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In living matter, concentration gradients of nutrients carve the motility of microorganisms in a
heterogeneous environment. Here, we use swimming droplets as a model system to study how swimmer-
trail interactions guide locomotion. Combining experiments and theory, we show that our non-Markovian
droplet model quantitatively captures droplet motility. The two fit parameters provide the first estimate
of the effective temperature arising from hydrodynamic flows and the coupling strength of the
propulsion force. This framework is general and explains memory effects, droplet hovering, and enhanced
collective motion.
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A common mechanism for chemotaxis of microorgan-
isms is to release, sense, and respond to concentration
gradients of nutrients [1–3]. This chemically evolving
landscape can be mimicked by swimming droplets to
quantitatively study the key ingredients underlying the
physical principles of motility in biology. Active droplets
are a class of artificial microswimmers that consume energy
from the environment to fuel their motility [4–7]. Changing
temperature [8,9], viscosity [10,11], droplet size [12–14],
fuel concentration [15], or geometric confinement [16]
have been shown to lead to different types of droplet
motility. Typically, a swimming droplet dissolves into
micelles and leaves an oil trail behind, which then creates
a repulsive concentration gradient that results in self-
avoidance [15,17–20]. As a result, the mean square
displacement of these droplets cannot be described by
Flory’s self-avoiding polymer theory [21] but rather falls
into a class of self-interacting random walks [22–24].
Theoretical models that couple chemotactic motion with

the diffusing chemical field secreted by the swimmers have
been developed [25–31]. They display features such as self-
trapping due to chemoattractant clouds [25], enhanced
diffusion [26,27], and behavior akin to active Brownian
particles [28,31], emphasizing the nuanced interplay of
chemical fields and swimmer motion.
Here, we combine experiments and theory to character-

ize the motion of a single droplet lifetime. Our coarse-
grained model captures droplet shrinkage through the use
of a mollified delta function [31,32]. Moreover, we
take into account the full trail of the droplet to model

self-avoidance rather than only local chemical gradients
[18,19,33]. Our model quantitatively estimates the self-
propulsion force, the level of noise in the system through an
effective temperature Teff , as well as the coupling strength β
between the droplet and its chemical gradient. The model
successfully captures droplet mean square displacements
(MSDs) as a function of fuel concentration and explains
their hovering in 3D due to a surface interaction. In
addition, it predicts many-body effects, such as enhanced
diffusion. This model is, therefore, general and directly
applies to a wide variety of active systems, including all
Marangoni-driven swimmers.
Our experimental system consists of a single droplet of

diethyl phthalate (DEP, Sigma) with an initial radius of
around 80 μm, which is injected into an aqueous solution
of sodium dodecyl sulphate (SDS) [15]. As shown in
Fig. 1(a), a droplet immersed in an SDS solution above the
critical micelle concentration (CMC) starts dissolving and
forms oily micelles homogeneously around the droplet.
This symmetry can be spontaneously broken due to
fluctuations in the system. Given the fact that there is a
difference in the surfactant CMC in DEP-saturated water
and pure water, the asymmetry creates a surface tension
gradient, giving rise to a Marangoni flow that drives self-
sustained droplet motion. The droplet, therefore, leaves a
trail of oily micelles as it moves. A snapshot at the end of
the trajectory (t ¼ 90 s) reveals the evolution of the
diffusive trail over time, as shown in Fig. 1(b).
In Fig. 1(c), we show the fluorescence intensity profile at

the startingpointX0 of the trajectory. Tomodel trail diffusion,
we approximate the droplet as a 3DGaussian sphere emitting
oil, GRðxÞ ¼ ½1=ð2πR2Þ3=2% exp ½−ðjxj2=2R2Þ%, yielding the*Contact author: jb2929@nyu.edu
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density profile at position x around the emission site X0:

