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Abstract

In this work we consider generic Gaussian Multi-index models, in which the labels only depend on the
(Gaussian) d-dimensional inputs through their projection onto a low-dimensional » = O4(1) subspace,
and we study efficient agnostic estimation procedures for this hidden subspace. We introduce the genera-
tive leap exponent k*, a natural extension of the generative exponent from [DPVLB24] to the multi-index
setting. We first show that a sample complexity of n = @(dlv'“*/ %) is necessary in the class of algorithms
captured by the Low-Degree-Polynomial framework. We then establish that this sample complexity is also
sufficient, by giving an agnostic sequential estimation procedure (that is, requiring no prior knowledge of
the multi-index model) based on a spectral U-statistic over appropriate Hermite tensors. We further com-
pute the generative leap exponent for several examples including piecewise linear functions (deep ReLU
networks with bias), and general deep neural networks (with r-dimensional first hidden layer).
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1 Introduction

We consider learning Gaussian multi-index models:

Definition 1. We say that (X,Y") follows a Gaussian multi-index model with index r if X ~ N(0,1;) :=
4 and there exists a subspace U* € G(r,d) such that the conditional law P[Y'|X]| only depends on the
orthogonal projection Py« X.

A Gaussian multi-index model can be thus specified by choosing a basis W* of U™ (ie, an element of
the Stiefel manifold S(r, d)), and the law P of (Z,Y) € P(R" x R) !, where Z = (W*) T X. The subspace
U™ is referred as the index space.

Given a joint distribution P of (Z,Y"), a natural statistical task associated with such a model is to plant
a subspace W*, uniformly drawn from the Haar measure of S(r, d), and draw n iid samples from the multi-
index distribution Py« p parametrized by W* and P. Our task will be then to recover U* = span[IV*]
given these samples. We note that this task is only well-posed when the ‘intrinsic’ dimension of the model
is r, namely that P does not admit a factorization P = v, ® Pg, where Pg(zg, y) is the marginal of P over
a subspace of R” x R of dimension < r + 1 that includes the last coordinate. We will assume this property
from now on.

We place ourselves in the setting where r = O,4(1), and consider the high-dimensional regime. Since
the dimensionality of S(r,d) is of order rd, one expects that a brute-force estimation procedure that fits
Pp,w, over a suitable e-net of {W;}; C S(r,d) requires O(de~?) samples to estimate the index space up
to accuracy €. Our main motivation is to understand this question from the lens of computational-statistical
gaps: how many samples are needed, as a function of d, P, to produce an estimate of the planted subspace
using polynomial-time algorithms, as opposed to using brute-force? This question enjoys a large literature,
spanning high-dimensional statistics and learning theory, starting from the inverse regression methods from
[Li91] and beyond [Xia08, XTLZ02, HIPSO1, CL02, Coo00, Vem10, KOS08, MOS03, DMM25] (see also
[BH25] for a recent survey), where efficient algorithms have been developed for specific instances. Multi-
index models are an appealing semiparametric model, and provide arguably the simplest instance of linear
feature learning, in the sense that the index space provides an adapted low-dimensional representation to
perform high-dimensional learning. Some notorious examples include

* (noisy) Gaussian parity: Y|Z 4 Esign[Zy - Zy. .. Zy, with Pl = =1 = n, Pl =1 =1-1n
independent of Z and n < 1/2.

* Gaussian staircase functions: Y |Z 4 01(Z1) + p2(Z1,Z2) + ... + O (21, ..., Zy).
o Intersection of v half-spaces: Y |Z ) H;Zl l(UJTZ > ;) — L

s Low-rank shallow neural network: Y|Z = a"p(V"Z) + & forsome a € RM )V e R™>M p: R —
R, additive noise ¢ independent of Z.

Lor, more precisely, the conditional law PZ of Y'|Z, since the marginal of Z is ;.



* Polynomials: Y|Z = q(Z) where ¢ is a polynomial.

Focusing on the Gaussian setting, several works, starting from [DH18, BAGJ21] and followed by [ABAB 21,
AAM?23, BBSS22, DLS22, BES 22, DKL 24] have built a harmonic analysis framework to analyze a large
class of algorithms, including stochastic gradient descent over NN architectures, leading to sample complex-
ities of the form n = ©(d*), where k is an explicit exponent associated with a certain harmonic expansion
of P. In particular, [DPVLB24], focusing on Single-Index models (where » = 1), identified the generative
exponent k* = k*(P) (see Section 2) as the fundamental quantity driving the sample complexity, in the sense
thatn = @(dlv’f*/ %) is both necessary and sufficient in the class of algorithms implemented by SQ (Statisti-
cal Queries) and Low-Degree Polynomials. In essence, the generative exponent arises from an expansion of
the inverse regression of Z given Y, as put forward in the original [Li91]. [LOSW24, ADK ™24, DTAT24]
showed that SGD with reused samples can learn single index models dependent on the generative exponent,
instead of the information exponent.

In this work, we extend this notion of generative exponent to the general multi-index setting. As already
pointed out in the literature [AAM23, BBPV25, TDD 24, DIKZ25], the general r > 1 setting gives rise
to important new phenomena not present in the single-index case. In particular, gradient-based learning
exhibits a sequential behavior in the form of saddle-to-saddle dynamics, where the index space is revealed
incrementally along specific subspaces, with different timescales associated with each step. Moreover, such
incremental alignment requires solving a semi-parametric problem, where both the subspace and the link
function need to be estimated jointly. We overcome these additional challenges by identifying a suitable
generalization of the generative exponent, the leap generative exponent k* (see Definition 3), arising from a
‘canonical’ orthogonal decomposition of the index space, the leap decomposition (see Section 2).

We first show that this exponent provides a computational lower bound of n = O(dk* /2) under the Low-
degree polynomial (LDP) framework, by extending the previously established lower bound in the single-
index setting [DPVLB24] to an appropriate detection task that is dominated by the index estimation task
(Theorem 1). Next, and more importantly, we provide an algorithm that sequentially estimates the index
space along the leap decomposition from the spectrum of a novel kernel U-statistic (see Eq (5)). This
algorithm recovers the index space as soon as n > d* /2, thus matching the LDP lower bound, and, crucially,
it does not require prior knowledge of the multi-index model P (Theorem 3). We complement these general
results by several case studies that give novel guarantees on specific multi-index models, such as general
ReLU networks or Gaussian Parities; see Section 5. Taken together, our results therefore provide the correct,
sharp dimension dependence for any (Gaussian) multi-index model. In particular, as soon as k* > 2, they
provide evidence of a computational-to-statistical gap at the polynomial scale.

Related Works [CM20] show that any polynomial multi-index model can be learned with n = O(d)
samples via an iterated filtered PCA algorithm. [CKM?22] extended this to the case of multi-index models
with ReLU activation with a similar algorithm. As we will show in Section 5, the generative exponent
satisfies k* < 2, so our proposed algorithm also requires only n = ©(d).

Gradient descent on two-layer networks has been extensively studied [BBPV25, RL24, RNWL25, DL.S22,
AAM?23], these papers typically require at least n = @(dlw*_l), where [* is the information expo-
nent [AGJ21], an upper bound of the generative exponent. [AAM?23] provide a similar definition of leap
exponent but tailored to the information exponent, and thus larger than the generative leap exponent. In
the setting of sparse juntas, [JMS24] showed that by changing the loss function from square loss to another
loss, gradient queries learn with complexity governed by the SQ-exponent, which is analagous to the gener-
ative exponent but restricted to juntas. [TDD"24] characterize the generative leap exponent for leaps < 2.
[DDM 25, KZM?25] give spectral estimators for the special case when the subspace is fully identified in the
first leap of generative exponent < 2. See Section 2 for further discussion.



Tensor PCA. In the context of Tensor PCA, [MR14] proposed the Tensor PCA model and presented
several algorithms including tensor unfolding. [ZT15] proposed a rectangular unfolding algorithm closely
related to a single step of our algorithm, and showed it attain the conjectured optimal sample complexity
of n = @(dwk*/ 2). [DH21] provided statistical query lower bounds for the symmetric and asymmetric
Tensor PCA model, and [HSS15, HKP™17] gave the corresponding lower bound in the low-degree / SOS
models. [DH24] provided a comprehensive study of communication lower bounds and efficient algorithms
for Tensor PCA and the related problem of Non-Gaussian Component Analysis. [AGP24] initiated the study
of stochastic gradient descent over the Stiefel manifold for the multi-spike Tensor PCA model, showing a
time complexity of d"V*" =1 where k* is the order of the tensor (analogous to the generative exponent).

[CBL"20] show that deep neural networks can simulate unfolding-like algorithms and learn multi-index
functions with n = ©(d/*/21) where k is the degree of the polynomial approximation to the groundtruth
function. This method requires that the groundtruth is close to a polynomial.

[Vem10, KSV24] provides the current best known result for learning intersection of k-halfspaces in d-
dimensions with n = ©(d). [VX12] provide a moment-based algorithm for learning multi-index models
when the first leap learns all relevant variables.

While this work was being finalized, we became aware of [DIKZ25, DIKR25], which introduces a sim-
ilar estimation procedure based on subspace conditioning. They define the class of m-well-behaved multi-
index models. For the special case of single index models with generative exponent k*, [DIKZ25][ Appendix
D.2] and [DIKR25][Appendix C.3.2] show m = k*; we believe a similar equivalence holds also for multi-
index models. However the proposed algorithm requires sample complexity n = d9") even in the real-
izable setting, whereas the algorithm of [DPVLB24] and this work, require only n = @(d’“*/ 2) and apply
when y is either continuous or discrete. On the other hand, [DIKZ25, DIKR25] algorithms aim for agnostic
PAC learning, not just recovery of the subspace, and thus are able to explicitly characterize the dependence
in the hidden constant C'(P) in n > C(P)d"V*"/2. By building an explicit piecewise constant discretization
in the subspace, they explicitly characterize the dependence on 7, €, and Lipschitz parameters. We expect
that our subspace recovery algorithm can be combined with a discretization algorithm to attain similar guar-
antees, but with improved dependence on d. We also study several examples of the leap generative exponents
in Section 5 including piecewise linear functions (deep ReLU Networks with bias) and general deep neu-
ral networks with r-dimensional first hidden layer, improving upon previous results specific to multi-index
polynomials and homogeneous piecewise linear functions [CM20, CKM22].

