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Abstract

We develop a framework for non-asymptotic anal-
ysis of deterministic samplers used for diffusion
generative modeling. Several recent works have
analyzed stochastic samplers using tools like Gir-
sanov’s theorem and a chain rule variant of the
interpolation argument. Unfortunately, these tech-
niques give vacuous bounds when applied to de-
terministic samplers. We give a new operational
interpretation for deterministic sampling by show-
ing that one step along the probability flow ODE
can be expressed as two steps: 1) a restoration
step that runs gradient ascent on the conditional
log-likelihood at some infinitesimally previous
time, and 2) a degradation step that runs the for-
ward process using noise pointing back towards
the current iterate. This perspective allows us
to extend denoising diffusion implicit models to
general, non-linear forward processes. We then
develop the first polynomial convergence bounds
for these samplers under mild conditions on the
data distribution.

1. Introduction

Diffusion models (Sohl-Dickstein et al., 2015; Ho et al.,
2020; Song & Ermon, 2019) have emerged as a powerful
framework for generative modeling. One of the core com-
ponents is corrupting samples at different scales, slowly
molding the data into noise. The corruption process, also
known as the forward process, can be fully described by the
intermediate distributions, {g; }+<[o,77. it defines. Diffusion
models learn to revert the forward Process by approximating
the score function, i.e. the gradient of the log-likelihood, of
the intermediate distributions g¢;.
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Once the score function has been learned, one can gener-
ate samples by running the reverse stochastic differential
equation (SDE) associated with the forward Process (Ander-
son, 1982; Song et al., 2020). In practice however, one can
only run a suitable discretization of the SDE, and due to the
recursive nature of the sampling procedure, the discretiza-
tion error from previous steps can accumulate, leading to
sampling drift away from the true reverse process. Other
sources of error come from the approximation error in es-
timating the score (Sehwag et al., 2022; Ho et al., 2020;
Nichol & Dhariwal, 2021) and from the starting distribution.
Controlling the propagation of errors in the reverse SDE
has been studied in the recent works of Block et al. (2022);
De Bortoli et al. (2021); De Bortoli (2022); Liu et al. (2022);
Lee et al. (2022a); Pidstrigach (2022); Lee et al. (2022b);
Chen et al. (2022a;b).

A second family of sampling methods is that of deterministic
samplers. These samplers can be derived by deterministic
ODE processes that satisfy the same Fokker-Planck equa-
tions (and hence have the same marginals) as the reverse
SDE (Song et al., 2020). A different work, DDIM (Song
et al., 2021), derives deterministic samplers by considering
a non-Markovian diffusion process that leads to the same
training objective, but a different reverse process. The two
formulations turn out to be equivalent up to a reparametriza-
tion of the probability flow ODE (Song et al., 2020; Karras
et al., 2022). DDIM samplers can be interpreted as iterating
a combination of two steps: a restoration step that recovers
some rough final reconstruction of the current iterate at time
t, and a degradation step that corrupts this rough estimate to
time ¢ + h. This interpretation allowed the generalization
of DDIM to general linear diffusions (Zhang et al., 2022;
Daras et al., 2022b; Bansal et al., 2022; Zhang et al., 2022).

While stochastic samplers are typically state-of-the-art for
image-generation, they require a large number of function
evaluations which makes them impractical for many appli-
cations. The gap between sample quality for deterministic
and stochastic samplers has been significantly narrowed in
the recent work of Karras et al. (2022). Deterministic sam-
plers are typically much faster (Song et al., 2021; Nichol
& Dhariwal, 2021) and also useful for computing likeli-
hoods (Ho et al., 2020; Song et al., 2020). Further, one of
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the most successful techniques for accelerating diffusion
models, Progressive Distillation (Salimans & Ho, 2022),
requires deterministic samplers. Finally, deterministic sam-
plers allow the exploration of the semantic latent space of
the trained network (Kwon et al., 2022).

Despite their significance, there is currently limited theoreti-
cal understanding for deterministic samplers. Specifically,
there is no analysis for their non-asymptotic convergence be-
havior, in contrast to stochastic samplers. The ODE analysis
is challenging because Girsanov’s theorem— the main tool
for bounding the propagation of errors when implementing
the reverse SDE— and related techniques all yield vacuous
bounds for deterministic samplers (see Section 5).

Our contributions are twofold. We first propose a new oper-
ational interpretation for the reverse ODE that generalizes
DDIM sampling to arbitrary, non-linear forward processes.

Theorem 1.1 (Informal, see Section 3). Denote by h the
infinitesimally small step size with which we discretize the
probability flow ODE. Let £ € N be a parameter for which
{ — oo and Lh — 0. For any forward process, running the
probability flow ODE for time h is equivalent to running
the following two steps: 1) restoring the current iterate to
Ch time steps in the past via a step of gradient ascent on
conditional log-likelihood, 2) degrading this by (¢ — 1)h
steps by simulating the forward process with noise pointing
in the direction of the current iterate.

We then complement this new asymptotic result with a non-
asymptotic proof that the sampler from this operational
interpretation converges to the true process. This yields a
deterministic sampling analogue of recent non-asymptotic
analyses of stochastic samplers for diffusion models (Chen
et al., 2022b; Lee et al., 2022b; Chen et al., 2022a):

Theorem 1.2 (Informal, see Theorem 4.3). Under mild as-
sumptions on the smoothness of the data distribution (in par-
ticular, the distribution can be arbitrarily non-log-concave),
the deterministic sampler arising from Theorem 1.1 gener-
ates samples for which the KL divergence with respect to
the data distribution is small provided ¢h and {=1 are poly-
nomially small in the dimension and other problem-specific
parameters.

As a corollary, our techniques imply that the same bounds
hold for the Euler discretization of the probability flow ODE,
yielding, to our knowledge, the first non-asymptotic analysis
of this sampler.

2. Preliminaries

In this work we consider a general forward process driven
by a stochastic differential equation (SDE) of the form:

dzy = fi(ze) dt + g(t) AW, o~ q.

where (W;) is a standard Brownian motion in R%. Let ¢
denote the law of x, so that go = q.

Suppose we run the forward process up to a terminal time
T > 0. Under mild conditions on the diffusion (see e.g.
(Anderson, 1982; Follmer, 1985; Cattiaux et al., 2022))
which are satisfied by the processes we consider in this
work, there is a suitable reverse process given by an SDE
such that the marginal distribution at time ¢ is given by g7 _;.
For convenience, we will often refer to gr_; as ¢; .

In fact, there is an entire family of SDEs with this property.
For any A > 0, consider the process (xf’A)ogtST given by

day = —{fr—i(ai )
14+ \2
— +2 g(Tft)QVhqu(xf’)‘)}dt
+Ag(T — t)dWy zg N~ gl

By checking the Fokker-Planck equations, one sees that the
marginal distribution of z{** is indeed given by ¢~

One notable process in this family corresponds to the case of
A = 0. This is a deterministic process, denoted (z; )o<t<T,
driven by the probability flow ODE (Song et al., 2020).

1
dzy” = —{fru(a7) = 59(T = )*VIng; (z;7)} dt

with x5~ ~ ¢

In the diffusion model literature, there are two popular
choices of forward process: the variance exploding (VE)
SDE (Song et al., 2020; Song & Ermon, 2019; 2020),

2
dcoijtt
some increasing function af; and the variance preserv-
ing (VP) SDE (Ho et al., 2020), which corresponds to
fe(ay) = —% By, g(t) = /By for some variance schedule
B:. These two choices are used in state-of-the-art diffu-
sion models (Dhariwal & Nichol, 2021; Kim et al., 2022)
and form the backbone of systems like DALL-E 2 (Ramesh
et al., 2022), Imagen (Saharia et al., 2022), and Stable Dif-
fusion (Rombach et al., 2022).

which corresponds to fi(x:) = 0, g(t) = for

3. Operational Interpretation for the
probability flow ODE

3.1. Warmup: linear SDEs and DDIM

We begin by recalling the interpretation of the probability
flow ODE associated to the variance exploding (VE) (Song
et al., 2020) SDE as a denoising diffusion implicit model
(DDIM) (Song et al., 2021). For simplicity of exposition,
we specialize to the case of o7 = ¢, which corresponds to
the forward process

dzy = dWy, To~q.
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According to (2), the associated probability flow ODE is:

1
de;” = =Ving (z;)dt,

—
2 xt ~ qT7

so that the marginal distribution of z;~ is ¢~ for any 0 <
t < T. The perspective of DDIM offers an interesting
operational interpretation of (3.1). Fix some infinitesimally
small step size h, and consider the following procedure for
forming ;7 ;, given x;~. We first produce an estimate for
the beginning x( of the forward process. Note that
l’f =TTt =xg+E T—t

for e ~ N(0,1d), so by Tweedie’s formula (Efron, 2011),
the mean of the posterior distribution over z( given z;~, i.e.
E[zo|x¢], is exactly:

22 Elxolzi =25 + (T —t)Ving ().

Starting from z and degrading it along the forward process
from time O to time 7" — ¢, we would end up with z +
~vv/T — t for some Gaussian noise v ~ N (0, Id).

