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A B S T R A C T

L ar g e L a n g u a g e M o d els ( L L M) ar e i n cr e asi n gl y tr ai n e d o n d at a g e n er at e d b y ot h er
L L Ms, eit h er b e c a us e g e n er at e d t e xt a n d i m a g es b e c o m e p art of t h e pr e-tr ai ni n g
c or p us, or b e c a us e s y nt h eti z e d d at a is us e d as a r e pl a c e m e nt f or e x p e nsi v e h u m a n-
a n n ot ati o n. T his r ais es c o n c er ns a b o ut m o d el c oll a ps e , a dr o p i n m o d el p erf or m a n c e
w h e n t h eir tr ai ni n g s ets i n cl u d e g e n er at e d d at a. C o nsi d eri n g t h at it is e asi er f or
b ot h h u m a ns a n d m a c hi n es t o t ell b et w e e n g o o d a n d b a d e x a m pl es t h a n t o g e n er at e
hi g h- q u alit y s a m pl es, w e i n v esti g at e t h e us e of v eri fi c ati o n o n s y nt h esi z e d d at a t o
pr e v e nt m o d el c oll a ps e. We pr o vi d e a t h e or eti c al c h ar a ct eri z ati o n usi n g G a ussi a n
mi xt ur es, li n e ar cl assi fi ers, a n d li n e ar v eri fi ers t o d eri v e c o n diti o ns wit h m e as ur a bl e
pr o xi es t o ass ess w h et h er t h e v eri fi er c a n eff e cti v el y s el e ct s y nt h esi z e d d at a t h at
l e a ds t o o pti m al p erf or m a n c e. We e x p eri m e nt wit h pr a cti c al t as ks – c o m p uti n g
m atri x ei g e n v al u es wit h tr a nsf or m ers a n d n e ws s u m m ari z ati o n wit h L L Ms – w hi c h
b ot h e x hi bit m o d el c oll a ps e w h e n tr ai n e d o n g e n er at e d d at a, a n d s h o w t h at v eri fi ers,
e v e n i m p erf e ct o n es, c a n i n d e e d b e h ar n ess e d t o pr e v e nt m o d el c oll a ps e a n d t h at
o ur pr o p os e d pr o x y m e as ur e str o n gl y c orr el at es wit h p erf or m a n c e.

1 I N T R O D U C T I O N

As g e n er ati v e m o d els f or l a n g u a g e, i m a g es, a n d vi d e o c o nti n u e t o a c hi e v e h u m a n-l e v el p erf or m a n c e
(T o u vr o n et al. , 2 0 2 3 ; A c hi a m et al. , 2 0 2 3 ; R a m es h et al. , 2 0 2 1 ; R o m b a c h et al. , 2 0 2 2 ; O p e n AI , 2 0 2 4 ),
t h e y ar e i n cr e asi n gl y us e d t o s y nt h esi z e d at a a cr oss di v ers e d o m ai ns, i n cl u di n g c o di n g (H al u pt z o k
et al. , 2 0 2 2 ) a n d m at h e m ati cs (Tri n h et al. , 2 0 2 4 ). Wit h t his ris e i n AI- g e n er at e d d at a, t h er e is gr o wi n g
i nt er est i n its p ot e nti al t o r e pl a c e e x p e nsi v e h u m a n a n n ot at ors.

T his gr a d u al r e pl a c e m e nt of h u m a n- writt e n c or p or a b y m a c hi n e- g e n er at e d t o k e ns gi v es ris e t o a
n u m b er of c o n c er ns, n ot a bl y t h e ris k of “ m o d el c oll a ps e ” ( S h u m ail o v et al. , 2 0 2 3 ; 2 0 2 4 ), w h er e
it er at e d tr ai ni n g o n s y nt h esi z e d d at a bri n gs a dr o p i n m o d el p erf or m a n c e, a n d, ulti m at el y, “ d u m b er
m o d els ”. T h e p h e n o m e n o n w as o bs er v e d e m piri c all y i n ( H at a y a et al. , 2 0 2 3 ; M art ı́ n e z et al.,
2 0 2 3 a ;b ; B o h a c e k & F ari d , 2 0 2 3 ; Bri es c h et al. , 2 0 2 3 ; G u o et al. , 2 0 2 3 ; Ta ori & H as hi m ot o , 2 0 2 3 )
a n d t h e or eti c all y a n al y z e d i n ( Al e m o h a m m a d et al. , 2 0 2 3 ; B ertr a n d et al. , 2 0 2 3 ; D o h m at o b et al. ,
2 0 2 4 c ;a ). I n p arti c ul ar, D o h m at o b et al. (2 0 2 4 c ;a ) s h o w t h at m o d el c oll a ps e is a n eff e cti v e c h a n g e
of s c ali n g l a w: as d at a b e c o m es m or e s y nt h eti c, l ar g er tr ai ni n g s ets d o n ot e n h a n c e p erf or m a n c e.
C urr e nt t hi n ki n g ar o u n d m o d el c oll a ps e r e c o m m e n ds t h at s y nt h eti c d at a is t o b e a v oi d e d f or m o d el
tr ai ni n g l est t h e s yst e m d et eri or at e c o m pl et el y.

T his r ais es a criti c al q u esti o n: ar e s y nt h esi z e d d at a s o f u n d a m e nt all y fl a w e d t h at t h e y m ust b e
i d e nti fi e d a n d dis c ar d e d usi n g d et e cti o n t e c h ni q u es (Z h a n g et al. , 2 0 2 4 b ), c orr e ct e d t hr o u g h v ari o us
r e fi n e m e nt m et h o ds (Gill m a n et al. , 2 0 2 4 ) or us e d as n e g ati v e f e e d b a c k (Al e m o h a m m a d et al. , 2 0 2 4 ) ?
I n t his w or k, w e ar g u e t h at s y nt h esi z e d d at a c o nt ai n a b u n d a nt v al u a bl e i nf or m ati o n t h at c a n b e
eff e cti v el y l e v er a g e d. We a d v o c at e f or a p ar a di g m of v eri fi er- b as e d s el e cti o n of s y nt h esi z e d d at a a n d
pr o vi d e crit eri a f or w h e n t his pr o c ess is s u c c essf ul - e v e n wit h i m p erf e ct v eri fi ers.

T hr o u g h o ut t his p a p er, w e f o c us o n a s c e n ari o w h er e s y nt h esi z e d d at a s er v e as t h e l a b els ( a ns w ers)
t o q u esti o ns — a c o m m o n fr a m e w or k i n t as ks s u c h as q u esti o n a ns w eri n g, c o d e g e n er ati o n, a n d
m at h e m ati c al r e as o ni n g. T o b e gi n, w e e x pl or e t h e i nf or m ati o n c o nt ai n e d i n s y nt h esi z e d d at a t hr o u g h
a c o ntr oll e d e x p eri m e nt: tr ai ni n g tr a nsf or m ers o n a li n e ar al g e br a t as k. T his s etti n g all o ws us t o
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N u m b er of S y nt h e si z e d D at a
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( a) T h e g e n er at or is c a p a bl e of pr o d u ci n g hi g h-
q u alit y d at a, a n d v eri fi ers c a n e xtr a ct t his d at a
t hr o u g h s el e cti o n t o pr e v e nt m o d el c oll a ps e, w hi c h
o c c urs i n t h e a bs e n c e of s u c h s el e cti o n.
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Fi n al M o d el
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( b) I n t h e or y, w e c o nsi d er a G a ussi a n mi xt ur e
m o d el wit h a li n e ar g e n er at or a n d li n e ar pr u n er.
T h e pr u n er i m pr o v es s y nt h esi z e d d at a t hr o u g h s e-
l e cti o n, r es ulti n g i n i m pr o v e d p erf or m a n c e.

Fi g ur e 1: Ill ustr ati v e fi g ur es f or o ur pr o p os al ( a) a n d f or t h e t h e or eti c al a n d si m ul ati o n s etti n gs ( b).

b ot h u n d erst a n d t h e s ol uti o ns a n d e asil y s y nt h esi z e d at a, pl a ci n g it i nt o a l o n g est a blis h e d c or p us
of w or ks t h at st u d y i nt er esti n g p h e n o m e n a i n a c o ntr oll e d s etti n g t o a d v a n c e o ur u n d erst a n di n g of
t h e u n d erl yi n g m e c h a nis ms i n l ar g er m o d els i n t h e wil d. F or e x a m pl e, s e e (P o w er et al. , 2 0 2 2 ; G ar g
et al. , 2 0 2 2 ; C h art o n , 2 0 2 4 ; D o h m at o b et al. , 2 0 2 4 c ). I n t his c o nt e xt, w e fi n d t h at t h e a c c ur a c y of t h e
m ost a c c ur at e s y nt h esi z e d s ol uti o n a m o n g t h e t o p c a n di d at es is t hr e e ti m es hi g h er t h a n t h at of t h e
s ol uti o n s el e ct e d b y t h e m o d el its elf b as e d o n p er pl e xit y — its o w n m e as ur e of q u alit y. T his fi n di n g
pr o vi d es a p ositi v e a ns w er t o o ur q u esti o n: t h e m o d el is i n d e e d c a p a bl e of g e n er ati n g hi g h- q u alit y
s ol uti o ns. H o w e v er, it c a n n ot i ntri nsi c all y i d e ntif y t h e b est s ol uti o n usi n g p er pl e xit y al o n e. T h us,
eff e cti v el y s c ali n g wit h s y nt h esi z e d d at a r e q uir es a r o b ust s el e cti o n a n d v eri fi c ati o n pr o c ess.

We pr o c e e d t o pr o vi d e a t h e or eti c al c h ar a ct eri z ati o n usi n g G a ussi a n mi xt ur es a n d li n e ar cl assi fi ers,
e m pl o yi n g a n e xt er n al v eri fi er t o s el e ct t h e g e n er at e d d at a. I n t h e li mit of i n fi nit e s y nt h esi z e d d at a, w e
a n al y z e t h e c o n diti o ns r e q uir e d f or t h e g e n er at or a n d v eri fi er t o e n a bl e t h e m o d el, tr ai n e d o n s el e ct e d
s y nt h esi z e d d at a, t o a c hi e v e B a y es- o pti m al r es ults. N ot a bl y, t h er e is a s h ar p p h as e tr a nsiti o n — fr o m
z er o a c c ur a c y d u e t o err ors i n t h e s y nt h esi z e d d at a t o o pti m al a c c ur a c y. O ur t h e or y c o n fir ms t h at t h er e
is a b u n d a nt i nf or m ati o n wit hi n t h e s y nt h esi z e d d at a, a n d t h at pr o p er, n ot n e c ess aril y p erf e ct, s el e cti o n
c a n o v er c o m e m o d el c oll a ps e. We als o i d e ntif y a m e as ur a bl e pr o x y f u n cti o n t h at c h ar a ct eri z es t h e
a bilit y of t h e v eri fi er t o s el e ct s y nt h esi z e d d at a t h at r es ults i n g o o d m o d els w h e n r etr ai ni n g o n it.

We f urt h er c o n d u ct l ar g e-s c al e e x p eri m e nts t o t est o ur t h e or eti c al i nsi g hts : ( 1) t h e a b o v e m e nti o n e d
tr a nsf or m ers o n a li n e ar al g e br a t as k a n d ( 2) n e ws s u m m ari z ati o n usi n g t h e L L M Ll a m a- 2 (T o u vr o n
et al. , 2 0 2 3 ). I n b ot h e x p eri m e nts, w e a p pl y v ari o us v eri fi ers f or s el e cti o n a n d c o m p ut e o ur t h e or eti c al
pr o x y f u n cti o n. O ur r es ults s h o w t h at r el yi n g s ol el y o n g e n er at e d d at a l e a ds t o p o or er p erf or m a n c e
t h a n t h at of t h e g e n er at or its elf, e v e n wit h i n cr e as e d d at a v ol u m e, i n di c ati n g m o d el c oll a ps e. H o w e v er,
e v e n wit h n ois y a n d i m p erf e ct s el e cti o n m et h o ds, s y nt h esi z e d d at a c a n b e i m pr o v e d t o yi el d m o d els
t h at o ut p erf or m t h e ori gi n al g e n er at or. O ur pr o x y f u n cti o n str o n gl y c orr el at es wit h fi n al p erf or m a n c e
a cr oss all c as es. I n p arti c ul ar it el u ci d at es t h e c o u nt er-i nt uiti v e f a ct t h at a str o n g er m o d el is n ot
a ut o m ati c all y a b ett er s el e ct or — as w e d e m o nstr at e b y s h o wi n g i nf eri or p erf or m a n c e w h e n s el e cti n g
wit h Ll a m a- 3 c o m p ar e d t o s elf-s el e cti o n wit h Ll a m a- 2 f or Ll a m a- 2- g e n er at e d t e xt.

We s u m m ari z e o ur c o ntri b uti o ns as f oll o ws:

• We pr o vi d e a t h e or eti c al a n al ysis i n t h e hi g h- di m e nsi o n al li mit wit h i n fi nit e d at a pr o vi n g t h at
s y nt h esi z e d d at a wit h a p pr o pri at e s el e cti o n c a n l e a d t o o pti m al p erf or m a n c e, a n d pr o vi d e a
c h ar a ct eri z ati o n of n e c ess ar y c o n diti o ns vi a a m e as ur a bl e pr o x y f u n cti o n ( S e cti o n 4 ).

• We v ali d at e o ur t h e or eti c al fi n di n gs i n t hr e e e m piri c al s etti n gs of i n cr e asi n g d e p art ur e fr o m o ur
t h e or eti c al ass u m pti o ns:

– Si m ul ati o n r es ults wit h li n e ar cl assi fi ers, t est e d i n a fi nit e- d at a r e gi m e ( S e cti o n 5 ),
– Li n e ar al g e br a t as ks wit h tr a nsf or m ers tr ai n e d i n a g e n er ati v e w a y ( S e cti o n 6. 1 ),
– N e ws s u m m ari z ati o n usi n g Ll a m a- 2 ( S e cti o n 6. 3 ).

2 R E L A T E D W O R K

We h er e o nl y list w or ks of dir e ct r el e v a n c e t o o urs, wit h a n e xt e nsi v e r ef er e n c e list i n A p p e n di x A .

M o d el C oll a ps e. Wit h t h e a d v a n c e m e nt of g e n er ati v e m o d els, s y nt h esi z e d d at a g e n er at e d b y t h es e
m o d els h as b e c o m e i n cr e asi n gl y pr e v al e nt o nli n e, mi xi n g irr e v ersi bl y i nt o o ur tr ai ni n g c or p or a.
R e c e nt st u di es h a v e hi g hli g ht e d t h e p ot e nti al f or dr a m ati c d et eri or ati o n i n d o w nstr e a m m o d els, a
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p h e n o m e n o n k n o w n as “ m o d el c oll a ps e ” (S h u m ail o v et al. , 2 0 2 3 ). E m piri c al st u di es h a v e d e m o n-
str at e d t his iss u e i n v ari o us s etti n gs ( H at a y a et al. , 2 0 2 3 ; M art ı́ n e z et al., 2 0 2 3 a ;b ; B o h a c e k & F ari d ,
2 0 2 3 ; Bri es c h et al. , 2 0 2 3 ; D o h m at o b et al. , 2 0 2 4 b ; Ya n g et al. , 2 0 2 5 ; As k ari- H e m m at et al. , 2 0 2 5 ).
S y nt h eti c d at a c a n als o a m plif y bi as es t hr o u g h f e e d b a c k l o o ps ( Ta ori & H as hi m ot o , 2 0 2 3 ). S y n-
t h esi z e d d at as ets h a v e b e e n s h o w n t o r e d u c e di v ersit y (P a d m a k u m ar & H e , 2 0 2 4 ; G u o et al. , 2 0 2 3 )
a n d c a us e distri b uti o n al dist orti o ns ( L e Br u n et al. , 2 0 2 1 ). T h e or eti c al a n al ysis als o e x a mi n es t h e
eff e cts of it er ati v e tr ai ni n g o n s elf- g e n er at e d d at a ( Al e m o h a m m a d et al. , 2 0 2 3 ; B ertr a n d et al. , 2 0 2 3 ;
D o h m at o b et al. , 2 0 2 4 a ; S e d di k et al. , 2 0 2 4 ). N ot a bl y, D o h m at o b et al. (2 0 2 4 c ) w ar n t h at m o d el
c oll a ps e si g ni fi es a br e a k i n c ust o m ar y n e ur al s c ali n g l a ws ( K a pl a n et al. , 2 0 2 0 ; H off m a n n et al. ,
2 0 2 2 ), w h er e i n cr e asi n g s y nt h esi z e d d at a v ol u m e d o es n ot e n h a n c e p erf or m a n c e as eff e cti v el y as
s c ali n g wit h h u m a n- g e n er at e d d at a. As a r es ult, r e c e nt w or ks h a v e f o c us e d o n a v oi di n g or c orr e cti n g
s y nt h eti c d at a t o pr e v e nt m o d el c oll a ps e. Gill m a n et al. (2 0 2 4 ) pr o p os e usi n g a c orr e cti o n f u n cti o n
i nf or m e d b y e x p ert k n o wl e d g e t o m o dif y t h e s y nt h esi z e d d at a. Al e m o h a m m a d et al. (2 0 2 4 ) l e v er a g e
a m o d el tr ai n e d o n s y nt h eti c d at a as n e g ati v e g ui d a n c e f or diff usi o n m o d els. Z h a n g et al. (2 0 2 4 b )
e m pl o y t h e c o n fi d e n c e s c or e a n d a n AI d et e cti o n cl assi fi er t o dis c ar d s y nt h esi z e d d at a. I n c o ntr ast,
w e pr o p os e l e v er a gi n g t h e s y nt h esi z e d d at a t hr o u g h s el e cti o n t e c h ni q u es.

