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A R T I C L E I N F O A B S T R A C T

Editor: H. Gao The 1S hyperfine splitting in hydrogen is measured to an impressive ppt precision and will soon be measured 
to ppm precision in muonic hydrogen. The latter measurement will rely on theoretical predictions, which are 
limited by knowledge of the proton polarizability effect Δpol. Data-driven evaluations of Δpol have long been 
in significant tension with baryon chiral perturbation theory. Here we present improved results for Δpol driven 
by new spin structure data, reducing the long-standing tension between theory and experiment and halving the 
dominating uncertainty in hyperfine splitting calculations.

1. Introduction

The hyperfine splitting in hydrogen, the renowned 21 cm line aris-
ing from the magnetic dipole interaction of electron and proton, stands 
out as one of the best-measured quantities in physics, currently known 
to an impressive 12 digits. This level of precision is challenging for 
theory to match, particularly in accounting for the effects of proton 
structure [1]. These structure effects are amplified in muonic hydro-
gen, where the hydrogen’s electron is replaced by a muon. Presently, 
several high-profile experiments [2,3] are aiming at a first-ever mea-
surement of the ground-state hyperfine splitting in muonic hydrogen. 
Their success in finding this forbiddingly narrow transition crucially de-
pends on an accurate assessment of proton structure effects. However, 
previous determinations [4–6] of the leading uncertainty among these 
proton structure effects, the proton polarizability effect Δpol , have large 
error bars and are in significant tension with corresponding theoretical 
calculations [7], a crucial disagreement which can be seen in [8] and 
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Fig. 3 of this paper. In this letter, we improve upon the evaluation of the 
proton polarizability contribution with new experimental proton spin 
structure data from the Thomas Jefferson National Accelerator Facil-
ity (JLab), significantly reducing this long-standing tension and halving 
this quantity’s uncertainty.

The classical picture of the hydrogen atom is fairly simple: a pointlike 
spinless electron bound by a pointlike spinless proton via the Coulomb 
force. The Schrödinger equation gives the energy spectrum in natural 
units as ýÿ = −ÿ2ÿÿ∕(2ÿ

2), with ÿ the principal quantum number and 
ÿÿ the reduced mass. The more sophisticated picture of the atom is mod-
eled as a correction to this simple picture, including the effects due to 
spin and the structure of the proton [9], to be discussed here. The proton 
structure effects are small, but clearly seen in the hydrogen spectrum at 
the current level of precision. They are more prominent in muonic hy-
drogen, because of a much smaller Bohr radius, ÿý = 1∕(ÿÿÿ), given 
that ÿÿ goes roughly as the lepton mass, which is 200 times heavier for 
the muon. The muon has thus 2003 greater probability [as given by the 
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Fig. 1. Two-photon exchange diagram showing the interaction between electron 
(ÿ−) and proton (p) in hydrogen, or muon (ÿ−) and proton in muonic hydrogen.

wave-function squared at the origin, ||Ψÿ(0)||
2
= 1∕(ÿÿ3

ý
ÿ3)] to be prob-

ing the proton substructure.
Because of this heightened sensitivity to nuclear structure details 

in muonic atoms, the recent breakthrough in the laser spectroscopy of 
muonic hydrogen (ÿH) by the CREMA Collaboration led to an order-
of-magnitude improvement in the measurement of the proton charge 
radius [10,11]. Surprisingly to many, it appeared to be 7 ÿ smaller than 
the most-recent CODATA recommended value of the charge radius at the 
time [12]. This spectacular discrepancy, dubbed as the “proton radius 
puzzle” (see [13,14] for an early review) has seen significant progress 
towards its final resolution, and from 2018 onwards, CODATA recom-
mends the smaller, and more precise, ÿH value. This chapter is not 
yet closed, with many new measurements of the proton charge radius 
underway using the conventional methods of normal hydrogen (H) spec-
troscopy, elastic electron-proton (ÿý) scattering and even muon-proton 
(ÿý) scattering, see [8,15,16] for recent reviews. Here we concern our-
selves with the calculation of the ÿH hyperfine splitting (HFS), and its 
implications for the next milestone of ÿH spectroscopy: the upcoming 
experimental measurement of the ÿH ground-state HFS.

