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Abstract

Federated Learning (FL) has gained significant popularity due to its effectiveness in training machine
learning models across diverse sites without requiring direct data sharing. While various algorithms
along with their optimization analyses have shown that FL with local updates is a communication-
efficient distributed learning framework, the generalization performance of FL with local updates has
received comparatively less attention. This lack of investigation can be attributed to the complex inter-
play between data heterogeneity and infrequent communication due to the local updates within the FL
framework. This motivates us to investigate a fundamental question in FL: Can we quantify the impact
of data heterogeneity and local updates on the generalization performance for FL as the learning process
evolves? To this end, we conduct a comprehensive theoretical study of FL’s generalization performance
using a linear model as the first step, where the data heterogeneity is considered for both the stationary
and online/non-stationary cases. By providing closed-form expressions of the model error, we rigorously
quantify the impact of the number of the local updates (denoted as K) under three settings (K = 1,
K < oo, and K = c0) and show how the generalization performance evolves with the number of rounds ¢.
Our investigation also provides a comprehensive understanding of how different configurations (includ-
ing the number of model parameters p and the number of training samples n) contribute to the overall
generalization performance, thus shedding new insights (such as benign overfitting) for implementing FL
over networks.

1 Introduction

Federated Learning (FL) has recently emerged as a prominent paradigm in the realm of distributed learning,
facilitating the collaborative training of machine learning models among clients under the orchestration of
a central server. By offering privacy preservation, scalability, and collaborative intelligence, FL holds great
potential to revolutionize industries in healthcare, finance, IoT, among others [1, 2, 3, 4]. In FL, the federated
averaging (FedAvg) algorithm [5] and its variants have become the prevailing approach. FedAvg leverages
local computation at each client and employs a centralized parameter server to aggregate and update the
model parameters. The unique feature of FedAvg is that each client runs multiple local stochastic gradient
descent (SGD) steps between two consecutive communication rounds to reduce the communication frequency
between the clients and server. In the literature, it has been shown that FedAvg-type algorithms with local
updates achieve fast convergence rates while enjoying a low communication complexity. More importantly,
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the low communication complexity due to local SGD updates renders FedAvg-type algorithms ideal for
deployment over wireless edge networks, where the communications links could likely be highly dynamic,
stochastic, and unreliable.

However, even with the evident benefit of being communication-efficient, the impact of local updates on
the generalization performance of FedAvg-type algorithms remains poorly understood. The lack of such
theoretical understanding affects the long-term and large-scale adoption of FL. Particularly, in the FL litera-
ture, there remains a significant amount of controversy over how the FL generalization performance is affected
under the intricate interplay between data heterogeneity and local update steps. Specifically, some researchers
speculated that data heterogeneity results in poor generalization through empirical experiments [6, 7], while
other works argued that FedAvg can generalize very well with data heterogeneity [8, 9, 10, 11]. Notably, it
has been empirically demonstrated that Fed Avg-type algorithms using a fine-tuned number of local update
steps exhibit a better generalization performance than the parallel stochastic gradient descent (SGD) algo-
rithm [9, 10, 11]. So far, however, there is no theoretical guiding principle on how to choose an appropriate
number of local update steps to achieve good generalization performance in the FL literature. Given the
ever-increasing importance of FL as a distributed learning mechanism over networks, a compelling open
question arises:

(Q): How does the local update process, when coupled with data heterogeneity, impact the generalization
performance of federated learning?

In the FL literature, there have been some initial attempts to theoretically understand the generaliza-
tion performance of FL (see Section 2 for more discussions). The first line of work employs the traditional
analytical tools from statistical learning, such as the “probably approximately correct” (PAC) framework.
These works focus on the domain changes due to the data and system heterogeneity. For example, the
works in [12] and [13] assumed that clients’ data distributions are drawn from a meta-population distribu-
tion. Accordingly, two generalization gaps in FL are defined. One is the participation generalization gap,
which measures the difference between the empirical and expected risk for participating clients; and the
other is the non-participation generalization gap, which measures the difference in the expected risk between
participating and non-participating clients. The second class of works studied the training dynamic near a
manifold of minima and focused on the effect of stochastic gradient noise on generalization. For instance,
the FL generalization behavior was investigated in [6] through the lens of the geometry of the loss and Hes-
sian eigenspectrum, while the long-term FL generlization behavior was studied in [14] using the stochastic
differential equation (SDE) approximation. Recently, researchers studied FL generalization under data het-
erogeneity through algorithmic stability [15]. Also, rate-distortion theoretic bounds on FL the generalization
have been established in [16].

Despite the valuable insights on FL generalization offered by the aforementioned existing works, it is
important to note that they primarily yield asymptotic results by focusing on domain changes or describing
asymptotic behavior such as sufficiently large communication rounds and fine-tuned local steps. Hence,
these works all fell short of providing an explicit relationship to characterize how critical factors in FL,
(e.g., the number of local updates, the number of communication rounds, and data heterogeneity) affect the
generalization of FL in general. To bridge this gap, as a starting point, we conduct the first theoretical study
on the number of local updates on FL’s generalization performance based on the recent double-descent
theoretical framework for over-parameterized learning models. Our objective is to explicitly quantify the
influence of local update steps, data heterogeneity, and the total number of communication rounds on the
generalization performance of FL, all of which are particularly relevant to the deployment of FL over edge
networks. We highlight our contributions as follows:

e To lay a theoretical foundation for FL generalization, we start with a linear model with Gaussian fea-
tures in over-parameterized (related to benign overfitting [17, 18, 19]) and under-parameterized regimes.
Specifically, in round t of FL, agent ¢ aims to learn a model w through its own local data that follow the
underlying ground truth model y;) ; = le;),tw(i)-,t AIORTEAS [m], where w(;),; is the ground-truth slope.
By considering different w;) ¢, the data samples (X;,y;) can simulate various patterns of data heterogene-
ity, including both stationary (i.e., w(;); = w(;) and online/non-stationary (i.e., w; , is time-varying)
cases. Utilizing this model allows us to efficiently disentangle the distinct influences of heterogeneous data,
local update processes, and communication rounds in FL.



e Based on the aforementioned analytical model, we provide closed-form expressions of the generalization
error of FedAvg-type algorithms in terms of the number of local update steps. Specifically, we rigorously
quantify the impact of local update steps (denoted as K) under three representative regimes (K = 1,
K < oo, and K = c0) and show how the generalization performance evolves with respect to the number of
communication rounds ¢. Our results reveal some interesting insights: 1) a good pre-trained model “helps”
but only to some extent; 2) the effect of noise and heterogeneity accumulates but can be limited; 3) the
optimal number of local updates exists only in “some cases,” hence resolving the empirical controversy
regarding the effect of K.

e We note that, in addition to offering insights into FL’s deployment over edge networks, our work is also of
independent interest in learning theory. Specifically, our closed-form expressions of the FL generalization
error contribute to answering, in the FL context, the fundamental question of why an over-parameterized
model can generalize well. Note that over-parameterized deep neural networks (DNNs) have been widely
used in machine learning (including FL), although it remains a myth why they can generalize well (also
known as “benign overfitting”). In the recent literature, a promising approach toward resolving the benign
overfitting question is the so-called “double-descent” theoretical framework [20, 21, 22, 23, 24, 25, 18] that
starts from over-parameterized linear models. In this work, we extend such double-descent analysis into
the FL regime where the distributed learning procedure is more complex than classical centralized learning
due to the complications of local updates and data heterogeneity.

The rest of this paper is organized as follows. Section 2 reviews the literature to put our work in
comparative perspectives. In Section 3, we introduce the over-parameterized linear model in our FL system.
Section 4 presents the main generalization analysis, which is followed by the (sketched) proofs of some key
results in Sections 5 and 6. The conclusion is in Section 7.

2 Related Work

1) Federated Learning: Federated Learning (FL) has emerged as a popular distributed learning frame-
work, which harnesses the collaborative power of multiple clients to learn a shared model [26, 27, 28]. Since
its inception, FL systems have demonstrated increasing prowess, effectively handling diverse forms of hetero-
geneity in data, network environments, and worker computing capabilities. A large number of FL algorithms,
including FedAvg [29] and its various adaptations [30, 31, 32, 33, 34, 35, 36], have been proposed in the litera-
ture. However, it is worth noting that these works only provide insights into the convergence in optimization,
while lacking the understanding of generalization performance for FL.