Notation hy, denotes the normalized k-th Hermite tensor, defined as hy (u) := % % foru € R,
S(r,d) is the Stiefiel manifold of r x d orthogonal matrices, and G(r, d) is the Grassman manifold, obtained
by quotienting S(r, d) by r-dimensional basis transformations. For two subspaces 7' C T”, we write 7/ \ T
as the orthogonal complement of 7" in 7”. For two subspaces T, T" we define their distance d(7,7T") to be

|1l — 7|, where Il7 is the orthogonal projection onto 7.

Paper outline. Section 2 recalls the generative exponent for single-index models and shows how to gen-
eralize the definition to multi-index models via the leap generative exponent, and discuss the relation to the
leap information exponent. Section 3 gives the main computational lower bound result which shows that
in the low-degree polynomial framework the multi-index model with leap generative exponent k* requires
n > Q(dk*/ 2). Section 4 gives our main algorithm, the Hermite Kernel U-statistic, that recovers the sub-
space with the optimal sample complexity. Finally in Section 5, we study the leap generative exponents of
several function classes including piecewise linear functions and general neural networks with r-dimensional



first hidden layer

2 The Leap Decomposition

Preliminaries: The Generative Exponent for Single-Index Models We start by recalling the generative
exponent for single-index models [DPVLB24]. Given (Z,Y") drawn from a joint distribution P € P(R x R)
with first marginal equal to a Gaussian, and such that P # +; ® P,, we define for each integer £ > 1,
G :=E[h(Z)|Y] € L*(Py), and k* = inf{k; ||Ck||r2(p,) > 0}. Equivalently, k* is the smallest integer k
such that there exists a measurable function 7 : R — R and a mean-zero k-th degree polynomial ¢ such that
E[T(Y)q(Z)] # 0. The main takeaway from [DPVLB24] is that n. = ©(d*"/2V1) is both necessary (under
the SQ and the LDP frameworks) and sufficient for recovery of the planted direction .

Subspace Filtration and Leap exponents: We begin by generalizing the coefficients {( } from [DPVLB24].
The key novel ingredient is the notion of subspace filtration, capturing the sequential nature of the multi-
index estimation, and which appears in several existing multi-index estimation procedures [AAM?22, AAM23,
BBPV25, DIKZ25]. In essence, we now need to extend the expectations (x, which were conditional on the
label y, to conditional expectations on an ‘augmented label’ that includes all the previously estimated direc-
tions of the index space. More formally, let S € G(r',r) be a subspace, and for z € R" let zg € S denote
the orthogonal projection of z onto S. We write ys := (zs,y) € R and zg := zZgL € R
For any S € G(+/,r), we then define:

Cr,s = Elhi(Zs)|Vs] € LA™, (SH)®F Py
Ak(S) = Ey, [Cs(Ys) ® Cs(Ys)] € (SH)P2F, AZ(S) == EYS[HCk,S(?S)H?] .

Intuitively, these tensors capture whether there is any information “of order k£ that can be captured, given
knowledge of the subspace S. When S = () and r = 1, these definitions reduce to those in [DPVLB24].
Finally, we note that these definitions only depend on the joint distribution P of (Z,Y") and are independent
of the choice of W™.

Given a subspace S, we define the associated null distribution Pg by:

dPs[Z,Y] = dP[Zs)dP[Zs,Y] .

Under Pg, (Y, Zs) and Z ¢ have the same marginals as under P, but are independent. The label transforma-

tions (j, appear as the Hermite coefficients of the density ratio d%,PS :

Lemma 1 (Density Ratio expansion). We have the following formal expansion in L*(Pg):

ﬁ[z, Y] = Z (hi(Zs), (Y5 Zs)) -

dPs k>0

This immediately implies the following decomposition of x?(P||Ps), whenever this divergence exists:

Lemma 2 (Mutual Information Expansion). Assume x*(P||Ps) < co. Thenwe have x*(P||Ps) = 3,5, A7 ().

2and also to learn the target, by performing a subsequent dimension-free non-parametric regression.



Notice that while x?(P||Ps) may be infinite in some cases, e.g. in deterministic models where Y =
0(Z), the quantities A, (S) are well-defined for all k, since (s € L*(Py,) . Given this expansion, we can
immediately define the leap k(.S) of a subset S:

Definition 2 (Generative Leap relative to S). k(S) is the smallest k > 1 such that X3 (S) > 0.
Note that k£(S) < oo so long as P # Pg.
The Leap Decomposition: We will define the flag F = {# = Sy € 51 C --- € S;. = R"} inductively as
follows. Given a subspace S;, i > 0, we define k; 1 := k(S;) and S; 1 by:
Sit1:= S; Uspan[Ay,,, (S;)]. (1)

Here, we have defined the span of a symmetric tensor T € (R")®* as span(T) = span[Mat,. ..—1[T]]
where Mat,. ,.»—1[T'] denotes T reshaped as an r x r*~! matrix.

Definition 3 (Generative Leap Exponent). Let k;, © = 1,..., L be defined as above. The generative leap
exponent is defined as k* := max; k;.

We now verify that the Leap decomposition is well-defined, and give a variational representation.

Definition 4. Given two subspaces S C T, we define the relative leap k(S,T') of a subspace S towards T
as

k(S, T) = inf{k; T \ S C Uk/gkspan(Ak/(S))} . 2)

In words, the relative leap measures the order of the Hermite tensor needed to ‘reach’ the subspace T'
from conditional expectations over y and zg. Observe that we can relate the leaps k(S) and k(S,T') as
k(S) = infT;SgT k‘(S, T)

Proposition 1 (Variational Characterization of Leap Generative Exponent). The leap decomposition termi-
nates in a finite number of steps L < r. Moreover, we have

k* = inf k(Rj, Rjy1) . 3
Fe{0=RycCRT} 5T By By1) ©)

Finally, k* is invariant to rotation: if P= (U @1d) %P where U € O, is any rotation of the model, we have
k*(P) = k*(P).

Relationship with Information Leap Exponent Finally, we relate the generative leap exponent to the
information leap exponent, first introduced in [AAM23] (referred to as IsoLeap in the setting of Gaussian
input data); see also [BBPV25] and [DKL"24]. Let us first recall its definition in our context. For any
S € G(r',r), we define:

Cr,s = E[Y hi(Zs)|Zs] € L2 R, (S1)%F P4,),

Ai(S) :=Ez[Ck,5(Zs) ® C,s5(Zs)] € (S1)2F | AL(S) := Ezs {kavs(ZS)Hi] '

By analogy with Definition 2, we define [(.S) to be the smallest & such that S\i(S ) > 0. Equipped with this
object, the information leap exponent is recovered as follows.

3one can explicitly control ||¢]| ; see Lemma 14.



Definition 5 (Information Leap Exponent, [AAM23, BBPV25]). The information leap exponent of the multi-
index model P is given by [* := max; l; , where l; 11 = 1(S;) and (S;); is defined recursively by So = 0 and
Si+1 = Sz U span[AliH (Sl)]

Let us now relate the Information Leap exponent to the generative leap. We start with a direct general-
ization of [DPVLB24, Prop 2.6]:

Proposition 2 (Generative and Information Exponents relative to subspaces). For any subspace S, we have

KPP = __int  (S)[(1d @ T,)4P). @)

In particular we have k(S) < I(S) for any subspace S.

In words, the generative exponent relative to a subspace .S is the largest & such that Ep [T (y, z5)q(251)] =
0 for any measurable function 7~ and any polynomial g of degree < k. This provides a useful characteriza-
tion, as illustrated in the examples of Section 5.

As expected, the generative leap is upper bounded by the information leap:

Proposition 3 (Relationship with Leap Information Exponent). We have k* < [*.

Proofs of these results are deferred to Appendix A.

3 Computational Lower Bounds in the Low-Degree Polynomial Class

Let us first establish a computational lower bound for the estimation of a multi-index model. Following
[DPVLB24], and relying on the fact that detecting planted structure is a necessary byproduct of estimating
the index space, we instantiate a hypothesis testing adapted to the leap decomposition.

Given P and its associated leap decomposition (1), we consider S the subspace of dimension r( asso-
ciated with the generative leap, ie k* = k(S). Let ¥ = (Sz,y) be the effective label, with j € R™+1,
W = STW* the planted subspace associated with S, and # = Wz € R?~"° the effective input. Viewing
P as the joint distribution of (S z, §), we define P; as the marginal over . Note that ro < 7 by definition.

We consider the following detection problem, conditional on W':

* M, : there is a planted model of dimension 7* > rq using P as link function and y as label. Specifically,
(z,7) ~ Ey, Py, where Py, (9]7) = P(g|W T z).

* H : there is only planted structure up to dimension r¢; i.e., (Z,3) ~ Py := Yg—r, ® Pg.

By considering the likelihood ratio R = gg; and its orthogonal projection R<p in L?(Hy) onto poly-

nomials of degree at most D, one can assess the ability of low-degree polynomials to solve this hypoth-
esis testing problem [BEAH 22, Hop18]. Specifically, if |R<pl/z2m,) = 1 + 0a(1), then no degree-D
polynomial f in the input samples can weakly separate Hy from H;, ie satisfy max{Varg[f], Var1[f]} =
O(| Eo[f] — E1[f]|?) as d — oo [BEAH 22, Proposition 6.2].

Theorem 1 (Weak separation lower bound). Consider d > max(r,k*), D = O(log(d)?), and n =
O(d*" /2=7) for any v > 0. Then |R<pllL2(my) = 1+ 0a(1).



In other words, any degree-D polynomial test needs n > Q(dk*/ 2) samples to weakly detect H; from
Hy. Polynomial tests of degree w(log d) are considered a powerful step towards ruling out all noise-tolerant
polynomial-time algorithms [BEAH 22, KWB19]. The proof can be found in Appendix B.

This low-degree lower bound extends the previous LDP lower-bound from the single-index setting
[DPVLB24]. In that single-index setting, this LDP lower bound agrees with a SQ lower bound of n =
@(dk*/ 2) samples. While it is possible to translate our LDP lower bounds to SQ lower bounds, eg via
[BBH21], we note that there is a fundamental distinction arising in the multi-index setting, stemming from
the inherent inability to perform certain spectral tasks in SQ. [DH21] illustrated this mismatch in the setting
of Tensor PCA, where asymmetric structures (such as the ones faced by multi-index model estimation) incur
in additional dimension-factors. That said, some SQ lower bounds are known for the multi-index setting.
[JMS24] establishes SQ lower bounds for the number of queries of order @(dk* ), and [DIKZ25, DIKR25]
obtains sample complexity lower bounds of order @(dk*/ 2) (where the generative leap is replaced by the
equivalent m in their notation), thus matching our LDP lower bounds.