Here is the key idea behind DDIMs: suppose we instead
took ~y to be the solution to

. =z+yVT —t,

i.e. suppose we took v to be the “simulated noise” that
would be needed to degrade z into z;~, rather than fresh
Gaussian noise.

Now imagine running the forward process to degrade z
from time O to time T' — (¢ + h), but using this simulated

T—t
that the resulting vector, which we will define xti 5, to be, is
approximately what we would get by running the probability

flow ODE for time h starting at ;!

noise v = instead of Gaussian noise. It turns out

Indeed, the result of degrading z in this fashion is

“ x5 —z

=z, +(T—-t)- (1— 1—h> -Vingr_i(z;).

Tt

Ash — 0,27, = o + VIngr_.(z{") , so the above
interpretation indeed recovers the probability flow ODE
(3.1). The above generalizes without much difficulty to any
linear diffusion (Daras et al., 2022b; Bansal et al., 2022).

3.2. General diffusions

Let us now consider the setting where the forward process is
given by an arbitrary diffusion as in Eq. (2) in Section 2, so
that the associated probability flow ODE is given by Eq. (2).

Unfortunately, as soon as we step away from the linear set-
ting, the operational interpretation from the previous section
breaks down. The key issue is that when forming our es-
timate z for the beginning of the forward process, there
is no longer any simple expression for the posterior mean
conditioned on z;~.

Restoration operator. To get around this issue, our first
insight is: instead of deriving an estimate for the beginning
of the forward process, we instead derive one for the process
Lh units of time in the past, i.e. at time T — t — £h of the
forward process. In the previous section, we implicitly took
¢ = (T —t)/h, but now ¢ is a parameter that needs to be
tuned. Crucially, selecting ¢ such that /A — 0 allows us to
linearize around 7" — ¢. In analogy with (3.1), we get the
approximate relation

xf =TTt
~ o1—t—eh + Lh fr—t—en(TT—t—0n)
+g(T —t — ¢h)V0h - €
~ p—i—en + Ch fr_i(xi) + g(T — t)VIh - e

for e ~ N(0,1d), where the approximations hold up to o(h)
additive error. Rearranging, we see that x_;_ g, is simply
x5~ — Lhfr_¢(xf) plus some Gaussian noise of variance
¢hg(T — t)2. So, again by Tweedie’s formula, we find that
the mean of the posterior distribution over z7_;_¢p, given
x;~ is approximately

22 a4 — th{fr—o(z{) — g(T = 1)*VIng™(a7)}.

Borrowing terminology from (Bansal et al., 2022), we re-
fer to the map from x;~ to z as the restoration operator.
Formally, for ¢ > s > 0, define the restoration operator

Rt—>s(') by
Ress(z) 2w — (t = s)fe(x) + (¢ = 5)g(t)*VIn gy (2)

sothat z = Ry y—p—r—en(zi).

Restoration operator as gradient ascent. There turns
out to be a different way of thinking about the restoration
operator, namely as one step of gradient ascent.

Formally, given times 0 < ¢ < s, consider maximizing the
conditional log-likelihood In g5~ (- | ;). This is equivalent
to maximizing

for- (0) 2 IngF (af | 25 = 2) + Ing (a).
For s which is infinitesimally larger than ¢, the law of
x5~ conditioned on z{~ = z is Gaussian with mean

and covariance approximately x + fr_(x{) (t — s) and
g(T — t)2(t — s) 1d. We can thus compute the gradient of
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(3.2) to get

Ve (@ m(ld (- 5) Y fr_a())

)~
(a7 — 2~ froa(@) (t — 8)) + Ving (a).

Now consider taking a single gradient step with learning
rate 7 starting from z;~ to get x;~ + 7Vl (x{). In Ap-
pendix A, we show that in the special case where ¢ is Gaus-
sian and the forward process is Ornstein-Uhlenbeck, the
correct choice of learning rate to maximize the conditional
log-likelihood with just one step of gradient ascent is

n=2(t)° - (t—s).

In this case, note that

zy AVl (zp) m oy — (= s) frd(z])
—(t =) (Vfr—s(@) fr—s(zf)
+(t —8)g(T — )’V Ings (x;7)
=t = s)fr—t(zy)
+(t = 5)g(T —t)*VIng{ (z]),

where in the second step we have dropped the second order
term (¢ — s)Q(VfT,s(a:f))fT,s(xf) and approximated
(t — 8)g(t)®*VIngi (z§7) to first order by (¢t — s)g(T —

)2V In g (). Observe now that for s = t — /h, the
update rule of (3.2) is the same as the update rule of (3.2).

Degradation operator. The remainder of the derivation
proceeds along similar lines to the previous section. Given
noise vector v € R?, define the degradation operator
D Zt() by

D;/%t( )ﬁx"—fs(x)(t_s)+g(S)Vt_S"7-

This operator simply runs an Euler-Maruyama discretization
of the forward process, starting at time s, for time ¢ — s,
with the noise taken to be +.

Starting from z and degrading it along the forward pro-
cess from T" — t — £h to time T — ¢, we would end up
with D7, o (2) =2+ Ch fr_y_on(2) + g(T —t —
¢h)\/Ch - for some Gaussian noise ¥ ~ A(0,Id). As
before, we instead take - to be the simulated noise needed
to degrade z into x;~, which in this case is given by the
solution to

wi =2+ lh fron(2) + g(T —t = h)Vih .

To produce the next iterate x; , of the reverse process, we
use -y to degrade z from time ' — ¢t — fhto T —t — h. The

result is given by

=2+ (0~ 1)th_t—eh( )
+g(T —t — th)/({—1)h -~
+ (€ = Dhfr_i(z))
/1 —=1/0-thg(T — t)>VInqr_(z¥)
= af = hfr-o(ai) + b (1= T 17)
9(T = t)*Vingr_(z;).

— 2z —Lh fr_—em(2)
g( —t — (h)VIh

where in the second step we approximated fr_;_g,(2) by
fr—+(xf") and dropped o(h) terms. Finally as £ — oo, the
right-hand side converges to z;~ — h { fr—s(z{) — 39(T —
)2V In gy (z§)}, which recovers the Euler discretization
of the probability flow ODE. We note that this is the only
place that requires taking / — oo. Finally, as we take
h — 0, the above recovers the probability flow ODE (2).

3.3. Extensions to other samplers

The operational interpretation framework that we developed
to extend DDIM to non-linear forward processes can be
adapted in a relatively straightforward way to describe more
general samplers. For example, in Equation (2), we defined
a more general family of reverse processes, each of which
has the correct marginal law at time ¢. These can easily be
described by a similar operational interpretation.

Specifically, we use the same restoration operator as before
to arrive to z, which we then use to estimate the noise .
The critical change to the framework is that now, to corrupt
from 2 to ;7 ,, instead of just using the estimated noise, we
use a linear combination of the estimated noise, v and fresh
noise v. Specifically, in the degradation operator, we use a
vector 7/, defined as follows:

Y PN
v = RAY

The parameter A here controls how close the update rule
is to the deterministic sampler. Trivially, for A = 0, we
have a fully deterministic sampler, as before. For A = 1,
the sampler becomes the reverse SDE sampler of Song et al.
(2020). The coefficients have been chosen such that if ~
were actually a draw from N(0,1d) instead of simulated
noise, then 7’ would likewise be a draw from A/ (0, Id).

Av, v~ N(0,1d).

