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Abstract— The paper presents a method to stabilize dynamic
gait for a legged robot with embodied compliance. Our ap-
proach introduces a unified description for rigid and compliant
bodies to approximate their deformation and a formulation
for deformable multibody systems. We develop the centroidal
composite predictive deformed inertia (CCPDI) tensor of a
deformable multibody system and show how to integrate it with
the standard-of-practice model predictive controller (MPC).
Simulation shows that the resultant control framework can
stabilize trot stepping on a quadrupedal robot with both rigid
and compliant spines under the same MPC configurations.
Compared to standard MPC, the developed CCPDI-enabled
MPC distributes the ground reactive forces closer to the
heuristics for body balance, and it is thus more likely to stabilize
the gaits of the compliant robot. A parametric study shows that
our method preserves some level of robustness within a suitable
envelope of key parameter values.

I. INTRODUCTION

Benefiting from developments in actuation, sensory, and
embedded computation, dynamic quadrupedal robot loco-
motion has made strides in terms of agility [1]–[7] and
robustness [8]–[13] in mainstream designs [8], [9], [14]–[20]
where the main body is a single rigid body, and the overall
morphological degree-of-freedoms (DoFs) are extended by
legs. The main body’s rigidly fixed morphology affords
physically-induced simplifications that enable online model-
based control strategies [21]–[23] to stabilize dynamic gaits.
Nevertheless, further increasing morphological DoFs may be
the key to extending maneuverability [24]–[30], with focus
either on legs or the main body.

Legs typically contain more DoFs, yet adding more ac-
tuation may be expensive [31] and undermine the high-
frequency response required for leg regulation. On the other
hand, the main body holds the potential for more flexibility
drawing from biological inspiration [32]–[35]. A main body
with increased morphological DoFs can be abstracted into
spinal models. Vertebrate studies have justified the spinal
functions such as twisting and bending [36] in biological
counterparts and identified the power source from a mixture
of muscles (as actuators), and ligaments and tendons (as
compliance) [33]–[35]. Such studies motivate foundational
robotics research to develop more sophisticated spine designs
and associated control methods.
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Fig. 1: Simulation Models and Robot Prototypes. (a) The sim-
ulation model with a rigid spine. (b) The robot prototype with a
rigid spine. (c) The simulation model with a compliant prismatic
spine. (d) The robot prototype with a compliant prismatic spine.

Increasing the actuated morphological DoFs in spines
may enhance the overall controllability of a legged system.
Indeed, approaches that have focused on integrating spines
in legged robots have reported improvements in terms of
gait stabilization [25], [37]–[41], motion acceleration [41]–
[44], and efficiency [41], [44], [45]. However, the addi-
tional actuation comes with a major increase in weight
which may challenge the overall payload that is mainly
compensated by legs. In contrast to additional actuation,
integrating compliance into the spine may introduce similar
improvements while not increasing the weight by that much.
Research efforts along this direction have identified benefits
in improving energy efficiency [46], regulating gaits [24],
[47], and enhancing agility [48]. However, integration of
spinal compliance renders modeling and whole-body control
more complex [48].

In the context of model-based control, the actuated mor-
phological DoFs in the spine extend the main body to a
rigid multibody system whose centroidal dynamics can be
analyzed through efficient algorithms [49] and induced into
predictive [50], [51] or reactive controllers [52], [53]. On
the other hand, the compliant morphological DoFs turn the
main body into a deformable multibody system which is
considerably more complex. The exact deformation char-
acterization of a compliant body is directly related to its
compliant mechanism and requires a specific strain descriptor
depending on the materials. Therefore, a general description
of a deformable multibody system is lacking and its corre-
sponding centroidal dynamics analysis remains an open area.



This work aims to extract a unified description to represent
legged robots with both rigid and compliant spines [54]
(Fig. 1) and enhance model-based control. The major tech-
nical result concerns an embodied-compliance-aware model
predictive controller (MPC) for quadrupedal gait stabiliza-
tion. We focus on algorithm development and verification
in simulation using a digital twin of our physical robot
developed herein. The detailed contribution of this work
includes (1) algorithms for approximating and predicting the
centroidal properties of a deformable body and a deformable
multibody system within a prediction horizon, (2) integration
of the derived predictive centroidal properties into an MPC
controller, and (3) simulation tests on a quadruped with
various compliant settings for verifying the feasibility of the
proposed strategy.

