other metrics.

Additionally, we mention the contemporaneous work of [MMM24], which gives analyses of variants
of k-to-1 reductions for block Krylov methods targeting low-rank approximation, which is very close
in spirit to our work. However, [MMM24| again requires access to matrix-vector products for their
reductions, which makes their results not directly applicable in our black-box setting.

Finally, iterative deflation has been popular in the context of sparse PCA [dGJL04, MWAO06, Mac08,
YZ13|, as designing direct k-PCA methods is challenging in this setting. However, we are not aware
of any general theoretical guarantees on this technique.

2 Preliminaries

For n € N we let [n] := {i € N |i <n}. We denote the i*® canonical basis vector in R? by e;.

We denote matrices in capital boldface letters. For matrices A, B with the same number of rows, we



let (A B) denote the horizontal concatenation of the matrices. We let I; be the dxd identity matrix
and 0y be the all-zeroes matrix. We say V € R¥*" is orthonormal if its columns are orthonormal,
i.e. VIV =1I,: note that d > r necessarily in this case. We let S%*¢ be the set of real symmetric
d x d matrices, which we equip with the Loewner partial ordering < and the Frobenius inner
product (M, N) = Tr(MN). We let S‘iﬁd and Sgﬁd respectively denote the positive semidefinite
and positive definite subsets of S9*¢. We say A € R™*" has singular value decomposition (SVD)
UXV'if A =UXVT hasrank-r, ¥ € R"*" is diagonal, and U € R™*", V € R™*" are orthonormal.
We refer to the it largest eigenvalue of M € S by X\;(M), and the i*? largest singular value of
M € R™*" by 0;(M). For M € ch)d and k € [d] we use [|[M[|, := >, Ai(M) to refer to its k-Ky
Fan norm, and M|, := 01(M) is the ¢, operator norm of M € R™*". For A € R™*", the span
of A’s columns, i.e. {Av | v € R"}, is denoted span(A). For M € S‘if)d and k € [d], we define

y(M) = 2L
k = (M)’

to be the k-condition number of M, i.e. the condition number of the top-k eigenspace of M, and
we abbreviate x£(M) := r4(M) for the (standard) condition number of M.

For a subspace V C R?, we let Py € R¥9 be the orthogonal projection matrix onto V. We often
identify a subspace V C R? with a generating matrix V € R¥", where r := dim(V'), such that V
has orthonormal columns and span(V) = V. In this case, note that Py = VVT for any valid V.
We write U L V for subspaces U,V C R if every element of U is orthogonal to every element of
V. Similarly, for two orthonormal matrices U, V with the same number of rows, we write U 1 V if
span(U) L span(V). For orthonormal U € R¥*" we write U] to mean any orthonormal d x (d —r)
matrix so that columns of U and U, form a basis of R?, and define U, to be the orthogonal
complement of a subspace U C R%. For M € $%%? and \ > 0, we denote the subspace spanned
by eigenvectors of M corresponding to eigenvalues at least A by VZ*(M), and the corresponding
orthonormal generating matrix by VZ*(M). We similarly define V>*(M), V=A(M), etc.

Linear algebra preliminaries. We use the following well-known linear algebra results.

Fact 1 (Cauchy’s interlacing theorem). Let d € N and r € [d]. For any M € S%*¢ and orthonormal
V € R Ng_pii(M) < N (VIMV) < Xi(M) for all i € [r].

Fact 2 (Weyl’s perturbation inequality). Let M, D € S%%¢ have Do, < 6. Then,
A (M) — 8 < A\j(M + D) < \;(M) + 6, for all j € [d].
Fact 3. For any A,B € R™*", 2||A|% + 2|B||Z2 > |A + BJ3.

Fact 4. For any {w;}icin) C Rso and {w;}icpn) C Reo with Zie[n] w; = 1, we have for all p > 1,

Z wizt | > (w,z) .

1€[n]

Fact 5. For A,B € 5*? with A < B and M € SL§?, Tr(AM) < Tr(BM).

Finally, we prove the following basic observations relating Definitions 2 and 4, stated earlier, which
allow us to convert an ePCA guarantee to a cPCA one and vice-versa.
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Lemma 1. If U € R™* is an e-k-ePCA of M € Siéd, it is a (D\k(M),

I'e(0,1).

I')-k-cPCA of M for any

Proof. Define V := VZU=DMM(M), W = V<E-DMMIM) and A := |[WTU|%. Note
Tr(V'UU'V) =k — A, and VIUU'V has < k nonzero eigenvalues, all in [0, 1]. We bound

11— M|, < <UUT,M> - <UUT,VVTMVVT> + <UUT,WWTMWWT>

<VTUUTV,VTMV> +A HWTMW

op

< Ml = AX(M) + A(1 = T)Ae(M) = [M[;, = ATA,(M). (6)

The second line used Fact 5 by noting that <UUT, WWTMWWT> = Tr(W MWW TUU'W)
and Tr(WTUUTW) < A, and the third used the von Neumann trace inequality, which shows
that if {);};c|q are the nonincreasing eigenvalues of VMV and {oi}icq are the nonincreasing

eigenvalues of VIUUTV,
<VTUUTV,VTMV> 3 oiki
i€l
Since the o; sum to & — A and are each at most 1, it is clear that the right-hand side above is
bounded by ||[M]|, — AXy(M) as claimed. The conclusion follows via rearranging (6). O

Lemma 2. Ifu € R? is a (A,T)-1-cPCA of M € S‘if)d, it is a (I' + A)-1-ePCA of M.

Proof. Define V := VZ0-DAM) gnd W .= v<U-DMM)  The conclusion follows from
<uuT, M> - <uuT,VVTMVVT> n <uuT,WWTMWWT>
> <VTuuTV,VTMV> > <VTuuTV, (1- F)/\l(M)Idim(Span(v))>
>1-A)1-D)M(M)>(1-A-T)\ (M),

where VVT, WW T and M all commute since V and W are eigenvectors of M € Siﬁd. O

Remark 1. One interesting asymmetry between Lemma 2 and its counterpart, Lemma 1, is that
there does not appear to be a natural k-PCA conversion analog of Lemma 2. For example, consider
the case where U € R* 4s a (A, T)-k-cPCA of M € Sgﬁd, but M has > k eigenvalues in the range
(A(M), (1 — D)X,(M)), and span(U) is entirely contained in the corresponding subspace. Then,
(UUT, M) < kAp(M), which can be arbitrarily smaller than M|, if k(M) is large.

It is important to note that naively applying such conversions with our lossless ePCA result in
Theorem 1 do not provide us with optimal cPCA overheads, as in Theorem 2, even when k£ = 2 and
k(M) = 1. Our Theorem 2 does not suffer from such lossiness, up to an overhead only depending
on k, except in a parameter regime ruled out by Proposition 1.

Before we begin describing our techniques, we define another desirable property of the output of
the cPCA algorithms, which is complementary to the guarantee of Definition 4.

Definition 6 (Head guarantee for k-cPCA). For k € [d], M € S&?, let U € R¥F be orthonormal.
We say U satisfies a (h,w,A)-head guarantee with respect to M for w, A € R>g, 0 < h < d, if

2
<A, and A1 (M)

A (M) > A (M), H (VZ/\h(M)(M))T U, — A (M)

<1+w. (7)
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If h =0, we only require the third condition above.

Definition 6 asks that U, is highly-uncorrelated with the top-h eigenspace of M, so that U has
picked up most of the spectral mass, for an h such that \,11(IM) is not very separated from A (M).
Note that Definition 4 does not explicitly guarantee a head guarantee in the absence of a gap.

3 k-to-1-ePCA reduction

In this section, we provide a guarantee on Algorithm 1’s performance when O1pca in Line 3 is an
e-1-ePCA oracle. We begin by stating one helper lemma used in the analysis.

Lemma 3. Let M € Sif)d and r € [d]. If P € R¥? is a rank-(d — r) orthogonal projection matriz,

then HPMPHOp > A1 (M).
Proof. This is a consequence of Cauchy’s interlacing theorem (Fact 1). O

Theorem 1 (k-to-1-ePCA reduction). Let € € (0,1), let M € SL§?, and let O1pca be an e-1-ePCA
oracle (Definition 3). Then, Algorithm 1, when run on M, returns U € Rk an e-k-ePCA of M.

Proof. We proceed by induction on i € [k]; for disambiguation let U; € R¥? denote the horizontal
concatenation of the first ¢ calls to O1pca, so that P, =1; — UZ-UZT. Observe that

Tr (U MUy ) = Tr (UTMU;) + uf, Muig
= (=) [M]; + (1 —€) |[P:MP;|,
> (1 =€) [[M]|; + (1 — €)ois1(M) = (1 —¢) [ M|, -

The first inequality used the inductive hypothesis (the base case is i = 0) and the guarantee on u;1
from Definition 3, and the second used Lemma 3. The conclusion follows by taking ¢ = k. O

We mention one elegant generalization of the proof strategy of Theorem 1, which shows that arbi-
trary compositions of two e-ePCAs remain an e-ePCA, regardless of the block size.

Corollary 1. Let € € (0,1), let Uy € R¥F1 be an e-ky-ePCA of M € SE§Y, and define M =

(I, — U U )M(I; — UU7]). Let Uy € R™*2 e an e-ky-ePCA of M with Uy L Uy, and let
k:=ki+ko. Then, U := (U1 Ug) € R4k s an e-k-ePCA of M.

Proof. The proof is identical to Theorem 1, where we use Fact 1 to conclude

. >(1—¢ Z Ak +i(M).

i€[ka]

Tr <U;MU2) >(1—¢) H (Id - UlUlT) M (Id — U1U1T>

4 k-to-1-cPCA reduction

In this section, we give our second black-box k-to-1-PCA reduction, which considers the case where
O1pca in Line 3 of Algorithm 1 is a (d,v)-1-cPCA oracle. In Section 4.1 we first give two helper
tools which are used throughout to bound the spectra of matrices under projections formed via
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perturbations of its eigenvectors. In Section 4.2, we establish an impossibility result on k-to-1-
cPCA reductions in a range of the parameters (9,7). In the complement of this parameter regime,
we analyze the performance of Algorithm 1 and provide our main result, Theorem 2, in Section 4.3.