Two different collaborations are competing to provide this first-ever 
HFS measurement: CREMA [2] at the Paul Scherrer Institut (PSI) and 
FAMU [3] at the RIKEN-RAL Muon Facility. Given the extreme narrow-
ness of this transition [17], their success depends in part on how well 
the proton-structure corrections are understood, since the searches can 
only be done over a very limited range of frequencies.

2. Proton structure in the HFS of hydrogen-like atoms

To leading order, (ÿ4), the HFS is given by the Fermi energy
ýF =

8ÿ

3ÿ3
ý

1 + ÿý

ÿýýý
, (1)

where ÿý is the lepton mass (either ÿÿ in H or ÿÿ in ÿH), and ýý is the 
proton mass. Here the proton structure is only represented through the 

anomalous magnetic moment ÿý =
ýý−2

2
.

At the next order, (ÿ5), the proton structure effects can all be com-
puted via the two-photon (2ÿ) exchange diagram of Fig. 1, which usually 
is split into three contributions:

ý
2ÿ

ÿÿ-HFS
=
ýF

ÿ3

(
ΔZ +Δrecoil +Δpol

)
(2)

The largest, Δý , comes from the proton Zemach radius ýý [4,7,18–
20], a measure of how far the electric and magnetic distributions of the 
proton are correlated with each other. ýý is expressed in terms of the 
elastic electric and magnetic form factors ÿý (ý

2) and ÿý (ý2):

ýZ = −
4

ÿ

∞

∫
0

ýý

ý2

[
ÿý (ý

2)ÿý (ý2)

ýý
− 1

]

, (3)

with ýý as the proton gyromagnetic g-factor. The recoil contribution 
Δrecoil can likewise be expressed in terms of the form factors [21], but 
the final contribution from the polarizability, Δpol , is more complicated.

The polarizability effect is caused by the proton’s moments induced 
by the electromagnetic fields of the bound leptons. Unlike the radius, the 

polarizability contribution is not given by the form factors, but rather by 
the inelastic structure functions ý1,2(ý, ý

2), which are functions of the 
Bjorken ý, a variable which tracks the fraction of the interaction’s mo-
mentum carried by one of the proton’s quark constituents as is defined 

kinematically as ý = ý2

2ýÿ
. This contribution is more difficult to obtain, 

due to the necessity to cover a 2-dimensional phase space, while the re-
quired spin structure function data are relatively sparse, especially at 
low ý2 which dominates the determination. Previously, there had been 
only limited ý1 data and a complete lack of ý2 data in the kinematic re-
gion most relevant to the HFS. Nonetheless, a data-driven evaluation of 
this contribution has been attempted in the past [4–6].

The present status is that the existing data-driven evaluations, while 
consistent with each other, are in disagreement with chiral perturbation 
theory (ÿPT), which predicts a significantly smaller contribution of this 
effect [22,7].

Under the general assumptions of unitarity (optical theorem) and 
analyticity (dispersion relations) of the forward Compton scattering, the 
contribution of the spin structure functions has the following form [4,8]:

Δpol =
ÿÿý

2ÿ(1 + ÿý)ýý

(
Δ1 +Δ2

)
, (4)

Δ1 =

∞

∫
0

ýý2

ý2

[

ÿ1(ÿý)ý
2
2
(ý2)

+
8ý2

ý

ý2

ýth

∫
0

ýý ÿ̃1(ÿ, ÿý)ý1(ý,ý
2)

]

, (5)

Δ2 = −24ý2
ý

∞

∫
0

ýý2

ý4

ýth

∫
0

ýý ÿ̃2(ÿ, ÿý)ý2(ý,ý
2) (6)

where ÿ ’s are elementary kinematic functions, ÿ ’s are kinematic vari-
ables, and ý2 is the Pauli form factor, the explicit definitions of which 
are in the Supplemental Materials. ýth corresponds to the minimum en-
ergy necessary to generate a pion, at an invariant mass ÿ of 1073.2 
MeV.

