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Abstract

The Gromov-Wasserstein (GW) distance quantifies discrepancy between metric measure

spaces and provides a natural framework for aligning heterogeneous datasets. Alas, as
exact computation of GW alignment is NP hard, entropic regularization provides an avenue
towards a computationally tractable proxy. Leveraging a recently derived variational
representation for the quadratic entropic GW (EGW) distance, this work derives the
first efficient algorithms for solving the EGW problem subject to formal, non-asymptotic
convergence guarantees. To that end, we derive smoothness and convexity properties of
the objective in this variational problem, which enables its resolution by the accelerated
gradient method. Our algorithms employs Sinkhorn’s fixed point iterations to compute
an approximate gradient, which we model as an inexact oracle. We furnish convergence
rates towards local and even global solutions (the latter holds under a precise quantitative
condition on the regularization parameter), characterize the effects of gradient inexactness,
and prove that stationary points of the EGW problem converge towards a stationary
point of the unregularized GW problem, in the limit of vanishing regularization. We
provide numerical experiments that validate our theory and empirically demonstrate the
state-of-the-art empirical performance of our algorithm.
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1 Introduction

The Gromov-Wasserstein (GW) distance compares probability distributions that are sup-
ported on possibly distinct metric spaces by aligning them with one another. Given two
metric measure (mm) spaces (X, do, po) and (X1,dy, p1), the (p, ¢)-GW distance between
them is

DP»Q(:U’Oaul) = inf </ / ‘dg(xax/) - dl{(yayl)‘p d7T®7T(ZE,y, xlayl)> ) (1)
WEH(P‘OHUJ) Xox X1 JXgx X
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where II(ug, 111) is the set of couplings between 9 and 1. This approach, proposed in Mémoli
(2011), is an optimal transport (OT) based LP-relaxation of the classical Gromov-Hausdorff
distance between metric spaces. The GW distance defines a metric on the space of all mm
spaces modulo measure preserving isometries.! From an applied standpoint, a solution to
the GW problem between two heterogeneous datasets yields not only a quantification of
discrepancy, but also an optimal alignment 7* between them. As such, alignment methods
inspired by the GW problem have been proposed for many applications, encompassing
single-cell genomics (Blumberg et al., 2020; Demetci et al., 2022), alignment of language
models (Alvarez-Melis and Jaakkola, 2018), shape matching (Mémoli, 2009; Koehl et al.,
2023), graph matching (Xu et al., 2019b,a), heterogeneous domain adaptation (Yan et al.,
2018), and generative modeling (Bunne et al., 2019).

Exact computation of the GW distance is a quadratic assignment problem, which is
known to be NP-complete (Commander, 2005). To remedy this, various computationally
tractable reformulations of the distance have been proposed. We postpone full discussion of
such methods to Section 1.2 and focus here on the entropic GW (EGW) distance (Peyré
et al., 2016; Solomon et al., 2016)

S (o) = _in / / 149 (2, 2') — d? (g, /)|P dm © (., o) + D (o © ),
ﬂen(y@v“l)

which is at the center of this work. Entropic regularization by means of the Kullback-Leibler
(KL) divergence above transforms the linear Kantorovich OT problem (Kantorovich, 1942)
into a strictly convex one and enables directly solving it using Sinkhorn’s algorithm (Cuturi,
2013). Although the EGW problem is, in general, not convex, Solomon et al. (2016) propose
to solve it via an iterative approach with Sinkhorn iterations. This method is known to
converge to a stationary point of a tight (albeit non-convex) relaxation of the EGW problem,
but this is an asymptotic statement and the overall computational complexity is unknown.
Similar limitations apply for the popular mirror descent-based approach from Peyré et al.
(2016). To the best of our knowledge, there is currently no known algorithm for computing
the EGW distance subject to non-asymptotic convergence rate bounds, let alone global
optimality guarantees. Further, these methods do not account for the error incurred by using
Sinkhorn iterations, nor do they address the behaviour of the solutions they obtain in the
limit of vanishing regularization.

The goal of this work is to close the aforementioned computational gaps, targeting algo-
rithms with non-asymptotic guarantees, accounting for inexactness in Sinkhorn’s algorithm,
characterizing convexity regimes of the EGW problem, and establishing convergence of
stationary points to the EGW problem to stationary points of the GW problem as € | 0. All
of these will be achieved as a consequence of a new stability analysis of the EGW variational
representation from Zhang et al. (2022a).

1. Two mm spaces (Xo,do, po) and (X1,d1, p1) are isomorphic if there exists an isometry 7 : Xy — X4 for
which jioo T~ = 1 as measures. The quotient space is then the one induced by this equivalence relation.
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1.1 Contributions

Theorem 1 in Zhang et al. (2022a) shows that the EGW distance with quadratic cost between
the Euclidean mm spaces (R%, || - ||, o) and (R%, || - ||, 1) can be written as:

S5.2(10s 1) = Cpg iy + inf {32||All% + OT e (10, 1)}, (2)
€Dy

where C,, ,; is a constant that depends only on the moments of the marginals, Dy C R0 *d1
is a compact rectangle, and OT 4 -(po, f11) is an EOT problem with a particular cost function
that depends on the auxiliary variable A. This representation connects EGW to the well-
understood EOT problem, thereby unlocking powerful tools for analysis. To exploit this
connection for new computational advancements, we begin by analyzing the stability of the
objective in (2) in A and derive its first and second-order Fréchet derivatives. This, in turn,
enables us to derive its convexity and smoothness properties and devise new algorithms for
solving the EGW problem, subject to formal convergence guarantees.

The Fréchet derivatives of the objective function from (2) in A reveal that this problem
falls under the paradigm of smooth constrained optimization. Indeed, the derivatives imply,
respectively, upper and lower bounds on the top and bottom eigenvalues of the Hessian matrix
of the objective; L-smoothness then follows from the mean value inequality. By further
requiring positive semidefiniteness of the Hessian we obtain a sharp and primitive sufficient
condition on e under which (2) becomes convex. These regularity properties are used to lift
the accelerated first-order methods for smooth (non-convex) optimization (Ghadimi and Lan,
2016) and convex programming with an inexact oracle (d’Aspremont, 2008) to the EGW
problem. This yields the first algorithms with non-asymptotic convergence guarantees toward
global or local EGW solutions, depending on whether the problem is convex or not (e.g.,
under the aforementioned condition). Our algorithms compute not only the EGW cost, but
also provide an approximate optimizer—namely a coupling, which serves as the alignment
scheme that achieves the said cost.

Specifically, our method iteratively solves the optimization problem in the space of
auxiliary matrices A € R%*%  yith each iterate calling the Sinkhorn algorithm to obtain an
approximate solution (viz. the inexact oracle) to the corresponding EOT problem. The time
complexity of the Sinkhorn algorithm governs the overall runtime, which is therefore O(N?),
for po and 1 as distributions on N points. This presents a significant speedup to the O(N3)
runtime of popular iterative algorithms from Peyré et al. (2016); Solomon et al. (2016). Under
certain low-rank assumptions on the cost matrix, Scetbon et al. (2022) recently showed the
mirror descent approach from Peyré et al. (2016) can be sped up to run in O(N?) time,
which is comparable to our method. Nevertheless, our algorithms are coupled with formal
convergence guarantees, non-asymptotic error bounds, and global optimality claims under
the said convexity condition, while no such assurances are available for other methods.

As the derivative of the objective from (2) depends on the optimal coupling for a particular
EOT problem, we also account for the error incurred by solving this problem numerically (e.g.
via Sinkhorn iterations). In particular, we characterize how well the output of a standard
implementation of Sinkhorn’s algorithm approximates the true EOT coupling. This effect
was not analyzed before, as existing literature focused on approximating the unregularized
OT cost, while treating the KL divergence term as a bias.
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The EGW distance serves as a proxy to unregularized GW, which renders the vanishing
regularization parameter regime, namely ¢ | 0, of central importance. We show that
stationary points of the variational EGW problem converge (possibly along a subsequence) to
a stationary point of the variational GW problem as € | 0. Only convergence to a stationary
point can be guaranteed in the limit since the underlying variational problem may fail to
be convex when ¢ is small. Nonetheless, this is the first result that provides stationarity
guarantees for limiting solutions, which clarifies how the local solutions obtained using our
algorithm approximate local solutions to the unregularized problem.

1.2 Literature review

The computational intractability of the GW problem in (1) has inspired several reformulations
that aim to alleviate this issue. The sliced GW distance (Vayer et al., 2020) attempts to
reduce the computational burden by considering the average of GW distances between
one-dimensional projections of the marginals. However, unlike OT in one dimension, the
GW problem does not have a known simple solution even in one dimension (Beinert et al.,
2022). Another approach is to relax the strict marginal constraints by optimizing over the
weights of one of the marginals as in semi-relaxed GW (Vincent-Cuaz et al., 2022) or by using
f-divergence penalties; this leads to the unbalanced GW distance (Séjourné et al., 2021),
which lends itself well for convex/conic relaxations. A variant that directly optimizes over
bi-directional Monge maps between the mm spaces was considered in Zhang et al. (2022b).
The fused GW distance (Vayer et al., 2019) enables comparing both feature and structural
properties of structured data. Although most of these relaxations can be shown to converge
to the GW distance (in terms of function values) under certain regimes, they involve solving
non-convex problems, which limits their utility for numerical resolution of the GW problem.
The recent work of Chen et al. (2023) proposes a semidefinite relaxation of the GW problem
along with a certificate of optimality which, upon obtaining a solution to the relaxed problem,
establishes if it is optimal for the original problem.

While these methods offer certain advantages, it is the approach based on entropic
regularization (Peyré et al., 2016; Solomon et al., 2016) that is most frequently used in
application. A low-rank variant of the EGW problem was proposed in Scetbon et al. (2022),
where the distance distortion cost is only optimized over coupling admitting a certain low-rank
structure. They arrive at a linear time algorithm for this problem by adapting the mirror
descent method of Peyré et al. (2016). As an intermediate step of their analysis, they show
that if po and pq are supported on N distinct points, then the O(N?3) complexity of mirror
descent (see, e.g., Remark 1 in Peyré et al. 2016) can be reduced to O(N?) by assuming
that the matrices of pairwise costs admit a low-rank decomposition (without imposing any
structure on the couplings). This decomposition holds, for instance, when the cost is the
squared Euclidean distance and the sample size dominates the ambient dimension. Although
mirror descent seems to solve the EGW problem quite well in practice, formal guarantees
concerning convergence rates or local optimality are lacking.

Other related work explores structural properties of GW distances, on which some of
our findings also reflect. The existence of Monge maps for the GW problem was studied in
Dumont et al. (2022) and they show that optimal couplings are induced by a bimap (viz.
two-way map) under general conditions. Delon et al. (2022) focused on the GW distance
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between Gaussian distributions, deriving upper and lower bounds on the optimal cost. A
closed-form expression under the Gaussian setting was derived in Le et al. (2022) for the
EGW distance with inner product cost.

As we establish stability results for the EGW problem by utilizing its connection to
the EOT problem with a parametrized cost, we mention that different notions of stability
for EOT have been studied. For instance, Ghosal et al. (2022) concerns stability of the
EOT cost for varying marginals, cost function, and regularization parameter. The related
works (Carlier and Laborde, 2020; Eckstein and Nutz, 2022; Nutz and Wiesel, 2023) concern
stability of the EOT cost and related objects for weakly convergent marginal distributions.

1.3 Organization

This paper is organized as follows. In Section 2 we compile background material on EOT
and the EGW problems. In Section 3, we describe the smoothness and convexity of the
variational EGW problem. In Section 4, we analyze and test two algorithms for solving the
EGW problem. We compile the proofs for Sections 3 and 4 in Section 5. Section 6 contains
some concluding remarks.

1.4 Notation

Denote by P(R%) the collection of all Borel probability measures on R?, and by P,(R?) the
set of all 4 € P(R?) with finite p-th moment (p > 0). The pushforward of u € P(R%)
through a measurable map T : R%® — R% is denoted by Typ = po T—!. The Frobenius
inner product on R%*% is defined by (A, B)p = tr (ATB); the associated norm is denoted
by || - |- For a nonemtpy set S C R% C(S) is the set of continuous functions on S. We
adopt the shorthands a A b = min{a, b} and a V b = max{a, b}.

2 Background and Preliminaries

We first establish notation and review standard definitions and results underpinning our
analysis of the EGW distance.

2.1 Entropic Optimal Transport

Entropic regularization transforms the linear OT problem into a strictly convex one. Given
distributions y; € P(R%), i = 0,1, and a Borel cost function ¢ : R% x R% — R that is
bounded from below on spt (o) x spt(i1), the primal EOT problem is obtained by regularizing
the standard OT problem via the Kullback-Leibler (KL) divergence,

OT:(po, 1) = neHi(% Nl)/cdﬂ + eDkL (7|0 ® p1),

where € > 0 is a regularization parameter and

Jlog (%ﬁf) dpo, if po < pu,

400, otherwise.

Dk (pollpa) = {
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Classical OT is obtained from the above by setting ¢ = 0. When ¢ € L'(ug ® p1), EOT
admits the following dual formulation,

PpoPp1—c
OTe (o, 1) = sup /@odqur/smdm —8/6 T dpo @ i e,
(po,p1) €LY (o) x L (1)

where pg @ ¢1(z,y) = @o(z) + pi1(y). For € > 0, the set of solutions to the dual problem
coincides with the set of solutions to the so-called Schrédinger system,

ro(@)+e1()—c(=,)
/e E dup =1, pp-ae. z € R%,

(3)
O +e1 (@) —cly)
/e% FLE ‘ dup =1, pi-ae. y € R%,

for (¢, 1) € LY (o) x L' (p1). A pair (po,¢1) € L' (uo) x L(u1) solving (3) is known to
be a.s. unique up to additive constants in the sense that any other solution (@g, ¢1) satisfies
Po = @o + a po-a.s. and @1 = p1 — a pi-a.s. for some a € R. Moreover, the unique EOT
coupling m. is characterized by

dm,
dpo ® p1

po(@)+e1 (y)—c(z,y)
£

(r,y) =€ = (4)

and, under some additional conditions on the cost and marginals which hold throughout this
paper, (3) admits a pair of continuous solutions which is unique up to additive constants and
satisfies the system at all points (z,y) € R% x R% . We call such continuous solutions EOT
potentials. The reader is referred to Nutz (2021) for a comprehensive overview of EOT.