II. ROBOT MODEL: DEFORMABLE MULTIBODY SYSTEM

A dynamic legged robot is generally considered an under-
actuated multibody system that requires its kinodynamics to
be first established for state estimation and dynamic control
under mainstream whole-body regulation frameworks [21],
[55]. A general model description rising from rigid multi-
body system theory [52] has helped derive more specific
models tailored to actual robot prototypes, including

• single-body model [21]: It is suitable for robots with a
rigid trunk and lightweight legs such that they can be
assumed massless.

• full-body model [56]: It is a more accurate but complex
way to incorporate the kinodynamics of each body to
exploit the full dynamic range of a legged system.

• centroidal model [52]: It is a compressed approach pro-
jecting all bodies’ information onto the robot’s centroid
and handling the instantaneous centroidal dynamics as
the major interest of regulation and prediction.

Introducing embodied compliance rejects the potato model
by definition to represent the whole-body kinodynamics. On
the other hand, we propose to embed compliance into the
multibody concept with a deformable approximation notion
such that system and centroidal quantities are traceable
following the routines from the rigid multibody context.

A. Deformable Body Configuration

Describing a body object in terms of kinematics and
dynamics properties is essential and fundamental in a multi-
body system. We revisit the rigid body description and then
describe our proposed deformable body notion.

For the ith rigid body, Bi, body frame 0f i is used to define
the body’s Center of Mass (CoM) and Moment of Inertia
(MoI); CAD model properties are typically used to deduce
their specific expression. CoM and MoI are time-invariant
under frame 0f i. The inertia tensor is defined as

0Ii =

[︄
Icmi +miS(ri)S(ri)

⊤ miS(ri)

miS(ri)
⊤ mi13×3

]︄
, (1)

where mi is the mass, ri the CoM position expressed in
frame 0f i, and the symmetric matrix Icmi is the rotational

Fig. 2: Deformable Body Approximation. (a) The initial configu-
ration of a body (grey): each sub-body Bi (blue) has a local frame
jf i, a CoM (purple cross-circle) and a MoI (purple axes). The Sub-
body CoM position vector is denoted as jci (green dashed arrow)
in the frame jf i and jri (orange dashed arrow) in the frame 0f i.
The body has an overall CoM (red cross-circle) and its position
vector is denoted as ri (red dashed arrow) in the frame 0f i. (b)
The deformed configuration of a body: sub-bodies move relative to
each other with their CoM position vectors denoted as jr

′
i (orange

dashed arrow). The body CoM is denoted as r′i (red dashed arrow).

inertia around the CoM and its principle axes are parallel to
those of frame 0f i. The body frame 0f i is treated as the only
parent frame for the body Bi and it is used in the connection
to the predecessor (or parent body). On the other hand, more
child frames as jf i could be used to link to the successors.

In the context of continuum mechanics, the morphology
of a deformable body can be described with the deformation
mapping and the further deduced deformation gradient and
strain tensor. The deformation mapping specifies every parti-
cle within the same body from the current position to the next
position. The collection of all particle positions is denoted
as a configuration. In this way, the instantaneous CoM and
MoI can be defined from the current configuration to the next
configuration using the deformation mapping. Nevertheless,
the deformation mapping may not be available in real-time
for online computation.

We develop an approximation of the deformation mapping
using several body frames (Fig. 2). We assume a deformable
body Bi can be decomposed into Ni sub-bodies jBi with the
left-subscript j denoting the sub-body index. The sub-body
jBi is mostly a rigid cluster of particles and deformation is
indicated through relative motion between sub-bodies. Each
sub-body jBi possesses a body frame jf i like that in a rigid
body, such that the sub-body 0Bi is with the parent frame
0f i and the other sub-bodies with the child frames.