B e n e fits of S y nt h esi z e d D at a. S y nt h eti c d at a h ol ds gr e at p ot e nti al, as it is m u c h e asi er a n d c h e a p er
t o s c al e c o m p ar e d t o h u m a n-l a b el e d d at a. N u m er o us e m piri c al st u di es h a v e d e m o nstr at e d t h e b e n e fits
of s y nt h esi z e d d at a a cr oss a wi d e r a n g e of s etti n gs. C o m m o n pr a cti c es i n cl u d e c as es w h er e t h e
d o w nstr e a m t as k sli g htl y diff ers fr o m t h at of t h e d at a- g e n er ati n g m o d el, w h er e t h e g e n er ati n g m o d el
is si g ni fi c a ntl y str o n g er t h a n t h e c o ns u mi n g o n e, or w h e n b ett er pr o m pt e n gi n e eri n g a n d e xt er n al
i nf or m ati o n ar e utili z e d. I n A p p e n di x A. 1 , w e pr o vi d e a t a x o n o m y t h at o utli n es w h e n a n d h o w
s y nt h esi z e d d at a c a n b e a d v a nt a g e o us. D at a s el e cti o n is alr e a d y e m pl o y e d i n s o m e w or ks, p arti c ul arl y
i n c o d e g e n er ati o n a n d m at h e m ati cs, w h er e n at ur al v eri fi ers s u c h as c o m pil ers, s ol uti o ns, or h e uristi c
v eri fi ers e xist. F or i nst a n c e, H al u pt z o k et al. (2 0 2 2 ) g e n er at e s y nt h esi z e d c o d e a n d filt er o ut i n c orr e ct
s a m pl es. Ul m er et al. (2 0 2 4 ) us e c o n v ers ati o n al m etri cs t o filt er s y nt h eti c di al o g u e d at a. Tri n h
et al. (2 0 2 4 ) utili z e a s y m b oli c d e d u cti o n e n gi n e t o v erif y c orr e ct s ol uti o ns f or Ol y m pi a d g e o m etr y
pr o bl e ms. S etl ur et al. (2 0 2 4 ) a p pl y a fi n al a ns w er v eri fi er t o disti n g uis h b et w e e n g o o d a n d b a d
s y nt h eti c d at a. Alt h o u g h v eri fi ers ar e us e d i n t h es e c as es, t h eir eff e cts o n p erf or m a n c e h a v e n ot b e e n
s yst e m ati c all y e x pl or e d, es p e ci all y i n t er ms of h o w diff er e nt t y p es of v eri fi ers i n fl u e n c e o ut c o m es.

D at a S el e cti o n. D at a s el e cti o n is a pr e pr o c essi n g t e c h ni q u e t y pi c all y a p pli e d t o ori gi n al d at as ets wit h
h u m a n l a b els, as dis c uss e d i n v ari o us r el at e d w or ks (s e e A p p e n di x A. 3 ). I n c o ntr ast, o ur w or k f o c us es
o n d at a s el e cti o n f or s y nt h esiz e d d at a, w hi c h d o es n ot r e pr es e nt a n ois y v ersi o n of t h e gr o u n d tr ut h
b ut r at h er a s k e w e d distri b uti o n. O ur ai m is n ot t o pr o p os e n e w s el e cti o n m et h o ds b ut t o d e m o nstr at e
h o w s el e cti o n c a n pr e v e nt m o d el c oll a ps e a n d t o a n al y z e t h e c o n diti o ns u n d er w hi c h it is eff e cti v e.

3 W A R M U P

We first f o c us o n tr a nsf or m er m o d els o n a m at h e m ati c al t as k, w hi c h off ers a n i nt er pr et a bl e s etti n g t o
u n d erst a n d t h e g e n er ati o n q u alit y si n c e w e h a v e a cl e ar m etri c f or err or a n d a c o m p ut a bl e gr o u n d
tr ut h, as w ell as t h e a bilit y t o g e n er at e as m u c h ( ori gi n al) d at a as d esir a bl e.

Ta bl e 1: G e n e r at o r a c c u r a c y f o r diff e r e nt b e a m si z es.
L eft: t h e m ost a c c ur at e s ol uti o n i n t h e b e a m is e v al u at e d.
Ri g ht: t h e s ol uti o n wit h l o w est p er pl e xit y is e v al u at e d.

Verif y Verif y
all b e a ms t h e b est b e a m

T ol er a n c e τ 2 % 1 % 0. 5 % 2 % 1 % 0. 5 %

B e a m 5 0 9 0. 4 6 0. 4 2 2. 9 6 5. 9 1 9. 2 2. 4
B e a m 2 5 8 8. 0 5 3. 2 1 6. 8 6 6. 1 1 9. 3 2. 4
B e a m 1 0 8 3. 7 4 3. 1 1 0. 5 6 6. 2 1 9. 5 2. 5
B e a m 5 7 9. 3 3 4. 9 7. 1 6 6. 5 1 9. 7 2. 4
Gr e e d y 6 6. 9 2 0. 2 2. 4 6 6. 9 2 0. 2 2. 4

S etti n g. We f oll o w C h art o n (2 0 2 2 ), w h o
s h o w e d t h at tr a nsf or m ers ( Vas w a ni et al. , 2 0 1 7 )
c a n l e ar n t o pr e di ct t h e ei g e n v al u es of 5 × 5
r e al s y m m etri c m atri c es wit h i n d e p e n d e nt a n d
i d e nti c all y distri b ut e d e ntri es, r o u n d e d t o t hr e e
si g ni fi c a nt di gits. All tr ai ni n g, t est, a n d s y nt h e-
si z e d d at a ar e g e n er at e d b y s a m pli n g m atri c es
wit h i n d e p e n d e nt e ntri es fr o m U [− 1 0 , 1 0] . A
pr e di cti o n is c o nsi d er e d c orr e ct if t h e r el ati v e
err or i n t h e L 1 n or m is b el o w a c ert ai n t ol er a n c e
τ . T h e s y nt h esi z e d d at a g e n er at or is tr ai n e d
o n a li mit e d s a m pl e of 2 0 0, 0 0 0 e x a m pl es wit h
A d a m f or 6 5 e p o c hs. D et ails o n t h e t o k e ni z er
a n d o pti mi z ati o n c a n b e f o u n d i n A p p e n di x B .

We ai m t o e v al u at e t h e q u alit y of t h e g e n er at or’s o ut p uts a n d d et er mi n e h o w m u c h us ef ul i nf or m ati o n
c a n b e e xtr a ct e d fr o m it. T o a c hi e v e t his, w e e m pl o y b e a m s e ar c h , a n i nf er e n c e t e c h ni q u e t h at
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m ai nt ai ns m ulti pl e c a n di d at e s e q u e n c es (r ef err e d t o as ” b e a ms ”) d uri n g t h e g e n er ati o n pr o c ess t o
e x pl or e a l ar g er p orti o n of t h e s ol uti o n s p a c e. B e a m s e ar c h tr a c ks t h e t o p k c a n di d at e s e q u e n c es
b as e d o n t h eir c u m ul ati v e pr o b a bilit y s c or es, e x p a n di n g e a c h b y c o nsi d eri n g all p ossi bl e n e xt t o k e ns.
W h e n k = 1 , b e a m s e ar c h is e q ui v al e nt t o gr e e d y d e c o di n g. T h e al g orit h m c o nti n u es t his e x p a nsi o n
u ntil t h e f ull g e n er ati o n pr o c ess is c o m pl et e, all o wi n g us t o ass ess t h e u p p er b o u n d of t h e g e n er at or’s
c a p a biliti es a n d b ett er u n d erst a n d its li mit ati o ns a n d str e n gt hs.

I n Ta bl e 1 , w e r e p ort t h e t est a c c ur a c y of g e n er at e d pr e di cti o ns usi n g b e a m s e ar c h. We c o nsi d er t w o
s etti n gs: e v al u ati n g o nl y t h e b est b e a m i d e nti fi e d b y t h e m o d el (ri g ht) t o u n d erst a n d t h e m o d el’s
a ct u al pr e di cti o ns, a n d a n ot h er e v al u ati n g all k c a n di d at es i n t h e b e a ms, wit h t h e b est o n e c o ntri b uti n g
t o t h e a c c ur a c y (l eft) t o ass ess t h e m o d el’s f ull p ot e nti al.

F or s elf-s el e cti o n, i n cr e asi n g t h e n u m b er of b e a ms d o es n ot l e a d t o a n y i m pr o v e m e nt i n a c c ur a c y,
d es pit e si g ni fi c a ntl y hi g h er i nf er e n c e c osts. H o w e v er, i n t h e l eft s etti n g, m o vi n g fr o m gr e e d y d e c o di n g
( b e a m 1) t o b e a m 5 0 i m pr o v es a c c ur a c y fr o m 2 0. 2 % t o 6 0. 4 %, wit h τ = 1 % . T his i n di c at es t h at
t h e m o d el h as c o nsi d e r a bl e p ot e nti al t o g e n e r at e i m p r o v e d s ol uti o ns, b ut it l a c ks t h e i n h e r e nt
c a p a bilit y t o a ut o n o m o usl y s el e ct t h e b est p r e di cti o ns . A m o n g t h e v ast a m o u nt of s y nt h esi z e d
d at a, t h er e m a y b e hi g h- q u alit y d at a, b ut eff e cti v e s el e cti o n is n e c ess ar y.

4 T H E O R E T I C A L I N S I G H T S

I n t his s e cti o n, w e ai m t o t h e or eti c all y e x pl or e tr ai ni n g a n d v eri fi c ati o n usi n g s y nt h esi z e d d at a,
a n d c h ar a ct eri z e t h e c o n diti o ns u n d er w hi c h v eri fi c ati o n e n h a n c es p erf or m a n c e. T o str e a mli n e o ur
a n al ysis, w e f o c us e x cl usi v el y o n tr ai ni n g wit h s y nt h esi z e d d at a, si n c e t h e i n cl usi o n of a d diti o n al
r e al d at a is al w a ys a d v a nt a g e o us. We c o nsi d er l e ar ni n g wit h a f a mil y of hi g h- di m e nsi o n al d at a
distri b uti o ns. Wit hi n t his c o nt e xt, t h e v eri fi c ati o n pr o c ess is i m pl e m e nt e d as a pr u ni n g str at e g y
a p pli e d t o s y nt h esi z e d d at a. Cr u ci all y, w e will n ot ass u m e t h at t h e pr u ni n g str at e g y h as a c c ess t o t h e
gr o u n d tr ut h, as s u c h a n ass u m pti o n w o ul d b e o v erl y r estri cti v e f or pr a cti c al a p pli c ati o ns; r at h er, w e
will f or m ul at e o ur t h e or y f or g e n er al pr u n ers, w hi c h c o ul d f or i nst a n c e b e li k e a n ot h er tr ai n e d m o d el.
A f ull e x p ositi o n of o ur g e n er al t h e or y is i n A p p e n di x E ; f or e as e of e x p ositi o n, w e s p e ci ali z e h er e t o
G a ussi a n mi xt ur es.

4. 1 S E T T I N G

D at a Dist ri b uti o n. We will c o nsi d er distri b uti o ns P o v er R d × { 0 , 1 } wit h c ert ai n hi g h di m e nsi o n al
c o n c e ntr ati o n pr o p erti es of a g e n er al f or m ( C o n diti o n E. 1 ). A s p e ci al c as e ar e bi n ar y G a ussi a n
mi xt ur es : f e at ur es h a v e c o n diti o n al distri b uti o n gi v e n b y x | y ∼ N (µ y , Σ) , w h er e µ y = ( 2 y − 1) µ ,
f or s o m e µ ∈ R d a n d Σ is a p ositi v e- d e fi nit e m atri x wit h E ∥ x ∥ 2 = ∥ µ ∥ 2

2 + tr Σ = 1 . F or f urt h er
e as e of e x p ositi o n w e will o nl y c o nsi d er b al a n c e d distri b uti o ns:

P (y = 1) = P (y = 0) = 1 / 2 , f or (x, y ) ∼ P.

S y nt h esi z e d D at a. L et D N = { (x 1 , y1 ), . . . , (x N , yN )} b e a d at as et of N i.i. d. p airs fr o m t h e tr u e
distri b uti o n P a n d l et D ′

N = { (x 1 , y′1 ), . . . , (x N , y′N )} b e t h e s y nt h esi z e d d at a g e n er at e d fr o m t h e
s a m e distri b uti o n, b ut w h er e l a b el y ′

i (i nst e a d of y i ) h as b e e n g e n er at e d b y a n AI m o d el. F urt h er,
w e s h all d e n ot e b y p ∈ [ 0, 1) , t h e pr o b a bilit y t h at t h e l a b el y ′

i of a s y nt h esi z e d e x a m pl e (x, y ′
i ) is

diff er e nt fr o m t h e tr u e l a b el y i , i. e

p : = P (y ′
i ≠ y i ). ( 1)

N ot e t h at p d o es n ot d e p e n d o n t h e e x a m pl e i n d e x i, d u e t o t h e i.i. d. ass u m pti o n. We m a k e n o f urt h er
ass u m pti o ns o n t h e s y nt h esi z e d at a.

D o w nst r e a m M o d el a n d P r u ni n g. We will m o d el o ur d at a s el e cti o n ( w h et h er wit h or wit h o ut
f e e d b a c k) vi a a pr u ni n g str at e g y q = ( q 1 , . . . , qN ) w h er e q i is a bit w hi c h i n di c at es w h et h er t h e it h
tr ai ni n g e x a m pl e fr o m D ′

N h as s ur vi v e d pr u ni n g. F or t h e d o w nstr e a m m o d els w e c o nsi d er t h e f a mil y:

P (y = 1 | x, w ) = ŷ : = σ (x ⊤ w ) ∈ ( 0, 1) , σ(z ) : =
1

1 + e − z

p ar a m etri z e d b y a v e ct or of w ei g hts w ∈ R d a n d si g m oi d n o n-li n e arit y σ . L et w N b e o bt ai n e d vi a
l o gisti c r e gr essi o n fitt e d o n D ′

N wit h ri d g e r e g ul ari z ati o n p ar a m et er λ > 0 . T h us, ŵ i s t h e u ni q u e
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mi ni mi z er of t h e f oll o wi n g o bj e cti v e f u n cti o n:

L (w ) : =
1

N

N

i = 1

q i ℓ (σ (x ⊤
i w ), y′i ) +

λ

2
∥ w ∥ 2 , ( 2)

w h er e ℓ is t h e bi n ar y cr oss- e ntr o p y. T h e c orr es p o n di n g d o w nstr e a m cl assi fi er is f N = f w N
, w h er e

t h e n ot ati o n f w r ef ers t o t h e li n e ar cl assi fi er i n d u c e d b y a w ei g hts v e ct or w ∈ R d , i. e f w (x ) =

( si g n( x ⊤ w ) + 1) / 2 . Test A c c u r a c y. T h e t est a c c ur a c y of t h e d o w nstr e a m m o d el f N is d e fi n e d b y

a c c (f N ) : = P (f N (x ) = f B a y es (x )) , f or a r a n d o m t est p oi nt (x, y ) ∼ P,

w h er e f B a y es (z ) : = E [y |x = z ] is t h e B a y es- o pti m al cl assi fi er. I n p arti c ul ar, n ot e t h at a c c (f B a y es ) =

1 0 0 % b y c o nstr u cti o n. T h e q u a ntit y a c c (f N ) will b e t h e m ai n o bj e ct of o ur a n al ysis, a n d w e will b e
i nt er est e d i n h o w it d e p e n ds o n err ors i n t h e g e n er at or P a n d t h e c h oi c e of pr u ni n g str at e g y q , i n t h e
i n fi nit e-s a m pl e li mit N → ∞ .

4. 2 P R U N I N G S T R A T E G Y

We c o nsi d er a wi d e cl ass of p ar a m etri z e d pr u ni n g str at e gi es q , w hi c h w e t er m Veri fi c ati o n- Pr u ni n g
(s e e A p p e n di x E ). T h e y s atisf y t h e f oll o wi n g r e as o n a bl e pr o p ert y:

Ass u m pti o n 4. 1 (I n d e p e n d e nt S el e cti o n). T h e bits q 1 , . . . , qN ∈ { 0 , 1 } ar e i n d e p e n d e nt. T h us, i n
p arti c ul ar, w h et h er a n y tr ai ni n g e x a m pl e e i : = (x i , y′i ) ∈ D ′

N s ur vi v es pr u ni n g or n ot is i n d e p e n d e nt
of w h at h a p p e ns t o t h e ot h er e x a m pl es e j ≠ i .

I n its m ost g e n er al f or m, o ur v eri fi c ati o n- pr u ni n g f a mil y (r ef er t o A p p e n di x E f or d et ails) is d es cri b e d
b y f o ur p ar a m et ers (ϕ 0 , ϕ1 , ψ0 1 , ψ1 0 ), d e fi n e d as f oll o ws:

ϕ k = P (q = 1 | y ′ = k, y = k ),  ψk ℓ = P (q = 1 | y ′ = ℓ, y = k ). ( 3)

Ass u m pti o n 4. 1 i m pli es t h at f or a n y cl ass l a b els k, ℓ ∈ { 0 , 1 } , t h e r a n d o m v ari a bl es (z i k ℓ ) i ∈ [N ]

d e fi n e d b y z i k ℓ = 1[ y i = k, y ′
i = ℓ, q i = 1] ar e i.i. d. wit h B er n o ulli( p k ℓ ) distri b uti o n, wit h

p k k = ( 1 − p )ϕ k / 2 , a n d p k ℓ = p ψ k ℓ / 2 if k ≠ ℓ, wit h p ∈ [ 0, 1) as i n e q u ati o n 1 . ( 4)

F or si m pli cit y of e x p ositi o n, w e will f o c us o n s y m m etri c pr u ni n g str at e gi es w h er e ϕ 1 = ϕ 0 = ϕ a n d
ψ 0 1 = ψ 1 0 = ψ . S u c h pr u ni n g str at e gi es ar e t h er ef or e d es cri b e d b y a p air of p ar a m et ers (ϕ, ψ ).

L et us pr o vi d e t w o m or e n ot a bl e e x a m pl es of (s y m m etri c) pr u ni n g str at e gi es.

N o P r u ni n g. T h e c as e (ϕ, ψ ) = ( 1 , 1) c orr es p o n ds t o n o pr u ni n g, i. e usi n g t h e e ntir e tr ai ni n g d at as et.

O r a cl e P r u ni n g. T h e c as e (ϕ, ψ ) = ( 1 , 0) . T h e pr u ni n g str at e g y o nl y k e e ps i n di c es c orr es p o n di n g
t o e x a m pl es i n t h e d at as et w hi c h h a v e c orr e ct l a b el ( all c orr u pt e d l a b els ar e dis c ar d e d).

S u p e r vis e d P r u ni n g. We s h all als o c o nsi d er s u p er vis e d pr u ni n g str at e gi es q d e fi n e d b y

q i = 1[ y ′
i (x

⊤
i w p r u n e ) > 0] , ( 5)

f or s o m e w p r u n e ∈ R d . T his pr u ni n g str at e g y filt ers o ut all e x a m pl es o n w hi c h t h er e is dis a gr e e m e nt
o n t h e assi g n e d l a b el. I n A p p e n di x E w e s h o w h o w w e c a n m a p t his t o (ϕ, ψ )- pr u ni n g.

