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Abstract

In the past several decades, much attention has been focused on the effects of dispersal
on total populations of species. In Zhang (EL 20:1118-1128, 2017), a rigorous bio-
logical experiment was performed to confirm the mathematical conclusion: Dispersal
tends to enhance populations under a suitable hypothesis. In addition, mathematical
models keeping track of resource dynamics in population growth were also proposed
in Zhang (EL 20:1118-1128, 2017) to understand this remarkable phenomenon. In
these models, the self-regulated quantity “loss rate" of the population seems, in gen-
eral, difficult to measure experimentally. Our main goal in this paper is to study the
effects of relations between the loss rate and the resources, the role of dispersal, and
the impact of their interactions on total populations. We compare the total popula-
tion for small and large diffusion under various correlations between loss rate and the
resources. Biological evidence seems to support some specific correlations between
the loss rate and the resources.
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1 Introduction

Total population plays a vital role in theoretical and applied ecology. Its understanding
improves the schemes of species conservation and control of invasive species. As an
essential strategy for populations to adapt to spatially and temporally varying envi-
ronments, dispersal or diffusion noticeably influences the population’s abundance or
even survival. It is well-known that the carrying capacity in a constant environment
determines the total population. However, in spatially heterogeneous environments,
the total population is far more complex than the total carrying capacity. Numerous
theories have been developed for both discrete and continuous models.

Discrete models go back at least to Freedman and Waltman (1977) and Holt (1985),
in which a two-patch logistic model of a single population was studied. We refer
interested readers to DeAngelis and Zhang (2014), Elbetch et al. (2021), and Gao and
Lou (2022) for a more recent account of the development in this direction.

The classical logistic equation with diffusion has been traditionally used for single
species as a continuous model, and it was first observed by Lou (2006) that total
population always exceeds total carrying capacity in a heterogeneous environment
when the intrinsic growth rate is proportional to the carrying capacity. This remarkable
result was studied by DeAngelis et al. (2016) for a more general situation. In the case
of small diffusion, they extended the work of Lou (2006) and showed that when the
intrinsic growth rate of the population is positively correlated to the habitat’s carrying
capacity, dispersal benefits the species and its total population at equilibrium surpasses
the (total) carrying capacities. On the contrary, assuming that the intrinsic growth rate
is constant, i.e., independent of the local carrying capacity, Guo et al. (2020a) showed
that diffusion harms the population, i.e., at equilibrium, the heterogeneous distribution
of resources supports a population strictly smaller than the total carrying capacity. In
addition to its own biological significance, the total population is also essential in
analyzing the dynamics of the competition models of two species with diffusions. We
refer interested readers to Cantrell and Cosner (1991, 1998), Guo et al. (2020a,b),
He and Ni (2013a,b, 2016a,b, 2017), Lam and Ni (2012), Lou (2006, 2008) and
references therein for further details.

The mathematical results above seem to raise an interesting question: In reality,
does dispersal help the total population to surpass carrying capacity? Indeed, rigor-
ous empirical validation was rare until the recent works of Zhang et al. (2017). Zhang
et al. (2017) experimentally tested and confirmed the mathematical results of how
dispersal, i.e., diffusion, influences the total population of a single species under a
spatially heterogeneous environment. Zhang et al. (2017) conducted laboratory exper-
iments of budding yeast, where the yeast and the amino acid tryptophan serve as the
consumer and the resource, respectively. They set up a single “population” composed
of a single row of 12 wells in a plate, and each well had either a heterogeneous or
homogeneous distribution of resources (tryptophan). To control the diffusion, they
transferred 3% of the volume to adjacent positions for each well using the liquid
handling robot. Investigating the effects of the growth rate of the yeast in each hetero-
geneous and homogeneous environment, they further applied varying concentrations
of the macrolide eukaryotic antibiotic cycloheximide, which is a translation inhibitor
interfacing the growth rate of the yeast.
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Their experiments confirmed that diffusion increases the total population under
certain conditions, as predicted by logistic models. Moreover, to include resource
dynamics in their experiments, which reflects a more accurate and realistic situation,
new mathematical models were proposed in Zhang et al. (2017). However, as some of
the parameters in their models, such as the loss rate, seem delicate and perhaps even
difficult to measure experimentally, they also conducted numerical simulations to
analyze these models for various value ranges of the loss rate. Indeed, their simulation
results seemed to indicate that large diffusion might damage the total population
in heterogeneous environments when the loss rate and resource inputs have certain
relations. This raises an interesting point and seems to warrant further mathematical
studies and clarifications.

One of the model proposed in Zhang et al. (2017) (see Model I therein) was

Zi =dAZ + Z("N _o(x)Z)  forx € Q,1 >0,

k+N
N; = Ng(x) — Z220Z forx € 2,1 >0, 0
0,2 =0 for x € 92,1 > 0,

Z(x,0) = Zy(x), N(x,0) = No(x) forx € Q.

Here, Z(x,t) and N (x, t) are the densities of consumer population and resource,
respectively, the constant d denotes the diffusion rate of the consumer, r(x) is the
intrinsic growth rate of the consumer, k is the half-saturation rate, g(x) is the loss rate
due to self-regulation of the consumer population, N (x) is the resource input, y is
the yield rate, and €2, the habitat, is a bounded smooth domain in Euclidean space RN
with v denotes its unit outward normal.

Throughout this paper we assume that d, k and y are positive constants, and 7 (x),
g(x) and Ng(x) are (strictly) positive, smooth functions on Q (= QUIN) where Qis
a bounded domain in Euclidean space R", with smooth boundary <2, while Z, and
Ny are non-negative, not identically zero and continuous functions on Q.

The system (1.1) describes a diffusing population in an environment where the
resources are exploited and renewed. It turns out that the yield rate y in the system
(1.1) is very important, as the work He et al. (2019, 2023) showed. Following (He
et al. 2019, 2023), we define

*(d) = inf i ! _ up
y () :=1inf{y >0 1gf(NR J/er)ZO _sgpNR, (1.2)

and

1 N
yi(d) 1= sup{y >0 ‘sup(NR — —rwg) < 0} = sup{y >0 ‘sup VNR < 1},
Q 14 Q T'Wwq

(1.3)
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where 6, is the positive solution of

dAO+0(r —gh)=0 forx e Q, (1.4)
3,0 =0 for x € 92, '
and wy is the positive solution of
dAW +yNg —g?> =0 forx € Q, (L5)
»hw =0 for x € 9Q. '

It is well-known that (1.4) has a unique positive solution 6, (cf. Propositions 3.2
and 3.3 in Cantrell and Cosner (2003)). As for the existence and uniqueness of wy in
(1.5), see the proofs of Theorem 3 and Corollary 2 in He et al. (2019).

Our starting point is the following fundamental result due to He et al. (2019, 2023).