2.2 Entropic Gromov-Wasserstein Distance

This work studies stability and computational aspects of the entropically regularized GW
distance under the quadratic cost. By analogy to OT, EGW serves as a proxy of the standard
(p, q)-GW distance, which quantifies discrepancy between complete and separable mm spaces
(Xo,do,uo) and (Xl,dl,ﬂl) as (Mémoli, 2011; Sturm, 2012)

Dp,q(HO, Ml) = weHi(r/lLE ) HFq”Lp(w®7r)a

where T'y(z,y,',y) = |dd(2,2’) — d{(y,y')| is the distance distortion cost. This definition is
the LP-relaxation of the Gromov-Hausdorff distance between metric spaces,? and gives rise
to a metric on the collection of all isomorphism classes of mm spaces with finite pg-size, i.e.,
such that [d(z,2")Pdp @ p(x,z") < oo.

From here on out, we instantiate the mm spaces as the Euclidean spaces (R%, || - ||, u;),
for ¢ = 0,1, and focus on the EGW distance for the quadratic cost.

2. The Gromov-Hausdorff distance between (Xp,do) and (X1,d1) is given by %infReR(Xo,Xl) IT1]| Loo (),
where R(Xo, X1) is the collection of all correspondence sets of Xy and X1, i.e., subsets R C Ay x Ay such
that the coordinate projection maps are surjective when restricted to R. The correspondence set can be
thought of as spt(7) in the GW formulation.
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Quadratic Cost The quadratic EGW distance, which corresponds to the p = ¢ = 2 case,
is defined as

Se(po, 1) = inf / e — "2~ lly — y'|I*” dr @ (@, y, 2’ ') + Dk (|0 ® 1) (5)
m€Ill(po,p1)

One readily verifies that, like the standard GW distance, EGW is invariant to isometric

actions on the marginal spaces such as orthogonal rotations and translations. In addition,

note that Se(uo, 1) = €S1(pf, 15), where s = (€71/41d)yp;. In general, (5) is a non-convex

quadratic program. Non-convexity can easily be discerned from the representation (6).

When pg, 1 are centered, which we may assume without loss of generality, the EGW
distance decomposes® as (cf. Section 5.3 in Zhang et al. 2022a)

Sc (0, 1) = S*(po» p1) + SZ (0, 1), (6)

where

S (1, 1) = / o — /|| *dpo ® o, ') + / ly =2/ dpn @ pn g, of) — 4 / 2yl duo © pa (z, ),

2
S0 )=t [—alalPlylPante.0) -5 Y ( / miyjdm,y)) Dy (nllpo ©111)-

w€ll(po,p1) 1<i<dy
1<5<dy

Evidently, S! depends only on the moments of the marginal distributions jq, yt1, while S?
captures the dependence on the coupling. A key observation in Zhang et al. (2022a) is that
SZ admits a variational form that ties it to the well understood EOT problem.

Lemma 1 (EGW duality; Theorem 1 in Zhang et al. 2022a). Fiz ¢ > 0, (uo,p1) €
Py(RD) x Py(RY), and let My 0 = /Ma(po)Ma(p1). Then, for any M > M, .\,

S2(po, 1) = inf 32 AJ% + OT a0, ), (7)
€Dy

where Dy = {A € R%*% ¢ ||Al|p < M/2} and OT ac(po, p11) is the EOT problem with the
cost function ca : (z,y) € RO x RN s —4|\z||2||ly||? — 322T Ay and regularization parameter
€. Moreover, the infimum is achieved at some A* € Dy -

An analogous result holds in the unregularized (¢ = 0) case, see Corollary 1 in Zhang et al.
(2022a). The proof of Theorem 1 in Zhang et al. (2022a) demonstrates that if ;o and p; are
centered and m, is optimal for the original EGW formulation, then A* = % [y dm,(z,y)
is optimal for (7) and 7, = w4+, where w4+ is the unique EOT coupling for OT o - (uo, f1)-
It follows from Jensen’s inequality and the Cauchy-Schwarz inequality that A* € Dy,.
Corollary 4 ahead expands on this connection by establishing a one-to-one correspondence
between solutions of S. and S? and shows that all solutions of (7) lie in Dyy.

Although (7) illustrates a connection between the EGW and EOT problems, the outer
minimization over Dj; necessitates studying EOT with a parametrized cost function c4.

3. A similar decomposition holds for the inner product cost, obtained by replacing the squared Euclidean
distances in Equation (5) by inner products. As such, all results derived in this manuscript apply to the
inner product cost with minor modifications.
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3 Stability of Entropic Gromov-Wasserstein Distances

We analyze the stability of the EGW problems with respect to (w.r.t.) the matrix A
appearing in the dual formulation (7). Specifically, we characterize the first and second
derivatives of the objective function whose optimization defines S2. These, in turn, elucidates
its smoothness and convexity properties. Our stability analysis is later used to (i) gain
insight into the structure of optimal couplings for the EGW problem; and (ii) devise novel
approaches for computing the EGW distance with formal convergence guarantees.

Throughout this section, we restrict attention to compactly supported distributions, as
some of the technical details do not directly translate to the unbounded setting (e.g., the
proof of Lemma 18). For a Fréchet differentiable map F': U — V between normed vector
spaces U and V,* we denote the derivative of F at the point u € U evaluated at v € V by
DFy,(v).

Fix compactly supported distributions (g, p1) € P(R%) x P(R%) and some & > 0. Let

®: A e RO 32| Al[7 + OT ac(po, 1)

denote the objective in (7). We first characterize the derivatives of ® and then prove that
this map is weakly convex and L-smooth.’

Proposition 2 (First and second derivatives). The map ® : A € R%*d — 32||A|Z +
OT A (1o, 1) ts smooth, coercive, and has first and second-order Fréchet derivatives at
A € Roxd given by

D4 (B) = 64tr(ATB) — 32/acTBy dra(z,y),
D2<I>[A](B, C) = 64tr(BTC) + 32c7! /xTBy (hf;"c(x) + hf’c(y) - 32:UTCy) dra(x,y),

where B,C € RY*4 14 is the unique EOT coupling for OT a ¢ (uo, 1), and (hOA’C, h‘f"c)
is the unique (up to additive constants) pair of functions in C(spt(uo)) x C(spt(u1)) satisfying

28 @)+ (1) —ca(zy)

/ (ha“,C(x) + hf’c(y) — 32;cTCy) e E dpi(y) =0, Va € spt(u),

(8)

2B @)+ (1) —ca(zy)

/ (hgl,c(:z) + hf’c(y) - 32$TC?/) e c dpp(x) =0, Yy e spt(pr).

Here, (pit, 1Y) is any pair of EOT potentials for OT a ¢(pio, f11)-

Proposition 2 essentially follows from the implicit mapping theorem, which enables
us to compute the Fréchet derivative of the EOT potentials for OT ) . (u0, 1) using the
Schrédinger system (3). The derivative of OT .y . (t0, pt1), which is a simple function of the

4. A map F : U — V is Fréchet differentiable at v € U if there exists a bounded linear operator A : U — V'
for which F(u+ h) = F(u) + Ah + o(h) as h — 0. If such an A exists, it is called the Fréchet derivative
to F' at u.

5. A function f : R? — R is p-weakly convex if f + 21 - I? is convex; f is L-smooth if its gradient is
L-Lipschitz, i.e., |V f(z) — Vf(y)| < Lllz — y||, for all z,y € R
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EOT potentials, is then readily obtained. By differentiating the Frobenius norm, this further
yields the derivative of ®. See Section 5.1 for details.

The following remark clarifies that the first and second Fréchet derivatives of & can be
identified with the gradient and Hessian of a function on R%% . Recall that the Frobenius

inner product, (A, B)r = tr(ATB) = ) 1<i<d, AijBij, is simply the Euclidean inner
1<j<d1
product between the vectorized matrices A, B € R%*d1

Remark 3 (Interpreting derivatives as gradient/Hessian). The first derivative of ® from
Proposition 2 can be written as

D 4)(B) = <64A — 32/xyT dWA(x,y),B>

F
Recall that if f is a continuously differentiable function f on R?, its directional derivative
at x along the direction y is Df,)(y) = (Vf(x),y), for z,y € Re. By analogy, we may
think of D®4) as 64A — 32 [ xyTdra(z,y). This perspective is utilized in Section 4 when
studying computational guarantees for the EGW distance, as it is simpler to view iterates as
matrices rather than abstract linear operators. By the same token, the second derivative of ®
at A € R%*xd1 s q bilinear form on R*% and hence can be identified with a dody % dod;
matriz by analogy with the Hessian.

As a direct corollary to Proposition 2, we provide an (implicit) characterization of the
stationary points of ® and connect its minimizers to solutions of S.. Details are provided in
Section 5.2.

Corollary 4 (Stationary points and correspondence between S, and S?).
(i) A matriz A€ RW*N s ¢ stationary point of ® if and only if A = %fxyT dra(z,y). As

® is coercive, all minimizers of ® are stationary points and hence contained in Dy, . -

(i) If po and py are centered, then a given matriz A minimizes ® if and only if w4 is optimal
for S, and satisfies %fxyT dra(z,y) = A.

(i1i) Suppose po and py are centered. If Se admits a unique optimal coupling Ty, then ® admits
a unique minimizer A* and my = wax. Conversely, if ® admits a unique minimizer A*,
then ma~ 1s a unique optimal coupling for S..

Although the second derivative of ® involves the implicitly defined functions (ha4 ’C, hf’c),
its maximal and minimal eigenvalues admit the following explicit bounds.
Corollary 5 (Hessian eigenvalue bounds). The following hold for any A € R%xd

(i) The minimal eigenvalue of DZCID[A] satisfies

2
i (D01) =64+ it [ (1190 4 1890)) - 327 C) dma(e.n)

IC|lF=1
> 64 —32%c71 sup Varg,(XTCY),
ICllF=1
where the variance term admits the uniform bound sup Vary ,(XTCY') </ My(po)Ma(p1)-
ICllF=1
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(i) The mazimal eigenvalue of DQCD[A] satisfies Amax (DQCD[A]) < 64.

Corollary 5 follows from Proposition 2 by considering the variational form of the maximal
and minimal eigenvalues; see Section 5.3 for details. We note that, in general, the variance
bound in Item (i) is sharp up to constants in arbitrary dimensions. For example, it is attained
up to a factor of 2 by ug = %(50 +04) and py = %(50 + &) for a € R% and b € R%; see
Appendix A for the full variance computation.

Armed with the eigenvalue bounds, we now state the main result of this section addressing
convexity and smoothness of ®.

Theorem 6 (Convexity and L-smoothness). The map ® is weakly convex with parameter at
most 32271/ My(po) Ma(p1) — 64 and, if /Ma(po)Ma(p1) < 3, then it is strictly convex
and admits a unique minimizer. Moreover, for any M > 0, ® is L-smooth on Dy; with

L= max Amax (D*®pa)) V (= Amin (D2®1a)) ) < 64V (32271 /My(ju0) Ma (1) — 64)

AEDM

Theorem 6 shows that ® is amenable to optimization by accelerated gradient methods
with step size L and establishes sufficient conditions to guarantee convergence of these
algorithms to a global minimizer (i.e., convexity of ®). In general, optimal EGW couplings
may not be unique. Theorem 6 provides sufficient conditions for uniqueness of solutions
to both (7) and the EGW problem by the connection discussed in Corollary 4 when the
marginals are centered. When the optimal EGW coupling is unique, symmetries in the
marginal spaces result in certain structural properties for the optimal A* in (7). The following
remark expands on these connections.

Remark 7 (Symmetries and uniqueness of couplings). Fiz e > 0 and a pair of centered
distributions (po, p11) € Pa(RD) x Py(RN). Assume that ® admits a unique minimizer A*
and let wax be the associated EOT/EGW coupling (e.g., under the conditions of Theorem 6,
given that po, p1 are compactly supported). If, for i = 0,1, p; is invariant under the action
of the orthogonal transformation U; : R% — R% in the sense that (Us)gs = pi it follows that
(Uo, Ur)ymax is also an optimal EGW coupling, whence (Uy, Uy )ymax = max by uniqueness.
Thus, by Corollary 4, U] A*Uy = A* where U; is the matriz associated with U;, for i =0, 1.
The previous equality holds for any pair of orthogonal transformations leaving the marginals
invariant, so the rows of A* are left eigenvectors of Uy with eigenvalue 1 and its columns are
right eigenvectors of U] with eigenvalue 1 for every U; such that (U;)gp; = pi. Thus, we see
that symmetries of the marginals dictate the structure of A*. For example, if py = (—1d)gp,
we have that A* = —A*, so A* = 0.

4 Computational Guarantees

Building on the stability theory from Section 3, we now study computation of the EGW
problem. The goal is to compute the distance between two discrete distributions g € P(R%)
and p; € P(R%) supported on Ny and N; atoms (ac(i))fvz()l and (y(j))évzll, respectively. In
light of the decomposition (6), we focus on S2, which is given by a smooth optimization
problem whose convexity depends on the value of € (cf. Section 3). Throughout, we
adopt the perspective of Remark 3 and treat D®4j, for A € R%*d1 a5 the matrix 64A —

32 [zyTdra(z,y).
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4.1 Inexact Oracle Methods

As these problems are already dod;-dimensional and computing the second Fréchet derivative
of ® may be infeasible (in particular, it requires solving (8)), we focus on first-order methods.
Given the regularity of the Sg optimization problem, standard out-of-the-box numerical
routines are likely to yield good results in practice. However, to provide meaningful formal
guarantees one must account for the fact that evaluation of ® and its gradient, for A € Dy,
requires computing the corresponding EOT plan, which often entails an approximation.
Indeed, an explicit characterizations of the EOT plan between arbitrary distributions is
unknown and algorithms typically rely on a fast numerical proxy of the coupling. We model
this under the scope of gradient methods with inexact gradient oracles (d’Aspremont, 2008,
Devolder et al., 2014; Dvurechensky, 2017).