Note that
Ty = 2+ (€= Dh fr—on(2)
+g((k = ORh)\/ (€ —1)h -+
+ (0= Db fron (@) + g(kh)\/ (€ = Db -+
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= 2+ (0= Dl fin(@h,) + g(k) /(=D - (

1_ A2 . E?h —z2—/th f(k_g)h(z) n 1 )\V)
(-1 g((k — O)h)VIh VE—1
~ 2+ (0= Dh fin (@) + g (k) /=D - (
1— A2 f?h —z—/th fkh(z) 1 )\I/>
(-1 g(kh)V'eh V=1
= Tnn — h fon(@Ry) + Chg(kh)*V In g (Thy,)
—\/1—1-\/1— N o (kh)>V In qen(T3y)
7 /-1 g N Grh Lp
+Mhg(kh)? v

h{fkh( )
g(kh) V o gpn (T

(L—o00) — :L‘kh

RELS MY A g(kh)?y

where in the second step we approximated f(;_ g)h(Z) and
g((k—£)Rh) by frn(Z7,) and g(kh), dropping o(h) terms; in
the fourth step we approximated f(j_¢);(2) and g((k—£)h)
by frn(2) by g(kh); and in the last step we used that

1+/\2
1 1— 1—f 1—7
Jim ¢ V V 1) =3

4. Discretization Analysis

In what follows, we provide a non-asymptotic convergence
analysis for the DDIM-type samplers, i.e. for the update
rule of (3.2). To the best of our knowledge, this constitutes
the first KL convergence analysis for deterministic sampling
with diffusion models. Since our sampler corresponds to the
Euler discretization of the probability flow ODE plus some
excess terms whose contribution we ultimately show is neg-
ligible, the following analysis also implies non-asymptotic
convergence for the Euler discretization.

4.1. DDIM-type sampler

Motivated by the discussion in Section 3.2, our analysis will
focus on the process (Txn)refo,..., 7/n} defined backwards
in time as follows. The iterate Zp is sampled from ¢ .
Given iterate Ty, the preceding iterate Z(,_1)y, is defined
as follows:

Ze-1h = Di_pynss o1y ()
for 2 £ Ripy(k—eyn(Trn) and y £ Doy pn(2) = T,
where R and D were defined in (3.2) and (3.2) respectively.
As z is the result of restoring the current iterate Z,

z = :/Ekh —th fkh(&:kh) + Ch g(kh)QVhl qkh(/jkh).

The next iterate Z(,_1), is given by degrading z for time
(¢ — 1)h, with the noise vector taken to be the simulated

noise vy. More precisely 7 is the noise vector that one could
have used to degrade z for time ¢h to obtain Zy,. As 7y
is the sqlutipn to DE’,% On _xn(2) = Tkn, an equivalent
formulation is via

_ Tkn —z—th fe—oyn(2)
o Onin

Note that (4.1) is not well-defined when k < /; in this
case, we take the update according to the Euler-Maruyama
discretization:

. ~ - 1 ~
T(k—1)h = xkh_h(fkh(xkh)_§g(kh>2vln Qn(Zrn)) -
It will be convenient to denote T}, £ Tr_pp in the sequel.

4.2. Statement of results

We make the following mild assumptions on the forward
process (z;) and the data distribution:

Assumption 4.1. For all ¢ > 0, the following holds for
parameters Ly, Lg, L.y, Lsc ¢y R, Gmax, 8, M > 1,¢> 0:

1. fi(z)is Ly-Lipschitz in ¢ and L -Lipschitz in z.
2. g*(t) is Ly-Lipschitz in t.

3. 1£/:0)[ < R.

4. g(t) < gmax-

5. VIng; (x) is Lec,-Lipschitz in = and satisfies
a4
|V In qt(ff)ll < Blt—=s|*A+ [zl + Vg (@)

S
for all s > 0. Denote SUp;>g Lt by Lgc .

6. Vfi(z) and V?Ing;~ are Lnign-Lipschitz in operator
norm.

Remark 4.2. We note that the first four Parts of Assump-
tion 4.1, as well as the first half of Part 6, are quite mild
and are satisfied by any reasonable choice of forward pro-
cess. For instance, for the Ornstein-Uhlenbeck process
dzy = —x;dt + V/2dW,, we can take Ly = 0, Ly =
1,L; = 0,0max = V2, and Vf,(z) = —Id for all z is
thus clearly Lipschitz in operator norm. Part 5 ensures
that the score functions V In ¢~ do not change much when
perturbed in space or time. The former is a standard assump-
tion in the literature on discretization bounds for score-based
generative modeling (Block et al., 2022; Chen et al., 2022b;
Lee et al., 2022a;b; Chen et al., 2022a), and the latter holds
for reasonable choices of forward process. For instance,
for the Ornstein-Uhlenbeck process, we can take ¢ = 1/2
and 3 = ©(LV/d) (see e.g. Lemma C.12 from (Lee et al.,
2022a)).
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The most important distinction between Assumption 4.1
and the assumptions made in previous analyses for score-
based generative models is the second half of Part 6 where
we assume higher-order smoothness of gi~. As we will
see in Section C, this is essential to our analysis because
third-order derivatives of In ¢;~ naturally arise when one
computes the time derivative of the Fisher information as
described in Section 4.3. As discussed in that section, the
need to compute such time derivatives is unique to the ODE
setting, justifying why such an assumption was not needed
in prior analysis of stochastic samplers.

Under these conditions, we show that our discretization pro-
cedure approximates the true reverse process to prescribed
error € provided ¢ and (¢h)~! are larger than some quantities
which are polynomially bounded in 1/e and all parameters
from Assumption 4.1:

Theorem 4.3. Let ¢ > 0. Let p denote the law of the process
(%%;,) at time T with this choice of learning rate. Suppose
Assumption 4.1 holds and define

T
A= exp (/ (LQ;X + gilastc,t) dt) and
0

T
A/ 2 exp (/ (L2;x + grznastcylt/th) dt> .
0

Then there exist quantities €1 and €5 which are polynomi-
ally bounded in L., L., Ly, R, gmax, B> Lsc,«» Lhigh, A,
N, d, E||z§||%, and 1/e such that KL (p||q) < € provided
(> ¢ and th < ¢

Remark 4.4. We briefly remark on the quantities A, A’ ap-
pearing in the above theorem. We typically think of L ¢, and
Jmax as of constant order, so A and A’ scale polynomially
with exp(fOT Ly ¢ dt) and exp(fOT Lec,t/njn dt). While
this scales exponentially in 7', the exponential convergence
of reasonable forward processes like Ornstein-Uhlenbeck
means we should think of 7" as scaling logarithmically in
d/e. And while naively one might suspect that A, A’ scale
exponentially with L ., we show in Example 1 in Ap-
pendix C that these quantities actually scale polynomially
in d and other parameters like L ., €.2. when the data
distribution is Gaussian. Altogether, this suggests that our
non-asymptotic guarantees are of polynomial complexity in
all relevant parameters from Assumption 4.1.

In practice, the process (Zy,) would be initialized at the
stationary measure ¢* of the forward process (after some
suitable re-scaling), rather than at ¢§~. As observed in (Lee
et al., 2022a; Chen et al., 2022b; Lee et al., 2022b), the KLL
divergence between the final iterate of the process under the
alternative initialization Z§~ ~ ¢* and the final iterate under
the initialization z§~ ~ ¢~ is at most the KL divergence
between the inital iterates of these two processes. But by sta-
tionarity of ¢*, the latter KL is equivalent to the KL between

the stationary measure of the forward process and the the
law of the forward process at time 7'. This KL is typically
exponentially small in 7', e.g. when the forward process
is an Ornstein-Uhlenbeck process. By passing from KL to
total variation via Pinsker’s inequality and applying triangle
inequality, we conclude that the total variation between z~
under this alternative initialization and the data distribution
q is at most the sum of the error bound in Theorem 4.3
plus the distance between g7 and the stationary distribution.
Formally:

Corollary 4.5. Let ¢ > 0. Let fi(x) = —x and g(t) =
V2, so that the forward process in (2) corresponds to the
standard Ornstein-Uhlenbeck process. Define the process
(ZTkn) to be the process given by the same updates as in (4.1)
but with Ty sampled from N (0,1d) instead of q§~. Let p
denote the law of To. Suppose V?1n qf~ is Luign-Lipschitz
in operator norm. Then there exist quantities €1 and €,
which are polynomially bounded in d, Lsc .+, Lhigh, A, A,
and 1/e€ such that

TV(p,q) < e+ VKL (q|N(0,1d)) exp(=T

provided £ > &1 and th < @51.

4.3. Proof overview

Our discretization analysis is an interpolation-style argu-
ment, similar to the kind used in the log-concave sampling
literature (Vempala & Wibisono, 2019; Chewi et al., 2021;
Wibisono & Yang, 2022) as well as some recent analyses of
score-based generative modeling (Lee et al., 2022a;b; Chen
et al., 2022a). Here we describe the setup for this argument
and highlight the key technical differences that manifest
when analyzing ODEs rather than SDEs.

We begin with a generic setting where we are given two
stochastic processes (Yt ),c(0,77 and (y1)te(o,7] as follows.
The process () is given by an arbitrary ODE

dys = pe(ye) dt.