Theorem 1.1 (He et al. (2023), Theorem B, Theorem 1.3) Suppose that r(x), Ng(x)
and g(x) are positive and Holder continuous in 2, then:

(i) If y > y*(d), then resource-unlimited positive steady state (04, 00) is globally
asymptotically stable for system (1.1);

(ii) If y < y«(d), then system (1.1) has a unique resource-limited positive steady state

<~ ykNg

Wd> 75—y Nr ) which is globally asymptotically stable.

Here, ast — 00, the convergence of Z(, 1) is in the CY(Q)-norm in both Parts (i)
and (ii) and the convergence of N (-, t) is uniform on Q2 in Part (i) and is pointwise on
2 in Part (ii).

The above results concluded that if the yield rate y > y*(d), the (6,4, 00) is the
unique positive steady state of the system (1.1), and it is globally asymptotically stable.
Here 6, is the positive solution to the well-known logistic equation (1.4), which has
been studied by many authors in the last few decades; see, e.g. Cantrell and Cosner
(1991, 1998); DeAngelis et al. (2016); Guo et al. (2020a, b); Hastings (1983); He and
Ni (2013a,b, 2016a,b, 2017); Lam and Ni (2012); Li and Lou (2019); Lou (2006,
2008).

If the yield rate y < yx(d), then (d)d, mﬁ%
of the system (1.1) and it is globally asymptotically stable, where wy is the positive
solution of (1.5). He et al. (2019) proved that the total population fQ wq dx is strictly
increasing in d for d > 0 if N is nonconstant and g is a constant. In addition, Yao
and Li (2023) proved that if Ng/g is nonconstant, max wy is strictly decreasing and

Q

) is the unique positive steady state

min Wy is strictly increasing in d for d > 0.

Applylng the maximum principle (cf. Lou and Ni (1999) Lemma 2.1) to (1.5),
we have g(xo)wd(xo) > Y Ng(xp), where wg(xg) = minwg, xg € Q. Thus, for all
Q

Nk
> > mm =k
d>0,wg>./y 2
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Denoting
. r? . R
Y0 := min — min — > 0, (1.6)
@ Ny & &
then by (1.3), for all d > 0, we have
Yo = ¥x(d), (1.7)

which implies that for all d > 0, y,(d) has a positive lower bound yp > 0.

The primary purpose of this paper is to investigate the properties of the steady state
of (1.1); or, more precisely, the positive solution of (1.5) for the case y < Y < v« (d),
for all d > 0, as Theorem 1.1 reduces the steady states of (1.1) to the solution of (1.5)
when y is small.

Denoting

R(x) := y Nr(x), (1.8)

we rewrite (1.5) as follows for convenience:

_ 2 _
{dAu+R(x) gu* =0 forx e, (1.9)

oyu =0 forx € 0Q2.

Denote the unique positive solution of (1.9) by uy with diffusion rate d.

As we remarked earlier, the yield rate y is an important parameter: when y is
large, the consumer Z (-, t) eventually converges to the steady state 6, of the classical
logistic equation (1.4), while the resource tends to co (which seems a bit unrealistic).
On the other hand, when y is small, the consumer Z(-, t) always converges to the
unique steady state wy of (1.5) (or, ug of (1.9)), while the resource also reaches an
equilibrium.

It seems obvious that the (effective) resource input R is crucial - especially in the
case of small y; in fact, in this case, the loss rate g also turns out to be important. In
this paper we will focus on the properties of the total population |, o Ud dx, in terms of
the loss rate g(x) and the resources input R(x).

InHeetal. (2019), it was already established thatif g = constantand R # constant,
then the total population fQ ug dx is strictly increasing in d > 0. In Sect. 2 below, we
shall prove that, on the contrary, if R = constant, and g # constant, then fQ ugdx is
strictly decreasing in d > 0. Motivated by these facts, we shall systematically study
the total population for more general cases, in terms of the loss rate g and the resources
input R.

It is not difficult to see that,

lim uddx=/ Vv R/gdx.
Q

d—0t Jqo
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(See Theorem 2.2 below for a more detailed statement.) On the other hand, denoting,
f= IQI fQ f(x) dx for continuous function f on €, it is standard to show that,

lim uddx:/ R/gdx.
d—o0 Jo Q
(See Theorem 2.3 below for details.)

Therefore, as a primary step in our study, we compare these two quantities
Jo ~/R/g dx and [, v/ R/g dx. It turns out that two more quantities [, v/ R/g dx and
fQ +/R/g dx are playing roles in this approach, as the following inequalities (which
follow from Holder’s inequality) indicate:

/,/R/gdx>/\/Ié/gdx>/w/R/gdx, (1.10)
Q Q Q

where both R and g are nonconstants. With (1.10), we are able to formulate conditions
on R and g to compare the total populations fQ ug dx for large and small dispersal
rate d. This illustrates the role of dispersals in total populations and provides rigorous
proofs for the numerical simulations in Zhang et al. (2017).

A mathematical example is included in Sect.5 to illustrate the effects of various
correlations between R and g. We also briefly discuss the biological significance of
the correlations between R and g in Sect. 6.

The paper is organized as follows: In Sect. 2, we introduce our main results. Section
3 studies the monotone properties of the total population. We investigate the effects
of various correlations between g and R on the total population for small and large
diffusion rates in Sect.4. To illustrate our results, we include an example in Sect. 5.
Section 6 contains further remarks and discussions.

2 Main results

In He et al. (2019), the authors proved that the total population fQ ugq dx, where uy is
the unique positive solution of (1.9), strictly increases in d if 0 < g = constant and
0 < R # constant. Our first result here shows that, on the contrary, if we have, instead,
that 0 < R = constant and 0 < g # constant, then fQ ug dx is strictly decreasing in
d.

Theorem 2.1 Assume that 0 < R = const. and 0 < g # const. on Q, then fQ ugdx
strictly decreases in d.

To facilitate the comparisons of total populations for d small and large and investi-
gate the total population’s monotone properties for small diffusion, our second result
focuses on the total population |, o Ua dx ford > 0 small.

Theorem 2.2 Assume that g > 0 and R > 0 on Q. Then as d — 0¥,

ug — /R/gin C(Q) N H(Q), 2.1
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and
/uddx:/ \/R/gdx+€/ %V(R/gyV(Rg)dx—i—o(d). 2.2)
Q Q 8 Ja R°g

In particular,

(i) if V(R/g) - V(Rg) = ()0 in Q, then the total population fQ ugdx is strictly
increasing as d > 0 small;

(ii) if V(R/g) - V(Rg) < ()0 in Q, then the total population fQ ug dx is strictly
decreasing as d > 0 small.

Motivated by the work of Zhang et al. (2017), it seems reasonable to explore the
various cases of the loss rate g depending on specific correlations with the resource
input R.

Definition 1 We say two positive functions ¢ and ¥ on  are positively correlated if
P(x1) = p(x2) <= Y (x1) = ¥ (x2), Va1, x2 € Q,

and two positive functions ¢ and ¥ on € are negatively correlated if
P(x1) = p(x2) <= Y (x1) < ¥ (x2), Va1, x2 € Q.