4.1 Gap-free Wedin decompositions and basic cPCA composition

In this section, we develop two general facts used throughout our analysis. The first is a matrix
decomposition inspired by the gap-free Wedin theorem (Lemma B.3 of [AZL16]). At a high level,

Lemma 4 applies noncommuting projection matrices compatible with only one of two matrices M, M
on different sides of their difference, and rearranges terms. Its conclusion allows us to develop tools
to bound the correlation between the small eigenspace of M and the large eigenspace of M.

Lemma4. LetM € Sif)d, let U € R be orthonormal forr € [d], and let M := (I;—UU M(I4—
UUT). Suppose M, M have etgendecompositions

M=LAL" +S2S", M=LAL" +S%S", for ULL, U LS,

i.e. L,S,i,g are all orthonormal, L,S have columns forming the eigenvectors of M, and i,g,U

) . . dxd
have columns forming the eigenvectors of M. Then, assuming A € ST§°,

S'L = (I,-STUUS) »STLA — STUUTLALTLA ™",
Proof. Let D:=M —M = (I; - UUT)M(I; — UUT) — M. Then,
STDL=ST ((Id _ UUT> M (Id _ UUT) L— Mi)

~5" ((1.-UUT) ML - ML) = -S"UU ML

—-STUUT (s=8T+LALT )L

= -S'UU'SES'L-S"UU'LAL'L, (8)
where the second equality used L L U. We also have,

STDL=S" (Mi - Mi) =S (fjx - Mi) ~STLA-S'TML=STLA-3XS'L  (9)

where the second equality used M =LALT +S2ST and L L g, and the fourth equality used
M = SEST +LAL'. Combining (8) and (9) and right-multiplying by A~!, we have the claim. [

We next prove a useful consequence of Lemma 4, which is repeatedly used to analyze the composi-
tions of approximate cPCA algorithms in Section 4.3. The proof first applies two cPCA guarantees
in turn, and then uses Lemma 4 to bound a cross term arising in the analysis.

Lemma 5. Let 61,92,71,72 € [0, %] Let Uy € R*F1 be q (61,71)-k1-cPCA of M € Sgﬁd, and

define M := (I; — UyU)M(Iy — UyU]). Let Uy € R¥*%2 be a (63,72)-ka-cPCA of M with
Uy L Uy, and let v := max(v1,272), k := k1 + ko. Let the eigendecompositions of M, M be

M = LAL" +SEST, where L := V=U=00%M) vy
M =LAL" + S¥S", where L := VZ(I_”)’\’Q(M)(M), and U LL, U LS,
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i.e. orthonormal L,S have columns forming eigenvectors of M, and orthonormal i,g,Ul have
columns forming eigenvectors of M. Then, U := (U1 Ug) € R js a (A,v)-k-cPCA of M, with

~ 112
HUlTLALTL

45, on

A:=01+200+ — - 3 .
o0 Ak (M)

Proof. We first observe
2
HSTUHF =Tr (UTSSTU) =Tr (U[8STU, ) + Tt (USSTU,). (10)

Since Uy is a (01,71)-k1-cPCA of M, it is also a (d1,7)-k-cPCA (since v > 1), so we have
Tr (UlTSSTUl) < 41. Next, we bound Tr (SSTUQUQT). Then, since Uy 1L Uy,

Tr (U2T ssTUQ) =Tt (U; (ifﬂ n §§T) ssT (I?IT + §§T) U2>
—Tr ((UTIZIZTS + U§§§Ts) (sTf,iTUg + ST§§TU2))

T (U] LLTSSTLLTUQ) 4 OTy (UTSSTSSTSSTUQ) . using Fact 3

| A

21y (
Ty (LTUZUQT if,TssTi) Oy (§TSST§§TU2U2T§)
(LTSSTL) 42Ty (sTUQU2 s) using Fact 5,

<1, and HéTssTé

HITUQU;FE <1

op op

<o[sTE|[ + 26, (11)
where the last line used the cPCA guarantee. Now we bound HSTf,HF By Lemma 4,
STL = <Id . STUlUlTS> »STLA~! - STU; U LALTLA L. (12)
We next focus on the first term. Since [|Z|,, < (1 —7) A, (M), and M (STUU(S) < 1, we have
A-ILTSE (Id ~ STU1U1TS)2 SSTLA L < (1— )2\, (M)?2A'LTSSTLA L,

Further, since Fact 1 implies A, (M) < A, (M), Fact 5 implies that

2 1

(1 —72)2 (M

Combining the above two displays proves ||(Iz — STUlUlTS)ZSTfJX_IHF <(1-—- ’yg)HSTf.HF, since

(1—)2
(1—2)?

Tr (K—liTssTfjx—l) = Tv (K—QiTssTi> < H]g—l

STE, < 7 872

< (1 — 72)? for 4 > 279. Plugging this into (12), along with a triangle inequality, yields

HSTLH (1= ) HSTLH +HSTU1UTLALTLA HF
which implies
~ HSTUlUlTLALTf,K‘IH
HSTLH < E (13)
F Y2
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Finally, the conclusion follows by combining (10), (11), (13) and [[AB||p < [[A[l,, [|Blg:

~~ 2 2 ~~ 2
HSTUlUlTLALTLA‘lHF < HUISHF HUILALTLA—1

op
2 ||~ 2 ~ 12
< HUISH HA—l ‘UILALTL
F op op
1 T |12
<4 ; [ulLaLTL
op

(1= 72)* M, (M)
< (51(1 + 3’)/2)
A (M)?

2 2

- 2
HUILALTL < B ‘ (14)
op )\k (M)

}UILALTI?

op

O

4.2 Invalid regimes for black-box cPCA

Before we prove our main result on cPCA (Theorem 2) in the following Section 4.3, in this section,
we point out that not all values of (J, ) pairs are feasible inputs for Algorithm 1 to serve as a lossless
black-box reduction even for constant k, unlike in the case of ePCA. Formally, we characterize two
types of parameter regimes for black-box cPCA using the following definition.

Definition 7 (Black-box cPCA regimes). Let g : [0,1] x [1,00) — [0,1]. We say g induces an
invalid black-box cPCA regime if, for every f : N — Rsq, there is a value A € [0,1], a k € N, and
M e chjd with d > k such that, letting T := g(A, ki, (M)),® and defining

A . r
fR) T f(k)
BlackBoxPCA does not always return a (A, T')-k-cPCA if O1pca is a (6,7)-1-cPCA oracle.

0=

(15)

Conwversely, we say g induces a valid black-box cPCA regime if there exists f : N — Rsq, such that
for all M € S‘éﬁd, A €0,1], T :=g(A,kx (M)), and (6,7) in (15), BlackBoxPCA always returns a
(A,T")-k-cPCA if Oipca is a (9,7)-1-cPCA oracle.

For example, suppose we establish g which induces an invalid black-box ¢cPCA regime. This means
that for BlackBoxPCA to serve generically as a (A, := g(A, k))-k-cPCA algorithm for all A € [0, 1]
and k > 1, we must ask for O1pca to be a (9, v)-1-cPCA oracle where either § = ox(A) or v = ok (T),
i.e. we necessarily suffer some loss in either the A or I' parameter by more than a function of k. The
following impossibility result establishes functions g which induce invalid black-box cPCA regimes.

Our choice to parameterize the regimes g in Definition 7 by k(M) is motivated by a result of
[Lia23] (see Eq. (1.3) in that paper), which proves that some sample complexity overhead in (M)
is necessary in general. On the other hand, the requirement that I' > v/A appears to be an artifact
of the specific deflation strategy in Algorithm 1. We now state our main impossibility result.

Proposition 1 (Invalid black-box cPCA regimes). Let o, f,v € Rsq, and g : [0,1] x (1,00) — [0, 1]
be defined as g (A, k) == vA*KP. If a > % or B <1, g induces an invalid black-box cPCA regime.

Moreover, Theorem 2 shows that the complement of the regimes ruled out by Proposition 1 are all
valid regimes, where we suffer parameter degradation only in k. Hence, Proposition 1 and Theorem 2
completely characterize valid and invalid black-box ¢cPCA regimes, under Definition 7.

8We let (M) denote the k-condition number of M, i.e. the ratio of A\;(M) and A\, (M) (see Section 2).

15



We establish Proposition 1 by giving 3-dimensional examples where Algorithm 1 fails to return a
(A, T)-2-cPCA if T < ko(M)VA asymptotically, assuming O1pca is a (8,7)-1-cPCA oracle, for any
0, smaller than A, I" by a constant. First, we show that sublinear functions induce invalid regimes.
Lemma 6. Let o, 8,0 € Rsg, and define g : [0,1] x (1,00) — [0,1] as g (A, k) := vA“KP. I[fa > 1
or B < 1, then g induces an invalid black-box cPCA regime.

Proof. Following the notation in Definition 7, fix f : N — Rso. Without loss of generality, we
assume that f is nondecreasing. Let C' := f(2). We divide the analysis into two cases:

)
l.a>1:Forany kK > 1, 2 ((A’“l)) < min (55, 1) for all sufficiently small A.
2. B < 1:Forany A >0, E 1)) < min (%, %) for all sufficiently large .

Therefore, we can always find a pair (A, k) in both cases, such that ((K 1)) < min (% i) We will

show an example with & = 2 and a matrix M with k-condition number xj (M) = k. If we can show
that for § = A , two (6,0)-1-cPCA oracles fail to produce a (A, I')-1-cPCA, where I' := g(A, k), the
same will be true for calling two (f(k) (k)) 1-cPCA oracles, since § = (A) and 0 < (k) This gives
us our desired contradiction, since it shows g induces an invalid black-box cPCA regime.

