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Abstract

Attention-based mechanisms are widely used in machine learning, most prominently in transformers.

However, hyperparameters such as the rank of the attention matrices and the number of heads are scaled
nearly the same way in all realizations of this architecture, without theoretical justification. In this work we

show that there are dramatic trade-offs between the rank and number of heads of the attention mechanism.

Specifically, we present a simple and natural target function that can be represented using a single full-rank
attention head for any context length, but that cannot be approximated by low-rank attention unless the
number of heads is exponential in the embedding dimension, even for short context lengths. Moreover,
we prove that, for short context lengths, adding depth allows the target to be approximated by low-rank
attention. For long contexts, we conjecture that full-rank attention is necessary. Finally, we present
experiments with off-the-shelf transformers that validate our theoretical findings.
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1 Introduction

Attention-based architectures are ubiquitous in contemporary machine learning. The most prominent examples
are transformers, which are constructed by stacking several layers of attention with MLPs, residual connections,
and normalization layers to represent functions on sequences or sets. This basic skeleton leaves the user free
to set several hyperparameters, although few of these have been carefully studied. In fact, in the thousands of
papers that use this architecture, many hyperparameters are kept the same or nearly the same as in the original
paper [VSP*17] (see Appendix A for a comparison). In this paper, we study the importance of the rank of the
attention mechanism.

An attention layer is a map between sequences of vectors in R?. The size of an attention layer is
determined by the number of heads (H) and the rank of the query and key weight matrices (), so that the
total number of parameters is of order dHr. Notably, nearly every transformer architecture sets the number
of heads to be H = d/r, and the few exceptions of which we are aware differ by a factor of 2 at most (see
Appendix A). In fact, this scaling is so standard that it is hard-coded into libraries like PyTorch [PGM™*19]
and xFormers [LML.*22], a fact which has probably discouraged experimentation with other scalings. The
original motivation for this scaling is to match the parameter count of a single full rank head, i.e. the case
H =1,r = d. We know of no a priori reason or experimental evidence that favors this scaling over any other,
as the trade-offs between the rank and the number of heads are still not well-understood. For example, most
transformers in the literature use a small rank of between 64 and 128, despite the embedding dimension d
varying dramatically (e.g. d = 512 in the original transformers paper [VSP"17] and d = 8192 in LLaMA
[TLI"23]). It is not clear whether the expressive power of transformers is weakened by maintaining a fixed
rank as the dimension is increased.

A long line of work in the theory of deep learning has studied the relative importance of width and
depth in determining the expressive power of feedforward neural networks, as a first necessary step towards
understanding the practical tradeoffs (that also include optimization aspects). This paper is analogous in that
we study parameter trade-offs in transformers through the lens of expressive power, although transformers
have more hyperparameters than just width and depth (see Appendix A). For feedforward networks, depth 2
suffices for universal approximation [Cyb89], but greater depth may be required for efficient approximation.
That is, some functions can be efficiently represented by a three layer network but cannot be represented by a
two layer network unless it is exponentially wide in the input dimension [ES16, Danl7, SS17]). It is natural
to ask a similar question about attention architectures. How should we set the hyperparameters to make our
transformers efficient? In particular, is low-rank attention fundamentally weaker than high-rank attention, or
is the expressive power driven solely by the parameter product Hr, acting as the analog of the width of an
MLP layer?

In this paper, we study precisely these fine-grained trade-offs in the expressive capacity of attention
layers. We present a simple target function arising naturally in semantic search that can be approximated
up to any accuracy by a single full rank attention head regardless of the context length. On the other hand,
approximating this target with low-rank attention requires the number of heads to be super-polynomial in the
input dimension, even for short context lengths. Specifically, using full-rank heads the required total number
of parameters is dHr =~ d?, while it becomes =~ d 1+¢7! if one uses low-rank heads instead, to reach relative
accuracy €. Increasing the depth allows for better approximation using only polynomially many heads, at
least for short context lengths. We complement these theoretical results with experiments on off-the-shelf
transformer architectures. Our results demonstrate a very stark trade-off between the rank and number of
heads in attention mechanisms and shed a new light on the standard scaling H = d/r used in transformers.



1.1 Our Contributions

* In Section 4, we prove a rank separation for representing the nearest neighbor function using multi-head
attention. This function can be approximated to any accuracy using only a single full-rank head. Yet
in the high-dimensional regime, at least Q ((d/ Y €) heads of rank r are required to achieve relative
squared error €. Moreover, in the high-accuracy regime (e going to zero with d fixed), the required
number of heads is exponential: Q(exp(d — rlog(d/r))).

* In Section 5, we use different techniques to establish exponential separation in the high-accuracy regime
for the biased nearest neighbor function. This target function can be approximated up to any accuracy
using single full-rank head with the addition of a bias, but Q(exp(d — r)) rank-r heads are required to
approximate it with better than O (1/d*) relative squared error.

* In Section 6, we explore ways to circumvent the weakness of low-rank attention. We show that
augmenting the attention architecture and adding a second, non-linear layer can achieve this using
polynomially many heads, but unlike full-rank attention, such constructions may not scale to long
sequence lengths.

* In Section 7, we support our theoretical results with experiments on standard transformer architectures
with multiple layers of attention and MLPs. We show that the full rank models easily learn the target to
high accuracy — even recovering our main construction — but the low rank models struggle to do so.
Users of standard transformers may not think that setting H = 2 could be much worse than H = 1, but
in this case, it is.

2 Related Work

Theory of transformers A growing line of work has sought to provide theoretical analysis of transformers
and the attention mechanism. Training dynamics, inductive biases, generalization, and in-context learning
have all received significant attention. However, papers in these areas nearly always assume that full-rank
attention is used [BCB*23, CDB24, FGBM?23, SHT24a, EGKZ22, BCW*23, ZFB24, JBKM24, CSWY?24,
DGTT23, TWCD23], even though many also assume there are multiple heads. Our work provides important
context for these results, showing that full-rank models may not be good proxies for the low-rank transformers
used in practice.

Expressive power of transformers Our work belongs to a body of research studying the representational
capacity of transformers. Unlike other topics in transformer theory, results in this area often do apply to
low-rank attention. [YBR*19] proves that (exponentially deep) transformers are universal approximators even
with rank one. [WCM22, MS23] show that transformers can simulate Turing machines if their size is allowed
to grow with the sequence length. [KKM?22, KS23] show that transformers are capable of memorizing data.
[BHBK24] shows that transformers can efficiently implement a version of the nearest neighbor algorithm for
in-context classification of points on the sphere, but their construction uses attention that is full-rank with
respect to the input dimension. Our formulation of the nearest neighbor task is slightly different and can
be solved with full-rank attention almost trivially (see Fact 1). Finally, an important line of work analyzes
the representational capacity of transformers using classes of formal languages, finite automata, and circuits
[Hah20, LAG*22, HAF22, MSS22, SMW™*24], but it does not capture separations in capacity due to rank.

Limitations of low-rank attention Several other studies have investigated the role of the rank of the
attention mechanism. [BYR"20] presents experiments that challenge the canonical H = d/r scaling. They



argue that fixing d and r based on the context length N and setting H independently leads to more powerful
and efficient models. They also prove that a full-rank attention head can produce any attention pattern
from any input (for some setting of the weights), but a low-rank attention head cannot; however, [LCW23]
shows that even rank = log(/N) suffices to represent any sparse attention pattern. [MLT24] asks how many
input-output pairs a low-rank multi-head attention layer can exactly memorize. For their problem, it is not
worth setting r > N; furthermore the memorization capacity depends on rH rather than on r or H, supporting
the standard scaling. We study the more realistic and practically motivated setting of approximating a natural
function over data drawn from a natural distribution. Unlike [LCW23, MLT24], we show that high rank is
sometimes essential, irrespective of H.

The paper closest to our own is [SHT24b], which proves two separations related to rank. First, they
present a function that can be well-approximated by a single attention head if and only if its rank is sufficiently
large. This result prompts the following question: can using multiple heads compensate for the weakness of
low-rank attention? We answer this question in the negative. Second, they present a one-dimensional function
on N inputs that is impossible to represent exactly unless rHp > N, where p is the bits of precision. We
extend this result in that our lower bounds apply (1) even for N = 2, (2) for infinite or finite precision (3)
to function approximation over a natural distribution, not just exact representation. Additionally, our target
function engenders a stronger separation: while H > Q(1/r) suffices in their setting, ours requires H to grow
polynomially or even exponentially in d/r to overcome the weakness of low-rank attention. However, their
target functions are more closely akin to the kinds of structured reasoning tasks to which transformers are
often applied. In particular, they highlight how attention is naturally suited to capturing pairwise interactions;
recurrent architectures struggle to do this efficiently, while transformers struggle to capture third-order
interactions.

Low rank compression and fine-tuning Much recent work in model compression [LZL"23, HRP*21,
BNG20] and fine-tuning [HysW*22] is based on the empirical observation that the weight matrices of
pretrained transformers (like those of other neural networks) can be replaced or fine-tuned by lower-
dimensional proxies without sacrificing performance, and in some cases even helping it [SAM24]. Such
results contextualize our work by showing that full-rank is not always better than low-rank.

Depth-width trade-offs in neural networks Many previous works studied separation between neural
networks of different depths, and between neural networks and kernel methods. [ES16, Dan17,SS17, VIOB22]
constructed functions that can be approximated efficiently with a 3-layer neural network, but for which
2-layer networks require the width to be exponential in the input dimension. [Tel16, CNPW 19] show depth
separation for networks with constant input dimension and varying depths. Our lower bounds are also closely
related technically to separation results between neural networks and kernel methods. [YS19] prove that
random features (or any other kernel method) cannot learn even a single neuron unless the number of features
or magnitude of the weights is exponential in the input dimension. [KMS20] improved on their result by
removing the dependence on the magnitude of the weights. [GMMM?21, MM23] study upper and lower
bounds in approximating polynomials with kernel methods. They show that essentially, it is necessary and
sufficient for the number of features to be exponential in the degree of the approximated polynomial. Our
lower bounds are inspired by this work.

3 Setting and Notations

Attention layers. A rank-r attention head is parameterized by the weight matrices Q, K,V , 0 € R¥*",
(Some authors call these Wy, Wik, Wy, and Wp.) A multi-head attention layer is simply the sum of H
such attention heads. The input to a multi-head attention layer is a sequence of vectors xp,...xy € R¢



called the target points and a sequence Yy . . . yps called the source points. (Note that the name “target points”
is unrelated to that of the “target function” we wish to approximate.) If the columns of X € RV*4 and
Y € RM*4 gre the target and source points, respectively, then a softmax multi-head attention layer is a

function of the form
H

O0,V,) X sm (XTK,Q]Y) e RM*4 | (D)
h=1
where sm(-) computes the softmax of each column of its input; that is, for each y, it outputs a probability
distribution over [N] based on the scores X " K hQZy € RN. A hardmax attention layer is the same, except
that the hardmax function hm(-) outputs e;-, where i* is the index of the maximum score. Note that hardmax
heads are often considered to be a special case of softmax heads, since lim._,c sm(X Tc K, hQ;Y) =
hm(X T K;,Q,Y) in pointwise convergence.

Above, we have described so-called cross-attention, which takes both source points and target points as
input. The familiar self-attention layers are a special case in which the source points and target points are
identical: X =Y. A given multi-head attention function can be applied to any number of source or target
points, since no part of this definition depends on N or M. In addition, it is invariant to permutations of the
target points and equivariant to permutations of the source points.

Generalized attention We prove our lower bounds against a class of functions that generalizes multi-head
attention. Rather than computing the attention distribution as sm(X " K,Q,Y), we allow any function
depending on y and a rank-r projection of X that outputs a probability distribution over [/N]. In addition, we
replace O,,V}, with a single matrix V}, € R?*¢_ Thus, our model is

H
D ViX¢ (K[ X.Y) , @)
h=1

where K, € R the function ¢, : R™N x RY — AV is applied column-wise to Y and A" is the simplex.
Note that the function ¢;, may vary between heads. Moreover, we allow V}, € R9*4 to be full-rank. Note that
this class captures, beyond standard transformer architectures, the use of biases, additive positional encodings,
and other encoding schemes like ROPE [SAL.*24] and ALiBi [PSL.22] in the attention layer. We also capture
architectures from early works on attention [BCB 14, XBK™15], which used feedforward networks to compute
the attention scores instead of the “multiplicative” or “dot product” attention scores X ' K QY used in
transformers.

Nearest neighbor function The input to the nearest neighbor function consists of a sequence of N target
points 1, ...,y € S?! (also denoted by X € R?*N) and a source point y € S¢~1.
The nearest neighbor function outputs the target point that is closest to the source:

fl@i,. . ayiy) = agmin o -yl 3)
xze{x),...xN}

This function is analogous to performing a semantic search, in which the goal is to retrieve the entry or word

in a database or context window that most closely matches a query. This function is highly symmetric. Like

multi-head attention itself, it is defined for any N and is invariant to permutations of the target points. It

is also invariant to simultaneous orthogonal transformations of X and vy, so it has no principal directions,

subspaces, or scales.



Data distribution We draw target and source points uniformly from the sphere. For our lower bounds, it is
convenient to assume that the target points are orthogonal. For N < d, let Dy (S?~!) denote the uniform
distribution over the set of sequences 1, ...xy € S¢~ ! forwhichi # ] = x; L x j- Such samples can be
generated by taking the first N columns of a random orthonormal matrix. Note that this is similar in essence
to drawing the data points independently from the unit sphere, as isotropic random vectors in high dimension
are nearly orthogonal. This distribution is invariant to orthogonal transformations of X and of y.

4 Low-Rank Separation for Nearest Neighbors

In this section, we study the capacity of multi-head attention to represent the nearest-neighbor function. We
show a separation in representational power based on rank. The target can be represented efficiently using
full-rank attention, but under the assumptions below, approximating it using low-rank attention requires a
much larger model. We begin with the upper bound using a single full-rank attention head:

Fact 1 (Full-rank Efficient Approximation, Equivariant Case). For the target function from Equation (3), any
€>0,N,d e N there exist K,Q,V € R™4 sych that:

[Hf(X,y) VX sm(XTKQTy)||2] <e. @)
Y,x1,...,en~Unif (S9-1)

The construction is straightforward. Consider for simplicity the hardmax case. Set V = KQT =1 so
that [|z; -~ yll2 =2 - =] KQTy. Then hm(X T KQ"y) = e; where i* = arg min; [ [|; — yl|2 and e; is
the ith standard basis vector. Note that this construction using hardmax works for any input distribution on
S9! and any number of points N, as it represents the target function exactly. The softmax case is similar;
for the formal statement see appendix Appendix B.1. This construction (or one very similar to it) is easily
learned by gradient descent; see Figure 2.