4 Upper Bound via Hermite Kernel U-Statistic

We begin by describing a spectral estimator that works for a single leap. To motivate it, recall that the
spectral estimator for single index models in [DPVLB24] began by estimating the tensor:

For a suitable label transformation 7, the true expectation is proportional to (w*)®¥, so estimating w* is

similar to a single-spike tensor PCA problem. For this problem, the partial trace estimator is an effective
way to estimate w*. This estimator consists in repeatedly contracting indices T' < T'[I] until you are left
with a vector whose expectation is w* or a matrix whose expectation is w*(w*) T. However, this trick does
not work in the multi-index setting. For example, consider Gaussian k-parity: y = sign(z; - - - 2 ). For this
problem, we can compute the population mean of an order & estimator:*

T =E[Yhe(X)] = (2)"*VE Sym(wi @ -+ @ w?).

Thus, this behaves like a symmetric multi-spike tensor PCA problem. For this problem, note that because
the {w}} are mutually orthogonal, T'[I] = 0 so taking any partial traces of this tensor will fail to produce a
consistent estimator. For standard tensor PCA, this can be solved by tensor unfolding [MR 14]. For example,
[ZT15] showed it was sufficient to unfold 7" into a d x d*~! matrix and compute the left singular vectors.
Explicitly if A = Mat g 4+-1)[T] denotes T" reshaped as a d x d*~" matrix, then you can perform a spectral
decomposition of AAT € R%*¢ and the top eigenvectors will recover the hidden directions.

Returning to the multi-index setting, this would motivate the following estimator. Given n samples
{(xs,y:) }1, we define the embedding ¢, the flattened tensor ® and the matrix estimator M, by:

1o -
(Z)(JZ) = Mat(d7dk—1)[hk(x)], b =— ZT(yl)(é(xz) S RdXdk 1, M, = P S RIx4,
n
i=1
We can then perform a spectral decomposition of M,,. Note that this is exactly equivalent to estimating

the tensor = > | T (y;)hy(x;), unfolding it into a d x d*~! matrix, and computing its left singular vec-
. . . k .
tors. However, this strategy cannot achieve the optimal threshold of n 2 dz because the “diagonal” terms

4We note that because the labels lie in {0, 1} for Gaussian parity, applying a label transformation is equivalent to an affine transfor-
mation of 7" and therefore cannot help estimate the hidden directions.



dominate the matrix and destroy the concentration. More specifically, we can expand M, as:

M= ZT@»T(W(@W(W

n2 ZT yz (xz + n2 ZT yz )¢(xz)¢(x])T :

i#]
(I) (II)

For this estimator, one can show that the spikes in E M,, get lost in the bulk of the eigenvalues corresponding
to (I) unless n = avEst , which falls short of the optimal threshold dVs. To improve this estimator, we
therefore isolate the second term (I1):

Uy=—— ) ;T yi) T () (i) d(a;) T

This is an order 2 matrix U-statistic which only sums over the disjoint pairs ¢ £ j. As a result the expectation
is preserved: EU,, = E®E®" and we prove that U,, does concentrate to its expectation in operator norm
with n > d*/2 samples (Theorem 2).

However, it is not true in general that a single label transformation 7 is enough for E U, to span the entire
space when there are multiple leaps i.e. it may be necessary to use a label transformation 77 to estimate the
first direction w7} and 7 to estimate w3. Rather than computing the top eigenvector of this matrix U-statistic
for each label transformation 7;, we could simply add them together into 7(Y) = [T1(Y),..., Tm(Y)] €
R™ and form an aggregate matrix:

Un Z¢ ;) < (yi), T(y;)) -

wﬁj

Because 7 only enters the U-statistic through inner products, we can use the kernel trick and replace it with
a general PSD kernel K:

Un= 0D équ K (4i,y5) 5)
1]

which reduces to the above setting by taking K (y;,y;) = (T (v:), 7T (y;)). However, by allowing more

general kernels K which correspond to “infinite” embedding vectors 7, this allows to automatically average

over an “infinite number” of label transformations. We will show that this allows us to learn the subspace
. . . . k .

corresponding to the next leap with the optimal sample complexity of n 2 dz without any knowledge of the

multi-index model P. To begin, we prove the following lemma which controls the expectation of this matrix

U -statistic:

Lemma 3. If K is integrally strictly positive definite, there exist c¢(P, K),C(P, K) > 0 independent of d
such that if S := (U*) Tspan[Ay] denotes the subspace corresponding to the next leap then
(P, K)llgs <EU, = C(P, K)IIg.

SWe say that K is integrally strictly positive definite if for all finite non-zero signed Borel measures y, [ K (z,y)dp(z)du(y) > 0.
We remark that many commonly used kernels, including the RBF and Laplacian kernels, satisfy this assumption [SGF 10].




Algorithm 1: A Single Leap
Input: dataset D = {(z3, y:) }i=1, moment k, recovery dimension s, PSD Kernel K
¢i — Mat y go—1[hi(z)] fori=1,...,n
Un ﬁ Zi;éj ¢1¢;K(y17 yj)
[S,V] + eig(U,)
Output: span(vi, . .., vs]

We note that commonly used kernels like the RBF kernel automatically satisfy the assumption in Lemma 3.
This implies that if we could estimate the span of E U,,, we could recover the next leap. To estimate the span,
we use the following theorem which bounds U,, — E U,, in operator norm:

Theorem 2 (Concentration of U-Statistic). Let K be a PSD kernel with K(y,y) < 1 for all y. Then if
n 2y d*/?/e + dr* /€2, we have that ||U, — E Unll,, < € with probability at least 1 — exp(—d°) for an
absolute constant ¢ > 0.

As a corollary, by Davis-Kahan we can recover the subspace up to error € with n > d*/2 /e + d/e?
samples where the hidden constant is independent of d and depends only on the multi-index model P:

Corollary 1 (Subspace Recovery). For any multi-index model P, there exists a constant C(P, K) inde-
pendent of d such that if n > C(P,K) [dkﬁ + 6%} then the output S C R? of Algorithm 1 satisfies
d(S, (U*)T span[Ay]) < e with probability at least 1 — exp(—d°) for an absolute constant ¢ > 0.

€

4.1 Iterating over Leaps

Once we have recovered an partial subspace S, which we hope is approximately contained in span[(U*) '],
we need to continue this process to take the next leap. We can consider the augmented label Y = (Y, IIgx).
Then X, Y again form a multi-index model with hidden dimension at most 7 so we can repeat our matrix
U-statistic estimator from the previous section. Note that the kernel K now maps RISI+1 x RIS+ & R,

We will denote the resulting kernel by U7(LS):
1 n
U = ——= " ¢io) K([yi, Tswi), [y, s,)).
n(n —1) ; J ’ /

We can directly apply Corollary 1 to show that for any subspace .S, we can recover the span of (U*)7 A (S)
up to error € with n > d*/2 /e + d /e samples. We will now control the accumulation of errors to show that
we can recover the full multi-index model with n > C(P, K)d*"/? /e samples:

Lemma 4. [f the kernel K is L-Lipschitz, then there exists a constant C(P, K) such that the map S —
E UT(LS) is C(P, K') L-Lipschitz in operator norm.

A common example of a Lipschitz kernel is the RBF kernel which is 1/o-Lipschitz. Therefore if we
run this estimator starting with the wrong subspace S with (S, S) < ¢, then the span of our estimator can
only change by C' (P, K') Le. By iterating this argument, Theorem 2 implies that Algorithm 2 will succeed in
recovering span[U*T] up to error € given n > d*"/2 /e 4 d /e samples:
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Algorithm 2: Iterating over Leaps

Input: dataset D = {(z1, y;) }i=1, moments {k; };~, subspace dimensions {s; };~, Kernels { K; }i~,
S+ 0

fori=1,...,mdo

Draw |n/m] fresh samples D; from D

y « [y, TIsz] € RIS for (z,y) € D;

S < SU Algorithm 1(D;,ki,s:,K;)

end
Output: S

Theorem 3 (Main Result). For any multi-index model P, there exists a constant C' (P, K) independent of d
such that ifn > C(P, K) [# + 6%} then the output S C R of Algorithm 2 satisfies d(S, span[(U*)T]) <
€ with probability at least 1 — exp(—d°®) for some ¢ = c¢(k*) > 0.

Remark 4. Our main upper bound, Algorithm 2, requires knowledge of the sizes of each leap {k;} and the
dimension of each leap {s;}. However, these restrictions can be easily lifted, in the spirit of [DHI8]. Using
the guarantee in Theorem 2, we could start with k = 1 for each leap and increase k until we detect outlier
eigenvalues outside of the \/d*/2 /n-bulk. However, for simplicity we have written the algorithm assuming
knowledge of both {k;} and {s;}.

Our Algorithm 2 is thus a streamlined version of a subspace conditioned spectral method. While it shares
similarities with recent methods in the literature [CM20, CKM22, DIKZ25, DIKR25, TDD ™ 24], it crucially
relies on a U-statistic in order to reach the optimal sample complexity of d* /2. An additional feature of our
algorithm — that to our knowledge is novel in the literature — is the use of a generic kernel over the already
discovered labels, which eliminates the need to perform successive non-parametric regressions during the
subspace recovery. At the technical level, the concentration of the U-statistic is a priori challenging due
to the heavy tails of the associated Hermite tensors; this is addressed using Gaussian universality results
from Brailovskaya and van Handel [BvH24], with a dedicated analysis in the setting where k* < 2 to avoid
spurious log-factors.

4.2 Towards a Fine Grained Analysis

Our analysis of Algorithm 2 shows that n > C(P, K)d'V*"/2 samples suffices to learn a Gaussian multi-
index model P with generative leap k*. While our dependence on d is tight, as quantified by our low
degree lower bound Theorem 1, our analysis is not fine-grained enough to produce a tight constant C'(P, K).
When the multi-index model is known to the learner, [TDD 24, KZM?25] produce precise predictions for
the algorithmic weak-learnability threshold in the proportional regime n/d — a when k* < 2. However,
in general this constant can scale arbitrarily badly with r. As a concrete example, consider the multi-index
model defined by:

r—1 r
Y = Z Z? + sign <H ZZ-> where Z; := X -ul.
i=1 i=1

The first leap will recover span(uj, ..., us_;) with n 2> rd samples as Z:z_ll Z2 = || Z,||* has generative

exponent 2. However, to perform the correct label transformation for the next leap, it is necessary to identify
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the correct rotation for w7y, ..., w}, which is a hard algorithmic problem requiring exp(r) samples. We
therefore conjecture that the optimal sample complexity for this problem scales at least d exp(r), meaning
that C'(P) can be exponentially large.