Δpol currently dominates the theoretical uncertainty of HFS calcula-
tions [8,1] and it is evident that to calculate this contribution accurately, 
we must examine experimental measurements of the spin structure func-
tions ý1 and ý2. Notably, the low-ý

2 regime dominates the integrals of 
Eqs. (5) and (6) due to the 1

ý2 and 1

ý4 factors, so it is especially vi-

tal to determine the spin structure functions at low ý2 if we wish to 
fully understand the hydrogen atom, and by extension the HFS effect in 
general.

3. Data-driven evaluation of the polarizability effect

In the following, we focus on a new empirical input for the proton 
spin structure functions. Our evaluation entails new results from JLab 
Experiments E03-006 (EG4) and E08-027 (g2p), two complementary ex-
periments both aimed at collecting low ý2 data with longitudinally and 
transversely polarized proton (NH3) targets, respectively [23,24]. Here, 
we present these experiments’ contribution to the hyperfine integrals 
above, with the g2p data providing the first data-driven extraction of 
Δ2, and the EG4 data providing new Δ1 data with unprecedented cov-
erage in the low-ý2 region.

In the EG4 experiment, a longitudinally polarized electron beam 
with 1-3.5 nA of current was incident on a longitudinally polarized NH3

target. The scattered electrons were detected using the CEBAF Large Ac-
ceptance Spectrometer (CLAS). The longitudinal polarized cross section 
difference Δÿ∥ was directly extracted from the yield difference between 
left- and right-handed beam electrons, such that contributions from the 
unpolarized material cancel. Combined with an estimation of the (small) 
transverse contribution based on a parameterization of world data, the 
proton structure function ý1 was extracted. Beam energies of 3.0, 2.3, 
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Fig. 2. The hyperfine contribution integrands for Δ1 and Δ2 in Eqs. (5) and (6), 
weighted by ý2 , for muonic hydrogen. Results from the g2p experiment [23]
are shown in blue squares. The results of the EG4 experiment [24] are shown in 
orange triangles. The inner error bars represent the statistical uncertainty, while 
the outer error bars represent the total uncertainty including systematic error. 
The green dash-dot and cyan dashed lines represent the phenomenological Hall 
B and MAID models [25,26] respectively. The form factor term of the integrand 
for Δ1 is constructed using the Arrington form factor fit [27]. The red line in-
dicates a new phenomenological fit to the data and extrapolation to low ý2=0 
and high ý2, with the red band representing the uncertainty of the calculation. 
The results are similar but have different mass scaling in electronic hydrogen.

2.0, 1.3, and 1.1 GeV were used, and along with the very small scatter-
ing angle down to 6◦, enabled the experiment to reach a very low ý2 of 
0.012 GeV2. These ý1 results were used to form the bulk of the low ý2

Δ1 data presented in this letter, see Fig. 2 (top panel).
In the g2p experiment, the parallel and perpendicular double spin 

asymmetries ý∥ and ý⟂
were measured for the scattering of polarized 

electrons with 50 nA current on longitudinally and transversely polar-
ized NH3 targets, respectively. Scattered electrons were detected at an 
angle of ≈6.5◦ using the Hall A High Resolution Spectrometers and a 
Septa Magnet. Measured asymmetries were combined with unpolarized 
cross section models from the Bosted-Christy phenomenological fit [28]
to form polarized cross section differences, which were used to extract 
the spin structure functions. By varying the polarized target magnetic 
field’s direction and the electron beam energy from 1.7 GeV to 3.3 GeV, 
five different kinematic settings were measured ranging from ý2 of 0.02 
GeV2 to 0.12 GeV2. Four of these settings were measured with a trans-
verse polarized target field, giving rise to a perpendicular polarized cross 
section difference and a ý2 result, and one setting with a longitudinally 
polarized target field, which provides a parallel polarized cross section 
difference and a ý1 result. The results from the g2p experiment are the 
first data in a range relevant to the HFS, and so are used to form the Δ2

results in this letter.
Results for the Δ1 integrand are shown in the top of Fig. 2. The un-