We now turn to the lower bound. We show that approximating the target function with rank-r heads
requires the number of heads to be large unless » ~ d. For technical convenience, we set the number of target
points to two and draw them from the distribution 9, (S¢~!) in which they are always orthogonal. Our main
result establishes a strong quantitative separation between full-rank and low-rank self-attention layer, even
when the total number of parameters is of the same order:

Theorem 2 (Low-Rank Approximation Lower Bounds, Equivariant Case). There exist universal constants
¢, c’,C and C’ such that if either of the following sets of assumptions hold:

(i) High-accuracy regime: r < d -3, € < 75, and
H<C- 2d—(r+1)log2(2d/r) ) (5)
(ii) High-dimensional regime: d > 5, € > #;2'1’ and
C'/e
1(1 d
H< - |— ———— . 6
2(2e r+C’/e) ©

Then, for any choice of H rank-r generalized attention heads ¢y, : R™? — A, V, € R™*4 K}, € R¥" the
error of approximating the nearest neighbor function is bounded as follows

2

H
E F(Xy) = ) ViXgn (K X y)| 2 €, )
@)@~ D, (S97) h=1 2
y~Unif (S9-1)

where f is defined as in Equation (3).



For the proof of Theorem 2, see Appendix B. Intuitively, the approximation problem becomes harder as
d — oo and as € — 0. Theorem 2 combines guarantees in two different regimes. In the first regime, the
desired accuracy e is small. In this case, the necessary number of heads grows exponentially with d —r. In the
second regime, the dimension d is be large. In this case, the necessary number of heads grows polynomially
with d/r. Informally, both regimes show that the error is at least € whenever H < (d/r)'/€.

We emphasize that the data distribution is %—close to the uniform product measure in Wasserstein
distance, and we expect our main proof techniques to generalise to this uniform measure, as well as other
rotationally invariant distributions. Additionally, while N = 2 is sufficient for our purposes to establish the
separation, we also believe the framework should extend to the general setting of N > 2, although this is out
of the present scope.

Our proof uses tools from harmonic analysis on the sphere. It is reminiscent of the original depth
separation work of Eldan and Shamir and Daniely [ES16, Dan17], which also exploited the inability of ridge
functions to approximate radially-symmetric targets with substantial high-frequency energy. Due to the
rotational symmetry of the target function, attention function, and data distribution, we can transform our
problem to depend on a pair of points & = x| — > and y drawn uniformly from the sphere, rather than
x1, Ty and y. Our target is essentially given by a step function of the form (x, y) + sgn(x"y), which has
a slowly decaying spectrum with respect to the appropriate basis. We construct this basis using spherical
harmonics, and like them, our basis functions are organized into orthogonal subspaces based on degree ¢
polynomials. Due to rotational symmetry, the energy of the target function is uniformly spread within each
harmonic subspace. In contrast, each attention head is tied to a few principal directions given by the span of
K. As aresult, each head is spanned by only a fraction of the basis functions in each subspace. Thus, with a
limited number of heads, it is impossible to capture a substantial fraction of the energy of the target function.

We now comment on the tightness of this lower bound, focusing on the canonical setting of » = 1. In this
case, our lower bound simplifies and strengthens slightly. For fixed € and large d, the error of approximation
is at least € whenever H = O (d 1/(4€) ). We can construct an upper bound for our problem by considering
rank-1 heads to be random features. In Appendix B.8, we argue that we can approximate our target function
in the RKHS associated with the feature map (x| — 2, y) +— sgn ((x; — x2) "kq"y), where k and q are
drawn uniformly from the unit sphere. The associated kernel integral operator diagonalizes in the same basis
of tensorized spherical harmonics used to decompose the target function above, and thus the kernel ridge
regression approximation can be explicitly analysed by bounding the spectral decay of the kernel. Then, via
standard arguments from random feature expansions [Bac17b], one can transfer the approximation guarantees
from the RKHS to the random feature model, provided that H = ﬁ(dz/ 62). Thus, for r = 1 and fixed e,
the approximation lower bound of Theorem 2 captures the qualitatively correct behavior, though its precise
dependence on d may not be tight.

S Exponential Separation for Biased Nearest Neighbors

In this section, we show another way to get exponential separation in the high-accuracy regime using different
techniques and a modified target function. Given b = [by,...by]", the biased nearest neighbor function is
defined as follows:

. 2
fo(er,...,eniy) = argmin | [la; —yll; +bi . ®)
;< {:1:1 ..... TN }

Like the unbiased nearest neighbor function of Equation (3), it is invariant to simultaneous orthogonal
transformations of X and y; however, it is not invariant to permutations of the target point X. We first show
that a single full-rank attention head can approximate this target exactly, provided that biases are added to the
architecture:



Fact 3 (Full Rank Efficient Approximation, Biased Case). For any dimension d, number of points N, and bias
b € RN, a single biased full-rank hardmax attention head can exactly represent the biased nearest neighbor
function defined in Equation (8).

The construction is the same as that of Fact 1 with the addition of biases b inside the hardmax. That is,
the head implements X hm (X "y + b) in the hardmax case. In Appendix C we prove the softmax case. Note
that this architecture is a special case of standard attention with concatenated positional encodings. Let the
positional encoding for x; be the scalar b;, let the positional encoding for y; be 1, and let KQ' = [ d‘Xd 1].
Then [XT b KQT|Y|=XTy+b.

We now present our main result for this section which shows that even for N = 2, there exists a biased
nearest neighbor function that is hard to approximate using low rank attention heads:

Theorem 4 (Low-rank Approximation Lower Bounds, biased case). There exists b= [by, by]T € R? such
that for the function fy defined in Equation (8) the following holds: For any choice of rank-r heads g1, . ..,8n
where g, = Vi X ¢y (KpX,y), Ky, is rank-r and ¢y, are arbitrary functions that output a vector in the
simplex A", if H - maxy, || V3] < % then:

2

S ©)

H
fb(xhxz,y)_;gh($hx27y) 20 s

E
x, 22~ D) (d?S471)
y~N(0,I)

2

for some universal constants c1,cy > 0.

The full proof is deferred to Appendix C. The theorem states that unless the number of attention heads or
the magnitude of the output weights (or both) are exponential in d — r, then rank-r attention heads cannot
approximate the target, even up to a constant accuracy. This is in contrast to the fact that a single full-rank
head (with positional encoding) can approximate the target up to any given accuracy. Note that the exponential
separation is very strong in terms of the rank of the attention heads. Namely, having rank O(d) is not enough
to break this separation, for example even if r = % - d there is still an exponential separation between full
rank and rank-r attentions heads for a large enough input dimension d.

Remark 5 (Bound on the weights). Note that in contrast to Theorem 2, here we have an exponential upper
bound on the weights of the linear combination Vy,, namely either the number of heads or the norm of the
weights needs to be exponential to break the separation. This bound is also found in [YS19] which inspires
our proof. In [KMS20] the authors were able to remove this bound by applying a more intricate analysis
using SQ-dimension arguments, however in our case it is not clear how to extend their technique because of
the dependence on r. We conjecture that it is still possible to remove this bound, and leave it for future work.

Proof intuition. The crux of the proof of Theorem 4 is to create a linear combination of many threshold
functions which behaves like a periodic function with high frequency. Our proof is inspired by and extends
the proof method of [YS19] for separation between kernel methods and 2-layer neural networks. In more
details, note that the target can be re-written as a sum of two threshold functions:

fo(@1, @2, y) = argmax (@, y) + b; = L{@1 —2,y) + 5" > O)z1 + L1((z1 — 22, 9) + " < O)z2, (10)

where b* = by — by will be determined later. Denote by  := | — x»; we will focus on showing hardness of
approximation for the first threshold function 1 ({x, y) + b* > 0), from which hardness of approximation for



fo follows by standard arguments. We define a periodic function ¢, (z) : R — R in the interval [—a, a] that
is a linear combination of a threshold functions (at different break points), where a = Q(d?) , and show that
for any function g which depends only on a projection K of x onto and r-dimensional subspace we have:

£ o ({2, y)) - g (K, )] <[]l - exp(-Q(d - 1)) . 1D

In particular, if any single threshold function that is used to construct ¢, can be approximated by a rank-r
attention layer with H/a heads, then also ¥, can be approximated by a rank-r attention layer with H heads.
However, this is not possible if 7 is small since a is only polynomial in d, and the correlation between each
head and i, is exponentially small. Hence, there exists some threshold function with a break point at b*

which is hard to approximate, unless the number of heads is of the order O (W) In Theorem 4, the

inputs ; and @, are drawn from the unit sphere scaled by a factor of d>. We note that re-scaling the inputs is
similar to decreasing the required accuracy by the same factor. Hence, this exponential separation result is
akin to the high-accuracy regime of Theorem 2, although the techniques used in the proof are very different.

6 Efficient Approximation Using Depth

In the previous sections, we showed that a single layer of low-rank attention fails to represent the target unless
the number of heads is very large. In this section, we take up the question of whether additional layers of
depth can overcome this weakness. Depth can mean either adding an MLP after the attention layer or just
another attention layer; in this section we consider both options. We present a construction that approximates
the target function (with slightly modified inputs) using two layers and only polynomially many rank-1 heads.
However, we present constructions only for the case where the context length N = 2, which is also the setting
of our lower bounds. We conjuncture that any construction using low-rank heads introduces an unfavorable
dependence on N, a significant weakness compared to full-rank attention.

Our constructions are based on the strategy we call “majority voting”, which we briefly describe here.
Consider the case of N = 2 target points and hardmax attention. The output of each head, like the target
function itself, is either | or ;. A random rank-1 head is weakly correlated with the target; the probability
that it outputs the correct answer is 1/2 + Q(1/Vd). Thus, combining many such random heads together,
their mode (the output with the most “votes”) matches the target function with high probability. We use a
second layer to calculate the “majority vote” of the heads in the attention layer.

Standard attention mechanisms make it difficult to count the number of votes each target point received—or
even to remember what the target points 1 and @, were—since the next layer gets only a linear combination
of them with unknown coefficients. Therefore, we slightly modify the attention layer to facilitate the majority
voting strategy. We concatenate labels to the vectors that allow us to count how many times x| and x, appear
in the sum. We then use a second layer of attention to look up the full vector corresponding to the majority
label. This labeling can be implemented by concatenating positional encodings to the input points. That
is, instead of inputting x,... TN € S9-1 to the transformer, we now input [2] s 2::,] for b; € Re°.
A linear transformation can be used to map the output of this (d + ¢)-dimensional transformer back to R¢.
Note that our target function is permutation-invariant, so the order of the points is irrelevant to the task at
hand. Thus, these concatenated “positional encodings” function more like a modification to the architecture.
They provide extra input dimensions that serve as scratch space in which the model can perform discrete
operations like counting and indexing without corrupting the input data. Also note that, because they change
the dimension of the inputs and of the transformer, these concatenated positional encodings are different
from the positional encodings used in practice (including RoPE [SAL"24] and ALiBi [PS1.22]), which are
included in our framework of generalized attention.




Below, we give the formal definition of the multi-layer transformer architecture used in our construction.
It uses self-attention, meaning that the source and target points are the same. We modify the attention
mechanism by adding a self-excluding mask so that each input point cannot attend to itself (see below, where
we form X; by deleting the ith column of X). Following standard practice, we also use a skip connection. We
do not need a MLP or normalization layer, though our construction can easily be extended to include them.

Definition 6. A rank-r self-masked transformer layer with H heads is a function T : R¥N — RI*XN
parameterized by rank-k attention heads {( M}, Vh)} _, and defined as follows:

Xi=|z1 - mio fBz+1 ‘ (12)
Ti(X) =@ + Z V, X, sm (X Mh:c (13)
h=1
(14)
Here, T; denotes the ith output (or ith column of the output) [T1 (X)) --- TN(X)].

A two layer, rank-r transformer with concatenated positional encodings is a function T : RN — RIXN

parameterized by a positional encoding matrix E = R%*N and two (d + d.)-dimensional self-masked
transformer layers, T'Y) and T, and an output-layer matrix A € R¥*(4*de) qnd defined as follows:

Al

The following theorem describes our majority voting construction using random rank-1 heads and
concatenated positional encodings. For the proof, see Appendix D.3.

T(X)=A-T (T(l) (

)5 ,andHZcz-‘e"—z,
there exists a two layer, rank-1 transformer T with H heads and d, = 2 (as defined in Definition 6) for which

Theorem 7. There exist universal constants cy, ¢y such that for all d > ¢, and € € (0 1)

|f(x1,z29) - T ([z1 2 y])”iSe (16)

xp,x2,y~Unif (S4-1)

One might wonder whether the concatenated positional encodings are necessary to make this construction
work, especially since they break permutation invariance in order to represent a permutation invariant target.
In Appendix D, we present an alternative construction (Theorem 34) that is permutation invariant. However,
it modifies the architecture by applying the MLP to the concatenation of the outputs of the attention heads
rather than to their sum.

Although our constructions assume for N = 2 source points, it seems feasible to generalize them to larger
N. However, the major drawback of such a generalization is that the size of the transformer will depend on
N. Even the simple step of calculating the majority between N possible terms does not seem to be possible
without at least a linear dependence on N. On the other hand, Fact 1 shows that the target function can be
approximated for any N using a single full rank attention. We conjecture that such a dependence on N is
necessary when using low-rank attention:

Conjecture 8. There is no multi-layer transformer (with fixed size and weight matrices) of rank r < d that
approximates the target of Equation (3) for all N.

That is, while it may be possible to construct a transformer that approximates the target for a given fixed
N (as we do above), we conjecture that there is no such construction that is independent of N. Proving or

10



refuting the above conjecture would have very different implications. A counterexample would mean that the
the weakness of low-rank can be compensated by depth, and thus the rank does not play a decisive role in the
expressive power of multi-layer transformers. A proof would show that, even in the multi-layer case, low-rank
attention is fundamentally weaker than high-rank attention.

7 Experiments

In this section, we complement our theoretical results with experiments on a broader class of architectures.
We train off-the-shelf transformers—which include multiple layers of self-attention, MLP layers, skip
connections, and normalization—on a slight modification of the nearest neighbor function. Our experiments
confirm the weakness of low-rank attention in this setting. They also show that the full-rank construction of
Fact 1 is easily learned by gradient descent. All code is available at https://github.com/NoahAmsel/
attention- formers.

Model and training details We use the Pytorch implementation of transformer encoders [PGM*19] with
two modifications. First, we generalize the standard scaling H = d/r, allowing H to be any multiple of d/r.
(In particular, we try H = d' /r and H = d?/r.) Second, we replace the layer normalization with RMSNorm
[Z2S19], a standard choice in modern transformers [TLI*23, CND*24] that is also better suited to our target
function. We train with biases, but preliminary experiments showed that these make little difference.! We run
each experiment on a single Nvidia GPU (usually a V100) for no more than a few hours.