5 Case Studies

We conclude this article by computing the generative leap exponent of representative multi-index models.
For some of these models our upper and lower bounds recover known results in the literature, but some
are new. For simplicity, we focus here on noiseless models where Y|Z = o(Z) for a given link function
o : R™ — R. Proofs for this section can be found in Appendix D.

5.1 Polynomial and Threshold Functions

We start by computing the generative leap for ‘classic’ multi-index classes given by parities, intersection of
half-spaces and polynomials.

Proposition 4 (Generative Leaps for representative models). We have:
(i) r-Gaussian Parity has k* = 1* = r.
(ii) Staircase Parity functions have k* < [* =1
(iii) Intersection of halfspaces have k* < 2,
(iv) Polynomials have k* < 2.

For r-Gaussian parity, we thus obtain an efficient learning algorithm that requires n = @(d"/ 2) samples
(which is optimal within the LDP class), and is to the best of our knowledge the first result® that succeeds with
@(dr/ 2) samples. The sample complexity of learning intersection of half-spaces is thus linear in dimension:
this was known since [Vem10, DKS17, KSV24], and for polynomials the same conclusion was established
in [CM20]. We emphasize that while our results do capture the correct dependency in d, they are not fine-
grained enough to provide the correct dependencies in r (see Section 4.2 for discussion on the fine-grained
r dependence).

5.2 Piecewise Linear Functions

Piecewise linear continuous functions, in part motivated by ReLLU architectures, have been extensively stud-
ied in the context of Gaussian Multi-index models [CKM?22, CDG*23, DK24]. When ¢ is 1-homogeneous,
such as in bias-free ReLU networks, it is not hard to see that k* < 2, by considering diverging level sets
{z;|o(2)| = A} with A — oo. Here we extend this result to the general (not necessarily 1-homogeneous)
piece-wise linear setting, which includes arbitrary ReL.U networks with non-zero biases.

Proposition 5 (Generative Leap for Piecewise Linear Functions). Let y = o(z) where o is continuous and
piece-wise linear. Then k* < 2.

The agnostic improper learning algorithm of [CBL*20] can potentially attain n = @(d“/ﬂ ) since the information exponent is
7, this implies that there is a degree r polynomial with non-trivial correlation with the r-Gaussian parity. Thus [CBL 1 20] can be used
to get error better than random guessing, but not vanishing error.
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The proof exploits the analytic properties of Hermite functions, ie functions of the form f(2) = p(z)7y(z).
As an immediate corollary, our Algorithm from Section 4 learns low-rank arbitrary ReLU networks in the
proportional regime n = ©(d):

Corollary 2 (Learning Arbitrary low-rank ReLU Networks). Let y = o(W,' x), where o is an arbitrarily
deep ReLU network with biases which is fixed, independent of the dimension d. Then there exists a constant
C(o) such that n > C(o)d/€* samples are sufficient to recover span[W,] up to precision .

This improves the result of [CKM?22] by allowing biases. Once the subspace is recovered, one could ‘up-
grade’ to PAC learning the model using a standard non-parametric method, by regressing over the covariates
z = ST 2. This would incur in an additional sample complexity with potentially exponential dependencies
in 7 and % but, importantly, independent of d.

5.3 Generative Leap under Linear Transformations

An important feature of the generative leap exponent is that the statement “k* (P) < k" is an ‘open’ property,
meaning that one should expect the leap exponent to be preserved (or often reduced, as we shall see next)
by slightly perturbing the distribution P. Focusing on perturbations given by linear input transformations,
we formalize this intuition in the following result which shows that for almost all weight matrices, the leap
generative exponent is < 2.

Proposition 6 (Generative Leap under linear transformations). Let o(z) : R" — R € L?(v,), o # C, and
let M. denote the set of v X 1 real matrices.

(i) For © € M,, define yo = o(©'z). Then (z,ye) ~ Pg satisfies k*(Pg) < 2 for every ©, except
possibly for a set of r2-dimensional Lebesgue measure zero,

(ii) Assume that (z,0(z)) ~ P has a single leap with generative exponent k*. LetT' : D C R® — M,
be any analytic map such that I, € Im(T") and T'(0) is invertible for all § € D. For 6 € D, define
yo = o(T(0) T 2). Then (z,yp) ~ Py satisfies k*(Pg) < k* for every 0, except possibly for a set of
s-dimensional Lebesgue measure zero.

In words, Proposition 6 establishes two qualitative facts about the generative leap: part (i) shows that
under generic, unstructured linear transformations O, any deterministic model y = o(z) will turn into a
simpler model 5(z) = o(© T z) with k* < 2 —implying that its index space can be recovered in the propor-
tional regime n = O(d). In this sense, models with large generative leap are brittle, or, equivalently, ‘most’
multi-index models are learnable with n = ©(d) samples. Additionally, part (ii) reveals that the generative
exponent does not generally increase under structured linear transformations, at least in the standard setting
where there is only a single leap. Both results are simple consequences of the analytic properties of Hermite
functions, as in Proposition 5. We will illustrate an application of this last result in the next section, where
we focus on shallow NNs.

5.4 Shallow NNs

Finally, we study multiindex models o(2) that are sums of single-index models, ie, o(z) = >_; p;(z - 0;),
corresponding to low-rank shallow neural networks. Intuitively, when the directions 6; are incoherent, the
estimation of the index space is essentially reduced to estimating individual neurons, so we are able to relate
the leap generative exponent to the generative exponent of the corresponding single-index model defined
by p [DPVLB24]. We first formalize this intuition in the perfectly incoherent setting, where neurons are
orthogonal:
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Proposition 7 (Generative Leap for Orthogonal Weights). Let y = Y75, a;jp(z;). Then k* > k*(p).
Moreover; if all moments of p(Z) exist, then k* = k*(p).

This corresponds to a label y = a' p((W*)Tz) with W* orthogonal of rank r. In particular, since
[DPVLB24] showed that for any k, there exists a smooth, bounded C*° scalar function p with k*(p) = k,
Proposition 7 directly extends this result to the multivariate setting.

Remark 5. The proof of Proposition 7 shows that the lower bound holds in the more general setting where
o(z) = F(p(21),...,p(2)) for any channel F. The upper bound, however, does require additional struc-
ture in F': as shown in Proposition 4, part (i), the Gaussian parity is obtained from the sign activation via
F(y1,...,yr) = [1; y;, in which case r = k* > k*(p) = 1.

Let us now examine the situation where the weights are no longer orthogonal. A natural extension is to
consider y = Z;:l aj p(v;'— z), there V = [v1, ..., v,] contains unit-norm, correlated but linear independent
columns. As a byproduct of Proposition 7, the proof also shows that o(z) = 3_; a;p(z;) has a single leap.
We can therefore apply Proposition 6, part (ii), by observing that {© € R™*";diag(©'©) = 1} is an

analytic variety.

Corollary 3 (Non-orthogonal, invertible weights). Let yy = Z;=1 a; p(v;z) with ||v;|| = 1. Then k*y <
k*(p) for all V, except possibly for a set of r(r — 1)-dimensional measure 0.

We thus have that k*y < k*(p) for almost every linear transformation as above. It is interesting to
compare this property with the information exponent analog. Indeed, if I3, denotes the leap information
exponent of yy and [*(p) is the information exponent of p, observe first that I* (V') > I*(p), since

Elyy (Z)bi(2)] = > _ a; Elp(v] Z2)bi(2)]

and each term in the RHS is nonzero only for k¥ > [*. Additionally, whenever [*(p) > 1, we also have that
span [E[Yyh;- (Z)]] = R"; see [BBPV25, Example 3.24]. Thus {*(V') = [*(p) in this case.

When p is a Boolean scalar link function, we have k*(p) = [*(p). Therefore, via Proposition 3, we
conclude that whenever p is Boolean and with {*(p) > 1, we have k*y, < k*(p) for any V. An interesting
question left for future work is whether this uniform control of the generative exponent by k*(p) for any V'
could be extended to general link functions; in other words whether the exclusion of these zero-measure sets
is necessary in Proposition 6.

Finally, as the Shallow NN becomes more overparametrised (and thus less well-conditioned), the gener-
ative leap is no longer ‘related’ to k*(p). Indeed, provided p is not a polynomial, we can use the shallow NN
to approximate any desired link function ¢ with prescribed generative leap exponent. Since the generative
exponent is characterized as the first non-zero of an expansion, k*(&) < / is an open property, meaning it is
stable to small perturbations of ¢. This directly leads to the following:

Proposition 8 (Generative Leap under Universal Approximation). For any non-polynomial p and any inte-
ger £ > 1, there exists a shallow neural network of the formy = Z;\il ajp(vaz +b;) such that (Z,Y) ~ P
has generative leap exponent k*(P) < L.

6 Conclusions

In this work, we have extended the generative exponent k* to the general class of Gaussian multi-index
models, and established a tight sample complexity n = @(dk*/ 2A1) for learning their associated index space
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under no prior knowledge of the link function. We provide a lower bound based on the low-degree poly-
nomial framework, and a matching upper bound obtained with a novel spectral method that incrementally
reveals directions of the index space from a kernel U-statistic. The resulting upper bound recovers and ex-
tends several dedicated estimation procedures for specific families of multi-index models, such as ReLU
networks or intersection of half-spaces.

There are several avenues for future work. First, this paper focuses on the simple setting of isotropic
Gaussian data. Extending both the information leap and generative leap to more complicated data distribu-
tions is left to future work. Next, we focus on deriving estimators that work with minimal information about
the multi-index model P, and which succeed with the optimal sample complexity in the ambient dimension
d. As a result, our sample complexity guarantees scale with constants C'(P) which could potentially be
exponentially large in the hidden dimension r. Finally, we focus primarily on subspace estimation, as it is a
requirement for full end-to-end learning.
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A Proofs of Section 2

Proof of Lemma 1. This is a direct generalization of [DPVLB24, Lemma D.1]. The k-th Hermite expansion
of the likelihood ratio, viewed as a function of the label Yg, is directly

dP -
Epg dPs (Zsyys)hk(ZsNYs} = Ep[hs(Zs)[Ys] = Ck,s (6)
and thus, in L?(Pg), we have
dP _ _
Ps ——=(Zs,0s) = ;<Ck,s(ys),hkzs> : (N
||
Proof of Lemma 2. By orthogonality of Hermite polynomials:
2 dp 2(
C(PIIPs) = Ep |5 [X.Y1?| —1= 3 By, [IG(Y: Z9)]P] = 3 Ak(S
k>1 k>1
||

Proof of Proposition 1. The first statement follows immediately from the definition. To prove 3, we need to
show that k* < max; k(R;, R;41) for any flag 7. Let S the subspace associated with the generative leap
k*, and let j' be the largest index such that Ry CS.
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We claim that for any & and any pair of subspaces T' C T, we have span(A (7)) C T" Uspan(Ag(T7)).
Indeed, writing Y’ € T as Y/ = (V,Y) with Y € Tand Y € T"\ T, we have (. 7(Y) = Ey G (Y, Y)
when restricted to (7")* (a subset of 7). Now, suppose towards contradiction that k; = k(R;/, Rjr41) <
k*. Since R;j C S, we have span(Ax(R;/)) C S U span(Ax(S)) for k < kj,. But from the definition of k*
we have span(A(S)) = 0 for k < k;,, which implies that Rj 1 C S, which is a contradiction.