2) Generalization Performance of FL: In the literature, there have been relatively limited studies
on the generalization of FL. We categorize these works into three distinct classes. The first line of work
employs the traditional analytical tools from statistical learning. The work in [12] assumed that clients’ data
distributions are drawn from a meta-population distribution. Accordingly, they define two generalization
gaps in FL: one is the participation generalization gap to measure the difference between the empirical and
expected risk for participating clients, the same as the definition in classic statistical learning; the second
is the non-participation generalization gap, which measures the difference of the expected risk between
participating and non-participating clients. Following this two-level distribution framework, sharper bounds
are provided [13]. Also, the probably approximately correct (PAC) Bayesian framework is used in [37] to
investigate a tailored generalization bound for heterogeneous data in FL. Recently, some researchers studied
FL generalization under data heterogeneity through algorithmic stability [15]. Meanwhile, PAC-Bayes and
rate-distortion theoretic bounds on FL generalization errors have been established in [16]. Similar tools are
also used to study FL generalization in [38, 39, 40, 41].

The second line of work studied the FL training dynamic near a manifold of minima and focused on the
effect of stochastic gradient noise on generalization. These works used “sharpness” as a tool for characterizing
generalization. For instance, the generalization behavior was investigated in [6] and [42] through the lens of
the geometry of the loss and Hessian eigenspectrum, which links the model’s lack of generalization capacity
to the sharpness of the solution under ideal client participation. Based on sharpness, a momentum algorithm
with better generalization was proposed in [43]. Also, the long-term generalization behavior of FL is studied
in [14] using the stochastic differential equation (SDE) approximation, which showed that local steps could



lead to better generalization under appropriate conditions (e.g., a sufficiently small learning rate, a sufficiently
large number of communication rounds, and an appropriately chosen number of local update steps).

We note that all of these existing works on FL generalization only provide asymptotic results on domain
changes or describe limiting behavior, such as a large number of communication rounds under a carefully
chosen number of local updates. Consequently, they all fell short of establishing a direct quantification that
demonstrates how key FL factors (i.e., data heterogeneity, the number of local updates, and the communi-
cation round) affect FL generalization.

3) Benign Overfitting and Double Descent: Since our work is intimately related to the double-descent
framework for resolving the “benign overfitting” mystery, it is also insightful to provide a quick overview of
this research area here. As an initial step to understanding why over-parameterized DNNs generalize well
(i.e., “benign overfitting”) and exhibit the so-called “double-descent” phenomenon (i.e., the generalization risk
descends again beyond the conventional “U-shape” curve in the over-parameterized regime), early attempts
in this area started from exploring the minimum ¢s-norm [20, 21, 22, 23, 24| or ¢;-norm [25, 18] overfitted
solutions of the linear models with Gaussian or Fourier features. Later studies in this area investigated the
generalization performance of overfitted solutions of shallow neural network approximations. For example,
researchers have considered random feature (RF) models [44], two-layer neural tangent kernel (NTK) models
[45, 46, 47|, and three-layer NTK models [48]. Note that all of these studies have focused only on the
centralized learning settings, while our work considers the benign overfitting phenomenon in the FL settings,
which are far more complex due to the multi-agent nature and unique complications due to FL, such as local
updates and data heterogeneity.

3 System Model
3.1 The Ground-Truth Model, the Learning Model, and Training Samples

As a first step toward a theoretical understanding of the impacts of local updates on the FL generalization
performance, we consider the general linear ground truth model which is widely used in the literature on
machine learning theory (e.g., [17, 18, 19]):

y=a w+e, (1)
where & € R® denotes the feature vector that consists of s true features, w € R® denotes the corresponding
ground-truth model parameters, and ¢ € R denote the noise in the output y € R.

Let p denote the number of features/parameters for the chosen learning model. In other words, a sample
is in the form of (x € R?,y). In practice, the number of features could be large (may or may not be necessary)
to make sure that all true features are included. Thus, we assume that p > s and those p features include all
necessary features®. Without loss of generality, we let & be the first s elements of . Correspondingly, we
define w := [%] € RP. Thus, Eq. (1) can be rewritten as y = " w + e. We note that such a linear model is
considered in many works on theoretical understanding of the double-descent phenomenon in deep learning
theory [20, 21, 22, 23, 24, 25, 18]. In Section 4, we will also show that these linear models lead to insights
that have been observed in practical (non-linear) FL.

Consider the FL setting with m clients, where the communication rounds are indexed by t =1,2,--- | T.
We use [m] to denote the set {1,2,---,m}, and use [T] to denote the set {1,2,---,T}. We use the subscript
(*)(i),t to denote a quantity for the i-th agent at the ¢-th round. In the ¢-th communication round of FL,
the i-th client uses n;) ; training samples. Stacking these training samples, we have the following matrix
equation.

Yy = Xy W)t + €0t (2)

where X(;), € RP*"0t wy), € RP, yuy,, € R, and €@y, € R"®¢. It is worth noting that Eq. 2
is quite general, including both stationary scenarios where w;) ; = w; and non-stationary scenarios with
time-varying w;), that accounts for environmental changes at the edge devices. The subscript notation
(*)(i),t in w; , offers a more general framework to model various complications in FL, such as unbalanced

*Qur result can be generalized to the case of missing features by treating the missing part as noise.



data, heterogeneity, and non-stationarity. In general FL, there exist ground-truth parameters w* € RP? in
the system, which corresponds to the target solution of FL. For example, in simple FL with balanced data,
the ground truth is can be written as w* = L D ic(m) Wi

3.2 Data Distribution, Heterogeneity, and Non-stationarity

To analytically characterize the impact of local updates on the FL generalization performance, we need
some assumptions on the distribution of the training data (X(i”, y(i)7t)ie[m]7t:1)27m s First, we adopt the
independent Gaussian features and noise assumption, which is a common assumption in the literature (e.g.,
[20, 18]) for analyzing over-parameterized generalization performance. Specifically, we have the following
assumption:

Assumption 1. For any i,t, each element of X ; follows i.i.d. standard Gaussian distribution, and each
element of €y, follows independent Gaussian distribution with zero mean and variance U(Qi) .

Assumption 1 assumes that each dataset per round is unique and freshly obtained, mirroring the con-
ditions of an online data acquisition environment. Besides, it also serves as a realistic approximation for
scenarios involving large, fixed datasets.

Since we consider linear models, the heterogeneity of the variance of X(;); can be normalized, i.e., it is
equivalent to only consider the heterogeneity of the variance of €(;); as described in Assumption 1. Note
that although X(;) ; has identical distribution among different clients, the training data are heterogeneous
in y(;),, because w(;), can be different and o(;); may have different values. In other words, y;), and y;,
may have different distributions for different ¢ and j in our model. To quantify the level of heterogeneity in
the ground-truth w;) ;, we define

Vi)t =W = W) - (3)

Intuitively, ;) describes the (small) perturbation of agent i’s ground truth at the ¢-th round with respect
to the target ground truth w*. The quantification of data heterogeneity here aligns with established research
in FL, where the assumption ||V f;(x) — V f(x)|? < 02 is commonly used to quantify data heterogeneity [49)].
In the case of a linear model, this assumption can be equivalently expressed as H')/(i)7t||2 <d?.

3.3 Federated Learning Process

We use mean-squared-error (MSE) as the training loss, i.e., the training loss of the parameters w on n
samples (X, y) is defined as:

L X, y) = — ly — X Ta|”.
2n

(4)

We consider the FedAvg algorithm [5], where a central server averages the local updates of each agent
(weighted by each agent’s number of samples) and then distributes the weighted averaged result to all agents
as the initial point of the next local update. We use Waygs+ € RP to denote the weighted average result at
round ¢, and use w(;); € R? to denote the result of the local update of agent i at round ¢. The weighted
average can be expressed as:

s Dicim] M) W(0) ¢ %)
& D icm) M)t

Let g denote the initialization of the parameters (e.g., starting from a pre-trained model). For notational
convenience, we define Wayg,0 == Wo.

Recall that the focus of this paper is to examine the impact of local updates on FL generalization. To
this end, we use a parameter K > 0 to denote the number of local update steps. We consider the following
three regimes in terms of different K values: K = 1, K < oo, and K = oco. We use superscripts (-)%=1
() K< and ()%= to these cases, respectively. For example, u?if,g% and w(lf)jl denote the values of Wayg, ¢

and w;) ¢, respectively, when we consider the setting of K = 1.



3.3.1 K =1 (One-Step Gradient)

The simplest algorithm in FL is to perform only one gradient step in each client’s local update. Specifically,

for all clients ¢ € [m] and each round ¢t = 1,2,--- , T, the result of the local step (denoted by mg)jl) can be
written as:
OL(wEZL 1 X Nt
~K=1 ~K=1 avg,t—13 (i)t Y(i),t
wi, :wav,tfl_ai,t ~ K — B
(@) ® awgg}—l

where a;); > 0 denotes client i’s learning rate (i.e., step size) of the local update in round .