Since we are using self-attention, there is no distinction between the source and target points. The N
input points are drawn uniformly and i.i.d. from S¢~!, and they are not constrained to be orthogonal. We
change our target function accordingly. For each input point, the target now outputs whichever of the other
points is farthest from it. We output the farthest instead of the nearest point because otherwise, each point
would map to itself. The loss function is the average mean squared error over the N points. We do not use
any attention mask. In particular, we allow points to attend to themselves. Our dataset is synthetic, so we
train and test on a stream of freshly generated samples that never repeat. We train on 10° batches of size 256
each. For all experiments, we use AdamW with the same learning rate of 0.01 and a learning rate schedule of
cosine annealing with a linear warm-up.

Rank separation Our first experiment studies the importance of rank across various numbers of heads
(H) and layers (L). We fix the dimension d = 64 and the number of points N = 16. In this experiment, we
use no positional encodings. Figure 1 plots the results, showing the best of five runs for each setting. Each
line uses a different number of heads, but the number of parameters per attention layer, rdH = d°*!, is kept
constant within each. The standard scaling is d> parameters per layer. When L = 1, the results suggest that
using full-rank (r = 64) is necessary and sufficient to learn the target function accurately; even 2d heads of
rank d/2 fails. For L > 1, the trade-off between rank and accuracy is more favorable, but low-rank attention
still significantly underperforms full-rank attention, even when it gets to use more parameters. The standard
five layer transformers (that is, L = 5, parameters per layer = d?) seem to suffer from optimization difficulties
on this problem. Excluding that case, the best-performing model that is not full-rank (L = 5, d° parameters
per layer, r = 32) performs no better than the worst full-rank model (L = 1, d> parameters per layer, r = 64)
despite having 80x more parameters in its attention layers. In short, a standard transformer with H = 1
performs much better on this task than one with H even moderately larger.

INote that biases in the key, query, and value transformations have a different role from additive positional encodings. These
biases differ between heads but are constant across tokens; in contrast, the positional encodings differ between tokens but not heads.
The biases implemented by Pytorch are also slightly different from those studied in Section 5.
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Figure 1: Standard transformers trained on the farthest neighbor function. The dimension is d = 64 and the
number of input points is N = 16. Line shows best of five runs (except for L = 3, params = d°, r € {16, 32},
which are best of eight). Across different numbers of layers and heads, high-rank models significantly
outperform low-rank models with the same number of parameters.
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Figure 2: Properties of learned K Q" matrices for full-rank models with one layer. Boxplots show distribution
over heads from five runs, each on a model which has between 1 and 64 full-rank heads. Left panel plots
Frobenius angle with the identity: arccos ((KQT, I)g /(||KQT||el|I]|f)). Results show that KQT nearly

equals —cI for ¢ > 1000 in all cases.
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Figure 3: Standard transformers with positional encodings (d = 64, N = 16). Line shows best of five runs;
shaded region shows range over five runs. Positional encodings help when the encodings are concatenated to
the inputs and there are multiple layers (cf. Theorem 7). Otherwise, they do not help.

Full-rank solution In the full-rank case the transformer learns the target, but what representation has it
learned? Figure 2 suggests that, in some cases, it is very nearly the construction of Fact 1. Recall that in
Fact 1, we use a hardmax attention head with K, QZ = I. In our experiments however, we use the farthest
neighbor target function and softmax heads, so the corresponding construction is K, Q) = —cI for c > 1.
The first panel shows the median Frobenius angle between the matrices K hQZ and I learned by the full-rank,
single layer models in the previous experiment. This shows that K,Q; very nearly equals —I up to a constant
factor. Moreover, as the second panel shows, the norm of this matrix is large, which causes the softmax to act
like a hardmax. Results are similar for three layer networks with a single full-rank head, but when L > 1 and
H > 1, it seems the network learns some other, less interpretable strategy to represent the target.

Positional encodings Since our target function is permutation-invariant, no positional information exists
in the data. However, in Section 6, we showed that concatenated positional encodings can help low-rank
attention succeed when L > 1 by giving the model extra dimensions of scratch space. The positional encoding
schemes used in practice, like additive encodings [VSP*17], RoPE [SAL*24] and ALiBi [PSL.22], cannot
be used in this way, being versions of the generalized attention heads studied in this paper. In Figure 3, we
experiment with positional encodings. As expected, additive attention fails to help low-rank attention at all.
The left panel shows that when L = 1, concatenated positional encodings fail too. However, when L = 3,
concatenated positional encodings yield dramatic improvements, a finding that accords with Theorem 7.

Role of N In Figure 4, we explore how the number of input points N affects the difficulty of learning
the target function. We fix d = 64, H = d? /r, and the number of layer L = 2. The results show that, as
predicted by Fact 1, the full-rank heads learn the target accurately across a range of N. However, the low-rank
heads suffer declining accuracy as N grows. This accords with Conjecture 8, which predicts that low-rank
transformers of a fixed size fail to accurately represent the target for sufficiently large N.

13



1.2 - Num Points
. o )
~~_ —-== 256
5 1.0 - S e 64
= =S
i . ~\\. --=- 16
g 0.8 9 v ,~\§\. — 4
E ....... e....... '\\
g-' 0 6 _ o .~_~.~.~ '-.,. . \\~.
~'~.~. e, \
Cg 0.4 - e °\
é ‘ ~.~.'.-~.~ "n
0.2 - IRCNRAN
S %
5\’0‘\"\.
004 ® o o ° -
1 2 4 8 16 32 04
Rank
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attention degrades as N grows. Dimension is 64. All models have two layers with H = d?/r heads each. Line
shows best of five runs; shaded region shows range over five runs.
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8 Conclusions and Limitations

In this paper, we have investigated the role of rank in attention mechanisms. We question the nearly universal
practice of trading off the rank and the number of heads according to H = d/r. We show that for a simple and
natural target function inspired by semantic search, low-rank attention is fundamentally weaker than full-rank
attention, even when H > d/r. We demonstrate this strict separation between the low-rank and high-rank
regimes both theoretically, by proving hardness of approximation in the shallow setting, and empirically,
through experiments with off-the-shelf transformers. Our results thus hint at a potentially beneficial tradeoff
between number of heads and rank that remains largely unexplored in applications.

That said, our theoretical analysis is inherently limited to the study of shallow transformers, and our
results of Section 6 illustrate how adding depth may overcome the limitations of low-rank self-attention in
some cases. However, we hope that our results will motivate theoreticians and practitioners to more carefully
consider the settings and scalings of transformer hyperparameters. In particular, they suggest that theoretical
models that use full-rank attention may not accurately describe transformers used in practice, and that much
remains to be understood about the successes and failure modes of attention-based architectures.

Several open questions remain for future work. The basic transformer architecture of [VSP*17] allows
the user to set a number of hyperparameters. Despite the ubiquity of this architecture, hyperparameter
settings other than the embedding dimension and number of layers are almost never significantly changed;
see Appendix A. While considerable prior work has studied scaling laws for the dimension and number of
layers, we believe that future research should also consider the other hyperparameters and seek to understand
the trade-offs, dependencies, and scaling laws between them. Here, we focus on the query/key rank and its
relationship to the number of heads, but the depth and width of the MLPs and value/output rank are also of
interest.

Additionally, the rotational invariance of the input data distribution is instrumental in establishing our
lower bounds. Given the inherently discrete nature of text-based transformers, a natural question is to
understand how to generalize our techniques beyond the rotationally-invariant setting. Another direction for
future work is to understand the relationship between the rank and the context length. Focusing on the N =2
case suffices for us to prove rank separation, but we believe a similar result should hold at least for all N < d;
Figure 4 provides preliminary experimental evidence. Understanding the N > 2 case may also help address a
final open question: What is the relationship between rank and depth? In particular, does Conjecture 8 hold?
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A Hyperparameters of Transformer
The transformer architecture [VSP*17] leaves the user free to set the following hyperparameters:
* The embedding dimension (d)

* The number of layers (L)

The width of the MLPs (w)

* The depth of the MLPs (D)

* The rank of the Wy and Wi matrices for each head (r)
¢ The rank of the Wy, and W matrices for each head (r;)
* The number of attention heads in each layer (H)

In this paper, we consider the dimension d to be given by the domain of the target function, rather than being
a hyperparameter as in language modeling. As Table 1 shows, only d and L have been significantly changed
relative to the original model. For all models of which we are aware, w lies within a factor of two from
[VSP*17], r lies within a factor of four, and D and r, are not changed at all. H has been scaled, but always
according to the standard scaling (up to a factor of 2).
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Table 1: Hyperparameter settings of popular transformer models (largest versions reported). Except for d and
L, they are strikingly consistent. See text of Appendix A for notation.

Year Model d L w D roor H
2017 Attention is all you need [VSP*17] 512 6 4d 2 64 r d/r
2018 GPT, GPT-2 [RNS*18, RWC*19] 768 12 4d 2 64 r d/r
2019 Bert-Large [DCLT19] 1,024 24 4d 2 64 r d/r
2021 ViT-Huge [DBK*21] 1280 32 4d 2 80 r d/r
CLIP (text encoder) [RKH21] 1,024 12 4d 2 64 r d/r
Jurassic-1 13,824 76 4d 2 144 r d/r
Gopher 280B [RBC*21] 16,384 80 4d 2 128 r d/r
LaMDA [TFH*22] 8192 64 8 2 128 r 2d/r
2022 Chinchilla 70B [HBM*22] 8,192 80 4d 2 128 r d/r
GPT-3 [BMR"20] 12,288 96 4d 2 128 r d/r
2023 PalLM [CND*24] 18,432 118 4d 2 256 r 2d/3r
LLaMA, Llama-2 [TLI"23, TMS*23] 8,192 80 8d/3 2 128 r d/r
2024 OLMo [GBW™*24] 8,192 80 8d/3 2 128 r d/r

B Proofs from Section 4

In this section, we prove the upper bound Fact 1, the lower bound Theorem 2 and some important properties
relating to the approximation of the target by random heads.

We begin with the proof of Fact 1 in Appendix B.1. In Appendix B.2, we review the basics of spherical
harmonics and describe the corresponding family of ultraspherical orthogonal polynomials on the interval. In
Appendix B.3, we construct a basis for functions of pairs of points on the sphere that we will use to analyze
the target and the attention mechanism. In Appendix B.4, we show how to expand the target function in this
basis, proving the critical properties of slow spectral decay and rotational invariance between basis elements
of the same degree. In Appendix B.5, we expand a single attention head in this basis, showing that the number
of basis elements with which it is correlated is limited by the rank of the attention head. In Appendix B.6, we
use these results to obtain a lower bound on the error of approximation that depends only on certain universal
constants related to the spherical harmonics, particularly the number of spherical harmonics of a given degree
and the coefficients of the ultraspherical expansion of the sign function. In Appendix B.7, we analyze this
expression to derive a bound on the necessary number of heads that depends only on the dimension d, the
rank r, and the error level €. Finally, in Appendix B.8, we analyze a construction that approximates the target
function using random rank-1 heads.

B.1 Proof of Fact 1

Lete >0. Weset V =1, KQT = ol for @ > 0 to be chosen later. Since x;,y ~ Unif(S?~1), for every
ie{l,...,N},there exists 6 > 0 (which depends on €) such that for the set:

As ={(x1.....on.y) € (STHN Vi 2, |(wi —x)) Tyl > 6}, a7
we have that Pr((x1,,...,xN,y) ¢ As) < 5. Note that:
X sm(aX"y) —> argmax(z;y) = arg max ||z; — ylI* (18)
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where the convergence is uniform on A, and the equality follows since all the vectors are from the unit
sphere. In particular, there exists @ > 0 such that:

2
sup
(x1,...., N, Y)EAs

X sm(eX Ty) - arg max lz: —yl?|| < g ) (19)

Combining both bounds and taking expectation over the vectors finishes the proof.

B.2 Spherical Harmonics

We begin by reviewing some basic results from the theory of spherical harmonics. Let 7(-) denote the uniform
distribution over S¢~! and define the inner product (-, -), over L?(S%"!) as follows

(o= [ @@ 0)

A polynomial H : R? — R is called harmonic and degree-¢ homogeneous if
V2H =0, H(ax) = a‘H(x) (1)

A spherical harmonic of degree ¢ is the restriction of a harmonic homogeneous polynomial to the sphere
S9-!. That is, a function Y : S¢~! — R is a spherical harmonic of degree ¢ if and only if the RY — R
function defined by

2 ||y (i) (22)

|||
is a harmonic homogeneous polynomial of degree £. The set of spherical harmonics of degree £ on S9-1 form
a function space 7, ¢ L?(S?~!). These subspaces have the following dimensions (Theorem 4.4 of [FE12]):

N(d, ) == dim %7 =

2£+d—2(€+d—3). 23)

¢ -1

The reason spherical harmonics are so useful is that the ¥, are linearly independent, and their direct sum is

L*(S4-1). That s, if {Y, g }Il.vz(ld’[) is an orthonormal basis of ¥, then U;? {Y, g }jyz(ld’[) is an orthonormal basis

of L2(S4~!) with respect to (-, -).
For a unit vector e, let uy denote the distribution of & "e when & ~ 7. Then forz € [-1, 1],

Agn

na(r) = 32 - (1 )7 (24)

where A4_; is the surface area of S~! (see Lemma 4.17 of [FE12]). Define the following inner product over
functions mapping [-1,1] — R:

1
(Fethy = [ PO @5)
The ultraspherical polynomials P, : [—1, 1] — R for £ € N5 are defined by the following properties:
(i) P¢ has degree ¢
(i) ¢ # ' & (P¢, Per),, =0

(iii) Pe(1) =1
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These polynomials form an orthogonal basis for L2([—1, 1], ug), which includes all bounded functions
on [—1,1]. Moreover, they are intimately connected to the spherical harmonics. We exploit three such
connections. First (Equation 4.30 of [FE12])

1

P2 =

(26)

Second, the addition formula states that each ultraspherical polynomial can be expressed in terms of the
spherical harmonics of the same degree and vice versa (Theorem 4.112 of [FE12])

N(d,0)

PR ACH A 27)

Pr(x"y) =

N(d, 0)

Finally, the Hecke-Funk formula (Theorem 4.24 of [FE12]) gives the relationship between the ultraspherical
expansion of ¢ +— f(z) and the spherical harmonic expansion of y — f(x"y). For any degree-¢ spherical
harmonic Y,

(@) = [ f@ @) = 1@ P, (28)
We will make use of the ultraspherical expansion of two particular functions:

Definition 9. Ler {a,} be the ultraspherical series for arcsin and let {n¢} be the ultraspherical series for
sign. That is,

(o9

arcsin(t) = Z 17, “};i(”t ) 29)
£=0 Ud
> P
sign(r) = an IIPZ(III) Vi e [-1,1] (30)
£=0 Uud

B.3 Orthonormal Basis for Target and Attention Heads

The goal of this section is to define the orthonormal basis that we will use to analyze the (surrogate) target
and attention functions. We define the input space for these functions as follows: X = S~ x S9-1. We
denote elements of this set by (x, y) or z for short. For any two functions, define their tensorization by

(f®g)2) = f(x)f(y) €2Y)

We let 7 = 7 ® 7 be the uniform measure on X. We also define a feature space Q = S9! x S9~! and denote
elements of this space by (q, k) or w. Of course, Q = X, but since they are used in different contexts, we use
separate notation for readability.