We will ultimately take pu; to be —fr_; + % g(T —
)2V Ingr_; so that (4.3) is the probability flow ODE as-
sociated to the forward process in (2). The process (y;) is
given by first taking a discrete-time approximation to (y:),
e.g. via the update rules

Yirr1yn = Yin + P 1o (Yn)

for all integers k = 0, 1,...,T/h. We will ultimately take
Wy t0 be —fr_pn + 29(T — kh)?V Inqr_gy, plus error
terms coming from the approximations in (3.2) and from
taking ¢ — oo to ensure (3.2) approximates the Euler dis-
cretization of the probability flow ODE.

Then to get y; for all real values ¢ € [0, T, we consider a
linear interpolation of these iterates: if k = |t/h], then we
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define y; = yrn + (t — kh) ), (yrn). We write this as

dy; = pip (Ykp) dt .

Provided these processes are both initialized at the same
distribution, that is, yg, y{, ~ 7 for some probability mea-
sure 7 over R%, then we would like to control the statistical
distance between the marginal distributions on y; and on y;
as a function of ¢. Denoting these distributions by 7; and 7}
respectively, we prove the following generic bound which is
the technical core of our work. First, we make the following
assumptions about the two processes; when we specialize
these processes to (z; ) and (Z; ), these assumptions will
follow from Assumption 4.1:

Assumption 4.6. For all 0 < ¢ < T, there are parameters
Ly, Ly, M > 1 and ¢; > 0 such that:

1. Vinm and p; are L;-Lipschitz.
2. Vg is M-Lipschitz in operator norm.
3. py is Li-Lipschitz.

4 Elllpe(vr) — tion i) IIP] <
5. h<1/2L;forall0 <t <T.

We briefly interpret these assumptions in the context of our
eventual application to bounding the error of our discretiza-
tion procedure. There, Conditions 1 and 2 apply to the
true continuous process. The former is an immediate con-
sequence of our (standard) assumption on the second-order
smoothness of the marginals of the true process. The latter
is an immediate consequence of our assumption on the third-
order smoothness, which is stronger than what is needed for
analyses of the reverse SDE but is likely necessary for our
analysis of the reverse ODE.

Conditions 3 and 4 are properties that we will eventually
establish for our discretization procedure (see Section D).
Roughly, they stipulate that the drift term in the discretized
probability flow ODE is Lipschitz and close on average to
the drift of the true ODE.

Lastly, Condition 5 simply corresponds to a constraint on
the step size of our discretization procedure.

For convenience, we will also define the quantities

T
Lémtath, L’ém?xL;, g2é/ ¢ dt
0
T T
AéeXp(/ Ltdt)7 A/éexp(/ L;dt).
0 0

The main result of this section is a bound on the KL diver-
gence between 7/ and 7y

Theorem 4.7.

KL (nfp||m) S AW L2

+(AO(1) +AIO(1))(L61/2d1/2 +MdT1/2) <T1/2 )

The main ingredient in proving this is to bound the time
derivative of KL (7} ||7¢) uniformly across t € [0, T'], from
which a bound on KL (7}||7;) follows by integrating.

One can explicitly compute this time derivative by appealing
to the time derivatives of the densities of 7}, 7, given by
the Fokker-Planck equations for the two processes:

Oy = —div(m}

Opmry = —div(my - ),

N ,at,kh) B

~ A ~ .
for 7t kn (%) = Elupy, (ypp) | v = x]. Here [ig g is the
expectation over the drift at time kh conditioned on the
position at the future time t. A calculation (see Lemma C.5)
then reveals that

/
8tKL(7T£||7Tt):/7Tt<v1H It kh — [ht) -

It is here where our analysis departs from typical appli-
cations of the interpolation method. Indeed, if the ODEs
driving y; and y; were SDEs equipped with an additional
Brownian motion term, then (4.3) would come with an ad-
ditional negative term given by a multiple of the Fisher
information between 7; and 7;. In equations, this means
that in lieu of (4.3), we would have

/
amwmm=/mwm E B — i)

fC/ﬂWmiW,
Tt

for some C' > 0 depending on the amount of Brownian
motion. The advantage of the Fisher information term in
(4.3) is that we can apply Young’s inequality to conveniently
upper bound the above by a multiple of

/ﬂmﬁ—mw

and avoid having to deal with V In ”' altogether. Roughly
speaking, the quantity (4.3) corresponds to the expected
squared difference between the drift of the discrete process
at time kh versus the drift of the continuous process at time
t. This is small provided the former process doesn’t move
around too much between times kh and ¢, and provided
the drifts 41, and y; are sufficiently close on average. We
verify in Section D that both of these conditions are satisfied
by the probability flow ODE.

The situation is trickier in the ODE setting. To handle (4.3),
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we instead apply Cauchy-Schwarz to get

o 1/2
ok () < [ w17 T R)
t

1/2
x ( [ s —m) 7

after which the main technical obstacle is to ensure the
first term on the right-hand side, again corresponding to the
Fisher information between 7, and ;, does not explode
with . In Lemmas C.6 and C.8, we show how to bound
the time derivative of this quantity polynomially in various
problem-specific parameters like dimension and smoothness
of . Altogether, this leads to the following bounds. We
defer the technical details to the supplement and provide a
brief proof sketch of how to control the time derivatives of
these quantities:

Lemma 4.8 (See Lemmas C.6 and C.8). Forall0 <t <T,
B [V Inmf|?) S A9 (Lod + M3d°t)
E[[|VInm|?] < ACD(Lyd + M3d*t + L'¢?)

Proof sketch. When computing 0; [ m;||V Inm||?, one
term that shows up is 9, In7,. Using the Fokker-Planck
equation for 7;, we can derive an expression for 9, In
(see Proposition C.7). This and a calculation with integra-
tion by parts reveals that

8,5/7r£||V1n7r£||2 = 72/7T£(<Vdivﬁtﬂkh,v1n7r£>
+ (VInm) " (Vi) (Vin))

< sup|[ Ve (@)lop / [V |2+

+ / Vv 2,

where in the last step we used Young’s inequality. Lip-
schitzness of i, allows us to bound sup||V[i khllop
and higher-order smoothness of p; allows us to bound
[V diviieknl- O

This is the only part of the analysis where third-order deriva-
tives appear and where Part 6 of Assumption 4.1, which
corresponds to Part 2 of Assumption 4.6, comes into play.
One subtlety in the argument above is deducing smoothness
of fi; kn, a complicated-looking conditional expectation, to
smoothness of the true drift p;. To connect the two, we
exploit the fact that for step size h sufficiently small, the
discrete-time process is invertible (Lemma C.3) so that ji; ;p,
can be expressed as p},;, composed with a deterministic func-
tion.

Altogether, the bound on the Fisher information which is
implied by Lemma 4.8 allows us, as in the SDE case, to re-
duce controlling 0;KL (7} ||7¢) to controlling the difference

in drifts as captured by Eq. (4.3), which we then carry out
in Appendix D.

5. Related Work

There has been great recent progress on diffusion mod-
els including recently outperforming other deep gener-
ative models such as Generative Adversarial Networks
(GANS) (Dhariwal & Nichol, 2021; Song et al., 2020; Daras
et al., 2022a; Kim et al., 2022). Applications range from
protein generation (Anand & Achim, 2022; Trippe et al.,
2022; Schneuing et al., 2022; Corso et al., 2022), medi-
cal imaging (Jalal et al., 2021; Arvinte et al., 2022), 3-D
data (Poole et al., 2022) and many more, e.g. see Yang et al.
(2022) for a comprehensive survey.

Non-asymptotic analysis of stochastic samplers, (Block
et al., 2022; De Bortoli et al., 2021; De Bortoli, 2022; Liu
et al., 2022; Lee et al., 2022a; Pidstrigach, 2022; Lee et al.,
2022b; Chen et al., 2022a;b) has drawn upon tools from the
rich literature on log-concave sampling (see (Chewi, 2022)
for a recent survey) to yield convergence guarantees for dif-
fusion models. These works focus on the setting where the
forward process is an Ornstein-Uhlenbeck process, and the
reverse process is given by a stochastic differential equation.
Notably, the very recent works of Chen et al. (2022b); Lee
et al. (2022b); Chen et al. (2022a) show under mild assump-
tions on the data distribution ¢ (e.g. smooth and bounded
second moment) that a suitable discretization of the reverse
SDE run for polynomially many steps generates samples
that are close in statistical distance to the data distribution.

Prior to our work, no previous non-asymptotic bounds in KL
divergence were known for the probability flow ODE associ-
ated to any forward process. Prior analyses are insufficient
because they either rely on Girsanov’s theorem (Chen et al.,
2022b) or a chain rule-based variant (Chen et al., 2022a) of
the interpolation argument of Vempala & Wibisono (2019).