ctðxÞ ¼
c0

½2πðR2 þ 2DtÞ%3=2
exp

!
−

jx −X0j2

2ðR2 þ 2DtÞ

"
; ð1Þ

where the initial standard deviation equals the droplet radius
R,D is the diffusion constant of the filledmicelles, and t is the
diffusion time. The intensity in Fig. 1(c) is directly propor-
tional to the concentration field. Fitting the data to Eq. (1)
yields D ¼ ð72' 10Þ μm2=s, which corresponds to the
radius of filled micelles ð3.4' 0.5Þ nm, consistent with
values reported in the literature [35,36]. Measuring drop-
let radius over time [Fig. 1(d)] shows a linear decrease:
Rt ¼ R0 − jṘjt, where jṘj ¼ cst is the shrinkage rate of the
droplet radius. The shrinkage rate is related to the droplet oil
emission rate αt ≃ ð3R2

t =δ3ÞjṘj, where δ is the size of the oil
sphere in the micelle, approximated by the micellar radius.
With increasing SDS concentration, the shrinkage rate
increases, as shown in the inset.
At ½SDS% ¼ 80 mM, Figs. 2(a) and 2(b) show single

droplet trajectories over their lifetime. To quantify the time
evolution of the trajectories, we compare the ensemble-
averaged MSD for different sections of the trajectory
[Fig. 2(b)]:

MSDens
t ¼ 1

N

XN

i¼1

####X
ðiÞ
tþt0 −XðiÞ

t0

####
2

; ð2Þ

where t0 is the starting time and N is the number of
trajectories indexed by i. The top panel shows the change in
the MSD as a function of the initial radius at which the
section begins. As a result of this non-Markovian behavior,
the bottom panel shows a discrepancy between the
ensemble-averaged and the time-averaged MSD:

MSDtime
t ¼ 1

NðMtþ1Þ
XN

i¼1

XMt

j¼0

####X
ðiÞ
tþjΔt−XðiÞ

jΔt

####
2

; ð3Þ

where τ is the time length of each trajectory, Δt ¼ 0.02 s,
and Mt ¼ bðτ − tÞ=Δtc.
To explain these phenomena, we employ a non-

Markovian droplet model in which complex hydrodynam-
ics and chemo-advection mechanisms are represented as a
fundamental coupling between chemical gradients and
droplet motion. In this model, the time-evolving oil field
ctðxÞ is governed by a 3D diffusion equation, while the
droplet motion is described by a stochastic differential
equation with a constant noise amplitude σ corresponding
to the hydrodynamic fluctuations generated by the dissolv-
ing droplet:

∂tctðxÞ ¼ D∇2ctðxÞ þ αtGRt
ðx −XtÞ; ð4aÞ

γtẊt ¼ −β
R3
t

δ3

Z

R3
GRt

ðx −XtÞ∇ctðxÞdxþ
ffiffiffi
σ

p
ξt: ð4bÞ

The integral is performed in 3D, using the reflecting
boundary condition modeled by an image droplet on the
bottom of the sample cell (see Supplemental Material [37]).
Equation (4a) has a diffusion term employing the exper-
imentally determined D of the oily micelles and a source
term that depends on the instantaneous position Xt of the
moving droplet emitting oil at a rate of αt. Equation (4b) is
a modified Langevin equation for a Brownian particle in a
force field with the inertial term neglected in the low-
Reynolds number regime. The friction coefficient is given
by γt ¼ 6πηRt, where η is the viscosity of the aqueous
phase. The droplet response to the concentration gradient is
defined as a convolution of the concentration gradient with
the mollified delta function, multiplied by βR3

t =δ3, with β as
the coupling strength and R3

t =δ3 denoting the amount of oil
carried by the droplet. Note that the force depends on
both the gradient of the oil field and R3

t =δ3. The droplet
emits the oil volumetrically from the interior and the
response to the Marangoni forcing occurs inside and

(c) (d)

150 µm

X0

(b)(a)