For a fixed € > 0 and po, pt1 as above, our goal is thus to solve

in 32||Al> T
Aﬂgg;f Al + OT (o, 1),

where M > M, ,,, which guarantees that all the optimizers are within the optimization
domain (cf. Corollary 4). As we are in the discrete setting, the EOT coupling 74 for
OTa.(ko, j11), A € Dy, is represented by TTA € RMo*M where H;? = 74 (z®, y)). The
inexact oracle paradigm assumes that, for any A € Djys, we have access to a d-oracle
approximation IT# of II4 with |[II* — II4||, < 0. Such oracles can be obtained, for
instance, by numerical resolution of the EOT problem. To this end, Sinkhorn’s algorithm
(Sinkhorn, 1967; Cuturi, 2013) serves as the canonical approach.

Proposition 8 (Inexact oracle via Sinkhorn iterations). Fiz 6 > 0. Then, Sinkhorn’s
algorithm (Algorithm 3) returns an (e — 1)-oracle approzimation TI of TIA in at most k
iterations, where k depends only on ug, u1, A, 0, and €, and is given explicitly in (28).

The proof of Proposition 8 follows by combining a number of known results. Complete
details can be found in Appendix B. To our knowledge, the majority of the literature
concerning the use of Sinkhorn’s algorithm for EOT focuses on approximating unregularized
OT and treats the KL divergence term as a bias. Here we quantify the accuracy of estimating
the true EOT plan, which may be of an independent interest.

With these preparations, we first discuss the case where @ is known to be convex on Dyy.

4.2 Convex Case

Assume that ® is convex on Dy, e.g., under the setting of Theorem 6. As convexity implies
that the minimal eigenvalue of DZCI)[ 4] is positive for any A € Dy, Theorem 6 further yields
that ® is 64-smooth. With that, we can the apply inexact oracle first-order method from
d’Aspremont (2008). To describe the approach, assume that we are given a d-oracle 1A for
the EOT plan ITA for OT Ae(f0, 1), and define the corresponding gradient approximation

D®p4) = 64A — 32 Z 2 (yD)TII. (9)
B

We now present the algorithm and follow it with formal convergence guarantees.

11
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Algorithm 1 Fast gradient method with inexact oracle

HXL:64mﬂk%ak:E%ﬂmdn;:ﬁ%
k<0
Ao < Q
G() — D(I)[AO]
W() — aoG()
while stopping condition is not met do
. M 71
Bk <— min (1, m) (Ak- — L Gk)

C}j < —min (1 L) L~ 'W,

V2l L Willp
: Ak+1 — 7;1§Ck + (1 — Tk)Bk
9: Gk+1 — D@{Akﬂ}
10: Wit < Wi+ ap 111Gt

11: k+—k+1
12: return By,

The multiplication operations in Algorithm 1 are applied entrywise and it is understood
that min(1, M/0) = 1. Due to inexactness, stopping conditions based on insufficient progress
of functions values or setting a threshold on the norm of the gradient require care. A condition
based on the number of iterations is discussed in Remark 10.

We now provide formal convergence guarantees for Algorithm 1.

Theorem 9 (Fast convergence rates). Assume that ® is convex and L-smooth on Dy and
that TIA is a 6-oracle for IIA. Then, the iterates By, in Algorithm 1 with D®4,) given by

(9) satisfy

N 2L B*I3
®(By) — ®(B*) < (Efﬁijﬁgj?ij

where B* is a global minimizer of ® and ¢' = 32M ¢ " 1<i<n, Hx(Z)H Hy(j)H. Moreover, for
1<j<M:

+ 34, (10)

any n > 36, Algorithm 1 requires at most

k= |—=+4=4/1
2+2 + n— 30’

(11)

* |2
3 1 SLIB 3| [ 3,1
- 2 2 n — 3¢’

128A42w
1+

iterations to achieve an n-approximate solution.

The proof of Theorem 9, given in Section 5.5, follows from Theorem 2.2 in d’Aspremont
(2008) after casting our problem as an instance of their setting. Some implications of
Theorem 9 are discussed in the following remark.

Remark 10 (Optimal rates and stopping conditions). First, consider the convergence rate
of the function values in (10). The first term on the right-hand side exhibits the optimal
complezity bound for smooth constrained optimization of O(1/k?) (cf., e.g., Nesterov 2003).
The second term accounts for the underlying oracle error. Notably, the progress of the
optimization procedure and the oracle error are completely decoupled in this bound.

12
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Next, we describe a stopping condition based on the number of iterations. Observe that
all terms involved in the upper bound in (11) are explicit as soon as a desired precision 1 is
chosen since the oracle error & can be fized according to Proposition 8. Consequently, (11)
can be used as an explicit stopping condition for Algorithm 1.

4.3 General Case

We now discuss an optimization procedure which does not require convexity of the objective.
This accounts for the fact that outside the sufficient conditions of Theorem 6, convexity of ®
is generally unknown. However, the same result shows that ® is L-smooth with L = 64V

(3225—1. /M (o) My (1) — 64) and OT . is L'-smooth with I/ = 3221 /M (j10) My (j11)-

Hence, we adapt the smooth non-convex optimization routine of Ghadimi and Lan (2016)
to account for our inexact oracle. Notably, their method adapts to the convexity of ® as
described in Theorem 11.

We now present the algorithm and describe its convergence rate.

Algorithm 2 Adaptive gradient method with inexact oracle

k _ 2
il and 7, = o

Given Cy € D)y, fix the step sequences S = i, Ve =
k<« 1

A1 — g()

G+ D(I)[Al]

while stopping condition is not met do
: M
By, <+ min (17 m) (A — BrGy)

C}. + min (1, m) (Cr-1 — 1Gk)

By, + % sign(Ay, — fuGy) min (57 | Ay — BrGil 1)

Ck — %sign(ck_l — ’yka) min (% |Ck_1 — ’yka| R 1)
Ajiy + 1Cx + (1 — 73) By,

10: Gk+1 — D(I)[Akﬂ}

11: kE+—k+1

12: return B;

Unlike Algorithm 1, which can be initialized at any fixed Ag, the starting point in
Algorithm 2 should be chosen according to some selection rule that avoids initializing at a
stationary point (e.g., random initialization). Indeed, if A; is set to a stationary point of
P, then D®4,) = 0 and, consequently 5(13[ A;] ~ 0 (given that the approximate gradient is
reasonably accurate), which may result in premature and undesirable termination. Clearly,
this is not a concern for Algorithm 1 since it assumes convexity of ®, whereby any stationary
point is a global optimum.

The following result follows by adapting the proofs of Theorem 2 and Corollary 2
in Ghadimi and Lan (2016). For completeness, we provide a self-contained argument in
Appendix C along with a discussion of how this problem fits in the framework of Ghadimi
and Lan (2016).
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Theorem 11 (Adaptive convergence rate). Assume that ® is L-smooth on Dy and that
I14 is a §-oracle for IIA. Then, the iterates Ay, By, in Algorithm 2 with D®4,; given by

(9) satisfy

1. If ® is non-conver and OT (y - (po, p1) is L'-smooth, then

5M?>
16

24LL
L e

96L?
min Hﬁfl(Bi*Ai)Hiﬂ <7

—_ L&
1<i<k (k+1)(k+2) ) + 8L

where B* is a global minimizer of ®, and §' = 32M 353 1<i<n, ||z ]| |[y]].
1SN,

2. If ® is convex, then

96L>2
(k+1)(k+2)

. _ 9
min, 15; (B - Ai)HF < :

|Co — B*||% + 8LJ.
To better motivate this result, we show that when Hﬁk_l (By — Ak)HF is small, D®4,)
is approximately stationary.

Corollary 12 (Approximate stationarity). Let Ay, By be iterates from Algorithm 2 and
assume that By € int(Dyr). Then,

1D 4, llr <325 D> (2 )lyD] +[|8; " (Br — A)| -
1<i<Np
1<i<N;

The proof of Corollary 12 follows from the d-oracle assumption and the fact that when
By, is an interior point of Dy, we have By = Ap — BxGr. See Section 5.6 for the full
details. When By, is not an interior point of D)y, the interpretation of |3, (B — Ayx)| F is
less straightforward. However, as all stationary points of ® are contained in Dy, ., it is
expected that Algorithm 2 will converge to an interior point when M > M, ,,. By analogy
with Remark 10, when all iterates are interior points Algorithm 2 yields a bound on the total
number of iterations required to achieve an approximate stationary point.

The following remark addresses the distinctions between the convex and non-convex
settings in Theorem 11.

Remark 13 (Adaptivity of Algorithm 2). As in Theorem 9, the convergence rates in
Theorem 11 are decoupled into a term related to the progress of the optimization procedure
and a term related to the oracle error.

In the case where ® is non-convex, the dominant term in the optimization error is
O(1/k), which coincides with the best known rates for solving general unconstrained nonlinear
programs (Ghadimi and Lan, 2016). On the other hand, when ® is convez, the rate of
convergence improves to O(1/k3) which essentially matches the best known rates for the norm
of the gradient in the unconstrained accelerated gradient method applied to a convex L-smooth
function (see Theorem 6 in Shi et al. (2021) and Theorem 3.1 in Chen et al. (2022)°). This
adaptivity is beneficial, as ® may be convex beyond the conditions derived in Theorem 6.

6. More precisely, Chen et al. (2022) show that the iterates (y;)¥_; generated by the accelerated gradient
method applied to a convex L-smooth function f are such that ming<;< ||V f(v:)||*> = o(1/k?).
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An empirical comparison of Algorithms 1 and 2 in the convex setting is included in
Section 4.5. In particular, Algorithm 1 is seen to outperform Algorithm 2 in terms of average
runtime despite having the same per iteration complexity when the inexact gradient is
computed using standard Sinkhorn iterations.

Remark 14 (Computational complexity of Algorithms 1 and 2). As Sinkhorn’s algorithm
is known to have a complexity of O(NoN1) (cf. e.g. Scetbon et al. 2022), the gradient
approximation (9) can be computed in O(NoNy) time. It follows that Algorithms 1 and 2
admit a computational complezity of O(NoN1).

4.4 Approximating Unregularized Gromov-Wasserstein Distances

The EGW distance can approximate unregularized GW to an arbitrary precision, with error
|Se (110, 1) — So(pto, 1) = O (glog (1)) as e | 0 (see Proposition 1 in Zhang et al. (2022a)).
It is therefore natural to ask if the proposed algorithms can be used to approximate the
unregularized GW distance between finitely supported marginals. Note, however, that for
e > 0 sufficiently small, ® may fail to be convex (see Theorem 6), whence Algorithm 2 may
only converge to an approximate stationary point of ®. As such, it is not guaranteed that
itself Sc(po, p1) (i-e., the global minimum of the entropic problem) can be approximated to
within a desired accuracy. Nevertheless, we show that these approximate stationary points
can be used to capture a notion of local optimality for S(Q)(NO, (1), keeping in mind that
the quadratic GW distance decomposes as So(uo, p11) = St (o, 1) + S3 (1o, p11) for centered
distributions (see Corollary 1 in Zhang et al. (2022a)).

As opposed to EOT, optimal solutions to unregularized OT may fail to be unique, which
entails that ®o = 32| - |3 + OT(,,0(po, 1) may be non-differentiable. Remarkably, the
following analogue of Corollary 4 on stationary points still holds.

Proposition 15 (Optimality conditions for ®¢). Let (ko p11) € P(R%) x P(R%) be compactly
supported. If A is a local minimizer of ®g, then there exists a solution T to OTA,O(,UOv 1)
with A = %fxdeTr(w,y) € Dy for any M > M,
are centered, then m solves So(po, pi1)-

If A is globally optimal and g, 11

0,11 *

The proof of Proposition 15, which will appear in Section 5.7, follows similar lines to the
proofs provided in the regularized case with the caveat that ®( is merely locally Lipschitz.
To adapt these results, we characterize the Clarke subdifferential of ®, (Clarke, 1975).

Proposition 15 shows that any minimizer, Ay € Dy, of @ satisfies an analogous criterion
to the stationary points, A, € Dy, of @ := 32| - [|% + OT . (1o, p11) for € > 0 (namely, that
A, = %fxdefrg(x,y) for some 7. solving OT 4_(ko, 1) for € > 0). As noted previously,
when ¢ is small, we can only guarantee that Algorithm 2 will converge to an approximate
stationary point, A% € Dy, satisfying || D(®:)(asllr = 164A% — 32 [ zyTdnf(z,y)||r < 0,
for some § > 0, where 7% solves OT g (10, p11). We now show that the limit points of A%, as
€ } 0, are approximately stationary for ®y. Furthermore, if the matrices along the sequence
are globally /locally optimal (in an appropriate sense), we show that global/local optimality
is inherited at the limit.

Theorem 16 (Convergence of approximate stationary points). Let (ug, p1) € P(R%©)xP(R%)
be compactly supported and fix 6 > 0. For e >0, let AL € Dy be such that || D(®:)(axllr <6
and let Aj be a cluster point of (AZ)e>o (as e ] 0). Then,
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1. ||64Af — 32fiL'deﬂ'A6HF <6, where may is a solution of OTAg,O(MO,Ml)-
2. if AL is a global minimizer of ®. for all € > 0 sufficiently small, then Af minimizes ®q.

3. if, up to a subsequence e, | 0 along which A% — Aj, AL minimizes @, on a ball of
fized radius v > 0 centred at Aj, then A is a local minimizer of ®g.

Recall that Dy is compact such that a cluster point Aj always exists in Theorem 16.
In light of Proposition 15, these limit points can be thought of as approximate stationary
points for ®y. This enables approximating local solutions to the unregularized variational
GW problem by stationary points obtained using Algorithm 2 for small . The proof of
Theorem 16 uses the notion of I'-convergence (see e.g. Braides 2014) to show that the
solutions of OT ax < (uo, 1) converge to a solution of OT a5 o(t0, 11) up to a subsequence and
that the local/global minimizers of ®. admit local/global minimizers of ®( as cluster points,
see Section 5.8 for details.