measured part of the integral, largely at low Bjorken-ý, is estimated 
using the CLAS Hall B model [25]. This is the best available model, con-
taining significantly more modern ý1 data than the Simula parametriza-
tion [29] used in previous analyses [4]. A new phenomenological fit, 
shown in red, is generated to extrapolate to the low ý2 region. Details 
on the fitting procedure can be found in the Supplemental Materials. 
Numerical results for these contributions are obtained by integrating 

over the data where they exist, primarily the EG4 data shown in [24], 
as well as data from the EG1b experiment in the ý2 = 1.0-5.0 GeV2

region [25]. The contribution from the low-ý2 regime is calculated by 
integrating the displayed extrapolation fit, while the high-ý2 contribu-
tion above ý2 = 5.0 GeV2 is calculated using the Hall B Model [25].

Results for the Δ2 integrand in Eq. (6) are shown in the bottom of 
Fig. 2. The unmeasured part of the ýý integral is again estimated using 
the Hall B model [25]. The results of g2p shown are the first ever direct 
experimental extractions of this quantity. The low and high ý2 regions 
are calculated using the displayed fit, which is described in detail in 
the Supplemental Materials. Due to the comparative lack of ý2 data, the 
extrapolation has a somewhat larger error than for the Δ1 results.

This historical lack of ý2 data makes it difficult to conclude if the Hall 
B model [25] is a good estimation of the low-ý region or not. To account 
for this, we compare the result using the older Simula parametriza-
tion [29], which contains a significantly different prediction for the 
low-ý behavior of ý2, and include the difference in our extrapolation 
error by comparing the upper and lower error bands of our extrapolat-
ing fit to the data in each case. Despite the very different models, this 
error contribution is relatively small, because the low-ý region is sup-
pressed for Δ2.

The integrated results for Δ1, Δ2, and Δpol are as follows:

Δÿ
1
= 6.78 ± 1.02(data) ± 0.24(extrapolation) (7)

Δ
ÿ

1
= 5.69 ± 0.84(data) ± 0.20(extrapolation) (8)

Δÿ
2
= −1.98 ± 0.16(data) ± 0.38(extrapolation) (9)

Δ
ÿ

2
= −1.40 ± 0.11(data) ± 0.31(extrapolation) (10)

Δÿ
pol

= 1.09 ppm± 0.31 ppm (11)

Δ
ÿ

pol
= 200.6 ppm± 52.4 ppm (12)

The total polarizability contribution to the hyperfine splitting is pro-
vided in parts per million (ppm) of the Fermi energy ýý . The uncertain-
ties for Δ1 and Δ2 are divided into uncertainty coming directly from the 
data, and a combined systematic uncertainty coming from the extrap-
olations into high and low ý2 regions and into the low-ý regime. The 
extrapolation error is calculated by generating pseudo-data within the 
data’s error bars, and calculating a new fit to this pseudo-data. This 
procedure is repeated 1000 times, and the standard deviation in the re-
sulting fits is taken as the extrapolation error band (see the Supplemental 
Materials Appendix A). The total extrapolation error also includes a con-
tribution from the choice of low-ý fill-in model, where the highest upper 
band and lowest lower band achievable with different choices of fill-in 
model are taken as the absolute limits of the error band. The data er-
ror is a combination of statistical and systematic uncertainties from the 
respective experiments contributing to the result [23–25].

A reduced ÿ2 (ÿ2 per degree of freedom) test was performed on each 
fit for Δ1 and Δ2 to examine their performance. For this test the fit was 
compared to the set of data points used to create it, with number of 
points ýý and number of fit parameters ýÿ . The numerical results for 
reduced ÿ2

ÿ
and degrees of freedom ÿ =ýý −ýÿ are as follows:

Δÿ
1
∶ ÿ2
ÿ
= 1.831, ÿ = 9 (13)

Δ
ÿÿ

1
∶ ÿ2
ÿ
= 2.253, ÿ = 9 (14)

Δÿ
2
∶ ÿ2
ÿ
= 0.736, ÿ = 1 (15)

Δ
ÿÿ

1
∶ ÿ2
ÿ
= 0.859, ÿ = 1 (16)

All of these values are within the 95% confidence interval based on 
degrees of freedom, with the exception of Δ1 for ÿH, which is just barely 
outside that interval. The Δ1 reduced ÿ