4. 3 P E R F O R M A N C E O F M O D E L S T R A I N E D W I T H P R U N I N G : IN S I G H T S F R O M

I N FI N I T E - S A M P L E R E G I M E

T h e f oll o wi n g is o ur m ai n t h e or eti c al r es ult (s e e T h e or e m E. 3 f or f ull st at e m e nt). It c h ar a ct eri z es t est

a c c ur a c y a c c (f N ) of t h e d o w nstr e a m m o d el o n pr u n e d d at a as a f u n cti o n of p (t h e l a b el dis a gr e e m e nt)
a n d t h e p ar a m et ers (ϕ, ψ ) of t h e pr u n er, i n t h e t h e or eti c al li mit of i n fi nit e tr ai ni n g d at a ( N → ∞ ).

T h e o r e m 4. 2 ( Si m pli fi e d v ersi o n of T h e or e m E. 3 ). L et Ass u m pti o n 4. 1 b e i n or d er. Fi x p , ϕ, ψ a n d
d e fi n e t h e br e a k d o w n p oi nt p ⋆ ∈ ( 0, 1) b y p ⋆ : = 1/ ( 1 + ψ / ϕ ). F or t h e f a mil y of d at a distri b uti o ns

o b e yi n g C o n diti o n E. 1 (i n cl u di n g t h e G a ussi a n mi xt ur e), f or a d o w nstr e a m m o d el f N tr ai n e d o n
d at a fr o m a g e n er at or wit h err or r at e p , pr u n e d wit h a n v eri fi c ati o n-t y p e str at e g y wit h p ar a m et ers

(ϕ, ψ ), i n t h e li mit N → ∞ it h ol ds a.s t h at: (i) If p < p ⋆ t h e n a c c (f N ) = 1 0 0 % . (ii) If p > p ⋆ t h e n

a c c (f N ) = 0 % . T h e pr u n er is o v er w h el m e d b y s o m a n y i n a c c ur a ci es i n t h e s y nt h esiz e d d at a, a n d
t h e d o w nstr e a m m o d el l e ar ns t h e e x a ct o p p osit e of t h e tr u e cl ass l a b els.
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Fi g ur e 2: E m pi ri c al c o n fi r m ati o n of T h e o r e m
4. 2 . C o m p ari n g t h e br e a k d o w n p oi nts of diff er-
e nt g e n er at ors a n d pr u n ers of diff er e nt str e n gt hs.
S y nt h esi z e d d at a is g e n er at e d fr o m a li n e ar m o d el
w g e n wit h cl assi fi c ati o n err or r at e p = θ g e n / π ∈
[ 0, 1] . T h e d at a is pr u n e d wit h a n ot h er li n e ar m o d el
w p r u n e w hi c h h as cl assi fi c ati o n err or θ p r u n e / π .
Br o k e n li n es c orr es p o n d t o t h e pr e di cti o n of T h e-
or e m 4. 2 , w hil e s oli d p oi nts c orr es p o n d t o e x p er-
i m e nts. N oti c e t h e s h ar p p h as e tr a nsiti o ns w h er e
t h e m o d el s u d d e nl y s wit c h es fr o m p erf e ct a c c ur a c y
t o w ors e-t h a n- c h a n c e, as t h e t h e or e m pr e di cts.

T h us, t h er e is a s h ar p p h as e-tr a nsiti o n ar o u n d t h e
c orr u pti o n l e v el p ⋆ : = 1/ ( 1 + ψ / ϕ ): as p is i n-

cr e as e d p ast l e v el p ⋆ , t h e d o w nstr e a m m o d el f N

a br u ptl y s wit c h es fr o m b ei n g p erf e ctl y a c c ur at e, t o
p erf e ctl y i n a c c ur at e! T h e pr o of (s e e A p p e n di x E. 7
f or a s k et c h) e x pli citl y c o m p ut es e m piri c al t est a c c u-

r a c y i n t er ms of N k ℓ : =
N
i = 1 z i k ℓ , w hi c h f oll o w a

bi n o mi al distri b uti o n, b o u n di n g t h e g a p t o t h e p o p u-
l ati o n a c c ur a c y, a n d usi n g c o n c e ntr ati o n of m e as ur e
t y p e t e c h ni q u es. N ot e t h at t h e s h ar p tr a nsiti o n is d u e
t o t h e i n fi nit e-s a m pl e r e gi m e, w h er e w e c a n a v oi d
fi nit e-s a m pl e c orr e cti o ns. p ∗ c o ul d b e us e d as a m e a-
s ur a bl e pr o x y i n t h e e x p eri m e nt.

S e e Fi g ur e 2 ( a n d Fi g ur e 6 i n A p p e n di x E ) f or a n
e m piri c al ill ustr ati o n of t h e t h e or e m.

R e m a r k 4. 3. N ot e t h at t h e 1 0 0 % a c c ur a c y a c hi e v-
a bl e i n T h e or e m 4. 2 is i d e aliz e d, a n d is e x p e ct e d
t o o nl y h ol d i n t h e i n fi nit e s a m pl e r e gi m e ( wit h a
p ossi bl y l ar g e b ut fi x e d i n p ut di m e nsi o n).

4. 4 S O M E C O N S E Q U E N C E S O F T H E O R E M 4. 2

We n o w pr es e nt s o m e ill ustri o us a p pli c ati o ns of T h e or e m E. 3 . T h es e e x a m pl es ar e e m piri c all y
c o n fir m e d i n Fi g ur e 2 (s e e als o Fi g ur e 6 i n A p p e n di x E ).

N o P r u ni n g. H er e, w e h a v e ψ / ϕ = 1 a n d s o t h e d o w nstr e a m m o d el a c hi e v es 1 0 0 % a c c ur a c y f or all
v al u es of c orr u pti o n p ar a m et er p u p t o t h e br e a k d o w n p oi nt p ⋆ = 1 / 2 pr e di ct e d b y T h e or e m E. 3 .

O r a cl e P r u ni n g. F or t his s c e n ari o, ψ / ϕ = 0 a n d s o T h e or e m E. 3 pr e di cts t h at t h e d o w nstr e a m

m o d el f N a c hi e v es 1 0 0 % a c c ur a c y f or all v al u es of c orr u pti o n p ar a m et er p u p t o t h e br e a k d o w n p oi nt
p ⋆ = 1 . T his is p er h a ps n ot s o s ur prisi n g i n hi n dsi g ht. T h e p oi nt is t h at e v e n f or m o d er at el y l ar g e
v al u es of ψ / ϕ , t h e br e a k d o w n p oi nt p ⋆ c a n still b e q uit e cl os e t o 1 .

S u p e r vis e d P r u ni n g. C o nsi d er is otr o pi c G a ussi a n mi xt ur e d at a wit h m e a ns ± µ , a n d a pr u ni n g
str at e g y as i n E q. ( 5 ). T h e p ar a m et ers (ϕ, ψ ) o nl y d e p e n d o n t h e a n gl es θ g e n , θp r u n e , θ ∈ [ 0, π]:

θ g e n : = ∠ (w g e n , µ), θp r u n e : = ∠ (w p r u n e , µ),

θ : = ∠ (w p r u n e , wg e n ).
( 6)

T his is b e c a us e, t h e p k ℓ ’s d e fi n e d i n e q u ati o n 4 n o w c orr es p o n d t o ort h a nt pr o b a biliti es f or a tri v ari at e
n or m al distri b uti o n, wit h c orr el ati o n c o ef fi ci e nts gi v e n b y t h es e a n gl es (s e e als o Fi g ur e 2 ). I n t h e
A p p e n di x E. 6 , w e pr o vi d e t h e c al c ul ati o n fr o m t h e a n gl es t o ψ a n d ϕ . I n pr a cti c e, w e c a n dir e ctl y
m e as ur e t h e pr o x y p ∗ , w hi c h e n c a ps ul at es all t h e af or e m e nti o n e d c orr el ati o ns.

D e c o u pli n g t h e G e n e r at o r a n d Ve ri fi e r. Alt h o u g h t h e g e n er at or a n d v eri fi er ar e c o u pl e d t o g et h er
i n s u p er vis e d pr u ni n g, t h er e ar e s o m e i nt uiti o ns t h at h el p us d e c o u pl e t h e m: ( 1) a b ett er g e n er at or
al w a ys i m pr o v es p erf or m a n c e, ( 2) w h e n t h e v eri fi er is p o or, s u c h as i n c as es of n o pr u ni n g or r a n d o m
pr u ni n g, w e h a v e a l o w br e a k d o w n p oi nt a n d r e q uir e a g o o d g e n er at or t o a c hi e v e g o o d p erf or m a n c e,
a n d ( 3) w h e n t h e v eri fi er is s uf fi ci e ntl y g o o d, cl os e t o a n or a cl e, t h e br e a k d o w n p oi nt is hi g h, a n d a n y
n o n- d e g e n er at e g e n er at or is s uf fi ci e nt.

5 S I M U L A T I O N S O N S Y N T H E S I Z E D D A T A

T h e t h e or eti c al r es ults ar e b as e d o n t h e b est- c as e s c e n ari o of h a vi n g u nli mit e d a c c ess t o s y nt h esi z e d
d at a a n d o p er ati n g i n t h e hi g h- di m e nsi o n al li mit. I n t his fr a m e w or k, t h e i m p a ct of g e n er at or a n d
v eri fi er o n p erf or m a n c e is r e fl e ct e d i n bi n ar y o ut c o m es: 1 0 0 % or 0 %. I n t his s e cti o n, w e pr es e nt
si m ul ati o n r es ults fr o m fi nit e r e gi m es t o ill ustr at e t h e pr a cti c al i m pli c ati o ns of o ur t h e or eti c al
fr a m e w or k. S p e ci fi c all y, w e e x pl or e h o w t h e g e n er at or a n d v eri fi er i n fl u e n c e p erf or m a n c e, a n d
h o w p erf or m a n c e s c al es wit h a n i n cr e asi n g, y et fi nit e, v ol u m e of s y nt h esi z e d d at a.
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N u m b e r of T r ai ni n g D a t a: N 0 = 9 0 0
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O r a cl e D a t a O r a cl e S el e c ti o n W e a k S u p e r vi si o n p r u n e = / 2 4 W e a k p r u n e = / 1 2 R a n d o m S el e c ti o n

Fi g ur e 3: Si m ul ati o ns wit h G a ussi a n mi xt u r es. ( T o p r o w) R el ati v e err or ( a c c ur a c y r el ati v e t o o pti m al
a c c ur a c y) s c ali n g as a f u n cti o n n u m b er of s el e ct e d d at a, n ′ , us e d t o tr ai n t h e m o d el. τ = 0 .1 5 , N1 = 1 0 6 . T h e
B a y es o pti m al cl assi fi er a c hi e v es a p pr o xi m at el y 9 4 % a c c ur a c y o n t his distri b uti o n. ( B ott o m r o w) p ∗ v al u es f or
all s etti n gs.

5. 1 S E T T I N G

F oll o wi n g t h e t h e or eti c al s etti n g, w e c o nsi d er t h e s a m e G a ussi a n mi xt ur e a n d li n e ar m o d els f or t h e
g e n er at or a n d s el e ct or. L et w ∗ b e a fi x e d u nit v e ct or i n R d . T h e distri b uti o n P o r i g is

x |y ∼ N (y τ w ∗ , Id / d ), f or y ∈ [− 1 , + 1] .

H er e, τ is a p ositi v e s c al ar t h at c o ntr ols t h e o v erl a p.

S y nt h esi z e d D at a G e n e r ati o n a n d Ve ri fi c ati o n. We s a m pl e N 0 d at a p oi nts fr o m t h e distri b uti o n
P ori g t o f or m t h e ori gi n al d at as et, w hi c h is us e d t o tr ai n a li n e ar m o d el, ŵ N 0 , e m pl o yi n g or di n ar y l e ast
s q u ar es. We t h e n g e n er at e a l ar g e s y nt h esi z e d d at as et usi n g t h e tr ai n e d m o d el ŵ N 0

wit h a si g m oi d

f u n cti o n, w hi c h u n d er g o es s el e cti o n b y v ari o us v eri fi ers i nt o s ets D g e n , N0
vrf . I n o ur st u d y, t h es e v eri fi ers

ar e li n e ar m o d els p ar a m et eri z e d b y v ari o us w θ p r u n e
, w h er e θ p r u n e d e n ot es t h e a n gl e b et w e e n t h e

pr u n er a n d t h e gr o u n d tr ut h w ∗ . H a vi n g t h e v eri fi e d s y nt h esi z e d d at a, w e t h e n r a n d o ml y s el e ct n ′

d at a fr o m D g e n , N0
vrf t o tr ai n a n d e v al u at e t h e fi n al m o d els.

5. 2  L E S S O N S L E A R N E D

I n Fi g ur e 3 , w e c o n d u ct s e v er al si m ul ati o ns v ar yi n g N 0 , θ p r u n e , a n d n ′. A l ar g er N 0 i n di c at es a
m or e eff e cti v el y tr ai n e d g e n er at or, utili zi n g a gr e at er a m o u nt of ori gi n al d at a. θ p r u n e d et er mi n es t h e
v eri fi er’s q u alit y, wit h θ p r u n e = 0 c orr es p o n di n g t o t h e us e of t h e gr o u n d tr ut h as a n or a cl e v eri fi er.
We f urt h er e x pl or e s c e n ari os w h er e θ p r u n e = π

2 4 a n d π
1 2 . T h e v ari a bl e n ′ r e pr es e nts t h e n u m b er of

s y nt h esi z e d s a m pl es us e d t o tr ai n t h e fi n al m o d el. We pl ot t h e s c ali n g c ur v es as n ′ a p pr o a c h es i n fi nit y,
a s c e n ari o a n al y z e d b y o ur t h e or y. T h e “r a n d o m ” li n e r e pr es e nts t h e pr o c ess of r a n d o ml y s el e cti n g n ′

d at a p oi nts fr o m t h e s y nt h esi z e d d at as et wit h o ut a n y v eri fi c ati o n. T h e “ cl e a n ” li n e i n di c at es tr ai ni n g
of t h e m o d el usi n g n ′ d at a p oi nts fr o m t h e ori gi n al distri b uti o n. We m a k e t h e f oll o wi n g o bs er v ati o ns:

O r a cl e Ve ri fi c ati o n M at c h es Tr ai ni n g wit h O r a cl e L a b els. T h e or a cl e v eri fi er a c hi e v es t h e b est
p erf or m a n c e, m at c hi n g tr ai ni n g wit h cl e a n d at a a cr oss all s etti n gs a n d att ai ni n g B a y es o pti m al
a c c ur a c y. T his v ali d at es t h e t h e or y t h at s y nt h esi z e d d at a h as t h e f ull i nf or m ati o n w hi c h c a n b e
e xtr a ct e d wit h v eri fi c ati o n.

T h e Eff e cti v e n ess of a We a k Ve ri fi e r D e p e n ds o n n ′. I n pr a cti c al s c e n ari os, o bt ai ni n g or a cl e-l e v el
v eri fi c ati o n is oft e n c h all e n gi n g, s o w e a k er f or ms of v eri fi c ati o n ar e t y pi c all y e m pl o y e d. W hil e a
w e a k v eri fi er g e n er all y l e a ds t o p o or er p erf or m a n c e, c o nsist e nt wit h t h e d e c a yi n g t hr es h ol d p oi nts
pr e di ct e d b y t h e or y, t h er e is a s ur prisi n g “s w e et s p ot ” at a c ert ai n d at a si z e (f or t h e c ur v es wit h
θ p r u n e = π

1 2 ). Tr ai ni n g ar o u n d 1 0, 0 0 0 d at a o ut p erf or ms tr ai ni n g wit h m or e d at a. T h er ef or e, t h e
c h oi c e of v eri fi er s h o ul d als o t a k e i nt o a c c o u nt t h e q u a ntit y of d at a s el e ct e d.

p ∗ is st r o n gl y c o r r el at e d wit h t h e fi n al p e rf o r m a n c e. A cr oss all s etti n gs, t h e r el ati v e v al u es of
p ∗ c o nsist e ntl y ali g n wit h t h e m o d els’ p erf or m a n c e. T h e si m ul ati o ns pr o vi d e pr a cti c al v ali d ati o n
of t h e t h e or eti c al r es ults a n d ar e c o nsist e nt wit h t h e i nt er pr et ati o n pr es e nt e d i n S e cti o n 4. 4 . Or a cl e
s u p er visi o n yi el ds o pti m al p erf or m a n c e, a n d, i n g e n er al, i m pr o vi n g b ot h t h e g e n er at or a n d v eri fi er
l e a ds t o e n h a n c e d r es ults.
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Ta bl e 2: I m pl e m e nt ati o n of o u r t h r e e e x p e ri m e nts : We pr o gr essi v el y e x pl or e o ur i nsi g hts t hr o u g h t hr e e
r e al- w orl d e x p eri m e nts. First, w e c o n d u ct si m ul ati o ns i n a fi nit e- d at a r e gi m e, w h er e all s etti n gs ali g n wit h
t h e or eti c al e x p e ct ati o ns. N e xt, w e e x a mi n e tr a nsf or m ers tr ai n e d o n g e n er ati o n t as ks, e v al u at e d usi n g a 0- 1
m etri c. Fi n all y, w e a n al y z e l ar g e l a n g u a g e m o d els wit h g e n er al m etri cs.