To this end, we now show that there is M € 83&63 with k(M) = k such that calling two (d,0)-1-
cPCA oracles as in Algorithm 1 fails to return a (A, I')-2-cPCA. Define the 3 x 3 diagonal matrix

We let u] = (vVI—3 0 +/0) and observe uy is a (6,0)-1-cPCA of M. We also let uy be the top
eigenvector of M := (I3 —uju{ )M (I3 —uju] ), which is a (4, 0)-1-cPCA of M. To compute uz, note

N 5((1 — 20)(1 — &) + Kd) 0 —/8(1—0)((1—20)(1 — 8) + x0)
M = 0 1 0
31 —0)(1—2D)(1—8)+kd) 0  (1—08)((1—20)(1—6)+ kd)

so that the eigenvector-eigenvalue pairs of M are

V5
(e2,1), 0 ,(1=2I")(1 —0) + kS
V1—906
Since § = % > %, we have

(1—-20)(1=6)+ K6 =1+200+ (5 —1)§ — 2T > 1,

SO ug = ( Vo 0 V11— 5) is an exact 1-cPCA of M. In this case, U = (u1 uz) fails to be a
(A,T')-2-cPCA of M as claimed, since

HUTV<(1—I‘)/\2(M)H2 _ HUTQSHQ 1S A
F F -
The second equality can also be seen by noting that eg € span(U). O
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We next improve Lemma 6 to show that we can rule out g asymptotically smaller than /- in A.
Namely for a fixed k, while Lemma 6 rules out black-box ¢cPCA reductions without parameter losses
for ' < A, when A is small enough, Proposition 1 further rules out such reductions for I' < v/A.

Proposition 1 (Invalid black-box cPCA regimes). Let «, B,v € Rsg, and g : [0,1] x (1,00) — [0, 1]
be defined as g (A, k) := vVA®KP. If o > % or B < 1, g induces an invalid black-box cPCA regime.

Proof. If « > 1 or § < 1, then applying Lemma 6 yields the claim. Thus, in the remainder of the
proof suppose % <a<land f>1. Fix f: N — Rsg, and define C := f(2).

Since o < 1, there exists a ¢ > 0 such that g(A,2) > cA for all sufficiently small A. Let

c 1 1
Keo=min| %, —— .
i <10’ 10C” 100)
Since o > 1, g(A,2) < KV/A for all sufficiently small A.
Assume A < 1 is small enough that I' := g(A) satisfies

Ie [CAJ(\/Z} .

Let § := 10KA < 5. Note that § < cA <T. Let

2 0
M:= [0 1 0 ,M;:(Ig—uluI)M@g—uluI).
0 0

We prove g induces an invalid black-box cPCA regime by showing that calling two (%, 0)—1—CPCA
oracles on M as in Algorithm 1 fails to return a (A,I")-2-cPCA.

Define u; = (\/1 -9 \/0/2 \/5/2)T, which is a (%,O)—I—CPCA for M. Let ug = (um U992 ugg)
be the top eigenvector of M and \ be the corresponding eigenvalue, so ug is a (%, 0)-1-cPCA for

M. Since V<(1-T)A(M) (M) = e, to prove U = (u; ug) is not a (A, I')-cPCA of M we must show

T

uds > A. (16)

By a direct calculation,” we get

5 or <\/4r2 624 6T (26 + 0T — 4T) —r) a7

A=1+2+2
ot 2

Next, we provide upper and lower bounds on A, which will be useful for the rest of the analysis.

V/AT2 4+ 62 + 6T (20 4 6T — AT) < /A2 4 62 4+ 46T = 2T + 6,

and

VAT2 £ 62 4 6T (26 4 0T — AT) > /A2 + 62 — 4T'2§ > 2T,

9We provide a calculation of the eigenvalue here.
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where the last inequality used 6 = 10K A > 4K2A > 4I'2. Using these bounds in (17), we have

1) 30
1l+-< A<+ —. 18
+2< < +2 (18)

Since u; and wuo are distinct eigenvectors of M > 0, they are orthogonal to each other. Therefore,
Ay = I\N/Iug = (13 — u1u1T> M <13 — ululT) ug = Mug — (ulTMuQ> Ug.
Since M is diagonal, rearranging the above equality and writing w1, ug in the canonical basis,
Vv1—=19
(2 — )\) u21 3
(1=Nun | = (u/Mu) | /3

(1—2F—)\)UQ3 \/g

Using the bound on A from (18), the above equation implies that ulTMuQ, Uu91, 92, and usgg are all
nonzero, and A ¢ {2,1,1 — 2I'}. Therefore,

un _ [2(1—=0) (1—=A\ ugs _ A—1 (19)
Uy ) 2—XN) " up \A—1+2"/)°

Taking absolute values and using the bounds on A from (18),

un | _ [2(1-9) (1+3) 1 _ 200 (88 (20)
uge | o 2-(1+%) 5 2-35) =
and
u9z3 A—1
e A
U922 A—142' L (21)

where (20) used that 6 = 10KA < %. Inequalities (20) and (21) imply |uge| = max{|ua1|, |ugz|, |u2s]|}
Since uy is a unit vector, u3, > 1. Using (18) and (19), our claim (16) follows as shown below:

2
2 A-1 0\, (1+9)-1 1
U3 = | v 7 op | U2 5 Y
A—1+2T (1+§)—1+2r) 3
807 100KZA? S A

©3(644)2 T 7BI2 T . (K\/Z)Q

4.3 Black-box cPCA in the valid regime

In this section, we provide composition results used to bound the performance of Algorithm 1 in
the regime I' > VA - iy, (M), which is the asymptotically slowest decay rate on I' not ruled out by
Proposition 1. Our analysis of the composition of black-box cPCAs proceeds in two steps.

1. In Lemma 9, we first consider the case where we perform a sequence of recursive cPCAs on
M, and there exist gaps in the spectrum of M. We show how in this gapped case, cPCAs are
composable with only a poly(k) blowup in cPCA parameters by applying Lemma 5.

2. In Lemma 13, we then consider the gap-free case, where we use a careful argument on head
guarantees (see Definition 6) that we show are recursively afforded by approximate cPCAs,
to bound the parameter blowup by a quasipolynomial factor in k.
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4.3.1 cPCA composition: the gapped case

In this section, we provide a composition lemma which applies under gap assumptions in the spec-
trum. Before providing our full gapped composition result, we state two helper lemmas.

Lemma 7. In the setting of Lemma 5, suppose that (1 —~y1)Ag, (M) > A, 41 (M) and 61 < ﬁ.
Then, U is a (2(61 + 92),7)-k-cPCA of M, for v = max(y1,272).

Proof. By Lemma 5, it suffices to provide a bound on HUlTLALTfJHOp.

Throughout the proof, let w € span(i) C span([Ui] 1), u € span(U;) be arbitrary unit vectors,
and note that u L w by definition. Let rank (L) = k¥’ > k. Then,

u LAL Tw = 3 N(M)[L ul;[L w];
ie[k/]

_Z)\ © S ALl 22)

i=k1+1

::R1 =Ry

Let orthonormal L; € R¥¥*! span the subspace of eigenvectors corresponding to the largest ki
eigenvalues of M, and let S; be the complement subspace. We assumed that (1 — y1)\g, (M) >
My +1(M), so that ||S] U2 < 6; by the cPCA guarantee. This also lets us conclude

2 2
|Lio = 1o = |[sTo]| =k -6
2 > (23)
— HLIwH2 < Ly - HLITU1HF < 6, for all w e R%, w L Uy.

Let Ay € RF1>F1 and Ay € RF2¥k2 be diagonal matrices, so that A has diagonal entries {A(M) Y
and Az has diagonal entries {\;(M)}ic(p)\ (k- We now bound the terms in (22): first,

Rl =| (L) A (L) < Al
In the last inequality we used (23). Next, we similarly have
o[ STl 8T, < M)

since ||S{ull2 < ||S{Uy|r < v/&;. Plugging in the above two displays into (22), and applying

Lemma 5, then yields the result due to the assumed bound on %:

ol 574, <2005

[ Ra| < [|Az]l

HSTUH <O+ 20+ ek (2fA1 ) :51+262+165%*;’3<W<2(61+52>-

7)\ 2

O

Lemma 8. Let M € S have Mgy 1 (M) < (1 — D)A(M) for k € [d] and T € (0,1), let V € R¥*F
be an exact k-PCA of M, and let U € R¥* be a (A,T)-k-cPCA of M. Then,

H (Id - UUT> M (Id — UUT> — (Id _ VVT) M (Id _ VVT) < 4VAN (M).

op
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Proof. By our gap assumption, the cPCA guarantees imply ||(I; - VVT)UUT ||2 < A, so that
2 2
H (Id — UUT) VVTHF — - <UUT,VVT> - H (Id — VVT) UUTHF <A.
Next, observe that, since UUT — VVT =UU(I; - VVT) — (I, - UU")VVT,

HUUT vV’ <2VA,
1%

O

< HUUT(Id I VAVADY H(Id —uuhHvv’
op op

where we used our earlier bounds. The conclusion follows from
(L-UvUT )M (1L -UUT) - (L= VvV )M (1= VVT)
- (Id _ VVT) M (VVT _ UUT) _ (UUT _ VVT) M (Id _ UUT) :
after using the triangle inequality and our earlier bound on [UUT — VV ||, O

We now apply Lemma 7 recursively to obtain our gapped composition result, aided by Lemma 8.

kj = k for {kj}jer) C N. Suppose for all
1
’ 10

Lemma 9. Let k € [d] and r € [k], such that 3 ;.
j € [r], the following recursively hold for some 6, € [0, 75], where we initialize Py < 1.
1. Uj is a (6,7)-approzimate kj-cPCA of P;_1MP,_; with span(U;) C span(P;_1).
2. Pj=P; , - U;U;.

Suppose for A := 4r%§, T := 2rvy, max(A,T) < %, and letting Kj :=" kj for all j € [r],

J'€ld]
2
A1 (M) < (1 =T)Ag; (M) forallj€[r—1], and A < IPRGVIER (24)
Then U = (Ul UT) is a (A, T')-approximate k-cPCA of M.
Proof. For all j € [r], let W; := (U1 Uj) € R™K; 5o that U = Wj. Our proof will be

by double induction. Throughout the proof, refer to the following assumption by Prefix,_1: for all
jer—1], Wjis a (A,I')-K;-cPCA of M. We will prove the stated claim assuming Prefix,_1,
which means that Prefix,_; implies Prefix,. Because all the assumptions continue to apply if the
lemma statement took smaller values of r and k, this means we can induct on the base of Prefix,
justifying our assumption of Prefix,_;. For the remainder of the proof, suppose Prefix,_; is true.