4.5 Numerical Experiments

We conclude this section with some experiments that empirically validate the rates obtained
in Theorems 9 and 11 and the computational complexity discussed in Remark 14. All
experiments were performed on a desktop computer with 16 GB of RAM and an Intel i5-
10600k CPU using the Python programming language. The considered marginal distributions
described below, ug, 111 were randomly generated.

Convergence rates. Figure 1 (a) presents an example of applying Algorithm 1 to a
convex ®, where the marginals are pg = 0.49_1.4 + 0.6012 and puy = 0.46_101 + 0.6071 31,
with ¢ chosen large enough to guarantee convexity. The theoretical rate of O(k~2) from
Theorem 9 on the optimality gap ®(Bj) — ®(B*) is seen to hold.” Figure 1 (b) illustrates
the progress of Algorithm 2 applied to a non-convex ®, for py = %(50.3 +0_08+0_05)
and p; = % (5(0.170.6) + 005,03 + 5(0.4,_0.3)), with € = 0.07 which makes ® non-convex.

The O(k~1) rate for ming<;<g Hﬁi_l(Bi—Ai) ‘; in the non-convex case from Theorem 11
is well reflected in this example. Figure 1 (c¢) shows that Algorithm 2 can match the
theoretical rate of O(k~3) in the convex regime when initialized in a region of local convexity.
In this example, the generated marginals are pg = % (0—0.1 + 902+ 0.2+ 0_0.3 + do.3) and
1 = % (002 +0-03 + 0.3+ 0—0.4+ dp4) and € = 0.03. The stopping condition used in all
these example is |G|z < 5 x 1078 and the approximate gradient (9) is computed using
the standard implementation of Sinkhorn’s algorithm from the Python Optimal Transport
package (Flamary et al., 2021).

Time complexity. To study the time complexity of Algorithms 1 and 2, we first choose the di-
mension d € {1,16,64, 128} and let pg, 1 € P(RY) be supported on N € {16, 32, 64, 128, 256,
512,1024,2048, 4096, 8192, 16384} samples of a mean-zero normal distribution with standard
deviation 0.05 for ug and 0.1 for p1. The weights are chosen uniformly at random from [0, 1)
and normalized so as to sum to 1. This procedure is repeated to generate a collection of
pairs of random distributions { (0., ft1,:) ;521. In the sequel, a single experiment refers to the

7. The plot shows the approximate gap ®(By) — ®(B*), where B* is the iterate attaining the minimal
objective value.
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Figure 1: The top row compiles plots of ® for the different examples described in the text.
The bottom row consists of plots tracking the progress of the iterates. In (b) and (c),
Algorithm 2 is initialized at Cy = (1,1) x 1075 and Cy = 1 x 1075, respectively.

process of timing the computation of Sc(po 4, pt1,;) for some fixed d, N and all ¢ = 1,...,50.
For practical reasons, we choose to abort an experiment before all 50 EGW distances have
been computed if the total runtime for this experiment exceeds 1 hour. The average runtime
is then computed among all completed calculations in a single experiment.

The convex case: First, ¢ is chosen as 1.05 x 16+/My(uo)Ma(p1) so as to guarantee
convexity of ® for each instance by Theorem 6 and M is set to /Mo (o) Ma(py) + 107°.
Figure 2 presents the average runtime of both algorithms in this setting with the stopping
condition ||G|lr < 1075, We compare the performance of our methods with the two
implementations of the O(IN?) mirror descent algorithm provided in Scetbon et al. (2022).8
The first implementation includes certain algorithmic tweaks when d?> < N, whereas the
second only requires d < N to achieve the quadratic complexity. Our implementation of
the mirror descent algorithm is based on the code provided in Scetbon et al. (2022) with
some small modifications (e.g., EOT couplings are computed using Sinkhorn’s algorithm
from the Python Optimal Transport package (Flamary et al., 2021) and some extraneous
logging features are removed) the algorithm is run until the generated couplings differ by less
than 1075 under the Frobenius norm. We note that the first version of the mirror descent
algorithm encounters “out of memory” errors for N = 16384.

8. We do not compare with the original implementation of mirror descent Peyré et al. (2016) or the iterative
algorithm from Solomon et al. (2016) due to their much slower O(N?) runtime.
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Figure 2: The various plots compile the average runtime of Algorithms 1 and 2, and two
versions of the mirror descent algorithm in the convex regime for different combinations of d
and N.

The plots show that the four algorithms perform similarly on the considered examples,
and empirically validate the O(N?) computational complexity from Remark 14. To verify
that the algorithms all converge to solutions with similar objective values, we evaluate the
relative error? between all pairs of algorithms for each d, N. The largest relative error we
observe is 3.3 x 1076 for d = 1 and, for the other choices of d, is at most 7.9 x 10713. We
conclude that the values obtained are in good agreement.

The non-convex case: To evaluate the performance of Algorithm 2 when convexity is
unknown, we set € to violate the condition of Theorem 6, but still be large enough so as
to avoid numerical errors. If errors in running Algorithm 2 or the mirror descent methods
occur, we double € until all algorithms converge without errors. The initial point Cy for
Algorithm 2 is taken as the matrix of all ones scaled by min{M, 1} x 107°. We consider
two ways of choosing the smoothness parameter L, which effectively dictates the rate of

9. Relative error is measured by max;cc(a,n) ‘S?l(uo,i,m,i) — sz(uo,i,ul,i)|/(5f1(uo,i,u1,i) A
S2%(po,is p1,i)), where S2 (o i, pa,i) and S22(po,i, p1,i) denote the objective values achieved by the
first and second algorithm of the pair, and C(d, N) is the collection of completed runs from a given
experiment.
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Figure 3: The various plots compile the average runtime of Algorithm 2 with the two methods
for choosing L, and two versions of the mirror descent algorithm in the non-convex regime
for different combinations of d and N.

convergence. The first is to set L equals to the theoretical upper bound from Theorem 6,
ive., L =64V (322 \/Mi (o) Ma(yur)
practice, we also consider setting L via a line search. Namely, we fix a value for L (e.g., the
theoretical upper bound or an arbitrary value) and check if the algorithm converges for a
given choice of d, N, 119 ;, pt1,4. If so, we multiply L by 0.99 and repeat this procedure until
the algorithm no longer converges. For each d and N, we choose the value of L that attains
the fastest convergence, and repeat this procedure for 5 pairs of distributions. For Algorithm
2 with the choice of L that comes from the theoretical bound and the two versions of mirror
descent we follow the same methodology as in the convex case, i.e., averaging over 50 pairs
and stopping an experiment after 1 hour. The average runtimes of all methods are reported
in Figure 3. The restriction to 5 runs in the line search case is only out of convenience and
we note that all algorithms yield similar results if we restrict to 5 runs throughout.

— 64). As this choice may be too conservative in

The plots again validate the O(N?) time complexity for all four approaches. However,
we see that choosing L in Algorithm 2 according to the theoretical upper bound may
indeed be too conservative, as it results in a 10x or larger slowdown compared to the other
methods. By setting L via the line search, on the other hand, Algorithm 2 and mirror descent
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exhibit similar performance. This suggests that the longer runtime of Algorithm 2 with the
theoretical L value can be attributed to this being an overly conservative choice as opposed
to a fundamental limitation of this method. Optimization routines that update L at each
iteration have been proposed in Tseng (2008); Becker et al. (2011); Nesterov (2013), but
require solving an additional EOT problem at each step for our application. As such, these
approaches may reduce the number of iterations required for convergence, at the cost of
increasing the per iteration complexity.

Real-world data. We next assess the performance of our algorithms on real-world data
from the Fashion-MNIST dataset (Xiao et al., 2017). Since the ground truth EGW value
is unknown, we test the performance of the algorithm in capturing the invariance of the
EGW distance to isometries. As the EGW distance generally does not nullify between
isomorphic mm spaces,'® we consider a centered /debiased version, inspired by debiased EOT
(also known as Sinkhorn divergence, Feydy et al., 2018; Genevay et al., 2018). Define the
debiased quadratic EGW distance between (pg, u1) € P(R%) x P(R%) as

S (10, ) = S<(110,12) — 5 (S<(rt0, 10) + S, ).
The recentering guarantees that S. nullifies whenever (R% || - ||, uo) and (R4, || - ||, u1) are
isomorphic, as desired.

Having that, our experiment consists of comparing a fixed image from the Fashion MNIST
dataset to rotated versions of itself and other images from the dataset, by computing the
debiased EGW distance between them. By doing so, we empirically validate that computation
of S, using Algorithm 2 is invariant to isometric transformations on a real-world dataset.
Precisely, we pad the 28 x 28 pixel images from the dataset with zeros on all sides such that
the effective image size is 40 x 40 pixels (this guarantees that no nonzero pixels are lost upon
rotation) and treat these padded images as probability distributions on a 40 x 40 grid of
points in R? with weights proportional to the pixel intensity value. We then compare these
distributions using S. upon removing the points with zero mass from each distribution, the
values thus obtained are included in Figure 4.

We note that rotating an image by an angle which is not a multiple of 90° does not
correspond to an isometric action on R?, as it requires interpolating the pixel back onto the
40 x 40 grid of points. Nevertheless, we see from Figure 4, that the images subject to random
rotations and the unrotated images achieve similar values of S, relative to the fixed reference
image. The discrepancy between these two values can be thought of as a quantification of the
distortion to the image structure caused by the interpolation procedure. When the rotation
is a multiple of 90°, we see that the values obtained are identical, as no interpolation is
performed on the image.

Figure 4 marks in red values corresponding to images that are closest to the reference
image in the debiased EGW distance. These images have a notable structural similarity to
the reference in their overall shape and/or features (e.g., pleats on the dress). We also observe
that quite naturally the images with largest discrepancy are those of shoes, which have a

10. Indeed, Dki(7|jpo ® p1) > 0 with equality if and only if 7 = po ® p1 whereas the integral of the distance
distortion cost vanishes if and only if the coupling is induced by some isometry 7' : R% — R%. By
Corollary 4, an optimal coupling 7 for S. (o, 1) is equivalent to po ® 1 (in the sense that 7 < po ® 1
and po ® p1 K ), so 7 cannot be induced by an isometry unless po, u1 are supported on one point.
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Figure 4: We compare the image on the left to the images on the right using debiased EGW
with € = 0.1 as a figure of merit. The corresponding value of S, is included on top of the
corresponding images. The images are presented in groups of three, where the leftmost image
in the group is the original image, the middle image is obtained via a random rotation of the
original image, and the rightmost image is a rotation by a multiple of 90°. Distance values
smaller than 5 x 1073 are in red.

distinct structure, and the plaid shirt which has a different pattern. Interestingly, between
these two extremes, there are images which have comparable values, but are structurally
dissimilar (for instance the images in the center column except for the plaid shirt and the
sandal). This behaviour demonstrates that the debiased EGW distance does not simply
compare the shapes of the images, but rather takes into account the intricate interplay
between the intensity values of the images.

5 Proofs

5.1 Proof of Proposition 2
We first fix some notation. Let S; = spt(u;) for i = 0,1 and define the Banach spaces

e ={ (o) € €50 x €80+ [ foduo =0}
3= {(f[]vfl) € C(So) x C(Sh) : /foduo = /fld/h}-

21



R1oux, GOLDFELD, AND KATO

Consider the map YT : R%0*d x ¢ — C(Sy) x C(Sy) given by

() +e1(w)—ca(,y) eo(@)+e1(-)—cplz,)
T:<A,soo,sol>w</es dul(y)—17/6 s duo<x>—1>.

For fixed A € R%*1  the solution to the equation Y(A,-,-) = 0 is the unique pair of EOT
potentials (@64, ©ft) for pg, 11 with the cost c4 satisfying the normalization from &. Observe
that, by compactness of Sy and S, the potentials are bounded.

The following lemmas verify the conditions to apply the implicit mapping theorem to T
in order to obtain the Fréchet derivative of the map A € R%*% sy (gt o). Given that
OT (10, f11) fcp dpo + fcpl dp1, the derivative of the map A — OT 4 (10, p1) and
that of @ itself will readily follow.

Lemma 17. The map Y is smooth with first derivative at (A, @g, p1) € ROX4 x & given by,

Po()+e1(y)—cal,y)

DY 4,p,01) (B ho ) =7 (/(ho(-) +hi(y) +32(:)TBy)e : dpu (y),

/ (ho(x) + hi () + 3227 B())e =A% duo(w)> ,

where (B, ho, hy) € RPoxd x @,

The proof of this result is straightforward, but included in Appendix D.1 for completeness.
Now, define £4 = 5DT[A’%4,¢,14} (0,-,-) and let m4 be the EOT coupling for OT 4 «(po, p1)-
Note that for any (ho,h1) € &, we have £a(ho, h1) € §, which follows by recalling that

. A o
drm p ‘*a() <“)+‘P1 (y)—ca(z,y) )
Tuobop (s y) = < and observing

[ (eatho. ) o = [ oduo+ [ mdna= [ oduo+ [ i

[ (eatha )t = [ hotna+ [ i = [ hoduo+ [ i

We next prove that £4 is an isomorphism between € and § by following the proof of
Proposition 3.1 in Carlier and Laborde (2020).

Lemma 18. The map £a is an isomorphism between € and §.

Proof Observe that ¢4 extends naturally to a map on L?(ug) x L?(p1) and admits the
representation

€a: (fo, f1) € L*(po) x L*(p1) = (fo, f1) + L(fo, 1) € L*(po) x L*(p),

where
wo SO+ <y> cal y) e (@) +ef (V—calz,)
L(fo, f1) = </ fi(y 1(y),/f0(1‘)€ : duo(@)-
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Lemma 33 in Appendix D.2 demonstrates that £ is a compact linear self-map of L?(ug) x
L*(m1).