Informally, Girsanov’s theorem allows one to bound not
just the distance between the distributions over the final
iterates of the algorithm but even the distance between the
distributions over the trajectories of the two processes —
note that the latter distance upper bounds the former by the
data processing inequality. Stochasticity in every step of
the reverse process ensures that even the latter distance is
small. Without stochasticity however, there is no reason this
distance should even be finite.

The chain rule-based argument of (Chen et al., 2022a) es-
tablishes a similar bound to Girsanov’s; in particular, when
the algorithm and the idealized process are initialized to the
same distribution, the bounds these two arguments give are
identical.

Lastly, we remark that (Lee et al., 2022a) used an inter-
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polation argument without chain rule, but their analysis,
similar to existing analyses of Langevin Monte Carlo in the
log-sampling literature (Vempala & Wibisono, 2019; Chewi
et al., 2021), exploits the appearance of a certain Fisher
information term in the expression for the time derivative
of the KL divergence between the algorithm and the ideal-
ized process (see Section 4.3 for further details). For ODEs
however, this Fisher information term does not appear.

6. Conclusion

In this work we gave an operational interpretation for the
probability flow ODE as iterating a two-step process of
restoration via gradient ascent and degradation towards the
current iterate. This perspective also extends to reverse pro-
cesses with a Brownian motion component. Our operational
interpretation closely aligns with the samplers introduced
in (Bansal et al., 2022; Daras et al., 2022b) and generalizes
the framework of denoising diffusion implicit models (Song
et al., 2021) to general, non-linear forward processes.

The main technical contribution of our work was a non-
asymptotic analysis of the deterministic sampler arising
from our framework. While previous works (Chen et al.,
2022b; Lee et al., 2022b; Chen et al., 2022a) gave non-
asymptotic analyses for diffusion models when the underly-
ing reverse process is an SDE, to our knowledge our analy-
sis is the first of its kind in the ODE setting. Our proof is
based on an interpolation argument, but the key difference
with prior applications of this method is that the determin-
istic nature of the sampler necessitates controlling the time
derivative of the Fisher information between the algorithm
and the true reverse process.

Limitations and future directions. The most obvious
area for improvement would be to sharpen the quantita-
tive dependence on various parameters like dimension and
Lipschitz-ness of the score functions. Intuitively, the ab-
sence of Brownian motion in the probability flow ODE
should lead to better dimension dependence compared to
using an SDE, but in this work we are only able to establish
an iteration complexity for the deterministic sampler which
is some polynomial in d. Additionally, for convenience in
this work we ignore issues of score estimation error. While
it should be possible to use change-of-measure-type argu-
ments like in (Wibisono & Yang, 2022) to obtain guarantees
when the score estimation error has sub-Gaussian tails, new
ideas are needed to handle merely an Ly bound on the score
estimation error like in (Chen et al., 2022b; Lee et al., 2022b;
Chen et al., 2022a).

We also leave as an open question whether our assumption
of higher-order smoothness is really necessary to obtain
non-asymptotic guarantees for the probability flow ODE.

Apart from these technical improvements, we mention some
empirical directions to explore. First, our discretization pro-
cedure introduces a number of new hyperparameters that
one can try tuning to get improved performance in practice.
Even for linear diffusions, it would be interesting to explore
the effect of tuning ¢, which under DDIM is currently taken
to be (T' — t)/h. In addition, it seems interesting to explore
how parameters of the restoration procedure like the learn-
ing rate and number of steps of gradient ascent, or the use
of momentum or higher-order optimization methods can
lead to better samplers. We expect that different restoration
procedures can recover other discretization frameworks, e.g.
second-order ones like Heun’s method. Empirically, we
expect that optimizing the learning rate and number of steps
can lead to deterministic samplers with smaller computa-
tional overhead and higher sample quality.
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Supplement Roadmap. In Appendix A we motivate the choice of certain learning rate parameter that arises in Section 3.
In Appendix B we provide preliminary calculations for the proof of Theorem 4.3. In Appendix C, we give a generic bound
on the distance between two processes driven by ODEs with similar drifts, one of which is an interpolation of a discrete-time
process. Finally, in Appendix D we apply this generic bound to our setting, bound the difference in drifts between the
probability flow ODE and our sampler, and prove Theorem 4.3.

A. Tuning the Learning Rate

In this section we justify the choice of learning rate (3.2) in our gradient ascent interpretation of the restoration operator
by considering the special case where the data distribution ¢ is isotropic Gaussian and the forward process is an Ornstein-
Uhlenbeck process.

First, recall the definition of the loss function £, from (3.2). In general, one step of gradient ascent with learning rate n
starting from x;~ gives the iterate

B+ Vg () = 2 40— (4 (0= )V frs (o) fro(a) + Ving! (25))

1
g(T —1)
Now suppose g ~ N (0, 02 1d) and furthermore

fl@)=—ax  and  g(t) = BV
Then g~ is given by NV (0, (e ~2*%0% + %2(1 — e~221))1d), and the conditional log-likelihood In ¢~ (z | zi~) is quadratic
in 7 and is thus maximized at = for which V/, vanishes.
In this case, (3.2) simplifies to
1

I4+als—))(zy —zQ+a(s—1) - ——u=,

\v/
' Vigs]

- 1
T 28%(t— )
where V[g{"] denotes the variance of ¢¢~. Setting the right-hand side to zero and solving for  shows that

232
V[QT—S]

B 1+ a(s—1) e o
C T Vigr— + (1t als —0)2 " _@+(

)« (b= s)+O(t = 52)) "

is an (approximate) stationary point of V/, .

The next iterate (A) after one gradient step simplifies to

n — n —
x5 AVl (o5 ) oy — ———(1+als—t))-a(s—1t) - 25 — g zi.
t t ( t ) t 262(t78)( ( )) ( ) t 6_20‘50'24—%2(1—6_25) t
Finally, we observe that by taking
77%252@_5)»
the above simplifies to
262(t — s) 267
i —(14+a(s—t) -a(s—t) x5 — T = (1—|— a————)-(t—s)+O(|t—s|? )x“,
£ (rale—t) ola=0)af — ST i (0 =gy =5+ O =5P) ) o

which agrees up to second-order terms with (A). Therefore, when the data is Gaussian and the forward process is an
Ornstein-Uhlenbeck process, as ¢ — s — 0 the right choice of 7 to ensure to first order approximation that a single gradient
step takes us from x;~ to the maximizer of the conditional log-likelihood In g5 (z | ;) is given by (A), which corresponds
to (3.2) in the main text as claimed.

B. Proof Preliminaries

Let h > 0 and ¢ € N be discretization parameters. Define

21— \1-1/t= 2% +0(1/62)

12
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and

& =00 — 2% =0(1/¢%)

Recall the definition of the process (Zxn)keqo,...,7/n} in Eq. (4.1). Here we rewrite the update rule in (4.1) to make clear its
similarity to the Euler-Maruyama discretization:

Tp-1yn =2+ (= Dh fe—on(z) + g((k = Oh)\/ (£ —1)h -~

. B . B — ' Tpn — 2 —Lh f(kff)h(z)
=2+ ({ = Dh fe—pn(2) + g((k = Oh)/ (£ = 1)h g((k — O)h)V/lh

= (1= 06¢)Tkn + 0¢z + (L6 — l)hf(kfé)h(@
= Tpn + (L — 1/2) hfe—oyn(2)
= 8l fin(@rn) — Ch g(kh)*V In qin (Frn))-

Note that 6,7, = hg(kh)? (1/2 + ££;), so we can further rewrite this as

= Tpn + (00 — 1/2) hf(e—oyn(2)
— h(1/2 + €£) (frn(Zkn) — 9(kR)*V In qop (Tin) )

= Tn — h {fen(Trn) — %g(kh)QVIn GenFrn)} + 00 @) + -+ + 08 (Tan),
where the excess terms are given by
vi) (@kn) 2 L€0hf ooy (2) - L[k > £
vy (Frn) & g(f(k—é)h(z) — fren(Tkn)) - L[k > /]
oS (Fn) 2 WE(— frn(Tan) + g(kh)?V In qn (Ta) ) L[k > 1] - .

Note that as £ — oo and h¢ — 0, the excess terms tend to zero and the process (T ) converges to the one given by the
Euler-Maruyama discretization.

In the subsequent sections, we make this quantitative via an interpolation argument. Let (Z;)o<;<7 denote the linear
interpolation of the discrete process (Txn)n—o,...,7/n» and let (Z{~) denote the time-reversed process 7}~ £ Z7_4. Concretely,
forany kh <t < (k+ 1)h,

. o1 .
4z = —{ frown(@3) = 39(T = kb)Y In gz (73)
1 ~ ~
— = O @) + -+ o @) } dt.