3.3.2 General K < co (Multi-Batch Local Updates)

The general case in FL is that in each round ¢, every client performs local updates multiple (finite) times.
In the k-th update, client i uses fi(;); data (X (i), t.k> Y(i),t,k) (as a batch) where X(; .5 € RPX%).t and
Y(i),e € Rt In this paper, we consider the case where X ;) for all k& € [K] are disjoint and their
union is X(;)¢. In other words, the data X(;), are partitioned evenly into K batches (and thus we have
K -y = ngy,e). We define ;) 4 i as the result after the k-th batch for client 4 in round ¢. Specifically,
for the local update in the k-th batch (k=1,2,---, K), we have

OL(W (3 ¢, k—15 X(i) t.k> Y(i) k)
0w (i ¢ k-1

W), 1,k = W) k—170(0) :
where ;) ; > 0 denotes the learning rate. We note that w; ;o == mg;%_l and w(;) ;= W), k- Also, the
general case degenerates to that of Section 3.3.1 when K = 1.

3.3.3 K = o (Convergence in Local Update)

In this case with K = oo, we consider each client’s solution that the local GD/SGD converges to', which is
different from Sections 3.3.1 and 3.3.2 where every sample is only trained once. In the under-parameterized
regime p < n(;,, the convergence point at each client corresponds to the solution that minimizes the local
training loss, i.e.,

mg)jm = argmin L(w; X3y 5 Y(i),t)s when p < ngy .
w

In the over-parameterized regime p > n(;),, there are infinitely many solutions that make the training loss
zero with probability 1, i.e., overfitted solutions. It is known in the literature that an overfitted solution
corresponding to GD/SGD on a linear model in the over-parameterized regime has the smallest ¢o-norm of
the change of parameters [52, 53]. Specifically, the convergence point of the local updates corresponds to the

solution to the following optimization problem: for ¢t = 1,2,.-- T, when p > n , we have
~K=c0 . : . A K=
w(i),too = arg AIIlln Hw - wavg,?il ) (6)
w

subject to Xg)ﬂfu} = Y(i)t- (7)

The constraint in Eq. (7) implies that the training loss is exactly zero (i.e., overfitted, which is also known
as the interpolation regime).

3.4 Generalization Performance Metric

We then use the distance between the trained model w and the ground truth model w*, i.e., model error,
to characterize the generalization performance: L™ (1) = [l — w*||>. Such model error is equal to the
expected test error in some cases.* For convenience, we define

At =w" — 'lffavg,tv t= 07 1527 e 7T' (8)

TThe difference between a very large but finite K-value and K = oo has been characterized in the literature of the convergence
analysis on gradient descent, e.g., [50, 51].
¥We can show that the model error is equal to the expected test error for noise-free data. See Lemma, 6.



Therefore, to characterize the generalization performance of FL at the end of round ¢, we need to quantify
HAtH2 with respect to p, K, n, learning rates, initialization, etc. Note that A characterizes the difference
between the initial weights Wy (which can be viewed as starting from an initial or pre-trained model) and
the ideal solution w* (thus Ay is irrelevant to the configuration of K).

3.5 Extra Notations

Let seq; () denote a sequence of numbers/vectors indexed by ¢. For i = 1,2, - and for a real number /vector
Bo, we define a mapping F as follows:

! ! !
F(l, Bo,seq; (a;) ,seq; (b;)) == H a;Bo + Z b; - H aj. 9)
i=1 =1 j=itl

Eq. (9) corresponds to the general-term formula of 3; for the recurrence relation 8; = a;8;—1 + b;.

4 Main Results

In this section, we will present the closed-form expression of E ||A¢||* for all three cases of K-values. These
expressions are complex since our system model considers both the non-stationarity along different rounds
and the heterogeneity across different clients. To make our results more accessible, we also provide a simplified
version of our results for the special case, where the system is stationary across rounds and the heterogeneity
across clients are bounded. Specifically, the simple case is defined as: for all i € [m],t € [T,

Nyt =Ny  Quiye =,  O@) = 0, (10)

Ssetm ol _

m

[B7 (12)

where [|v]|> > 0 denotes the level of heterogeneity. Here, we consider the balanced data case with a
constant learning rate and constant noise in data. The expression Zje[m] Yi)¢ = 0 in Eq. (11) indi-
cates that the ground-truth solution w* is the average of the all clients’ ground truth w;) ¢, i.e., w* =
# Zie[m],tE[T] w(;),¢. With the above notations, we are now ready to present our main results in the fol-
lowing subsections. It is important to note that our general results, including Egs. (16), (18), (26) and (27),
are derived independently of the more restrictive Egs. (10) to (12), which are only applied in simplified
scenarios such as Egs. (17), (19) and (28).

4.1 The K =1 Case
We define the following short-hand notations:

Z‘ n; t(1 — O t)

K=1 ie[m] "4(9), (@),

g = F(I, Ay, seq, ,
Die(m] Vi)t

i€m] (), LT (3),t 7Y (),
e, D iefm] ).t <.>t CIAN (13)
D icm] M)t

2
(Zie[m] ng),e(1 —a(i),t)) 2 i im) O3 M)+ (PHL)
Hy= = — : (14)
i€[m] n(i),t)




2
D iem] X0 POt HZie[m]a<i>,t"<i>7t7<z‘>,tH
(Zie[m] ”(i),t)2 I (Zie[m] ”(i),t)2

2
S icim) @0yt (P + 1) v
- +
(X ieqm) MGi)t)
2 (Zie[m]n(i)yt(l_a(i)yt))(Zie[m]n(i)qta(i)qt’y(—zr),tgt—l)
(X iem) ™0).t)?
2 Dicfm) Oy 4T (i)t (P + 1)7(1;)715915?1

Gt::

+

: . (15)
(Zie[m] n(i),t)2
Theorem 1. When K =1, we have
12
E HAIF_IH :‘F(tv HA0||27 seq; (Hl)v seq; (Gl))th € [T] (16)
For the simple case described by Fqs. (10) to (12), we have
1112 1—H!
EJAFT = H 1Ao|* + 55 G (17)

2

where H == (1 — a)? + a2(p+l), G = 222 | 27t (75

mn mn mn

We relegate the proof of Theorem 1 to the supplemental material [54, Appendix B]. In what follows, two
important insights for Theorem 1 are in order from the perspectives of model initialization effects and data
heterogeneity /noise.

Insight 1) Effect of model initialization: A good initial/pre-trained model helps, but its
effect attenuates as the number of communication rounds increases and it cannot address
the data heterogeneity challenges. In Theorem 1, HAOH2 denotes the model error induced by the
model initialization wo (cf. Eq. (8)). Theorem 1 shows that starting from a good initialization (e.g., a
pre-trained model) reduces the training time required to reach a target error rate. The reason is that a
good initial /pre-trained model is usually closer to the target solution w* than a random model initialization.
Thus, ||Ag]|| will be small and it helps to reduce the model error. This result theoretically explains previously
observed experimental results that using pre-trained models as the initialization for FL accelerates the
training process [55, 56]. Meanwhile, we note that the coefficient of ||Ag||® decreases as ¢ increases when
the learning rate is relatively small.¥ This means that the effect of the pre-trained model diminishes as the
number of communication rounds increases. As t — oo, the first term in Eq. (17) asymptotically goes to
0, signifying a vanishing effect of the pre-trained model. This finding is consistent with existing analyses
in FL, suggesting that pre-training becomes unnecessary with a sufficiently long training [14]. In addition,
Theorem 1 shows that the error induced by data noise and heterogeneity is not affected by the model
initialization. This means that even a good initial /pre-trained model cannot alleviate the problems caused
by heterogeneous data, which theoretically confirms prior experimental observations [55].

Insight 2) Effect of noise and heterogeneity: Errors arising from data noise and heterogene-
ity accumulate as the number of communication rounds increases, but eventually converge
to an asymptotic limit. In Eq. (17), the coeflicient of the second error term attributed to data noise
and heterogeneity (G) is expressed as 11:5{; =1+ H+ H?>+ .-+ H"'. This implies that the error in-
duced by data noise and heterogeneity accumulates as the value of ¢ increases. Meanwhile, this error term
is bounded from above and it eventually converges to ﬁG as t — oo. This aligns with the empirical
observations that FL algorithms remain effective, despite the occurrence of model drift resulting from data
heterogeneity [8, 57, 58, 59].