2
ÿ
is large because of the scatter 

in the EG4 data at low ý2. By contrast, we seem to be slightly overfitting 
for Δ2, this is difficult to avoid due to the relative lack of ý2 data. The 
muonic values are larger than the electronic values due to the smaller 
error bars resulting from the inclusion of the muon mass scaling.
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Fig. 3. The polarizability contribution to the hyperfine splitting for muonic hy-
drogen. One of the primary results of this analysis is shown in a red circle, 
and is compared to previous data-driven dispersion relation calculations [4–6]
shown in orange squares, and the baryon chiral perturbation theory calcula-
tion [30,7,22] shown in blue triangles.

When considering the separate contributions from the two spin struc-
ture functions, Δ1 and Δ2, as shown above in equations (7) -(10), it is 
important to consider the contribution of the Δ(1232) resonance, the 
first excited state of the nucleon. Here, the Δ(1232) resonance will have 
large but opposite sign effects in Δ1 and Δ2 that cancel out in their sum 
almost completely. This effect, given by the one-loop 2ÿ -exchange dia-
gram with the Δ(1232) intermediate state, has been estimated in [31]
using large-ýý relations and empirical nucleon form factors.

As can be seen in Fig. 3, the new data from EG4 and g2p dramat-
ically reduce the long standing discrepancy between the leading-order 
(LO) ÿPT prediction [30,7,22] and earlier data-driven dispersive evalu-
ations [4–6] of the polarizability contribution. The large difference from 
the earlier dispersive results is illustrative of the importance of low-ý2

data for Δpol, and the improvement in the available phenomenological 
models [25], which are constrained by a larger amount of data com-
pared to earlier parametrizations used in previous analyses [29,32].

4. Implications for the proton Zemach radius

Our new data-driven evaluations of Δpol put us in the unique position 
to update the theoretical predictions of the HFS in (muonic) hydrogen, 
as well as the extractions of the proton Zemach radius from measure-
ments of the HFS. The 1ÿ HFS in H is extraordinarily well-measured 
[33,34]:

ý
exp.
1ÿ-HFS

(H) = 1420.405751768(2)MHz. (17)

Therefore, the presently most precise extraction of ýZ from spec-
troscopy is achieved when comparing the measured 1ÿ HFS in H to 
the full theory prediction including QED, electroweak and strong inter-
action effects:

ýÿÿ-HFS =
ýF

ÿ3

(
1 +ΔQED +Δweak +Δstrong

)
. (18)

For details on the numerical factors entering Eq. (18), we refer to the 
compilations in [8, Eq. (40) and (42)]. Here, Δstrong contains the 2ÿ -
exchange contributions introduced in Eq. (2), as well as other hadronic 
corrections such as hadronic vacuum polarization. The (ÿ5) recoil cor-
rections Δrecoil are taken from [35, Eq. (14) and (15)] and are consistent 
with our choice of ý2. Since the ý2 term in Δpol cancels exactly with a 
corresponding term in Δrecoil, we do not need to take into account un-
certainties of the ý2 parametrization in our Δpol evaluation. Note that 

Fig. 4. Comparison of various extractions of the proton Zemach radius ýZ [4,7,
18–20].

radiative corrections (e.g., through electronic vacuum polarization) to 
the 2ÿ -exchange diagram are taken into account as well. The proton 
Zemach radius is then extracted from the 1ÿ HFS in H as:

ýZ = 1.036(8) fm. (19)

This result is more precise than previous extractions [1,36], as can be 
seen from the top panel of Fig. 4, where extractions of the Zemach radius 
from the measured 1ÿ HFS in H are shown, assuming the same theoreti-
cal prediction of the HFS, but different values of Δpol as shown in Fig. 3. 
Our evaluation of Δpol based on new data for the proton spin structure 
functions (red), can be considered an update of the previous dispersive 
analysis [1] (orange open circle). It has moved closer to the extraction 
based on LO ÿPT (blue), but still does not agree. In the bottom panel of 
Fig. 4, recent precise results from lattice QCD suggest a small ýZ [18], 
in perfect agreement with the LO ÿPT extraction from the 1S H HFS, but 
in tension with evaluations based on proton form factors determined in 
scattering [19,20]. Our result is compatible with both [18] and [20].