We note that even in the absence of the excess terms above, in which case the above process would just be the Euler-
Maruyama discretization of the probability flow ODE, no existing works gave a non-asymptotic analysis showing that this
discretization converges polynomially to the continuous-time probability flow ODE. Our analysis in the sequel allows us to
both control the excess terms and establish such a non-asymptotic analysis.

C. Interpolation Argument

In this section we give general bounds for how the KL divergence between two distributions, one driven by a discretized
ODE and the other by a continuous-time one, changes over time. Throughout this section, we work with two stochastic
processes (Yt ),c(0,7) and (Y1) te[o,) Over R? given by the ODEs

dye = pe(ye) dt

13
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where yq, yh ~ 7 for some probability measure 7 over R%. The process (y}) is equivalent to a linear interpolation of a
discrete-time process where one goes from the k-th iterate y}, to the (k + 1)-st iterate yE k+1)h via the update

Y0eryn = Y + P 1o, Yen) -

We let ¢, 7 denote the law of y, y; respectively. When we eventually apply the estimates obtained in this section, we will
take (y;) to be given by our discretization of the probability flow ODE, and we will take (y;) to be the true probability flow
ODE in continuous time.

The bounds in this section hold under the conditions of Assumption 4.6, restated here for convenience:
Assumption C.1. For all 0 < ¢ < T, there are parameters L, L}, M > 1 and ¢; > 0 such that:

1. VInm and py are Ly-Lipschitz.

2. Vg is M-Lipschitz in operator norm.

3. py is Li-Lipschitz.

4 Elllpe(wr) — e Wrn) 171 < G-

5. h<1/2L; forall0 <t < T.

For convenience, we also recall the quantities defined in (4.3):
T T T
L2 max Ly, L4 mtaxL;, A2 exp(/0 Lydt), A2 exp(/o Lydt), ¢¢= /0 ¢ dt
and restate the main claimed bound on the KL divergence between 7/, and mp:
Theorem 4.7.
KL (m7||wr) S AP L3¢
+(AOW 4 AOWY (L 2q1 /2 4 MdTV?) (T,

Example 1. Here we work out a simple example showing that when (i) corresponds to the probability flow ODE that reverses
the Ornstein-Uhlenbeck process starting from a Gaussian distribution, A’ scales polynomially, rather than exponentially, in
dand L'.

Define 7;” for 0 < ¢ < T as the marginal distribution of running the Ornstein-Uhlenbeck process for time ¢ starting from
N(0, %Id) for some large L, and consider the associated reverse ODE

dys = (ye + VInm(ye)) dt,

where m; £ 777, denotes the marginal laws of (y;)+[o,r]. Concretely, m; is given by A/(0, L%Id) for Ly = (e 2(T—Y /L 4
1 — e 2(T=1)~1 Note that

T
1
A= exp(/ Lydt) = exp(§ In(1 + (e*" —1)L)).
0
Because KL (N(0, £1d)[|A(0,1d)) = 4(In L—1+$) < dIn L, we must run the forward process for time 7' ~ $ In(dIn L)
for 77 to be close to (0, Id). In this case, A’ < v/dLIn L.

We begin by working out the Fokker-Planck equations for (}) and (7).
Proposition C.2. The laws () and (7;) satisfy

8,571} = —diV(ﬂ't . ,ut)
Oy = —div(my - it kh),

where
fit e (2) = Bl (vin) | yp = 2.

14
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When £ is clear from context, we will denote fi; x5, by [i; to ease notation.

Proof. The Fokker-Planck equation for (m;) is given by
8t7rt == *diV(ﬂ't . [,Lt)

For the interpolated process (), the Fokker-Planck for (7} )n<¢<(k+1)n conditioned on time kh, which we will denote by
(Wg\kh)kh§t<(k+1)h» is given by

5t772\kh(55) = —din(Wé\kh(x) i (Yren))-
If IT) ,, denotes the probability measure over o (y; | 0 < ¢ < kh), then if we integrate both sides of (C) with respect to IT},,,
we get

Bymy(x) = - / div, (m)(z | €) - o (o)) T ()
= —divx/ﬁé(x | €) - tn (Wgen) Ty (AE)

= —div, (7(x) / i i) Wy (A€ | 97 = )
= —dive(mi(2) - Eluyn (vin) | v = 2])
= —divy(m(z) - i kn (). -

It turns out that because we are assuming the step size h is sufficiently small in Condition 5 of Assumption 4.6, the
conditional expectation fi; »5, has a simple form. For any k, the ODE dy; = p;, (y}.;,) dt defines a map Fp,— : R — R4
forany kh <t < (k+ 1)h via

Fnt(2) = 2 + (t — kh)pip ()

so that starting at z at time kh and running the ODE to time ¢, we end up at Fy;,—+(2). When h is sufficiently small, Fj,j,—;
is invertible:

Lemma C.3. Let h < 1/2L'. Then for any z,z' € R,
1 , , 3 ,
Sz =2l < 1Fkne(2) = Finoe ()l < 5ll2 = 2]
In particular, Fyp—; has a unique, 2-Lipschitz inverse F, ];lgt ;R4 = R, 50
Aeen () = Hion (Fis (@)
Furthermore, [i i1, is O(L})-Lipschitz.

Henceforth, when k, h, t are clear from context, we will refer to the inverse F,;hl_n simply as L

Proof. For the first bound, note that
| Fense(2) = Fenose () = N1z = 2/ = (¢ = kR |ty (2) — (DI = (1= b~ L) |12 — 2/l
so the lower bound in (C.3) follows by the fact that h < 1/2L’. The upper bound follows analogously.

For the second part of the lemma, recall that bi-Lipschitz functions on R? are bijective, so F;,_,; has a unique inverse
F,,!.,. To see why the latter function is 2-Lipschitz, for any zo, 2}, we can take z = F};',,(z0) and 2’ = F};' . ,(2}) in the
lower bound of (C.3) to conclude that 3 || Fy,",, (20) — Fil 1 (20)[| < |20 — 20| as desired. Eq. (C.3) then follows from

the fact that the distribution of v}, conditioned on y, =  is the point mass at F,,' ().

The only part that remains to be verified is Lipschitzness of fi; x,. This follows from the fact that 71, , is the composition
of a L}-Lipschitz function with a 2-Lipschitz function. O

We will also use the following simple consequence of the third-order smoothness of 1, (Condition 2 of Assumption 4.6):

15
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Lemma C.4. Forall x,z’ € RY, then

sup||Vdiv || < Md and sup||Vdiv fig k|| < 2Md

Proof. The first bound is immediate from
|div e (z) — div pe(27)| = [TV pe(z) = Tr V e (2')] < [[Vae(z) = V(@) [o < Mdl|lz — 2|
For the second bound, note that
|div i (x) = div fie (2) ] < ||V g (F~ () = Vit (F 1 (2"))[lop < dM||F~(2) = F~1(2")|| < 2Md
as claimed. O]

We are now ready to compute the time derivative of the KL divergence between 7, and 7.

Lemma C.5.
1/2

KL (my||me) < G (/ ||V In7, — Vinm|?)

Proof. We can compute

!/ / ! /
OKL (mry||me) = /(atﬂ'g)lnE —i—/m’t Opln “t = /(@ﬂé)lnﬂ +/7r£ Op(me/ms)
s e m

t t 7T£/7Tt
/

oy, — w0
:/(ammn&+/m.w
Tt

Tt
! !
T T
= (8t7r£) In -t -t 8t’/Tt
Tt Tt

TN ﬂ{ T .
=— [ div(my - Gepn) In— + | = div(m - pe)
T Tt
!

N ! T
— [ 7 G Vin T — [ (97 )
t t

/ T
= [ m(VIn—, [ kn — ).
Tt

The lemma then follows by Cauchy-Schwarz, as
/WiHﬁmh = el = By llption (F 1 (00) = e WlI*) = By [l W) — 11w 1”] < G- m

We need to control the Fisher information [ }||VInm, — VInm||? in Lemma C.5. To do this, we will bound the time
derivatives of [ 7;||V In||? and [ 7}||V In||? in Lemmas C.6 and C.8 below and apply triangle inequality.

Lemma C.6.
at/w;||v1n7rg||2 < L /w;||v1n7r;||2 + M?d?
In particular, by Gronwall’s inequality, for any 0 < t < T we have

/ || Vin)|? < AW (Lid + M?d*t)

Proof. We have

o [ V| =~ [ aiv(al B VinwlP + [ w0 Vin|?

2/7r;(<ﬁt, (V?Inm,)Vinn) + (0, VInm, Vinm,))

2/7T£(<ﬁt7 (V?Inm,)Vinm) + (V(=div i, — (VInm, fie)), Vinm)),

16
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where in the last step we used the first part of Proposition C.7 below. Note that we can write the latter term in the parentheses
in (C) as
(—=Vdiv i, — (V2Inm)j; — (Vig)Ving, Ving,).