Each sub-body jBi has known mass, jmi, CoM position,
jci, and rotational inertia, jI

cm
i , about the CoM expressed

in frame jf i. Therefore, its instantaneous inertia tensor can
be expressed in frame jf i as

jIi =

[︄
jI

cm
i + jmiS(jci)S(jci)

⊤
jmiS(jci)

jmiS(jci)
⊤

jmi13×3

]︄
; (2)

S(·) is the skew-symmetric operator and jIi is time-invariant.
Between sub-bodies, we are interested in kinematics of

the child frames jf i with respect to the parent frame 0f i
such that the resultant properties are expressed in the frame
0f i and consistent with the rigid body representation. The



sub-body kinematics relations are defined as

jTi =

[︄
jRi jpi

01×3 1

]︄
, jXi = Ad(jTi), jVi =

[︁
jω

⊤
i , jv

⊤
i

]︁⊤
.

(3)

jTi and jXi are the instantaneous sub-body transformation
and adjoint transformation of frame jf i relative to frame
0f i. jVi is the sub-body twist of frame jf i’s origin relative
to frame 0f i expressed in the frame jf i. Rotation jRi,
translation jpi, angular velocity jωi, and linear velocity jvi

are also defined for frame jf i relative to frame 0f i. The
sub-body inertia tensor from (2) can be expressed in frame
0f i and composed to the instantaneous inertia tensor, 0Ii, as

0
jIi = jX

−⊤
i jIi jX

−1
i , 0Ii =

Ni−1∑︂
j=0

0
jIi , (4)

where Ni is the number of sub-bodies in the body Bi.
Remark 1: Tensor 0

jIi only captures the dynamical prop-
erties at the moment without any implication on its change
tendency in the future. Thus, we are interested in predicting
the future CoM and inertia accounting for body deformation
along the prediction horizon in the MPC control paradigm.

We propose to approximate the body inertia tensor after
deformation with the predictive deformed inertia (PDI) tensor
0I

(k)
i based on step time ∆t, step count k, and the current

sub-body twist jVi from (3). The predicted properties of
each sub-body jBi are first investigated, followed by the
composition of the whole body.

Frame jf
(k)
i refers to the predicted sub-body frame at the k

step; hence, jf
(0)
i = jf i. Figure 2 demonstrates the trajectory

of frame jf
(k)
i when the sub-body twist jVi is time-invariant

along the whole prediction horizon. The kinematics of frame

jf
(k)
i relative to jf

(k−1)
i can be characterized with the

incremental sub-body transformation jT̃i and its adjoint
transformation jX̃i in the exponential coordinates [57] as

jT̃i
△
= e[jSi] jθi , jX̃i = Ad(jT̃i) , (5)

where jSi is the screw axis and jθi the incremental travel
distance that can be computed based on the sub-body twist
jVi in a closed-formed expression [57].

The time invariance of jIi suggests that it stays the same
after the sub-body frame jf i moves in k steps; in other
words, jI

(k)
i = jIi expressed in frame jf

(k)
i . It can be

transformed backward into frame 0f i via

0
jI

(k)
i = jY

(k)⊤
i jI

(k)
i jY

(k)
i = jY

(k)⊤
i jIi jY

(k)
i , (6)

where jY
(k)
i is the predictive adjoint transformation (PAT)

in k steps and can be calculated iteratively via

jY
(k)
i =

{︄
jỸi jY

(k−1)
i , jỸi = jX̃

−1
i , for k > 0

jX
−1
i , for k = 0

, (7)

where jỸi is the predictive incremental adjoint transforma-
tion (PIAT) in one step. The PDI tensor in k steps can be

derived through summation

0I
(k)
i =

Ni−1∑︂
j=0

0
jI

(k)
i =

[︄
Ī
(k)
i miS(r

(k)
i )

miS(r
(k)
i )⊤ mi13×3

]︄
. (8)

Remark 2: From (7) we see that jỸi is the adjoint
transformation of frame jf

(k−1)
i relative to jf

(k)
i , and jY

(k)
i

is the adjoint transformation of frame jf
(0)
i relative to jf

(k)
i .

The predictive adjoint transformation jY
(k)
i characterizes

the partial deformation from sub-body jBi; how to be ex-
ploited in centroidal composite predictive deformed inertia is
discussed in Section II-C. When k = 0, the PDI tensor 0I

(k)
i

degrades to the instantaneous body inertia as 0Ii = 0I
(0)
i .

The pseudo-coded algorithm of the PDI tensors up to the
horizon count Np − 1 is summarized in Alg. 1.

Algorithm 1: Computing Predictive Deformed Inertia Tensors and
Predictive Adjoint Transformation of Single Deformable Body Bi.