We define the feature mapping that we will use to analyze the surrogate target and attention functions:

Definition 10. Define the “rank-1 head” function p : X X Q — {+1} by
p(z,w) :=sign (z"kq'y) (32)
and the feature map linear operator T : L'(Q) — L*(X) by

(Tu)(z) zz‘/gp(z,w)u(a))d‘z"(w) (33)

2Note that [FE12] has an extra factor of A4_; in the theorem statement. This is because they use a different normalization for the
spherical harmonics.
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The intuition is as follows. For a fixed value of w = (k, q), the function p(-, w) acts like a hardmax
attention head with rank 1. More precisely, if € = 1 — o and V' = I, then p(z, w) is the output of the
head applied to the source y and targets o and x,, projected onto . Furthermore, 7 u is a weighted linear
combination of all possible rank-1 hardmax heads.

We will construct a basis using functions of the form 7 (Y ® Y’) for spherical harmonics Y and
Y’. The rationale for choosing this basis is as follows. 7 defines a positive semidefinite operator
T*T : L'(Q) — L?*(Q), which is described by the following formula:

(T T = [ E o w)p(o)] - u(w)dHw) (4

Functions of the form ¥ ® Y’ will turn out to be eigenfunctions of this operator. To see why, we must first
analyze the kernel E,.z[p(z, w)p(z, w")], which we do in the following lemma.

Lemma 11. 4
Zﬂ;f[/o(z, w)p(z,w")] = = arcsin(q' q’) arcsin(k k") (35)
Proof. To begin, we compute a closely related property — the probability that the signs are equal:
Pt [p(2,0) = p(2,0)] = Pt [(z.k) (g, 9) (@, k') (g ) > O] (36)
(37)

Let 6 be the angle between g and q’ and let ¢ be the angle between k and k’. We have
0

Pri{y,.q)(y.q') 2 0] =1 - — (38)
Yy T
I;r[(a:, kY{(z,k')>0]=1- g (39)
0
T,y JT T
9
Pr [(y. ) (y.q') < O A (. k) (. k') < 0] = 22 @1)
T,y T
0 0
Pr [(x. k) (. k') (5. q) (u. ) = 0] = (1 - —) (1 - ?) + 22 42)
T,y T T Tt
A bit of algebra now shows
Pr [p(2.w) = p(z.0')] = (1 —9) (1 —f) 00 (43)
zZ~T T T T
1 2 (m b4
=5+ zl3-9(5-9) @9

By definition, 8 = arccos({q, q’)) and ¢ = arccos({k, k’)). Using the identity arcsin(z) = /2 — arccos(z),
we obtain

Pr [p(z,w) =p(z,0)] = % + % arcsin(q ' q’) arcsin(k" k') (45)

zZ~T T

Finally,
E [p(z, w)p(z, )] = Pr [p(z,0) = p(z,0)] = Pt [p(z,0) # p(z,")] (46)
=2 lir_ [p(z’w) =p(z,a)')] -1 (47)
= 12 arcsin(q' q’) arcsin(k k") (48)
n

O
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The above lemma gives us a handy expression for 7“7 that allows to show the following:

Lemma 12. LetY,Y’ be spherical harmonics of degrees € and t’, respectively. ThenY @Y’ is an eigenfunction

of the operator 7T :
aeap

4
TT(YeY)=— YQY (49)
T \N(d,l)N(d, ")
Proof. Itis easily seen that
T N6 = [ o) (50)
and thus, substituting and changing the order of integration
[(T°T (¥ @ Y)](w) = /gz[~Ef [p(z,w)p(z, )] - (Y @ Y')(w)dT(w) (D
Applying Lemma 11 and expanding d7(w) and Y ® Y,
4
== / arcsin(q ' q’) arcsin(k"k’) - (Y ® Y')(w’)dT(w) (52)
2 Jo
4
== arcsin(q' q")Y (q")dt(q’) / arcsin(k" k)Y’ (K )dt (k') (53)
T §d-1 §d-1

Applying the Hecke-Funke formula (Equation (28)) to the first integral,

/ arcsin(q' q")Y (q")d7(q’) = Y(q) (arcsin, Pe)u, (54)
§d-1
= ¥ (aresin > NPl (55)
= Y(q)——— (56)

YN(d, )
By the same logic, the second integral equals Y’ (k') - ay /+/N(d, ). Combining these proves the lemma. O

The previous lemma immediately implies that the functions 7 (Y ® Y”) form an orthogonal basis:

Lemma 13. Let B be a set of orthonormal spherical harmonics. Then the elements of {7 (Y®Y’) | Y,Y’ € B}
are also orthogonal. Furthermore, if Y and Y’ have degrees € and t’, then

4 ,
1T (Y @Y)||2 = — it (57)

7% \IN(d,O)N(d, ")

Proof. LetY;,Y;, Yy, Y € B. Let Y/ have degree € and YJT have degree ¢’. Then

(T oY), TYr®Yy))=(Y;i®Y;, 7T (Yr ®Y})) (58)
4 o
=YY, Yy ®Y)) - — il (59)
T \N(d,t)N(d, ")
But (Y,- ®Y;,Yr® er> isoneifY; =Yy and Y; = Y}s, and zero otherwise. O
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B.4 Expansion of the Target Function

We define a surrogate target function that will turn out to be the relevant one for our analysis.
Definition 14. The surrogate target function f : X — R is
f(z) = sign(z"y) (60)
After a change of variables (x, w) = (] — x», | + 3), our original target function reduces simply to
f(2)x + w. We now wish to expand f in the basis {7(Y ® Y’)}. We will first need the following lemma,
which describes the correlation of a rank-1 head with the surrogate target function.
Lemma 15. Fix w = (q, k) € Q. Then

0o

(Fop( @), = ccPe(ak) (61)
=0
where 5
o= —meae (62)
Proof. By definition,
(fopCw); = E. [sign(z"y) sign(z"kq y)| (63)

Let 7, denote the uniform measure on the hemisphere {x € S¢~! | Tk > 0}, and 7_ the uniform measure
on the opposite hemisphere. Then we can decompose the expectation as follows:

1
E [sign(z"y)sign(z"kq"y)] = 5 _E [sign(z"y) sign(qy)] (64)
.Yy~T T~Ty
Y~T
1 _ ,
=5 E [sign(@ y)sign(q"y)] (65)
y~7

Given any fixed unit vectors &, g we have that

arccos(x " q)
n

Pr[sign(z"y) = sign(q"y)] = 1 (66)
Y
Therefore,

tg[sign(wTy) sign(q'y)] = l;r[sign(wTy) =sign(q'y)] - I;r[sign(chy) # sign(q' y)] (67)

= 2Pr[sign(z"y) = sign(q'y)] - 1 (68)
Yy
1 M (69)

Plugging this into the expression above,

T T

Ll poaeeos@ @) 1o gy Zarccos(@ g) (70)
2:12~T+ 7 2CC~T— g

__ 2! E [arccos(a:Tq)]—l |arccos(z"q)] oy
T \2 z~7, 27
2 (1 - - . 1 . T T

=-=|5 E [sign(z"k)arccos(z"q)| +5 E [sign(z"k)arccos(z"q)] (72)
7 \2 z~7, 2w
2

=2 FE [sign(a:Tk)arCCOS(iBTQ)]) "
T \e~7

(74)
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Using the identity arccos() = § — arcsin(¢) and the fact that E[sign(z k)] =0,

2
== E [sign(z"k) arcsin(z" q)] (75)
T x~7T
2/ . .
= =('sign((-, ky), arcsin(( 4))) (76)
T T
We now expand sign((-, k)) and arcsin({-, q)) in a basis of spherical harmonics. By Hecke-Funk,
(sien( 0. ¥7) =¥/ (k) (sign, Pe),, = Y] (R)nelPe g )
(arcsin((,@)).¥]) =¥/ () Garesin, Pe),,, = Y/ (@aclPell, (78)
(79)

Thus, writing the inner product in the basis of spherical harmnoics,

o N(d,f)

27 . . 2 ; ;
=(sign(C k. aresin((,@)) == > (v mellPells) (Y (@aclPellas) — (80)
=0 j=1
) & N(d,l) _
== |meedlPell?, Y Y)Y (@) (81)
T j=1
Applying the addition formula (Equation (26)),
2 [e6]
=~ > meacllPell,N(d. O P (k") (82)
=0
o 2
=" ZnearPe(k"q) (83)
=0 T
(84)
O

We now expand our surrogate target function f in our basis {7 (Y ® Y”)}. The following lemma shows that
f is orthogonal to any basis element for which ¥ # Y”, and that the coefficient of 7 (Y ® Y”) only depends only
on the degree of Y. That is, the energy of f is evenly spread across all elements of {7 (Y, ® Y;) | Y, € F¢}.

Lemma 16. Let Y,Y’ be spherical harmonics of odd degree. Let € be the degree of Y. Then
<~ TYeY) > _ e
NTY oY)zl N, 0

where Oy y» = 1[Y =Y']. That is, if the basis element is built from two identical spherical harmonics of
degree ¢, then its correlation with the target function depends only on {; otherwise it is zero.

Oy.y’ (85)

Proof. Expanding, switching the order of the integrals, and applying Lemma 15,

(f.T(® Y’)>f = / /f(z)p(z,w)(Y QY ) (w)dT(w)dT(2) (86)
X Jo
= [(Fnt), (Yo ) @iTw) (87)
=Yee / Pe(q k)Y ®Y)(w)dF(w) (88)
/=0 Q
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Expanding the integral over  and applying Hecke-Funk (Equation (28)),

- ’ (q k)Y (k)Y (q)dt(k)d g
;)Cf Ld—l ‘/gd—IP[ (g k)Y (k)Y (q)dt(k)dT(q) (89)

- Z 05// (Y/(Q) (P, Pe )y, )Y(q)dr(q) (90)
=0 s

= Z ce’||Pt'||id Y, Y"), oD
=0

__ ¢

" N, t) 92)

Finally, applying the formula for ¢, from Lemma 15 and the formula for ||7 (Y ® Y’)|| from Lemma 13,

93)

<~ T(Y®Y) > e 1 _ Zmeae 1 Y
TN, N@h TSN T N@D G @0

O

Up to now, we have constructed a basis without showing that its span includes our target function.
Lemma 27 (in Appendix B.8) verifies that, in fact, f lies in this span. This lemma is not needed for the proof
of Theorem 2, but is used in the kernel approximation of Appendix B.8. It also shows that this step of the
proof is tight. We do not lose anything by lower bounding the error only on the part of f that lies in the span
of our basis functions.

B.5 Expansion of the Head Functions

In this section, we expand the low-rank attention head function in our basis {7 (Y ® Y’)}. Unlike the target
function, the energy of an attention head is not spread out, but concentrated on a few basis elements in each
harmonic. We first need the following lemma, which we will use to bound the number of these special basis
elements.

Lemma 17. Let A, be the span of the harmonics of degree £ on S~ that are zero after marginalizing onto
the first r coordinates. Then

(94)

dim(F; [ A,) = M(r,0) < (r ”)

l
where Fr [ Ay is the orthogonal complement of Ap in Fp. Furthermore, M(1,€) = 1.

Proof. Let £ : ¥ — L*(B,) be the linear operator which marginalizes a degree ¢ spherical harmonic
function on the first » coordinates. (Here, B, is the unit r-ball.) That is,

wnw= & 1|

95
Yy 1—II-’JEIIZ) o

By definition, Ay is the null space of L. We will show below that the range of £ contains only polynomials
of the first r coordinates of degree at most €. The dimension of the space of polynomials in dimension r of

degree at most ¢ is (r}'f). Thus, by the rank-nullity theorem,

(96)

dim(%7) < dim(A,) + (r ; ‘))
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and therefore

. . . r+¢
dim(Fp/Ar) = dim(F7) — dim(Ay) < ( p ) 97
We will now show that the range of £ contains only polynomials in the first  coordinates of degree at
most £. Each spherical harmonic is the restriction to S¢~! of a harmonic homogeneous polynomial on R<, so
it suffices to show that £ maps monomials of degree exactly £ in R¢ to polynomials of degree at most £ in the

( [
y

r d
):xf'_xfryf_:'i'lygd:(l—[.xlpl)(l_l ylpl) (98)

i=1 i=r+l
be one such monomial. If any of p,,i,..., pgis odd, then L[Y] = 0. If all are even, then

r d pi

LIY)(z) = (]_lx,f"')( E ] (pT=T2IR) ) (99)
i=1 Y SUTT
r d d

) pi/2 .
1 R R

i=1 i=r+1 Y~SUTT i

is a polynomial in & whose highest degree term has degree (Y/_; p;) + (Zflzr +1 pl-), which equals the degree
of the original monomial.

For the special case of » = 1, it suffices to show that £ has rank one, or equivalently that its nullspace has
dimension N(d,{) — 1. LetY; = P¢({é1,-)), where é; € R4 is the first standard basis vector. By Theorem
4.10 of [FE12], Y7 is a spherical harmonic of degree £. Complete an orthonormal basis {Y1, ... Yn(q,¢)} of
Fe. Our goal is to show that LY; = 0 forall j € {2,...N(d, {)} (with equality in the weak sense).

To do this, it suffices to show that <Pg, .EYJ-> =0 for all ¢:

(Pe, LY;)) = E [Pe(x)(LY,)(0)] (101)
X~Ug

) Y ad (102)

- X~uq o yeSd-2 ! yvl- |X|2
= E [Pe(0)Y; (2)] (103)
where z := il 2] e S9!, But by definition, P, (x) = Y, ([ a ZD forall y € S?~2. Continuing

yv1—|x| y/1 - |x]

from above,

= E [Y1(2)Y;(2)] =(¥1,Y;)_ =0 (104)
forall j # 1. O

Lemma 18. Let X be a square matrix. Let D be the uniform distribution over orthogonal matrices. Then,

E [QTXQ]=tr(X)-T (105)
Q~D

Proof. Let qy; denote the entry in the kth row and ith column of Q. Then the (i, j) entry of the expectation is

Q[ED[Q XQJij = zkl Z{:M E[QkiQKj] (106)
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So long as (k,i) # (£, j), then conditional distribution of g,; given gy; is symmetric, since negating the
£th row (or jth column) of @ would produce another orthonormal matrix. Thus, if (k, i) # (¢, j), then the
expectation is zero. The only non-zero terms are

E [Q"XQli= ) xuElqs 107
17 XQli ; o Elai,] (107)
Since the marginal distribution of each row (or column) is uniform on the unit sphere, the variance of each
entry is 1. O

Lemma 19. Define M (r,£) as in Lemma 17. Assume the rank r < d and consider the functions gn(z) =
x'Vix - dn(K, z,y) for ¢, - R” X S9! = R and K, € R¥ for h € [H]. Then there exists a subspace
A¢ C Fr of dimension at least N(d,€) —H - M (r, ) such that T (Yp ® Y¢) is orthogonal to gy, for any Yp € Ay
and any h € H.