Experiments. We perform simulations to illustrate the influence of model initialization in FL. The
experimental setup is as follows: K =1, m = 3, p = 200, n¢;); = 50, s = 5, ||'y(i)7tH = 0.5, and o) ; = 0.7

$In Eq. (17), H < 1 when o) ¢ < ﬁ.
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Figure 2: Experimental and theoretical values of
the model error w.r.t. K where t = 5, s = 5,
p = 200, Aol = 1, ngy = 144, ||y =
0.5, and o, = 0.7 for all 4,¢. Each marker
point is the experimental value by averaging over
20 simulation runs. The curves are theoretical
values of Theorem 2. The lowest points of the
three curves for cases m = 3,10,25 are located
at K = 15,19,27, respectively.

Figure 1: Experimental and analytical values of
the model error w.r.t. ¢ where K = 1, m = 3,
p = 200, ngye = 50, s =5, ||| = 0.5, and
oy, = 0.7 for all i,¢. Each marker point is the
experimental value by averaging over 20 simu-
lation runs. The curves are theoretical values
of Theorem 1. (All markers are close to curves,
which validates Theorem 1.)

for all 4,t. Each marker point denotes the outcome of simulations averaged over 20 simulation trials. In
Fig. 1, we plot the model error with respect to (w.r.t.) ¢ for three different pre-trained models: ||Ag|| =1 (red
solid line with markers “[0”), ||Ag|| = 0.5 (green dashed line with markers “>”), and ||Ao|| = 0 (blue dotted
line with markers “0”). Generally, the simulation demonstrates the tightness of our theoretical findings and
confirms our two insights mentioned above. The blue curve, indicative of the smallest initial model error,
initially outperforms the other two curves. However, this performance gap diminishes as time progresses.
This observed trend aligns with our insights into the impact of model initialization. Conversely, as the
blue curve originates from the ideal solution, its upward trend with respect to t is solely attributed to
noise and heterogeneity. This observation further validates our understanding of the influence of noise and
heterogeneity.

4.2 The General K < oo Case

Similar to Egs. (14) and (15), we define J;, Q; € R. The expressions of J; and Q; only contain n; , p,
Q@) Y(i),t> Ao, and the number of local steps K. The formal definitions are provided in Eqs. (64) and (65)
at the beginning of supplemental material [54, Appendix C] due to space limitation.

Theorem 2. When K < 0o, we have
ool
EAF<]* = F (1 180l seq (1), seq; () - (18)

For the simple case described by Eqs. (10) to (12) and by further letting ||v||* = 0, we have

Jt o?pe? 1- AKX
J mn 1-A°

1—
B[AF< = 1Al + = (19)

where i = |n/K|, A:=(1— a)Q + %, T = AK+(m*1)(1*a)2K'

m

The proof for Theorem 2 is provided in the supplemental material [54, Appendix C]. Building upon the
insights gained from Theorem 2, we have the following discussions concerning the impact of the local update
step K.

Insight 3) Effect of the local update step number K: The optimal choice of finite K some-
times exists. In Eq. (19), the local update step number K together with several other factors simultaneously



influence two error terms. Therefore, the optimal choice of K is dependent on other configurations, such
as the number of communication round ¢, ||Ag||® (determined by the model initialization), and the noise
denoted by 2. Through an analysis of how Eq. (19) evolves with K, we establish the following proposition
for the optimal choice of K:

Proposition 1. The ezistence of an optimal choice of K (defined by Kopi) for Eq. (19) in different cases
are as follows:

(1) A finite K opi-value must exist when fi is fived (i.e., n is determined by K7), « is sufficiently small¥,
and t — 0.

(2) A finite K ope-value does not exist (i.e., Kope = 00) when 7t is fized, o is sufficiently small, and o = 0.

(8) When n is fized (i.e., i is determined by |n/K]), t < co, @ < 0.1, m > 3, and o = 0, if we neglect
the difference between |n/K| and n/K, then

n 2 n (m-—2)
— | — =1 < Kyt < . 20
p+1<a )‘ P=0F1 od (20)

In Proposition 1, we show that the optimal and finite K-value only exists in some cases, whose value
depends on other parameters in one specific problem instance. For example, the upper bound of Kyt in
Eq. (20) indicates that the optimal K may increase when the number of agents m increases.
This discovery offers a theoretical explanation of the experimental controversy, wherein switching to local
update steps yields divergent outcomes for various tasks; some exhibit improved performance, while others
do not [9, 11, 14]. Proof of Proposition 1 is provided in Section 5.

Experiments. Following a similar setting in Fig. 1, we plot the model error against the local steps K
when n;) ; is fixed in Fig. 2. These three curves in Fig. 2 correspond to different values of m. We can
see that each of the three curves in Fig. 2 has a minimum. The lowest points of the three curves for cases
m = 3,10, 25 are located at K = 15,19,27 (i.e., Kopy), respectively. This phenomenon supports our insights
that the optimal K only exists “sometimes” and may increase w.r.t. m.

4.3 The K = oo Case (Convergence in Local Update)
We define the following short-hand notations:

gl = = F (I, Ao, seq, (A¢) , seq, (b)), @)
1 (i)t
A= Y s <1 T, > ’ .
Zi’e[m] LICON Z/gz[m] b
1 Nyt
b= =——"— Nrye e (CORS 23)
2irelm) )t z"ez[;nl P

=t (9, (- 2)
(X icpm) M .1)?
n PIILIORLOR: (1 - %) (1 - %)
(X ie(m) M) .t)? ’

TWhen o < H%’ we have A < 1, and thus J < w =1.

Ct =
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3. 2
Sy o 2 oy

(Zie[ 1 1), t)2
Zie[m] Zje[m]\{i} (7(” o )t’Y(z) Y, t)
(Eie[m] n(i),t)2

2ielm] 2jelm\(i} 27 g, (1‘ (;)’t)’%,tgt}ﬁoo

Dt =

+ +

(25)
(Zie[m] niy,e)?
Theorem 3. In the over-parameterized (OP) regime, i.e., p > maxn;) ¢ + 1, it holds that
oo |2
E [|AF===F(t, | Aol seq, (C1) , seq (D1), ¥t € [T]. (26)
In the under-parameterized (UP) regime, i.e., p < min ne),e — 1, it holds that
2 n%i),tpa?i),t
o2 16 @Yot ||| 2ieim) ngy—p-T
B llAF=|= = &
2 icm) M)t (X icpm) 76i).t)
For the simple case described by Fgs. (10) to (12), it holds that
g2 _ [C AP+ =D if OP,
gllap—=|f = { Il + =D vor o9
m(n—p—1) Zf ’
where
1 —1 2
c;__(1—ﬁ>+m—(1—ﬁ> <1, (29)
m p m p
no? nTg
Di=——7"7-—+—|7I". 30
ey + 51 (30)

We provide a proof sketch of Theorem 3 in Section 6. The complete proof is in the supplemental material
[64, Appendix D].

Insight 4) Benign overfitting exists in FL, and the “null risk” can be alleviated by using
more communications rounds. In the over-parameterized case of Eq. (28), the term D decreases when p
increases. Thus, when the term D dominates (e.g., when noise and/or heterogeneity is large, or t is large),
the generalization performance of FL in this case will benefit from more parameters when overfitted. This
validates the “double-descent” or benign overfitting phenomenon in the literature of the classical (single-task
single-agent) linear regression (e.g. [19]). For the comparable Gaussian models we used, the expectation of
the model error of such a classical (single-task single-agent) linear regression is

2
n 2 no
1— =) ||Aoll” + .
(1= 2y Ao + T

(31)
By Eq. (31) and related literature (e.g., [18]), the classical linear regression suffers from the “null risk” (i.e.,
converges to the initial error) when p — oo. However, for the FL result in Eq. (28), we can see that the
“null risk” term || Ao||* can be alleviated by the coefficient C**, which approaches zero when t — co. In other
words, for fixed n, when p — oo, as long as we let ¢ — oo in a faster speed (e.g., t = plogp, proved in
Lemma 1 in supplemental material [54, Appendix A]), then the null risk term C* | Aq||* — 0, which implies
that using more communication rounds in FL (i.e., larger ¢) mitigates the null risk, thus “enhancing” the
benefits of overfitting.

Experiments. In Fig. 3, we present a plot of model error against p in both the underparameterized
regime (p < n = 25) and overparameterized regime (p > n = 25) for three cases with t = 1, t = 4, and
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model err
[t
o
o

o

Figure 3: Experimental and theoretical values of the model error w.r.t. p where m = 3, s =5, ng), = 25,
Aol =1, H'Y(i),tH = 0.5, and o(;); = 0.7 for all 4,¢. Each marker is the experimental value by averaging
over 20 simulation runs. The curves are drawn purely by the theoretical values from Theorem 3.

t = 40. The curves represent theoretical values derived from Theorem 3, while each marker signifies the
average of 20 simulation trials. It is observed that all three curves exhibit a decreasing trend at the initial
phase of the overparameterized regime, confirming the presence of benign overfitting. Additionally, when
comparing these three cases, the curve for ¢ = 40 (indicated by a blue dotted line with markers " o ") has a
more substantial and broader descent. This observation confirms our insight that a larger t-value enhances
the benefits of overfitting in FL.