It turns out that the following correlations between g and R play vital roles in the
study of the total population for both small and large dispersal:

(L1) g/R and Rg are positively correlated;
(L£2) R/g and g are positively correlated.

To illustrate the roles of large and small diffusion rates, we study the behavior of
the unique positive solution u,4 of (1.9) for d — oo and compare dlim fQ uq dx with
— 00

lim dx.
d—0t fQ ta @
Theorem 2.3 Assume that g > 0, R > O on Q. Then as d — oo,
ug — +/R/g in C*(). (2.3)

Suppose further that R/g # const., then the following statements hold for the
positive solution ug:

(i) If g and R satisfy (L1), i.e.,, g/R and Rg are positively correlated, then

lim uddx=/\/R/gdx>f\/R/§dx= lim fuddx; 24
d—0% Jqo Q Q d—oo Jo

(ii) If g and R satisfy (L2), i.e., R/g and g are positively correlated, then
lim | wugdx = / VR/gdx < f VR/gdx = lim f ugdx. (2.5)
d—0t Jo Q Q d—o0 Jg
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Iy

. . I3 . I . I
’ L\/%dx J;Jﬁgdx fnﬁdx

Fig. 1 Four disjoint intervals 11, I3, I3 and 14 defined in (2.6)

As we shall see later, the following two more relations will play roles in the com-
parison between the quantities lim+ fQ ugdx and dlim fQ ug dx (See Theorem 2.4
d—0 —00

for details):

(L£17) g/R and R are positively correlated;
(L17) Rg and R are negatively correlated.

Note that relations (£17) and (£17) are opposite to each other in the sense that,
(L£17) implies g and R are positively correlated while (£17) implies g and R are
negatively correlated. Moreover, if g and R satisfy (£17) or (£17), then g and R
satisfy relation (L1). (see Remark 4.2 for details.)

Assuming that 0 < R, g # const. and R/g # const., by (1.10), we can split the
interval (0, +00) into four disjoint slots I, I», I3, 14 (also see Fig. 1), where

I ::[/Q R/gdx,+oo>, I ::(-/Q IQ/g'd)c,/Q R/gdx),

I3 ::(/gz/r@dx,/gz R/gdx], I ::(0,/9\/R7/§dx].

(2.6)

We have the following sufficient conditions to determine which interval /;, 1 <i <
4 the quantity lim_ Jouadx = [o /R/g dx falls within:
d—0

Theorem 2.4 Assume O < R, g # const. and R/g # const., then:
(i) If g and R satisfy relation (L17), i.e., Rg and R are negatively correlated, then

fQ JR/gdx € Iy;

(ii) If g and R satisfy relation (L17), i.e., g/R and R are positively correlated,
then [o /R/gdx € I;

(iii) If g/R and g are positively correlated, then fQ JR/gdx > fQ VR/gdx.
Moreover, we assume that |2| = 1, \/R/g is a function of g, i.e.,

VR/g(x) =1(g(x)),Vx € @, 2.7)

withl(r) > 0,r > 0. Denoting L(r) := rlz(r), if l is a concave function and L
is a convex function on [min g, max gJ, then fQ JR/gdx € I3;
Q Q

(iv) If R/g* and g are positively correlated, then fQ JR/gdx € 4.

To reveal that fQ +/R/g dx can fall within each interval I; under specific corre-
lations between g and R, and to illustrate Theorem 2.4, we consider a special case
g = R%, o € R and assume that R is a positive, nonconstant, smooth function on Q
with |Q2] = 1 (See Sect. 5 for details).
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Theorem 2.1 and Theorem 2.2 will be proved in Sect. 3. Section 4 will establish
Theorems 2.3 and 2.4. Section 5 will illustrate Theorem 2.4 with the example g = R*.

3 Monotone properties of the total population

In this section, we first investigate the monotone properties of the total population for
a spatially homogeneous environment and prove Theorem 2.1. Second, we study the
behaviors of the positive solution u, and the monotone properties of total population
Jouadx asd — 0T, where ug is the unique positive solution of (1.9).

Theorem 2.1 follows directly from Proposition 3.1, which is a more general result.

Proposition 3.1 Assume R, g > 0, R/g % const. on Q, then for the positive solution
ug of (1.9), fQ Rug dx is strictly decreasing in d > 0.

Proof Denoting du,/dd by u), and differentiating both sides of (1.9) w.r.t. d, we

obtain:

{dAu;l + Aug —2guqu; =0 forx € Q, 3.

ouly, =0 for x € Q2.

Multiply (1.9) with 2u/; and (3.1) with u4, then subtract them to get
2dAuduzl + ZRMQ — dAuZlud — Augug =0, for x € Q.

Integrating the above equation over €2, we have, by Divergence Theorem,
d/ (Vuly) - (Vug) dx —/ |Vig|? dx = 2/ Rul;dx. 3.2)
Q Q Q

It suffices to show fQ(Vu;) - (Vug) < 0 because uy # const. To this end, multi-
plying (3.1) with u; and taking integration over €2, we have

/(Vuii) - (Vug)dx = —/ d|Vuly|* dx — 2/ qua(ul)*dx < 0.
Q Q Q

This completes the proof of Proposition 3.1. O

Next, we analyze the asymptotic behavior of the positive solution u; and the mono-
tone behavior of the total population as d — 0T and then prove Theorem 2.2. Our
proof of Theorem 2.2 is motivated by the work of DeAngelis et al. (2016) and is
organized as the following steps:

Proof of Theorem 2.2 Our first step is to show that

g — JRTgH —0. (3.3)

c®

lim
d—0t
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It suffices to show lirn+ uqg —~/R/g H = 0 due to the continuity of \/R/g and
d—0 00

uq. )

Fix & > 0 small, there exists a function 9} € C*(Q) s.t. V/R/g + S <ot <
VR/g +¢in Q and 3,9;" = 0 on 9Q. Since A¥;" is bounded in Q, there exists
0<df «1st.V0<d<d},

dADT + R — g2 < dA9F + g( —eJ/R/g — 82/4) <. (3.4)

Similarly, there exists a function ¥, € C?(Q) s.t. /R/g —e <9, < /R/g— %
in Q and 9,9, = 0 on d€2. Also, there exists 0 < d < 1s.t.V0 <d <d_,

dAY + R —g(®;)* = dAY] + g(wR/g - 82/4) > 0. (3.5

By (3.4) and (3.5), VO < d < min{d;",d;}, (¥}, 9 ) is a pair of upper and
lower solution of (1.9) and 0 < ¥, < ¥.. By the uniqueness of positive solution
ug, we have 9 < ug < ﬂj and then Hud — «/R/gH <&V0 <d < dg. So

o0
lim sup

d—0t
Our second step is to show that

iy 7

d—0t

Ug — «/R/gHOO < ¢, Ve > 0 and this proves (3.3).