Proof. The first part of the proof gives a construction for A,. Fix y, g and & and define

hic(k) = E [p(z0)gn(@)] = E [sign(@ kg y)a Ve - §u(K 2.y)] (108)
Define K = [K k] As a first step, we show that this function only depends on a particular projection
of V, not on V itself. Choose a basis such that the column span of K is span({ey, ..., e}, where
A B
C D
isotropic and independent of y. Therefore, we can rotate it without affecting the expectation. In fact, we can
draw a random orthogonal matrix from any distribution, and E q[f(Q=)] will equal E.[ f(x)]. We draw

1 <r’ < min(r +1,d). Then we can rewrite V' = [ where A € R”*"". The distribution of z is

. — . . I -
random orthogonal matrices that fix the column span of K, that is, matrices of the form Q = [ ~ ], where

Q

Q € R(@=7)x(@=r") i 3 uniformly distributed orthogonal matrix. Then,

hK(k) = a:[EQ [Sign(mTQquTy)mTQTVth . éh(KTQa}, y)] (109)
= i A BQ -
- a:[,EQ [SIgn(asz;qu)a;T [QTC 5700 z- (K z,y) (110)

Moving the expectation over Q inside, the off-diagonal blocks are both 0. Applying Lemma 18, the bottom
right block becomes tr(D) - I. Thus, letting A’ = A —tr(D) - I,

A BQ

orc GrDg| = D) I+UAUT (111)

E

Q
I|. >

where U = [ . } is defined to be the column span of K. In all,

hi (k) = E [sign(z"kq y)z" (t(D) - I+UA'U" )z - $p(K 'z, y)] (112)

Now that we have reduced V', we can more clearly see the implications of the rotational invariance of the
distribution of . Let O be an arbitrary orthonormal matrix. Then

hix(k)=E [sign(avTOTquTy)alcTOT (tr(D) - I+UA'UT) Oz - $(K Oz, y)] (113)
= E [sign(z"O"kq y)z" (t(D)- I+O"UA'U"O)z - $y(K Oz, y)| (114)

r~T

= horx (OTK) (115)
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where the last step follows because O "U is precisely the column span of O K. Thus by Weyl’s fundamental
theorem of invariant functions, there exists / : R” — R such that

hg (k) = h(K"k) (116)

Let 7 denote the marginal distribution of 7 on the column space of K and let T+ denote its marginal
distribution on the orthogonal complement of the column space of K. Then the random vector v+v+4/1 — ||v]|,
where v ~ T and v* ~ Tk is distributed uniformly on the sphere. Let Y be a spherical harmonic that
is zero after marginalizing the onto the column space of K. (For example, if KT = [f{ T Orxd_r] , then
marginalizing onto the column space means taking the average of the function over the final d — r coordinates.)
Then

hre ¥y = [ (k)Y (e (a1
= / / hi (v +vy1 = ||v])Y (v + v 1 = ||v])drrs (vh)dr (v) (118)
=/EK(v) (/ Y(v+vyl —||v|)drg: (v?) | dri (V) (119)

=0 (120)

Let ﬂ? C ¢ be the space of spherical harmonics of degree ¢ that have this marginalization property with
respect to Kj,. Let Ay = ﬂhﬂf}. Recall that N(d, ¢) is the dimension of ¢, and M (r, £) is the dimension of
the orthogonal complement of .?[? in ¥, denoted ¥,/ A;‘. Thus,

dim(A¢) = dim(F¢) — dim(F¢/Ar) = N(d, ) - dim(@h(ﬁ/ﬂ?)) >N(d,t)-H-M(r,0) (121)

It remains to show that for all Y € A, 7 (Yy ® Yp) is orthogonal to gy,.

(TY®Y).en)z = /Q[E[p(z,w)gh(z)]Y(k)Y(q)dT(k)dT(q) (122)
- [, e[, e vom@r @) o) (123)
sd-1 Yy \Jsd-1 =
But for any fixed y and q,
[, Elpt@ s )@y (et = (ki ¥) =0 (124)
by the calculation above, where the final step follows because Y € A, C ﬂf}. O

B.6 Proof of Theorem 2

Theorem 2 (Low-Rank Approximation Lower Bounds, Equivariant Case). There exist universal constants
¢, c’, C and C’ such that if either of the following sets of assumptions hold.:

(i) High-accuracy regime: r < d -3, € < o, and
H<C- 2d—(r+1)10g2(2d/r) ) (5)
(ii) High-dimensional regime: d > 5, € > #;lr and
C’'|e
1({1 d
H<=-[—- 6
_2(26 r+C’/e) ©
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Then, for any choice of H rank-r generalized attention heads ¢y, : R™* — A, V}, € R¥4 K € R¥ the
error of approximating the nearest neighbor function is bounded as follows

2

H
E F(Xy) = ) ViXgn (K X y)| 2 €, ()
@), @y~ D, (S97) h=1 2
y~Unif (S9-1)

where f is defined as in Equation (3).

Proof. We lower bound the error by projecting it onto the unit vector (x; — 22)/(V?2). For convenience, we

define a basis
T — I T+

v YT
The joint distribution of  and w is the same as that of | and x;. They are each uniformly distributed on the
sphere, and they are always orthogonal. The projection of the target function onto x yields the surrogate
target function of Definition 14:

(125)

<wl = S (X y)> = sign (@1 - 22.9) = = f(2.y) (120

V2 V2 V2

Let the attention weights produced by a softmax head be #; and #, = 1 — #1. Then the output of the head before
multiplication with V' is

h— 1t
te1+ (1 -ty = T+ —w (127)
V2 V2
Letting §(K Tx, y) = (11 — 12)/V?2, the inner product of the head with x is
' Vx - ¢(K'z,y)+x Vw (128)

Notice that, since the conditional distribution of w given x is symmetric, the correlation of the second term
above with the surrogate target is zero:

E [f(ac,y) -mTVw] =0 (129)
@1, @~ Dr (S971)

Thus, we have the following lower bound:

2

H
E F(X5y) - ) ViXon (K (1 - ), 9) (130)
@y, @y~ Dy (S97) h=1
y~Unif (S9°1)
H 2
> z, f(X;y)- ) ViXeu (K] (21 - 32),y) (131)
@12~ Dy (S971) h=1
y~Unif (S9-1)
| H H 2
= E_ s|f@y - e Vie g zy) - ) @ Viw (132)
@, w~Dy (1) h=1 =1
y~Unif (S9-1)
H 2
> f@y-)le pn (K,
> z,y) - > & Viz - gn(K 2, y)) (133)
x,y~Unif (S4-1) 2 =
H 2
==|f- 134
S| ;gh _ (134)
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where g,(z) = 2" Vix - ¢, (K] @, y). Construct the space A, C F¢ according to Lemma 19, and let
{r; l}dlm A be an orthonormal basis of A,. Then each element in the following set is orthogonal to each

gh(z) s
Tiey) |77
(f f)— (135)

”T(Y5®Y5)Hf

Furthermore, by Lemma 13, this set is orthonormal. Thus

H
Hf— > en

2 dim(Ay)

2
T(YZ®Y’)
2, 2 < Z g ||T<Y1®Yl>||7> (130

v

h=1 |l €odd i=1
dim(Ae) N T(Y!®Y! 2
= , # (137)
€odd =l 7Y, @ Yp)llz
2
= Z dim(A,) —— (138)
£ 0dd N(d £)
where the final step follows from Lemma 16. By the construction of A, (Lemma 19),
dim(Ay) > N(d,€) - H-M(r, ) (139)
and thus r.0)
M(r
ZZ(I—H- i )n? (140)
£ odd N(d.0)
Appealing either to Lemma 24 or to Lemma 25 finishes the proof. O
B.7 Asymptotics
Lemma 20. Let m > € and £ odd. Then
Ha\ 2 £-1)/2
/ (E) (1=2)"dr = (=1)*+(=D/ (f_)(f—l)!. (141)
0 2
Proof. We have
1 ¢ -1
d d
—| A -tHmdt=-|— 1-H)™ 142
/O(dt)< ) (dt) a-orl (142)
d -1 m
=—[= 1)k 143
&) 2l 143
k=0
- (_1)“("—1)/2(5’" )(f— . (144)
2
O
Lemma 21. Define i, as in Definition 9. For odd ¢, 772 ~ ‘,53(;1—“1)‘
Proof. From the definition, we have
VN, DAg—r [
N = 2% / Pra(t)(1 -2 @=)2q; (145)
d-1 0
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From the Rodrigues formula for P; 4 [FE12, Proposition 4.19], we have

2\/N(d, DAg_> (=1)¢ /1 (i)l (1= )32
0 dt

Ag- 211+ (d -3)/2)

Ni,d =

Now, using Lemma 20, we obtain

ZVN(d’ DAa-2 (-1 (_1)1+(1—1)/2(l +(d-3)/2
Aar 211+ (d=3)/2) £

M,d =
2

and thus, using A =2 ~ C’Vd, we have

l1.al ~ CVd N@iDIJU_IM«d_3N®!(+(d—3Nﬂ‘

T+@d-320 | 15
l+(d 3)/2)
Vi ] (73)
_ Y N@ 2!
! (5)r(22):

Using Stirling’s approximation, we obtain

N(d, 1) ~

I+d (1+d\"? (I +d)U+d-3
l ld JU-1) g(d-2)
~ (l +d)l+d—3/2l—l—1/2d—d+3/2

as well as

(431

2 ld 1)2 a-3)2 (—d—142) /21
(l—_l),(d+1—2), - l(d+l)l d d+D z
2 )'\T2 )
N (=d=1+1)/27(1+1)/2 3(d=2) /21
(I+d) l d 2",
leading to
Il ~ (1 + d)(—d—l+1+l+d)/2—3/4l—1—1/2—1/4+l/2+1/2d1/2—d/2+3/4+d/2—1
N (l+d)_1/4l‘3/4d1/4 7

as claimed.

)(l -,

(146)

(147)

(148)

(149)

(150)

(151)

(152)

(153)

(154)

(155)
(156)

O

Lemma 21 shows that 17% decays slowly with ¢. Using [-+%— Tad € 7 2 1/£€? and including by a fudge factor ¢

that is slightly smaller than 1, we get a form that is better suited to the proof of our lower bounds:

Corollary 22. There exists a universal constant ¢”’ such that n? > ¢ [€? for all sufficiently large d and €

(say, forall d,€ > 4).

Lemma 23 (Decay of ay). For € odd, we have ap = ‘—ini/\/N(d, 0).

35



Proof. We start from arcsin = 7/2 — arccos and the kernel representation [Bac17a, Section 3.1]
1
2—(7r —arccos(x - y)) = Egega-1 [1[x -6 > 0]1[y -6 > 0]] . (157)
g
Now, from the Hecke-Funk formula, we have, up to zeroth-harmonic terms, the following correspondence

between the Gegenbauer expansion of arcsin and that of of sign, given precisely by 77,. Fix any « € S9!
Then

Pe(1){arcsin, Pg) = / arcsin(x - y)Pe(x - y)7(dy)
= %/ / sign(x - 0) sign(y - 0)Pe(x - y)1(dy)7(d)
= %(sign, P[)/ sign(x - @) Pe(x - 6)7(dO)

= %Pg(l)(sign, Pe)? . (158)

Since (arcsin, P¢) = a¢||P¢|| and (sign, P¢) = n¢||Pell, so e = In2||Pell = 02 /N (d. 0).
O

Lemma 24. There are universal constants ¢ and C such that the following hold: Assumer < d -3, € < 47,
and H < C - 24=(r+D)log,2d[r) - Tpep

D (1 _H. %((;’2) > e (159)
£ odd ’
Proof.
N(d, ) = W(tj;‘jl?’) (160)
Applying Stirling’s approximation,
N(d,0) 2 €+i_3 (¢ Egl;—fczo;?;fidz_;;ls—l.s (et
_3\f+d-15
N (162
Meanwhile, Lemma 17 and Stirling’s approximation give
o< ("7 s AL e (163)
By assumption, r < d — 3, so
r+£+0.5 d-15
%((;: 2 & (f . ;f 3) rr+0-5(é ¥ iz)— 3)dr-2 (164)
(d —2)d-15 (165)

= 05 (04 d - 3)d-r-2
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The above expression is decreasing in €. Thus for all £ > ud + 1,

_9yd-15

MO =2 (166)

N(d,t) = rr+03((1 + u)(d - 2))4-r

d r+0.5 1
<= —_— 167
(r) (1+p)d-r=2 {en
— (1 +’u)—d+r+2+(r+0.5) 10g1+;4(d/r) (168)
By assumption, ¢/€ > d + 1, so the above holds with u = 1 forall £ > c/e:

M1, 0) o —dr(re1)log, (2d/r) (169)

N(d,0) ™

Also by assumption, H < C-24-(r+1)1og:(2d/7) " Getting C appropriately, (1 -H- %&2) > % forall¢ > c/e
Finally, applying Corollary 22,

Z(I—H-M(r’f))ﬂgz Z %C_N (170)

2
¢ odd N(d’ 5) t>cle ¢
£ odd
c” 1
ZZ'ZZE (171)
t>cle
¢’ €
> .= 172
4 ¢ (172)
Setting ¢ = ¢”’ /4 completes the proof. O
Lemma 25. There is a universal constant ¢ such that the following holds. If d > 5,
2¢ d
< — -7, 173
e 22 (173)
and 4
1({1 d \e€
H<-|—- 174
-2 (2e r+ %) ’ 174
then r.0)
M(r
1-H- ’ )ﬁZe (175)
t’odd( N(d,0)
(176)
Proof. Recall the formula for N(d, ) from Equation (23). Lower bounding, for £ > 1 and d > 5,
20+d-2(¢+d-3
Nd,{) = ——— 177
22 (rri=) am
-1 ¢
{+d-3(¢t+d-3 {+d-3
> > | — 1
- 4 ( -1 ) - ( { ) (178)
¢
d+¢
> (=== 179
( 7 ) (179)
(180)
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Meanwhile, Lemma 17 gives

¢
¢ t
Mo < ") < (4220 (181)
¢ t
Thus . .
M(}",[) r+¢ r+¢

< |2e- < |2e- 182
N(d,é’)_(ed+€)_(e d) (182)
The above is a decreasing function of ¢ for all £ < -5 2 —r. Assume that =< < i — r. Then the following

holds for all ¢ € [£, %]

M(r,0) r+<ye
< |2e- 183
N(d, {) ( T4 (183)
Assume H < } (& - 74 ). Then forall ¢ € [£, ]:
M(r )
"N 2 (184)
Finally, applying Corollary 22,
( H. M(r, 5)) 5 1 c” S XL e (185)
- - —>— — 22— =
Pt N(d,?) 2.4t 4 €:L/E€ 4 2c
Setting ¢ = ¢’ /8 completes the proof. O

B.8 Kernel Ridge Regression and Random Feature Approximation

In this section, we analyze a simple approximation of the nearest neighbor function by standard rank-1
attention heads. We show that O (e *d%/ €) heads suffice to achieve a squared approximation error of €, nearly
matching the lower bound of Theorem 2. First, we reduce this problem to approximating the surrogate target
function f by rank-1 hardmax heads. Then we approximate f in the RKHS generated by rank-1 hardmax
attention heads (that is, generated by the feature map 7°). Finally, we appeal to standard arguments to conclude
that we can approximate f by a finite linear combination of random rank-1 hardmax heads.