We first show that {4 is injective on E = {(fo, fr) € L2ﬂuq) X LQ(@) : ffod/{g = 0}.
Suppose that (fo, ) satisfies €A (fo, fr) = 0. Multiplying (€a(fo. fu))1 by fo and (€4 (for f1):
by f1, we have

_ e Otef () —calw)

/ (720) + TV i) e e dyua(y) =0,

et @)+ ()—cale,)

/ (o) () + F2() e : dpiol() = 0,

and summing these equations gives f(fg + f1)%dma = 0. As 74 is equivalent to ug ® u1, we
have fo + fi = 0 po ® pi-a.e., which further implies that (fo, f1) = (a, —a) po ® ui-a.e. for
some a € R. Consequently, ker(£4) is 1-dimensional and €4 is injective on E.

Next, we show that €4 is onto F = {(fo, f1) € L*(uo) x L*(u1) : [ fodpo = [ frdu }.
As in the lead-up to this lemma, £4(E) C F. By the Fredholm alternative (cf. Theorem 6.6
in Brézis (2011)), (Id +L£)(L?(u0) x L*(p1)) has codimension 1 and, as F has codimension 1,
we must have £4(E) = F.

As such, for any (go,g1) € § C F, there exists (hg, h1) € E for which

§a(ho, h1) = (ho, k1) + L(ho, h1) = (g0, 91)-

As ﬁ(ho, hl) S C(S()) XC(Sl), (h(), hl) = (g(),gl)—[,(ho, hl) € C(So) XC(Sl) with f hodpg = 0,
and thus (hg,h1) € €. This implies that {4(€) D § and from before we have £4(€) C §,
yielding £4(¢) = §. We have shown that {4 : € — § is a continuous linear bijection and
hence an isomorphism by the open mapping theorem (cf. Corollary 2.7 in Brézis 2011). B

We now apply the implicit mapping theorem to obtain the Fréchet derivative of (go('), cpg')).

Lemma 19. The map A € R0X% y (o8 o) € € is smooth with Fréchet derivative
D (e el)) (B = (" nf?),

where (h(‘?’B,hf’B> € € satisfies

[A]

et @+ () —cal(ey)

/ <h643(x) + hva(y) — 32a:TBy) e c dus(y) =0, Yz € spt(uo),

(12)

e @)+ () —cq(z,y)

[ (B ) —sarmy) AL ) 0 vy e spi),

with (pgt, ) being any pair of EOT potentials for (po, p11) with the cost ca.

Proof Fix A € R%*d with corresponding EOT potentials (4,064, gp‘f‘) For notational conve-
nience, define the shorthands D1 T 4 = DT[A#’OA#?iA](', 0,0) and DY 4 = DT[A%‘M{;}(O, )
(cf. Lemma 17). By Lemma 18, DT 4 is an isomorphism and we may invoke the implicit
mapping theorem (cf. Theorem 5.14 in Bonnans and Shapiro 2013). This implies that there
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exists an open neighborhood U C R%*4 of A and a smooth map g : U — € for which
T (B, g(B)) =0 for every B € U and

Dgia)(B) = —(D2Ya)~" (D1 a(B)),

i.e., =Dgj4](B) solves (12). By construction, g(B) = (o8, B) and by repeating this process
at any A € R%*4 _(ifferentiability of the potentials is extended to the entire space R%*%1

Given the dual form of the EOT cost, Lemma 19 suffices to prove Proposition 2.
Proof of Proposition 2 As OT a(uo, 1) = [ ¢itduo + [ ¢tdu1, Lemma 19 implies that
OT(.),c(po, p11) is smooth with first derivative at A € R%*d given by

D(OT(-),E(%?M))[A](B) = /hg"BdMo - /hf"BdM,

where B € R%*41 Integrating the first equation in (12) w.r.t. po while using ”‘jg@z -(z,y) =

so(’)q(w)vLsOf(y)*cA(I,y)

e E , yields

/ <h647B(93) + hf"B(ZJ)) dra(z,y) = /hg"BdMo + /hf"Bdm = 32/:ETBy dra(z,y),
(13)

whence

D(OT()ys(,uo,,ul))[A](B) = —32/$TBy d?TA(x,y).

As ||A||% = tr(ATA), we have D(32| - ||3)
display above yields

[A}(B) = 64tr(ATB), which together with the

D®4(B) = 64tr(A™B) — 32/xTBy dra(z,y),

as desired.

S @) refw—calzy)
. . dT(A £0 1 Y cA(Z,Y
For the second-order derivative, recall from (4) that Z/%4-—(z,y) = e c

As in the proof of Lemma 17, as the map

A e R s ((2,y) € Sy x 81— @it () + ¢f*(y) — ca(z,y)) € C(So x S1)
is differentiable at A € R%*d with derivative

C e R%xdi ((x,y) €5y x S~ — (hoA’C(x) + hf7c(y) - 3255TC?J>) € C(So x 51),
the expansion

dma

dra+c dma
(:9) (@y) dpo & p

B I’, + R 3]', I
dpo @ p dpg @ ( y) C( y)

=—¢'2ac(z,9)
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holds uniformly over (x,y) € Sy x S1, where Re(x,y) = o(C) as |C||r — 0 and z4 c(z,y) =
hg € (z) + h{"C(y) — 324TCy. Thus,

sup |[2"Bydrarc(z,y) — [« Bydra(z,y) —c ' [ 2T Byzac(z, y)dra(z,y)|
IBllr=1 IClr

/zTByIICIIEch(ﬂf, y)dpo @ pa (, y)‘

= sup
IBllr=1

< sup \xHHyH/HCHEl |Re(z,y)| dpo @ pn(x, y)-

(x,y)ESl X So

As Reo(x,y) = o(C), this final term converges to 0 as ||C||r — 0, so

D*(OT()<(p0, 1)) 4(B, C) = 32¢ ™" / "By (h (@) + W (y) - 3207Cy ) dra(a,y).
As D(32] - ||%)[ 4)(B) = 64tr(ATB), D?(32]| - || F) (B, C) = 64tx(CTB). Altogether,

D2<1>[A](B, C) =64tr(BTC) 4 3271 /xTBy <h64’c(x) + hf’c(y) - 32:UTC'y) dra(z,y).

Coercivity of @ is due to nonnegativity of the KL divergence along with the Cauchy-Schwarz

inequality,
OTactuonpn) = int [ —alolPlulP - 3207 Ay o) + eDra o ) |
ﬂen(y@v“l)
> inf {/—4Hfb‘|l2lly|2 —32||A||F||»”U|||ylldﬂ(x,y)}
WEH(M07M1)
My (po) Ma(p1) — 32| Allp/ Ma(p0) Ma (1),
such that ®(A) = 32||A||% + OT ac(po, 1) — +00 as ||A||r — 0. [ |

5.2 Proof of Corollary 4

Item (i). The expression for the stationary points follows immediately from Proposition 2.
To see that all stationary points are elements of Dy, ., observe that if A is a stationary
point, then

jAllp =1 H [ dnate.y H 5 [ lellyllarate.y) < 5v/AaGo) Malir),

where the first inequality is due to Jensen’s inequality, and the second is due to the Cauchy-
Schwarz inequality.

Item (ii). As discussed in Section 2.2, if m, is optimal for S, then 3 [ zyT dm.(z,y)
minimizes ®. On the other hand, if A minimizes ®, then we have A = % J zyTdra and
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hence

2
S2 (110, 1) = 8” [t tmate)| —4 [lelPlolPanate.y
F

1
—32<2/xde7rA,/xde7TA> + eDkr(mallpo @ p1)
F
2

+ eDkr(Tallpo ® p1).
F

=~ [ ol hPmacey 3 H [t dnate.n

By (6),
Sc(pt0, 1) = Se(pto, p1) + S2(po, 1)
2
= / llz =2 = ly =¥ I?|” + 2llz — 2/|*|ly — ¥/ |Pdra @ Talz, y,2',y)

14
4 / e ylPduo @ o (2, y) / Iyl dra(z,y) (14)

2

zyTdma(z,y)|| +eDri(mallmo ® p).

F
As [l = 2/[[2ly — y'I12 = (ll2]]? — 2272’ + [l2/[2) (g2 = 2479/ + 1y']12), we have

/ le = 2'2lly — ¥/ IPdma ® Ta(e, y,2 o)
-9 H 2 2d ) 2 2d
=2 [ 2l IylPduo © m(a,y) + 2 [ elPlyl2drale,y)

+4/:vTa:'yTy'd7TA®7TA($,y,13/ay/)»

which, together with (14) yields

2
Se(po, 1) = / llz =2 = ly = 'I?|” dra @ ma(z,y,2',y') + eDro(mallpo @ ),

proving optimality of m4.

Item (iii). Suppose S. admits a unique optimal coupling. If two matrices A and B
minimize ®, then 74 = 7p by uniqueness, so A = 3 fxyT dra(z,y) = 5 fﬂ:yT drp(x,y) =
B. Conversely, suppose ® admits a unique minimizer A*. If 7 is optimal for S., then 7
solves the EOT problem OT g . (po, ft1), 50 ™ = 7. O

5.3 Proof of Corollary 5
We first prove Item (i). The minimal eigenvalue of D2<I>[ A] is given in variational form as

= HC’iﬁlf ) {64”6’”% + 3271 /a:TCy (h(‘?’c(x) + A (y) - 32xTCy> dﬂA(m,y)}
e

> 64+ 32¢! inf {/wTCy (hOA’C(:):) + h’f"c(y) — 32acTC'y) dma(z, y)} )

ICllF=1
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using the formula for D2<I>[ 4] from Proposition 2. Recall that (h(’)4 C hf’c) satisfy
et @ +ef (W) —ca@y)
[ (e @)+ ) — sarey) FHEA g ) 0, v e spit),
e @) +eft W) —cal@y)
/ <hOA7C(x) + hfc(y) - 32$TC?J) e e duop(z) =0, Vy € spt(p),

such that, multiplying the top equation by hg‘ € and integrating w.r.t. o and performing
the same operations on the lower equation with hf’c and pp respectively,

/ [(hg‘ﬁ (@)2 +h{C (y)nC (x) — 322TCyhg (x)} dra(z,y) =0,
/ [hé’c(w)hf’c(y) + (flf"c(y)>2 - 32wTCyhf’C(y)} dra(z,y) = 0.
Summing these equations gives
32 / ZTCy (hg‘:c (z) + h"C (y)) dra(z,y) = / (hg"c (z) + BMC (y))2 dr a(z,y),
such that
32/xTCy (hg"c(:r) + hf’c(y) - 323:TCy) dra(x,y)
= [ (2@ + 1w dmatey) 322 [y arate.),
which proves the first part of Item (i). It remains to show that
/ (hf?’c(x) + hf’c(y)>2d7TA(w,y) - 322 / (z7Cy)*dra(z,y) > —32*Varg,,[XTCY].

By Jensen’s inequality, we have

[ (1@ +nCw) drmatan) = ( [ 1@+ 1 drate y>)2

2
= 32° (/wTCydWA(x,y)> 7

where the equality follows from (13), proving the desired inequality.
To prove the uniform bound on the variance in Item (i), observe that

sup Varg,[XTCY] < sup E. [(XTCY)?]
ICllr=1 ICllF=1

< swp [C% / 2yl 2dnaz, ),
IC|lF=1

</ My(po)Ma(p1)

27



R1oux, GOLDFELD, AND KATO

where the final two inequalities follow from the Cauchy-Schwarz inequality.
We now prove the upper bound on the maximum eigenvalue of D2<I>[ 4] from Item (ii)
again using its variational characterization,

Amax (DQ(I)[A}) = ”CS’|1|1p 1D2<I)[A](C, C) = 64 + A\pax (DQOT(.)ﬁ(,uo,ul)[A]) .
=
Observe that OT ac(po, 1) = infreri(ug,un) 9(A, T, fo, p1,€), where g depends on A only
through the term 32tr(AT [ zyT dr(z,y)) which is linear in A. It follows from, e.g., Proposi-

tion 2.1.2 in Hiriart-Urruty and Lemaréchal (2004) that OT . (o, 1) is concave. As such,
Amax (D2OT(‘)76(,LL0,;L1)[A]) <0, SO Amax (DQ(I)[A]) <64. O

5.4 Proof of Theorem 6

We first discuss the convexity properties of ®. By Corollary 5, Amin (DQCID[A] + gHAH%) >
64 — 32271/ My(po)My(p1) + p for any A € R%*4 and p > 0. When this lower bound
is nonnegative, ® is p-weakly convex on R%*%1 by definition; recall Section 3. It follows
that ® is always p-weakly convex for p = 322e=1\/My(uo)My(i1) — 64. Moreover, if
My (o) My(p1) < 16> then Amin (D2®[A]) > 0 such that ® is strictly convex.
L-smoothness of ® follows from the mean value inequality (see e.g. Example 2 p. 356 in
Apostol 1974)
|D®a) — DOgllr < sup  sup |D’®q) (A - B,E)|,
Ce[A,B] |E||p=1
< sup (in (D*®(c)) |V [Amax (D*@()]) 1A = Bl

C€[A,B]
for any A, B € R%>%  where [A, B] denotes the line segment connecting A and B. The
claimed result then follows by noting that, for any A, B € Dy, [A, B] C Dy by convexity
and the supremum over D), is achieved by compactness and the fact that the objective
is continuous. Indeed, the maps Amax(-), Amin(-) are continuous on the space of symmetric
matrices, and D2<I>H is continuous as ® is smooth. O

5.5 Proof of Theorem 9

In this section, we show that Theorem 2.2 in d’Aspremont (2008) on the convergence rate of
Algorithm 1 is applicable in our setting. We particularize their result to a fixed prox-function
d = % - ||% which is smooth and 1-strongly convex.