We first state a consequence of Prefix,_1. Let 1 < j' < j <r —1,s0 Wy is a (A, T)-K;-cPCA of
M by assumption, and Wj/WjT, = I4 — Pj.. Moreover, let V; € R¥>Ki" be an exact Kj-cPCA of

M, which is unique by the gap assumption (24), and let Q;: := Vj/V;: for convenience. We have:
Ak (Ta =Py ) M (Ta = Pji)) < A i1 (Te = Q) M (Ta — Qyr))
+[|(Ta = Pj) M (g = Pj) = (s = Qjr) M (Ta — Q1)

lop

< Ak,41(M) + 4V AN (M)
r T
< (1 — F) )\KJ(M) + EAk(M) < (1 — 2> )\Kj(M)
< (1= ) Moy (- Py) M (1~ Py).
(25)
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Here, the first inequality was by Fact 2, the second used Lemma 8 and the gap assumption (24)
with j < j’, the third used (24) with j < j, the fourth used \y(M) < Ag; (M), and the last used
Fact 1. In other words, (25) shows that after any j’ steps of our recursive cPCA procedure, all
remaining gaps (ensured for our original matrix by (24)) continue to hold in the residual matrix
(I —Pj)M(Ig — Pj), up to a small multiplicative loss in the gap parameter.

Next, we divide [r]| into dyadic intervals, using L + 1 layers for L := [logy(r)], labeled 0 < ¢ < L.
In particular, the 0" layer is Sp1 := [r], the first layer consists of the intervals S := [2L7!] and
S11:=[r] \ S1,0, and so on. More generally, for each 0 < ¢ < L and 0 <4 < 2¢, we let

Spii= {j el ik te1<j<(i+ 1)2“[},

agi =Y kj=Kpie, by = > kj = Kopin(r (i41)20-0)-
jei2t—1 j€[min(r,(i+1)2L—)]

In other words, this dyadic splitting induces a binary tree, where the (L'"-layer) leaves correspond
to single elements in [r], and the (0*M-layer) root corresponds to the set [r]. Moreover, the node in
the tree associated with Sy; C [r] captures the interval [ag; + 1,bp;] C [k]. We refer to this node
as the (£,1)™ node, and we associate it with Wi, an approximate (by; — ag;)-cPCA of the matrix
P,5.-¢MP,r—c. In particular, Wy, is just the horizontal concatenation of Uj; for all j € Sp;.
We inductively analyze the approximation quality of the intermediate Wy ;, to show that for all
0<{¢<L,Wy;is a (d,)-approximate (by; — as;)-cPCA of P;yr-¢eMP 91— for all 0 < i < 2¢ and

Oy = 4L7€5, Ye i = 2L—Z,Y'

The base case, £ = L, follows since all W, ; = U;;q are (0, y)-approximate cPCAs of their corre-
sponding P;MP;. Next, suppose inductively that all the Wy ; are (dy,7¢)-approximate cPCAs for
some 0 < ¢ < L, and all 0 <4 < 2. Then, consider some W,_1,, which is the composition of W ;
and Wy ;1. To analyze this composition, we apply Lemma 7, which requires that

)‘be,zi*ae,m' (PiQL*ZHMPiQL*“l) > (1 + Fye))\bl—l,i*al—l,i (Pi2L*‘5+1MPi2L*£+1) . (26)

v
167y, (M)2
which is invariant to the choice of £ since §; and 7? grow at the same rate, so this is implied by our
bounds in (24). Therefore, we can apply Lemma 7 and W,_; ; is indeed a (4d¢, 2v¢) = (dp—1,ve—1)-
cPCA as claimed. The conclusion follows by taking £ = 0, as 4" < 42, 2 < 2r. O

Because v, < g < g forall 0 < ¢ < L, (26) is implied by (25). Lemma 7 also requires dp <

The following byproduct of our proof of Lemma 9 is useful in our later development.

Lemma 10. In the setting of Lemma 9, suppose that Ak, (M) > 2)\Kj_1+1(M) for all j € [r], where
we let Ko := 0. Then, for all j € [r], we have ry, (P;j-1MP;_1) < 2.

Proof. First of all, we have Ay, (P;j—1MP;_1) > Ak, (M) by Fact 1. Moreover, an analogous argu-

ment to (25) shows that the largest eigenvalue of P;_{MP;_; is perturbed by at most g)\k(M) <
2—1())\Kj71+1(M), when compared to Ag;_;+1(M), so A1 (P;-1MP;_1) < 1.05Ak,_,+1(M). The con-
clusion follows from combining these inequalities, because 1.05 - % <2 O
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4.3.2 cPCA composition: the well-conditioned case

In this section, we analyze Algorithm 1 under the promise that x;(M) < 2. We begin with a basic
helper lemma on composition under a head guarantee (Definition 6), patterned off of Lemma 7.

Lemma 11. In the setting of Lemma 5, let §; < %, k(M) < 2, and v < 9. For 0 < h < d,
suppose that Uy satisfies a (h,2kiy1,01)-head guarantee (Definition 6) with respect to M. Then, U
is a (8,7)-k-cPCA of M, for § := 130k?6; + 209 and v := 2s.

Proof. Throughout the proof, for convenience we denote

2 M
Ly, := V22 M (M) — HLZ [UthF < 41 and Mni (M) <1+ 2k

)‘k1 (M)

By Lemma 5, it suffices to bound HUlTLALTiHop. Throughout the proof, let w € span(L) C
span([U1]1), u € span(Uj) be arbitrary unit vectors, so u L w. Next, let m € [d] be the largest
index such that A\, (M) > (1 — 1) A\g, (M). Finally, let ¥’ := rank (L) > k. Note that h < k; <
m < k/, where h < k; follows because otherwise ||L;) [U1] [lop < 1 is impossible, as this would mean

dim (span (Ly)) + dim (span ([Uy] ) = h+d — k1 > d = span(Ly) Nspan([U;] ) # 0.

Next, letting V := (L S) be a full set of orthonormal eigenvectors for M, we have

u LALTw = 3" X (M) [LTus[L " w);

i€[k’]
= S MM L AL wli+ > A (M) LT ulLTw]; - A, (M) <VTu,VTw>
1€[m] 1€[k']\[m]

=) (A (M) = A, (M) [Lufs[Lw];

i€[h]

=Ry
+ > (M) = Mg, (M) [L T uf[L wl;
ie[m]\[]

:VRQ
+ Z )\ TuliLTwli— > ey, (M) [V ui[V T

€[k N\[m i€[d]\[m]
:=R3 =Ry

(27)
In the second equality, we used (u,w) = 0 and VVT =1, and in the third, we used that the
first m rows of V! agree with L. For convenience in the following, let A; € R(A—Dx(=1) A, ¢
R(m—h+1)x(m=ht1) Ay e R —m)x(K'=m) anq A, € R(A=m)*(d=m) ¢ diagonal matrices such that A;
has diagonal entries {A; (M) — Ay, (M)}, cp,_y), A2 has diagonal entries {A; (M) — Ak, (M)} h—1>
A3 has diagonal entries {A;i (M)};cpp)\ () and A4 has diagonal entries {Ag, (M)} -

We now bound the terms in (27). For Ry,

ol =| (L) A (L) < Al

o], 7], <00
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The last inequality used ||L} wl|2 < HL;L—[Ul]J_HF < /1. For Ry, since |ull, = |w]|, =1,

g1 (M)

<|IA <
o] < [l < max { 2 (8

- 1,71}Ak1(M).

1

For Rs, R4, since HSTuH2 < HSTU1HF < /&1 by the cPCA guarantee on Uy, and the j™ rows of
VT and ST agree for any j > m by definition,

7ol 57, < s

I N

’R3‘ < ||A3||op

|Ra| < [|Adllop

Plugging in the above displays into (27), we have

~ by M 2
IUTLALTL|?, < <3A1(M)\/E+ max {W — 1,71} Ak, (M))
1

< 18\ (M)2 6 + 2 max {(%71)2 ,'ﬁ} Ak, (M)?
= 18)\; (M)? 61 + 8k{97 A1 (M)?,

Applying Lemma 5 and using the assumed bounds in the lemma statement then yields the result:

2 46
T < I 2 2.2 2
Hs UHF B2+ (18)\1 (M)2 5y + 8k292\; (M) )
801y (M)?
= &1 + 20, + 1”’“72() (961 + 4k3y?) < 13025, + 205
2

O

In the absence of an explicit gap in the spectrum of M, Lemma 11 shows how to nonetheless apply
Lemma 5, assuming a head guarantee. The following lemma shows how to inductively use cPCA
bounds to enforce such a head guarantee. Informally, the requirement (28) states that after i steps
of Algorithm 1, the next h steps are a cPCA of the residual matrix, for all h € [m]. We show that
(28) either implies a gap in the spectrum of the residual matrix, or that the entire residual matrix is
well-conditioned in the top-m subspace. Either case yields a guarantee compatible with Lemma 11.

Lemma 12. Let M € S‘éﬁd and let U € R™? be orthonormal, with columns {ug}eejg. For 1 <i <
J<d, let Uy € RXU=H1) have columns {ueteepij)- Further, for i € [d], suppose for all h € [m],

Uit is a (8,7) -h-cPCA of ML, := (Id - U[u]U[TM) M (Id - U[l,ﬂU[]i]) .28
There is h € [0,m — 1] 50 U1 j4m] satisfies a (h,2mry,d)-head guarantee with respect to M.

Proof. Let h € [1,m — 1] be maximal such that )\h+1(ﬁi) <(1- W)Ah(mi); if no such index exists,
then we set h = 0. Then, by definition the first condition in (7) is satisfied for this value h if h # 0,
and otherwise it is irrelevant. Further, since h is the largest such index, )\j+1(ﬁi) > (1=7)A (M)
for all j € [h+ 1,m — 1], so telescoping across all such j, we have the third claim in (7):

A1 (M) ( 1 )m_h_l <14 2mm.
)\m(Mz) o 1- v o
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This holds even if h = 0, and the second claim in (7) is irrelevant in this case, so we assume h > 1
henceforth. For notational convenience, let i@h = VM) (M) € R, The definition of h
implies f‘i,h = [Vg(l_W))‘h(Mi)(lf\v/Ii)]L, so (28) with m < h yields
~ .~ 2 ~ 2
HU[IH’Z,+h]V§(1—v)Ah(MZ)(Mi)HF <5 = UF;+17i+h}LivhHF >h—6

2
= |[L, [U[z‘+17z‘+h]hHF <9

2
= Lz‘T,h [U[i—i-l,z'—i-m}]J_HF <.