Recall that a standard rank-1 attention layer has the form ., ojv, T X'sm (X Tkhqh y) for q1,, kj, vy, 0y €
R<. For simplicity, in this section we use rank-1 heads without a value/output transform, that is
YhapXsm (X Tkhq;y) for @ € R. Any such head can be constructed out of d standard rank-1 heads by
setting vy, = e;, v, = ae; fori € [d], so this simplification does not meaningfully change our result.

Lemma 26. For any u € L' (Q), there exists a rank-1 attention layer that approximates the nearest neighbor
function f up to expected squared error %ll f- Tu||2f, where T is defined as in Definition 10 and f is the
surrogate target function of Definition 14.

Proof. As in the proof of Theorem 2, define

T — T2 T+

x = , w = . (186)
V2 V2
We can rewrite the target function in terms of the surrogate target function as follows:
T - w
[l zny) = —=fzy)+—. (187)
V2 V2
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Likewise, we can write a rank-1 hardmax attention head as

T w
Xhm(Xkq'y) = —p(x,y:q. k) + — ,
( =5 5
where p(x,y; q, k) := sgn(x"kq"y) is defined as in Equation (32). An “averaging head” is an attention
head that always returns the average of the target points, regardless of the source point. It can be implemented
by a rank-1 softmax head by setting g = k = 0:

T+ w

2 N

We construct our approximation to f by taking a linear combination of hardmax heads with coefficients given
by u plus a single averaging head with coefficient 1 — fg u(q,k)dt(q, k):

X sm(X'0y) =

T2

(X, ) HLu(q,k)Xhm(XquTy) df(q,k)+(1—/Szu(q,k)df(q,kz))% (188)

To analyze its error, we use the Pythagorean theorem. Due to the averaging head, the projection of the error
onto w is zero. What remains is the projection of the error onto x:

2
E ‘f(X;y)— [ / u(g.k) X hm (X Tkqy) df(q,k>+(1— / u(q,kmf(q,k)) 3]
z1, 2~ Dy (S971) Q Q \/§
y~Unif (S9-1)
(189)
1 S 2
= E —(cETf(X;y)—/u(q,k') z' X hm (X "kq'y) d‘z"(q,k)) = = ||f = Tull; (190)
x,y~Unif (S4-1) 2 Q 2
1. ) S )
- B Hi@wy- / p(x.y: q. k(g k)de(g.k)| = |F - Tul} . (191)
,y~Unif (S9-1) 2 Q 2
O

By the above lemma, our task is to find a finitely supported signed measure u for which f ~ 7u. We next
show that it is possible to exactly represent f using a measure that is not finitely supported.

Lemma 27. The surrogate target function f lies in the span of {T(Y; ®Y é)} Furthermore, f = Tu where
u: Q — R is defined as follows:

u(w) = g > NN, 0)-Pr(qTE) . (192)
{odad ¥

Proof. For each odd ¢, let {Y, ;}Zid’[) be an orthonormal basis for ¥,. Applying Lemma 16, the norm of the
projection of f onto the span of {T(Y; ®Y {i)} is

N(de) ;T eY) Z—N(zd’]{) T (193)
T el & Nd.O

i=1 =

Summing across all (odd) degrees, the energy equals that of f itself.

D M = llsign |2 =1= 712, (194)
£=0
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Thus, the projection of f onto this basis equals f. In addition, this implies that f is in the range of 7

-y NGO <f T (Y ®Y)) > T (Y ®Y)) (195)
oy S 1T Y)ll | 1T, ®Y)l-
N(d,t) ne . '
= T (Y @Y} (196)
fodd =1 YN(d, 5) _aé’\/N(d )
i N(d,t)
=‘T(§ Ui (Y’ ®Y)) ) (197)
fodd 0 i
=T (u), (198)
where, by the addition formula,
u(@) =7 " N0 Pe(qTh). (199)
ar
£ odd
O

Thus, it is possible to exactly represent the surrogate target with an infinite number of rank-1 heads, each
weighted according to u(-)d7(-). See Figure 5 for an illustration of this function. We can think of u(-)d7(-)
as a signed measure over rank-1 heads that depends only on /(q, k). Notice that the hardmax head function
p is odd in each of its arguments q and k. Since u(-) is also an odd function, we get the same results by
restricting this measure to [—7, 5]. Figure 5 shows that for large d, the (restricted) measure u(-) approaches
a Gaussian distribution centered at angle 0.

We have now shown how to represent f using 7. This representation gives us a great deal of insight into
the structure of f for the following reason. Implicit in the discussion above is the reproducing kernel Hilbert
structure induced by the map 7, as the following lemma shows:

Lemma 28. Let H C L?(X) be the image of T. Then H is a reproducing kernel Hilbert space with norm:

1 flle = inf{|lullz :u € G, f=Tu} (200)

and kernel:
(z,2)) E. [p(z, w)p(Z', w)] . (201)

The proof is given in [Bac17a], Appendix A. Also note that kernel of this RKHS directly corresponds to
the operator 77 * by the following formula:

TN = [ E bEnE o)l () . 02)

If our target function f were an element of this Hilbert space, we would immediately be able to approximate
it using random features. Unfortunately, f ¢ H because

2
1l = Nl = . (Z—j) N(d. ) = o (203)

¢ odd

However, we can approximate f by an element of H obtained from solving a ridge regression problem. For
any A > 0, let f; be the solution to the following optimization problem:

min || f = £IIZ + Al F1I5, - (204)
feH
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<108 Dimension = 4
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Figure 5: Approximation to u(-) of Equation (192) for several dimensions, using degree-50 ultraspherical
expansion. Heads with Z(q, k) = 6 are equivalent to those with angles 6 + & up to a sign flip. For large
dimension, the distribution over Z(q, k) induced by u approaches a Gaussian with mean 0.
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By tuning A, we can find an function that accurately approximates f and that is smooth enough to be
approximated using random features. The following lemma constructs this f;. Though we obtained this
construction by solving Equation (204), for brevity we do not prove that it is the solution since it is not
necessary for our construction.

Lemma 29. For any regularization parameter A > 0, there exists a function fy € H for which

2
o 5 AN(d, )
] _ ' 205
Ilf = fallz < [;d"" ((%a{)2+/lN(d, 5)) .

Proof. Define

fi:=Tga (206)
N(d,0)
1=, ), v (iex) (207)
€odd i=1
2
Zacene
ye = . (208)

(2a¢)2+AN(d, ()
Then by Lemma 28

1Al < el = > N(d, 0)y; (209)
£ odd
2a€ 2
< ZN(d Ovi+ Y. N, O ™D (210)
€>f,1
< ZN(d, 02 +% 211)
=1
<oo. (212)

Thus f € H. Furthermore, by the representation f = 7 u of Lemma 27

N(d,0) 2
~ ~ T . .
IF - Al =17 @-g)IE=|> > (—”—f—w) T (Vi © Y)) (213)
Codd i=1 :
By Lemma 13, this is equal to
N(d,0) an ,
‘ i i
=> > (———)/g) Al v} e )| (214)
¢odd i=1
2 2
e 4
= Y N0z -y, = 215
f%]d ( >( 7)7r2N(d,€) (215)
= ( ne - —am) @16)
£ odd
2
AN(d, ¢
:an(z 2( ) ) (217)
¢ odd (;a'f) +/1N(d,€)
O
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We now derive an informal expression for the kernel ridge regression approximation using a tuned
regularization and describe its implications for random feature approximation in the high-dimensional regime.
From Lemma 21 and Lemma 23, we have r]? < ¢73/% and a/g ~ n‘}/N(d, ¢). By Lemma 29, for the kernel
ridge regression approximation f; to attain squared error €, we should set A so that AN (d, £*) = ag*, where
£* ~ 1/€2. This roughly ensures that only degrees £ > ¢* are kept, while £ < ¢* are shrunk, and hence

o 1 B
IF=Alls Ymesg 3, P ~e. 218)
g%g; €2
O

We thus obtain A ~ a2, /N(d, {*) ~ ®N(d, e7%)72.

Now that we have a sufficiently accurate kernel ridge regression approximation f; € H, we can
approximate it using random features. The key quantity controlling the number of random features needed
is the degrees of freedom of the kernel integral operator, defined as D(Q) :=tr [7'7'* (TT*+aI )‘1]. The

eigenvalues of 7 7 * are the same as those of 7*7". By Lemma 12, these are {%L | €, > O},
7° \IN(d,6)N(d,l")
with the (£, £’)-th eigenvalue having multiplicity N(d, €)N(d,¢’). Hence
Qp Qpr Qe Qpr
, VN (d,¢)N (d, ¢’ .« VN(dON (L
D) = ) N(dON(. ) - — g < SN ON(.0) - 2200 1)
(84 \N(d,6)N(d,t") * o
By Lemma 23 qedr ~ Ui SO
y > UN@ON@e) | N@ON@)
— — — ~ —’ RN €
D) ~ ~ ; nine = Zg: | o= e S 5 (ede?) (220)

In the high-dimensional regime (where € is fixed and d goes to infinity), D(1) = © (dQ/ 62).
By standard arguments about random feature expansions [Bac17b], if the number of random features H is
of the order H > D(2)log(D(4)) = e) (dz/ € 2), then with high probability the random features achieve the

same approximation accuracy e as the associated kernel ridge regression solution f3. It is likely that a better
rate can be obtained by drawing the random features from a problem-specific distribution instead of uniformly
at random. Observe that the condition required by our lower bound in the rank-1 case has the same form,

though a somewhat weaker dependence on d. Itis H < %N (d, Le) or H=0 (d i) for sufficiently large d.3

C Proofs from Section 5

C.1 Proof of Fact 3

The proof is similar to the proof of Fact 1. The only difference is that here we consider the set As :=
{(x1,...,xn,y) € (STHN*L Vi £ j, |(x; - xj)'y+b;—bj| >6}.

3To see this from Equation (140), recall that M (1, £) = 1, follow the final steps of Lemma 24, and use the fact that we can replace
¢”" by 1 for large d.
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C.2 Proof of Theorem 4

In the following proofs when taking norms or inner products over functions, we always consider the expectation
over N (0, 1), i.e. the distribution of y. When we consider the distribution over x| and &, we explicitly take

expectation. To normalize the expectation over y we introduce the constant c4 := (\/%
T

We will first construct a periodic functions using a linear combination of thresholds. Let a € N, and
denote H,(x) = 1(x + a > 0). We define the following function:

: (221)

N | =

2a
Va(x) = Ha(x) + > Haon(x) - (<1)" -
n=1

This function have the following properties:

Lemma 30. The function yr,(x) defined in Equation (221) satisfies that:
(i) It is a periodic function in the interval [—a, a], and odd if a is an odd number.
(ii) For every w with ||w|| > d, if a > ||w|| then ||wa(<'w, -))2”2 > %

Proof. Letxg € [—a,a —2]. Thereisng € {1,...,2a} such that [xg], [xo + 2] € [a — ng,a — ny +2]. For
every n < ng or n > ng + 2 we have that H,_,,(xo) = H,—,(xo + 2), since the bump in the threshold is either
left of xq or right of xo+2. We also have that H,_,, (x0) + Hy—ny+1(xX0) = Ha—ny (X0+2) + Hg—pny+1(x0+2) = 0.
Hence ¥, (xg) = ¥4 (xo + 2), which means it is a periodic function with a period of 2.

If a is an odd number, then for every xo € [—1,0] we have ¥, (xo) = —% and for every xo € [0, 1] we
have ¥, (xg) = % Since it is periodic with a period of 2, it is odd in the interval [—a, a].

For the second item, since  has a spherically symmetric distribution, we can assume w.l.o.g that
w = ||w]| e;. We now have that:

_l=l
Walw NP =ca [ Waw.)Pe % do (22)
mio x% 00 X% 00 xé
—ca [ WallwlmPe Fan- [ e Fan [ e o)
- / " WP TR d (224)
Juoll V27 oo
V2jw]

1 / 5
> — lWa(2)|°d (225)
lwl]| eV2r J-V2|w]| Valolhdz

__2
where we used thatif z < V2 ||w]|| thene 2w’ < ¢~!. Sincea > ||w]|, thenin the interval [—\/§||w|| V2 [Jwl|

there are at least | ||w]|] intervals of the form [n,n + 2] forn € {—a, ...,a — 2} where fnn+2 lWa(z)|?> > %. In

total, we can bound the norm by:
1 1

o ((w, NII* > > — (226)
¢ 4eN2m 40
O
We now show that the correlation of this function with any other function that depends only on wy, ..., w,

is small:
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Theorem 31. Let g(wy,...,w,,y) be some function that depends on the first r coordinates of w with
sup,, |g(x)| < 1, and take a = 2d* + 1. Then, we have that:

< exp(—c(d-r)) (227)

E [ E o [Wa((w.g) - g0vn.. . wr )]

w~U(dS-1) [y~N(0,T)
for some universal constant ¢ > Q.

Proof. For a vector v denote by @ its last d — r coordinates. Using the law of total expectation, we can rewrite
the expectation in the following way:

E [ E
w~U(dS91) |y~N(0,I)

o (Cw, y)) - g(wi, .. .,wr,y)l]]

P
= E |E E |E|Wa (Zwl-yﬁ(u‘),ﬂ))-g(wl,...,wr,y) |y17--wyr] |W1’~--’Wr”
Wisenny we | W yi,..., Yr|Y i=1
= E E EE||Ya (sz'yi+<’li’,’!7>)'g(W1,...,Wr,y) |Y1,-.-,)’r,w1,---,Wr‘ - (228)
Wlyeuns Wi V]seens Yrwy i=1

Namely, we consider the expectation conditioned on drawing the first  coordinates of both w and y. Note
that we could change the order of expectations since all the expectations are bounded and finite.