First, we justify the expressions for the iterates By, Cj in Algorithm 1, which are defined
in d’Aspremont (2008) as the proximal operators

L
By, = argmin {tr (GLV) + |V - Ak”%} ;
VeDy 2

L
Cj = argmin {tr (WkTV) + 5 HV‘%} :
VeDu 2

Rearranging terms, both problems can be written, equivalently, as

argmin {||V U} } (15)

VeDyy
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for U = A, — L™'G), and U = —L~'W,, for the B}, and C}, iterations respectively. The
solution of (15) is given by V.=U if V. =U € Dy, and LU /|U| r otherwise.

Next, we show that our notion of §-oracle yields a §’-approximate gradient in the sense
of Equation (2.3) in d’Aspremont (2008). Precisely, we prove that

tr (D@4 - Do) (B-C))| <0, (16)
for any A, B,C € Dyy. By the Cauchy-Schwarz inequality,
tr (Do — Do) (B -C))| < M | DOy — D@1y -
Recall that
Do — Doy =32 3 0 (y0)" (Tif 118,

1<i<Ng
1<j<M;

where HﬁA — HAH < 4 uniformly in A € Djs by the d-oracle assumption such that
(0.9}

-, <l ()T, < o]
*1<i<No 1<i<Np
1<G<M 1<j<N;

(17)

Combining the displayed equations yields

o (Do - Do) (B-C))| <3208 3 [0 [y =
1<i<Np

1<G<Ny
proving (16).

With these preparations Theorem 9 follows from Theorem 2.2 in d’Aspremont (2008) and

the discussion following its proof, noting that Z?:o % = W. O

5.6 Proof of Corollary 12

As Ay, By, be iterates from Algorithm 2 with By, € int(Djy) such that By = Ay — ,BklN)q)[Ak]
by definition. By the triangle inequality,

|D®a, P < |D®(a,—DPay |+ 1D, F = [ DPa,)—DPpay lp+18: " (B — Ap) .
(17) further yields

IDDa, — DBpayllr <326 S [z@[|llyD],

1<4i< Ny
1<j<M

proving the claim. O
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5.7 Proof of Proposition 15

Let S; = spt(u;) for i = 0,1. Recall that Sy, S; are compact by assumption. The proof of
Proposition 15 follows by verifying optimality conditions for minimizing locally Lipschitz
functions using the Clarke subdifferential (Clarke, 1990). To this end, we first verify that the
objective @ is locally Lipschitz and prove several auxiliary results to characterize the Clarke
subdifferential 0®g, recalling that the Clarke subdifferential of a locally Lipschitz function
f:R%xd 4 R at a point A € R%*% is given by (cf. e.g. Theorem 2.5.1 in Clarke 1990)

8f(z) = conv ({nlggo Dfia,:U% A, — A}) : (18)

where conv(A) denotes the convex hull of the set A, U C R9%*41 denotes a set, of full measure
on which f is differentiable, the existence of which is guaranteed by Rademacher’s theorem,
and we tacitly restrict this definition to convergent sequences of derivatives.

Lemma 20. The function A € R%>*4 s &y(A) is locally Lipschitz continuous and coercive.

Proof We start by proving that ®q is locally Lipschitz. Fix a compact set K C R%*41 and
observe that, for any A, A’ € K,

AIE — 1A% = [lAlF = 1A F| (JAlF + A" F) < 2sup |- |l<llA = AllF,

due to the reverse triangle inequality. This shows that || - ||% is locally Lipschitz. As for
OT(y,0(k0, p11), let ma, mar be solutions of OT 4 0(x0, 111), OT ar,0(#0, f11) respectively, then

OT a,0(p0, 1)—OT ar,0(t0, 1) > /CAdﬂA—/CAdeA = —32 <A—A/,/90de7TA(1‘ay)> ,
P
(19)

and similarly OT 4 0(p0, 11) — OT a7 0(po, 1) < —32(A — A', [ zyTdma/(x,y))p. Thus,
|OT a,0(tt0, 1) — OT ar,0(pt0, p1)| < 16M||A — A'||p,

recalling that, for any 7 € II(ug, p11), [ 2yTdm € Dyy. This proves that @ is locally Lipschitz.
Coercivity follows by adapting the proof of Proposition 2. |

By Lemma 20 and Rademacher’s theorem, ® is differentiable almost everywhere on
R%>d1  Ag the squared Frobenius norm is smooth, we study differentiability of OT A,0(10, p11)-
To simplify notation, let II% , denote the set of optimal solutions to OT 4 o(xo, f11)-

Lemma 21. The function A € Roxd —OT a0(po, p11) is convez; its subdifferential'! at
A contains {32fﬂ:de7r ITE Hf&o}.

Proof As OT . o(t0, 1) is the infimum of a family of affine functions, it is concave (see
Theorem 5.5 in Rockafellar 1997). The second claim follows directly from (19). [ ]

With Lemma 21, it is easy to classify the points at which OT ) o(u0, 1) is differentiable.

11. The subdifferential of a convex function f : R%*91 R at A consists of all & € R%©*9 for which
f(A) = f(A) > (A" — A,E)r for every A’ € R%0>1,
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Lemma 22. —OT ) o(uo, 1) is differentiable at A with derivative —D(OT .y o(tt0, 1)) 4] =
32 [ayTdr(z,y) for any m € Hfal,o if and only if all couplings in Hfal,o admit the same
cross-correlation matriz.

Proof We recall that a convex function is differentiable at A precisely when its subdifferential
at A is a singleton, see Theorem 25.1 in Rockafellar (1997). If the proposed condition on the
cross-correlation matrices fails, Lemma 22 implies that the subdifferential is not a singleton,
so differentiability fails.

To prove the other direction, assume that all couplings in I’y ; admit the same cross-
correlation matrix. Fix a sequence H,, € R%*41\{0} with ||H,|| | 0. From (19), we have,
for any ma1H, € Hf4+Hn,0 and T4 € H’A,O,

| Ho || 2 |OT at-,,0(0, 1) — OT a,0(pt0, p11) + 32 <Hn,/$de7TA(1'7y)>

F

9

< 32 H / cyTdratm, (2, y) — / zyTdma(z,y)
F

As ca4mH, converges uniformly to c4 on Sy x S1, for any subsequence n’ of n there exists a
further subsequence n” along which 74 H, Bre H;l,o by Theorem 5.20 in Villani (2008).
Since (z,y) € Sp x S1 — x;y; is continuous and bounded for any 1 < i < dp,1 < j < dy,
|‘fxde7TA+Hn// (l’,y) - fxdeﬂ'(x7y)HF = HfmdeWA-‘anN (1’, y) - ffI?deﬂ'A(.%',y)HF — 0.
As this limit is independent of the choice of subsequence by assumption, it holds along the
original sequence H,, such that D (OT(~),0(M07M1>)[A] = —32 [zyTdra(z,y). [ |

Those auxiliary results lead to finding the Clarke subdifferential 0®g, as given below.

Lemma 23. The Clarke subdifferential of ® at A € R%*% js given by
0Py(A) = {64A - 32/:1:de71' I E H’A,O} :

Proof We first characterize the Clarke subdifferential of OT .y o(pt0, 121) at A. By Propositions
2.2.7 and 2.3.1 in Clarke (1990) along with Lemma 21,

9 (OT(y,0(p0, 1)) (A) D {—32/xde7r(;U,y) T e ij}. (20)

As Lemma 22 establishes the set U € R%*% on which ® is differentiable, we study the
Clarke subdifferential of ® through the lens of (18). Observe that if U # A,, -+ A and
ma, €1, o, then ma, Bomac IT , as in the proof of Lemma 22 (up to a subsequence).
Moreover,

n—oo

lim D (OT(~),O(M0a 'ul))[An} = nll—{glo _32/xde7TAn (l’,y) = —32/£Cde7I'A(£U,y)

along this subsequence. Thus, if A/ & U converges to A and lim,,_,o, D (OT(,)’O (1o, ,ul)) A]

exists, then the limit is given by —32 [ zyTdr(z,y) for some 7 € HjLO' It is easy to see that
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IT% o is convex, so (20) and (18) together imply that

0 (OT(~),0(M07M1)) (A) = {—32/xde7r(ac,y) = Hf&o} )

Conclude by applying the subdifferential sum rule (Corollary 1 on p. 39 of Clarke 1990). H

Proof of Proposition 15 By Proposition 2.3.2 in Clarke (1990), if ® attains a local mini-
mum at A*, then 0 € 9Py(A*), i.e., there exists m € IT%. o for which A* = %f:cdew(x, Y)
by Lemma 23. The second result on optimality for the original GW problem follows directly
from the proof of Corollary 4. |

5.8 Proof of Theorem 16

Throughout, let &; C R% be a closed ball with finite radius 7 > 0 for which spt(u;) C X;
for i = 0,1. By the Bolzano-Weierstrass theorem, A} admits a limit point Af as € | 0. Let
€k 4 0 be a sequence along which A% — Af and define

Jcas dm+exDru(wllpo @ p), if m € T(po, ),

Fk:WEP(X()XXl)b—) )
00, otherwise,

chde, if € (uo, p1),

F:?TE’P(X()XXl)H .
400, otherwise.

Throughout, we endow P(Xy x X7) with the topology induced by the weak convergence
of probability measures which is metrized by the 2-Wasserstein distance, W», for instance;
(P(Xp x X1), W2) is notably a separable metric space, see Theorem 6.18 in Villani (2008).

We first show that Fj I'-converges to F' according to Definition 2.3 in Braides (2014). To
this end, we show that

F(m) < liminf Fy(my), for every mp, — m. (21)
k—ro0

and exhibit a sequence 7, — 7 satisfying

F(m) > limsup Fy(mg). (22)

k—o0

To prove (21), first assume that 7 € II(jg, pr1). Then, if 7, = 7, Fj(mp) > chgk dry, by
nonnegativity of the KL divergence. As ¢ Ar, converges to cay uniformly on Xp X &7 and

cay 1s continuous and bounded,

‘/CA;kdﬂ'k/CAadﬂ' < ‘/CA;k *CASdT"k + '/CAgdW/CAgde
liminf Fi(7;) > lim [ cas dm, = F (7).
k—so00 €k

This shows that, if = € TI(pug, p1), then
k—o00

— 0. (23)
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If 7 & I(uo, 1), then 7 & I(po, p1) for all k sufficiently large as IT(pg, 111) is compact
for the weak convergence on P(Xy x A1) (cf. e.g. the proof of Theorem 1.4 in Santambrogio
2015) so the bound holds vacuously, proving (21).

As for (22), if 7 & II(uo, p1), then there is nothing to show. For 7w € II(uo, p1), we
consider a block approximation; cf. Carlier et al. (2017); Genevay et al. (2019). First, for
i =0, 1, partition R% by hypercubes of length ¢ > 0,

{Hi,q,é == [klev (CJI + 1>£) X+ X [qdigv (qdl + 1)6) g = (qb .. 7qd¢) S Zdi}7

and define the block approximation, mg, of m by

Ty = Z W@’Hqu’gXHlyq/,ga
(q,q')€Z% xZ%

__ m(Hogex Higy)
to ® p(Hoge X Higr 0

WK’Ho,q,ZXHl,q’,e )(HO‘Ho,q,g ®:U’1|H1,q/72)7

for every (q,q') € Z% x Z% with the convention § = 0. Here, |, ,(A) = po(A N Ho )
and similarly for the other restrictions. Of note is that my < pog ® 1 and that mp € II(po, p1)
(see the discussion surrounding Definition 1 in Genevay et al. 2019).

Lemma 24. The block approximation wy of m converges weakly to m as £ ] 0.

Proof Let Q = {(¢.¢') € Z% x Z% : w(Hp 40 x Hi¢¢) >0} and v = z(q,q’)EQ 7(Ho g0 X

W‘HOJLZXHI,QI,Z 7W‘HoquXHl,q/,Z
m(Ho,q,eXHy o1 ¢)° Te(Ho,q,e X Hy o7 o)

Hi g 0)7Vqq Where v, is any coupling of the measures <

with support in Hg g X Hy g (the closure of Hog¢ %< Hy g ). As m(Hoge X Hig0) =
7w(Ho,q¢ % Hy 4 ¢) by construction, it is readily seen that v € II(m, m¢). Thus,

Witr.m) < [l = lPdr(e) = 3 w(Hogs x Hige) [ o= ldy(00
(9.4')€@Q
< (do + dv)2?,

noting that diam(Ho4¢ x Hi g ¢) = V/do + di¢ is the diameter of a hypercube in Ro+d1 of
length £. Conclude that Wy(m, 7)) — 0 as £ | 0 such that m, = . |

Setting £, = €, Lemma 24 yields
kh_)llc}o caz, dme, = /cAadw,

by a simple adaption of (23). It remains to show that limj_, exDk (7, || 20 ® p1) = 0 such
that

lim Fy(me,) — F (7).

k—ro0

Lemma 25. The block approzimation my of m satisfies €Dk (7e, ||to @ p1) = 0 as k — oo.
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Proof As m(Ho g x Hy g0) <1,

™ (H()’q’g X Hl,q’,f)

D (7|10 ® pa) = /108; dry|H,, . xH, .,
(4 q’)e%‘;()xz@ 10 ® 1 (Hoge X Hig ) Qa7

< > / —log(po(Ho,q,e)) — log(pi (Hug e))dmel my o H, 0,
(9,9")€Z% xZN

= Z (_ log(po(Ho,q,e)) — IOg(Nl(HLq’,Z))) T(Hog,0 X Hi,q0)
(¢,4')€Z% x 2"

=— Z log(pto(Ho,q,0)) po(Ho,q,0) — Z log (1 (Hu,g 0))pa (Hi g 0)-
qezdo q' €7
(24)
Observe that

— Y log(uo(Ho,ge))po(Ho,ge)
q€Z%

H H
__ / log <W1HZ> H0LH040) 11, 0 — diLog(),

where A\ denotes the Lebesgue measure. The first term on the last line is the differen-
tial entropy of a probability distribution supported on Xy, = UgerHoq¢, wWhere I =
{q € 7% . Hyq,0N Xy # @}. This quantity is maximized among all probability distribu-
tions supported on Ay ¢ which are absolutely continuous w.r.t. the Lebesgue measure by the
uniform distribution on Xy, with value dplog(A(Xp)). With this and (24), we obtain

AMX AMX
D (7|10 ® 1) < do log ( ( EO’Z)> + dq log <(£M)> .