In the last claim, we used that span(Ujtq,i44)) D span(Ujitq ipm))- O]

Finally, we apply Lemmas 11 and 12 to complete our analysis of Algorithm 1.

Lemma 13. Let k € [d] and k(M) < 2. Let U € R¥* be the output of BlackBoxPCA (M, k, O.pca)
(Algorithm 1) where Ocpca is a (8,7)-1-cPCA oracle. Let

A= (1322) 81 5 = gllosa(,

Assume A < 2%28. Then U is a (A, T')-k-cPCA of M.

Proof. We divide [k] into dyadic intervals as in Lemma 9, using L + 1 layers for L := [logy(k)],
labeled 0 < ¢ < L. In particular, the O*" layer is So,1 := [k], the first layer consists of the intervals
S1,0 = [2L~1] and S1,1:=[k] \ S1,0, and so on. For each 0 </ < Land 0<1i< 2¢ we let

Sei={j ekl |2 +1<j < (i+1)24~}.

This dyadic splitting again induces a binary tree, where singletons in [k] are leaves and the root is [k].
The node in the tree associated with Sy; C [k] captures the interval [i2X—¢+1, min((i+1)257*, k)] C
[k], and (following notation in Lemma 12) we associate it with

Wi = Upor—t 11 min((i+1)2L- k)]

Moreover, we define m; , := dim(span(W; ¢)), and for all h € [m; ], we let
h
WE,Z) = U[iQL_Z+1,i2L_[+h}7

ie. WEZ) is the first h columns of W;,. We inductively claim that for all 0 < ¢ < L, Wg;) is a

(8¢, 7¢)-approximate h-cPCA of Po.«MP,o1 ¢, for all 0 < i < 2¢, and all h € [m; ], where
5o = (132k2) 705, 4o = 2570,

The base case ¢ = L follows by assumption. Next, suppose the claim above holds for some 0 < ¢ < L,
and all 0 < i < 2¢. Consider some W_1,, the composition of Wy 9; and Wy o; 1. If Wy, is

empty, then all Wéﬁ)l,i are (0g—1,v¢—1)-h-cPCAs of Pjy—e11MP 5. —¢41 by the inductive assumption.

Otherwise, by induction, (28) holds with i < 2071 and m <« 217 for 6 « &y, v < .
So, we can apply Lemma 12 to obtain h € [0,217¢ — 1] satisfying the head guarantee needed by
Lemma 11. We then use Lemma 11 with M < P,yr—¢+1MP;y.—¢+1 to analyze our composition.
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In particular, g (Pgr—+1MPgr—e41) < 2 where k' := min(2F=F1 & — i2L=41) by Fact 1 and
kr(M) < 2. Moreover, & grows faster than ~7, so the remaining requirement in Lemma 11 is
satisfied by our choices of A,I'. Finally, Lemma 11 proves that W; o is a (d7—1,v¢—1)-mi¢—1-cPCA
of Pyor— 41 MP or—¢11. It is straightforward to check the same argument we used also shows that
Wg}Zl is a (07—1,7¢—1)-h-cPCA of Pjor—+1MP 91—¢+1 for all b € [m; ¢_1], since we can truncate the
coniposition early. This completes the induction, and the conclusion follows by taking ¢ < 0. [

4.3.3 Putting it all together

In this section, we finally combine the results from the previous two sections, and provide a generic
analysis on the parameter degradation of BlackBoxPCA’s guarantees when using 1-cPCA oracles.

Theorem 2 (k-to-1-cPCA reduction). Let (A,T') € (0,1) and M € ch)d satisfy A - kp(M)2 < T2,

and let O1pca be a (6,7)-1-cPCA oracle (Definition 5), where § := m ANTIRES @(}&) -T', for
appropriate constants. Then, Algorithm 1 returns U € R>* g (A, T)-k-cPCA of M.

Proof. For convenience in this proof, let

. A o _ A AN - T _, T I’

e P rre e M T U T A Tl

Also, let G be the set of indices ¢ € [min(k,d — 1)] such that \;11(M) < (1 — I')A\;(M), and let
the elements of G be denoted {K};cjr—1). Let Ko := 0 and K, := k, and define k; := K; — K; 1
for all j € [r]. Following the notation of Oipca, we let U; := {ui}icik, 11,k € R4*i and we
iteratively define P :=I,;, PU) .= pU-1 — U]-UjT for all j € [r — 1]. We claim inductively that
for all j € [r], Uj is a (A/,T")-approximate k;-cPCA of PU"UMPU~Y. Because T < ﬁ, we have
Kj—1

_ Ai+1(M) =k 2
= 11 M) >(1-T)" >z
ZZK]',1+1

Ak; (M)
)‘Kj71+1(M)

It is also straightforward to check that A,T satisfy the requirements of Lemma 9. Therefore, the
inductive assumption and Lemma 10 show that Rkj(P(j _1)MP(j_1)) < 2. By applying Lemma 13
and A’ < ﬁ - (T")2, we hence have completed our inductive argument. Finally, applying Lemma 9
shows that U is a (A,I')-k-cPCA, so it is clearly also a (A,I')-cPCA as claimed. O

5 Applications

In this section, we give applications of our main results, Theorems 1 and 2, to the design of k-PCA
algorithms for statistical problems. In Section 5.1, we begin by proving several preliminary results
which will be used throughout our applications. We provide our results on robust k-PCA under
various distributional assumptions, Theorems 3 and 4, in Section 5.2. Finally, in Section 5.3, we
develop a simple k-cPCA algorithm in a heavy-tailed online setting in Theorem 5.

5.1 Preliminaries

In this section, we establish some results about the clipping of sampled data points that will be
used to handle heavy tails in subsequent applications. We first define the standard notion of (p, Cp)-
hypercontractivity (see, for example, [MZ18] where it was used in a similar context).
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Definition 8 ((p, Cp)-hypercontractivity). Let p > 4 be a positive even integer. A distribution D
over R? is said to be (p, Cp)-hypercontractive if for all v € R?,

N

Exwp [(X — E[X]0)")F < GExan [(X — E[X] )]

We observe that Definition 8 is compatible with assuming D is centered and symmetric, with no
loss in parameters. Namely, let {X;};c|,] ~ D with covariance E[(X — EX) (X — EX)' ]=%. If D
is not symmetric or centered, we can consider the 7 independent variables

Xoi_1 — Xo;
K::M,ie[l, PH
V2 2

Indeed, if X and X’ are independent with probability distribution D and Y := (X — X’)/v/2, then
LY =04, E [YYT} = 3 Y is symmetric about 04, and

B \}i[X,X’ND [(<X -EX,v) - <XI - [EX/’U»p}

< \2[EX7X/ND 271 (X — EX, 0)? + (X' — EX",0)")]

3=
3 =

Ex x'~p [(Y,0)"]

S =

=

= V3Exop [(X — EX,0)]r < CoExp [2()( - [EX,vﬂ
1
= Cp[EX,X’ND |:<X - X,, ’U>2:| : 5

where the inequality follows from Fact 4. So, Y also has a (p, Cp)-hypercontractive distribution.
Therefore, in applications for hypercontractive D, we assume without loss that D is centered and
symmetric. We next define a clipping operation relevant to our heavy-tailed applications.

Definition 9 (Clipping). Let R € Rwg. The R-clipping function Tg : R* — R? is defined as
VR )
v

el

Tr(z) := min (1

for all x € RY. Given distribution D over RY, the R-clipped distribution of D is defined as Tr(D).

We will often use T for the R-clipping function if the clipping radius R is obvious from context. In
the next result, we analyze the bias due to the clipping function.

Lemma 14 (Bias of clipping). Let D be (p, C,)-hypercontractive over R with covariance X.

1. For allu € RY, uT (2 — Epup[Tr () T (az)T])u <Cch (uTEU) (Trl(%z))gfl,

2. For x ~ D, Pr(||z], > VR) < (Cp(%})))%)(l’—@'
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Proof. For  ~ D and any unit vector u € R? we have,

E[(w,2)” = (u, Tr (2))°] = [(u,x>2 <1 - HP|”|2> 1 (llzlly > \/R)
2

< E [{u, sc>p] {( (\xHQ > \F)) } , using Holder’s inequality

< C[%[E _(u,x>2_ { <||33H2 > )} , using (p, Cp)-Hypercontractivity
-2

< C%t (u,x>2 Pr (H:c||2 > \F)

P
p=2
o [/ 12] [Hﬂpr] o o -
< Gy ((u, ) Rl , using Markov’s inequality (29)
L E 2

Denote r := & for convenience of notation. Then,
T
T
Elllzf) = E[(aTe) [ = £ | | D a?
i€(d]

E (2,25, - a5,

1
T

Z
J1,32,---Jr €[d]
)

< E [xzrﬁ E [xzr] ..E [xzrﬁ , using Holder’s inequality

J1 J2 Ir
j17]27 ]re[d]
1 1 1
= Y B[] Elwen)”] E[@e)”]
j17j27---j7"6[d]
< C’zr Z E [(.CL‘, ej1>2} E [(x, ej2>2] . E [(:L‘, ejT>2} using (p, Cp)-hypercontractivity
jlanv“’j're[d]
2 T T T
=Gy’ Z <6j12€j1> (ejQEejQ) <ejr26jr>
J1.J2;---jr€ld]

r

Z e] Te; | = ChTr (%)

i€[d)

Y
2

Substituting this into (29) we have proven the second claim, and

p—2

E [(u, z)* = (u, Tk ($)>2} <CJE [(Ua $>2} (W) N = CJE [<u,x>2} (Tr (2)> -

R2
which completes our proof of the first claim as well. O

As an immediate consequence of Lemma 14 we have the following corollary.