Finally, we verify that the generative leap is invariant to rotation by observing that Ay are covariant to
rotations, and therefore their associated spans preserve the same dimensions for all k.

Proof of Proposition 2. The proof is an extension of [DPVLB24, Prop 2.6].
To prove k(S)[P] < infrerzp, ) 1(S)[(Id: ® Ty)4P] , consider k < k(S) and any T € L2(Pj;). We
have

E [T(Y, Zs)hi(Zs)|Zs]) = By (EB[T(Y, Zs)hi(Zs)|Y, Zs]) = Ey (T (Ys)¢ks(Ys)) =0,  (8)

since (i, = 0. To prove k(S)[P] > infrepe(p, 1(S)[(Id: ® T5)4P] , consider T = (Cx(s),5) g, where 3 is
a multiindex such that ({j(sy,5)s 7 0 (this 5 must exist by definition of k£(.S)). We verify that

E(T(Y)Hs(Z)) = Ey [T(Y)(Cres),5)8(Y)] ©)
=Ey [|(Cus).s)s(Y)°] >0, (10)
which shows that 5 k(s),s 7 0 for the model with label transformation 7. |

Proof of Proposition 3. Consider the flag }E' = {0, Sy,...,8; = R"} associated with the leap information
exponent. We claim that k(.S;, S;41) < I(S;) for all j € [J], or equivalently that

span(Ax(5;)) C span(Ax(S;))
for k < 1(S;). Indeed, observe that { s = Ey[Y (k5. As a consequence, from Proposition 1 we have that

k* < max; 1(S;) = I*.
n

B Proofs of Section 3

Proof of Theorem 1. Let Ry, 1= CZP% denote the likelihood ratio conditioned on TW. We begin by comput-
ing the full likelihood ratio:

_ Ey [ITim Polzi, v
R((aj17 Y1)y -y (ﬂ?ny yn)> = WHZL:I P[xj‘]/]P’[yz]

I g

HRW($i7yi)]~

Then by Lemma 1, we can expand this as

R=Ey H > (G (@), b (W T 2y))

20



We will isolate the low degree part with respect to {Z1, ..., Z, }, which we denote by R<p. To compute
this, we need to switch the product and the summation:

p=0ki+...+k,=p \i=1

We note that each term on the right hand side is a polynomial in Z1, . . ., Z,, of degree p which is orthogonal
to all polynomials of degree less than p. Therefore R<p is given by:

D n
RSD = EW Z Z <H<Ck77, (?%)7 hki(WTxi»)

p=0ki+...+kp=p \i=1

We can now use the orthogonality property of Hermite polynomials to compute the norms with respect to
the null distribution Py. If if W, W' are independent draws from the prior on W then:

i D n
IR<pl72@y =B | D (H By (Cr, () ® oo (), g, (W T 25) @ hki((W')TfEi»)

| P=0k1+...+kn=p \i=1

=B [D, D (H@E[% ® G, ), Blhy, (W' Z) ® hki((W/)Twi)D)

| P=0k1+...+kn=p \i=1
For a pair X, 3 of operators where X is PSD, observe that
(X, 2)] < Tr{Z}H[Eop

thus

D n

2 T SNT -

IR<blZeey < B |2 D (H N [Elby, 07 T2:) @ b, (F) )] ])
p=0Fki+...+k,=p \i=1

Now, let M = W W' € R"™". We have the following control on the Hermite correlation term:

Lemma 5.

[Eb VT @ n (V)T = 0l an

Let 2 be a random variable with distribution |[WTW’|, where W, W’ are drawn independently from
the uniform prior on W, and let P<p be the projection operator onto polynomials of degree at most D in

z. Note that z is subgaussian satisfying P (b\/g <z< a\/g) <l-cb— Ere_“2/4 for explicit constants
¢r, Cr; see eg [BBPV25, Lemma 3.14]. Then we can upper bound the above expression as:
n

IR <l ey <Bx |Pen | | 322"
k>0
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By linearity of expectation and of the projection operator P<p, we can expand this using the binomial
theorem:

n
HRSDHi%Po) < Z (]) E ’PSD Z )\ﬁzk

Jj=20 k>k*

We can further upper bound this expression by using that A7 < (Tﬂz—l) (Lemma 14). Plugging this in

for k > k* gives:
J

]
2 n .
IR<olneyy — 1S ( )E pop| |3 ek
J E>k

B elrler o]

<y () [y ]

where the last line follows from Lemma 6. Finally, since z is ©(y/1/d)-subgaussian, we have E[2/*"] <
(k> /d)7*" /2.
Now, if n. = O(d*"/>=7) with v > 0 and D = O((log d)?), we have
LD/k* ]

n (1)) e ) AR
Revlioey ~15 X () [0tk sy 7

=1
< n;/k*k*(rq)z}/;@*(D/d)D/g
_ k,*(rfl)D/k*(D)D/2(n1/k*d—1/2)D
=o04(1) .
|

Proof of Lemma 5. Let M € R %" be the matrix representation of E[h,(W'z) ® hk((W’)Tf)]. Let

Hp C L?*(R",7) be the space spanned by harmonics of degree k. Observe that for f, f € Hy, f =
Zlm:k cghg, f= Z\ﬂ\:k cghpg with cg = <f, hﬁ), g = <f, h5> we have

CTMéz <PWfa PW’f>’Yd ) (12)

where Py f(x) = f(W Tx). We deduce that M is the ‘averaging operator’ A, from [BBPV25, Definition
1.1], restricted at harmonic k. From the SVD of M = UAV T, we have [BBPV25, Corollary 2.8] that

M= > MHs(U)® Hy(V), (13)
|Bl=Fk
with \? = I )\fj. We thus conclude that ||M||o, = AE = || M]*. |
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Lemma 6. Let z = |W T W'||op, where W, W' are drawn iid from the Haar measure of S(r,d). Then, for
1,1 < d/4, we have

E, {zl(l - z)ﬂ <E. [#] . (14)
Proof. The proof is adapted from [DNGL23, Lemma 26] to the > 1 setting. From [BBPV25, Eq (197)],

the joint distribution of singular values 0 < A, < A,._; --- < A; of M is given by

Prars, o A) = Z [T = M) [T = a)@ D210 <A, < < <1), (19)

i<j i=1

with Z,. 4 = FEE;;E) F"lgs‘i(;;;)/Q). We have

E (zl(l - z)—f) - /A§(1 A1) pra(My o A)dA - A, (16)

From A; < 1wehave 1 — A2 < 2(1— Ay)so (1 —Ay)~L < 20(1 = A2)~, thus

E (zl(l - z)—f) < 2[/)\11(1 A g, A - A, 17
=2z} /)\ll [T02 - 23 ] - A3)@2-1-2D210 < A, < - < A < DdAy ... dA,
1<j i=1
(18)
A
= ol 2 g 5] (19)

Zr,d

where % is the largest singular value of M = W TW’ with W, W’ € S(r,d — 2I). For d > 1, we thus
conclude that E (zl(l — z)’l) <E.[ZY. |

C Proofs of Section 4

Lemma 3. If K is integrally strictly positive definite,’ there exist c¢(P, K),C(P, K) > 0 independent of d
such that if S := (U*) Tspan[Ay] denotes the subspace corresponding to the next leap then

c(P,K)lls <EU, = C(P, K)IIg.
Proof. Let KC be the kernel operator:
(K)(y) = Ey [K(Y,y) f(y)]-
Using that (E[hy,(X)[Y],v®%) = (e (Y),u®*) where u = U*v € R", we have that for any v:

v' EM,uv =u"E[Mat 1[G (Y)] Maty x— 1) [G(Y)] T K (Y, Y')]u
= (G () [ul, KGi () [u]) -

7We say that K is integrally strictly positive definite if for all finite non-zero signed Borel measures y, [ K (z,y)du(z)du(y) > 0.
We remark that many commonly used kernels, including the RBF and Laplacian kernels, satisfy this assumption [SGFT 10].
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First, because K (y,y) < 1 we have that [|K][[,, < 1 so this is upper bounded by

Ey [|Ge(Y)[ullI* < AF flull”

Therefore E M,, < C(P, K)IIg with C(P, K) = Ai. Next, let v € S with |[v|| = 1 so that ((Y)[v] # 0 €
L?(P,). Then because K is injective we have that

c(v) := (G ()[o], K () [o]) > 0.

Therefore by compactness, if C(P, K') denotes the minimum value of ¢(v) over the unit vectors in S, we
have that C'(P, K') > 0. In addition we have that E M,, = C(P, K)IIs which completes the proof. |

Theorem 2 (Concentration of U-Statistic). Let K be a PSD kernel with K(y,y) < 1 for all y. Then if
n >g d*/?/e + dr*/e?, we have that |U, — E Unll,, < € with probability at least 1 — exp(—d°) for an
absolute constant c > 0.

Proof. The cases k = 1,2 are deffered to Proposition 9 so we will assume that £ > 2. Note that by the
standard decoupling argument ([dIPG99, Theorem 3.4.1]), it suffices to control the tails of the decoupled
U -statistic:

M, Z $(a:)p(@5) K (yi, y;)
1753

where {(z},y})}"_, are an i.i.d. copy of {(z;,y;)}—,. We will begin by applying Corollary 4 with respect
to the randomness in {(x;, ;) }_,, treating the replicas {(x}, y})}"_; as fixed. Define

Vi(Y DE(Y,y;)
J#i
so that
Z¢ xz z — 1 ZZ’L
"3
where Z; = ¢(z;)V/ (y;)T. Then:
d 2
1Z:l2, < 1Zill7 = > (6(X) ea, VI (V) )"
a,b=1
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Taking p/2 norms and using Lemma 9 gives for p > rlogr:

(2 e (A
d
<3 Jowrarmray],,
- Zd: [(6(X)ea, Vi (V) e
a,b=1

d
2
S Y0 Ve el e,

a,b=1

< p?||Ivin)l

op 2p.