1: Inputs: jTi, jVi, jXi

2: Outputs: 0I
(k)
i , jY

(k)
i

3: Model data: Ni, jmi, jI
cm
i , jci, ∆t, Np

4: for j = 0 to Ni − 1 do
5: compute jIi and jX̃i via (2) and (5)
6: compute jỸi = jX̃

−1
i

7: initialize jY
(0)
i = jX

−1
i

8: for k = 0 to Np − 1 do
9: jY

(k+1)
i = jỸi jY

(k)
i

10: 0
jI

(k)
i = jY

(k)⊤
i jIi jY

(k)
i

11: end
12: end
13: for k = 0 to Np − 1 do
14: 0I

(k)
i =

∑︁Ni−1
j=0

0
jI

(k)
i

15: end

Remark 3: The deformation of body Bi is indicated by
the sub-body twist jVi. Therefore, rigidness implies jVi =
06×1 for any j. This suggests that the proposed deformable
body notion is a unified description that can model a rigid
body by setting all sub-body twist quantities to zero.

B. Kinematics Propagation

The tree structure is one of the networks to represent
the rigid multibody system [49]. Figure 3(a) illustrates such
linking relations between adjacent bodies that each body is
connected to its predecessor with a joint. One of the bodies
is treated as the root. The root body is also a floating base
and possesses a fictitious joint to the world frame [49].

We extend this topology with the proposed deformable
body representation, with the core idea being that each
body is connected to its predecessor with a joint and a
corresponding sub-body from the predecessor, as shown
in Fig. 3(b). Let body Bi be the current body. Then, the
predecessor is Bp(i) [52]. When the predecessor Bp(i) is
deformable, its sub-body Bp(i),ps(i) connects to Bi. When
Bi is deformable, its jth sub-body links to the successor
Bs(i,j). Let B0 be the root body with major frame 0f0.



Fig. 3: Multibody Representation. (a) The rigid multibody tree
topology: each body (grey) is connected to its preceding body
through a joint (green). The adjoint transform iXp(i) (blue arrow) is
defined by the joint Ji. (b) The deformable multibody tree topology:
each body is linked to its preceding body through a joint and a
corresponding sub-body (blue). The adjoint transform iXp(i) (blue
arrow) is defined by the joint Ji and deformation (orange arrow).

The adjoint transformation between bodies Bi and Bp(i) is
essentially between the major frames 0fp(i) and 0f i. Their
twist propagation is expressed as

iVi =
iXp(i)

p(i)Vp(i) +
iVi,p(i) , (9)

where iXp(i) is the adjoint transformation of 0fp(i) relative
to 0f i and iVi,p(i) is their relative twist expressed in 0f i.

We first revisit the rigid multibody case [52], as shown in
Fig. 3(a). The adjoint transformation and the relative twist
in (9) are solely defined through joint Ji described by its
pose and velocity variables qi and q̇i [49], [52] as

iXp(i) =
iXp(i)(qi),

iVi,p(i) = Φiq̇i , (10)

where Φi denotes the free modes of joint Ji [49].
On the other hand, when body Bp(i) is deformable, the

above twist propagation needs to be described in k steps
and can be decomposed into two phases. The first phase is
from frame 0fp(i) to ps(i)f

(k)
p(i) via

ps(i)V
(k)
ps(i) =

ps(i)X
(k)
p(i)

p(i)Vp(i) +
ps(i)V

(k)
ps(i),p(i)

= ps(i)Y
(k)
p(i)

p(i)Vp(i) + ps(i)Vp(i) , (11)

and the second phase is from frame ps(i)f
(k)
p(i) to 0f i via

iVi =
iX

(k)
ps(i)

ps(i)V
(k)
ps(i) +

iV
(k)
i,ps(i)

= iXps(i)(qi)
ps(i)V

(k)
ps(i) +Φiq̇i . (12)

Combining (11) and (12) yields
iVi =

iXps(i)(qi) ps(i)Y
(k)
p(i)

p(i)Vp(i)

+ iXps(i)(qi) ps(i)Vp(i) +Φiq̇i , (13)

which indicates that the adjoint transformation and the rel-
ative twist in (9) are defined through the states of joint Ji

and the predictive sub-body kinematics in k steps as
iX

(k)
p(i) =

iXps(i)(qi) ps(i)Y
(k)
p(i) , (14)

iVi,p(i) =
iXps(i)(qi) ps(i)Vp(i) +Φiq̇i , (15)

where iXps(i)(qi), ps(i)Vp(i) and Φiq̇i are deduced from
joint and deformation measurements and ps(i)Y

(k)
p(i) is com-

puted in Alg. 1.