Corollary 2. In the setting of Lemma 14, for any p € (0, f) and R > ( )p 2Tr (X), we have

L ||Ecnn[Tr () Tr () '] = Ellop < plIZ ]l
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P
)P=2.

2. Prop(ally > VR) < (

o

3. For allv € RY, Epup[(Tr (z) ,v>p]% < 2CE, (TR (2) ,v)Q]%.

Proof. Ttems 1 and 2 follow directly from substituting the value of R in Lemma 14. We next prove
Item 3. For & ~ D we upper bound the p*® moment of one-dimensional projections:

E[(Th (2),v)?) = E [<x,v>p (1 (1x1, < VE) + ( ﬁ) L (11, > ﬁz))

[ P

< 2E [(z,v)"]

<2CPE [(m,v}z} * | using (p, Cp)-hypercontractivity of X (30)
We now obtain lower bounds on the second moments of one-dimensional projections:
P_1
Tr (X)) 2
E [(x, v)? — (T (z) ,1))2} <Ch (uTEu) < 1(% )> using Lemma 14,

< C2E [(X,vﬂ <<c€5> ) U pE [<X, v>2] .

Substituting this into (30) completes our proof:

E [(x,v>2]
I-p

[S]4S)

E[(Tk () ,v)"] < 2CF < (26, (@,0)?]

5.2 Robust PCA

In this section, we develop algorithms for robust PCA. The robust PCA problem asks us to output
an approximate PCA of a covariance matrix from independent draws from the inducing distribution,
even after a fraction of draws are corrupted. We define our contamination model formally below.

Definition 10 (Strong contamination model). Given a corruption parameter ¢ € (0, %) and a
distribution P, an algorithm obtains samples from P with e-contamination as follows.

1. The algorithm specifies the number n of samples it requires.
2. A set S of ni.i.d. samples from P is drawn but not yet shown to the algorithm.

3. An arbitrarily powerful adversary then inspects S, before deciding to replace any subset of [en]
samples with arbitrarily corrupted points (“outliers”) to obtain the contaminated set T', which
1s then returned to the algorithm.

We say T is an e-corrupted version of S and a set of e-corrupted samples from P.

Robust estimation typically requires that the inliers satisfy structural properties (that hold with
high probability) that distinguishes them from harmful outliers. In the context of PCA, we use the
following stability condition from [JLT20, DKPP23| to design our algorithms.
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Definition 11 (Stability). For e € (0,3) and v > €, we say a distribution G on R? is (e,v)-stable
with respect to ¥ € Sf_f)d if for all functions w : RY — [0,1] such that Exglw(X)] > 1 — ¢, the
- T

% satisfies (1 — )2 <2 Xg, = (1+)X.

In [JLT20, DKPP23|, the distribution G in Definition 11 corresponds to the uniform distribution
over the remaining inliers, i.e. S N7 in Definition 10. In this notation, the uniform distribution on
the corrupted set T" can be written as (1—¢)G+€B, where B corresponds to the uniform distribution
over the outliers T\ S. Under the stability condition stated in Definition 11, the following result
from [DKPP23| gives a generic 1-ePCA algorithm that runs in nearly-linear time.

wetghted second moment matrix ¥, =

Proposition 2 (|[DKPP23, Theorem 3.1|). Let €y, vo be sufficiently small absolute constants. Let T
be a set of n data points in RY. Fore € (0,€0) and v € (0,7), suppose the uniform distribution on T
can be written as (1 —e)G +eB, where G is (€,7y)-stable with respect to 3. There is an algorithm Ay
taking T, €, v, and § € (0,1) as inputs. A1 outputs a unit vector v € R? such that, with probability
>1—0,v is an O(y) 1-ePCA of 3, and v lies in the span of T, in time

nd d
—polyl — .
© (72p0y0g <65>>

In the context of our reduction in Theorem 1, we will repeatedly invoke the above algorithm A
on deflated data, i.e. after projecting out all reported principal components so far. Conveniently,
stability is preserved under arbitrary deflations, as shown below.

Lemma 15. Let S C R? be such that the uniform distribution over S is (e,)-stable with respect to
3. For any P € R¥™¥4, the uniform distribution over {Pz}es is (e, 7)-stable with respect to PXP.

Proof. For A,B € $%*¢ A < B implies PAP < PBP for all P € R?*¢_ giving the claim. O

Thus, Proposition 2 is compatible with our framework in Theorem 1 and can be used as a 1-ePCA
oracle for 3. Combining this observation with Theorem 1, we obtain nearly-linear time algorithms
for robust k-ePCA. Importantly, the sample complexity of our robust k-ePCA algorithm does not
increase with k, as we can reuse the same samples in each call to Proposition 2 due to Lemma 15.

Corollary 3 (k-ePCA in nearly-linear time under stability). In the setting of Proposition 2, there
is an algorithm Ay taking T, €, v, 6 € (0,1), and k € [d] as inputs. Ay outputs orthonormal
U € R¥™F, such that, with probability > 1 — &, U is an O(v)-k-ePCA of ¥, in time

ndk d
0] <72polylog <65>) .

Corollary 3 also leads to k-cPCA guarantees using Lemma 1 and Theorem 2 in some parameter
regimes, but we focus on ePCA for compatibility with Proposition 2. In Sections 5.2.1 and 5.2.2,
we apply Corollary 3 to two fundamental distribution families: sub-Gaussian distributions and
hypercontractive distributions. Our results follow via establishing appropriate stability conditions.

5.2.1 Sub-Gaussian distributions

In this section, we show that by leveraging known stability conditions for sub-Gaussian distributions,
we can directly apply Corollary 3 to design a robust k-PCA algorithm. We first give a definition of
the sub-Gaussian distribution family under consideration.
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Definition 12 (Sub-Gaussian distribution). We say a distribution D on R? is r-sub-Gaussian for
a parameter r > 1 if it has mean 0gq and covariance ,'° and for all unit vectors v € R* and t € R,

2
Exwp [exp(thX)] < exp <;vT2v> .

Next, we present a result from [JLT20] bounding the sample complexity required for the uniform
distribution over a set of corrupted samples to be stable with respect to a covariance matrix.

Lemma 16 (Corollary 4, [JLT20]). Let D be an O(1)-sub-Gaussian distribution on R? with covari-
ance 3. Let € € (0,¢eq) for an absolute constant €y, 6 € (0,1), and for an absolute constant C, let
~v:=Ce log(%). If S is a set of n i.i.d. samples from D where, for an appropriate constant,

o <d+102g(§)> |
Y

then with probability > 1 — 0, the uniform distribution over S is (€,7y) stable with respect to 3.

Applying Proposition 2 with Lemma 16 in hand, [DKPP23, Theorem 1.2] obtained a nearly-linear
time algorithm for robust 1-ePCA.!! By simply replacing the use of Proposition 2 with Corollary 3,
we further obtain the following robust k-PCA result for sub-Gaussian distributions.

Theorem 3 (Robust sub-Gaussian k-ePCA). Let D be an O(1)-sub-Gaussian distribution on R?
with covariance . Let € € (0,€9) for an absolute constant €y, and 6 € (0,1). Let T be an e-

%) for an appropriate constant. Algorithm

Ay, (Corollary 3) run on inputs T, €, v = O(elog(L)), 8, and k € [d] outputs orthonormal U € R**
such that, with probability > 1 — 6, U is an O(elog(2))-k-ePCA of %, in time O("g—%kpolylog(e%)).

corrupted set of samples from D with |T| = O(

As discussed previously, the sample complexity of Theorem 3 notably does not grow as k increases.

5.2.2 Hypercontractive distributions

In this section, we relax the sub-Gaussianity assumption used in [JLT20, DKPP23| and instead
assume that the data is drawn from a (p, Cp)-hypercontractive distribution (Definition 8). Our
main result in this section is the following algorithm for k-ePCA in the hypercontractive setting.

Theorem 4 (Robust hypercontractive k-ePCA). For an even integer p > 4, let D be (p,Cp)-
hypercontractive on R with mean 04 and covariance 3. Let € € (0,¢), 6 € (0,1), and v =

2
@(036175) such that v € (0,70) for absolute constants €y,vo. Let T' be an e-corrupted set of samples

from D with |T| = @(B(%W)) for an appropriate constant, where 3 := C’ge_%. Algorithm
A (Corollary 3) run on inputs T, €, v, 8, and k € [d] outputs orthonormal U € R¥™** such that,

with probability > 1 — 6, U is an O(y)-k-ePCA of X, in time O(%‘é’“polylog(%)).

2
We mention that the approximation factor of v = @(036175) achieved by Theorem 4 is optimal
under e-corruption for a (p, Cp)-hypercontractive distribution (cf. Lemma 18). Further, the sample
complexity of Theorem 4 differs from the information-theoretic sample complexity by a factor of

0The same symmetrization strategy as discussed in Section 5.1 shows that the assumption that D is mean-zero is
without loss of generality. We defer additional discussion to [JLT20].

"Proposition 2 is applicable because if the uniform distribution over a set S is (e,)-stable, then the uniform
distribution over S’ C S with |S’| > (1 — €)|S] is also (¢, O())-stable; we apply this with ' = SN T.
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2
6= Cgefi and a log d term [LKO22, Proposition 6.7]. In particular, for constant Cp, €, the sample
complexity of Theorem 4 nearly-matches that of Gaussian data even for heavy-tailed distributions,
while being robust to a constant fraction of corruption and running in nearly-linear time.

At the end of the section, we give a detailed comparison between Theorem 4 and the closest related
work of [KSKO20], which handled distributions with bounded fourth moments under an assumption
related to (but not directly comparable to) our assumption of (4, Cy)-hypercontractivity.

Theorem 4 follows by establishing that a large enough set of samples from hypercontractive distri-
butions satisfy the conditions of Corollary 3. To establish stability, one could hope that the samples
drawn from D are stable as is (without removing any e-fraction). A common approach towards this
goal would be using matrix Chernoff bounds, which would lead to a multiplicative dependence on
log(%), where ¢ is the failure probability. Instead, we shall use the following result from [DKP20],
phrased in our notation, that does a more white-box analysis and uses the flexibility permitted by
removing O(e)-fraction of samples to establish a sharper dependence on log(%).