Next we will compute o, (Z;):

0(Z)' = s E[(¢"uV(M)0)] S IV

lull=llvl=1 Pl
by the same argument as above. Therefore applying Corollary 4 gives that if ¢ = 2(’“1;24) > ﬁ then for
p<d,
13, B2l || < IV, 1/
n N ilop » ~ 7 op 2% n .

Now let E’ denote the expectation with respect to the replicas {(z%, y})}™ ,. Then by Corollary 4:
I/P 1
p d op\2 [ d
) V2 = s (B ) Fy 2
2p n i n

VY (¥)ll,p < [ V)| + IV (V) —EV/(YV)] -

/ _ P \1/ ! !
E B -BUI) " < su (B 7/

op

Now we decompose:

Because |K(Y,y;)| < 1, we can use Lemma 8 and a standard symmetrization argument to show that the
second term has p-norms bounded by O(y/max(d, d*—1)/n) for p < d°. For the first term we have

B V)], < [E' Vi)l p = By (Y ) E (V.Y ) p < /By [IG(Y") 1 7) < 2.

Combining everything and applying Markov’s inequality gives that with probability at least 1 —poly(n)e %",

op ~ ~

n n n n

k—1 k/2
|U. —EU,| <[,Jc/24r wa(d’d)} §<L+rk/2 L3
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Proposition 9. If k < 2 and n > d, we have with probability at least 1 — 2ne~ ¢4,

d
|Un —EUnll,, < rk/z\/;.

Proof. We can use [dIPG99, Theorem 3.4.1] to reduce the problem to concentrating:
1

M = n(n —1)

T
Z@‘éﬁ; K(yzay;)
i#]
where D' = {(z,y})}?, areaniid. copy of D = {(;,y;) }1_;. If we define V/(y) := L+ > i 9K (Y, 95)s
we can rewrite this as:

1
M, =~ V()T
- E ¢iVi (i)

Now let I be a truncation radius to be chosen later and let p; := 1 Vi w| <R Then define:

~ 1
My, = n Z ha(x:)V; (i) pi-
?
First, we have that for any unit vectors u, v and any p > 72,

r+2p

r > ) Ep[(uV{ (y:)"v)* pi]% < Rp.

Ep [(UT¢1'V1'/<yi)Tv)ppi]l/p <(2p— 1)<

Therefore the summands in uva are subexponential so by Bernstein’s inequality we have that with
probability at least 1 — ¢ over the randomness in D,

‘uT[Mn — Eﬁn]v’ <R

log(2/0) , 10g(2/5)1.

n n

We can now union bound over a 1/4-net of S?~! to get that with probability at least 1 — & over D,

<R

HM" _EM,

n n

d + log(2/6) L d+ log(2/5)] .

Taking 6 = e~°* and using n > d gives that with probability at least 1 — e =%,

ol
~ n
Next, note that for any fixed unit vectors u, v (possibly degenerate if k = 1), uTgZ);-vK (y,y}) is a sub-

exponential random variable so by Bernstein’s inequality we have with probability at least 1 — § over the
randomness in {(x},y.)},

‘UT(V;/(y) _ EVZ/(y))v’ < \/@_’_ log(Z/(S).
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Taking a union bound over a 1/4-net of S9~! gives that with probability at least 1 — § over the randomness

in D/,
/d+log(2/6 d+log(2/6
HLi/(ZU)_ELi/(y)HopSJ n( / )+ n( / )

In addition, as in the proof of Theorem 2, we have that [E V' (y)[,, < r#/2_ Therefore if we take R = Cr*/?
lop < R.

Therefore with probability at least 1 — ne=°?, M,, = M,,. Furthermore, if 1 — ne=°¢ > 0 so that the
theorem is not vacuous,

for a sufficiently large constant C, we have that with probability at least 1 — e=°? that ||V;(Y)

u® [an - EMn} v = % Zn:E [u" V' (i) v(1 = ps)]
=1

<

3=

D E[(uT¢: V' (y:)T0)2) > Pl[VY (y:)]| > R (Cauchy)
i=1 i=1
< ,rk/Ze—cd/Q
k)2
<. (ne=ed < 1)

> \/ﬁ
cd

Putting everything together gives that with probability at least 1 — 2ne™“¢,
/d
||Mn_EMnHop§rk/2 .
n

Lemma 4. If the kernel K is L-Lipschitz, then there exists a constant C(P, K) such that the map S —
EUY is C(P, K) L-Lipschitz in operator norm.

Proof. Let Z(Y; X) := Mat(q 1) [Cx(Y; Xsus)]. Then,

HIE Us) —EUS)

o= |Exy Z(Y; X)Z(Y"; X)TE(Y,X)|| .
where
E(YvX) = K((Y7 XS)? (Y/a X;S’)) - K((K XS’)a (Y’,Xé/))

Note that

E(Y,X) < L\/IIXs — Xor||* + | X5 = Xg||* < 2d(S, 8') Lmax(| X[, [|X"]).
Then by Holder’s inequality,

HE U —EUS)

| <200 X0l 1B, ),

< 2(3r)*\/rLd(S, S
<p r*TLLd(S, S).
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Theorem 3 (Main Result). For any multi-index model P, there exists a constant C(P, K) independent of d
such thatifn > C(P, K) {dkem + e%} then the output S C R of Algorithm 2 satisfies d(S, span[(U*)T]) <
€ with probability at least 1 — exp(—d°) for some ¢ = c(k*) > 0.

Proof. Recall the leap decomposition F = {() = S§ C ST C --- € S} = R"}. We will prove by induction
that for any € > 0, there exists a constant C'(P, K') such that the output .S; of Algorithm 2 at step ¢ satisfies
d(S;, (U*)TS¥) with high probability whenever

_A'_i

k/2
nEC(P,K)[d a;]
€ €

Note that for ¢ = 1 the result is implied directly by Corollary 1. Now assume the result for ¢ > 1. By
Lemma 3

U™)
EU S = oP K yrs, -

k/2
51« L + rk/Q\/E.
op n n

<p R X Lo d(Sy, (U)TSY).

~

In addition we have by Theorem 2,

HU’r(ISi) _E U7(le,)

Finally by Lemma 4,

HIE US: gyl

op

Putting it all together we have that:

. . dk/Q d
HU;;%) _EUWS < T rk/2\/>+ PRt L% d(Sq, (US)TS5).
n n

In addition, by the induction hypothesis, d(S;, (U*)?'S¥) < C(P, K) [’1:2 + rk/2 \/g] . Therefore,

(P,K) [d: rkﬂ\/ﬂ

and the result again follows from the Davis-Kahan inequality. ]

|Jiso - B0l 5| 5,

C.1 Auxiliary Lemmas for Concentration

We will start with this simple inequality on the Frobenius norm of a Hermite tensor:
Lemma 7. || (X)]» Se [ X[ +d¥/2

Proof. We will use the identity:

1

hk(X) \/H

—Ez N, [(X + iW)®H].
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Therefore,

eI = ~Epz [(X +i2) - (X +iZ')]

k!

1
= ZEz2 |(IX? - 2- 2 +iX - (2 + 2))"]

3kt 2% Ik ik
< = [IXI* +Ez 2012 - 2" + Bz (X - (2 + 2)")|

Sk I1XIP* + a2 + 1 x|
Sk 1 X)PF + dF/2

We can use this to concentrate sums of Y ., ¢;¢(x;) in operator norm:

Lemma 8. There exists an absolute constant Cy, such that if n. = d**€ with ¢ > 0 and for any constants c;
with |¢;| < 1 and p = d° where ¢ = min(1, €/4),

p 1P

k—1
< max(d, d )

n

E H;;m)

Proof. Note that for £k = 1,2 this follows from the standard bounds for a Gaussian covariance matrix
(k = 2) and the norm of a Gaussian vector (k = 1). Therefore we will assume k& > 2. We will begin by
computing o, (¢):

op

7.(9)=  owp  El(u’60)’) = B fveclhn (X)), veclu @0])* < 1.

Next, [|8],, < 9/l Sk | X/ ++ d*/4. Therefore the p-norms of |¢ll,,, are bounded by d*/2 for any p < d.

Plugging this into Lemma 12 gives that for p < d,

k—1 k/2\ /3 / gk—1\ 1/3 k/2
N +(d ) (d ) p2/3+¥.

n n n

% é cip(z:)

op

Plugging in p = d° gives that the second and third terms are dominated by the first which completes the
proof. |

We will also use the following simple lemma:

Lemma 9. Let (X,Y) follow a Gaussian multi-index model with hidden dimension r. Then for any k-
tensor-valued random variable F(Y'),

w0 O, < o= 0 (7Y T NIFWI L,
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Proof. Without loss of generality we can assume p is even. Now (h(X), f(Y))” is a polynomial of degree
kp in X . Therefore by Lemma 15,

E (hy (X), (V) < %@ 0. P () < - 1)% (") e iron,

Taking pth roots gives:

IO O, < o= 0 (") T NIEWI L,
|

Lemma 10 (Gaussian hypercontractivity). Let f be a polynomial of degree k and let X ~ N(0,1;). Then
forp > 2,

Ex[|/(X)P1PP < (p = 1)* Ex[f(X)?].

Lemma 11. Let X,Y be random variables with [|Y|,, < Bp*/? for
, 1 ||X|2)>
p = min 27-10g< .
( k X1y

E[XY] <X, B (ep)*/.

Then,

For any mean zero random matrix Y we define:

o(Y) = max (|[EYYT]|,, [EYTY]|,) "

.(Y) := ” \|i1ﬁp\|:1E[(UTYU)2]

For non-centered matrices, we define 0(Y) :==o(Y —EY) and 0.(Y) := 0. (Y —EY).
We will rely on the following simple corollary of [BvH24, Theorem 2.6]:

Lemma 12. LetY = Y[ | Z; where Z; are mean zero independent random matrices. Assume that for all
i, P[||Zi]| > R] < 4. Then there exists an absolute constant C such that for any t > 0, with probability at
least1 — né — de™?,

V]| < Clo(Y) + o, (Y)E/2 + RV3a(Y)2/3¢%/3 4 Rt]
Proof. Define Z; := Zi1)z,,<r and let Y = Sy Z;. Then,
o(Y)=n'%0(2) <n'?c(Z) = o(Y)

ZZ- < R. Therefore, by [BvH24, Theorem 2.6] and
[BBvH23, Lemma 4.10], there exists a constant C' such that for any ¢ > 0, with probability at least 1 — de™¢,

and similarly for o,. In addition, by definition,

HY/ - ]EY" < C[g(y) + O'*(Y)tl/2 —|—R1/30(Y)2/3t2/3 + Rt|.
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Next, note that

HEY—E?