C. Centroidal Composite Predictive Deformed Inertia
The centroidal dynamics of a complex multibody system

can be used for regulation when the overall motion is
prioritized over a subordinate body motion [49]. In the
context of legged locomotion, the centroidal momentum can
be exploited to design feedback control laws for reactive pos-
ture regulation [52]. However, computation of the centroidal
momentum usually requires to identify the centroidal inertia
tensor first. The successful practice of model predictive
control on legged platforms [9], [16], [58] also justified
the explicit use of the centroidal inertia tensor to construct
dynamical constraints. Therefore, we focus on the centroidal
inertia tensor for a deformable multibody system.

The literature regarding rigid multibody systems explores
the centroidal composite rigid body inertia (CCRBI) as the
centroidal inertia tensor of interest [49], [52]. An efficient
algorithm [52] exists to recursively compose the inertia
tensor from the most remote body to the root body via

ICp(i) = ICp(i) +
iX⊤

p(i)I
C
i

iXp(i) , (16)

where ICi is the composite inertia tensor for the body Bi

and its successors expressed in its major frame 0f i. This
indicates that the current body and its successors move
as one to emphasize the overall motion. This recursive
composition yields IC0 , the composite inertia tensor of the
overall multibody system expressed in root-body frame 0f0.

The composition of rigid bodies can be extended to our
proposed deformable bodies by considering the predictive
deformed inertia tensor and predictive sub-body adjoint
transformation. The recursive composition at the prediction
instant k∆t is analogous to the rigid case and results in

I
C,(k)
p(i) = I

C,(k)
p(i) + (iX

(k)
p(i))

⊤ I
C,(k)
i

iX
(k)
p(i) , (17)

0I
(k)
G

△
= I

C,(k)
0 , (18)

where iX
(k)
p(i) is defined in (14) and I

C,(k)
i (k∆t) is the

predictive deformed composite inertia (PDCI) tensor in k

steps and is initialized with the PDI tensor 0I
(k)
i from

Alg. 1. The centroidal composite predictive deformed inertia
(CCPDI) tensor 0I

(k)
G is expressed in 0f0 and contains the

predictive composite centroid vector 0r
(k)
G .

The center-body frame fC has its origin anchored at the
composite centroid and is a pure translation 0pC = 0r

(k)
G

from the root-body major frame 0f0 with the corresponding
predicted adjoint transformation and CCPDI in k steps as

0X
(k)
C =

[︄
13×3 03×3

S(0r
(k)
G ) 13×3

]︄
, (19)

CI
(k)
G = (0X

(k)
C )⊤ 0I

(k)
G

0X
(k)
C , (20)

and the instantaneous center-body twist is propagated via
CVC = (0X

(0)
C )−1 0V0 , (21)

where 0V0 is the root-body twist expressed in the frame
0f0 and can be estimated in the whole-body estimator.
Algorithm 2 summarizes the computation of the CCPDI
tensor.



Algorithm 2: Centroidal Composite Predictive Deformed Inertia
Tensors of A Deformable Multibody System.

Inputs: 0I
(k)
i , jY

(k)
i , iXps(i)(qi)

Outputs: 0I
(k)
G , CI

(k)
G

Model data: N , Np

Initialization:
for i = 0 to N − 1 do
I
C,(k)
i = 0I

(k)
i

end
CCPDI Tensors in Root and Center-Body Frames:
for k = 0 to Np − 1 do

for i = N − 1 to 1 do
retrieve ps(i)Y

(k)
p(i) from all jY

(k)
i

iX
(k)
p(i) =

iXps(i)(qi) ps(i)Y
(k)
p(i)

I
C,(k)
p(i) = I

C,(k)
p(i) + (iX

(k)
p(i))