Given the limited beam time and required tunability of the laser 
setup, precise theory guidance is crucial for the experiments planned 
by the CREMA [2] and FAMU [3] collaborations. Here we present an 
updated theory prediction for the 1ÿ HFS in ÿH, based on the theory 
compilation in [8, Eq. (40)], and substituting our Δpol, as well as our 
extraction of the Zemach radius from the 1ÿ HFS in H, cf. Eq. (19):

ý th.
1ÿ-HFS

(ÿH) = 182.636(16)meV. (20)

This result, applying the H-rescaling as suggested in [37,38], is in 
perfect agreement with the presently most precise prediction presented 
in [8] of

ý th.
1ÿ-HFS

(ÿH) = 182.636(8)meV. (21)

The latter result is based on a different rescaling of the precise empirical 
1S HFS transition, cf. Eq. (17), utilizing the dependence of radiative cor-
rections to the O(ÿ5) 2ÿ exchange on the type of hydrogen-like system 
(i.e., H or ÿH) and the principal quantum number n.

5. Conclusion

We present results for the first ever experimental data in a regime 
which contributes significantly to the integrals of the Δ1 and Δ2 Hyper-
fine Splitting contributions. This new data provides previously lacking 
guidance on how to constrain theoretical calculations of the Hyperfine 
Splitting effect. Previous data-driven work to determine these quanti-
ties [4] has been limited by older results lacking inelastic proton spin 
structure function data in the low ý2 regime. These new results are 
much closer to agreement with ÿPT calculations of Δpol , strongly re-
ducing the long-standing tension between different methods [8] and 
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reducing the overall error on the polarizability contribution by a fac-
tor of two. The reduction in uncertainty provided by the data of the 
EG4 and g2p collaborations is crucial in order to facilitate the search 
for the narrow ÿH 1ÿ HFS in the planned experiments by the CREMA 
[2] and FAMU [3] Collaborations, as well as to interpret these future 
measurements. With these experiments aiming at up to 1 ppm relative 
precision, they have the potential to provide novel insights into the mag-
netic structure of the proton.
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Appendix A. Supplemental materials

In this section, we describe our evaluation of Δ1 and Δ2 in detail. 
The formalism presented in the main text agrees with [4]. Since the 
elastic form factor contribution and the structure function contribution 
to the Δ1 integral at low ý2 are both large, but enter with opposite sign, 
their combination is very sensitive to systematic error. Therefore, it is 
advantageous to use the notation from [8] that explicitly splits Δ1 into 
a contribution from ýpol

1
and a fast convergent remainder:

Δ1 = 4

∞

∫
0

ýý2

ý2

[

ÿ1(ÿý)ý
pol

1
(ý2)

+
2ý2

ý

ý2

ýth

∫
0

ýý ÿ̄1(ÿ, ÿý)ý1(ý,ý
2)

]

, (A.1)

Δ2 = −24ý2
ý

∞

∫
0

ýý2

ý4

ýth

∫
0

ýý ÿ̃2(ÿ, ÿý)ý2(ý,ý
2) (A.2)

with the polarizability part of the generalized GDH(Gerasimov-Drell-
Hearn) integral ý1(ý

2):

ý
pol

1
(ý2) =

ý 2
2
(ý2)

4
+ ý1(ý

2) (A.3)

=
ý 2
2
(ý2)

4
+

2ý2
ý

ý2

ýth

∫
0

ýýý1(ý,ý
2) (A.4)

This choice allows us to more easily resolve the extrapolation to ý2 =

0, where form factor and structure function contribution cancel exactly 
due to the GDH sum rule [39–41], yielding ýpol

1
(0) = 0. In the above, 

and in the main text eqs. (5) and (6), the following auxiliary functions 
are employed:

ÿ̃1(ÿ, ÿý) =

ý2ÿ1(ÿ) − (
ÿý

ýý
)2ÿ1(ÿý)

ý2 − (
ÿý

ýý
)2

, (A.5)