S etti n gs D at a Tas k  M o d el  Veri fi ers M etri c

Si m ul ati o n G a ussi a n mi xt ur e cl assi fi c ati o n li n e ar m o d el li n e ar m o d els cl assi fi c ati o n a c c ur a c y
Arit h m eti c s y nt h esi z e d d at a g e n er ati o n tr a nsf or m er ( n ois y) v eri fi ers a c c ur a c y w. t ol er a n c e
S u m m ari z ati o n X L S U M d at as et g e n er ati o n  Ll a m a  Ll a m as si mil arit y w. R o u g e- 1

6 E X P E R I M E N T S

I n b ot h t h e t h e or eti c al r es ults a n d t h e si m ul ati o ns, w e e x a mi n e a cl assi fi c ati o n s c e n ari o w h er e or a cl e
s u p er visi o n c a n s el e ct “ 1 0 0 % c orr e ct ” s y nt h esi z e d d at a. H o w e v er, o utsi d e of t h es e c o ntr oll e d s etti n gs,
s y nt h esi z e d d at a m a y o nl y a p pr o xi m at e t h e gr o u n d tr ut h, m e a ni n g t h e s el e ct e d d at a mi g ht b e cl os er
t o t h e tr ut h r at h er t h a n e x a ctl y c orr e ct. I n t his s e cti o n, w e e x pl or e v eri fi c ati o n f or m or e g e n er al
t as ks usi n g g e n er ati v e m o d els t hr o u g h t w o e x p eri m e nts: ( 1) tr ai ni n g a tr a nsf or m er t o pr e di ct t h e
ei g e n v al u es of a m atri x, a n d ( 2) fi n e-t u ni n g Ll a m a- 2- 7 B o n a n e ws s u m m ari z ati o n t as k. Ta bl e 2
pr o vi d es a n o v er vi e w of h o w w e gr a d u all y r el a x t h e s etti n g fr o m t h e or eti c al t o e m piri c al. F or t h e
p ur p os es of o ur dis c ussi o n h er e, w e r ef er t o m o d el c oll a ps e w h e n e v er t h e p erf or m a n c e of t h e m o d el
tr ai n e d o n s y nt h eti c d at a is w ors e t h a n t h at of t h e ori gi n al g e n er at or.

6. 1  T R A N S F O R M E R F O R A R I T H M E T I C T A S K S

R e c all t h e s etti n g d es cri b e d i n S e cti o n 3 , w h er e a tr a nsf or m er is tr ai n e d i n a g e n er ati v e m a n n er usi n g
2 0 0 K s a m pl es of m atri c es a n d t h eir c orr es p o n di n g ei g e n v al u es. T his s etti n g all o ws f or t h e s y nt h esis
of u nli mit e d d at a b y g e n er ati n g r a n d o m m atri c es a n d usi n g t h e g e n er at or t o pr e di ct t h eir ei g e n v al u es.
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Fi g ur e 4: Tr a nsf o r m e rs c o m p uti n g ei g e n-
v al u es. C orr el ati o n b et w e e n a c c ur a c y wit h
1 % t ol er a n c e, p ∗ , a n d t h e n u m b er of s y n-
t h esi z e d d at a. M o d el c oll a ps e is o bs er v e d
wit h o ut v eri fi c ati o n ( p ∗ = 0 .5 ), w hil e hi g h er
v al u es of p ∗ r es ult i n i m pr o v e d p erf or m a n c e.
R es ults ar e a v er a g e d o v er 5 s e e ds.

We first i ntr o d u c e t h e or a cl e v e ri fi e r t h at m e as ur es t h e r el-
ati v e L 1 dist a n c e b et w e e n t h e m o d el’s pr e di cti o ns a n d t h e
c orr e ct s ol uti o ns. We us e gr e e d y d e c o di n g t o g e n er at e a
pr e di cti o n f or e a c h m atri x, a n d o nl y m atri c es wit h pr e di c-
ti o ns wit hi n a t ol er a n c e of τ = 1 % ( as d et er mi n e d b y t h e
or a cl e v eri fi er) ar e r et ai n e d. A d diti o n all y, w e i ntr o d u c e a
s et of n ois y v eri fi ers, w h er e d at a wit h pr e di ct e d s ol uti o ns
e x c e e di n g t h e 1 % t ol er a n c e ar e still i n cl u d e d wit h a pr o b-
a bilit y of p n ois e

1 . Si n c e w e ar e e v al u ati n g a c c ur a c y i n a
bi n ar y ( 0/ 1) m a n n er f or e a c h d at a p oi nt, w e c a n dir e ctl y
c o m p ut e ψ a n d ϕ i n E q u ati o n 3 , wit h y ′ = y r e pl a c e d b y
b ei n g wit hi n 1 % r el ati v e L 1 t ol er a n c e. T h e n ois y v eri fi er
c orr es p o n ds t o s etti n g ϕ = 1 a n d ψ = p n ois e . C o ns e-
q u e ntl y, a c c or di n g t o o ur t h e or y, t h e pr o x y is gi v e n b y
p ∗ = 1 / ( 1 + p n ois e ). F or p erf e ct or a cl e v eri fi er, p n ois e = 0
a n d p ∗ = 1 ; f or r a n d o m s el e cti o n wit h o ut v eri fi c ati o n,
p n ois e = 1 a n d p ∗ = 0 .5 .

We g e n er at e v ari o us v eri fi e d s y nt h esi z e d d at as ets, wit h d at a si z es r a n gi n g fr o m 1 milli o n t o 5 milli o n,
a n d u p t o 1 0 milli o n s a m pl es. Usi n g t h es e d at as ets, t h e tr a nsf or m er is tr ai n e d fr o m s cr at c h a n d
e v al u at e d wit h gr e e d y d e c o di n g. We r e p ort h o w diff er e nt v eri fi ers, s p e ci fi c all y diff er e nt pr o x y v al u es
p ∗ , a n d v ar yi n g d at as et si z es aff e ct t h e fi n al p erf or m a n c e i n Fi g ur e 4 . We o bs er v e t h e f oll o wi n g:

M o d el C oll a ps e is O bs e r v e d. W h e n usi n g s y nt h esi z e d d at a wit h o ut a n y v eri fi c ati o n, at p ∗ = 0 .5 ,
e v e n wit h a si g ni fi c a ntl y l ar g er d at as et — 1 0 milli o n s a m pl es, or 5 0 ti m es t h e si z e of t h e g e n er at or’s
ori gi n al tr ai ni n g s et — t h e tr ai n e d m o d el p erf or ms w ors e t h a n t h e g e n er at or its elf (r e pr es e nt e d b y t h e
d as h e d li n e). T his o ut c o m e i n di c at es t h e o c c urr e n c e of m o d el c oll a ps e.

p ∗ as a R eli a bl e P r o x y f o r Fi n al P e rf o r m a n c e. W h e n l e v er a gi n g v eri fi c ati o n, w e o bs er v e a
c o nsist e nt i n cr e as e i n p erf or m a n c e. Wit h t h e or a cl e v eri fi er ( p ∗ = 1 ), t h e a c c ur a c y n e arl y d o u bl es.
T his o bs er v ati o n ali g ns wit h pr a cti c es i n c o d e g e n er ati o n a n d m at h e m ati cs ( H al u pt z o k et al. , 2 0 2 2 ;

1 T his is e q ui v al e nt t o i ntr o d u ci n g r a n d o m n ois e i n t h e s el e cti o n of b ot h c orr e ct a n d i n c orr e ct d at a.
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Tri n h et al. , 2 0 2 4 ), w h er e a n at ur al v eri fi er, s u c h as pr e c o m p ut e d s ol uti o ns, u nit t ests, or a c o m pil er,
is a v ail a bl e. A cr oss all d at as et si z es, p ∗ s h o ws a str o n g c orr el ati o n wit h t h e fi n al p erf or m a n c e.
F urt h er m or e, usi n g 1 0 milli o n s a m pl es a p pr o xi m at es t h e eff e ct of h a vi n g i n fi nit e s y nt h eti c d at a; t h e
t ur ni n g p oi nt o n t h e gr e e n c ur v e, w hi c h s ur p ass es t h e g e n er at or’s p erf or m a n c e, o c c urs ar o u n d 0. 6 5 i n
Fi g ur e 4 . T his v al u e is cl os e t o t h e g e n er at or’s err or r at e (i. e., 1 mi n us t h e a c c ur a c y, r e pr es e nt e d b y
t h e d as h e d li n e) a n d r e fl e cts t h e p h as e tr a nsiti o n pr e di ct e d b y o ur t h e or y.

6. 2  G E N E R A L I Z A T I O N O F T H E P R O X Y

I n t h e t h e or y a n d t h e t as k of pr e di cti n g ei g e n v al u es, t h e e v al u ati o n is a t w o- w a y cl assi fi c ati o n pr o bl e m.
F or s y nt h eti c y ′ a n d gr o u n d tr ut h y , t h e i n di c at or s , w hi c h m e as ur es t h e si mil arit y, is a 0/ 1 v ari a bl e.
We c a n r e writ e p : = 1 − E [s ] a n d d e fi n e ϕ = P (q = 1 | s = 1) , ψ = P (q = 1 | s = 0) . F or g e n er al
pr o bl e ms, w e m a y i nst e a d h a v e a dist a n c e m e as ur e s b et w e e n y a n d y ′. We e xt e n d t h e d e fi niti o n of
p ∗ u n d er t h e ass u m pti o n t h at s is n or m ali z e d t o li e i n [ 0, 1] , a n d r e d e fi n e ϕ a n d ψ as f oll o ws:

ϕ = E s [q s ]/ ( 1 − p ),  ψ = E s [q ( 1 − s )]/ p.

W h e n s t a k es v al u es i n { 0 , 1 } , t h es e d e fi niti o ns ar e c o nsist e nt wit h t h os e i n E q u ati o n (3 ). Wit h t his
e xt e nsi o n, w e n o w m o v e t o c o nsi d er g e n er al pr o bl e ms i n N L P.

6. 3  L L M S F O R N E W S S U M M A R I Z A T I O N

We n o w t ur n t o o n e of t h e m ost st a n d ar d t as ks i n N L P: n e ws s u m m ari z ati o n. We utili z e t h e E n glis h
s u m m ari z ati o n s u bs et of t h e X L S U M d at as et ( H as a n et al. , 2 0 2 1 ), t h e l ar g est p u bli cl y a v ail a bl e
s u m m ari z ati o n d at as et, c o nsisti n g of 3 0 7, 0 0 0 tr ai ni n g s a m pl es a n d 1 1, 5 0 0 t est s a m pl es. E a c h s a m pl e
i n t his d at as et c o nt ai ns a n e ws arti cl e x p air e d wit h a pr of essi o n all y a n n ot at e d s u m m ar y y . U nli k e i n
t h e pr e vi o us c as es, w e n o l o n g er h a v e i n fi nit e (x, y ) p airs d u e t o t h e fi nit e n u m b er of n e ws arti cl es
a v ail a bl e. T h er ef or e, w e fi n e-t u n e a Ll a m a- 2- 7 B m o d el ( T o u vr o n et al. , 2 0 2 3 ) o n o nl y 1 2 .5 % of t h e
tr ai ni n g s et t o s er v e as t h e g e n er at or. T h e s y nt h esi z e d d at a ( n e ws s u m m ari es) is g e n er at e d usi n g t h e
arti cl es of t h e e ntir e tr ai ni n g s et wit h gr e e d y d e c o di n g. T his a p pr o a c h r e fl e cts r e al- w orl d c o n diti o ns
w h er e s y nt h eti c d at a g e n er ati o n c a n si g ni fi c a ntl y o ut p a c e h u m a n a n n ot ati o n. I n t his s etti n g, w e us e
t h e R o u g e- 1 s c or e (Li n , 2 0 0 4 ) t o e v al u at e t h e g e n er at e d s u m m ar y y ′. R o u g e- 1 ass ess es t h e q u alit y
of t h e g e n er at e d s u m m ar y b y m e as uri n g t h e o v erl a p of i n di vi d u al w or ds b et w e e n t h e g e n er at e d a n d
h u m a n- writt e n s u m m ari es y .

We c o nsi d er t hr e e s el e cti o n str at e gi es: ( 1) S el e cti o n wit h O r a cl e : We c al c ul at e t h e R o u g e s c or e
b et w e e n t h e g e n er at e d s u m m ar y a n d t h e gr o u n d tr ut h s u m m ar y, k e e pi n g t h e d at a wit h t h e hi g h est
s c or es; ( 2) S el e cti o n wit h Ll a m a- 3 : We l e v er a g e a fi n e-t u n e d Ll a m a- 3 m o d el wit h hi g h er R o u g e
s c or e t h a n t h e g e n er at or a n d k e e p t h e d at a wit h t h e l o w est p er pl e xit y; ( 3) S elf- S el e cti o n : We us e t h e
g e n er at or t o k e e p t h e d at a wit h t h e l o w est p er pl e xit y. We a p pl y t hr e e s el e cti o n r at es: 1 2 .5 % ( w h e n
t h e s el e ct e d s y nt h esi z e d d at a is t h e s a m e si z e as t h e ori gi n al d at a us e d t o tr ai n t h e g e n er at or), 2 5 % ,
a n d 5 0 % . F or e a c h c o m bi n ati o n, w e c oll e ct t h e s el e ct e d s y nt h esi z e d d at a t o fi n et u n e t h e Ll a m a- 2
m o d el. We pr es e nt s c ali n g l a w c ur v es t h at ill ustr at e h o w t h e R o u g e- 1 s c or e i m pr o v es wit h i n cr e asi n g
a m o u nt of s el e ct e d s y nt h esi z e d d at a us e d f or tr ai ni n g. T hr o u g h o ut t h e e x p eri m e nts, all fi n et u ni n g
w as p erf or m e d wit h f ull p ar a m et er tr ai ni n g. D et ails ar e pr o vi d e d i n A p p e n di x D .

T h e r es ults a n d p ∗ ar e s h o w n i n Fi g ur e 5 . We o bs er v e t h e f oll o wi n g:

M o d el C oll a ps e is O bs e r v e d. T h e R a n d o m S el e cti o n c ur v e r e pr es e nt tr ai ni n g wit h s y nt h esi z e d d at a
dir e ctl y wit h o ut v eri fi c ati o n. I n Fi g ur e 5 L eft , usi n g t h e s a m e a m o u nt of s y nt h esi z e d d at a r es ults
i n w ors e p erf or m a n c e c o m p ar e d t o usi n g t h e ori gi n al d at a, i n di c ati n g m o d el c oll a ps e ( c o m p ari n g
‘ R a n d o m S el e cti o n’ wit h ‘ G e n er at or’). O nl y wit h m or e d at a, t h e R a n d o m S el e cti o n li n es i m pr o v e
a n d n e arl y m at c h t h e p erf or m a n c e of t h e g e n er at or.

S el e cti o n b y O r a cl e P e rf o r ms B est. T h e d at as et c ur at e d wit h or a cl e s el e cti o n s ur p ass es t h e p erf or-
m a n c e of t h e g e n er at or i n all s etti n gs. Or a cl e s el e cti o n wit h 1 2. 5 % of t h e d at a s el e ct e d e v e n s ur p ass es
t h e m o d el tr ai n e d wit h 1 0 0 % of t h e tr ai ni n g s et a n d ori gi n al l a b els. T h e or a cl e v eri fi er c o nsist e ntl y
h as t h e b est p ∗ c o m p ar e d wit h t h e ot h er m et h o ds.

p ∗ St r o n gl y C o r r el at es wit h P e rf o r m a n c e. S ur prisi n gl y, s elf-s el e cti o n l e a ds t o b ett er p erf or m a n c e
t h a n t h e g e n er at or, w hil e Ll a m a- 3 v eri fi c ati o n r es ults i n p erf or m a n c e si mil ar t o r a n d o m s el e cti o n.
T h es e fi n di n gs s e e m c o u nt eri nt uiti v e, gi v e n t h at Ll a m a- 3 a ct u all y a c hi e v es a b ett er R o u g e- 1 s c or e.
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Fi g ur e 5: N e ws s u m m a ri z ati o n wit h L L Ms. ( T o p R o w) T h e t hr e e fi g ur es fr o m l eft t o ri g ht r e pr es e nts m o d els
tr ai n e d o n 1 2. 5 %, 2 5 %, a n d 5 0 % of t h e s el e ct e d d at a i n di vi d u all y. E a c h fi g ur e i n cl u d es f o ur c ur v es ill ustr ati n g
diff er e nt tr ai ni n g s c e n ari os: ( 1) s el e cti o n wit h or a cl e, ( 2) s el e cti o n wit h Ll a m a- 3 as a w e a k s u p er visi o n, ( 3)
s elf-s el e cti o n, a n d ( 4) r a n d o m s el e cti o n. A d diti o n all y, t w o h ori z o nt al li n es ar e i n cl u d e d f or c o m p aris o n: o n e
r e pr es e nti n g t h e g e n er at or m o d el a n d t h e ot h er r e pr es e nti n g a m o d el tr ai n e d wit h 1 0 0 % d at a wit h ori gi n al l a b els.
( B ott o m r o w) C o m p ut e d v al u es of p ∗ f or t h e v eri fi ers f or c orr es p o n di n g pr o p orti o ns of s el e ct e d d at a. Tr ai ni n g
wit h d at a s el e ct e d b y a v eri fi er wit h hi g h er p ∗ a c hi e v es b ett er p erf or m a n c e.

H o w e v er, t h e y ar e c o nsist e nt wit h t h e m e as ur e d p ∗ . I nt uiti v el y, s elf-s el e cti o n t e n ds t o f a v or e as y-
t o-l e ar n s a m pl es, r es ulti n g i n g o o d p erf or m a n c e wit h f e w er d at a p oi nts. Alt h o u g h Ll a m a- 3 c a n
g e n er at e b ett er s u m m ari es, t h e s y nt h esi z e d d at a ar e pr o d u c e d b y Ll a m a- 2, w hi c h is l ess c orr el at e d
wit h Ll a m a- 3. As dis c uss e d i n E q u ati o n 6 , p ∗ d e p e n ds o n t hr e e c orr el ati o ns a n d Ll a m a- 3 is n ot
n e c ess aril y a b ett er v eri fi er i n t his c o nt e xt. T his c o m p aris o n hi g hli g hts t h e c h all e n g es of s el e cti n g a n
a p pr o pri at e v eri fi er w h e n a fi x e d or a cl e, li k e t h os e us e d i n c o d e or m at h t as ks, is n ot a v ail a bl e. I n
s u c h c as es, o ur pr o p os e d p ∗ c a n s er v e as a v al u a bl e pr o x y b ef or e a n y tr ai ni n g is c o n d u ct e d. T h es e
o bs er v ati o ns r es o n at e wit h t h e r e c e nt w or k ( F a n g et al. , 2 0 2 4 ) w h er e it w as als o e m piri c all y o bs er v e d
t h at m or e a c c ur at e m o d els mi g ht n ot al w a ys l e a d t o b ett er d at a filt ers.