⊤ I
C,(k)
i

iX
(k)
p(i)

end
0I

(k)
G = I

C,(k)
0

retrieve 0r
(k)
G from 0I

(k)
G

compute 0X
(k)
C via (19)

CI
(k)
G = (0X

(k)
C )⊤ 0I

(k)
G

0X
(k)
C

end

D. Simplified Predictive Centroidal Dynamics for MPC

We investigate the centroidal dynamics that can be ex-
ploited in MPC for locomotion (Fig. 4). Many existing
scenarios [21], [59] accept the potato model to approximate
the robot trunk as a single rigid body and thus study the
states of the body frame around the rigid body’s centroid. In
the case of the deformable multibody system, we can work
on the states of the center-body frame fC .

The continuous-time centroidal dynamics at each time step
tk takes the state-space form [21] as

ẋk = Ac,kxk +Bc,kuk , (22)

xk = [Θ⊤,p⊤,ω⊤, ṗ⊤, gz]
⊤,uk = [f⊤1 , · · · , f⊤Nf

]⊤ , (23)

where the state vector xk consists of the orientation Θ, the
position p, the angular velocity ω, and linear velocity ṗ
around the centroid expressed in the world frame fW. State
xk also contains the vertical gravity component gz to include
the gravitational effect. The orientation is defined in ZYX
Euler angles as Θ = [ϕ, θ, ψ]⊤. The control vector uk is the
collection of all ground reactive forces fi.

The assumption of small roll and pitch angles leads to
the simplification of the state and control matrices in (22) as
functions of yaw rotation Rz(ψ), centroid-foothold vector
ri,k, and world-frame centroid inertia Îk [21]. The CCPDI
tensor CI

(k)
G from Alg. 2 approximates Îk with its rotational

inertia as

Îk = Rz(ψ)
C
Ī
(k)
G Rz(ψ)

⊤, (24)

Further discretization of (22) results in the discrete-time
centroidal dynamics at each time step tk as

xk+1 = Ad,kxk +Bd,kuk , (25)

Fig. 4: Control Framework Diagram. This paper addresses two
control components (shown in red blocks); the centroidal predictive
dynamics and MPC-based whole-body controller. The other control
components (grey-shaded) and the corresponding signal pattern
(dashed-arrow) are beyond the scope of this work.

TABLE I: MPC Configuration Parameters

Parameters Symbol * Values

Postion Weights Qp,x, Qp,y ,Qp,z 1e-5,1e-5,2e3

Velocity Weights Qv,x, Qv,y ,Qv,z 1e3,1e3,1e2

Euler Angle Weights Qe,x, Qe,y ,Qe,z 1e2,4e2,1e2

Angular Velocity Weights Qe,x, Qe,y ,Qe,z 1e1,1e1,1e1

GRF Weights Rf,x, Rf,y ,Rf,z 1e-8,1e-8,1e-8

which is used as the system dynamic constraint in the online
convex linear MPC problem [21].

III. RESULTS AND DISCUSSION

A. Environment and Robot Setup

The simulation models are established based on the phys-
ical prototype’s design parameters and are deployed in We-
bots 2023b. We avoid position and velocity-level commands
to narrow the gap between the simulated and the real systems.
We only send computed force and torque commands to the
target joints for less smooth but more realistic motions during
the robot-environment interaction.

The MPC weights (Table I) are selected for the simulation
model with the rigid spine to stabilize the stepping with trot
gait. The weights and other MPC setups remain the same for
the compliant model tests.

For the spinal compliance, the spring constant and rest
length are the major parameters of interest. When the spring
is stiff and its rest length is longer than the spine length, it is
always compressed and tensions the spine to its maximum
length and is less likely to deform. Therefore, this paper
investigates a much softer setup where the spring is less
stiff [48] and its rest length is within the spine length
bounds such that the spine is more likely to deform during
locomotion.

B. Trot Stepping: Rigid and Compliant Models

The tests for dynamic gaits in this work concentrate on
stepping with the trotting gait. Both rigid and compliant
robots are tested with the same centroidal predictive dynam-
ics module and MPC module (Fig. 4).
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Fig. 5: Trajectory of Centroid States. Tracking performance
of 1-minute trot stepping is investigated between the rigid (blue)
and compliant models, and between CCPDI-enabled and CCPDI-
disabled MPC settings for the compliant model in four directions:
height (top-left), roll angle (top-right), pitch angle (bottom-left),
and yaw angle (bottom-right). Spinal compliance is configured as
ks = 36N/m and lrest = 0.180m.
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ϵyy is compared between CCPDI-enabled (red) and CCPDI-disabled
(black) MPC settings for time varying composite inertia (blue).