Of these three terms, the second one exactly cancels with the first term in (C). Putting everything together, we get
o, / [V Inl? = —2 / ) ((Vdiv i, Vo)) + (Vin) T (V)(V o))
S suplVdlen [ IV inm? [ vzl

where in the last step we used Young’s inequality. The first part of the lemma follows by Lemmas C.3 and C.4. For the
second part, Gronwall’s inequality tells us that

En [V Inm]?] < A'O<1>(/7T||v1m||2 + M?d%t).
We conclude by noting that

/7T'HV1H7TH2 :—/ﬂ'Alnﬂ'gL{)d

by integration by parts and Condition 1 of Assumption 4.6. O

We remark that Lemma C.6 is tight as i — 0 when the marginals {77._, };c[o,r] are given by running the Ornstein-Uhlenbeck
process starting with a spherical Gaussian distribution.

In the above proof, we needed the following calculation:

Proposition C.7.

O Inmy = —div fig g, — (VInmy, fig k)
O Inmy = —div s — (VIn g, ).

Next, we carry out a calculation analogous to Lemma C.6 to bound the time derivative of E. ||V In 7, [|?]:
Lemma C.8.

o /wguwmtu? < Ly /wgnvmmn? + M2d? + Ly
In particular, by Gronwall’s inequality, for any 0 < t < T we have
En [V Inm %) S ACW(Lyd + M2dt + L'¢?)
Proof. We have
o [ wIViam|? =~ [ diviri )| Vinm |+ [ w0V

=2 / m ((fie, (VInm)Vinm) + (0,VInm, Vinm))

=2 / m (i, (V2 Inm)Vinm) + (V(=div gy — (VInmg, ), Vinm)),
where in the last step we used the second part of Proposition C.7. Note that we can write the latter term in the parentheses in
(C) as

(=Vdiv s — (V2Inmy) e — (Vi) Vinmg, Vinmg).

17
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Of these three terms, the second one nearly cancels with the first term in (C). Putting everything together, we get the
inequality

3t/ﬂ'g||V1nﬂ't||2 = —2/7r£(<VdiV,ut,Vln7rt> + (Vinm) " (Vi) (Vinm,)
+ (,L,Lt - ﬁt)T(V2 lnﬂt)Vlnm)

SswplValln [V nml + [ 7Vt l?
2 / 2 1/2 / ~ 112 1/2
+25up[ V2w llop ([ IV Iml|?) ([ il - )

S Lo [ mIVinm)® + [ wVaivpl? + Lo [ w7l
where in the penultimate and final steps we used Young’s inequality, and in the final step we used Condition 1 of

Assumption 4.6. The first part of the lemma follows by Lemmas C.3 and Condition 4 of Assumption 4.6. The second part of
the lemma follows by Gronwall’s inequality and (C). O

We can now combine Lemmas C.5, C.6, and C.8 to prove Theorem 4.7:
Proof of Theorem 4.7. By triangle inequality and Eqgs. (C.6) and (C.8),
(/ 7r,'5|\V hm; v/ 1n7TtH2)1/2 < (Ao(1) + A/0(1))(L61/2d1/2 + Mdtl/Q) + AO(1)L/1/2C“
so integrating the bound in Lemma C.5 over ¢t € [0, T, we get
KL (7 lmr) < (ACD + AW (L 2dM/2 + MdT*?) /OT Gdt + O L/2¢2,

We conclude by bounding fOT ¢ dt < (T2 by Cauchy-Schwarz. O

Finally, we record a norm bound which will be useful in the sequel:
Lemma C.9. Forany 0 <t < T and any c > 0,

O Elly;l* < Elluinll* + Ellyr*-

Proof. Recall that y; = y;,, + (t — kh) p);, (Ysp,) SO

Ellyill* = Ellyinl? + (¢t = kh)? Bl (win) II* + 208 — k) EYp 1tk (Ykn) -

Differentiating with respect to t, we get

3tEHy£H2 =2(t — kh) EHM%h(yfm)W + 2E<y§ch’ M%h(yfm» = 2E<y1/5aﬂ;ch(y;ch)> )

so the lemma follows by Young’s inequality. O

D. Bounding the Difference in Drifts

We wish to apply Theorem 4.7 with (y;) and (y;) given by (25 ) and (Z; ) defined in Egs. (2) and (B). For these processes,
the drifts (uxp) and (}) in Egs. (C) and (C) are given by

pule) 2 = fr-o(2) + 30T 1PV g (2)
i @) 2 — () + 50(T — FhPV Ingin () — 2 (05 (@) 4 -+ 02, (),

and both processes are initialized at the distribution 7 = g7 . In general, the marginal laws (7;) of the former process are
given by (¢; ). We will denote the marginal laws (7;) of the latter process by (p;).

18
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D.1. Smoothness of drift

We now verify the first three parts of Assumption 4.6.
Lemma D.1. Part I of Assumption 4.6 holds with

Lt £ G(LﬁX + grznaxLSCﬂf) :

Proof. By Part 5 of Assumption 4.1, VIn ¢/~ is Le -Lipschitz. As p is the sum of an L .-Lipschitz function and a
192 axLsct-Lipschitz function, the claim follows. O

Lemma D.2. Part 2 of Assumption 4.6 holds with
M 2 (14 g30x/2) Ligh = ©(imax Lnign) -

Proof. By Part 6 of Assumption 4.1, V1, is the sum of a Lpigh-Lipschitz function and a 912nathigh /2-Lipschitz function. [J

Lemma D.3. The restoration operator Ry, 1—g)p, is O(1)-Lipschitz for all integers £ < k < T'/h.

Proof. For any x,z’, we have

| Rhs (k=) (2) = Rihose—oyn(2)|| < 2 = 2'|| + €0 ]| fin(z) — frn ()]
+ Lhg(kh)? ||V In grp(z) — V In g ()]
< (1 + lhLgy + thgho Lec i) |z — 2| S [l — 2/]]. O

Lemma D4, 1 (vi + -+ v3) is O(Lyx + g2 axLsc,kn)-Lipschitz.

Proof. By Lemma D.3, f._nn(2) = fk—e)n(Rih—(k—en) (Tfy,) is a composition of an L f,,-Lipschitz function with an

O(1)-Lipschitz function in Zj,, so %vl is O(€&¢Ls.)-Lipschitz. Similarly, %Ug is the difference between an O(L.)-

Lipschitz function and an L, /2-Lipschitz function in Z};, so it is O(Ly)-Lipschitz. Finally, %’Ug is the sum of an

&Ly < Lyx-Lipschitz function and a g2, Lsc kn-Lipschitz function, so it is (L + g2 .y Lsc,kn-Lipschitz. O
Lemma D.5. p}, as defined in (D) is O(L f.x + g2 . Lsc.kn)-Lipschitz. In particular, Part 3 of Assumption 4.6 holds with
L& O(Lyx + g?ﬂaXLscykh)

forall kh <t < (k+ 1)h.

Proof. Note that fr_j,(-)—39(T—kh)?>V In g}, (-) is O(L fx+2 ax Lsc,kn)-Lipschitz, so the claim follows by Lemma D.4.
O

D.2. Distance between drifts

The bulk of our discretization analysis is devoted to verifying Part 4 of Assumption 4.6. For convenience, we will denote
v(Tllkh (2),... ,v&f’lkh(z) by v1,...,vs. Henceforth, assume that

h < min((RLf;x€)717 (gIQIIaXLSC7*)71)
For any kh < t < (k + 1)h, we have

e (@) = pen @) 1* S Ellfr—e(@) — fr—in (@)1

+E|g(T — )°VIng™(z}7) — (T — kh)*V Ingg, (5,1

1
+ o (Bl + - Blus ).

We first bound the excess terms w1, ...,vs3. We focus on the case T' — kh > (h, as otherwise v; = vo = vs = 0 by
definition.

19
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Lemma D.6.

1 ~
Bl s S € o EIV i ) 2 + o

1 max
k'€{0,1,....,T/
for
€1 £ EXP(O(LQ;XT))(£_2 + €2h2L2;x) g?nax
€2 £ exp(O(L7, 1)) (67 + Ph°L7, ) (E||Z§||? + R* + °h*L7,,) .