Conclude that

AMX X,
0< EkDKL(ﬂ'EkHMO ® Ml) < ek (do log <<€Z’6k)> +d; log <(5:€k)>> — 0,

as )\(X@ ) > )\(Xz) > (0 for i = O, 1. [ |

€k

With this, we have shown that Fj, I'-converges to F'. Now, let 7., minimize Fj. As
II(p0, p11) is compact, m, admits a cluster point w9 which minimizes F' by Theorem 2.1 in
Braides (2014). Thus, 7 is an optimal solution of OT Al (10, p41) and, along the subsequence

w
where ., — o,

<.

H64A6 - 32/30de770
F

F k—o0

This concludes the proof of the first result.
For the results pertaining to local/global optimality, let ; | 0 be arbitrary and define

Py, if A €Dy,

400, otherwise.

(I)Ek, if A € Dyy,

400, otherwise,

Gk:AeRd0Xd1'—>{ ., G:AeRboxdh »—>{
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We now show that G I'-converges to G. Observe that, for any Ay — A € Dy,
., (Ag) = 32| AxllF + OT agz, (o, 1) = 32| Akl[F + OT 4y 0(ko, 1),

where the inequality is due to nonnegativity of the KL divergence. As cq, — ca uniformly,
32[| Axl|F+0T A, 0(p0, 1) = 32| Al5+0T a0(po, 1) = Po(A). If A & Dy, then Ay, & Dy
for every k sufficiently large, so the liminf condition (21) holds.

For the limsup condition (22), if A & D)y, then the bound is vacuous. If A € Dy, then
let T4 be an optimal solution of OT 4 o(uo, 11) and 7., be the block approximation of 74
with ¢ = ;. Then,

0<O0Tag, (po, 1) — OT a,0(p0, p11) < /CAdﬂ'ak + exDki (e, [0 @ p1) — /CAdWA-

We have shown previously that the rightmost term converges to 0 as k — oo, so @, (A) —
®y(A), such that Gy I'-converges to G. By Theorem 2.1 in Braides (2014), any cluster point
of a sequence of minizers of G minimizes G, proving the claim.

Finally, consider the case where (A., )ren satisfies the conditions of part 3 of Theorem 16,
ie., A, — A* and A, minimizes ®., on a closed ball of fixed radius » > 0 centred at
A*, say B). A simple adaptation of the previous arguments yields that Gy, restricted to B}
I'-converges to G restricted to B). As such, A* minimizes ®y over B} and is thus locally
minimal for ®g.

6 Concluding Remarks

This work studied efficient computation of the quadratic EGW alignment problem between
Euclidean spaces subject to non-asymptotic convergence guarantees. Despite the availability
of various heuristic methods for computing EGW, formal guarantees beyond asymptotic
convergence to a stationary point were absent until now. To develop our algorithms, we
leveraged the variational form of the EGW distance that ties it to the well-understood
EOT problem with a certain parametrized cost function. By analyzing the stability of the
variational problem, its convexity and smoothness properties were established, which led
to two new efficient algorithms for computing the EGW distance. The complexity of our
algorithms agree with the best known complexity of O(N?) for computing the quadratic
EGW distance directly, but unlike previous approaches, our methods are subject to non-
asymptotic convergence rate guarantees to global/local solutions in the convex/non-convex
regime. As the first derivative of the objective function depends on the solution to an EOT
problem which must be solved numerically, we quantify both the error incurred by Sinkhorn’s
algorithm and the resulting effect on the convergence of both algorithms. Moreover, we
establish a suitable notion of convergence of solutions to the variational EGW problem to
those of the variational GW problem in the limit of vanishing regularization. Below, we
discuss possible extensions and future research direction stemming from this work.

Algorithmic improvements. The stability analysis of the variational problem lays the
groundwork for solving the EGW problem via smooth optimization methods. Consequently,
improvements or alternatives to the proposed accelerated gradient methods are of great
practical interest. For instance, marked improvements can be attained by analyzing the
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tradeoff between the per iteration cost associated with updating the step size parameter and
the resulting decrease in the number of iterations required for convergence. Similarly, estab-
lishing sharper bounds on the eigenvalues of the Hessian would improve our characterization
of the smoothness and convexity properties of the objective.

Expanding duality theory. To the best of our knowledge, the current duality theory for
the EGW problem is limited to the quadratic and inner product costs over Euclidean spaces.
As the present work makes heavy use of this duality theory, we anticipate that these results
could be extended to the EGW problem with other costs and/or spaces once an adequate
duality theory has been established. Non-Euclidean spaces are not only of theoretical, but
also of practical interest under the GW paradigm as they allow comparing/aligning important
examples such as manifold or graph data.
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Appendix A. Sharpness of variance bound from Corollary 5

Let pg = % (60 + 0q) and pg = % (8 + &) for a € R% and b € R%. In this case, any coupling
7 € Il(po, p1) is of the form mod(0,0) + T066(0,6) + Ta09(4,0) + Tabd(a,p) With the constraint that
Moo = Tap and mTop = Teo = % — Tap. For any A € Dy, OT 4 (0, p11) is given by

it [l 1l - 327 Ay an(e. ) + <Dl )
WEH(H‘O:.U'I)

= inf {77‘('(11,(4”&”2”{)”2 + 32aTAb) + 2emgp log(4map) + (1 — 2mgp) e log (2 — 4map) }
Tap€(0,1/2)
the objective is a sum of convex functions and the first-order optimality condition reads

ez

2(1+e*)’

for z = (2||al|?||b]|* + 16aT Ab) /e. Let 7* be the corresponding EOT coupling for OT 4 - (0, 1)
For any C € R%xd1

4|al/?|b]|* 4 32aT Ab = 2e log(4ma) — 2elog(2 — 4myp) <= Ty =

Vare [XTOY] = 13 (1 — m3) (aTCB)? < miy (1 — 73 [ C | B lal (101,
with equality for C = CabT with C' € R. Hence,

sup {Vare: [XTCY]} = w3 (1 — map)llal*||b]1%,
ICllF=1

which can be made arbitrarily close to 1||a|?||b||* for fixed a,b by choosing A € Dy and
e > 0 as to make z sufficiently large. On the other hand, \/My(uo)Mi(p1) = 3lal?[]?,
such that the variance bound in Corollary 5 is tight up to a constant factor.

Appendix B. Sinkhorn’s Algorithm as an inexact oracle

Given pg = Efvzol a6, € P(R®) and py = Z;V:ll bjd,u) € P(R™M), let a,b denote the

corresponding (positive) probability vectors. Fix an underlying cost function ¢ : R% x R4 —
o(2®) )
R and € > 0, and let K € RMXNM with K;; = e_(fu). Consider the standard
implementation of Sinkhorn’s algorithm (cf. e.g. Cuturi 2013; Flamary et al. 2021).
In Algorithm 3 and the remainder of this section, the division of two vectors is understood
componentwise. The stopping condition is based only on one of the marginal constraints, as
IT¥1 5, = a by construction.

The following definitions enable describing the convergence properties of Algorithm 3; we
follow the approach of Franklin and Lorenz (1989) with only minor modifications. Let R%
denote the set of vectors with positive entries and, for =,y € R‘j_, let

TiYj

d =1
g(T,Y) og max iz’

denote Hilbert’s projective metric'? on Ri. By definition,

dH(xay) - dH(x/ya]ld>7 (25)

12. du(x,y) = 0 if and only if x = ay for a > 0, dg is symmetric and satisfies the triangle inequality.
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Algorithm 3 Sinkhorn Algorithm

Fix a threshold v and a maximum iteration number k..
Uug < ]].NO/NQ
k<1
repeat
v 4= b/ (KTug_1)
ug < a/(Kuvg)
IT* « diag(uy) K diag(vy,)
k+—k+1
until |[(TTF)T1y, — blla <y or k > kmax
return IT¢

H
@

for any x,y € R‘i and, setting x = e,y = e* componentwise,

dy(z,y) = log max e"it#—wi=%

1<i,j<d
= 1ggédwi + zj —w; — 2,
= max (logx; — logy;) — min (logxz; — logy;) (26)
1<i<d 1<i<d ’

= max log () — min log <> .
1<i<d Ui 1<i<d Vi

It was proved in Birkhoff (1957); Samelson (1957) that multiplication with a positive matrix
is a strict contraction w.r.t. dg. Precisely,

dy(Azx, Ay) < AMA)dg(z,y), (27)

for any A € Rile and 7,y € RY, where

A) -1 Ay A
AMA) = Vi) -1 <1, n(A)= max R
Vi) 1 S A

Of note is that A\(A) = A\(AT). Let
E={A¢€ RJJYOXNI : A = diag(z) K diag(y) for some z € Rfo,y € Rﬁl},

and observe that if A,B € FE, there exists vao B € R_i]\_fo,yAB S Ri\_fl for which A =
diag(z a,B)Bdiag(ya B). In this setting, let d : E' x E + [0,00) be such that

d(A,B) =du(za,B,1n,) +du(ya,B. 1N,),

then d is a metric on E. As the EOT coupling IT* satisfies

i% . S,,(mu))W(y(ji)_,ﬂ,(gg(z»,y(j))
aibj ’
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where (p,1) is any pair of EOT potentials, IT* = diag(u*) Kdiag(v*) € E for

o (=) e

ui =ae =, v =bje =

Note that v* = a/(Kv*) and v* = b/(KTu*).
In the sequel, we analyze the convergence of II¥ to IT* under d. The following result
translates bounds on d(IT¥, IT*) to bounds on ||TI*¥ — IT*||o..

Lemma 26. Fiz § > 0. If d(TT*¥, IT*) < §, it follows that |[TTF — IT*||oo < € — 1.
Proof By Lemma 3 in Franklin and Lorenz (1989), whenever d(IT¥, IT*) < § it holds that

*
el—1< 1< -1,
ij

for every 1 <1 < Np,1 < j < Nj. As such,
Iy, — k| < T, ((1 —e )V (e - 1)) <1-ef)v(ef—1)=¢ —1,
yielding ||[TT* — TT¥|| o, < €% — 1. [ |

The number of iterations required to achieve d(IT¥,IT*) < § can be bounded as follows.

Proposition 27. Let II¥ be given by Algorithm 8 and fix § > 0. Then, if

1 5(1 — MK))
2 S log ((K)) O (dH«Hl)TnNo,b))’

it follows that d(TIF, IT*) < 4.

The proof of Proposition 27 follows immediately from Lemma 29 ahead. We first prove
an auxiliary lemma.

Lemma 28. For k > 1, the iterates ug, vi of Algorithm 3 satisfy

dpr(upr1,u™) < MK dpr(ug, ), da(ope1,0%) < MK dp (vg, o),

dp (ug, wk+1) dp (vg, Vg41)

A, 07) < = MNEK)? 1-ANK)?

dg(vg, v*) <
Proof To prove the first claim, we have by (27) that
di(uky1,v*) =dg (a/(Kvgy1),a/(Kv*)) = dg(Kv*, Kvgy1) < A(K)dg(vgg1,v").
It follows similarly that dg(vii1,v*) < AM(K)dg(ug, v*). Combining these bounds,
dp(upg1, w*) < NK)?dy(ug, v*),  dg(vgsr,v*) < MK)2dg(vg, v*),
which proves the first claim. Applying the triangle inequality yields

dpr (ug, v*) < dp(ugsr, w*) + dp (ug, upr1) < MNEK)2dg (ug, w*) + dpr (ug, wpr1),
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such that (1 — AN(K)?)dg (ug, u*) < dg(ug, ug1) which proves the second claim; the same
argument holds for the iterates vy. |

Lemma 29 translates the bound from Lemma 28 to a bound on d(IT¥, IT*). We introduce
the notation ® to denote the componentwise product of vectors.

Lemma 29. For k > 2, d(IT%, TI¥) < 28050 Ud ), (1) T1y, . b).

Proof As IT¥ = diag(u;,) Kdiag(v;) and IT* = diag(u*) K diag(v*),

d(Hk, H*) = dH(uk, u*) + dH(Uk, U*)
< AEK)2ED (1 4 NK))dg (vr, v*)
)\(K)Q(k—l)

<)
S T NE dp(vi,v2),

where both inequalities follow from Lemma 28 and its proof. Finally,

dH(’Ul,’Ug) =dy <’U1, > =dy (’01 ® KTul,b) = dH((Hl)T]lNO,b).

b
KTuy
|

Now, we demonstrate why the termination condition based on the 2-norm endows us
with a ¢’-oracle approximation and provide a bound on the number of iterations required
to achieve it. Theorem 1 in Dvurechensky et al. (2018) proves that there exists k < 1 + %
satisfying

g © Kogyy — alli + (I Ty, — blly < 7,

for R = —2log <e”C”°°/E mini<;<n, a; A bj>. This gives a bound on the maximal number
1<i<
of iterations to achieve the 2-norm termination condition via the standard inequality || - ||2 <

| - [[1. We clarify that the analysis in Dvurechensky et al. (2018) is for a slightly different
implementation of Sinkhorn’s algorithm. First, running Algorithm 3 is tantamount to running
their algorithm with reversed marginals. Next, one iteration of Algorithm 3 corresponds to
two iterations in their analysis. Finally, their approach uses 1, rather than 1, /Ny for the
initialization. This difference is innocuous for achieving the termination condition, as the
iterates are identical up to multiplying vy by Ny and dividing uy by No; IT* is invariant this
operation.

We now bound dy in terms of the Euclidean distance with the aim of controlling d(IT¥, IT*)
by [[(ITF)TLn;, — b]2.