7 D I S C U S S I O N A N D L I M I T A T I O N S

I n t his p a p er, w e c o nsi d er a n o v el pr o bl e m r el at e d t o s y nt h esi z e d d at a: h o w t o pr e v e nt m o d el
c oll a ps e t hr o u g h d at a s el e cti o n. We pr o p os e t o l e v er a g e a v eri fi er t o i m pr o v e t h e s y nt h esi z e d d at a.
We e m p h asi z e it is cr u ci al t o f o c us n ot o nl y o n t h e q u alit y of t h e g e n er at or b ut als o o n h a vi n g a
hi g h- q u alit y v eri fi er t o s el e ct t h e d at a. We t h e or eti c all y s h o w t h at v eri fi c ati o n is all y o u n e e d f or
s y nt h esi z e d d at a a n d i d e ntif y a pr o x y f u n cti o n f or p erf or m a n c e aft er d at a s el e cti o n. T hr o u g h t hr e e
s oli d e x p eri m e nts, w e d e m o nstr at e t h at a d e c e nt s el e ct or c a n pr e v e nt m o d el c oll a ps e a n d o ur pr o x y
f u n cti o n is a r eli a bl e m e as ur e. O ur w or k is of si g ni fi c a nt t h e or eti c al a n d pr a cti c al i m p ort a n c e i n t h e
er a of l ar g e m o d els wit h i n cr e asi n g us e of g e n er at e d d at a.

C a n a m o d el i m pr o v e its elf ? I n o ur p a p er, w e pr es e nt r es ults s h o wi n g t h at a m at h tr a nsf or m er usi n g
b e a m s e ar c h d o es n ot i m pr o v e t est a c c ur a c y, w hil e Ll a m a- 2, t hr o u g h s elf-s el e cti o n of its g e n er at e d
d at a, c a n yi el d a m o d el t h at p erf or ms b ett er t h a n t h e ori gi n al g e n er at or. I n t h e first e x p eri m e nt, t h e
m o d el s el e cts a b ett er y ( o ut p ut) f or e a c h x (i n p ut) (l a b el s el e cti o n). H o w e v er, at t h e distri b uti o n
l e v el, t h e s el e ct e d y ar e n ot b ett er. I n t h e s e c o n d e x p eri m e nt, t h e m o d el s el e cts b ett er (x, y ) p airs
fr o m a l ar g er p o ol of n e ws arti cl es (x ) t h a n a v ail a bl e i n t h e g e n er at or’s tr ai ni n g s et. T his i ntr o d u c es
n e w i nf or m ati o n t hr o u g h t h e x a n d r es ults i n a s hift i n t h e distri b uti o n of x . D u e t o t his distri b uti o n
s hift, t h e tr ai n e d m o d el c a n o ut p erf or m t h e ori gi n al g e n er at or e v e n wit h s elf-s el e cti o n.

O n e li mit ati o n of t his st u d y is t h at w e o nl y c o nsi d er e d d at a s el e cti o n as a m e a ns of d at a c ur ati o n.
B esi d es d at a s el e cti o n, d at a c ur ati o n als o i n cl u d es m et h o ds s u c h as d at a a u g m e nt ati o n, d at a r e g e n er a-
ti o n, a n d w ei g hti n g. T h e e x pl or ati o n of g e n er al d at a c ur ati o n m et h o ds t o a v oi d m o d el c oll a ps e is l eft
f or f ut ur e w or k.
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A C K N O W L E D G E M E N T S

Y F a n d J K a c k n o wl e d g e s u p p ort t hr o u g h N S F N R T tr ai ni n g gr a nt a w ar d 1 9 2 2 6 5 8. P art of t his w or k
w as d o n e w hil e J K a n d Y F w er e h ost e d b y t h e C e ntr e S ci e n c es d e D o n n e es ( C S D) at t h e É c ol e
N or m al e S u p éri e ur e ( E N S) i n 2 0 2 3/ 2 4, a n d J K a n d Y F w o ul d li k e t o t h a n k C S D a n d E N S f or t h eir
h os pit alit y. Y F a n d P Y w o ul d li k e t o t h a n k Ya n z h u G u o, Di H e, Z h e n y u H e f or dis c ussi o ns a n d
s u g g esti o ns. T his w or k w as s u p p ort e d i n p art t hr o u g h t h e N Y U I T Hi g h P erf or m a n c e C o m p uti n g
r es o ur c es, s er vi c es, a n d st aff e x p ertis e.

R E F E R E N C E S

J os h A c hi a m, St e v e n A dl er, S a n d hi ni A g ar w al, L a m a A h m a d, Il g e A k k a y a, Fl or e n ci a L e o ni Al e m a n,
Di o g o Al m ei d a, J a n k o Alt e ns c h mi dt, S a m Alt m a n, S h y a m al A n a d k at, et al. G pt- 4 t e c h ni c al r e p ort.
ar Xi v pr e pri nt ar Xi v: 2 3 0 3. 0 8 7 7 4 , 2 0 2 3.

Al o n Al b al a k, Ya n ai El a z ar, S a n g Mi c h a el Xi e, S h a y n e L o n g pr e, N at h a n L a m b ert, Xi n yi Wa n g,
Ni kl as M u e n ni g h off, B air u H o u, Li a n g mi n g P a n, H a e w o n J e o n g, et al. A s ur v e y o n d at a s el e cti o n
f or l a n g u a g e m o d els. ar Xi v pr e pri nt ar Xi v: 2 4 0 2. 1 6 8 2 7 , 2 0 2 4.

Si n a Al e m o h a m m a d, J os u e C as c o- R o dri g u e z, L or e n z o L u zi, A h m e d I mti a z H u m a y u n, H oss ei n
B a b a ei, D a ni el L eJ e u n e, Ali Si a h k o o hi, a n d Ri c h ar d G. B ar a ni u k. S elf- c o ns u mi n g g e n er ati v e
m o d els g o m a d. ar Xi v pr e pri nt ar xi v: 2 3 0 7. 0 1 8 5 0 , 2 0 2 3.

Si n a Al e m o h a m m a d, A h m e d I mti a z H u m a y u n, S hr uti A g ar w al, J o h n C oll o m oss e, a n d Ri c h ar d
B ar a ni u k. S elf-i m pr o vi n g diff usi o n m o d els wit h s y nt h eti c d at a, 2 0 2 4. U R L h t t p s : / / a r x i v .
o r g / a b s / 2 4 0 8 . 1 6 3 3 3 .

Z e y u a n All e n- Z h u a n d Yu a n z hi Li. T o w ar ds u n d erst a n di n g e ns e m bl e, k n o wl e d g e distill ati o n a n d s elf-
distill ati o n i n d e e p l e ar ni n g. I n T h e El e v e nt h I nt er n ati o n al C o nf er e n c e o n L e ar ni n g R e pr es e nt ati o ns ,
2 0 2 2.

R e y h a n e As k ari- H e m m at, M o h a m m a d P e z es h ki, El vis D o h m at o b, Fl ori a n B or d es, Pi etr o Ast ol fi,
M eliss a H all, J a k o b Ver b e e k, Mi c h al Dr o z d z al, a n d A dri a n a R o m er o- S ori a n o. I m pr o vi n g t h e
s c ali n g l a ws of s y nt h eti c d at a wit h d eli b er at e pr a cti c e. ar Xi v pr e pri nt ar Xi v: 2 5 0 2. 1 5 5 8 8 , 2 0 2 5.

S h e k o of e h A zi zi, Si m o n K or n blit h, C hit w a n S a h ari a, M o h a m m a d N or o u zi, a n d D a vi d J. Fl e et.
S y nt h eti c d at a fr o m diff usi o n m o d els i m pr o v es i m a g e n et cl assi fi c ati o n. Tr a ns a cti o ns o n M a c hi n e
L e ar ni n g R es e ar c h , 2 0 2 3. I S S N 2 8 3 5- 8 8 5 6.

Yu nt a o B ai, S a ur a v K a d a v at h, S a n di p a n K u n d u, A m a n d a As k ell, J a c ks o n K er ni o n, A n d y J o n es, A n n a
C h e n, A n n a G ol di e, A z ali a Mir h os ei ni, C a m er o n M c Ki n n o n, et al. C o nstit uti o n al ai: H ar ml ess n ess
fr o m ai f e e d b a c k. ar Xi v pr e pri nt ar Xi v: 2 2 1 2. 0 8 0 7 3 , 2 0 2 2.

Q u e nti n B ertr a n d, A vis h e k J o e y B os e, Al e x a n dr e D u pl essis, M ar c o Jir al ers p o n g, a n d G a ut hi er Gi d el.
O n t h e st a bilit y of it er ati v e r etr ai ni n g of g e n er ati v e m o d els o n t h eir o w n d at a. ar Xi v pr e pri nt
ar xi v: 2 3 1 0. 0 0 4 2 9 , 2 0 2 3.

M at y as B o h a c e k a n d H a n y F ari d. N e p otisti c all y tr ai n e d g e n er ati v e- ai m o d els c oll a ps e, 2 0 2 3.

M arti n Bri es c h, D o mi ni k S o b a ni a, a n d Fr a n z R ot hl a uf. L ar g e l a n g u a g e m o d els s uff er fr o m t h eir o w n
o ut p ut: A n a n al ysis of t h e s elf- c o ns u mi n g tr ai ni n g l o o p, 2 0 2 3.

M a x F B ur g, Fl ori a n We n z el, D o mi ni k Zi etl o w, M a x H or n, Os a m a M a k a nsi, Fr a n c es c o L o c at ell o, a n d
C hris R uss ell. I m a g e r etri e v al o ut p erf or ms diff usi o n m o d els o n d at a a u g m e nt ati o n. Tr a ns a cti o ns
o n M a c hi n e L e ar ni n g R es e ar c h , 2 0 2 3. I S S N 2 8 3 5- 8 8 5 6.

Fr a n ç oi s C h art o n. Li n e ar al g e br a wit h tr a nsf or m ers. Tr a ns a cti o ns o n M a c hi n e L e ar ni n g R es e ar c h ,
2 0 2 2. I S S N 2 8 3 5- 8 8 5 6. U R L h t t p s : / / o p e n r e v i e w . n e t / f o r u m ? i d = H p 4 g 7 F A X X G .

Fr a n ç oi s C h art o n. L e ar ni n g t h e gr e at est c o m m o n di vis or: e x pl ai ni n g tr a nsf or m er pr e di cti o ns. I n
T h e T w elft h I nt er n ati o n al C o nf er e n c e o n L e ar ni n g R e pr es e nt ati o ns , 2 0 2 4. U R L h t t p s : / /
o p e n r e v i e w . n e t / f o r u m ? i d = c m c D 0 5 N P K a .
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R u dr ajit D as a n d S uj a y S a n g h a vi. U n d erst a n di n g s elf- distill ati o n i n t h e pr es e n c e of l a b el n ois e. I n
I nt er n ati o n al C o nf er e n c e o n M a c hi n e L e ar ni n g, p p. 7 1 0 2 – 7 1 4 0. P M L R, 2 0 2 3.

El vis D o h m at o b, Yu n z h e n F e n g, a n d J uli a K e m p e. M o d el c oll a ps e d e m ysti fi e d: T h e c as e of r e gr essi o n.
A d v a n c es i n N e ur al I nf or m ati o n Pr o c essi n g S yst e ms , 3 7: 4 6 9 7 9 – 4 7 0 1 3, 2 0 2 4 a.

El vis D o h m at o b, Yu n z h e n F e n g, Arj u n S u br a m o ni a n, a n d J uli a K e m p e. Str o n g m o d el c oll a ps e. ar Xi v
pr e pri nt ar Xi v: 2 4 1 0. 0 4 8 4 0 , 2 0 2 4 b.

El vis D o h m at o b, Yu n z h e n F e n g, P u Ya n g, Fr a n ç oi s C h art o n, a n d J uli a K e m p e. A t al e of t ails: M o d el
c oll a ps e as a c h a n g e of s c ali n g l a ws. I n F ort y- first I nt er n ati o n al C o nf er e n c e o n M a c hi n e L e ar ni n g ,
2 0 2 4 c. U R L h t t p s : / / o p e n r e v i e w . n e t / f o r u m ? i d = K V v k u 4 7 s h W .

Bi n D o n g, Ji k ai H o u, Yi pi n g L u, a n d Z hi h u a Z h a n g. Distill ati o n ∼ e arl y st o p pi n g ? h ar v esti n g d ar k
k n o wl e d g e utili zi n g a nis otr o pi c i nf or m ati o n r etri e v al f or o v er p ar a m et eri z e d n e ur al n et w or k. ar Xi v
pr e pri nt ar Xi v: 1 9 1 0. 0 1 2 5 5 , 2 0 1 9.

Lis a D u nl a p, Al yss a U mi n o, H a n Z h a n g, Ji e z hi Ya n g, J os e p h E G o n z al e z, a n d Tr e v or D arr ell.
Di v ersif y y o ur visi o n d at as ets wit h a ut o m ati c diff usi o n- b as e d a u g m e nt ati o n. A d v a n c es i n N e ur al
I nf or m ati o n Pr o c essi n g S yst e ms, 3 6, 2 0 2 3.

R o n e n El d a n a n d Yu a n z hi Li. Ti n yst ori es: H o w s m all c a n l a n g u a g e m o d els b e a n d still s p e a k c o h er e nt
e n glis h ? ar Xi v pr e pri nt ar Xi v: 2 3 0 5. 0 7 7 5 9 , 2 0 2 3.

Al e x F a n g, Al bi n M a d a p p all y J os e, A mit J ai n, L u d wi g S c h mi dt, Al e x a n d er T T os h e v, a n d Vais h a al
S h a n k ar. D at a filt eri n g n et w or ks. I n T h e T w elft h I nt er n ati o n al C o nf er e n c e o n L e ar ni n g R e pr es e n-
t ati o ns, 2 0 2 4.

Y u n z h e n F e n g, Ari el K wi at k o ws ki, K u n h a o Z h e n g, J uli a K e m p e, a n d Ya qi D u a n. Pil af: O pti m al
h u m a n pr ef er e n c e s a m pli n g f or r e w ar d m o d eli n g. ar Xi v pr e pri nt ar Xi v: 2 5 0 2. 0 4 2 7 0 , 2 0 2 5.

T o m m as o F url a n ell o, Z a c h ar y Li pt o n, Mi c h a el Ts c h a n n e n, L a ur e nt Itti, a n d A ni m a A n a n d k u m ar.
B or n a g ai n n e ur al n et w or ks. I n I nt er n ati o n al c o nf er e n c e o n m a c hi n e l e ar ni n g, p p. 1 6 0 7 – 1 6 1 6.
P M L R, 2 0 1 8.

S hi v a m G ar g, Di mitris Tsi pr as, P er c y S Li a n g, a n d Gr e g or y Vali a nt. W h at c a n tr a nsf or m ers l e ar n
i n- c o nt e xt ? a c as e st u d y of si m pl e f u n cti o n cl ass es. A d v a n c es i n N e ur al I nf or m ati o n Pr o c essi n g
S yst e ms , 3 5: 3 0 5 8 3 – 3 0 5 9 8, 2 0 2 2.

N at e Gill m a n, Mi c h a el Fr e e m a n, D a ks h A g g ar w al, H S U C hi a- H o n g, C al vi n L u o, Y o n gl o n g Ti a n,
a n d C h e n S u n. S elf- c orr e cti n g s elf- c o ns u mi n g l o o ps f or g e n er ati v e m o d el tr ai ni n g. I n F ort y- first
I nt er n ati o n al C o nf er e n c e o n M a c hi n e L e ar ni n g, 2 0 2 4.

S uri y a G u n as e k ar, Yi Z h a n g, J y oti A n ej a, C ai o C é s ar Te o d or o M e n d es, Alli e D el Gi or n o, Si v a k a nt h
G o pi, M oj a n J a v a h eri pi, Pi er o K a uff m a n n, G ust a v o d e R os a, Olli S a ari ki vi, et al. Te xt b o o ks ar e all
y o u n e e d. ar Xi v pr e pri nt ar Xi v: 2 3 0 6. 1 1 6 4 4 , 2 0 2 3.

Ya n z h u G u o, G u o k a n S h a n g, Mi c h alis Va zir gi a n nis, a n d C hl o é Cl a v el. T h e c uri o us d e cli n e of
li n g uisti c di v ersit y: Tr ai ni n g l a n g u a g e m o d els o n s y nt h eti c t e xt, 2 0 2 3.

P atri c k H al u pt z o k, M att h e w B o w ers, a n d A d a m Ta u m a n K al ai. L a n g u a g e m o d els c a n t e a c h t h e m-
s el v es t o pr o gr a m b ett er. I n T h e El e v e nt h I nt er n ati o n al C o nf er e n c e o n L e ar ni n g R e pr es e nt ati o ns ,
2 0 2 2.

Ta h mi d H as a n, A b hi k B h att a c h arj e e, M d. S aif ul Isl a m, K a zi M u b ass hir, Y u a n- F a n g Li, Y o n g- Bi n
K a n g, M. S o h el R a h m a n, a n d Rif at S h a hri y ar. X L-s u m: L ar g e-s c al e m ultili n g u al a bstr a cti v e
s u m m ari z ati o n f or 4 4 l a n g u a g es. I n Fi n di n gs of t h e Ass o ci ati o n f or C o m p ut ati o n al Li n g uis-
ti cs: A C L-I J C N L P 2 0 2 1, p p. 4 6 9 3 – 4 7 0 3, O nli n e, A u g ust 2 0 2 1. Ass o ci ati o n f or C o m p ut ati o n al
Li n g uisti cs. U R L h t t p s : / / a c l a n t h o l o g y . o r g / 2 0 2 1 . f i n d i n g s - a c l . 4 1 3 .

R y ui c hir o H at a y a, H a n B a o, a n d Hir o mi Ar ai. Will l ar g e-s c al e g e n er ati v e m o d els c orr u pt f ut ur e
d at as ets ? I n Pr o c e e di n gs of t h e I E E E/ C V F I nt er n ati o n al C o nf er e n c e o n C o m p ut er Visi o n (I C C V) ,
p p. 2 0 5 5 5 – 2 0 5 6 5, O ct o b er 2 0 2 3.
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R uif ei H e, S h u y a n g S u n, Xi n Yu, C h u h ui X u e, We n qi n g Z h a n g, P hili p T orr, S o n g B ai, a n d XI-
A OJ U A N QI. I S S Y N T H E TI C D A T A F R O M G E N E R A TI V E M O D E L S R E A D Y F O R I M A G E
R E C O G NI TI O N ? I n T h e El e v e nt h I nt er n ati o n al C o nf er e n c e o n L e ar ni n g R e pr es e nt ati o ns , 2 0 2 3.
U R L h t t p s : / / o p e n r e v i e w . n e t / f o r u m ? i d = n U m C c Z 5 R K F .