Proof. Recall that
v = L&hfr_(k—oyn(2)

so we have
Ellvi||* = £2¢7n? ]E||fT—(k—e)h(2)H2
S PR El fr—w-on@@)” + L3 Elz = T01%)
S Z_QhQ(LQ;x]EHEkMF +R*+ L2;xE||Z —Zl?) -
Recall that
vy = g(fo(kfah(z) — fr—in(Tin)) s
so we have
Elleal® = Bl fr_mon(2) = o @)
S W (CR Ly, + L |1z = T5)1%)-
Recall that
vs = W&o (= frwn(Thy,) + 9(T — kh)*V Ingly 0, (T55)) 5
so we have

Ellvs||* = h*°€} Ell = fr—rn (@) + 9(T — kh)*V In g, (T, |1
SRR + L3 BTl + Gmax EIIV In g, (@35 11%)

Combining Egs. (D.2), (D.2), and (D.2) we get

1 _ _ -
EElloall? + -+ lusl*) S (Ph° LT + 072 R?) + €72 gar BV In gi, (@) |1

+ €_2L2;XE||5]€ZFLH2 + LQ;XEHZ - '%kh”2 .
Recall from (4.1) that
2 =T — Lh (frn(Trn) — 9(T — kh)*V In g, (Twn))
)
Iz = Zg, 17 S CR*(1+ Ch2LE) || fr—in (@) |17 + R g IV In iy (Z55) 12
S OCR (LG |Z 17 + R?) + R g |V In g (25117,

where in the second step we used (D.2). Substituting this into (D.2) and using Lemma C.9 below to bound E||Z}; ||%, we
obtain the desired bound.

Lemma D.7. For any integer 0 < k < T/h and any kh <t < (k+ 1)h,

E N(—_l. V12 < a E|IV1 <—/~(7 2_|_/
e (@) = pien (@) 17 < €1 k’e{Or,Ill,u).{,T/h} IV In gy, (T )[1° + €5
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for
’2 2 e+ gmaxﬂzhzc (1E||5(TII2 + R2 + fzthf;t)
X (hZL?” hQQmax sc,x T+ gmaxBQhQC) : eXp(O(L?;xT)) .
In particular, for any 6 > 0, if
0267 2(g2 0 + R+ ChLypy + Ellzf ||?) - exp(O(L3,T))
h < min{poly(Lg, Ltie, R, gmaxs Lsc,s Lz Bz [12) 71071642, (6 (gimax32)) 2} - exp(O(L3,T))

then €], ey < 0.

Proof. We can bound the first term on the right-hand side of (D.2) using Lipschitzness of f in time and space:
Ell fr—in (@) = fr—e @O S L3 BTk, — T |I° + h2LE,
For the second term on the right-hand side of (D.2), we can use Lipschitzness of g2 and the score:

Ellg(T — t)* VIng (&) — 9(T — kh)* VIn g, (7%, ) ||
< WL E|VIn g, (@)1 + 9(T = )*E[Vin qkh(fﬁ)\IQJrg(T* t)* L

sc, tEkah - x<—H2

< (L2 + (T — 1) ) BV In iz () P

+9(T =)' B2h* B\ T |1” + g(T — 1) 82h% + g(T — t)* L2, , E|@f;, — 7 ||
< (h2L2 + Gomax 8202 E|IV In g, (T 17

+ Imax B PP B2 + gmax 8207 + Omax Lo EINTR, — 75112

Substituting the above bounds into (D.2), we get that

Ell e () = pen (@) 1
S (Lo + ImaxLic ) BT, — T 17 + (h2L2 + Imax 8207 B[V In g, (75 1

+ gmaxﬂ2h20EH‘%kh”2 + gfnaxﬁ2h’20 + ﬁ E[||’l)1||2 et ||U3HQ]

By applying the bounds for E||Zf;, — Z;~[|* and E[|Z}},||* in Lemma D.8 and D.9 and noting that L7, + gp.x Le. , < 1/h?
by (D.2), we see that the lemma follows from Lemma D.6 and the definition of €], €, in Egs. (D.7), (D.7). Note that in the
assumed bounds on /, & in the lemma statement, we substituted E||z§||? for E||Z§||?; this is because these two quantities

are identical.

D.3. Movement and norm bounds

Lemma D.8. For any integer 0 < k < T/h and any kh <t < (k+ 1)h,
E7 = @al? S 52 exp(O(L3,1)) (E|Z|1? + B2 + £h2L3,

4 2 2
m E[|V1 ) E .
+gmax kE{O,l,.a.J.),(T/h} || naq; ( )” + [”le + + ||U3H ]

Proof. By definition of the interpolated process,

Lo+ 4w},

- - - 1 -
Ty =Ty, — (= kh) {fr—xn(Tip) — ig(T — kh)*V In g, (Z47,) + 3

SO
Bz — @ )* < B2 Ellfr—on @) + 12 e EIV g @) + Ellloa* + - + [lvs?].-

21
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The proof is complete upon using Part 1 of Assumption 4.1 and Lemma D.9 to get

Bl fr—in (@) I? S exp(O(L3,0)) (ElFo|2 + B2 + (2h2L3, + gh E|[VIng(@0)?),

max
ke{0,1,....T/h}
where we have used that exp(O(L3,,T)) - L}, = exp(O(L3,T)). O
Lemma D.9. Forall0 <t <T,

E|F 17 S exp(O(L3,.T) (EIF |2 + B + ©h2L3, + G E|[V In gz, (75 12) -

max
ke{0,1,....,T/h}

Proof. By Lemma C.9,

_ _ ~ ~ 1
QBN I* SENFTN® + Bl fr—n @)l + Ghnax BIV I g5 @GN + o3 Elllor[* + -+« + [|vs ]’

SEIFTI? + LEEIFGI + Gmax BIV In i @E)I17 + Ellz — 25,12 + B + £2h2 L%,
SEIZTN? + LEEIZGI + Gmax IV In g ()7 + R? + 212 LY,

where in the second step we used (D.2) and z is defined in (4.1), and in the third step we used (D.2) and the fact that /h < 1
by (D.2). By Gronwall applied to the interval of times ¢ € [kh, (k 4+ 1)h] along the reverse process, we find that

E|7;|* < exp(O(h)) - (1 + hLE,) ENTG 17 + Mgimax EIV Ing, ()7 + B + 2h*L5,,))
< exp(eL ) ENTi 17 + h exp(O(h) -+ (max IV In g, (F5,)II° + R + (2R L7,)

for all ¢t € [kh, (k + 1)h] for some absolute constant ¢ > 0. In particular, this bound holds for ¢ = (k 4 1)h. Iterating this
T'/h times, we obtain the desired bound. O

Recall the definition of A, A’ in (4.3).
Lemma D.10. For all integers 0 < k < T/h,

B[V 1n g (#3)12 S A% (Lyix + GasLocor)d + Gian Liignd?T

+ qu*Ttlg[lg);] Ellp(Tf) — M/Lt/hjh(fﬁ/hjh)uz)

Proof. The proof follows from Lemmas D.1, D.2, D.5, and the bound in Lemma C.8 with {; £ E||u,(7;") — pth, (Z55,)[12

and (% = fOT (7 dt < Tmax; (7. Note that in the definition of A and A, we have a L7, term in the integrand even
though there is only an L., term in the definition of L, in Lemma D.1. The reason for this looseness is to absorb the
exp(O(L?p;xT)) terms that appear elsewhere in the above analysis. O

D.4. Putting everything together

Proof of Theorem 4.3. Let § > 0 be a small parameter to be tuned later, and suppose h, ¢ satisfy (D.7). Then by integrating
the bound in Lemma D.7 over 0 < ¢ < T and applying Lemma D.10, we conclude that

T
& /0 Bl we(Z5) = 1] jnyn @) 117 At
S OT + 68D (Lot GRranLic,JAT + (1 + G20 Lignd*T?
T
LT [ Elm(@E) = @) )

Provided that
0 < *1A (1)L 1 T 1
=9 SC,* )
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we can rearrange to conclude that
C2 5 6AO(1) ((Lf§>< + giaxLSC,*)dT + gﬁlaxLEigthTQ) .
By Theorem 4.7,
KL (7TfIT||7TT) < (AO(I) + AIO(I))(L61/2d1/2 4 MdT1/2) <T1/2 + AO(I)L/1/2C2
We will take § sufficiently small that ¢? < 1, in which case by upper bounding L{, by L/, the above is at most

< (Ao(l) + A/O(l))(L/1/2dl/2 T MdT1/2) CTl/Q
< (AW + NOOY(LY2 + gmax Lad 2)dY? + g2 LiighdT"/?)
< ((LY2 + gmaxLal2)dY>TY? 4 g2 LiigndT)6Y/>T"/?

< (AW 4 N (Lpix + GinancLsc, AT + G Liignd®T°) 6127/

We take § so that the above is at most the target accuracy e. By (D.7), this can be achieved by taking &, ¢ satisfying the
bounds in the theorem statement. O
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