=0. 3.6
H) (3.6)

Setting ilg = uq — «/R/g. it suffices to show lim Jq IVilg|* dx — 0. Then, by
d—0

(1.9),

dAiiy +dAVR]g — gﬁd(ud + w/R/g) — 0forx € Q. (.7

Multiplying (3.7) with %‘" and taking integration over €2, then by Divergence The-
orem,

/Q\vﬁd|2dx=/Bgﬁd(avﬁ(1)ds+/QA(\/R7/g)ﬁddx—gfngﬁf,(udh/f/g)dx
S./zm‘ﬁd(v R/g).a ds+/Q‘A(\/@)ﬁd‘dx
< /8 Nadlle, | (VWR7z) 7| s + [Q lialle:|a(VRIg)| dx

—~0asd — 0F by (3.3).

Our third step is to prove that

fim /‘wd.v(;)—v R/g~V(;)‘dx=O. (3.8)
d—0t Jo VRg + gug 2JRg
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Notice that

/‘wd-v(ﬁ)—v R/g-V(ﬁ)‘dx

< o) (e
+/Q‘V\/@-V(

=1+1I.

- dx
Vv Rg + guy 2./Rg)‘

Then Cauchy-Schwarz Inequaliy, boundedness of ‘V( J@igud )’ in L2(), (3.3)

and (3.6) guarentee that I — 0 asd — 0F. As for 11, we have

1 1 Vv Rg — guy 1
_ _ _ (\/R/g - ud>.
vRg+gus 2Rg 2(VRg+ gus)~/Rg 2R+ 2/ Rguy

Then Cauchy-Schwarz Inequaliy, boundedness of m in C(Q) N HY(Q),

(3.3) and (3.6) imply that I/ — O asd — 0F.
Now, by (1.9), (3.3), (3.6) and (3.8),

1
/Qud X /Q\/R/g X /QV(ud) V( Rg+gud> X

1
=fQ R/gdx—d/QV R/g-V(W)dx+0(d)
=/ ‘/R/gdx—kg’/ i V(R/g) - VRgdx + o(d),
o 8 o R%g

as d — 0T and this completes the proof of Theorem 2.2. O

Remark 3.2 Under the assumption of Theorem 2.2, if we further assume R/g is a
function of Rg, i.e.,

(R/g)(x) = f(Rg(x)), x € 2,

where f is smooth and f > 0. Assume R/g, Rg # const., it is easy to verify that

(i) if g and R satisfy relation (£1), then f’' < (#)0, so V(R/g) - V(Rg) < (#)0in
2 and the total population fQ ug dx is strictly decreasing for d > 0 small;
(i) if g and R satisfy relation (£2), then f' > (#)0, so V(R/g) - V(Rg) > ()0 in
2 and the total population fQ ug dx is strictly increasing for d > 0 small.
To end this section, we consider some special correlations between g and R:

Proposition 3.3 There are the following special correlations between g and R:
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(i) If R/g = constant Cy > O, then the total population is independent of the diffusion
rate d, that is, Vd > 0, [ uqdx = /C{|Q|.

(ii) If 0 < R, g # constant and Rg = constant C» > 0, then the total population
fQ ug dx is decreasing for small d > 0. Moreover, Vd > 0,

/uddx< lim /uddx. 3.9)
Q d—0t Jqo

Here, Part (i) is trivial. As for Part (ii), we introduce another equation:

(3.10)

dAv+2R -2 /Rgv =0 forx e Q,
v =0 for x € 0Q2.

Since (m_ax V' R/g, min «/R/g) is a pair of upper and lower solutions, (3.10) has
Q Q

a positive solution, denoted as vg, which is unique by Fredholm Alternative Theorem.
By standard elliptic regularity, vy € C%(2), ford > 0.

Proposition 3.4 Suppose R, g > 0, Vd > 0, the positive solution ug of (1.9) is a
subsolution of (3.10). If we further assume R/g # const., then ug < (#)vg.

Proof By (1.9), we have

dAug +2R —2\/Rgug = R+ gufl — 2/ Rgug = (/R — @ud)z > 0.
G.11)

Thus u4 is a subsolution of (3.10). Suppose the equality holds in (3.11), then uy =
VR/g,s0 Auy = 0in Q by (1.9). By d,uy = 0, uy = const., thatis, R/g = const.
This completes our proof of Proposition 3.4. O

Proof of Proposition 3.3 (ii) By Proposition 3.4, ug < (#)v,, where v, satisfies

{dAvd +2R —2JCoug =0 forx e, G2

dyvg =0 for x € 0Q2.

Integrating (3.12) over €2, by d,vs = 0, Vx € 92 and Divergence Theorem,

1
/vddx:—f Rdx:/ R/\/Czdx:/\/R/gdx,Vd>O.
Q VG Ja Q Q

Since ug < (F)vg,Vd > 0, then [quqdx < [qvadx = [o/R/gdx =
lim+ /s o U4d dx by Theorem 2.2. This completes our proof of Proposition 3.3. O
d—0
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4 Effects of correlations between g and R on the total population

In this Section, we investigate the effects of various correlations between g and R on
the total population for small and large diffusion and prove Theorems 2.3 and 2.4.
Initially, we explore the correlations between positive functions ¢ and ¥ on Q:

Proposition 4.1 Assume ¢ and \r are two positive functions on Q. For any n € NT,

(i) If ¢ and r are positively correlated, then ¢ and ¢ ™" are positively correlated.
(ii) If ¢ and \ are negatively correlated, then ¢ and " /¢ are negatively correlated.

Proof 1t is clear that for positive functions ¢ and ¥, we have

¢ and ¥ are positively correlated <= ¢ and 1/ are negatively correlated.
“4.n

By (4.1), it suffices to prove assertion (i). Assuming ¢ and i are positively corre-
lated, for arbitrary x1, x5 € Q, we consider the following two cases:
if ¢(x1) > @(x2), then Y (x;) > Y¥(x2), so ¥ (x1) > ¥"(x2) and ¢v¥"(x1) >
U (x2);
if (x1) < @(x2), then Y(x1) < Y(x2), so ¥"(x1) < ¥"(x2) and ¢Y"(x1) <
dY" (x2).

Thus ¢ (x1) > ¢(x2) <= dY" (x1) = Y (x2). We complete the proof of Propo-
sition 4.1. O

Remark 4.2 Applying Proposition 4.1 to (£1), (£1), (£17) and (£2), we have

(i) The two opposite relations (£17) and (£17) both imply (£1). (£17) is opposite
to (£17) in the sense that, (£17) implies that g and R are positively correlated
while (£17) implies that g and R are negatively correlated.

(i) (£2) implies that g/R and Rg are negatively correlated, which is opposite to
(L1).

Next, we introduce the following proposition as the key to the proof of Theorem
2.4.

Proposition 4.3 Suppose ¢ and \ are two positive and smooth functions on Q.