R e y h a n e As k ari H e m m at, M o h a m m a d P e z es h ki, Fl ori a n B or d es, Mi c h al Dr o z d z al, a n d A dri a n a
R o m er o- S ori a n o. F e e d b a c k- g ui d e d d at a s y nt h esis f or i m b al a n c e d cl assi fi c ati o n. ar Xi v pr e pri nt
ar Xi v: 2 3 1 0. 0 0 1 5 8 , 2 0 2 3.

G e offr e y Hi nt o n, Ori ol Vi n y als, a n d J eff D e a n. Distilli n g t h e k n o wl e d g e i n a n e ur al n et w or k. ar Xi v
pr e pri nt ar Xi v: 1 5 0 3. 0 2 5 3 1 , 2 0 1 5.

J or d a n H off m a n n, S e b asti a n B or g e a u d, Art h ur M e ns c h, El e n a B u c h ats k a y a, Tr e v or C ai, Eli z a
R ut h erf or d, Di e g o d e L as C as as, Lis a A n n e H e n dri c ks, J o h a n n es Wel bl, Ai d a n Cl ar k, T o m
H e n ni g a n, Eri c N ol a n d, K ati e Milli c a n, G e or g e v a n d e n Dri ess c h e, B o g d a n D a m o c, A ur eli a G u y,
Si m o n Osi n d er o, K ar e n Si m o n y a n, Eri c h Els e n, J a c k W. R a e, Ori ol Vi n y als, a n d L a ur e nt Sifr e.
Tr ai ni n g c o m p ut e- o pti m al l ar g e l a n g u a g e m o d els, 2 0 2 2.

S h a m M K a k a d e, K art hi k Sri d h ar a n, a n d A m b uj Te w ari. O n t h e c o m pl e xit y of li n e ar pr e di cti o n: Ris k
b o u n ds, m ar gi n b o u n ds, a n d r e g ul ari z ati o n. A d v a n c es i n n e ur al i nf or m ati o n pr o c essi n g s yst e ms ,
2 1, 2 0 0 8.

J ar e d K a pl a n, S a m M c C a n dlis h, T o m H e ni g h a n, T o m B. Br o w n, B e nj a mi n C h ess, R e w o n C hil d,
S c ott Gr a y, Al e c R a df or d, J effr e y W u, a n d D ari o A m o d ei. S c ali n g l a ws f or n e ur al l a n g u a g e m o d els.
ar Xi v pr e pri nt ar Xi v: 2 0 0 1. 0 8 3 6 1 , 2 0 2 0.

Di e d eri k P Ki n g m a a n d Ji m m y B a. A d a m: A m et h o d f or st o c h asti c o pti mi z ati o n. ar Xi v pr e pri nt
ar Xi v: 1 4 1 2. 6 9 8 0 , 2 0 1 4.

Al e x a n d er Kirill o v, Eri c Mi nt u n, Ni k hil a R a vi, H a n zi M a o, C hl o e R oll a n d, L a ur a G ust afs o n, Tet e
Xi a o, S p e n c er W hit e h e a d, Al e x a n d er C B er g, Wa n- Ye n L o, et al. S e g m e nt a n yt hi n g. I n Pr o c e e di n gs
of t h e I E E E/ C V F I nt er n ati o n al C o nf er e n c e o n C o m p ut er Visi o n , p p. 4 0 1 5 – 4 0 2 6, 2 0 2 3.

G er m ai n K ol oss o v, A n dr e a M o nt a n ari, a n d P ul kit Ta n d o n. T o w ar ds a st atisti c al t h e or y of d at a s el e c-
ti o n u n d er w e a k s u p er visi o n. I n T h e T w elft h I nt er n ati o n al C o nf er e n c e o n L e ar ni n g R e pr es e nt ati o ns ,
2 0 2 4. U R L h t t p s : / / o p e n r e v i e w . n e t / f o r u m ? i d = H h f c N g Q n 6 p .

B e nj a mi n L e Br u n, Al ess a n dr o S or d o ni, a n d Ti m ot h y J O’ D o n n ell. E v al u ati n g distri b uti o n al dist orti o n
i n n e ur al l a n g u a g e m o d eli n g. I n I nt er n ati o n al C o nf er e n c e o n L e ar ni n g R e pr es e nt ati o ns, 2 0 2 1.

H arris o n L e e, S a mr at P h at al e, H ass a n M a ns o or, K elli e L u, T h o m as M es n ar d, C olt o n Bis h o p, Vi ct or
C ar b u n e, a n d A b hi n a v R ast o gi. Rl aif: S c ali n g r ei nf or c e m e nt l e ar ni n g fr o m h u m a n f e e d b a c k wit h
ai f e e d b a c k. ar Xi v pr e pri nt ar Xi v: 2 3 0 9. 0 0 2 6 7 , 2 0 2 3.

J u n n a n Li, D o n g x u Li, C ai mi n g Xi o n g, a n d St e v e n H oi. Bli p: B o otstr a p pi n g l a n g u a g e-i m a g e pr e-
tr ai ni n g f or u ni fi e d visi o n-l a n g u a g e u n d erst a n di n g a n d g e n er ati o n. I n I nt er n ati o n al c o nf er e n c e o n
m a c hi n e l e ar ni n g , p p. 1 2 8 8 8 – 1 2 9 0 0. P M L R, 2 0 2 2.

C hi n- Ye w Li n. R o u g e: A p a c k a g e f or a ut o m ati c e v al u ati o n of s u m m ari es. I n Te xt s u m m ariz ati o n
br a n c h es o ut , p p. 7 4 – 8 1, 2 0 0 4.

G o n z al o M art ı́ n e z, L a ur e n Wats o n, P e dr o R e viri e g o, J osé Al b ert o H er n á n d e z, M ar c J u ar e z, a n d
Ri k S ar k ar. C o m bi ni n g g e n er ati v e arti fi ci al i nt elli g e n c e ( ai) a n d t h e i nt er n et: H e a di n g t o w ar ds
e v ol uti o n or d e gr a d ati o n ? ar Xi v pr e pri nt ar xi v: 2 3 0 3. 0 1 2 5 5 , 2 0 2 3 a.

G o n z al o M art ı́ n e z, L a ur e n Wats o n, P e dr o R e viri e g o, J osé Al b ert o H er n á n d e z, M ar c J u ar e z, a n d Ri k
S ar k ar. T o w ar ds u n d erst a n di n g t h e i nt er pl a y of g e n er ati v e arti fi ci al i nt elli g e n c e a n d t h e i nt er n et.
ar Xi v pr e pri nt ar xi v: 2 3 0 6. 0 6 1 3 0 , 2 0 2 3 b.

D a vi d M c All est er. Si m pli fi e d p a c- b a y esi a n m ar gi n b o u n ds. I n L e ar ni n g T h e or y a n d K er n el M a c hi n es .
S pri n g er B erli n H ei d el b er g, 2 0 0 3.

H oss ei n M o b a hi, M e hr d a d F ar ajt a b ar, a n d P et er B artl ett. S elf- distill ati o n a m pli fi es r e g ul ari z ati o n i n
hil b ert s p a c e. A d v a n c es i n N e ur al I nf or m ati o n Pr o c essi n g S yst e ms , 3 3: 3 3 5 1 – 3 3 6 1, 2 0 2 0.
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O p e n AI. Vi d e o g e n er ati o n m o d els as w orl d si m ul at ors. h t t p s : / / o p e n a i . c o m / i n d e x /
v i d e o - g e n e r a t i o n - m o d e l s - a s - w o r l d - s i m u l a t o r s / , 2 0 2 4.

L o n g O u y a n g, J effr e y W u, X u Ji a n g, Di o g o Al m ei d a, C arr oll Wai n wri g ht, P a m el a Mis h ki n, C h o n g
Z h a n g, S a n d hi ni A g ar w al, K at ari n a Sl a m a, Al e x R a y, et al. Tr ai ni n g l a n g u a g e m o d els t o f oll o w
i nstr u cti o ns wit h h u m a n f e e d b a c k. A d v a n c es i n n e ur al i nf or m ati o n pr o c essi n g s yst e ms , 3 5: 2 7 7 3 0 –
2 7 7 4 4, 2 0 2 2.

Vis h a k h P a d m a k u m ar a n d H e H e. D o es writi n g wit h l a n g u a g e m o d els r e d u c e c o nt e nt di v ersit y ? I n
I nt er n ati o n al C o nf er e n c e o n L e ar ni n g R e pr es e nt ati o ns (I C L R), 2 0 2 4.

B a oli n P e n g, C h u n y u a n Li, P e n g c h e n g H e, Mi c h el G all e y, a n d Ji a nf e n g G a o. I nstr u cti o n t u ni n g wit h
g pt- 4. ar Xi v pr e pri nt ar Xi v: 2 3 0 4. 0 3 2 7 7 , 2 0 2 3.

Al et h e a P o w er, Yuri B ur d a, H arri E d w ar ds, I g or B a b us c h ki n, a n d Ve d a nt Misr a. Gr o k ki n g: G e n-
er ali z ati o n b e y o n d o v er fitti n g o n s m all al g orit h mi c d at as ets. ar Xi v pr e pri nt ar Xi v: 2 2 0 1. 0 2 1 7 7 ,
2 0 2 2.

A dit y a R a m es h, Mi k h ail P a vl o v, G a bri el G o h, S c ott Gr a y, C h els e a Voss, Al e c R a df or d, M ar k
C h e n, a n d Il y a S uts k e v er. Z er o-s h ot t e xt-t o-i m a g e g e n er ati o n. I n M ari n a M eil a a n d T o n g Z h a n g
( e ds.), Pr o c e e di n gs of t h e 3 8t h I nt er n ati o n al C o nf er e n c e o n M a c hi n e L e ar ni n g , v ol u m e 1 3 9 of
Pr o c e e di n gs of M a c hi n e L e ar ni n g R es e ar c h , p p. 8 8 2 1 – 8 8 3 1. P M L R, 1 8 – 2 4 J ul 2 0 2 1.

R o bi n R o m b a c h, A n dr e as Bl att m a n n, D o mi ni k L or e n z, P atri c k Ess er, a n d Bj ör n O m m er. Hi g h-
r es ol uti o n i m a g e s y nt h esis wit h l at e nt diff usi o n m o d els. I n Pr o c e e di n gs of t h e I E E E/ C V F C o nf er-
e n c e o n C o m p ut er Visi o n a n d P att er n R e c o g niti o n ( C V P R) , p p. 1 0 6 8 4 – 1 0 6 9 5, J u n e 2 0 2 2.

M o h a m e d El A mi n e S e d di k, S u ei- We n C h e n, S o u fi a n e H a y o u, Pi err e Yo uss ef, a n d M er o u a n e D e b b a h.
H o w b a d is tr ai ni n g o n s y nt h eti c d at a ? a st atisti c al a n al ysis of l a n g u a g e m o d el c oll a ps e. ar Xi v
pr e pri nt ar Xi v: 2 4 0 4. 0 5 0 9 0 , 2 0 2 4.

A mrit h S etl ur, S a ur a b h G ar g, Xi n y a n g G e n g, N a m a n G ar g, Vir gi ni a S mit h, a n d A vir al K u m ar. Rl o n
i n c orr e ct s y nt h eti c d at a s c al es t h e ef fi ci e n c y of ll m m at h r e as o ni n g b y ei g ht-f ol d. ar Xi v pr e pri nt
ar Xi v: 2 4 0 6. 1 4 5 3 2 , 2 0 2 4.

S h ai S h al e v- S h w art z a n d S h ai B e n- D a vi d. U n d erst a n di n g M a c hi n e L e ar ni n g - Fr o m T h e or y t o
Al g orit h ms. C a m bri d g e U ni v ersit y Pr ess, 2 0 1 4.

Ili a S h u m ail o v, Z a k h ar S h u m a yl o v, Yir e n Z h a o, Yari n G al, Ni c ol as P a p er n ot, a n d R oss A n d er-
s o n. T h e c urs e of r e c ursi o n: Tr ai ni n g o n g e n er at e d d at a m a k es m o d els f or g et. ar Xi v pr e pri nt
ar xi v: 2 3 0 5. 1 7 4 9 3 , 2 0 2 3.

Ili a S h u m ail o v, Z a k h ar S h u m a yl o v, Yir e n Z h a o, Yari n G al, Ni c ol as P a p er n ot, a n d R oss A n d ers o n. Ai
m o d els c oll a ps e w h e n tr ai n e d o n r e c ursi v el y g e n er at e d d at a. N at ur e , 6 3 1, 2 0 2 4.

B e n S ors c h er, R o b ert G eir h os, S h as h a n k S h e k h ar, S ur y a G a n g uli, a n d Ari M or c os. B e y o n d n e ur al
s c ali n g l a ws: b e ati n g p o w er l a w s c ali n g vi a d at a pr u ni n g. A d v a n c es i n N e ur al I nf or m ati o n
Pr o c essi n g S yst e ms , 3 5: 1 9 5 2 3 – 1 9 5 3 6, 2 0 2 2.

R o h a n Ta ori a n d Tats u n ori H as hi m ot o. D at a f e e d b a c k l o o ps: M o d el- dri v e n a m pli fi c ati o n of d at as et
bi as es. I n I nt er n ati o n al C o nf er e n c e o n M a c hi n e L e ar ni n g, p p. 3 3 8 8 3 – 3 3 9 2 0. P M L R, 2 0 2 3.

H u g o T o u vr o n, L o uis M arti n, K e vi n St o n e, P et er Al b ert, A mj a d Al m a h airi, Yas mi n e B a b a ei, Ni k ol a y
B as hl y k o v, S o u m y a B atr a, Pr ajj w al B h ar g a v a, S hr uti B h os al e, et al. Ll a m a 2: O p e n f o u n d ati o n
a n d fi n e-t u n e d c h at m o d els. ar Xi v pr e pri nt ar Xi v: 2 3 0 7. 0 9 2 8 8 , 2 0 2 3.

Tri e u H Tri n h, Yu h u ai W u, Q u o c V L e, H e H e, a n d T h a n g L u o n g. S ol vi n g ol y m pi a d g e o m etr y
wit h o ut h u m a n d e m o nstr ati o ns. N at ur e , 6 2 5( 7 9 9 5): 4 7 6 – 4 8 2, 2 0 2 4.

D e n nis Ul m er, El m a n M a nsi m o v, K ai xi a n g Li n, J usti n S u n, Xi bi n G a o, a n d Yi Z h a n g. B o otstr a p pi n g
ll m- b as e d t as k- ori e nt e d di al o g u e a g e nts vi a s elf-t al k. ar Xi v pr e pri nt ar Xi v: 2 4 0 1. 0 5 0 3 3 , 2 0 2 4.

S o o bi n U m, S u h y e o n L e e, a n d J o n g C h ul Ye. D o n’t pl a y f a v orit es: Mi n orit y g ui d a n c e f or diff usi o n
m o d els. I n T h e T w elft h I nt er n ati o n al C o nf er e n c e o n L e ar ni n g R e pr es e nt ati o ns , 2 0 2 4. U R L
h t t p s : / / o p e n r e v i e w . n e t / f o r u m ? i d = 3 N m O 9 l Y 4 J n .
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As his h Vas w a ni, N o a m S h a z e er, Ni ki P ar m ar, J a k o b Us z k or eit, Lli o n J o n es, Ai d a n N. G o m e z,
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Yi z h o n g Wa n g, Ye g a n e h K or di, S w ar o o p Mis hr a, Alis a Li u, N o a h A S mit h, D a ni el K h as h a bi, a n d
H a n n a n e h H ajis hir zi. S elf-i nstr u ct: Ali g ni n g l a n g u a g e m o d els wit h s elf- g e n er at e d i nstr u cti o ns. I n
Pr o c e e di n gs of t h e 6 1st A n n u al M e eti n g of t h e Ass o ci ati o n f or C o m p ut ati o n al Li n g uisti cs ( Vol u m e
1: L o n g P a p ers) , p p. 1 3 4 8 4 – 1 3 5 0 8, 2 0 2 3.

Yu xi a n g Wei, Z h e Wa n g, Ji a w ei Li u, Yif e n g Di n g, a n d Li n g mi n g Z h a n g. M a gi c o d er: S o ur c e c o d e is
all y o u n e e d. ar Xi v pr e pri nt ar Xi v: 2 3 1 2. 0 2 1 2 0 , 2 0 2 3.

K e vi n Ya n g, D a n Kl ei n, Asli C eli k yil m a z, N a n y u n P e n g, a n d Yu a n d o n g Ti a n. R L C D: R ei nf or c e m e nt
l e ar ni n g fr o m c o ntr asti v e distill ati o n f or L M ali g n m e nt. I n T h e T w elft h I nt er n ati o n al C o nf er-
e n c e o n L e ar ni n g R e pr es e nt ati o ns , 2 0 2 4. U R L h t t p s : / / o p e n r e v i e w . n e t / f o r u m ? i d =
v 3 X X t x W K i 6 .

P u Ya n g, Yu n z h e n F e n g, Zi y u a n C h e n, Yu h a n g W u, a n d Z h u o y u a n Li. S p e n d wis el y: M a xi mi zi n g
p ost-tr ai ni n g g ai ns i n it er ati v e s y nt h eti c d at a b o ostr a p pi n g. ar Xi v pr e pri nt ar Xi v: 2 5 0 1. 1 8 9 6 2 ,
2 0 2 5.

Wei z h e Yu a n, Ri c h ar d Yu a n z h e P a n g, K y u n g h y u n C h o, S ai n b a y ar S u k h b a at ar, Ji n g X u, a n d J as o n
West o n. S elf-r e w ar di n g l a n g u a g e m o d els. ar Xi v pr e pri nt ar Xi v: 2 4 0 1. 1 0 0 2 0 , 2 0 2 4.

Bi a o Z h a n g, Z h o n gt a o Li u, C oli n C h err y, a n d Or h a n Fir at. W h e n s c ali n g m e ets L L M fi n et u ni n g: T h e
eff e ct of d at a, m o d el a n d fi n et u ni n g m et h o d. I n T h e T w elft h I nt er n ati o n al C o nf er e n c e o n L e ar ni n g
R e pr es e nt ati o ns , 2 0 2 4 a. U R L h t t p s : / / o p e n r e v i e w . n e t / f o r u m ? i d = 5 H C n K D e T w s .