Let ¢ be a continuation of ¢, from [—a, a] to R such that it is periodic. Fix wi,...,w,,y1,...,y, and
denote by s := 37_, w;y; and ||| = 2p. Using Claim 32 we have that:

(K8 ()& (s + (. M| < e1- (GXP(—Cz(d— r) +Zexp<—np2)) . (229

E
w~U(2pS4-7-1) n=1

Note that in the above equation, g is independent of w (although it does depend on wy, ..., w;), and also
that ||g|| < 1 since sup,, |g(x)| < 1 (recall that the norm is w.r.t a Gaussian measure).
We now have that:

[I{g (), ¥a(s + (w, )]

W~U(2pS4-T-1)

< e O+ @]+

T @~ U(2pSET-

E [[{g()sWals + (@, ")) =@ (s +(w,)))|] (230)
~U(2pSd-r-1)

The first term in Equation (230) can be bounded by ¢ - (exp(—ca(d — 1)) + Yo | exp(—npz)) by Equation (229).
For the second term, by Cauchy-Schwartz we have that:

E [[{g()s¥a(s + (@,-)) = (s + (w, )] (231)
<llgll- E [lwa(s + (,-)) =& (s + (w, )] (232)
<E[Pr(|s + (w,§) | > a)] (233)

where we used that ||g|| < 1 and it is independent of w, and that ¢, (z) = ¥(z) for every |z| < a. We have
that s + (0, §) = (w, y), and (w, y) ~ N (0, d?) for every w of norm d. In particular, for a > 2d? there is
some constant c3 such that Pr(|s + (w0, §) | > a) < exp(—c3d). Combining the above we have that:

. E [1<g ("), ¥a (s +{w, )] < c1 - [exp(—ca(d — 1)) +Zexp(—np2) +exp(—c3d) . (234)
w~U((2pS49-"-1) n=1
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We now go back to Equation (228) and consider the conditional probability over yi,...,y, and wy, ..., w,.
Note that when taking expectation over yy,...,y, we either have that | (w, y)| < a which happens w.p
> 1 —exp(—c3d) or | (w, y) | > a in which case, since , |g(z)|, [¥«(z)| < 1 for every z € R also their product
is bounded by 1.

Finally, we consider the expectation over wy,...,w,. We need to show that with high probability,
o= % - ||w]| is large. Instead, we will consider the probability over w1, . .., wq (note that since ||w|| = d, if
we lower bound [|@|| it will also upper bound />}_, wf). Since w is sampled uniformly from U (dS4~ '), we

can instead consider sampling z; from N (0, 1) and setting (w); = d - ”Z7’” By standard concentration bound
on the norm of Gaussian random variables (see Section 3.1 in [Ver18]) there is some constant ¢4 such that
Pr(||@|* ¢ [0.9(d - r), 1.1(d = r)]) < exp(=ca(d —r)). Also, X2 ., z> has a x? distribution with d — r

degrees of freedom. From Lemma 1 in [LM0O] we have that Pr (Z?:;q.] w? > % -(d - r)) < exp(—c5(d—r))

for some constant cs. Together, there is some constant ¢ such that Pr(]|w||* > %(d —r)) <exp(—ce(d—r)).
Note that if p > ¢’Vd —r then 3.7, exp(—np?) < exp(—c’(d — r)). Combining all the above and
changing the constant terms appropriately, there is some universal constant ¢ > 0 such that:

E E [lWa(w,y)) -g(wl,..-,wr,y)l]] < exp(—c(d —r)) (235)
w~U(dS91) |y~N(0.I)

O

Claim 32. Forany f € L>(N(0, 1)), odd periodic function y : R — R and s € R, ifd > ¢’ we have that:

w~UQ2aSa-1)

(KA (s + (w, DT < e[l fIl- (GXP(—Czd) + ZeXP(—nwz)) , (236)

n=1
here ¢’, c1,co > 0 are some universal constants.

Proof. The proof is similar to the proof of Claim 1 from [YS19] (which is directly derived from Lemma 5 in
[Shal8]), except for two changes:

(i) Here we have an absolute value over the inner product, instead of a square as in Claim 1.
(i) We consider a translation of ¢, namely our periodic function is (s + -) for a fixed s.

For the first item, this is a direct application of Jensen’s lemma:

E [x/l(f(-),$(S+<w,->>|2]S\/ E (KOs + @, NP, @37

w~URaS9-1) ~UQaS4-1)

where now we can apply Claim 1 from [YS19]. For the second item, note that (s + -) is also a periodic
function, and Lemma 5 from [Shal8] applies to it in the same way as it does on i (+).
O

Theorem 33. There exists a bias term b* € R such that for any choice of rank-r heads g1, . . ., gg each of the
form gn(x1, 2, y) = VaXbp (KpX,y) and any Vi, ..., Vg € R¥4 if H - maxy, ||V, < W then:

2

1
> —, (238)

H
1({(x1 — 2, y) +b* > 0)x; —Zthh(wl,wz,y) 20

i=h

E
x1,2o~Unif (d2S94-1),y~N(0,I)

where cy, cy are some universal constants.
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Proof. Pick a = 2d” + 1, and recall the definition of ¢, from Equation (221). In the proof, unless stated
otherwise, the expectation is over &1, 2 ~ Unif(dS¢~!) and y ~ N(0, I). In the last part of the proof we will

multiply the norm of x; and x; by d. Assume towards contradiction that for every b; € {—a,-a+1,...,a}
we can find Vj ... Vj and rank-r heads gl, g 7 such that:
H 2
E 1D Vigh @i aa,y) ~ 1@ — @2, y) +b; > Oz | <€, (239)
1,22,y =l
and in addition there are V**!, ..., V*! and rank-r heads g¢*!, ..., g%+ with:
H | 2
D Vierlgnt @y, @, y) + 5wl | <e, (240)
z1,22.y || £ 2
where € will be chosen later on. Define a; = (- 1)/, then we have that:
atl H 2
V.I J , , _ _ ,
SE L2 X Vi@ @) - et -
| [lj==a h=1
a+l i a 1 2
= , X2, Y) — il -T2, Y)+b; >0)x; + =
2. 4 Z Z gy (@1, 22, y) Z aj1({@1 - @2, y) +b; > O)z1 + 521
| 11/= a h=1 j=—a
a H 2]\
<| > E ||D Vi@ @ y) 1@ — 2,y + by > O | || +
— T1,T2,Y —
j=—a h=1
H | 21\?
D Vgt (@, @, y) + 5 -
Z1,22,Y e 2
<€?- (2a+1)* < 5€6%a°. (241)
On the other hand, we have that :
atl H 2
7 o
JE > Vigh @@, y) - va (@) -z, y))m)

j=—a h=1

> E [zl Wa((x) - z2. )]
1,T2,Y

m1 mzy

a+1
< >, Z Vg (@1, @2, y), Wa ({1 - mz,y»wl”

j=—a h=1
a+l H

2 E Wal@-ay)Pl-2 3, 37 E[[(Vieh@ieny)va@ -2y @)
je—a h=17"">

1,TL2,Y

We will now bound each term of the form Eg, , 4 H<thg£(:c1, 2, Y), Va({x] — 2, y))a:1>”. Each rank-r
head can be written as (omitting the 4 and j indices for brevity):

g(a:l’wz’ y) = VX¢(KX’ y)) (243)
_ g1(KX,y)
-vX (gzufx, y)) (24
=V(z181(KX,y) +x282(KX,y)) (245)
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where K, Q € R4 and g1, g» are some function with output bounded by 1. We can bound:

E [KVeg(x1,x2y), ¥a({x1 — 22, 9))21)]] (246)
Z1,T2,Y
= E } [KV(z181(K X, y) + 2282 (K X, y)), Yo ({T1 — T2, y))T1)|] (247)
1,L2,
<[Vl dzgc E ’ g1 (KX, y)¥a((x1 — 2, y))| + [82(K X, y)a ({1 — T2, Y))I] (248)
1,22,
<d max|v]| ( E (g BEX ya(@ -2 )ll+ E (lea(KX,y)al(@i - 22.))]
h,j T|,T2,Y |,y

(249)
Since x; and x; have a symmetric distribution and K has rank-r, we can assume w.l.0.g that the image of K
lies in span{ey,..., e, }. Denote w := x| — &, and note that g; and g, can now be written as a function
of wi,...,w,,y. Also, by the assumption on the distribution we have ; L x;, hence w ~ ‘L((\/Ede‘l).

Hence, we can use Theorem 31 to get a constant ¢; > 0 such that:

E lg1(wis .. oswry) - a({w, y))I] < exp(—ci(d —r)) . (250)
w~Unif (V2dS9-1),y~N(0,1)

Note that this is true for gi, g» and any rank-r head. Hence, applying this and Lemma 30 (2) to
Equation (242) we have:

a+l 2

d2
S S Vel @)~ val @~ |2 - 6H max |[V;/|| a* exp(=ci(d =) .
x, :132 y j——a =1 40
(251)
Combining this with Equation (241) we have:
d2
— —6H max HV’H d* exp(—ci(d —r)) < 5€*d* . (252)

40

Combining all the above results, we get that there exists a bias term b*, such that for all choice of heads

g and matrices Vj,, if H - maxy, ||V < % . (4% - 562d2), then:

2

ZWgh<m1,m2,y>—n<<m1 @2.y) +b° > O)zi|| | > €. (253)

wley h=1

To finish the proof we need to make sure that 41—0 —5€2d? > 0, to achieve this we will scale the problem by a
factor of d. We multiply the above displayed equation by d, and set € = ﬁ to get that there is a constant

¢ > 0 such that if H - maxy, ||Vy|| < M then:

2

1
24
>20 254)

Zthgh(fm,mz,y) d-1({(x; —x2,y) +b" > 0)x;
h=1

x, :132

Finally, we replace the distribution of &1, 2 by Unif(d?>S“~!), namely, we multiply the norm by d. We also

multiply b* by d, hence the threshold function remains unchanged. Since the above is true for any function gy,
and matrices V},, we can also scale them by a factor of d to achieve the result.

O
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We are ready to prove the main theorem:

Proof of Theorem 4. By Theorem 33 there is b* such that

H 2
. 1
E ||[l@ —a2,p) +b* > 0@ = ) Vign(@n@2,)|| | > 55, (255)
x1,22,Yy~D =l 20
. b* .
Pick b* = ( 0 ), and write:

[z, @2, y) = argmax(x;, y) + b; = L({x1 — @2, y) + 6" > O)xy + L((@1 — 2, y) + D" < 0)a2 . (256)

Denote fi(x1, T2, y) := L({x) — 2, y) + b* > 0)x; and for(x1, T2, y) := L({x) — 2, y) + b* < 0)x2 and
glxy,xa,y) = Zfih Vign(xy, x2,y). With these notations, we want to lower bound:

E., [Ifi (@1, 22, ) + fo(@1, 22, ) — g(21, 2, ) |17 (257)
> E [;2 [ fi(r, z2,0) + fol®r, 2, 0) — g(x1, T2, -), f1(T1, X2, '))lz} (258)
2 ||| f (21, 22, ) ||
:wl[,sz [m [ fi(xr, 22, 0) — g1, X2, 0), f1(T1, T2, ')>|2] (259)

where the norm is w.r.t the Gaussian measure (i.e. w.r.t ). We will now lower bound the terms inside the
expectation.

Note that if Pry 4, o (L({z1 —x2,y) + b* > 0) = 1) < %, then approximating 1({x; — x2,y) +
b* > 0) with the zero function would achieve an approximation error better than 2—10, in contradiction to
Theorem 33. Hence Prg, 4, (1({x1 —x2,y) +b* > 0) = 1) > 21—0. Also, note that || fi(z1, z2,-)||> =
Ey[{fi(x1, T2, Y), fi(x1, 22, Y))] = Ey [||ac1 1> 1((x) — @2, y) + b* > 0)] is independent of the choice of
x and x, since y has a spherically symmetric distribution, and the norm of @ is constant. Hence:

_ . T, — x.9), 2, ) 260
o o (@) —g@n ). fi(@nez, )] (260)

> E [0, - gl@n, @), filwn 22 )] 61)

1,&

We will bound the inner product inside the expectation. Let A := {(x, T2, y) € RS 1 ((x) — o, y)+
b* > 0) > 0}. Note that:

1
E @i eny) - g@iay)lP - L@, e y) e )] 2 55 (262)
Z,T2,

otherwise, taking g(x1, 2, y) to be the zero function would approximate fi (x|, €2, y) with error less than
%. Hence, we have that:

1
F ok @2 —g(@n @), filzr 2, NP (263)
1

2o B e, ) =~ glen@, ). filmn e D U@ 2,9) € 4)] (264)
1 1

=5 B lIAi@ @) —g@n @)1 L@@ y) € ) el = 55 (265)

O
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D Proofs from Section 6 and an Additional Construction

In Section 6, we present a construction (Theorem 7) that uses concatenated positional encodings to facilitate
the majority voting strategy. This construction has the strange property that it breaks the permutation
invariance of standard attention layers in order to approximate a function that is permutation invariant. It also
increases the dimension of the transformer. This begs the question of whether these properties are necessary
to allow low-rank attention to represent the target. Below, we presenting an alternative construction that
does not have these properties. Instead, it modifies the attention mechanism by concatenating the outputs of
the heads together rather than summing them. It then passes the concatenated outputs to an MLP layer that
computes the mode.

Theorem 34 (Majority Voting Approximation Upper Bound). There exist universal constants cy, ¢, c3,c4 > 0
such that foralld > cy, € € (0, %), and H > ¢ - Z—z, there exist vectors qi, . . . , qu and a 4-layer feedforward

network g : R — R9 of width c3d*H such that

X sm(X "qiq{y)
f(x,x2y)—¢g : < e +exp(—cuyd) . (266)

0, y~Unif (S9-1)
s X sm(X"qnq}y)

2

This construction shows that using a constant-depth MLP to combine the heads can overcome the weakness
of low rank attention. The full proof can be found in Appendix D.2. The idea behind the construction of the
MLP g(-) is to perform an inner product between the outputs of the heads, allowing us to compare which one
of the outputs x; or x; received more votes. The inner products can be approximated by a ReLU network, as
long as the input vectors are not too close to each other, which happens with exponentially large probability.
This is the cause of the extra exponentially small term in the loss.

D.1 Lemmas

To prove Theorems 7 and 34 we will need several lemmas.
The first shows that for a fixed set of inputs, drawing a rank-1 head randomly will have the same output as
the target f with probability slightly larger than % This lemma justifies our majority voting strategy.

Lemma 35. Fix x|, x>,y € S with | (x| — x2,y) | > a for some a > 0. Then for d > c| we have that:

1 a
| Q) (Y. q) = W) 2 S e 267
M(gdq) argmax (z;,q) - (y, q) = arg max (x;, y) 5 te i (267)

for some universal constants cy, cy > 0.