FIG. 1. (a) Schematic of the droplet propulsion mechanism via interfacial Marangoni gradients, including the monopolar flow
(red arrows) described in [34]. (b) A snapshot at the end of a swimming trajectory shows the diffusive trail of oily micelles fluorescently
labeled with Nile red (R0 ¼ 35 μm, ½SDS% ¼ 30 mM). (c) AGaussian fit using Eq. (1) of the fluorescence intensity [red in (b)] yields the
micellar diffusion constant D ¼ ð72' 10Þ μm2=s. (d) The droplet radius decreases linearly with time, giving a solubilization rate that
increases as a function of SDS concentration in the inset.
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outside the droplet [38–40], such that the propulsion force
depends on R3.
To eliminate the oil field, we can integrate Eq. (4a) to

obtain

ctðxÞ ¼
Z

t

0

αs exp
!
− jx−Xsj2

2½R2
sþ2Dðt−sÞ%

"

2π½R2
s þ 2Dðt − sÞ%3=2

ds: ð5Þ

Note that Eq. (1) is an approximation of Eq. (5) that is valid
if the droplet moves fast and if we look at positions x close
to the initial X0. Inserting Eq. (5) in Eq. (4b) and
performing the Gaussian integral over x, we get a closed
non-Markovian equation for the position of the droplet:

Ẋt ¼ω2

Z
t

0
r2t r2s

Xt −Xs

ðr2t =2þ r2s=2þDðt− sÞ=R2
0Þ5=2

× exp
!
−

jXt−Xsj2

2R2
0ðr2t þ r2s þ 2Dðt− sÞ=R2

0Þ

"
dsþ

ffiffiffi
σ

p

γ0rt
ξt;

ð6Þ

where γ0 ¼ 6πηR0, ω2 ¼ ð3=16π3=2γ0δ6ÞjṘjβ, and
rt ¼ 1 − jṘjt=R0. The first term on the right-hand side,
representing the drift velocity v, is determined by an
integral over all of its past, incorporating memory effects.
The known or experimentally determined input parameters

are D ¼ 72 μm2=s, δ ¼ 3.4 nm, initial size R0 ¼ 80 μm,
η ¼ 0.89 mPa · s, and the shrinkage rate jṘj ¼ 0.5 μm=s.
The coupling strength β and the noise amplitude σ are
determined by fitting the model to the data [see Eq. (9) in
Supplemental Material [37]).
As shown in Fig. 2(b) (bottom panel), the model fits the

ensemble-averaged MSD of the data very well. This fit
corresponds to short-time diffusive, then ballistic, and
finally superdiffusive motility at long times. This evolution
is akin to a true self-avoiding walk [41], in which the
droplet has a finite probability to cross its own path. Other
studies have observed a short-time ballistic, and long-time
superdiffusive scaling of the MSDs [10], consistent with a
self-avoiding walk, owing to the significantly lower droplet
activity in their system.
More specifically, we show quantitative agreement

between theory and experiments in terms of the drift
velocity (i.e., propulsion force) and the noise term, as
shown in Fig. 3. The experimental drift velocity v is
obtained by trajectory smoothing, and the experimental
noise amplitude

ffiffiffiffiffi
At

p
is calculated over the given frame rate

(see Supplemental Material [37]). Note that, even though
the Péclet number decreases over time, our model assumes
a constant level of noise in the system (for a given SDS
concentration) and captures the relative increase in the
fluctuation amplitude in smaller droplets. As droplets
shrink over time, here we show that the drift velocity v
decreases, while the noise term dramatically increases.

FIG. 2. (a) Experimental trajectories at ½SDS% ¼ 80 mM. (b) Top: MSDens of experimental data show dependence on the size range of
the shrinking droplet. Bottom: MSDens (blue line) at a starting radius 60 μm shows a discrepancy from the MSDtime (black line),
indicating memory effects. The model fits the data very well (except for the plateau arising from sample-cell confinement) with
β ¼ 0.038kBTM−1, where M ≡mol=L and Teff ¼ 8 × 104Tbath. (c) Model-generated trajectories display the same features as
experimental ones shown in (a).
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The excellent agreement between the data and the model
a posteriori justifies the assumed dependence of chemical
response on the amount of oil carried by the droplet R3