Ji n g h ui Z h a n g, D a n d a n Qi a o, M o c h e n Ya n g, a n d Qi a n g Wei. R e g ur git ati v e tr ai ni n g: T h e v al u e of
r e al d at a i n tr ai ni n g l ar g e l a n g u a g e m o d els. ar Xi v pr e pri nt ar Xi v: 2 4 0 7. 1 2 8 3 5 , 2 0 2 4 b.

Ti a n y u Z h e n g, G e Z h a n g, Ti a n h a o S h e n, X u eli n g Li u, Bill Yu c h e n Li n, Ji e F u, We n h u C h e n, a n d
Xi a n g Yu e. O p e n c o d ei nt er pr et er: I nt e gr ati n g c o d e g e n er ati o n wit h e x e c uti o n a n d r e fi n e m e nt. ar Xi v
pr e pri nt ar Xi v: 2 4 0 2. 1 4 6 5 8 , 2 0 2 4.
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A M O R E W O R K S O N S Y N T H E S I Z E D D A T A

A. 1  T A X O N O M Y F O R S Y N T H E S I Z E D D A T A

C o ntr ar y t o t h e p h e n o m e n o n of m o d el c oll a ps e, s y nt h esi z e d d at a h as b e e n s h o w n t o i m pr o v e p er-
f or m a n c e i n n u m er o us e m piri c al st u di es. We n o w pr o vi d e a t a x o n o m y o utli ni n g w h e n a n d h o w
s y nt h esi z e d d at a is b e n e fi ci al. S p e ci fi c all y, w e i d e ntif y f o ur k e y c o m p o n e nts: pr o m pt e n gi n e eri n g
● , k n o wl e d g e fr o m a d v a n c e d m o d els ▲ , distri b uti o n al s hift a n d t ar g et e d c ur ati o n ■ , a n d e xt er n al
v eri fi ers ✦ . M ost e m piri c al st u di es c a n b e c at e g ori z e d b as e d o n o n e or m or e of t h es e c o m p o n e nts.
We us e ● ▲ ■ a n d ✦ t o d e n ot e t h e c o m p o n e nts e a c h r ef er e n c e l e v er a g es.

C o d e a n d M at h. H al u pt z o k et al. (2 0 2 2 ) ✦ g e n er at e s y nt h esi z e d d at a f or c o d es a n d us e a v eri fi er
t o filt er a n d s h o w t h at t h e m o d el c a n ”s elf-i m pr o v e ” wit h its o w n s y nt h esi z e d d at a. G u n as e k ar
et al. (2 0 2 3 ) ● ■ filt er hi g h- q u alit y d at a fr o m t h e w e b a n d pr o m pt G P T- 3. 5 wit h a s p e ci all y c ur at e d
pr o m pt s et c o v eri n g b ot h q u alit y a n d di v ersit y. Wei et al. (2 0 2 3 ) ● l e v er a g e a di v ers e a n d l ar g e s et
of o p e n-s o ur c e c o d e s ni p p ets t o c ur at e c o d e i nstr u cti o ns as pr o m pts wit h g o o d c o v er a g e a n d hi g h
q u alit y. Z h e n g et al. (2 0 2 4 ); Tri n h et al. (2 0 2 4 ) ✦ l e v er a g e a s y m b oli c d e d u cti o n e n gi n e as a v eri fi er
t o t est t h e c orr e ct n ess of e a c h br a n c h f or s ol vi n g Ol y m pi c g e o m etr y pr o bl e ms.

Ali g n m e nt. D uri n g st a n d ar d fi n e-t u ni n gs, s y nt h esi z e d d at a is oft e n g e n er at e d b y a str o n g er m o d el
li k e G P T- 4 P e n g et al. (2 0 2 3 ) ▲ . Wa n g et al. (2 0 2 3 ) ● ✦ us e a g o o d s et of pr o m pts a n d i n p uts
wit h a h e uristi c v eri fi er t o filt er o ut l o w- q u alit y o n es a n d m ai nt ai n hi g h di v ersit y. B ai et al. (2 0 2 2 )
● ■ us e t h e m o d el its elf t o criti q u e w h et h er its o w n g e n er ati o n is h ar mf ul, gi v e n alr e a d y h ar mf ul
pr o m pts wit h g ol d st a n d ar ds fr o m h u m a ns. F or ali g n m e nt wit h r ei nf or c e m e nt l e ar ni n g, ( O u y a n g
et al. , 2 0 2 2 ) ● ✦ us e h u m a ns as v eri fi ers t o c o m p ar e s y nt h esi z e d d at a g e n er at e d b y t h e c urr e nt m o d el
wit h a g o o d s et of pr o m pts. S o m e p a p ers pr o p os e r ei nf or c e m e nt l e ar ni n g wit h AI f e e d b a c k ( R L AI F)
(L e e et al. , 2 0 2 3 ) ● ■ t h at l e v er a g es a n ot h er L L M as t h e v eri fi er t o m at c h h u m a n v eri fi c ati o n. T h e
v eri fi er is a str o n g er m o d el, i nstr u ct-t u n e d P al m 2 L, w hil e t h e n et w or k b ei n g tr ai n e d is t h e P al m 2
X S. H o w e v er, ( Ya n g et al. , 2 0 2 4 ) ● l at er f o u n d t h at usi n g b ett er pr o m pts (s elf-i m pr o v e) t h at dir e ct
h ar mf ul or h ar ml ess r es p o ns es c a n s ur p ass R L AI F. Yu a n et al. (2 0 2 4 ) ● a c hi e v e s ur prisi n g r es ults
wit h it er ati v e fi n e-t u ni n g a n d g e n er ati n g g o o d pr o m pts wit h i n- c o nt e xt l e ar ni n g. R e c e ntl y, ( F e n g
et al. , 2 0 2 5 ) dis c uss h o w t o o pti m all y s a m pl e s y nt h eti c d at a f or ali g n m e nt.

K n o wl e d g e distill ati o n. M ost p a p ers i n t h e k n o wl e d g e distill ati o n ar e a i n v ol v e usi n g a b ett er m o d el
t o distill f or g e n er al p erf or m a n c e or s p e ci fi c t as ks, wit h ● , ▲ , a n d ■ i n v ol v e d fr o m c as e t o c as e. O n e
e x a m pl e is t h e ti n y st or y c as es ( El d a n & Li , 2 0 2 3 ) ● ▲ , w h er e G P T- 4 is pr o m pt e d t o g e n er at e st ori es
f or f o ur- y e ar- ol ds t h at ar e us e d t o tr ai n G P T- N e o wit h g o o d p erf or m a n c e.

I m a g e D o m ai n. (Kirill o v et al. , 2 0 2 3 ) a n d (Li et al. , 2 0 2 2 ) ■ us e a distri b uti o n al s hift fr o m hi g h-
q u alit y t o l o w- q u alit y d at a t o l a b el a n d c ur at e a v ast a m o u nt of u nl a b el e d d at a. S p e ci fi c all y, ( Li
et al. , 2 0 2 2 ) als o tr ai ns a v eri fi er t o filt ers hi g h- q u alit y d at a. U m et al. (2 0 2 4 ) ▲ ■ s p e ci fi c all y c ur at e
mi n orit y gr o u ps wit h a diff usi o n m o d el t o e n h a n c e p erf or m a n c e. H e et al. (2 0 2 3 ); D u nl a p et al.
(2 0 2 3 ) ▲ ■ g e n er at e s y nt h esi z e d d at a t h at ai ds i n cl assi fi c ati o n t as ks b y t ail ori n g t h e s y nt h esi z e d
d at a t o m at c h t h e m o d el’s l e ar ni n g o bj e cti v es. A zi zi et al. (2 0 2 3 ); H e m m at et al. (2 0 2 3 ) ▲ ■ e m pl o y
g ui d e d c ur ati o n ( wit h s u p er visi o n) t o c ur at e d at a fr o m diff usi o n m o d els. B ur g et al. (2 0 2 3 ) fi n d t h at
w hil e s y nt h esi z e d d at a fr o m a diff usi o n m o d el h el ps i m pr o v e d o w nstr e a m t as ks, s u c h as cl assi fi c ati o n,
usi n g t h e pr e-tr ai ni n g d at a of t h e diff usi o n m o d el al o n e gi v es e v e n str o n g er p erf or m a n c e.

A. 2  K N O W L E D G E D I S T I L L A T I O N W I T H S O F T L A B E L S

R el at e d t o s y nt h esi z e d d at a, t h er e is a l o n g hist or y of usi n g s y nt h esi z e d l a b els i n i m a g e cl assi fi c a-
ti o ns. I n t h e d o m ai ns of s elf- distill ati o n a n d k n o wl e d g e distill ati o n (Hi nt o n et al. , 2 0 1 5 ; F url a n ell o
et al. , 2 0 1 8 ), d at a wit h s oft l a b els g e n er at e d fr o m t h e t e a c h er m o d el c a n si g ni fi c a ntl y i m pr o v e t h e
p erf or m a n c e of t h e st u d e nt m o d el. T h es e s oft l a b els c o n v e y a d diti o n al i nsi g hts —r ef err e d t o as ’ d ar k
k n o wl e d g e’ —t h at h a v e b e e n t h e or eti c all y li n k e d t o s p e ci fi c a d v a nt a g e o us a d a pt ati o ns. T h es e i n cl u d e
i m pli cit bi as es t h at miti g at e o v er fitti n g (M o b a hi et al. , 2 0 2 0 ), mi mi cr y of e arl y st o p pi n g (D o n g et al. ,
2 0 1 9 ) f or i m pr o v e d o pti mi z ati o n u n d er l a b el n ois e (D as & S a n g h a vi , 2 0 2 3 ), a n d a dj ust m e nts t o
a c c o m m o d at e s p e ci fi c d at a str u ct ur es ( All e n- Z h u & Li , 2 0 2 2 ). We o nl y c o nsi d er s y nt h esi z e d d at a
wit h fi x e d l a b els as i n t h e c urr e nt pr a cti c e of L L Ms a n d diff usi o n m o d els.

1 6



P u blis h e d as a c o nf er e n c e p a p er at I C L R 2 0 2 5

A. 3  D A T A S E L E C T I O N

C o m pr e h e nsi v e s ur v e ys o n d at a s el e cti o n f or l a n g u a g e m o d els c a n b e f o u n d i n Al b al a k et al. (2 0 2 4 ),
al o n g wit h t h e or eti c al st u di es o n s el e cti o n i n hi g h- di m e nsi o n al s etti n gs ( S ors c h er et al. , 2 0 2 2 ;
K ol oss o v et al. , 2 0 2 4 ). S p e ci fi c all y, K ol oss o v et al. (2 0 2 4 ) als o e x pl or e t h e us e of s urr o g at e m o d els
f or pr o d u ci n g l a b els d uri n g s el e cti o n, f oll o w e d b y c ur ati o n of t h e ori gi n al l a b els. I n o ur st u d y,
s el e cti o n is a p pli e d t o s y nt h esi z e d d at a w h er e ori gi n al l a b els ar e n ot a v ail a bl e, r es ulti n g i n disti n ct
p h e n o m e n a c o m p ar e d t o t h es e a p pr o a c h es o n ori gi n al d at a.

B P R E D I C T I N G T H E E I G E N V A L U E S

We l e v er a g e t h e c o d e b as e pr o vi d e d b y C h art o n (2 0 2 2 ) at h t t p s : / / g i t h u b . c o m /
f a c e b o o k r e s e a r c h / L A W T u n d er t h e li c e ns e C C B Y- N C 4. 0.

I n p ut a n d T o k e ni z ati o n. Tr a nsf or m ers ar e tr ai n e d t o pr e di ct t h e ei g e n v al u es of 5 × 5 s y m m etri c
r e al m atri c es. M o d el i n p uts ar e s e q u e n c es of 2 5 r e al e ntri es, r o u n d e d t o t hr e e si g ni fi c a nt di gits, a n d
t o k e ni z e d as tri pl ets of si g ns( + or - ), m a ntiss as (fr o m 0 t o 9 9 9 ) a n d p o w er of t e n e x p o n e nts (fr o m
E - 1 0 0 t o E 1 0 0 ). F or i nst a n c e, t h e 2 × 2 m atri x,

2 .3 0 .6 0 3 5
0 .6 0 3 5 − 3 .1 4 1

will b e e n c o d e d as t h e s e q u e n c e of 1 2 t o k e ns: + 2 3 E - 1 + 6 0 4 E - 3 + 6 0 4 E - 3 - 3 1 4
E - 2 . M o d el o ut p uts ar e v e ct ors of 5 r e al ei g e n v al u es, r o u n d e d t o t hr e e si g ni fi c a nt di gits, a n d
t o k e ni z e d as b ef or e, as tri pl ets of si g n, m a ntiss a a n d e x p o n e nt (t h e P 1 0 0 0 e n c o di n g fr o m C h art o n
(2 0 2 2 )).

M o d el a n d O pti mi z ati o n. We tr ai n s e q u e n c e-t o-s e q u e n c e tr a nsf or m ers ( Vas w a ni et al. , 2 0 1 7 ), wit h
4 l a y ers i n t h e e n c o d er, a n d o n e i n t h e d e c o d er, 5 1 2 di m e nsi o ns a n d 8 att e nti o n h e a ds, t o mi ni mi z e a
cr oss- e ntr o p y l oss, usi n g t h e A d a m o pti mi z er ( Ki n g m a & B a , 2 0 1 4 ), wit h a fi x e d l e ar ni n g r at e of
5 · 1 0 − 5 , aft er a n i niti al li n e ar w ar m- u p p h as e o v er t h e first 1 0, 0 0 0 o pti mi z ati o n st e ps. T h e m o d el is
tr ai n e d f or 4 0 0 e p o c hs b ef or e o v er fitti n g.

E v al uti o n. M o d el a c c ur a ci es ar e m e as ur e d o n a h el d- o ut t est s et of e x a m pl es n ot s e e n at tr ai n-
i n g. M o d el pr e di cti o ns ar e e v al u at e d b y d e c o di n g t h e o ut p ut s e q u e n c e as a v e ct or of 5 r e al
n u m b ers (p 1 , p2 , p3 , p4 , p5 ), a n d ass essi n g t h at a pr e di cti o n p (p 1 , p2 , p3 , p4 , p5 ) of ei g e n v al u es
v (v 1 , v2 , v3 , v4 , v5 ) is c orr e ct if t h e r el ati v e err or i n L 1 n or ms is b el o w s o m e t ol er a n c e τ , i. e. if

5

i = 1

|v i − p i | < τ
5

i = 1

|v i |.

We us e t ol er a n c es τ of 5 , 2 , 1 a n d 0 .5 % .

B. 1 F I N E T U N I N G M O D E L S W I T H S Y N T H E S I Z E D D A T A

I n all pr e vi o us e x p eri m e nts, t h e d at a g e n er at e d fr o m t h e g e n er at or ( usi n g b e a m or r ej e ct s a m pli n g)
w er e us e d t o tr ai n a n e w m o d el. I n t his s e cti o n, w e c o nsi d er usi n g d at a g e n er at e d fr o m t h e g e n er at or
t o fi n et u n e m o d els pr e-tr ai n e d o n a s m all s a m pl e of gr o u n d tr ut h d at a. We c o nsi d er f o ur c as es:

• Fi n e-t u ni n g t h e g e n er at or ( M o d el A).

• Fi n e-t u ni n g a m o d el pr e-tr ai n e d t o t h e s a m e a c c ur a c y as t h e g e n er at or ( 6 2 % , M o d el B).

• Fi n e-t u ni n g a m o d el pr e-tr ai n e d t o hi g h er a c c ur a c y (9 3 % , M o d el C).

• Fi n e-t u ni n g a m o d el pr e-tr ai n e d t o l o w a c c ur a c y (4 % , M o d el D).

Ta bl e 3 c o m p ar es a c c ur a c y of t h e f o ur fi n e-t u ni n g c as es t o t h at of a m o d el tr ai n e d fr o m s cr at c h.
Fi n e-t u ni n g o nl y a c hi u e v es b ett er p erf or m a n c e w h e n t h e pr e-t e ai n e d m o d el a c hi e v e d hi g h er a c c ur a c y
t h a n m o d el A. I n all ot h er c as es, fi n e-t u ni n g bri n gs n o i m pr o v e m e nt. N ot e t h at fi n e-t u ni n g m o d el A
o n its o w n g e n er at e d d at a a c hi e v es t h e w orst r es ult, a cl e ar c as e of m o d el c oll a ps e.
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M o d el A ( 6 6 %)  M o d el B ( 6 2 %)  M o d el C ( 9 3 %)  M o d el D ( 4 %) Fr o m s cr at c h

R ej e cti o n 6 1. 8 7 2. 9 8 2. 1 6 6. 3 7 2. 1
B e a m 5 0 7 4. 1 8 2. 6 8 7. 3 7 8. 3 8 4. 0
B e a m 3 5 7 2. 7 8 1. 3 8 6. 8 7 6. 8 8 0. 4
B e a m 2 5 7 1. 3 7 9. 8 8 4. 4 7 3. 3 7 9. 9
B e a m 1 0 6 7. 5 7 5. 1 8 3. 5 6 8. 0 7 3. 9
B e a m 5 6 4. 9 7 0. 8 8 0. 1 6 5. 6 6 9. 1
B e a m 1 6 1. 6 6 2. 1 7 5. 6 5 5. 8 6 0. 5

Ta bl e 3: P e rf o r m a n c e of m o d els fi n e-t u n e d o n 1 M e x a m pl es g e n e r at e d b y t h e g e n e r at o r. τ = 2 %

B. 2  C O M P U T A T I O N A L R E S O U R C E S

We l e v er a g e a V 1 0 0 G P U wit h 3 2 G B of m e m or y f or all e x p eri m e nts i n v ol vi n g li n e ar al g e br a. T h e
tr ai ni n g ti m e r a n g es fr o m 1 t o 5 d a ys, d e p e n di n g o n t h e d at a si z e a n d t h e n u m b er of e p o c hs.

C G E N E R A L I Z A T I O N O F T H E P R O X Y

R e c all t h at i n o ur t h e or eti c al s etti n g, w e d e fi n e all v ari a bl es i n a t w o- w a y cl assi fi c ati o n pr o bl e m,
wit h y as t h e gr o u n d tr ut h l a b el a n d y ′ as t h e pr e di ct e d s y nt h esi z e d l a b el. We i ntr o d u c e a n i n di c at or
v ari a bl e s , d e fi n e d as:

s =
1 if y = y ′

0 if y ≠ y ′ .