Proof. In the proof, all probabilities are for q ~ U(S?~!), thus we omit this notation. Denote w := x| — x>,
and assume w.l.o.g that (w, y) > 0, the other direction is similar. We can write:

Pr (arg max (i, @) - (. @) = arg max (x;, )
l L

=Pr (sgn({w, y)) = sgn({w, q) - (y.q)))
=Pr((w.q) - (y.q) > 0) .
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Since the above probability is rotation invariant w.r.t ¢, we can assume w.l.o.g that w = e;. Hence we can

write y = (g), where 9 € R?~! and @ = (w, y). Thus, the above probability is equal to:

Pr(q1(dq +4q,y)) > 0) (268)
1 o 1 N _

=5Pr(q1(aq1+(a.9)) > Olg1 > 0) + zPr(th(aql +(q,y)) > 0lq1 < 0) (269)
1 o 1 - _

:EPr(Equ +(q,9) > Olg; > 0) + EPY(am +(q,9) <0|g1 <0) (270)

=Pr (aq: +(q, y) > 0[q1 > 0) (271)

where the last equality is by the symmetry of the distribution of . Note that if (q, ¥) > 0 which happens w.p
%, then the term inside the above probability is positive. Hence, we can write:

Pr(dqy +{(q,y) > Olg1 > 0)

1 1

=5%5 Pr(dqi +(q,9y) > 0lq1 > 0,(q,y) <0)

1,1 Pr(~ > 24 >0) Pr(|<qy>|< |<qy><0) @72)
2=+t < aqir 2 ——=|q1 s et s

2% Vi Vi

We will now lower bound each probability separately. First, note that if we sample u ~ N (0 L1 ) then

”u” has the same distribution as ¢g;. By the concentration of the norm of Gaussian random variables (see
[Ver18] Section 3.1), there is a constant ¢; > 0 such that w.p > 1 — exp(—cd) we have ||u|| € [0.9, 1.1].

There is also a constant ¢, € (O, %) such that Pr (u1 > \%) > ¢5. This bounds the first probability term in
Equation (272). For the second term, note that ||g|| < ||y|| = 1. By the same reasoning as above we can write:

Pr(l @9l < Tl (@, 9) < 0) > Pr(l @9l < ?l (Q.9) < 0) (273)
:Pru~N(0,;1,I) ( HMTZH < %) > (1 —exp(—c1d)) 'Pru2~N(O,$) (|M2| < a;/%g) (274)

The above probability is bounded by er ( where this inequality is since erf(z) > zforz € [O, %] .

) > 4.
In total, we can bound this probability by

a a-09
Pr(l @9 1< —=1(@.9) < 0) 2 (1 —exp(-c1d)) - - (275)
Va Va
We take d > ¢ so that exp(—ci1d) < % Combining the two bounds, and changing the universal constant
finishes the proof. O

The following lemma shows that a random draw of inputs will satisfy a certain condition which allows the
use of the previous lemma.

Lemma 36. Let € > 0, then:
Prml,m2,y~Unif(§d‘1) (l <:131 — I, y> | < 6) < (1 - CXP(—Cld)) ' 26\/3 > (276)

where ¢; > 0 is some universal constant.
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Proof. By the symmetry of the distribution, we can assume w.l.o.g that y = e;. Also, note that for

u,v~N (0, 51), we can view the distribution of (x); and () as ||MTI|| and ﬁ Combining the above,
we get that:
U Vi
Pry, s ytnit(sa-1) (| (@1 — @2, Y) | < €) =Pry, o, _n(o,11) ( Tal " Tl < 6) : (277)

By the concentration of the norm of normal random vectors (see [Verl8] section 3.1) we have w.p
> 1 —exp(—cd) that ||u||, ||v|| < 1.1 for some universal constant ¢; > 0. Also z :=u; —vi ~ N (O, %)
Hence, the above probability can be upper bounded by Pr__ N(0.2) (Jz| < 1.1e) < erf (e\/Z) Note that
erf(x) < 2x for every x > 0, hence the above probability can be bounded by (1 — exp(—c1d)) - 2eVd O

The following lemma shows a construction of the majority function over H input vectors. This construction
uses an approximation of the inner product of two inputs using a ReL.U network.

Lemma 37. Let vy, ... vy € {x4, x_} € RY where (x_, x,) < 0.1. Let v* be the mode of vi, . .. vy. Then
there exists a 4-layer feedforward network g : R4YH*2) — R4 vpith width ¢ - d*H for some universal constant
¢ > 0 and weights bounded by 2 such that

o oy
. T_
|z | |z |

Proof. Let x be the finally d coordinate of v := ['ul e vy T zc+]T € RAH*2) and let £ be the

second to last block of d coordinates of v. Note that either x = x, and £ = x_ or the other way around.
We construct a network that calculates the inner product between x and each v; up to accuracy of 1(+H' By
Lemma 38 there is such a 2-layer network M : R4(H+2) _ R24+! with width cd*>H for some universal
constant ¢ > 0 and weights bounded by 2. We add 2d more neurons which act as two identity matrices to
keep the last 2d coordinates of v. We add an additional output layer to M; which sums all the outputs of the
inner products.

We now construct another network M, : R>¥*! — R¢ which either output z if the sums of the inner
product is larger than 0.2 - H or & otherwise. Note that by our assumption that (x|, ;) < 0.1, M, will output
the mode of the v;’s. This is because M, calculates inner products up to an error of ﬁ, summing over H
such inner products returns the exact sum plus an error which is bounded by %. Composing M and M,
provides an MLP which will output either .. or _ depending on who is the mode.

The total width of the network is c3d”H, since we calculate inner products up to an error of ——, and the

10H°
depth of the network is 4. O

We next show that shallow neural networks can approximately compute the inner product of two vectors.

Lemma 38. Let € > 0. There exists a 2-layer network N : (Sd_l )2 — R with width C—?z and weights bounded
by 2 that calculates {x, x’) up to accuracy €. Here ¢ > 0 is some universal constant.

Proof. By Lemma 6 in [Dan17] there exists a depth 2 network Ngquare : R — R that calculates )‘72 in [-2,2]
with an error of &, width of at most % and weights bounded by 2. For each coordinate i € [d] we compose
the linear function (x); + (x”); with Nyquare to get a depth 2 network that calculates (@)i+(a)o)? up to an error

q g P 2 p
of £. Summing over these networks for every index i and subtracting 1 results in a network that calculates

. . 2
(x, ") with an error of € and width % O
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Finally, the following lemma shows that if we draw random rank-1 attention heads, taking their “majority
vote” will approximate the target function f. The rate of approximation depends on the number of sampled
heads and on the input dimension.

H D . . .
Lemma 39. Let M : (Rd) — R4 be the majority function over H vectors in R%. Namely, given a set of H
vectors, M outputs the vector which appears the most times in the set, and breaks ties randomly. For a vector
qp define g (x1, x2;y) = arg maxg, (X, qn) - (Y, qn). There exist universal constants cy, cy > 0 such that if

H> < 0213, then with probability at least 1 — exp(cad) over samples qi, . . ., gy ~ Unif(S9~"), we have that:

1
€

Hf(w1,ccz;y) -M ({g(a:1,wz;y}hH:1)H2 <e, (279)

@1, x2;y~Unif (S94-1)
Here, f is defined as in Equation (3).

Proof. Fix x1, ),y with | (x] — x,y)| > €. Denote by Ay, the event over sampling ¢ ~ Unif(S9~1)
which output 1 if arg max; (x;, qz) - (¥, qn) = arg max; (x;, y) and 0 otherwise. By Lemma 35 we have that
Pr(Ap=1) > % +cy - \/ig if d > ¢; for some universal constants ¢, co > 0. Note that the events {Ah};lq=1 are

independent when x|, @, y are fixed. Hence, we can use Hoeffding’s inequality:

H
1 1 €
Pry, . .qu ( — Ay — (— +cp- —) > t) < Zexp(—2Ht2) . (280)
aat e g
By setting t = CZT; and H > z—i we get that:
1 & 1
Pr (ﬁ ;Ah < E) < 2exp(—2cad) . (281)
From now on, we condition on the event that qy, . . ., gy are sampled such that % Zthl Ap > %, which

happens w.p > 1 — 2exp(—2cad). Note that if this event happens, then the majority of the functions
gn(x1, T2, y) will output the same vector as f(xy, T2, y).

By Lemma 36 we have that Pr (| () — @2, y) | < €) < (1—exp(—c3d))-2eVd for some universal constant
c3 > 0. Hence, we get that:

E
xp,x,y~Unif (S9-1)

|22 - m ({g(wl,wz,y}{,il)Hz] (282)

=Pr(| (@1 @2, ) | < ) E || 29) M (e mn gl )| @ -z 1< e+ @83)

+Pr([(x1 —x2,y) | > €) - E

H 2
Hf(ml,x%y) -M ({g(wl,wzay}h=1)“ ‘| (1 —x2,9) | 2 6] (284)
<(1-exp(—c3d)) - 2eVd - 1+ 1 -exp(=2c2d) < ¢ - eVd (285)

where we choose d large enough such that 1 — exp(—c3d) > % and exp(—2cad) < % and changed the constant

¢ > 0 accordingly. Replacing € with € = cf/Z finishes the proof.

O
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D.2 Proof of Theorem 34

e d?
p)

Proof. By Lemma 39 there exist qy, . .., qy_> € S¢~! such that if H >

[Hf(am,:cz,y) -M ({g(xl,wz,y}thl)”z <e (286)

x1,x2,y~Unif (S4-1)

where g (1, 2, y) = arg maxy, (;, qn) - (:L',qh> and M is the majority function. We can take H — 2 instead
of H by increasing the constant by a factor of at most 2.

We define M; = a/q,-qiT fori =1,...,H — 2 for some a@ > 0 which will be defined later. We also
pick some go € S¢! and define My_; = aqoq, and My = —aqoq, . Note that if qo ¢ {1, x>, y} and
arg max,, x;Mpy_1y = x| then arg max,, x; Myy = x; and vice versa.

Let g : RH — R4 be the 4-layer network with width c;d?H as defined in Lemma 37 which simulates

X sm(X " My) arg maxg, (z; My)
the majority. Denote by v := : and by vpax = : . We have that:
X sm(X " Myy) arg maxg, (z; Muy)
E [IIf (@1, 22 9) - g ()17
x,2;,y~Unif (S9-1)
< E [I1f (@1, 22 y) = & (Vma) 7] + E [llg (vmax) =g (@] . (287)
x1,2,y~Unif (S4-1) x1,22,y~Unif (S4-1)

We will bound each term separately. For the first term in Equation (287) we can write:

4 [I1f (1, 225 y) — & (Vmax) |I] (288)

T, x7,y~Unif (S4-1)
=E [Ilf (@1, 25 y) — & (Wma)|I” | (T1, 22) < 0.1] - Pr({zy, x2) < 0.1)+ (289)
+E [l (21, 22;9) — g (Vmax) II* | (@1, 22) > 0.1] - Pr({z1, z2) > 0.1) . (290)

By Lemma 39 the first term is bounded by €. For the second term, note that || f (x|, T2;y) — g (Vmax)|I> < 2
since the output of each function is a unit vector. Also, by standard concentration of random vectors on the
unit sphere (see Section 3 in [Ver18]), there is a universal constant ¢3 > 0 such that Pr({x, ;) > 0.1) <
exp(—c3d). Hence, we can bound E [llf(wl,wg; Yy)—g (vmax)||2] < e+2exp(—c3d).

We will bound the second term in Equation (287) uniformly for any @, €, y. Note that g is a ReLU neural
network with 4 layers, width c¢;d”H and weights bounded by 2. Hence, we can bound its Lipschitz constant by
the multiplication of the Frobenius norm of its weights matrices, which is bounded by (4(cld2H ))4). Hence:

g (Wmax) = & @)1 < (4(c1?H))*) - [omax = 0] 291)
< (4(01d2H))4) H- max X sm(X " Myy) - argrr;}el}x(a:iTMhy) 2 (292)

There is ¢ > 0 which depends on € such that for the set:
As ={z1, 2,y € ST : Vg, (x1 —22) qugqy > 6}, (293)

we have that Pr((x1, 22,y) ¢ As) < ——<——=—. Notethat X sm(aX "qnq,y) — argmaxg, (x,qnq;y)
(4(c1d?H))*)2H h a—o0 Pl h
uniformly on A for every g,,. Hence, we can find a > 0 large enough such that:

2
€

<—
P T = @(adlH) ) H

T, Ty, yeSa!

(294)

X sm(X " Myy) — argmax(z; Myy)
;i
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This bounds Ex,,2;,y~Unif(S4-1) [Ilg (Vmax) — & (”)HZ] < e
Combining both bounds from Equation (287) we have:

E [I1f (z1,22;9) — g (V)] < € +exp(—c3d) (295)
x1,x,y~Unif (S4-1)

where we changed the constant c3 accordingly. O

D.3 Proof of Theorem 7

Proof. We first define the construction. Let q, . . ., gg be such that the conclusions of Lemma 39 are satisfied
. . . 1 -1 . .
(e.g. by drawing them uniformly from the unit sphere). Let £ = 0 0 8 . We call the second dimension

of the positional encodings the “scratch space”. We construct the heads of the first layer as follows: For each
h, let

qn 0
MY =al0|[gf 0 0] Vv=|o|[oT 1 0] (296)
0 1

The number of heads in the first layer is H. The weights of the second layer of the transformer are defined as:

0 €;
M ={1|[0T 0 1] VP =pglo|[e] 0 0 (297)
0 0

for the standard basis vectors e;, and 8 > 0 will be defined later. The number of heads in the second layer is
d. Finally, we set the output layer as A = % [Id 0 O].

We will now prove the correctness of the construction. For the following argument, assume that each
head uses hardmax instead of softmax. Note that by a similar argument used in the proof of Theorem 34, this
incurs an extra loss of € for any € > 0 at the cost of increasing «.

When the first layer is applied to the input y, the scratch space of the output of each head is 1 if
x| qnq,y > T, qnq; y and —1 otherwise. Let s, 5z, , 52, be the sum of the scratch spaces of all the H heads
(we will in fact only use s,). Note that s, > 0 if the majority of the heads outputted x| and s, < 0 if the
majority outputted for x;. All other dimensions of the output are 0. Thus, after the skip connection, the
output of the first layer is

Ty T2 Y Ty X Y
7Ol 1 -1 ofll=l1 -1 of. (298)
0 0 O Sz, Sz, Sy

For the second layer of attention, note that each head attends to x; if s, > 0 and to x; otherwise. By summing
d such heads, where each head corresponds to some standard basis vector, the output of the second layer is

ry T2 Y Y x|
TOITM1 -1 o|||=|0]|+8]1 (299)
0 0 0 Sy Sx,

if s, > 0, and the same with x; if s, > 0. Finally, the after the output layer, the output of the entire
transformer is [l;y +xy if 54 > 0, or /l}y + @ otherwise.

By taking first take 5 > %, we get that the output of the transformer is the same as the output of the
majority of the rank-1 attention heads of the first layer of the transformer, up to an extra error of €. By
Lemma 39 and taking the number of heads H to be large enough, we get that the majority of the heads in the
first layer approximates the target up to an error of €. Scaling € appropriately finishes the proof.

O
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