Figure 5 demonstrates the results of an instance com-
parable test between the rigid model with standard MPC
and the compliant model with CCPDI-enabled MPC. Both
models show similar tracking performance regarding height
and roll angle. Yet, the compliant model experiences larger
oscillation in pitch and yaw angles due to the morphological
change of the spine. Note that the CCPDI-enabled MPC on
the compliant model eventually stabilizes the yaw angle and
bounds the pitch angle oscillation.

C. Trot Stepping: CCPDI-enabled and CCPDI-disabled

Equation (24) explains how CCPDI tensors at kth step
are embedded into the MPC’s system dynamic constraints.
CCPDI-disabled means treating the compliant model as a
rigid model throughout the prediction horizon. In other
words, only the first CCPDI tensor is used for MPC. Fig-
ure 5 illustrates the trajectory of the composite centroid
states for the same compliant model with and without the
CCPDI tensors. All other MPC settings remain the same
between these two cases. The CCPDI-disabled MPC fails
to stabilize the robot after 9 seconds, with a major diver-
gence observed in the pitch angle. The absolute prediction
error of the principal composite inertia along the y-axis
ϵ
(k)
yy (t) := |(0I(k)G,yy(t)−

0I
(0)
G,yy(t+ k∆t))/ 0I

(0)
G,yy(t+ k∆t)|

illustrates the prediction accuracy when the composite inertia

Fig. 7: Distribution of Planned GRF Norm with and without
CCPDI. GRF’s l2 norm distribution is analyzed between CCPDI-
enabled (red) and CCPDI-disabled (black) MPC settings across legs.
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Fig. 8: Performance Map of CCPDI-Enabled MPC. MPC
performance is evaluated across compliant configurations as ks =
10 ∼ 50N/m and lrest = 0.155 ∼ 0.21m. Successful cases are
shown with blue dots, and failure cases are marked by red crosses.

changes dynamically and ϵyy(t) := max{ϵ(k)yy (t)} denotes
the worst case within the same prediction horizon. Figure 6
shows that CCPDI offers a better average inertia prediction
accuracy than without CCPDI by around 10 times. Figure 7
demonstrates the distribution of planned GRFs from MPC
with different CCPDI options. It is observed that the CCPDI-
enabled MPC guides the GRF solutions closer to and sym-
metric around the heuristic of evenly distributed for whole-
body weight compensation and balance. On the other hand,
CCPDI-disabled MPC produces more diverging solutions
that could undermine overall gait stabilization.

D. Effect of Compliance

We investigate various compliant configurations to test
the robustness of the proposed method. Figure 8 shows the
success-and-failure map across the chosen parameters. The
CCPDI-enabled MPC is robust to different spring stiffness
when the spring rest length is longer than 0.18 m, yet
substantially underperforms once the spring rest length is
shorter than 0.175 m. This observation offers engineering
insights that the proposed method may be suitable for more
heavily spring-loaded systems.

IV. CONCLUSIONS

The paper contributes to dynamic gait stabilization for a
quadrupedal robot with embodied compliance. The proposed
approach develops a unified modeling technique to approxi-
mate both rigid and compliant bodies for their deformation.
A deformable multibody system is established with the
computation of the centroidal composite predictive deformed
inertia (CCPDI) tensor and the integration with MPC regu-
lation. The simulation results suggest the feasibility of the
proposed framework in stabilizing the trot stepping for both
rigid and compliant models. Future directions of research
include integration of CCPDI in overall control framework
and verification in our physical prototype robot.
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[40] P. Eckert, A. Spröwitz, H. Witte, and A. J. Ijspeert, “Comparing
the effect of different spine and leg designs for a small bounding
quadruped robot,” in IEEE Intl. Conf. on Robotics and Automation
(ICRA), 2015, pp. 3128–3133.

[41] P. Eckert, A. E. Schmerbauch, T. Horvat, K. Söhnel, M. S. Fischer,
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