5 Proof Sketch of Proposition 1

(1) Since 7 is fixed, then A does not change with K. When ¢t — oo, the value of Eq. (19) becomes

1 a?po? 1-—AX
1—-J mn 1-A°

(32)

1-AK
—J -

The only component related to K in Eq. (32) is %, thus Kope = argming
finite K, we must have

Notice that for any

K
AR = (1—a)2+@> > (1 — )k,

Thus, we have

J = ;AK + mT_lu —a)?K < AKX,

11:“4; < 1 for any finite K. Meanwhile, KlgnOO 11_:4; = 1. Thus, K,pt should be finite.

(2) Since 7 is fixed, then A does not change with K. When o = 0, Eq. (19) becomes J* || Ao||>. Notice
that J is strictly monotone decreasing w.r.t. K. Therefore, Kopi = 00.
(3) Since we use n/K to replace |n/K |, we have Kop = argmin f(K) where

which implies that

K
F(K) = ((1 —a)?+ K@) +(m = 1)(1 - )<,
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Calculating the derivative, we have % =

) _
a2<p+1>( ) a2<p+1>>K < ) a2<p+1>>
— (1—-a) +KT In{(1-a) —I—KT
+ (m —1)(1 — a)*® In((1 — a)?). (33)

When ((1 —a)? —i—Km) < 1, we have % < 0.

n

For any 6 > 0, when

((1—a)2+K@) > 1+,

@(HK&)MH&) > (m—l)mﬁ’

we have Eq. (33) > 0. (Notice that we utilize the face that (1 — a)?% <1 and (1 + )% > 1+ K§.) Solving

those inequalities by further letting In(1 4 §) = In =, we thus have

(1—)?>
n 2
— | —=-1) <K,
(p+1)(0< >_ vt

When a < 0.1 and m > 3, we can further relax the above inequality as

n 2_1 <Ko < (m —2)
p+1\« ST =41 a3

6 Proof Sketch of Theorem 3

We provide a sketched proof of Eq. (26) here. For any i € [m], we define P ;) , € RP*P as

Pos = X (X0 Xoe) | X7 34
().t = Xiye ( Xiy, e X (i)t (34)
We know P ;) is an orthogonal projection since P ;) ;P = Py, and P, . = P(;y;.) In the overparam-
( )7 g ( )7 ( )) ( )) (l),t ( )7
eterized situation, after each agent trains to converge, we have

ng)joo =P cwy, + (I, — P(i),t)wgzgiil

—1
+ X, (X&,tX(i),t) €(i)st- (35)
We thus have

AF=® =w* —whT® (by Eq. (8))

1
:Z . Z iy (P + I

ic[m] (i)t i€[m]
-1
—P i) )AL = X ¢ (X%,tX(i),t) €<i>,t> : (36)

Thus, we can write [, ||A{(:°° HZ into the inner product between the terms in Eq. (36). The key part of the
proof is to calculate those inner product terms. The terms that involve only one agent can be calculated
using the known results in the literature, e.g.,

i)t
p

E[[Pa.voul’ = =2 vl (37)
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Figure 4: Geometric interpretation of Eq. (38).

The remaining terms in E; ||A{( :°°||2 involve different agents i # j, which are unique to FL and not seen in
the literature. The key step is to prove

KON

E [P(i),t Af(—zloo] =

AK=oo 38
-y 1 (38)

We provide an intuition of Eq. (38) along with a geometric interpretation in Fig. 4 at the end of this section.
By using Eq. (38), the terms involving different agents ¢ # j can be calculated, e.g.,

@), T ()t

T
2 RGN RI(ORS

T
B [V(j),tP(j)ytPu),t'm),t] =
With the above equations, we thus have
—00l|2 T
E[|Af=*|" = Ci-E AL + D, (39)

where C; denotes the coefficient of ||Af(_ :1°°||2 and D; denotes the remaining parts. The specific expressions
of C; and Dy are in Egs. (24) and (25). Applying Eq. (39) recursively, we thus have Eq. (26).

Intuition of Eq. (38): We use Fig. 4 to help illustrating the intuition. In Fig. 4, the vector ﬁ denotes
AK5> the plane o denotes the space spanned by the columns of X(i),+- Notice that P(i)7tA£ T%° represents
result of projecting AKS% to the column space of X(i),t» 1.e., the vector 0? in Fig. 4. Therefore, in

Fig. 4, calculating E Py, AK=> means calculating the average of O? when the hyper-plane «a rotating
Py

around the point O. Notice that @ = (ﬁ + C@ where (ﬁ and C@ are the parallel and perpendicular

components of OB w.r.t. OA, respectively. Because of the rotational symmetry of the hyper-plane « (due
to the rotational symmetry of each column of X;y ;), we know that all the perpendicular components are
cancelled out while only the parallel components remain in the averaging process. In other words, for any

hyper-plane «, there exists a symmetrical (w.r.t. (74)) hyper-plane 8 with the same probability density such
that the projection of (ﬁ to the h}@)—plane B, named OB’, has the same parallel component (ﬁ but the
opposite perpendicular component CB’ = —C'B. Thus, we only need to calculate the average of the parallel
component O?, whose length equals cos 6 ‘O@ , where § = ZAOB is defined as the angle between AX7>
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and P(i)_,tAtK:loo (i.e., the angle between AX7°° and the hyperplane spanned by the columns of X(iy,t as

P ALT™
0 := arccos —p2———. 40
AT 1o

Also notice that ‘(_)—g‘ = cosf ‘O—)A‘ Thus, the length of the parallel component equals ‘(ﬁ ‘ = cos? 4 Oj

Therefore, we have E OC = E cos? 00A = %Af_ 7°°. The last equation uses a known result in literature
just as Eq. (37).

7 Conclusion

In this paper, we have precisely quantified the influence of data heterogeneity and the local update process on
the generalization performance of Fed Avg-type algorithms. Specifically, we undertook a thorough theoretical
examination of FL’s generalization performance utilizing a linear model, which yields closed-form expressions
for the model error. Our analysis rigorously assesses the impact of local update steps (represented by K)
across three distinct settings (K = 1, K < oo, and K = o), elucidating how generalization performance
evolves with the progression of rounds, denoted as ¢t. Additionally, our investigation yields a comprehensive
understanding of how various configurations, including the number of model parameters p, the number
of training samples n, the local steps K, and the total communication round ¢, contribute to the overall
FL generalization performance. This, in turn, unveils new insights, such as the phenomenon of benign
overfitting, optimal local steps, and the impact of a good model initialization, with practical implications
for the implementation of FL.
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Supplemental Material

We give a table to summarize the content of the supplemental material.

[ Section | Content |
Appendix A | some useful lemmas as technical tools
Appendix B proof of Theorem 1 for K =1
Appendix C proof of Theorem 2 for K < oo
Appendix D proof of Theorem 3 for K = oo

Appendix E | a table for some important notations

Table 1: Outline of the supplemental material.

A  Useful Lemmas

In this section, we provide some useful lemmas. Specifically, Lemma 1 is used to support the claim of the
convergence speed in Insight 4. Lemmas 2 to 4 are some results about the Gaussian random matrices that
can be found in the literature. We want to highlight Lemma 5 as part of our technical novelty, which gives
the exact values of terms related to the projection formed by each agent’s training inputs. Lemma 6 is used
to justify the definition of model error.

Lemma 1. Recalling the definition of C in Eq. (30), we have

lim Ct=0.

t=plnp, p—oo

Proof. We have C* > 0 and

¢ 2
C' < (1 - ﬁ) (since C' < <1 - E) because (1 - ﬁ) < <1 — E))
p p p

1 n 1 )
= (since 1 — — = ———
% 1 p 1+ 21,1
—plnp
_<1—|— 7 1> (since t = plnp)
-2 ~n-lnp
(o)
nlnp
< (1 T 1)
Notice that
—(%—1)»11-111;)
lim (1+ - ) = lim e ""P =,
p—00 n 1 p—0o0

where we use the fact that lim, ,.(1 + 27 1)* = e. The result of this lemma thus follows by the squeeze
theorem. O

The result of the following lemma can be found in the literature (e.g., [19, 60]).