Lemma 17 (Lemma 4.1 and 4.2, [DKP20]). Let D’ be a distribution on R? satisfying uncentered hy-

percontractivity, i.e. for an even integer p > 4, for allv € R%, (Eyopr[(z, v>p])% < op(Egup (2, 0)2])%
Let € € (O,%) and & € (0,1). Suppose D' is supported on a ball of radius VR > 1, and X' :=
Foopr[z2 ] satisfies 13]|op = O(1). Let S be a set of n i.i.d. samples from D', for

Rlogd otlog(3) o2log(3) dlog(%) log(})
4 P 0 4 P > 5 + 0 + o
aer

n=0

a? a? ea €

for an appropriate constant, and « € (0,1). Then with probability > 1 —§, the uniform distribution
on S can be written as (1 — €)P + ¢B, where P is (e,7y)-stable with respect to 14, for

_2
7 =0 (IIF' = Lillop + 027> +a).

We are now ready to give our sample complexity bound for hypercontractive stability.

Proposition 3. For an even integer p > 4, let D be a (p, Cp)-hypercontractive on RY with mean 04

2
and covariance . Let € € (0, €q) for an absolute constant ey, 6 € (0,1), and v = @(0’%6175) be such
that v < % If S is a set of n i.i.d. samples from D where, for an appropriate constant,

dlog(d)
72

log(L
n=0 <Cze_12’ . + max(C’ﬁ,CSel_%) . Oig‘s)> ,

then with probability > 1 — 6, the uniform distribution on S can be written as (1 —e)P + €B for two
distributions P and B such that P is (e,y)-stable with respect to 3.

Proof. We first observe that if the uniform distribution over a set S’ satisfies stability with respect
to I, then S := {Eézn}xegx satisfies stability with respect to 3. We let the samples in S’ be drawn
as X" 2x for x ~ D, and thus follow an isotropic distribution. Moreover, it is straightforward to
see that this transformed distribution also satisfies (p, C})-hypercontractivity. Thus, we assume D
is isotropic in the rest of the proof and establish stability with respect to I.

Next, we consider a clipped variant of D. Let D’ be the distribution of Tr(z) for R = (%E)P%?d
and z ~ D, so D' is supported on a ball of radius VR > 1. Let ¥’ := E,p [mxT] We shall choose
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p= C”Cgel*% < 3 for a large enough constant C’, such that p < 1 by an upper bound on 7. By
Corollary 2, |Z' — X[, = [|Z" — L4[|,, < p and the probability that a sample from D is clipped is
< 165+ In particular, by a Chernoff bound, this second conclusion shows that with probability at
least 1 —exp(—Q(ne)) > 1— g, less than an § fraction of samples will be clipped. We let the clipped
samples form the distribution B. In the sequel, we prove stability of the unclipped samples.

Recall that D’ has second moment matrix X' with ||¥',, < 2, and D’ satisfies uncentered hyper-
contractivity with o, = 2C), by Corollary 2. We hence may apply Lemma 17 with € <~ §, 0 « %,
2

and o < p = @(Cgelfp), which again lies in (0,1). Since p > ||=’ — Iy|op, with probability 1 — 3,
P is (5,7)-stable for v = O(Cgek%). Finally, we bound the sample complexity:

Rlogd o2log(: o2 log(% dlog(: log (4
n— O 02g 4O g(é) 4o g2(5)+ 2g(5) n (5)
o o oer (326 €
2
P\ 72 dloed C*log(t log(L d log(L log (1
=0 <Cp> ’ 02g + -2 Qg(é) + og(;;) 1/ = Of(‘s) 0815 (using the value of R)
p gl gl e 72 (€/7)
_2dlogd Cilog(3) log(}) d log(1) log(})
=0 |C% > + £ + g — 0 4 0 using the value of ~,
P 2 2 Che V2 (/) € (nsing )
_2dl C*log(: _2dl log (1
_oczepdlond | Gplo() | o pdlogd  log(y) (using v/ab < 2a + 2b)
5 min(y?, Ce) vy C26 v (€2/7)
_2d] Clog(1
_0 C’ze ;d 02gd+ P g(5)2
v min(y?, C2e, CZe 7 (2 /7))
_2dlogd log (%
=0 (Cge : ;g + Cg mi?lg('(yg,)e)> (using the value of )
_2dlogd _2 log(:
=0 (Cge ’ ;g + max(C;,‘, Cgel IQJ) Oi(z‘;)) : (using the value of )

By a union bound, with probability 1— 4, the uniform distribution on S can be written as (1—¢)P+
B, where P is (§,7)-stable. Finally, (§,)-stability of P implies (e, O()) stability of P.'? O

We now provide the proof of Theorem 4, by leveraging Proposition 3 and Corollary 3.

Proof of Theorem 4. Let S be the set of i.i.d. samples from D. Proposition 3 implies that, with
probability > 1 — ¢, the uniform distribution on S can be written as (1 — €)P + e¢B, where P
is (€,7y) stable with respect to 3. Since € is small enough, the (e,~)-stability of P implies P
is also (10e,O(7v))-stable. Let T be the corrupted set of samples and observe that the uniform
distribution on T is < 2e-far from P in total variation. Thus, the uniform distribution on T
can be written as (1 — 2¢)P’ 4 2eB’, where P’ conditions P on a probability (1 — O(e)) event and
consequently inherits (8¢, 7)-stability with respect to X from P; see, for example, [DKPP22, Lemma
2.12]. Reparameterizing € to 2¢, we see that Corollary 3 is applicable. O

126 see this, note that stability implies every second moment matrix of a e-weighted subset of the data is bounded
in the Loewner order by O(v)3, a bound which can be applied twice.
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We now show that the error guarantee of Theorem 4 is optimal (up to constants) for small e and
k=1

Lemma 18 (Lower bound for robust hypercontractive ePCA). Let ¢ > 0 be a small enough constant
and let d € N be sufficiently large. Let D be a (p,Cp) hypercontractive distribution on Re for an

2
even integer p > 4 and Cp, > 2, with mean 04 and covariance %. Let € € (0,¢€p) for eg = (%)% and

2
let v = C’gel_?. There is no algorithm that, with probability > %,

cy-1-ePCA of 3, given infinite samples and runtime.

outputs a unit vector u that is a

Proof. We exhibit d 4+ 1 mean-0g4, (p, Cp)-hypercontractive distributions P = {D; }p<i<q4. Moreover,

all of the distributions {D;};c[g will have total variation distance < e from Dyp. Finally, letting
ks

{3 }o<i<d be the corresponding covariances, our construction will have ¥y = I, and X; = Iz+seze;

for s := 6(0.250;6_% —-1)= @(Cgel_%) = O(7), where we used € < €.

We now give our construction. Let P be the uniform distribution on {—1,1} and let P’ be the

distribution (1 — €) + €B, where B is the uniform distribution on {iO.BC’pe_%}. Observe that
both P and P’ are mean-zero and (p, Cp)-hypercontractive; indeed, for X ~ P, E[X?] =1 — ¢ +

0.256056_% =1+ s, while

ya
2

E[XP] = (1 —€) 4+ €27 PCPe™! < CP(E[X?])z,

where we use that C, > 2 and E[X?] > 1.

Define Dy to be the distribution on R? such that coordinate is sampled independently from P.
For each i € [d], define D; to be the distribution on R? such that all coordinates are sampled
independently, the i*® coordinate is ~ P’, and all other coordinates are ~ P. Since all D; are
product distributions, the arguments of [KS17, Lemma 5.9] imply that all D; are also (p, Cp)-
hypercontractive, and have the claimed covariances. Finally, the coupling formulation of total
variation distance implies all {D;};c[q are at most ¢ far from Dy in the total variation distance.

Thus, under these conditions, it is possible that the distribution of inliers is D = D;+ for some
unknown i* € [d], but the adversary corrupts the distribution to be Dy. If the algorithm outputs a

. . . .- 1+su2, 1—u?2,
unit vector u in this case, then it is an p-1-ePCA for D;« for p =1 — Jif::} — HUS’ )
the error p > % if u?* < 1/4. Since Dy contains no information about the unknown index i*,
we conclude that no algorithm can output a unit vector u € R? with u?* > %, for large enough d,

and thus the ePCA approximation error is at least ¢y for a small constant c. O

. Importantly,

Comparison to [KSKO20]. As mentioned previously, the most comparable result to Theorem 4
in the literature is due to Proposition 2.6 of [KSKO20], which used a different set of distributional
assumptions than hypercontractivity. The assumptions used in Proposition 2.6 of [KSKO20] are:!3

1 2
E[EIND [<UUT,333:T — E> ] < v(k)? for all orthonormal U € R,
(31)

and Hmf _ || < B with probability 1.

op

13 Proposition 2.6 of [KSKO20] assumes a stronger version of the first line in (31) where the inner product is taken
against arbitrary rank-k matrices with Frobenius norm 1. However, inspection of their proof shows they only use the
weaker (31), i.e. bounded inner products against matrices of the form ﬁUUT7 which they term “semi-orthogonal.”
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For comparison, if D is a (4, C4)-hypercontractive distribution,
2 2
Exop [<UUT,xxT> } < Cf <va, E> for all v € R%. (32)

The assumption (31) differs in that applies to rank-k matrices (rather than rank-1), it enforces a
uniform bound v(k) (rather than a bound sensitive to v, which is tighter if the spectrum of ¥ is
uneven), and enforces an almost sure bound, which does not follow in general for hypercontractive
distributions. We now bound the parameters in (31) under the assumption (32) for fair comparison.