(i) If ¢ and  are positively (negatively resp.) correlated, then

IQI/ ¢y dx = (< resp.) </ </>dX) (f de>; (4.2)
Q Q Q

(ii) If ¢ and /¢ are positively correlated, then

|s2|<f9¢wdx>2 > (/Qd)de) (/wa)z. 4.3)
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Our approach for Proposition 4.3 is motivated by the work of DeAngelis et al.
(2016). We approximate the integrals by their Riemann sums and apply the following
lemmas. (See Appendix A for the proof of Proposition 4.3)

Lemma 4.4 (DeAngelis et al. (2016) Lemma 26) Suppose there are two finite

sequences of nonnegative real numbers {a;}/_, and {b;}!_,, s.t. {a;}_, is an increas-

ing sequence.
If {b;}!_, is an increasing (decreasing resp.) sequence, then

n(aiby +axby + -+ + anby) = (< resp.)
(a1 +ay+---+ay) (b1 + by + -+ by). (4.4)
Lemma 4.5 Suppose that {a;}!_, and {b;}]_, are two finite increasing sequences of

n
positive real numbers. If the sequence {b—’} is also increasing, then
ai |1

=

n(aiby + azxby + - - + apby)? > (a} + a3
+ o ad) by + by o+ by 4.5)
For the proof of Lemma 4.4, we refer to the work of DeAngelis et al. (2016). We

prove Lemma 4.5 by induction and see Appendix A for the proof.
With Proposition 4.3, we come to the

Proof of Theorem 2.4 First, we prove (i) . Denote ¢ = /R, ¢ = \/g, then /¢ =
1 .. .
| %z and ¢ and ¥/ /¢ are positively correlated. Then dl_l)n(}r fQ ugdx = fQ JR/gdx >

fQ \/T/gdx is guaranteed by Proposition 4.3 (ii).

Then, we prove (ii), and to do this, we first prove [ v/ R/gdx < [ /R/gdx =
1im+ fQ ug dx. By Holder’s inequality and the assumption R/g # const., we have
d—0

fQ\/R_gdx <\/fQRdx\/ngdx. So

— Jo Rdx Jo Rdx
R/zdx = |9 T Lo ki (4.6)
/Q Jogdx Jo ~/Rgdx

Since (£17) implies that ./R/g and /Rg are negatively correlated by Remark 4.2,
it follows directly from Proposition 4.3 (i) that

|Q|fQRdx g(fg\/Rngx)(/Qﬁngx). 4.7)

By (4.6) and (4.7), we have [, v/R/gdx < [, /R/gdx.
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We now prove that lim+ Jquadx = [ /R/gdx < [,/ R/gdx. By Remark
d—0
4.2, (£17) implies that 1/g and R are negatively correlated. Then, by Proposition 4.3
(i),

Jo Rdx

/Q\/Ri/gdxgﬁfgx/ﬁdx-‘/g\/%dx< o] -/Q\/%dxzfg R/gdx.

Note that the strict inequality above follows from Holder’s inequality and the

assumption R # const. Therefore, [, /R/gdx < [,/ R/gdx.
Next, we prove (iii). As for [ «/R/g dx < [o «/R/g dx,the proof is similar to that

of fQ JVR/gdx < fg v/ R/g dx in (ii). We include the proof here for completeness.
Note that g/R and g are positively correlated is equivalent to R/g and g are nega-
tively correlated. Then by Proposition 4.3 (i),

/Q«/degﬁfg\/r/gdxfgﬁ</g\/r/gdxlfﬂléfx:\/gfg\/r/gdx.

Here, the strict inequality above follows from Holder’s inequality and the assump-

tion that g # const. Consequently, [ «/R/gdx < [ «/R/gdx.

To prove fQ JR/gdx < fQ Vv R/g dx, we assume functions / and L as in the
assumption, then «/R/g = I(g) and R = L(g). Since [ is a concave function, L is a
convex function and |2| = 1, by Jensen’s inequality, we have

(/Ql(g)dx>2'/ggdx = lz(/ggdx)(fggdx) = L(/dix) < /QL(g)dx.

(4.8)

This implies fQ JVR/gdx < fQ v/ R/g dx and completes our proof for (iii).
The proof of (iv) is similar to that of (i) with ¢, ¥ being replaced by ¢ = /g, ¥ =
/R /g, and henceforth is omitted. Hence, we complete the proof of Theorem 2.4. O

To end this section, we determine the behavior of u; as d — oo and complete the
proof of Theorem 2.3.

Proof of Theorem 2.3 First, we prove (2.3), i.e., ug — +/R/g in C*(Q), as d — oo.
Apply the maximum principle (cf. Lou and Ni (1999) Lemma 2.1) to (1.5), we have
gxnuz(x1) < R(x1), where uq(x)) = maxug, x1 € Q.80 |ludlloo < IVR/gllo0s

Vd > 0. Then by standard elliptic regularity, {ug : d > 1} is a bounded subset in
Cz*“_(Q), where 0 < o < 1. Pass to a subsequence if necessary, u4, — some U, in
C?(Q) as k — ooc. Dividing (1.9) by d on both sides, we have:

1
Aug+ ~(R = qu?) = 0. (4.9)

By (4.9), Auso = 0 and dyuso = 0, then u, = some const. L. Integrating both
sides of (4.9) over €2, by d,ug, = 0 on 92, we have fQ(R — guﬁk) dx = 0. Sending
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k — oo, we have [ Rdx = L2 Jogdx,ie., L = v/ R/g. Since this works for every
subsequence {dk},fi |» We prove (2.3).
By (4.6), (4.7), Part (i) is directly derived from the proof of Theorem 2.4 (ii). As for

2
Part (ii), it suffices to show (fQ JVR/g dx) (fQ g dx) < |9 [, Rdx. By Holder’s
inequality and Proposition 4.3 (i), we have

(/Qm‘lx)z(/ggdx) < |s2|(/QR/gdx)(/dix) < |sz|2/QRdx,

since R/ g and g are positively correlated. (Here, strict inequality follows from Holder’s

inequality and the assumption R/g # const.) This finishes our proof of Theorem 2.3.
O

5 lllustration of Theorem 2.4 with g = R?

Assume R is a positive, smooth, and nonconstant function on Q with || = 1, and

g = R* a € R. For simplicity, we assume R > 1 on Q. Define pi, p2, p3, 1 as
follows:

p1(@) :=/Q R/gdx, pa(@) :=/Q R/gdx,
p3(er) = /Q JRIZdx, p(@) = fQ JRIgdx.

5.1)

(Here, quantities p;’s and pu depend on « and are denoted as p;(«)’s and u(w).)
We see that quantities p;’s are the endpoints of intervals /;’s and the quantity u =
lim+ fQ ug dx. By Holder’s Inequality and R # const., we have
d—0

pi(@) = pa(a) > p3(a), Vo € Rand pi(a) = pa(@) <= a=0.  (5.2)

By Theorem 2.4, with g = R*, we have:

if ¢ < —1, then g and R satisfy (£17), so pi(a) < u(@), ie., / VvR/gdx € Ii;
Q

(5.3)
if 0 <« < 1/2, then R/g2 and g are positively correlated, so 0 < u(a) < p3(®),

ie., / VR/gdx € Iy
Q
5.4)
if | <, then g and R satisfy (L171), so pa(a) < () < pi(a),

ie., / VR/gdx € I. ©.3)
Q
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Fig. 2 The behaviors of u, p1, p2, p3 w.r.t. a. (Here, the monotonicity of u, p1, p2, p3 W.r.t. « is due to
the assumption R > 1.)