Lemma 2. Consider a random matriz K € RP*™ where p and n are two positive integers and p > n + 1.
Each element of K is i.i.d. according to standard Gaussian distribution. For any fized vector a € RP, we
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must have

.

(1 <78 K of = (1

2
)mw

_ 2
EHK(KTK) lKTaH ~2al?.
p

The following lemma can be found in Lemma 8 of [61].

Lemma 3. Consider a random matriz K € R**? where a > b+ 1. Each element of K is i.i.d. following
standard Gaussian distribution N'(0,1). Consider three Gaussian random vectors o,y € R® and 3 € R®

such that a ~ N(0,02%1,), v ~ N (0, diag(d?,d3, - - -
independent of each other. We then must have
I,
a—-b—1’
bo?
KKTK)-g8|°= 8
E[KEK K)"B|" = ——,
bo?
a—b—1’
bZ’?Zl d12
ala—b—1)

E[(K'K)'] =

E|(K'K) 'K a| =
E||(KTK)"'K 4| =

The following lemma can be found in [62] and Lemma 13 of [60].

,d2)), and B ~ N(0,0’%Ib). Here K, o, ~, and B are

(41)

Lemma 4. Consider a random matriz K € R**® whose each element follows ii.d. standard Gaussian

distribution (i.e., 1i.d. N(0,1)). We mush have

E[K K] = al,,

EKK'] = 0L,

EKK KK =b(b+a+1)I,.
Lemma 5. For any i € [m] and t, we must have

")t

. K=00 _
o [P+ ALT™]

K=
AT

Consequently, when i # j, we have

(45)

K=ooT K= PG) U@t || A K=o0 |2
E A PoPuL ALY = SR [ Afe|.
PPt p
Proof. Let C = ||A{i :1°°H. Since we are calculating expected projection of AX7° onto the column space

of X (i), by the symmetry of X; ;, without loss of generality we let

1
0
Afgx=c. Y
0
Define
-1
N 1
Xt = Xt
1
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Since each element of X(;) ; follows 4.i.d. standard Gaussian distribution, we know that X(i),t and X;); has
identical distributioin. Thus, we have

/X(i),t(Xa),tX(i),t)Xg),tA{(—zloodﬂ(X(i),t) = /X(i),t(XEE)ﬂfX(i),t)X(i),tAf—:lood,u(X(i),t)a (48)

where (1(X(;),+) denotes the joint probability distribution of X ;.
By Eq. (47), we have

-1 -1
S . 1 1 .
Xyt Xyt = Xy e . . Xyt = X3y 4 X (i)t
1 1
X(l) JAKT = (X iy, el1,: Xa))tAf_:l = —[X(i),¢]1,: (here []1,. denotes the first row of a matrix).
Thus, we have
X(’i),t(Xgri%tx(i),t)_lxz;)’tA{i:loo = _X(i),t(Xg)7tx(i),t)_lxg)7tA{izloo' (49)

Therefore, we have
XW(X&,tX(z'),t)*lXE),tAﬁ:l“ + X(i),t(Xg),tx(i),t)ilxa),tAg{—:loo
=(X(i).e = Xiyt) Xy 1 X iy ) T X ALT® (by Eq. (49))

2
0 T —1xT K=
= . Xyt Xy 1 X)) Xy A~ (by Eq. (47))
i 0
(1
0 T —1xT K=00
=1 [2 0 - 0] X(i),t(x(i),tx(i)ﬂf) X(i),tAt—l
10
Afizloo K=o0o | T —1~NT K=
=2 2 A X(i)ﬁt(X(i),tX(i)yt) Xy A (by Eq. (46))
AT{( 100 K=o0o " =00
=2—0 2 At 1 P (4), tAt 1 (by Eq (80))
AK_
=2 HP(l AK 1°°H (since Pg)ytP(i),t =P as P(;) is an orthogonal projection). (50)

Thus, we have

E [P(i),tAtIi:loo]
X(i),¢

/X(l (X (3,6 X (i) Xy AT (X iy 1)

=3 / (Xu)t(X(l) X)) T X AT+ X (X X)X (o ART )du(Xm +) (by Eq. (48))

N i
= [ =5 1P A du(X o)

Af5
L
:n(i)vtAK:oo
-, A (

by Lemma 2).

The result of this lemma thus follows. O
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Lemma 6. Let the noise in every test sample have zero mean and variance o2. For any learning result

w, the mean square test error must equal to ||w — w*H2 + o2, Therefore, the mean squared test error for
noise-free test samples equals to the model error L™ () = |l — w*|°.

Proof. Considering (z,%) as a randomly generated test sample by the ground truth y = « "w* + ¢, the mean
squared error is equal to

E oy = E o (2T w + 0
x,y x,€
=F H:I:T(u? —w*) + €H2
x,€
=E||=" (@ —w")[|* + E ]
x €
(since the noise € has zero mean and is independent of other random variables)

=l —w’||* + o

(notice that @ follows standard Gaussian distribution and is independent of w).

B Proof of Theorem 1

Calculating the gradient of the training loss defined at Eq. (4), we have

OL(w) Ay -X'w) O [ly—X |’
ow aua Iy — XTw)

=-X; (y X w)

(by the chain rule)

1
:E(XxTw — Xy).

When K = 1, with step size a ;) ; > 0, we thus have

AK=1 _ Q)¢ A K=1 (i)t
Wiyt = (Iv - X, tX(l) ) Wayg i1+ - X(0),tY(i),t

(i)t i)t

)

1),t t
(I _ 2, X0 X (i, ) what 1+ 2. X (i)t (Xg),t’w(i),t+€(i),t) (by Eq. (2)).

(i)t WOR

)

Thus, we have

1
~K=1 ~K=1
Wavg,t = § : LWORLION
BT Y icim) M)t iE[m] o

=Wt 1t = S e Z i)t ( DX (i) Wivg i1 + X (i), X5y Wiyt + X(i),te(i),t) . (51)

By Egs. (3) and (8), we have

AK=1
=AL + m ;:] i), (X@,tXE),t(v(i),t - A - X(i»tﬁ(z‘),t)
:m igﬂ ( (n(i),tlp - a(i),tX(i)_,tXEri)yt) AR 4 Oé(i),tX(i),tXE),t’Y(i),t — a(i)_’tX(i)_’te(i)_,t) (52)
pe @ a3
(since AKT = Zze[ ey lez[;n]” i), A
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Considering the three types of terms qu1;, g2, g3; defined in Eq. (52), by Assumption 1, we have
Equi =ng).. (1—am.) AT
E @2i = o) 470, Y(0) 15 (53)
ItEQ& =0.

Notice that we use E to denote the expectation on all randomness and use E; to denote the expectation on

the randomness at the ¢-th round, i.e., on the randomness of X(;); and €(;, for all i € [m]. By Egs. (52)
and (53), we thus have

1

EAf T =
t D iem] M)t

Z (nye (1= ay,e) AET + i) ,enga) ¥yt - (54)

1€[m]
Applying Eq. (54) recursively and recalling Eq. (13), we thus have
E[Af T =g " (55)

By Assumption 1, we know that €;); is independent of X ;) ; for all i, j € [m] and E€(;); = 0. Thus, we
have

ItE[QIi%j] = ItE[(IQTi(Bj] =0.

Thus, we have

_ 2

B[AK= = E||¢1u|| Bl + E g +2E[qhqm])

¢ ( [m] l)t ze[m]

+> Z ( [q/;q1] +Eq11q2j]+E[qlqul]+E[q2zq2j])
i€[m] je[m]\{i}
= o, ( JEIIquI +Ellqzzll +E||q31|| "’ZE[QMQM])
[3 t
[m] i€[m]

+ Z Z (ItE[QE'qU] + 21?[‘112‘1%] + ItE[QQTiQQj])
i€[m] je[m]\{i}

(since > Y qhatalaei=2Y > alay) (56)

i€[m] je[m]\{:} i€[m] je[m]\{:}

By Lemma 4, for any i € [m], we have

—1112
ItE lquil® = (n?i),t - 20‘(1’),15”%1‘),15 + o‘?i),tn(i),t(n(i),t +p+ 1)) HAtK:llH

) —1112

= (1= ) nty + 0%y alo+ 1) |AET
2

ItE ||QQi||2 Za%i)ﬁtn(i),t(n(i),t +p+1) H'W%M ’ (57)

E sl =a) PN 10 oy 1

1T
ItE[qlTtii] = (O‘(i),tn?i),t — aly ety +p+ 1)) AFTY Y
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Similarly, by Lemma 4, for any 4, j € [m] where i # j, we have