<Y 0u(Zi)V5 < 0. (Y)Vnd.

b:mﬁlwm>ﬂ

.

Now if § > 1/n, then 1 — nd < 0 so the result is trivially true. Otherwise, [[EY — EY|op < 0u(Y).

Finally, as Y = Y on the event that max; || Z;|| < R, a union bound completes the proof. |
We will use the following simple lemmas about o, 0:

Lemma 13. For any random matrix A € R¥%, 0(A)? < max(d, s)o.(A)2.

Proof. Without loss of generality we can assume E[A] = 0. Expanding the definition gives:

o(A)? = max (HIE[AAT] | , E[ATA]H).

First,

|E[AAT]|| = sup E[v" AATv] = sup E {HATUHZ} = sup ZE [(e] ATv)?] < so.(A)°.

llvll=1 llvl=1 lvll=13=1

Performing the same calculation for AT in place of A gives that ||[E[AAT]|| < do.(A)?. Combining these
inequalities gives the desired result. |

Corollary 4. LetY = % Zf\il Z; where Z; € R¥? are mean zero independent random matrices. Assume
that for some R, k, || Zi||,, < Rt*/2 with probability at least 1 — e~* for all t > 0. Then if n = d'*¢ with
€ > 0 and ¢ = min(1 , then for all p < df,

w5d)

1/p R d
p < - -
E [||Y||Op} < C'max <U*(Z), d) -

where C' is an absolute constant.

Proof. First by a union bound, we have that max; || Z;||, < Rt* with probability at least 1 — ne . Substi-
tuting this and Lemma 13 into Lemma 12 gives that with probability at least 1 — 2ne~¢,

k/2\ 1/3 1/3 L}
/d+t+_<ﬁ//) <d> s, A8 ]
n n n n

We can factorize this by pulling out the /d/n and using n > d**¢:

R\ [d N S A
< — - .
[YV]| < C'max (0*(2), d>\/;[1 tar T e T

We can convert this to an p-norm bound for p > logn

E[|Y[["1/? < Cmax <a*<Z>, fj) \/z 1

Now if p = d° where ¢ = min(1

IY || < C'max (cr*(Z), 5)

tar T s s

pl/2 p% p§+1‘|

, 1%%4) then the error terms are all less than 1 so we are done. ]
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Lemma 14. Foranyp > 2, |[|G:(Y)l| |2 < (= DF("T37") < (0 — D)~
Proof. By Jensen’s inequality and Gaussian hypercontractivity we have
2
NEHew(2)Y ]Iz, < EllHew(2)[5]"?
< (p =D E|Her(2)Il7

:(p_1)’fk!(r+z_1).

Dividing by k! to revert to the normalized Hermite polynomials {h } completes the proof. ]

We will now bound the low-degree density ratio between the joint distribution of (X,Y") and the null
distribution Py := Px ® Py:

Lemma 15. Let Py := Px ® Py be the null distribution and let P< p denote the orthogonal projection onto
polynomials in X of degree at most D. Then:

Pep (5 ) XY= 3 ((2).G1)

k=0
dP
HPSD(dm)

2
r+D
S < + > .
9 T
Proof. Note that the density ratio is invariant to X conditioned on Z so we can Hermite expand directly in
Z:

and

Eo [mmﬁ;m Y]\Y] — 2 [h(2)|Y] = ()

which implies that the Hermite coefficients of % in Z are given by (. For the second equality, we have by

Lemma 14:
dP
HP@(dﬂ»o)

z — énznckmlli < XD: (HZ 1) - (r ED)'

k=0

D Proofs of Section 5

Proof of Proposition 4. We write y = o(z) to denote the deterministic link functions above.

1. Let S = {z € R";0(2) = +1}. Let k < r and consider E[hy(2)|z € S] = 2E[hx(2)1(z € 5)].
Any coordinate of this tensor corresponds to a multivariate Hermite polynomial hg, (21) ... hg, (%),
with 81 + --- 4+ B, = k. Since £ < r, there must exist a coordinate j s.t. §; = 0. By noting that
E., 1(z € S) = 1 and E._,[hg,(21) ... hp,.(2-)] = 0, we conclude that E[hy(2)1(z € S)] = 0
whenever k& < r, and analogously for R" \ S. Finally, we easily verify that E[o(z)z122... 2] > 0,
which shows that [* = r and hence k* = r.
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2. This follows directly from £* < [*.

3. Define K as the intersection of the half-spaces, determined by normals vy, . . ., vjs. From the assump-
tion that P is a r-dimensional multi-index model, V' = [v; ... wvp/] has rank 7. Any unit norm vector
u € span(V) thus satisfies max; |v; -u| > € > 0 forsome e > 0. Let X = E[z22 " |z € K] - E[z|z €
K]E[z|z € K] be the covariance conditional on K. From [KSV24, Lemma B1], [Vem10, Lemma
4.7], for any u as above it holds that u " ¥ ru < 1, which implies that span(A;) U span(Ag) = R”.

4. The argument appears already in [CM20], but we reproduce it here in our language for completeness.

We will use induction over the leaps. Suppose first S = @, and consider the level sets By = {z;|y| >
A}. Since y = o(z) is continuous and lim,_, |o(rz)| = oo for any z, for any R > 0 there exists A
such that B) does not contain the ball centered at O of radius R. Thus

Ti(E[ZZ"|Z € By)]) = E[|Z||*|Z € B,] > R?,
soif R? > r we must have E[hy(Z)|Z € B,] # 0, and hence Ay # 0.
Let us now iterate over leaps. Let .S be the span of Ao. We now consider the sets
Bygs = {Zs; |yl 2 X\, |lzs]| < m} € S+

By now viewing o(z) = o(Zs, z5) as a polynomial in Zg, we again argue that for any R > 0 there
exists A such that B} , s does not contain a ball of radius R, and therefore we can identify another
direction using the previous argument. Iterating this procedure until S spans the whole R" shows that
k* < 2.

Proof of Proposition 5. Suppose towards contradiction that k* > 2. Then for any g € L%y we have
Elg(o(z))H2(z)] = 0. Applying the coarea formula we obtain

_ ha(:11(2) o,
0= [ o) ( Lo et >> y. 0)

where H* is the k-dimensional Hausdorff measure. Since this must be true for any measurable g, we
conclude that

o hg(Z)’y(Z) r—1 _
L(y) = /gl(y) TS =0 Py ae @1

We write 0(2) = Y per (V2 + br) - 1(z € R), where R are the different linear regions.

Case r = 1:  Suppose first that there exists § and € > 0 such that the level sets o~ (u) contain no critical
points for u € (i — €, § + ¢€). The level sets o~ *(u) are discrete, and we claim that we can represent them as

o u) = {t; + 0;(u—7)} , where o1 () = {t;}iez

and 0; = 1/0'(t;) # 0 have alternating sign. We thus have, foru € (§ — €,7 + €),

L(u) = 6ilha(t; + 0:(u — §))y(ti + 0i(u — 7)) - (22)
€T
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Let us integrate this quantity twice now. Using the fact that (hy_17y)" = —hg7y, we have

L(u) = / L) 23)
:—ZSIgIl Y1 (ti +0;(u —9)y(t;i + 0;(u—7)) + C, 24)
i€z

L(u) :== / ' L(v)dv (25)
—251gn D07y (ti + 0i(u —5)) + Clu—G+e) +C (26)

i€z
=Y 10"t + 0 (u—9) + Clu—g+e) +C . 27

i€z

From L(u) = 0 a.e. on (§ % €) we have L(u) = 0 for all u € (7 = ¢), leading to

S0yt 4 0i(u—§) = —~Clu—F+e) = C, Yue (j+e). (28)
€T

Since all terms are analytic, we must have this equality for all u, which implies C' = C = 0, but this is a
contradiction, since the LHS is a sum of positive terms.

Caser > 1 We can represent a piece-wise linear continuous function in terms of a simplex triangulation,
and the values of the function at its vertices. Consider M = sup,{o(z)} the maximum of o, attained at
a discrete set of global maxima. Now, let us start decreasing the level set until we reach another vertex,
to say M’. We will study the family of level sets 0~ 1(y) for y € [M’, M]. We reparametrize y as y =
M + u(M’ — M), so this family can now be indexed with v € [0, 1].

For € S 'andt € R, let E(A,t) := {2;0"z = t} denote a hyperplane normal to 6 and passing at
distance ¢ to the origin. We can then write

0~ (u) = Uper Sr(u) ,

where Sg(u) = E(vg/|vrll, [lvr]lu+br) N R, and where R is the subset of linear regions crossed by these
level sets. Note that by construction this family R does not depend on u.

For u € (¢,1 — €), and for each R € R, we have the following homotecy representation of the level set
regions:

Sr(u) ={2 =z +u(z —zR);z € Sr(1)}. (29)

Here, xr denotes a local maximum of o, which is also a vertex of the corresponding simplex region R.
Consider now £(u) := Tr{L(u)}. By introducing the local change of variables Z = Up ,(z) := zr +
u(z — xg) for each region, we have

=S 0w [ (I = (30)

ReR Sr(u)
=u ZGR/ (lzg +u(z — zr)|* —r) v(zr + u(z — zg))dz, (31
Sr(1)
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where 0 = ||[Vo(z)||~! for 2 € R. Observe that £ is analytic in R, since it is a linear combination of
products of analytic functions. By assumption we have that £(u) = 0 for u € (0, 1), which implies that £
should vanish everywhere. But for v sufficiently large, observe that £(u) is a sum of strictly positive terms,
which is a contradiction.

This shows that Ay # 0. Let S = span(Ajy), and write z = (z5,2), § = (zs,y). We can now
again suppose towards contradiction that for any g € L?(P;) we have E[g(0(z), z5)H2(2)] = 0. Defining
7 1() :={z;0(2s, %) = y}, applying again the coarea formula leads to

y) = M r—|S|—1 2) = o

The piece-wise linear, continuous structure is still preserved in &, and therefore by iteratively applying the
previous argument shows that all directions will be captured with generative leaps of at most k* < 2.
|

Proof of Proposition 7. Leto(z) = 3_; a;p(z;). By definition, we have that (i) for any 7 : R — R and any
polynomial g of degree < k*(p), E[T (p(z;))q(z;)] = 0, and (ii) there exist a transformation ¢(y) such that
B(C(p(25)) i () (25)] 7 0.