t =δ3

and the assumption of a constant noise amplitude σ.
Next, we vary the SDS concentration to study the effect

of shrinkage rate on droplet motility, as shown in Fig. S1 in
Supplemental Material [37]. The MSD of our mesoscopic
model is in good agreement with experimental data, as
shown in Fig. 4(a). As [SDS] increases, the short-time
diffusion (noise) in the MSD is suppressed, while the
ballistic regime exhibits a decrease in the drift velocity. We
speculate that the fast oil solubilization into micelles
surrounding the droplets occurs in all directions, leading
to reduced Marangoni surface flows, and, therefore,
lower speeds, and reduced noise levels (see Fig. S3 in
Supplemental Material [37]). Fits to the data give estimates
for the noise amplitude σ and the coupling β̃ as a function of
SDS concentration.
Assuming the noise σ has the same form as white noise

2γ0kBTeff , with kB as the Boltzmann constant and Teff as

the effective temperature, we find the Teff is 105 times
the bath temperature [Fig. 4(b)], indicating that ther-
mal fluctuations are not the origin of the noise of the
swimmer. As [SDS] increases, both the effective temper-
ature and the instantaneous velocity decrease (see Fig. S4 in
Supplemental Material [37]). Hydrodynamic analysis
showed that droplets can switch more frequently between
dipolar and quadrupolar modes, resulting in more chaotic
behavior [10,38,43,44]. However, the exact mechanism for
the generation of this noise remains an open question.
The chemical coupling β̃ decreaseswith increasing [SDS]

concentration, as shown in Fig. 4(b). Since β̃ ¼ βδ60=δ
6,

where δ0 is a constant for dimensionless normalization,
this decrease can be attributed to the known increase
in the micellar size up to ∼1.3δ over our experimental
range of [SDS] [42,45,46]. This trend quantitatively
explains our results, implying a constant coupling strength
β ¼ 0.2kBTM−1.
Onemanifestation of the coupling strength is that an active

droplet is also lifted vertically (in z) against gravity by the self-
propulsion force, as shown in Fig. 5(a). As the droplet exudes
a spherically symmetric concentration gradient, the presence
of the surface boundary breaks this symmetry propelling the
droplet upward until the gradient forcematches the buoyancy
force (∼1 nN; see Supplemental Material [37]). Such
gradient forces can also enhance droplet settlingwhen aligned
with the buoyancy force [47]. The equilibrium height evolves
with droplet shrinkage, in agreement with theoretical
work [48] and our previous experimental observations [20].
Our model is readily extended to explore collective

effects (see Supplemental Material [37]). As shown in
Fig. 5(b), ten droplets with an initial size of 80 μm are
injected into the center of the sample cell simultaneously.
Distinct from the single-droplet scenario, these droplets
also are repelled by their neighbors’ trails. As a result, the
MSD is significantly enhanced, giving rise to a super-
ballistic regime [see Fig. 5(c)]. This result highlights the
fact that collective phenomena must include the spatio-
temporal history of droplet creation.

FIG. 3. As the droplet shrinks, the decrease in v in (a) and the
increase in

ffiffiffiffiffi
At

p
in (b) (see Supplemental Material [37]) are

captured by the respective terms on the right-hand side of Eq. (6)
using parameters from the MSD fit in Fig. 2(b). Errors in (a) come
from averaging over ∼100 and 1000 trajectories for experiments
and theory, respectively, while the fluctuations in (b) arise from
measurement error.

(a) (b)

FIG. 4. (a) MSDens with a starting droplet size of 60 μm shows good agreement between the model and the data as a function of [SDS].
(b) Fitting parameters Teff (black) and coupling β̃ ¼ βδ60=δ

6 (blue) decrease as a function of [SDS], but the known increase in δ with
[SDS] [42] implies a constant coupling strength β.

PHYSICAL REVIEW LETTERS 134, 018301 (2025)

018301-4



Acknowledgments—The authors thank Sébastien
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