Elal;a1] =ng.ngye (1 - aa.) (1-ag.) [AETY,
.
Ela1;025] = (Q()an(i) an(G).e = @) 1@0) 006 1) AT Vo)

K=1T (58)
=n0),610),60)¢ (1= aiye) AT Vs
E[q;qgj] :O‘(i),ta(j),tn(i),tn(j),t7$)7t7(j),t-
Plugging Eqgs. (57) and (58) into Eq. (56), we thus have
_ 2
Bl AK=1|)
|ars®
S hy t)z Z ((1 — ai),) 4 + afy (P + 1) ) Z Z Ny ey, (1 = gy ) (1= ag)e)
i€fm] (0, i€[m] i€[m] je[m\{s}
2
M) ST Z o2 ¢ (Pt + nya(ine + 2+ 1 o)
_1T
+2(Z [ ]n( )2 Z ( i) i1~ O‘%i),t”(i)ﬁt(”(i)vt+p+1)) AT 0
i€lm T
T
L ST Z > (2rwaneeeo (1 ag.) AKT Y6y + 006,006,060 010 -
ielml M@ [ ey
(59)

Notice that

> ((1—a(i),t) néi.e + 0% (P +1 ) Yo > nwangal = @)1= age)

i€[m] i€[m] je[m]\{j}
2
1
s — 8 (1 — g 4)? 1
(Zie[m] L Z_gﬂn(z),t( i)t t """ (Z’LG[ ]ni, )2 Z Oy (i)t t(p+1)
=H,; (recalling Eq. (14)),
and
—(Z 1n e Z o‘%i),tn(i),t(n(i),t +p+1) ||’Y(i),tH2
ie[m] (i)t i€[m]
t Y~ )2 Z Z Q). Q)L (4) £ T(3), t'V(z) tY ()t
(el t)
i€lm) "), jemi\{i}
2
1
—_— I ORIOR 20N 1 Halyz~ S—— ).t
(Zie[m] n(i)vt)z z;ﬂ (Zze[m] (@),t 2 z;ﬂ @
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and

1 T
S P 2 (0l = olmo 4+ 1) AL

1€[m]

2

1

.
t=—. O, (2nome.ag.(I—awe) AT v
(Zie[m] n(i)’t)Q i€[m] je[m]\{i} ( )

2 4T
—_———— N 1—« i . M)t AI(__l 4
(Zie[m] i) 1)2 igm: (i)t (i),t) E : (@),tQ@) -1 V@)t

1€[m]
1T
2% iepm) a2 (P + DA ).
(O i pm) ™)) '

Further, by Eq. (55) and recalling Eq. (1

5), we thus can rewrite Eq. (59) as

E||aX=!| = mE ALY + 6. (60)

Applying Eq. (60) recursively, we thus have Eq. (16).

C Proof of Theorem 2
Define

et M)t (1= gy )™ ooy (1= (1= ay)S) v
o< = 7 (1 Ao .seq, D iepm) "0 (1 = iy e) s, Diem) it (1= (1= agy,0)™) e (61)
D iem) M)t

D iem] M)t
O‘%i)ﬂg (p+1)

Ay =1 =)’ +

3

R 62
P (62)
2 2
B e )P0t
(2),t,k — o
N (i)t
CY2 . 2
+ <n( DL Gy, +p+ 1) + 2007 (1 — 2O G b 1)> (1-01- %),t)k_l)) [[¥ei) el
(i)t ().t

0421-

+2 <a(i),t - ﬁiiz (Mo, + 0+ 1)) (1- a(i),t)k ’Y(l) 195, (63)

7 et A  Diepn Eiemnin "0."0) 1~ 0w, (1~ ag))" 64
R ST St 02 ’ oy
> ic[m] i)t > ic[m] i)t
K _
Zie[m] n%i),t Zk:l B(i),tk'Ag),tk
(Zie[ ] (i)t)2

L) S YD nwang (2(1 — @) (1= (1= ag.)™ )50
(216[ ] Z)t ie[m] je[m]\{i}

Q=

(1= (1= a0 )1 = (1= g0 ) Vo) - (63)

In the following, we use Ej to denote the expectation with respect to the randomness in the k-th batch

26



We have

AR i
. 1 .
=W — ) N W)
Zie[m] N(i),t z%z]
_r Z ney. (W — Wy ) (since w* _ Z w*)
= (@)t - W)t = LOR ‘
Eie[m] T(i),t icm] Zie[ ]Gt i€[m)]

Thus, we have

oo l12 1 « N 2
== WZ ol = ol

' (66)
= E Z Z () ) (W — Wiy ) T (W™ — ) )
(Eze[m]

i€[m] je[m]\{i}

By Assumption 1, we know that at round ¢, different agents’ data are independent with each other. Thus,
we have

ItE("U* —gp)) (W =y

i) = E(w* — b)) " E(w” —),0).

t

Thus, by Eq. (66), to calculate E¢ HA5<°°H2, it remains to calculate [E¢ Hw* — 127(1-)1,5H2 and B¢ (w* — W .)
for all ¢ € [m]. To that end, we have

ot
Q) X(i)ﬁtyk(XE;)ytﬁkw(i),t + €(i),t.k)-

20, tX(l) t kX(z) t k) Wiy, k-1 1 = .
7),t

(i) ¢

W) ek = (Ip -

We thus have

*_oa &)t w _oa *
w" — ) 1 = (Ip - #Xu),t,kx&mk) (w" — (i) e5-1) + ==X (iy kX (5,6 (W = Wi 1)
n(z)vt n(z)vt (67)
LYty
ﬁ(i),t (i),t,k€(3),t,k
By Lemma 4 and recalling Eq. (3), we thus have
IE(UJ = Weiy,ek) = (1= o, ) (W — Wiy k1) + Q) V(i) e (68)
Applying Eq. (68) recursively and recalling that ;0 = AK<S we thus have
LE (T =) = (1- am )" AL+ (1= (1= am.)®) v e (69)
By letting £ = K in Eq. (69) and ;) ¢+, x = W(;)+, we thus have
E(w* — W) .) = (1 — ag)e) KALS™ + (1 —(1- a(i),t)K) Y6t (70)

t
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Plugging Eq. (70) into Eq. (66), we thus have

e T W 3w o w — ]

i€[m]
R S— (et 00 Z > nwang), ¢ E(w” — i) .) E(w" —w(),) (71)
! ! jelm)\{i}
1 2 * A
7 ) ”wEH’w — iy ]|
(Zie[m] n(z),t) ic[m t

L RTTWE Z > e (1= a0 (1 —ag )™ Ak’
ietm] 00 ) se i

+(1— a(i),t) (1-01- Q)¢ ) ) Y0, tAf 1o+ (1= Oé(j),t)K(l -(1- a(i),t)K)'Y(—zr),tA{i?OO
+1- <1 — a@)®)(1 = (1= ag).) .00

:(EZE[ ]n Z)t 2 Z n z)tEHw w(l),tH

i1€[m]
0|12
TR e )2 Z Z ORILEIR ((1 - a(z)t) (1 —a(j),t)K HA1{<_<1 H
(Z’LG (), t
jelm]\{i}
+2(1 — gy ) (1 - (1 —ag )~ )’Y(J) AT
+(1 = (1= a0 )(1 = (1= gy 107000 - (72)

Notice that in Eq. (71) we use E¢(w* — ;¢) " (w* — w(j)¢) = Ee(w* — Wy 4) | Ee(w* — ) for i # j,
since w;),; and W), are independent with respect to the randomness during the local updates at round t.
By Egs. (5) and (70), we thus have

Dicm M1 — @)t Dicim it (1= (1= g0 ™) ¥

EA;= = EALT™ + (73)
> ic[m] i)t D icm) M)t
Applying Eq. (73) recursively and recalling Eq. (9), we thus have
E[A[ <] = g[*<>, (74)
where g/ <> is defined in Eq. (61).
By Eq. (67), we have
. - 2
E |[w" = ok
@)t ?)
=(w* — gy h1)’ <I - Qn( ) Xyt Xy + 7 "X (0,06 X (0 X (0,00 K (.1 k) (w" = i), 1-1)
O‘?z) t (z) ¢
+ 7(1) t= %) Xt kX(z) 162K (0).t, kK (0), £k (), 6(1) tk = %) X(z) 1.6 (6),6, € ()
)t it
22Dl T Xy en X o (I — =X, X, gy
+ i V(i) 620, 6,k A () 1k ity @tk X (i) | (W — W) k1)
afy, ol
(1 — 20wt 5 (e +p+1 ) " — iy + = LR ol
P Qi) ¢ " N
+afy, T oliy.e + 200t (1 - %( (i)t + 0+ 1)> Yoy (w* = i) ¢ k—1) (by Lemma 4). (75)
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Plugging Eq. (69) into Eq. (75), we have