Now, we present the behaviors of i, p1, p2, p3 with respect to « (also see Fig.?2):

Proposition 5.1 For every positive smooth function R # const. on Q with |2| = 1 and
g = RY, there is a unique group of numbers (a1 (R), «2(R), @3(R), a¢a(R), a5(R))
with —1 < o1(R) < aa(R) < a3(R) =0 < % < a4(R) < a5(R) = 1 satisfying:

(1) u(ar) = pi(a1); plon) = pa(az); uwlas) = p3(a3); nlaa) = palag); ules) =
p2(as).
(ii) Ya € (—o0, a1), p1(a) < p(w), then u(a) € Iy;
Va € (a1, a2) U (as, +00), pa(a) < ul(@) < pi(a), i.e, u(a) € by
Vo € (a2, a3) U (as, as5), p3(a) < pn(a) < pa(a), then p(a) € I3.
Yo € (a3, a4), 0 < u(a) < p3(a), then u(a) € Iy.

Next, we investigate the derivatives of pi, p»2, p3, u with respect to « to determine
their behaviors at each o;, 1 <i < 5.

Proposition 5.2 Suppose R # const. is a positive and smooth function on Q and |Q| =

I.Letg = R* p1(@) = [oV/R/gdx, p2(@) = [ov/R/gdx, p3(@) = [ /R/Z dx,
and p(a) = fQ / R/g dx. Then the following statements holds for p1, p2, p3 and [:

(i) VB € R satisfying pi(B) = 1u(B), we have 3-(B) < 2LL(B);
(ii) For i = 2,3, VB € R satisfying pi(B) = w(B), we have g—g(ﬂ) < (>

resp.) %(,3), given B < (> resp.) 1/3.
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Jq R"InRdx

Rax € R, then by Holder’s
Q

To prove Proposition 5.2, we define F(n) :=
inequality and R # const., we have, for n € R,

9 (fo R"In? Rdx)([o R"dx) — ([, R"In R dx)?
a—F(U) = 5
n (Jo R"dx)
(fQ R"In R|>dx)([o R"dx) — ([, R"|In R|dx)? 0 (5.6)
(Jo R7 dx)? o

i.e., F(n) is strictly increasing in n € R.

Next, we apply (5.6) repeatedly in the proof of Proposition 5.2.

Proof of Proposition 5.2 We first prove (i). Notice

,3 (/3)<:>/R 72 InRdx > | Rdx/R Z2InRdx

fQR 7 lanx ~5 In Rdx
— ,
fQRT dx fQ R_7 dx

where the last equivalence follows from ,/ [ R dx [o R%dx = Jo R dx,derived
from p1(B) = wu(B). Then by (5.6) and # > —g,‘v’ﬁ € R, we prove g—’;(ﬂ) <
L (B).

Second, we prove (ii), and it suffices to prove for i = 2 (the proof for i = 3 is
similar and henceforth is omitted). As the same process in (i), we have:

1-8
A o R InRdx RPInRdx
—(B) < (> resp.) —(B) — fQ—Hgdx > (< resp.) fQ—
do oo [y R o RP dx

By (5.6) and the fact # > (< resp.) B, VB < (> resp.) 1/3, we prove (ii). This
completes our proof of Proposition 5.2. O

Proof of Proposition 5.1 Fix positive smooth function R # const. on 2. We first prove
the existence of a group of numbers (¢;, o2, o3, a4, as) satisfying Proposition 5.1 (i)
and

o <3 <0 <oy <uwas. 5.7

Notice that (5.2), (5.3), (5.4), (5.5) and continuity of p1, p2, p3, it W.I.t. & guarantee
the existence of such ¢;’s, 1 < i < 5, and moreover o < «y. Next, we prove the
uniqueness of the above a,, Vl<i<S5.

By Proposition 5.2 (i), aa Eay) < p "L (a1), which guarantees the uniqueness of a;
for u(o1) = p1(ap). By (58.3), —1 < oq Similarly, by Proposition 5.2 (ii), o> and o3
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are unique for (o) = pa(a2), u(az) = p3(az) with an, oz < 0. Moreover, we have
a3 = 0 because u(0) = p3(0).

As for a4, by Proposition 5.2 (ii), it suffices to show as > 1/3. Let ,3 = min{8 >
0l (B) = p3(B)}. By u(0) = p3(0) and Proposition 5.2 (ii), we have g—g(O) < %(O).
So ,3 > 0, /L(,g) = pg(ﬁ) and g—g(ﬁ) > %(5). It remains to prove ,3 > 1/3. By
Proposition 5.2 (ii) again, ifB < 1/3, then g—g(ﬁ) < %(3), which is a contradiction.
Suppose B = 1/3, then derived from w(B) = p3(B), we have (fQ R'/2)2dx =
( fQ R'/3)3 dx, which implies R = const. by Hélder’s inequality, contradicting to our
assumptions. Furthermore, by (5.5), we have aqg > 1/2.

Now, we consider «s and o5 > 1/2 by (5.7). Proposition 5.2 (ii) guarantees the
uniqueness of a5 for p(as) = pa(as) with as > 0, and a5 = {1} because of (1) =
p2(l).

By (5.2), (5.3), (5.4), (5.5), (5.7) and uniqueness of the above «;’s, we have

1

—1§a1<a2<a3:0<§§a4<a5=1 (5.8)

and «;’s satisfy Proposition 5.1 (ii).
Ultimately, we exclude the possibilities of ¢; = —1 and og = % If ¢y = —1, then
in u(ar) = pi(ar), we have [ Rdx = (/g V'R)? dx, which implies R = const. by

Holder’s inequality, contradicting to our assumptions. Similarly, oy = % provides the
same contradiction. Hence, we complete the proof of Proposition 5.1. O

Remark 5.3 By Proposition 5.1 above, we see that,

1
—1 <aj(R) <az(R) <0 and 3 <a4(R) < 1, 5.9)

for all positive nonconstant smooth functions R. It seems natural to ask whether there
are more precise lower and upper bounds. Here, we give a negative answer. Assume
N =1,Q = (0, 1). After careful examination of the proofs, we see that Proposition
5.1 also holds for positive step functions on 2. Now, letting M > 1 be a constant, we
consider the following step functions:

I, O0<x<1/2, 1, O<x<l1—-1/M,
Rym(x) = and Ry p(x) =
’ M, 1/2<x <1, ’ M, 1—-1/M<x < 1.
(5.10)