ÿ̄1(ÿ, ÿý) =
ý2[ÿ1(ÿ) − ÿ1(ÿý)]

ý2 − (
ÿý

ýý
)2

, (A.6)

ÿ1(ÿ) = −3ÿ + 2ÿ2 + 2(2 − ÿ)
√
ÿ(ÿ + 1), (A.7)

ÿ̃2(ÿ, ÿý) =
ý2[ÿ2(ÿ) − ÿ2(ÿý)]

ý2 − (
ÿý

ýý
)2

, (A.8)

ÿ2(ÿ) = 1 + 2ÿ − 2
√
ÿ(ÿ + 1). (A.9)

ýý and ÿý represent the masses of the proton and lepton respec-
tively, where the lepton is an electron for normal hydrogen or a muon 
for muonic hydrogen. Eqs. (A.5)-(A.9) contain the dimensionless quan-

tities: ÿ = ÿ2

ý2 =
ý2

4ý2
ý ý

2
, ÿý = ý

2

4ý2
ý

, and ÿý =
ý2

4ÿ2
ý

.

ý2 is the Pauli form factor, which can be written in terms of the Sachs 
electromagnetic form factors as:

ý2(ý
2) =

ÿý (ý2) −ÿý (ý
2)

1 + ÿý
, (A.10)

We employ the Arrington et al. form factor parametrization [27] to ob-
tain the values of ÿý and ÿý , and by extension, of ý2. We have checked 
that our results change by less than 1% when using the dispersive form 
factor description from [19].

The data of EG4 [24] and g2p [23] are integrated across Bjorken-x 
using a Simpson’s rule integration to form the dx integral of (A.1) and 
(A.2). These data have already been adjusted to constant ý2 in their re-
spective independent analyses, so for each set of constant ý2 data, we 
can perform one dx integration and get one point of the overall dQ2 in-
tegration. The data starts very close to the pion production threshold 
and ends around an invariant mass of W=2500 MeV, depending on the 
experiment and kinematic setting, so there is an unmeasured high W (or 
low x) region which we fill in with the CLAS Hall B model [25]. This has 
a small effect on Δ2 and a more significant effect on Δ1 . We use the dif-
ference between this model and the older Simula parametrization [29]
as a systematic uncertainty, discussed further at the end of this section.

Since the data does not extend fully to ý2 = 0 or ∞, it is necessary 
to extrapolate into the regions with no data, as mentioned in the text. 
For Δ1, we perform a simple second order polynomial fit to the fastly 
convergent term containing ÿ1(Second line in (A.1)):

ΔFast
1

(Fit) =ý1ý
6 +ý1ý

4 +ÿ1ý
2. (A.11)

We can also obtain an excellent fit to ýpol
1

with the functional form:

ý
pol

1
(Fit) =

ý2

ý2
2

(

1 +
ý2

ý2
2

)−3

, (A.12)

with A, B as free parameters. These fits are added together with the ap-
propriate kinematic weighting to obtain the total Δ1 integrand fit shown 
in the main text.
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Table A.1
Fit parameters for the central value of each of the above fits.

A B C

H Polynomial(1) 215.95 ± 8.69 -112.06 ± 3.96 14.61 ± 0.44

ÿH Polynomial (1) 410.30 ± 17.45 -213.03 ± 7.85 27.84 ± 0.85

H I
pol

1
(2) 0.42 ± 0.39 -0.99 ± 0.71

ÿH ý
pol

1
(2) 0.41 ± 0.39 -0.94 ± 0.53

H Pade(3) -4.20e-4 ± 2.41e-4 -1.19 ± 0.61 -38.630 ± 23.56

ÿH Pade(3) -1.04e-3 ± 0.19e-3 -1.55 ± 0.99 -30.068 ± 13.98

Table A.2
Systematic contributions to Δ1 and Δ2. The errors listed are combined with 
statistical error on the data from [23,24] to obtain the values given in the main 
text.