E Ml =,

aly . (p+1) " e,
) <(1 S L) B e =gl + 22 G+ p+ 1) ol

). ).
+ O‘%O,tﬁafn,t + 200, (1 - ZE;Z (e + 0+ 1)) (1= ) v AL
+2003),, (1 - %(ﬁu),t +p+ 1)) (1= (= a@ ") vl
= Ay B |Jw” =y s 51]]” + Bl s (76)

where A(;) ; is defined in Eq. (62) and

By .1

i) POy 1

LOR

af; Qg
+ (ﬁiiz (gay,e + P+ 1) + 205 (1 - ~(.;’Z (i) +p+ 1)) (1= (=m0 ) ) vl

O[2Z-
+2 (a@),t - (iz (Rgiy. +p+ 1)) (1= a0 Tyl AT

We also define B(;) ¢ 1, by replacing Af{™ in Bzi),nk with Fy_1, i.e., Eq. (63).
Applying Eq. (76) recursively over k = 1,2,--- , K, we thus have

K
B [l — g o|* AL AT+ 30 B Al (77)
k=1
Plugging Eqgs. (74) and (77) into Eq. (72), we thus have
EllAF<|" =7 E AL + (78)

where J; is defined in Eq. (64) and Q; is defined in Eq. (65).
Applying Eq. (78) recursively, we thus have Eq. (18).

D Proof of Theorem 3

Proof. In the overparameterized situation, after each agent trains to converge, we have

Bl =X (X0 Xw) (o — X bhigity ) + 0l (79)
For any i € [m], we define P(;), € RP*P as

1
— T T
Py =X (X(i),tX(i),t) X iy (80)

(We know Py;); is an orthogonal projection since P ;) ;P ;) + = P(; ; and Pa),t =P),+.) By Egs. (2), (79)
and (80), we thus have

K=

-1
b5 = Ploawn + (L — Po)wls S+ X (X0 Xoe)  eo (81)

29



We thus have

Af=>
=w* — g7 (by Eq. (8))
. 1 Koo -1
=W - = Z LIOR (P(i),tw(i),t + (I, - P(i),t)wgg)t_l + X(i),t (Xa),tx(i),t) 6(1’),1&)
Zle[m] n(z))t i€[m]

(by Egs. (5) and (81))

1 * * ~K=0c0 -1
:E, o) 200 1 Z n(i),¢ (P(i)ﬁt(w - w(i)yt) + (I, - P(i),t)(w - wa{f/g,tq) = Xyt (Xa),tx(i),t) 6(i),t>
elm 1), i€[m]
. o 2aieim) 0t (Paye I = Py Jw”
(since w* = _ )
D ic[m) ).t
1 K=00 T -t
TS e oe PIRIOF (Pu),ﬂ(i),t + I =P ) AT — X, (Xu),tX(z'),t) €<i>,t>
relm Y i€[m]
(by Egs. (3) and (8)). (82)

For any i, € [m], because €(j),+ is independent of AKT% and X(i),t> and also because €(;; has zero
mean (by Assumption 1), we have

T -1
E {(Pu)ﬂ(i),t) X (X0 X000 €<j>,t}

-E [((Ip P AR X (X X)) em,t}
=0, (83)
and
E [X(i),t (Xa),tx(i),t)_l e(i),t] =0. (84)
Since P ;) (I, — P;),) = 0, we have

T =0
(P (T =Py ) AT = 0. (85)
Thus, by Egs. (82), (83) and (85), we have
—oll2
Bllar~|
2)

-1
Xi) e (X&,tX(i),t) €(i),t

> icim) Mo <1Et (L = Pl DAET®|* + Eo [Py v ol + B

B (D iepm) ™i).1)?

1
+ W Z Z LIORIIOR: (7(—;)7tP(j),tP(i),t7(i)7t
i€[m] ") e im] jefml\{i}
T =00 1
+ALT™ (I, = P) (T — Py ) ALT™ + 29 Py (L, — Py ) AL ) ' (86)
For any 4 € [m], we have
2 N)t 2
E [[Pey.eve .l = % [v@.el|” (by Lemma 2), (&7)
o2 WO =002
E [T, — P ) A" = (1 - _<p> ) |AKT|® (by Lemma 2), (88)
X XT x —1 2 N(l) tO'Z-Q by L .
]g H ()t ( (ot (i))t) €0yl = m (by Lemma 3). (89)
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For any 4,j € [m] where i # j, we have
700—r =0
ItE {Af—_l (Ip - P(j),t)(Ip - P(i),t)Ag(—l }
=E [(I - P, DAL OO} E [(I - P )Af 100}

t

since P ;) ; and P ;; are independent when i # j
(@, (4)> J

(1 ”@t>< _E%M)HquwW(muﬁmma@.

Similarly, for i # j, we have

(@), T ().t

P2 7(?),1&7(1'),15 (by Lemma 5),

.
£ 70 PP o.ev0.] =

and

—o M5 , ne; , —o
E {'7(—5),1613(]'),15(1:0 — P A } = Ukt (1 — (p) t) v AL (by Lemma 5).

p
Plugging Egs. (90) to (92) and (87) to (89) into Eq. (86), we thus have

Blar=|’
i)t =0 N(i), ¢t "i,t‘72i ot
o e (1= 2920 AL 4 2808 g+ 2o )
(X iem) ™(0).t)?

1 )47 b
R SISy, YD nwanae ( 2 Ly Y
iElm] O e m) jem)\ (i}

N n; =00
() (g ha e (155 i)

By Eq. (82), we also have

- 1 i)t Nt | AK=
1A - 3 g (Mt (1200 a5
¢ D icm) M)t iez[,;l] p p

Applying Eq. (94) recursively, we thus have
E[AlK:OO] = gleoov

where g#*=>° is defined in Eq. (21).
By Egs. (93) and (95), we thus have

Eaf=*|" =0 E|af5<|" + D,

(93)

(95)

(96)

where C denotes the coefficient of ||Af(_ :100} % and Dy denotes the remaining parts. The specific expressions

of C; and Dy are in Egs. (24) and (25). Applying Eq. (96) recursively, we thus have Eq. (26).
Underparameterized situation

In the underparameterized situation, the convergence point of local steps in each round corresponds to

the solution that minimizes the training loss, i.e.,

w (Z) R (X(z) tX(Z) t) X(i),ty(z‘),t
=(X (i) 4 X (y.0) T Xy (X o wiiy e + €6ye) (by Eq. (2))
—w(i),t + (X(i),txa))t)_lX(i),te(’i),t'
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Also recalling Eqs. (3) and (8), we thus have

. 1 B
AfT = ———— > (Yo — K@ aX ) X e€000)- (97)

Zie[m] N(i),t i€[m]

For any 4,j € [m], because €;); is independent of X ;) ; and €(;) ¢+, and also because €(;) ; has zero mean (by

Assumption 1), we have
T T \-1 _ o
E {’Y(j),t(X(i),tX(i),t) X(i)_’te(i)ﬂt} =0 for all i,5 € [m],

T
E |:(X(j),tXE;)_¢)_1X(j),te(j),t) (X(i)ytxz;)_’t)_lX(i)_’tE(i)_’t:| =0 for all i # j.
Thus, by Eq. (97), we have

—oo 2 1 2 _ 2
E[Af==] —mg{%”a),t (||’m>,tH +E (0,5, 1X<i>,t€<i>’tH>

1

.
+ > NG Yo

‘ 2

Qlietm 00 G semrves

2 n(zi),tpd?i),t
Zie[m] ny,:—p—1

by Eq. (43) in LL a 3).
(Zie[m]n(i),t)Q (by Eq. (43) in Lemma 3)

_ D icm] MDY ()t
Dic(m] i)t

We thus have proven Eq. (27).
The result of this theorem thus follows.

E A Table for Notations

We provide a table of some important notations used in this paper.

|| symbol | meaning
Won: number of training samples
or batch size
D number of parameters
Ot noise level
X (i)t matrix for input of training samples
Yyt vector for output of training samples
€(i),t vector for noise of training samples
wo the pre-trained parameters (initialization)
w* the learning target
W) ¢ the ground-truth of agent i at round ¢
w{g;l, W) 15 tZ’(Ii(),:too the local learning result of agent i at round ¢
W) 1 ke learning result after k-th batch (for K < oo case)
wkol wh s wkooe the FedAvg result at round ¢
(AR Ak~ | aAK==|P model crror
Aol initial (pre-trained) model error
Qe learning rate (step size)
Vi)t measurement of heterogeneity

Table 2: Table for some notations.
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