By Proposition 5.1, o; (Ry,») and o; (R2, p) exist forall 1 <i < 5, and moreover,
lim o1(R; m) = lim a2(Rym) =0, lim os(Rim) =1, (5.11)
M— o0 M — o0 M — o0

1
lim oj(Ro,m) = lim oa2(Rom) = —1, lim o4(Rom) = =. (5.12)
M— o0 M— 00 M—00 2
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Proof Inordertoprove (5.11)and (5.12), by (5.9), it suffices to show Mlim a1 (R m) =
— 00
0, lim a4(Riy) =1, lim ax(Ryy) = —land lim as(Ra y) = 3. We show
M— o0 M— o0 M— o0
Mlim a1(R1 pm) = 0 here. The similar proof of other assertions is omitted.
— 00

Suppose to the contrary, there is a &1 > 0, there exists a sequence {M}2, s.t.
My — +ooask — oo and oy (R m,) < —&1,Yk > 1. By direct calculation of
pi(ar(Rim)) = (i (Ri,m,)), we have

R 2 2
(MLk'i‘l)(M:l( 1M/ +1)

R -1/2 2
(M/Eal( L) =D/ +])

=2. (5.13)

As k — oo, since a1 (R p,) < —&1 < 0, M — +00, (5.13) implies that 1 = 2,
which is impossible. This completes the proof of Remark 5.3. O

6 Concluding remarks and discussions

This paper investigates a consumer-resource model proposed by Zhang et al. (2017)
whose global dynamics was investigated by He et al. (2019, 2023) for both large and
small yield rates. For low yield rates, we study the properties of the resource-limited
positive steady state of the model (1.1), namely, the positive solution of (1.9).

We first prove that the total population with homogeneously distributed resources
but spatially heterogeneous loss rate strictly decreases as the diffusion rate increases.
Next, we study the asymptotic behavior of the positive solution u, of (1.9) as the
diffusion rate is small or large and analyze the corresponding dispersal effects for
the total population. Moreover, we compare the total population for small and large
dispersal under various correlations between loss rate g and the (effective) resource
input R.

Correlations between the loss rate g and the resource input R play a vital role in
our study of the total population for both small and large diffusion rates. Biological
evidence seems to support some specific correlations between g and R. Biro et al.
(2003) studied the effects of the daphnid food density on mortality and the mean
autumn mass of young rainbow trout (Oncorhynchus mykiss). They concluded that
mortality decreases and the mean autumn mass increases with more food (See Figure
5 in Biro et al. (2003)), which seems to imply that g is negatively correlated to R in
their experiment. Moreover, increasing soil nutrients, e.g., fertilization use improves
the population growth rate and decreases mortality for a few reasons. For instance,
Davis (2007) has found a 40 % lower seed mortality rate with fertilizer applications
due to a decrease in microbial predation.

However, over-fertilization can lead to higher mortality according to the well-
accepted nitrogen-limitation hypothesis, which predicts a positive response in species
performance to dietary nitrogen content and seems to imply a positive correlation
between g and R. For example, fertilization increased the nitrogen concentration of
both host-plant species and decreased the survival of larvae in all six Lepidoptera
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species by at least one-third (see Kurze et al. (2018) Figures 3 and 4). Furthermore,
eutrophication, owing to nitrogen and phosphorus enrichment in the sediments or
aquatic system, is one of the major environmental threats to biodiversity conserva-
tion. For instance, eutrophication due to fertilizer use has been shown to have negative
effects on the distribution and the abundance of waterbirds due to the long-term storage
of nutrients (e.g., phosphorus) in sediment (Mgller and Laursen (2015)).

It is important to study how diffusion affects populations in systems with multiple
trophic levels in the context of high nutrient level (e.g., eutrophication), and we hope to
take up this project in a future study to better map interactions between various biotic
components (cf. Desprez et al. (1992), Dorgham (2014) and Johnson et al. (2007)).

Mathematically, it is possible to relax our assumptions on the resource input g and
the loss rate R to allow them to be nonnegative instead of strictly positive. We shall
leave the details to the interested readers.

By Theorem 2.2, Theorem 2.3 and (1.3),

2 2 Ngdx
4 =:yrand lim y,(d) = min r_2 - fQ—R = .
R d—o0 @ Ni [qgdx

lim y,(d) = min
d—07t Q &

6.1)

Thus, we can apply Theorem 2.2, Theorem 2.3 and Theorem 2.4 to system (1.1)
under the assumption y < min{y1, y»}, which is a relaxation of the assumption y <
Y0-

To conclude this section, we briefly discuss the numerical simulations of the one-
dimensional discrete version of system (1.1) described by Zhang et al. (2017) (See
equations (2a), (2b) therein with m; = 0, forall 1 < i < 12 and n = 0), for each
1<i<I12:

k—+N; 6.2
'max Vi Ui ( . )
N, = Ninput,i - ’;/(k-HVi) .

{&m = iU = giUP = D(Ui = Uit = 5Uis),

There are 12 patches in (6.2). Each patch is linked to others by nearest-neighbor
diffusion, and there is only one-sided diffusion for two end patches (patches 1 and 12).
Set rmax = 0.1,k = 0.1, y = 0.01 and set

ositive constant goqq¢ for odd i,
&Z{P ° (6.3)

0.001 foreveni.

Set Nipput,; = 0.31, for all i’s in the homogeneous case. For a heterogeneous case,
set

0.02 foroddi,
Ninput,i = ! (6~4)

0.6 foreveni.
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By (6.1), for all 0 < goqa < 100 % 1073, we have
, 1
min{yy, 2} > 3 >y =0.01. (6.5)

Thus, with R := y Ng, forall 0 < gogg < 100 % 1073, we can apply Theorems 1.1,
2.2 and 2.3 to model (6.2) to get

TRAPAhetero, no diffusion = [ \/R7/8 dx7 TRAPAhetero, diffusion = f R/ é_' dx s
Q Q
(6.6)

TRAPARomo, no diffusion = / R/ gdx.
Q

InFigure 3 of Zhangetal. (2017), they numerically investigated the total populations
exhibited in (6.6) as functions of goqq for both small and large diffusion. Our theoretical
results of comparison between the integrals in (6.6) follow from Theorems 2.3 and 2.4,
which seem consistent with the numerical simulation results of Zhang et al. (2017).
(See Table 1 here.)