Lemma 30. Letr, s € RSIF be arbitrary, then
drr(s,r) < (rit + 57 1)l = ]2

where i* € argmax;c;jcq 7t and is € argming ;< 7t
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Proof We have by (26) that

q ( ) 1 S; 1 Si
= m _— —  min — .
H\S: T 151'23{\10 8 T 1<i<Ng ©8 T

Observe that 1 — g—: <log <%) < % — 1, as follows the inequalities 14%3 <log(l+z) <z for

x > —1. Whence,

di(s,r) < 7";*1 ($ix —Tix) — 5;*1 (85, —7i,)
< (it + s ) lls = rlly -

Note that the bound in Lemma 30 is symmetric in the sense that interchanging s and r does
not modify the constant. This can be seen by noting that argmax; ;<4 % = argmin; ;<4 Z—Z
and argmin;<;<; 7t = argmax; ;<4 :-- By combining Lemmas 29 and 30 we arrive at the
desired result.

Proposition 31. Let b = minj<j<n, b; and set 0 <~y <b. Then, for k> 1,

() TL,), "+ bt

(¥, 11%) < ")y, — b
m* m!
where ©* € argmax;<;<p, (()b;il%)i and i, € argming <y, (()b;fwo)l Further, there

exists kK <1+ % for which HHET]INO —b|| <~ and d(ITF, IT*) < %’y. In particular,
setting

5(1 = AK)) +2 — /52 (1 — A(K))2 + 4
2

v =ab fora = € (0,1),
it holds that d(TTF, IT*) = §.

Proof From the proof of Lemma 29,

k
AT T1%) < (1 MK (g, o) < Stt) ST ne),

where the final inequality and equality stem from Lemma 28 and its proof. Applying
Lemma 30 proves the first claim.

As for the second claim, it is clear from the discussion preceding Lemma 30 that
[(TTF) 1, — b < « for some k < 1+ % Now, let w = (IT¥)T1y, and observe that
|lw = blloc < |Jw —10b|| < 7 such that b — v < w; < b; + for i = 1,...,N;. Hence
w;l < (b —7)"t < (b—7)"tasy < b Applying this bound to the previous inequality
proves the claim.

For the final claim, observe that @& solves the equation 2‘;‘:2‘2 =0(1-\(K)) for a € (0,1)
(indeed, §(1 — A(K)) < /62(1 = M(K))2+4 < §(1 — A(K)) +2). Setting v = ab in the
previously derived bound on d(IT¥, IT*) gives

1—07)*1+1O_é_ 20 — &? s

1 - \K) (1-a)(1—-X\K))

d(Hk, H*) < (
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The proof of Proposition 8 follows by combining Propositions 27 and 31; the maximal
number of iterations for Algorithm 3 to output a matrix IT satisfying d(H IT") <4 is

=min 0 0(1 — A(K))
- {1 2o (M) (dH«Hl)TnNo,b))’

1
_ L — log (6‘”0”‘”/ s )}
S(1—AK))+2—+/02(1 - \NK))>+4 125N,
(28)

which corresponds to an (e’ — 1)-oracle for the entropic transport plan in light of Lemma 26.

Appendix C. Convergence of Algorithm 2

In what follows, we slightly adapt the proof of Theorem 2 in Ghadimi and Lan (2016) to
conform to the inexact setting. We first clarify that they treat the composite problem

inf (@) + g(x) + Q@)

where f is L’-smooth and non-convex, g is L”-smooth and convex, and Q is non-smooth and
convex with a bounded domain. Hence f + ¢ is L = L'+ L” smooth and possibly non-convex.

Our problem conforms to this setting (up to vectorization) with f = OT . -(uo, p11),
g =32|-||%, and @ = Ip,,, the indicator function of the set Dy, defined by

0, if A € Dy,

400, otherwise.

Ipy (A) = {

When @ is convex, we set f =0 and g = ® hence L' =0, L = L".
As ® is L-smooth, by Lemma 5 in Ghadimi and Lan (2016),

2(By) < @(Ay) + tr (DO, (By — A0)) + = B~ Acl. (29)

and for any H € R%*%1 letting L’ denote the Lipschitz constant of OT(,(po, p1), the same
result yields

D(Ay) — (1 = 73)@(By—1) + @ (H ))
=71, (B(Ay) — O(H)) + (1 — ) (®(Ag) — ®(By_1))

r
< (o (DO, (A~ 1)) + 5 | - A2 )

+(1—7) ( <D<I>[A (A, — BH)) + L2 | Bi—1 — Ak“i) (30)

= tr (D(IJ[A (Ap =7 H — (1 - Tk)kal))

L'Tk L'(1—7)
2

2
| H — A7+ |Br — Arll%
——_————

2
2| Br—1—Cr-1ll%
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recalling the update Ax = 7,Cl—1 + (1 — 7) Bg—1.
Denote the subdifferential of Zp,, at A € Rdoxd1 1y

8IDM (A) = {P € RdOXdl : IDM (X) _IDM (A) > tr (PT(X —A)) , for every X € Rdoxdl} ]

As Cy, is optimal for the problem argminy, ¢cpdqxd; {ﬁHV — (Cr—1 — 1Gy) ||% + IDM(V)},

there exists P € 0Zp,,(C}) for which G + P + %k(C'k — Ck41) = 0 (see Theorem 23.8,
Theorem 25.1, and p. 264 in Rockafellar 1997). Thus, for any U € Rd0*d1

1
tr (G + P)T(C, —U)) = %tr ((Cx = Cr-1)"(U — Cy))

1

= o (ICk-1 ~ Ull% ~ [|ICx = U||% ~ ICk — Cr-1l%) ,

2%k
where the final line follows from some simple algebra. As P € 9Zp,,(Cy), tr(PT(Cy—U)) >
Ip,,(Cy) — Ip,,(U) = —Ip,,(U), whence

1
tr (GI(Cx = U)) < Ip,, (U) + D (ICk—1 = Ul% = ICx = Ul — [|ICx — CralF) - (31)

By the same steps applied to the other subproblem with Bj and Ay taking the place of
C}, and C}_; respectively,

1
tr (GI(By, — U)) < Ip, (U) + 25, (lAx = UllE — 1By = UlE — 1B — Agl%) -

Setting U = 7;,C), + (1 — 1) Br—1 € Dy (by convexity) in the previous display, bounding
—||Br — U||% above by 0, and recalling that Ay = 74Ck_1 + (1 — 75)Bj—1 such that

tr (GZ(BR —1,Cr + (1 - Tk)Bk—l)) <

2 2 2
C.—-C,._ —||B. — A .
55 (72lICx — Cr—1ll7 — || B kll7)

Combining with (31) upon scaling by 7%,

1
tr (GL(By, — U + (1 — 1) By—1)) < meIp,, (U) + 25, (T2l|Cx — Cr-1l% — || Bx — Axl%)

Th
+ 2 (ICk—1 = U7 = Cx = U|% = |Ck — Cral7)

2
by the choice of 7%, Bk, Vi, we have that ;—’Z - % < 0 such that

.
tr (GL(Br — U + (1 — 7)) By—1)) < mIp,,(U) + ﬁ (ICk—1 = U|% - [ICx = U|%)

1
— —||B — A%
2/BkH K — Al
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Combining the equation above with (29) and (30) and setting H = U € D) (otherwise the
bound is vacuous),

O(By)—~ O(H) < (1-7) (O(By1) ~ ®(H)) +tr (DO, (B —7eH — (1-7) By 1))

LT L'(1-m L

P agp s PO i o+ 2B Al
_(1—71@)(@(31@71)—‘1’( ))‘1‘5/"‘7(”01@ 1—HHF—HCk—HHF)
L/Tk L'(1—7) L

- A+ E e (55 ) 1B Al

where the inequality follows from the d-oracle which implies the bound (cf. (16))

sup {‘tr (Gk. — D<I>[Ak}) (Y — Z))|} <d,
Y .,ZeDyy,

observing that By, 7 H + (1 — 74,) Bx_1 € Dy by convexity (i € (0, 1]).

Applying Lemma 1 in Ghadimi and Lan (2016) yields, for A; = z’(i—2|r1)’

k
®(By) — ¢(H - Ti LTZ
( )A Sk <> A7 <5’+2, (ICia—H|% - ICi — H|E) + |H - Al
k i=1 i
L'(l-7) 4 2 L !
g i—1 — G- 9 A
+ 5 7 |Bi-1 — Cicallz + 2 25 1B: - Aill
- H 2 k L iy
§M+2A;l (5’ " H - A
2m i=1
L'(l-7) 4 2 L !
S i—1 — G- 9 A
+ 5 7| Bi-1 — Cial|7 + 2 283 1B: - Ailf
By convexity of || - [|%,

||H — Al[7 +7(1 = )| Bic1 — Ciza|| 7
(||H||%+HA'||%+T¢(1— 7i) (I1Bi1|l% + [ICi=11I7))
2 (| H||E + (1= )| Bica|l % + 7l Cical|7 + 7(1 = 73) (IBiz1ll7 + | Cizal|7))

<2 (HHHF (14 7(1 = 7)) max | - ||2F)
Dy

5
<2 <HHH% + 16M2)

observing that 7; € (0,1] hence 7;(1 — 7;) < %. Thus, for H = B*, a global minimizer of ®,
k
®(By) — O(B) 1 L 2 _ €0~ B}
Ak ; 2ABi I15: illr 2m
d 5
+ ;Agl (5’+L’n (HB*yF - 16M2>>
1=
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By construction, Zle AL = j—;, and ®(By) — ®(B*) > 0. It follows that
k -1 2
min || 8 (Bi — 4|,

k -1 k
Bi (1 —LB;) 1Co — B*|)% IRV *1[2 D 9909
< - .
<2 <§ A, 27 + E :Az 0 +Ak | B ||F+7161M dpdy

=1

kE  Bi(1-LB; Eo4— k(k+1)(k+2
Asﬂi:%fyl:ﬁ’and/li: - Zi=16(Aiﬁ):ﬁZi=1Ailz (+22£+*);SO

k _ 9672
min |87 (Bi - A <

. 24L1L' . 5M?
m”co—B 1%+ 8L + N (HB IF + >

16

This proves the claimed result in the non-convex setting.
In the convex regime, recall from the prior discussion that we may set L' = 0 in the
previous display, proving the claim.

Appendix D. Additional Results
D.1 Proof of Lemma 17

The proof of Lemma 17 follows from the following lemma coupled with the chain rule for
Fréchet differentiable maps.

Lemma 32. Let p; € P(R%), for i =0,1, be compactly supported with spt(u;) = S;. Then,
the map f € C(Sy x S1) — ([ e/ ¥dur(y), [ e’ @)duo(x)) € C(Sp) x C(S1) is smooth with
first derivative at f € C(Sp x S1) given by

heC(Sy x S1) — </ h(-,y)ef("y)dul(y),/h(m, -)ef(x")d,uo(x)) € C(So) % C(S1).

Proof First, we show that the map f € C(SgxS1) +— e/ € C(Sgx S1) is Fréchet differentiable
with D(e('))m(h) = hel. Fix f € C(Sp x S1) and consider

+h h
. H@f _ef_hefHoo,Soxsl f He _l_hHOO,S()Xsl
im < lle? floo, 5051 um
heC(Sox51) [|7]| 0,50 %51 heC(Sox S1) [7]lo0,50x 81
”h”oo,S()XSl_)O ”hHOO,SoXSl_)O
Fix arbitrary (z,y) € Sp x S1. By a Taylor expansion,
1
@Y =1 4 h(x,y) + §€£(w,y)h2(x7y),
where [€(z, )] € [0, [h(, )] i.e. IElloessonss < Illooisys, - That s,
h
le" =11 1
00,50 X 51 i Z ollélloo,59x s _
un lim e Sox51 || =0.
heC(SoxS1) | ]| 00,50 x 51 T heC(SoxS1) 2 IAlloo,s0x51
HhHOO,S()XSIA)O |hHoo,SO><514>O
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On the other hand, the derivative of f € C(Sy x S1) — [ f(z,y)dui(y) € C(Sp) at any
point is given by h € C(Sp x S1) — [ h(z,y)dui(y) € C(So). The claimed expression for the
first derivative then follows by the chain rule. The derivatives of this map can be computed
to arbitrary order inductively by the prior argument. |

Proof of Lemma 17 Observe that the map (A, g, ¢1) € ROXA x & 3 g @ @) —cyq €
C(So x S1) is smooth with first derivative at (A, g, @) € R%>4 x ¢ given by

(B, ho,hy) € ROX4 5 & s hg @ hy + 3227 By € C(Sp x S1).

The result then follows from Lemma 32 by applying the chain rule. |

D.2 Compactness of L

Lemma 33 (Example 2 in Yosida 1995). Let ¢ > 0, pg € P(R%), u; € P(RN), and
A € R©>D be arbitrary and let (pgt, oY) be EOT potentials for OT ac(po, pt1). Then, the
map L : L*(po) x L*(u1) = L?(po) x L*(p1) defined by

ot @)+t <y> calz, y) ot @)+ () —ca(ey)
L(fo, f1) = (/fl 1(1/%/]”0(90)6 : duo(x)>,

18 compact.

Proof For simplicity, we prove only that

2 f € L(0) H/f dpol) € L2 (),

§@+ef W—cal=y
: . d di £0 LN S, Kl d1
is a compact operator for £ : (z,y) € R% x R™ — ¢ E . For any y e R

and f € L2(uo), |L2(f)(y)* < 17112 T2 (o) J 1€, y)Pdpo, as €(+, y) is bounded on spt (o) this
operator is well-defined.
Let f, be a bounded sequence in L?(u). By the Eberlein-Smulian theorem (Yosida,
1995, p. 141), up to passing to a subsequence, f, converges weakly to f € L?(jug). For fixed
y € RM £(-y) € L?(uo), hence La(fn)(y) — Eg(f)(y) and it follows from the dominated
convergence theorem that, for any g € L*(u1), [La(fa)gdur — [ La(f)gdps such that
Lo(fn) = La(f) weakly in L2(,u1). Also, by dominated convergence,

1£2(F)ll 7200y = /ﬁz(fn)Qdm — /ﬁz(f)Qdul = 1L2(N)17 201

such that Lo(f,) — La(f) strongly in L%(u1). As f, was an arbitrary bounded sequence
in L2(puo) and La(fn) — La2(f) strongly in L?(u1) up to a subsequence, Ly is a compact
operator. |
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