Let us first show that k* > k*(p). Suppose towards contradiction that we had a measurable I/ and
multi-indices (51, ..., 3y) with |3] < k*(p) such that E[U/(o(z))Hp(z)] # 0. Then, denoting Hg(z) =
Hg_,(2-;)hg,(2;), we have

E., [E._, (U(c(2))Hp_,(2—;)) ks, (z;)] #0 (33)
E., [E., U | ajy;+ > ajp(zi) | Ha_,(2—;) p hs,(25)| #0 (34)
J'#]
E., | T5(wi)hs, (25)] #0, (35)
where we defined the label transformation 7;(y) := E, [U(ajy + 2145 a5 p(257) |. We have thus reached a
contradiction. Observe that the same argument also applies if one replaces o (z) by 7(z) = F(p(z1), ..., p(2r))
for arbitrary F'.

Let us now show k* < k*(p) := k*,. We focus on a Hermite moment along a single variable, say z1,
given by Ay« (21). Lety = p(z1) and n = aj ' >_j>1@jp(z5), so y and 7 are independent. We will find a
measurable function I/ such that

E., . [U(p(21) + n)his, (21)] # 0. (36)

We will consider a Fourier atom for I of the form 24 (t) = " for an appropriately chosen frequency €. For
that purpose, let us first reproduce an argument from [DPVLB24, Theorem 5.2]. By [DPVLB24, Lemma
E.2] there exists g : R — [—1, 1] such that E[g(Y")h~,(Z)] # 0. We consider gr(y) := g(y)1}y<gr. For R
sufficiently large, we claim that E[gr (Y )hg (Z)] # 0. We have that

Elga(Y)he- (2)] — Elg(¥ )i (2)]] = [Elg(Y Ve (2)1)y 5]
< VE(Vhi- (VP[] = B
]

VE[Y?]/R? (37)

IN
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which vanishes as R — oo. Therefore for sufficiently large R we have E[gr(Y)hg-(Z)] # 0. Now
gr € L*(R) N L2(R). Let us consider its Fourier representation gr(y) = [ gr(€)e*¥d¢. Then

Elgr(Y)hi (2)] = / Gr(E) Bl hy (2))d€ | (38)

which shows that there must exist & such that Ep[e®0Y hy.(Z)] # 0. Moreover, observe that £
Ep[e®Y hy+ (Z)] := (&) is || p||>-Lipschitz, since

[9/(€) = |E[iY e  hi- (Z)]] < VENYE[G(Y)?] < E[Y?] = [lo]?, (39)

so we can define € > 0 and § > 0 such that |¢)(§)| > ¢ forall € € (g — ¢, &o + €).
Now, let us evaluate (36) with the Fourier atom. We have

Eevn [U(p(21) + i, ()] = Eay [0y (21)] (40)
= Ex, [, (1) By e] @1
= () ¢n(E) (42)

where ¢, (&) = E,[e"¢] is the characteristic function of 7. Assume, towards contradiction, that ¢, (£) = 0
forall € € (& — €,& + €). By definition, we have that ¢, (€) = []}_, o(4E), where (€) = E[e4r(2)]
is the characteristic function of p(z). We thus deduce that ¢(£) must vanish on an interval £ € I C
(€0 — €, &0 + €). Since all the moments [E[y*] exist by assumption, this means that

VEel, meN, 0=¢"™(¢) =Ep, [(iy)me¥]. (43)

In particular, given any f € L%(P,), with expansion f(y) = >, axqk(y), where {qx }x is an orthonormal
basis of polynomials, we deduce from (43) that E[f(y)e?¥] = 0 for any f, which would mean that ¢’¥ = 0
in L?(P,), which is a contradiction. We have thus shown that there must exist £ € (o — €, o + €) where
both ¢, (€) and () are non-zero, proving (36).

This shows that [Ag+], 7# 0. Applying the same reasoning to z;, j € [r] thus shows that [Ag+]g, # 0.
On the other hand, if we consider 8 with |3| = k* but 3 not of the form 8 = (0, .., k*,0,...,0), applying
again (33) shows that [Ay+<]g = 0, ie Ay« is diagonal. We conclude that span(Ay+) = R” and thus that
k* < k*(p).

]

Lemma 16 (Truncated and Fourier Label Transformations, [DPVLB24, Theorem 5.2]). Let P € P(R x R)
with P, = ~ and let k* = k*(P). Then there exists Ry, &o, €0 > 0 and &g > 0, and label transformations

Tr. Te of the form Tr(y) = g(y)1jy<r and Te(y) = €Y such that
[Be [Ta(Y s (Z)]] 2 80 and [Bp [Te(¥ ) (2)]] = 9

for R > Ry and |§ — & < €.

Proof of Proposition 8. By Proposition 7, we can reduce ourselves to the univariate case. We first verify
that, given o : R — R, there exists € > 0 such that if

lo = 3ll,. <e (44)
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then k*(5) < k*(0) = k*.

From Lemma 16, we can use a sinusoid label transformation ¢(y) = cos(£y) for & that depends on o
such that E[¢p(o(2))h«(2)] = C # 0.

It suffices to verify that E[¢(G(2))hk« ()] # 0. Let a(z) = o(z) — &(2). Indeed, since ¢ is {-Lipschitz,
we have

V2, ¢(6(2) = d(o(2)) +a(z) , 45)

with |a(z)| < &|a(z)]. Thus
[E[¢(5(2))he= (2)] — Elp(0(2)) b= (2)]] = [E[a(2)he- (2)]] (46)
< llallz < &lllalllz = &llo — &1z, 47

soif e < C/& we have k*(6) < k*(0).
Finally, using a standard universal approximation theorem, e.g using the integral representation

7(:) = [ eplaz + 8)dv(ab,0) = Bpopopsleploz + ) (48)
R3

for v € P(R3), we can obtain & satisfying (44) by doing a Monte-Carlo approximation.
|

Proposition 6 (Generative Leap under linear transformations). Let o(z) : R" — R € L?(v,), o # C, and
let M. denote the set of v X 1 real matrices.

(i) For © € M,, define yo = o(©"2). Then (z,ye) ~ Pe satisfies k*(Pg) < 2 for every O, except
possibly for a set of r*-dimensional Lebesgue measure zero,

(ii) Assume that (z,0(z)) ~ P has a single leap with generative exponent k*. LetT' : D C R®* — M,
be any analytic map such that I € Im(T") and T'(0) is invertible for all § € D. For 6 € D, define
yo = o(L(0) T 2). Then (z,ys) ~ Py satisfies k*(Pg) < k* for every 0, except possibly for a set of
s-dimensional Lebesgue measure zero.

Proof. We will again exploit analytic properties. Let us first prove (i).

Let us consider a threshold function of the form T'(y) = 1(c; < y < aa), and its associated level set
Q = {z;a1 < 0(z) < as}. Suppose first that we can pick ay, ay such that €2 is compact. Then we have
Q C By(R), the ball of radius R, for some R > 0.

For M € R"*", consider the function

d(M) = det [M (/ zzTe_ézTMTMzd,z) MT — (/ e‘éZTMTMZdz) I} . (49)
Q Q

Let us now consider ¥ = 070 = VA2V, and Z ~ N(0,%). Observe that if © is invertible and
#(©~1) #£ 0, then

det [AQ P()

(22" = D)T(ye)]]
[(zz" = 1)1(©7z € Q)]

ot [(@T) VB [ZZT1(Z € Q)0 —E,1(Z € Q)]IT}

= det[O]" det [(@T)_l </ ZzTe_észlzdz> o ! - (/ e‘éZTEIZdz) Ir}
Q Q

= det[0] ¢((07)7")., (50)

t [E[
t [E[

det
det
d
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showing that det[A2(Pg)] # 0, and thus k*(Pg) < 2.
Let us now argue that ¢ is analytic in R"*". Indeed, the determinant is analytic, and compositions

preserve the analytic property, so it suffices to check that the functions M + ¢, (M) = [, e~32 M Mzg,
and M — ¢y(M) = [, zizje 2% M M=dz are analytic. Since €2 is compact, we have that
9’ a
M)| < R¥PIRr 51
Sy n)| < R 1

for any multi-index 3, and analogously for the terms ¢y,.

Now, observe that ¢(0) = ([, dz)" # 0, which implies that ¢ cannot be identically zero. From [Mit15]
we then deduce that ¢ can only vanish on a set of measure 0.

Let us now extend this argument to the setting where €2 is not compact. For any € > 0, we claim that
(M) is analytic in S = {M € R""; \pnin (M) > €}. Indeed, now ¢ is infinitely differentiable in S, and
its components ¢, ¢y, satisfy

‘3[3%

VG (M)‘ S Bltemr (52)

and similarly for ¢. Since now we have ¢(0) = oo, for e small enough we must have ¢(M) # 0 for some
M € S, which implies again that ¢ cannot be identically zero. It can therefore only vanish on a set of
measure zero inside S, for any € > 0.

Let us now prove part (ii) by adapting the previous argument. Since here we are assuming a single leap,
there exists a tensor-valued label transformation 7' € L2(R, (R")®*"; P, ) such that det[F'" F'] # 0, where

F = Mat, (e -1 [E[T(0(Z))hes (Z)]] - (53)
For ® € R™*" let us now define
P(O) :=det [F(O)F(0)"] , with (54)
F(©) = Mat,. (i1 [E[T(c(0" Z))hi (2)]] (55)
Using again ¥ = ©70 = VA2V, and Z ~ N(0, ¥), we can rewrite this last expectation as
F(©) = Mat,, (i [EZ[T(U(Z))hk*(G_lz)]} (56)

= C|Z|V/?Mat, (e [/T(O(Z))hk*(G)_lz)e_%zT(eT@)1Zdz . (57)

We argue again that F(©) is analytic in the domain {©;%X > eI} for any ¢ > 0, since it is a linear
combination of products of analytic functions. This implies that ¢)(©) is also analytic in this domain. Finally,
since the parametrization 6 — I'(#) is analytic by assumption, we deduce that 1) = 1) o[ is also analytic. We
know that ¢ is not identically zero, therefore we conclude that it can only vanish on a set of s-dimensional

Lebesgue measure zero.
|

38



	Introduction
	The Leap Decomposition
	Computational Lower Bounds in the Low-Degree Polynomial Class
	Upper Bound via Hermite Kernel U-Statistic
	Case Studies
	Conclusions
	Proofs of Section 2
	Proofs of Section 3
	Proofs of Section 4
	Proofs of Section 5