Table 1 The value range of goqq guaranteeing that the following inequalities hold for theoretical estimates
in this paper and numerical simulation in Zhang et al. (2017)

Theoretical results (by Numerical simulation results in

Theorems 2.3 and 2.4) Zhang et al. (2017)
Jo VRgdx < [o/R/gdx 8odd < 5 * 1073 or Zodd < 0.038 % 1073 or

Sodd > 30% 1073 godd > 2.3 %1073
JoVRIgdx > [oVR/gdx 4 %1073 < gogq < 1073 0.038 % 1073 < goqd <

23%1073

JoVRIgdx < [oR/gdx Zodd < 1073 Zodd < 3.6%1073
JoVRIgdx > [oVR/gdx Zodd > 30%1073 Zodd > 3.6 1073

Appendix A: Proof of Lemma 4.5 and Proposition 4.3

In Appendix, we present the proof of Lemma 4.5 and Proposition 4.3. First, we prove
Lemma 4.5, and to do so, we introduce another lemma:

LemmaA.1 Assume n > 2. Suppose that {a;}?_, and {b; }’;17=1 are two finite increasing

sequences of positive real numbers. If the sequence {%} is also increasing, then
a

n—1 n—1 n—1 n—1
Z ajbj - Z(ajbj + 2apby) > Z bj - Z(aﬁbj +2a3by). (A1)
j=1 j=1 j=1 j=1
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Proof of Lemma A.1 We prove Lemma A.1 by induction.
Suppose n = 2, then (A.1) holds if a; = a>. We consider the case a; < ap, then

(A.l) < 2b1bai(ar — ay) > (a% — a%)b% < 2byay > (ap +ay)by,

and 2bya; > (as + ay)b; holds because by > b1 and 2 > o

a — a1’
Now suppose the statement holds forn = 2, - - - | k— 1, we consider the case n = k:

the left-handed side (abbreviated to L.H.S. for convenience) of (A.1)

:[(kzzajbj>+ak—1bk—1]-[kX:(ajb + 2aby) + ag—1bi— 1+261kbk]
j=1

J—

- -2
=(Yajb;)- Za,b +2aby) + ag—1by—1 (ax—1b—1 + 2agby)

k— k-2
+ ax—1bk—1 Z(ajbj + 2arby) + (ag—1bg—1 + 2axby) - Z ajbj;
=1 =1

the right-handed side (abbreviated to R.H.S. for convenience) of (A.1)

Zb + b1 | f(aibj+2a12~bk)+a£bkf1+2a,f_1bk
= ‘:1

k— k—2
=(Db5) - D o(afb; +2a3b0) + by @Fbir + 247 b0)
j=1 j=1

I\)

k—2 k—2
+ (@Rbir + 22 b ( Dby ) + et Y (@b +2a2b0).
j=1 j=1

By the induction hypothesis, we have

k—

(38

-2
b;) - Z atb; + 2a2by),

(iaf b;)- fajbﬁzakbk)z(

1

~.
I

and by the case n = 2, withay, az, by, by replacing by ax_1, ax, bx—1, b, respectively,
we obtain

Ap—1bp—1(ag—1bg—1 + 2aby) > b1 (a}bx—1 + 2a}_ by).
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It remains to show

k—2 k—2
a—1bi—1 Y _(ajbj + 2arby) + (ax—1bi—1 + 2acby) - Y ajb;
j=1 j=1
k=2 k=2 (A.2)
> (a,%bk_l + 261]%_1[7]()-( ij) + bp_1 Z(a,%bj + 2a]2-bk),
j=1 j=1
which follows from the following claim: V1 < j < k — 2,
ax—1bi—1(ajb; +2arby) + ajbj(ak—1br—1 + 2arby) (A3)
> bj(a}bx—1 + 2a}_ by) + by—1(agh; +2a]2bk)- '
Denote ¢y := ajbi—1, d| := bjax_1, c2 = arbj, dr = ajby, c3 := ar_1by,

dz := aybr_1. Then, we obtain 0 < ¢; < d and 0 < d; < c,. By direct calculation,
we have

(dr —c1)(c2 —dy) =0,
that is,
c1dy +dacy > cica + dida.

Similarly, as 0 < ¢y < d3, 0 <d] <cz3and0 < ¢3 <d3, 0 < dy < c3, we
obtain

cidy +dzcz > cre3 +dzdy and cdy + d3cz > coc3 + dzds.
So, we have

the L.H.S. of (A.3) =(c1d| 4 dac2) + (c1dy + dic3) + (cadr 4 dzc3)

A4
>(c1c2 +didr) + (c1c3 + dzdy) + (cac3 + dadd). (A4

Similarly, we have

the R.H.S. of (A.3) =(dic3 + c2d3) + (cad3 + docy) + (dic3 + c1do)

(A.5)
<(did3 + cz¢3) + (cac1 + dod3) + (d1dr + c1¢3),
by direct calculation and the facts that 0 < d; <2, 0 <d3 <3, 0< ¢y <dp, 0 <
c1=d3, 0<d; <c1,0<dy <c3.
Our assertion follows from (A.4) and (A.5). Now, the inequality (A.2) holds, and
our proof of Lemma A.1 is complete. O

@ Springer



Total population... Page 250f27 20

Proof of Lemma 4.5 We prove Lemma 4.5 by induction. When n = 1 the statement
holds obviously. Suppose the statement holds for then = 1,2, --- , k — 1 case, then
we consider the case n = k. Notice that

the L.H.S. of (4.5)

:k[(%Z_jaﬂ)) +2akbk(2a] )—|—akbk]

k—1 k—1 k—1 k—1
= (k — 1)<Zajbj)2 + Zajbj ~Z(ajbj + 2ayby) + arby Z(Zd_,‘bj + arby) +a£bf;
i=1 j=1 j=1 =1
the RH.S. of (4.5)
k=1 k=1, k—1
=(Za§+a,§).[( b)) +2kab_,+b§]
j=1 j=1 j=1
k—1 k—1 5 k—1 k—1 k—1
(Z D(Xb) +(Xk): [Z(akb +2a2bk)]+bk[2(2akb +a2 bk)]—l—ak
j=1 j=1 j=1 j=1 Jj=1

By the induction hypothesis and Lemma A.1, it remains to show

k—1 k—1
arbi Y (2a;b; + axby) = bk[Z(za,fb J+ af.bk)], (A.6)
Jj=1 j=1

which is equivalent to show ZJ 1((ak - ajz.)bk) > le;i (2bjar(ax — aj)).
SoV1 < j <k — 1, it suffices to show

(a; — ahbx = 2bjar(ax — aj). (A7)

If ax = aj, then (A.7) holds trivially. If a; > a;, then the inequality holds because
be 5 i Land by > b;, V1 < j <k — 1. This finishes the proof of Lemma 4.5. |

ak—a

With Lemmas 4.4 and 4.5, we are ready for the

Proof of Proposition 4.3 We approximate the integrals by their Riemann sums and set
ai :¢(xl)’bl :‘(/f(xl)’Vl = 1527"' , 1, (A'S)

where {x;}7_, are uniformly distributed in 2. We can rearrange sequences {a;}?_, and
{b;}?_, in the order that {a;}?_, is ascending.

We prove (i) here, and the proof of (ii) is similar and henceforth is omitted. It
suffices to prove for the case ¢ and  are positively correlated, then {b;}?_, is also
ascending. By Lemma 4.4, we have the following inequality:

nZa,b >(Z )(Zb) = %icb(xi)w(x,«) > %(anqa(xi)) : %(iwm)).
i=1 i=1 i=l1 i=1

i=1
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Letting n — oo, we have (4.2) and finish the proof of Proposition 4.3. O
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