Source H ÿH

Δ1 Data Data Systematics 0.09 0.06

Δ1 Extrap. High-W Model 0.03 0.02
Low ý2 Fit 0.20 0.18

Δ2 Data Data Systematics 0.08 0.06

Δ2 Extrap. High-W Model 0.10 0.09
Low ý2 Fit 0.17 0.12
High ý2 Fit 0.11 0.10

The Δ2 high ý
2 fit extrapolation is performed with a Pade fit:

Δ2(Fit) =
ý4

ý3 +ý3ý
4 +ÿ3ý

8
. (A.13)

These functional forms produce very good fits to the data, but the 
choice of fit for both quantities is somewhat arbitrary, if guided partially 
by knowledge of the low-ý2 behavior. We quantify this arbitrary choice 
by comparing several fit functional forms, and including the difference 
between them as a systematic in our listed extrapolation error. For Δ1 , 
the careful balancing of the ý2 and ý1 terms makes this more difficult, 
because a pathologic fit could have a large impact on the total integral, 
leading to a larger resulting systematic. The fit parameters we find for 
the central value of each fit are provided in Table A.1.

Since the weighting of the Δ1 and Δ2 integrands depends on ÿý , and 
thus the ratio of ý compared to the lepton mass ÿý , the H case receives 
larger contributions from the low-ý region. As a consequence, there is 
a stronger impact of the extrapolation uncertainties on the H case, as 
can be seen from Table A.2. It is therefore important to have a mean-
ingful functional form for the extrapolation into the unmeasured low-ý
region. Ref. [4] found a numerical approximation for the kernel func-
tion ÿ1(ÿ, ÿý) at low ý. Analogously, we find a numerical approximation 
for the kernel function in the Δ2 integral:

ÿ̃2(ÿ, ÿý) ≈ ÿ2(ÿý)
ÿý

ÿ

(
1 −

1

4ÿ

)
. (A.14)

The above approximation was derived as an educated guess. The ý2-
integrand of Δ2 is then proportional to ÿ2(ÿý)ÿý and was fixed to the 
lowest data point from the g2p experiment. Note that this is similar to 
describing the low-ý region from ý2 = 0 to ý2

0
through an expansion 

in lowest-order spin polarizabilities:

Δ2[0,ý
2
0
] =

6ý2
ý

ÿ

[
ÿ0 − ÿÿÿ

]
ý2
0

∫
0

ýý2ÿ2(ÿý) ÿý, (A.15)

where ÿ0 and ÿÿÿ are the forward spin and longitudinal transverse po-
larizabilities, respectively.

The breakdown of systematic contributions is shown in Table A.2. 
The remaining error from the results of the main text comes from the 
statistical error of the data. Information on the systematics of the data 

can be found in the publications focused on each dataset [23,24]. The 
low-ý model systematics are estimated by comparing the impact of the 
Simula [32] and Hall B [25] models. For Δ1, we disregard the differ-
ence between the two models at very low ý2, as the difference becomes 
drastic and the Hall B model includes substantially more relevant and 
recent data in its fit. The strange behavior of the Simula parametrization 
in this region seems to reflect its relative lack of lower ý2 data rather 
than a true uncertainty in our result. Both models agree very reason-
ably well at intermediate and higher ý2. For both Δ1 and Δ2, the low-ý
contribution would contribute more alone, but it is convoluted together 
with the uncertainty of the low-ý2 fit: the ý2 fit was repeated with each 
model and the total upper and lower error band was used to obtain the 
uncertainty. The numbers given in this table are reflective of how much 
more the low-ý uncertainty adds to the total result on top of what would 
be obtained from the low-ý2 fit alone. The fit uncertainty for high and 
low-ý2 is obtained by randomly scattering the data within its error bars 
and performing a fit, then iterating this process 1000 times and taking 
the average fit and standard deviation as the central fit and error band, 
respectively. This error is then increased by repeating this process with 
several viable functional forms and taking the maximal and minimal er-
ror band achieved as the total limit of the fit uncertainty. This is the 
number quoted in the above table. It is plain to see that the dominating 
systematic is related to the low-ý2 fit for Δ1, and both the high and low 
ý2 fits for Δ2. This may be further improved if future experiments are 
able to collect high precision measurements of the spin structure func-
tions ý1 and ý2 at even lower ý

2, and of ý2 in the transition region of 
intermediate ý2.

Data availability

Data will be made available on request.
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