Let U € R™* with columns {ui}ick) be orthonormal, and suppose that (32) holds. Then,

Epop [<UUT zz T 2>2] — Epop [<UUT,xxT>2 —9 <UUT, me> <UUT, 2> + <UUT, 2>2]

=E,wp <Zuzu xx >2 —<UUT,E>2

i€[k]
=3 B (i) (5, 25)°] - <UUT,2>2
iclk] jelk]
< Z Z \/ xND (ug, ;) } E,wp [(u],azj> ] — <UUT,E>2
iclk) jelk]
2
_ Z\/ M (s, @5 } - <UUT,E>2
i€[k]
2
< (S a <uuT2> - <UUT,§:>2
1€[k]

2
= (C;-1)(UUT,z) < (ci-1) B},

The first inequality used the Cauchy-Schwarz inequality and the second inequality used (32). It
follows that the value of v(k) that can be derived in (31) satisfies

v(k) <4/C?—1- ”5}!’?.

This bound is tight up to constant factors, as witnessed by the hypercontractive mixture distribu-
tion 3N (04, 314) + 3N (04, 314), whose covariance matrix is ¥ = I, and whose hypercontractive
parameter in (32) is a constant bounded away from 1, since the fourth moment of a standard Gaus-
sian is 3. In this case, we claim that for any orthonormal matrix U € R¥F, <UUT7 xa:T> deviates
from its expectation by (k) with constant probability, Which is enough to lower bound v(k) by
Q(V'k) by using the definition (31), since the left-hand side is + times the variance of (UU T, z2 ).
The expectation of <UUT, xxT> is simply k. On the other hand, if 2 ~ N (0g4, 2Id) (which happens
with probability %), the Hanson-Wright inequality implies that with high constant probability, we
have [T UU Tz — %k| < %k, soz'UU Tz > %k:. Therefore, the variance of <UUT,xxT> is indeed
Q(k?), so v(k) = Q(Vk), matching the above inequality up to a constant factor.

Next, by Proposition 2.6 of [KSKO20], the output U of their proposed algorithm satisfies
IZl, = (TUT,2) = O (e[l + v(k)Vie) = 0 (3) [ 5)y.
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where v = /€, which is implied by the upper bound in Theorem 4 up to constant factors for
any Cy = O(1). Next, using the clipping argument in Lemma 14 for B := C% - TEE, under (32),
Pr(Hxa:THOp > B) < e.!* Therefore, the sample complexity used by Proposition 2.6 of [KSK020] is

n=0 ((dk2 + B\@) log (@)

v (k) €

dk?  Tr (%) k d
-0 1 el
(6 iy ) s ()
for Cy = ©(1), which is worse than the sample complexity required in Theorem 4 in the dependence

on k. For example, in the reasonably well-conditioned regime where Tr(X) = O(¢ - ||||),), the
respective sample complexities of [KSKO20| and our algorithm for the same estimation rate are

a2 d d dlog d +log 1
O(<€+ 15) 10g<66>>, O<61’5 .

5.3 Online heavy-tailed PCA

In this section, we provide a k-cPCA algorithm for heavy-tailed data without adversarial corruptions
in an online setting, as a proof-of-concept application of our cPCA reduction. More precisely, we let
X1,X2,... X, ~ D be iid. draws from a (p, Cp)-hypercontractive distribution, D, with covariance
matrix 3. Our goal is to perform an approximate k-cPCA of X, in the setting where the samples
arrive online, i.e. we are limited to using O(kd) space, where k < d but n is potentially > d.

We first establish a helper result, Lemma 19, which shows that an approximate k-cPCA of ¥ € SdXd

is also an approximate k-cPCA of S e SdXd provided X and S are sufficiently close in operator
norm. Our result follows from standard elgenvalue perturbation bounds from the literature.

Lemma 19 (cPCA perturbation). Let X, = S‘if)d satz’sfy |32 — f)”op < p. Let U € Rk pe q
(6,7)-k-cPCA offl Jor max {0, v} < 5 i Then for p < ﬂ’/\’“( , the following hold.

1. Uis a (A )-k-cPCA of ¥ with A —8k( + 260, I' := 2.

)
2. kp(B) < 26(2).

Proof. Let S :=v=0- W)Ak(z)( ) denote the eigenspace of 3 with eigenvalues < (1 —v)Ax(2) and
let L denote its complement subspace. Similarly, define S := V=0~ F)’\’9(2)(2) and let L denote its

14This is the threshold at which point the clipped samples can be treated as outliers.
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complement subspace. By definition of U, we have HgTUH% = Tr(UngTU) < §. Hence,
ISTU|2 = T (UTSSTU) — Ty (UT (iff + §§T) ssT (EET + §§T) U)

=Tr ((UTLL's + UTSSTs) (STLLTU +S78STU) )

< 2Tr (UTifTSSTifTU) + 2Tr (UT§§TSST§§TU> , using Fact 3

— 9Ty (ETSSTEETUUTE) Ty (SST§§TUUT§§T)

<2||LTsSTL| T (iTUUTi) +2HSST Tr (§T§§TUUT§)
op op
~[12 o~ ~ ~
<2|sTL/|” T (LLTUUT) +2HSST Tr (STUUTS>
op op
~12 o~ —~ 2
<2|ls™%, ’LLT Tr <UUT> +2 HssT ’STUH
op op op F
~112
<2k HSTL + 26, using the cPCA guarantee. (33)
op
Further, using Fact 2,
‘)\k(fi)—)\k (2)‘ < Hz—ﬁ < p. (34)
op

Therefore for I' = 2,

(1= DM(D) = (1= TIM(D) = P () + (1= 7) (W(E) = M(D))
> Ak (2) —p(1—7), using (34)

b >
> w2(> using p < W2<>

Hence, by applying the gap-free Wedin theorem (Lemma B.3, [AZL16]), we have

< d <
op ~ (1 —A(Z) = (1 =D)A(T) ~ 1u(B)

HSTi (35)

Combining (33) and (35) yields the first claim, as desired:

k‘2
UMY

STUIZ <

Finally, for the claim regarding ﬂk(f)), we have by two applications of Fact 2:

M (E)+ X () - n (D)

. - » YA(E) 1 ol
(8 = 2 (g) < B+ 5 T2 (3 < 260(3).

1 M\
M(E) M (Z) - ’)\k (%) — )\k(i)‘ T (D) - '7)\k2(2) —1-1

We specify a choice of p for convenient application of Lemma 19 in the following.

Corollary 4. In the setting of Lemma 19, if p :== \/&7)\;? (X), U is a (36,27)-k-cPCA of X.
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Corollaries 2 and 4 make our roadmap clear for heavy-tailed PCA. We first use Corollary 2 to devise
a clipping threshold for our data such that the clipped covariance matrix is close in operator norm to
the original distribution’s covariance matrix. We then perform approximate k-cPCA on the clipped
data, analyzed using our reduction in Theorem 2, and finally use Corollary 4 to convert the resulting
k-cPCA on the clipped covariance to a corresponding k-cPCA on the original covariance.

To demonstrate an instantiation of this strategy, we propose an online gap-free k-cPCA algorithm
for heavy-tailed data using Oja’s algorithm [Oja82] as the 1-cPCA oracle. More specifically, we use
the following guarantee on Oja’s algorithm from [AZL17].

Proposition 4 (Theorem 2, [AZL17])). There is an algorithm Oja with the following guarantee.
Let 6,7 > 0 such that max (6,7) < % and § < %. Let d € N, R > 0, and B € (0,1). Let
n = Q(% log(%)), and let {X;}icp € RY be drawn i.i.d. from D, a distribution on R? with mean
0gq and covariance X, where HXH% < R almost surely for X ~ D. Then, with probability at least
1 — 8, Oja(d, v, { Xi}ign)s R) returns a (5,7)-cPCA of M, using O(d) space.

As a consequence of Proposition 4 and our roadmap described earlier, we conclude with the following.

Theorem 5. For an even integer p > 4, let D be (p, Cp)-hypercontractive on RY with mean 04 and

covariance . Let (A,T) € (0,1), assume A - (X)? < T2, and set § = W Ay = @(23) T,

for appropriate constants. Let

C2rp (2)VE | P2
a=|-L—— , R:=0(aTr(X)).
( - (aTr(2)
Let g € (0,1). If n= @(oz%g)2 log(%)) for an appropriate constant, BlackBoxPCA (Algorithm 1)
using Oja as a (0,7)-1-cPCA oracle on n samples from Tr(D) returns a (A,T')-k-cPCA of 3 with
probability > 1 — B, in O(dk) space.

2
Proof. Let p := (ﬁ)lﬁﬁ. Using Corollary 4, for R > <%5) "7 Tr (X), the covariance of the
clipped distribution Tr(D), X', satisfies
/
HE B Z]Hop = pHEHOP ’

Next, we obtain a k-cPCA, U, of ¥’ by running Algorithm 1 on the clipped distribution. Using
Theorem 2 and the guarantees of Proposition 4, we have that U is a (%, g)—k—cPCA of ¥'. Finally,
we claim U is also a (A, I')-k-cPCA of 3 by Corollary 4, which requires

[ A
1= ==, <plEl,, <2 S (2. (36)

The proof follows by substituting the definition of p in (36). The space complexity is immediate
from the definition of Algorithm 1. O

We do note that the prior work [AZL17], in addition to proving Proposition 4, gave a sophisticated
analysis of a simultaneous variant of Oja’s algorithm using a d x k block matrix, which applies to dis-
tributions with almost surely bounded supports (with rates parameterized by the covariance matrix
and the almost sure bound). While this [AZL17] result does not directly apply to hypercontractive
distributions, following the same roadmap as in Theorem 5, i.e. first truncating the distribution (via
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Corollary 2) and then bounding the perturbation (via Corollary 4), but using the k-Oja result of
[AZL17] in place of Proposition 4 and Theorem 2, obtains an improvement over Theorem 5. For
instance, [AZL17]’s k-Oja analysis applies in all parameter regimes because it is not bottlenecked
by the impossibility result in Proposition 1, and also incurs only a polynomial overhead in k.

We include Theorem 5 as a proof-of-concept of how to apply our reduction to give a more straight-
forward k-cPCA result by relying only on existence of the corresponding 1-cPCA algorithm, rather
than designing a custom analysis as was done in [AZL17|. We are optimistic about the utility of the
approach in Theorem 5 in providing tools for attacking future statistical PCA settings with various
constraints (e.g. privacy, dependent data, and so forth as mentioned in Section 1) via reductions,
as 1-cPCA algorithms are typically more straightforward to analyze than k-cPCA algorithms.
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