We c a n r e writ e all f or m ul as i n t er ms of s :

p : = 1 − E [s ],

a n d
ϕ = P (q = 1 | s = 1) ,  ψ = P (q = 1 | s = 0) .

W h e n m o vi n g b e y o n d t h e cl assi fi c ati o n s etti n g, s is n o l o n g er a bi n ar y 0/ 1 v ari a bl e. I n m or e g e n er al
c as es, s r e pr es e nts a m e as ur e of si mil arit y or dist a n c e b et w e e n t h e ori gi n al t ar g et y a n d t h e s y nt h esi z e d
t ar g et y ′. Wit h o ut l oss of g e n er alit y, w e ass u m e s is n or m ali z e d t o li e wit hi n t h e r a n g e [ 0, 1] . F or
i nst a n c e, i n t h e n e ws s u m m ari z ati o n e x p eri m e nt, s c orr es p o n ds t o t h e R O U G E- 1 s c or e b et w e e n t h e
gr o u n d tr ut h t e xt y a n d t h e s y nt h esi z e d t e xt y ′, a n d e q u als 1 if a n d o nl y if y = y ′.

Wit h t his g e n er ali z e d m e as ur e s , w e c a n e xt e n d t h e pr e vi o us d e fi niti o ns of ϕ a n d ψ as f oll o ws:

ϕ =
E s [q s ]

1 − p
,  ψ =

E s [q ( 1 − s )]

p
.

W h e n s t a k es v al u es i n { 0 , 1 } , t h es e d e fi niti o ns ar e c o nsist e nt wit h t h os e i n E q u ati o n 3 .

D N E W S S U M M A R I Z A T I O N

We l e v er a g e t h e X L S U M d at as et ( H as a n et al. , 2 0 2 1 ) at h t t p s : / / h u g g i n g f a c e . c o /
d a t a s e t s / c s e b u e t n l p / x l s u m u n d er t h e li c e ns e C C- B Y- N C- S A 4. 0.

D at a p r e p r o c essi n g. F or e a c h d at a i n b ot h tr ai ni n g a n d t est d at as et, it c o nsists of a n e ws r e p ort a n d a
s u m m ari z ati o n, d e n ot e d as ( n e ws , s u m m ariz ati o n ). We writ e e a c h d at a i n t h e f oll o wi n g f or m:

Arti cl e: n e ws . A s u m m ar y of t h e arti cl e: s u m m ariz ati o n .

Fi n e-t u ni n g a n d g e n e r ati n g d et ails. T hr o u g h o ut all p h as es of e v al u ati o n a n d g e n er ati o n, w e e m pl o y
gr e e d y d e c o di n g. Gi v e n t h at n e ws s u m m ari z ati o n is a l o w- e ntr o p y t as k, gr e e d y d e c o di n g is c h os e n t o
e ns ur e q u alit y g e n er ati o n. C o nsist e nt wit h c o m m o n pr a cti c e, fi n e-t u ni n g is li mit e d t o a si n gl e e p o c h.
T hr o u g h o ut t h e e x p eri m e nts, all t h e fi n et u ni n g is wit h f ull p ar a m et er t u ni n g t o b ett er c a pt ur e t h e
s c ali n g l a w as s u g g est e d i n Z h a n g et al. (2 0 2 4 a ).
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I m pl e m e nt ati o n d et ails. We l e v er a g e t h e of fi ci al i m pl e m e nt ati o n i n H u g gi n gf a c e 2 f or tr ai ni n g,
u n d er t h e li c e ns e A p a c h e 2. 0. S p e ci fi c all y, f or tr ai ni n g t h e g e n er at or, w e st art o ur tr ai ni n g wit h t h e
pr e-tr ai n e d Ll a m a- 2, a n d s et t h e l e ar ni n g r at e t o 5 e- 5, t h e l e ar ni n g r at e s c h e d ul er as ‘ c osi n e’, t h e
n u m b er of e p o c hs t o 1, t h e t ot al b at c h si z e t o 3 2, t h e bl o c k si z e t o 1 0 2 4 a n d t h e ot h ers t o t h e d ef a ult
v al u e. F or g e n er ati n g t h e s y nt h esi z e d d at a, w e us e gr e e d y str at e g y t o g e n er at e a s u m m ari z ati o n f or
e a c h n e ws i n t h e tr ai ni n g s et. F or tr ai ni n g b as e d o n t h e s el e ct e d s y nt h esi z e d d at a, w e als o st art o ur
tr ai ni n g wit h t h e pr e-tr ai n e d Ll a m a- 2, a n d s et t h e l e ar ni n g r at e t o 2 e- 5, t h e l e ar ni n g r at e s c h e d ul er
as ‘ c o nst a nt’ a n d t h e ot h ers t o t h e s a m e. F or e v al u ati o n, w e first us e gr e e d y str at e g y t o g e n er at e
a s u m m ari z ati o n f or e a c h n e ws i n t h e t est s et, a n d t h e n c al c ul at e t h e R o u g e- 1 s c or e b et w e e n t h e
g e n er at e d s u m m ari z ati o n a n d t h e c orr es p o n di n g gr o u n d tr ut h, a n d fi n all y r e p ort t h e a v er a g e of t h e
R o u g e- 1 s c or es of all t est d at a. W h e n c al c ul ati n g t h e p er pl e xit y, w e o nl y c al c ul at e t h e p er pl e xit y f or
t h e g e n er at e d s u m m ar y. W h e n fi n e-t u ni n g t h e Ll a m a- 3 m o d el, w e us e t h e f ull X L S U M d at as et t o
a c hi e v e g o o d p erf or m a n c e. T h e r es ulti n g m o d el a c hi e v es a R o u g e- 1 s c or e of 3 4. 5.

C o m p ut ati o n al R es o u r c es. All e x p eri m e nts w er e c o n d u ct e d usi n g a d e di c at e d c o m p ut ati o n al cl ust er
e q ui p p e d wit h 4 N VI DI A A 8 0 0 G P Us, e a c h wit h 8 0 G B of m e m or y. O ur tr ai ni n g a n d i nf er e n c e
pr o c ess es ar e p erf or m e d o n t h e cl ust er.

Esti m at e d Ti m e. Tr ai ni n g t h e w h ol e d at as et f or a n e p o c h t a k es a b o ut 6 h o urs. G e n er ati n g t h e w h ol e
d at as et t a k es a b o ut 1 d a y. D uri n g e v al u ati o n, w e n e e d t o first g e n er at e a n d c al c ul at e t h e r o u g e s c or e,
w hi c h t a k es ar o u n d 4 0 mi n ut es f or o n e c h e c k p oi nt.

Q u a ntit ati v e R es ults. We s h o w t w o a d diti o n al q u alit ati v e e x a m pl es fr o m t h e t ests et of t h e n e ws
s u m m ari z ati o n t as k t o c o m p ar e h o w t h e m o d el p erf or ms wit h e a c h s el e cti o n str at e g y o n t h e s a m e
n e ws as f oll o w. N oti c e h o w t h e g e n er ati o n wit h o ut s el e cti o n c oll a ps es: it h e a vil y r eli es o n a cli c h é d
f or m at t h at l a c ks s p e ci fi c i nf or m ati o n. W hil e t his a p pr o a c h mi g ht w or k f or si m pl e n e ws b y pi q ui n g
c uri osit y, it f ails t o c o n v e y t h e d e pt h or si g ni fi c a n c e of t h e c urr e nt n e ws. T h e m o d el tr ai n e d o n
g e n er at e d s a m pl es c oll a ps es t o t h es e f or m ats. T h e Ll a m a- 3 s el e cti o n d o es n ot a d dr ess t his iss u e,
ali g ni n g wit h o ur r es ults t h at Ll a m a- 3 s el e cti o n p erf or ms p o orl y d es pit e usi n g a b ett er m o d el. I n
c o ntr ast, g e n er ati o ns wit h s elf-s el e cti o n a n d or a cl e s el e cti o n pr o d u c e s u m m ari es t h at ar e s p e ci fi c,
i nf or m ati v e, a n d dir e ctl y a d dr ess t h e k e y e v e nt, si g ni fi c a ntl y i m pr o vi n g t h e q u alit y of t h e o ut p ut.

Q u a ntit ati v e e x a m pl es 1 i n n e ws s u m m ari z ati o n

A rti cl e : C urr e ntl y j ust t h e U S d oll ar, t h e e ur o, t h e y e n a n d t h e p o u n d ar e i n t h e gr o u p. T h e
I M F s ai d t h e y u a n “ m et all e xisti n g crit eri a ” a n d s h o ul d b e c o m e p art of t h e b as k et i n O ct o b er
2 0 1 6. I M F c hi ef C hristi n e L a g ar d e s ai d it w as ” a n i m p ort a nt mil est o n e i n t h e i nt e gr ati o n of
t h e C hi n es e e c o n o m y i nt o t h e gl o b al fi n a n ci al s yst e m ”. S h e a d d e d it w as als o a r e c o g niti o n
of t h e pr o gr ess t h at t h e C hi n es e a ut h oriti es h a v e m a d e i n t h e p ast y e ars i n r ef or mi n g C hi n a’s
m o n et ar y a n d fi n a n ci al s yst e ms. T h e y u a n will n o w m a k e u p p art of t h e I M F’s S p e ci al
Dr a wi n g Ri g hts ( S D R) - a n ass et cr e at e d b y t h e I M F w hi c h s er v es al m ost as a c urr e n c y. It is
us e d f or tr a ns a cti o ns b et w e e n c e ntr al b a n ks a n d t h e I M F, a n d is us e d t o d e ci d e t h e c urr e n c y
mi x t h at c o u ntri es li k e Gr e e c e, f or e x a m pl e, r e c ei v e w h e n t h e I M F pr o vi d es fi n a n ci al ai d.
T h e l ast c h a n g e m a d e t o t h e b as k et w as i n 2 0 0 0, w h e n t h e e ur o r e pl a c e d t h e G er m a n m ar k
a n d t h e fr a n c. C hi n a is t h e w orl d’s s e c o n d l ar g est e c o n o m y b e hi n d t h e U S a n d as k e d f or
t h e y u a n t o b e c o m e a r es er v e c urr e n c y l ast y e ar. A n al ysis: A n dr e w Wal k er, B B C W orl d
S er vi c e e c o n o mi cs c orr es p o n d e nt M or e t h a n a n yt hi n g t his m o v e is a s y m b ol - a p o w erf ul
o n e - of C hi n a’s m et e ori c ris e, fr o m p o v ert y t o pill ar of t h e gl o b al e c o n o m y. U ntil n o w
o nl y t h e c urr e n ci es of t h e f o ur l e a di n g d e v el o p e d e c o n o mi es w er e us e d i n t h e b as k et t h at
d et er mi n es t h e v al u e of t h e S D R. S o f or C hi n a t o j oi n t his v er y s m all cl u b is q uit e a st at e m e nt
of h o w t h e w orl d e c o n o m y h as c h a n g e d. T h er e c o ul d als o b e s o m e r e al b e n e fits t o C hi n a.
If t h e c urr e n c y’s el e v at e d st at us l e a ds t o m or e b ei n g h el d b y c e ntr al b a n ks b usi n ess es a n d
b usi n ess es, it w o ul d b e h el pf ul f or t h e g o v er n m e nt’s fi n a n c es. A st at e’s m o n o p ol y o v er t h e
iss u e of c urr e n c y i n dir e ctl y gi v es it a n e xtr a s o ur c e of r e v e n u e. B ut t h e m ai n p oi nt is t h at t h e
d e cisi o n is n e w w a y of c o n v e yi n g t h e i n cr e asi n gl y a p p ar e nt m ess a g e t h at C hi n a h as a c e ntr al
r ol e i n dri vi n g t h e p erf or m a n c e of t h e w orl d e c o n o m y. Vas w a ni: T h e C hi n es e y u a n is g oi n g
gl o b al W h at’s n e xt ? S o m e a n al ysts h a v e s u g g est e d t h at b y 2 0 3 0 t h e y u a n will b e c o m e o n e of

2 h t t p s : / / g i t h u b . c o m / h u g g i n g f a c e / t r a n s f o r m e r s / b l o b / m a i n / e x a m p l e s /
p y t o r c h / l a n g u a g e - m o d e l i n g / r u n _ c l m . p y
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t h e t o p t hr e e m aj or i nt er n ati o n al c urr e n ci es, t o g et h er wit h t h e d oll ar a n d t h e e ur o. C o n c er ns
a b o ut B eiji n g k e e pi n g t h e y u a n arti fi ci all y l o w t o h el p e x p ort ers is o n e r e as o n t h e c urr e n c y
h as pr e vi o usl y f ail e d t o m e et t h e crit eri a f or r es er v e c urr e n ci es s et o ut b y t h e I M F. H o w e v er,
C hi n es e of fi ci als h a v e a m a d e a c o n c ert e d eff ort t o b uil d s u p p ort f or t h e y u a n’s i n cl usi o n, a n d
a r e c e nt I M F st aff r e p ort e n d ors e d s u c h a m o v e. I niti all y, t h e c urr e n c y’s i n cl usi o n w o ul d b e
l ar g el y a s y m b oli c g est ur e, s o m e a n al ysts h a v e s ai d. T h e y h a v e als o s ai d t h e y u a n’s c o nti n ui n g
i n cl usi o n i n t h e b as k et w o ul d d e p e n d o n w h et h er C hi n a pr o gr ess es wit h its fi n a n ci al r ef or ms.
G e n e r ati o n of t h e m o d el t r ai n e d wit h o r a cl e s el e cti o n : C hi n a’s y u a n h as b e e n a d d e d t o t h e
I nt er n ati o n al M o n et ar y F u n d’s b as k et of r es er v e c urr e n ci es, t h e I M F h as a n n o u n c e d.
G e n e r ati o n of t h e m o d el t r ai n e d wit h Ll a m a- 3 s el e cti o n : 2 0 1 5 w as a g o o d y e ar f or C hi n a’s
c urr e n c y.
G e n e r ati o n of t h e m o d el t r ai n e d wit h S elf-s el e cti o n : T h e I nt er n ati o n al M o n et ar y F u n d
(I M F) h as a p pr o v e d t h e i n cl usi o n of t h e C hi n es e y u a n i n its b as k et of r es er v e c urr e n ci es.
G e n e r ati o n of t h e m o d el t r ai n e d wit h o ut s el e cti o n : 2 0 1 5 will b e a bi g y e ar f or t h e C hi n es e
y u a n.
G r o u n d t r ut h : T h e I nt er n ati o n al M o n et ar y F u n d (I M F) h as a n n o u n c e d t h at C hi n a’s c urr e n c y,
t h e y u a n, will j oi n t h e f u n d’s b as k et of r es er v e c urr e n ci es.

Q u a ntit ati v e e x a m pl es 2 i n n e ws s u m m ari z ati o n

A rti cl e : His br ot h er M a hi n d a R aj a p a ks a is e x p e ct e d t o b e i nst all e d as pri m e mi nist er, h a vi n g
h el d t h e r ol e as c ar et a k er si n c e N o v e m b er. T h e br ot h ers’ p art y, Sri L a n k a P e o pl e’s Fr o nt, h as
s e c ur e d a t w o-t hir ds ”s u p er m aj orit y ” of s e ats n e e d e d t o c arr y o ut its pr o mis e d c o nstit uti o n al
c h a n g es. T h e p art y w o n 1 4 5 of t h e 2 2 5 s e ats, pl us fi v e m or e s e ats fr o m its alli es. M a hi n d a
R aj a p a ks a e arli er t w e et e d t h at I n di a n Pri m e Mi nist er N ar e n dr a M o di h a d c all e d t o c o n gr at ul at e
hi m. T h e c o ntr o v ersi al R aj a p a ks a f a mil y h as d o mi n at e d Sri L a n k a n p oliti cs f or t w o d e c a d es.
M a hi n d a R aj a p a ks a w as pr e vi o usl y pr esi d e nt, fr o m 2 0 0 5 t o 2 0 1 5. T h e o p p ositi o n of f or m er
pri m e mi nist er R a nil Wi c kr e m esi n g h e h as b e e n tr o u n c e d, h a vi n g l ost all b ut o n e of t h e 1 0 6
s e ats it h el d i n t h e o ut g oi n g p arli a m e nt. T h e m ai n o p p ositi o n p art y is n o w a n e w gr o u p
est a blis h e d b y t h e s o n of R a n asi n g h e Pr e m a d as a, a f or m er pr esi d e nt w h o w as ass assi n at e d i n
1 9 9 3. Sri L a n k a h as b e e n o n e of t h e f e w n ati o ns t o h ol d a n el e cti o n d es pit e t h e c or o n a vir us
p a n d e mi c. T h e v ot e h a d alr e a d y b e e n p ost p o n e d t wi c e b e c a us e of t h e vir us. T h e c o u ntr y h as
h a d r el ati v el y f e w c o n fir m e d i nf e cti o ns a n d d e at hs of c or o n a vir us - wit h a t ot al of 2, 8 3 9 c as es
a n d 1 1 d e at hs. A n ot h er vi ct or y f or c o ntr o v ersi al br ot h ers B y A n b ar as a n Et hir aj a n, B B C S o ut h
Asi a A n al yst O n c e a g ai n it’s a h u g e vi ct or y f or t h e R aj a p a ks a br ot h ers. J ust ni n e m o nt hs aft er
his i m pr essi v e wi n i n t h e pr esi d e nti al el e cti o n, G ot a b a y a R aj a p a ks a h as l e d his Sri L a n k a
P e o pl e’s Fr o nt t o a t w o-t hir ds m aj orit y. H e is h u g el y p o p ul ar a m o n g t h e Si n h al a m aj orit y f or
cr us hi n g t h e Ta mil Ti g er s e p ar atist r e b els i n 2 0 0 9 w h e n h e w as d ef e n c e s e cr et ar y. M a n y i n
t h e c o u ntr y als o cr e dit his a d mi nistr ati o n f or bri n gi n g st a bilit y a n d s u c c essf ull y c o nt ai ni n g
t h e c or o n a vir us o ut br e a k. G ot a b a y a R aj a p a ks a is a c c us e d of h u m a n ri g hts a b us es d uri n g t h e
ci vil w ar a n d als o of t ar g eti n g t h os e w h o diss e nt e d. H e al w a ys dis miss e d s u c h a c c us ati o ns -
b ut t h e y h a v e n ot g o n e a w a y. A s ur g e i n Si n h al a n ati o n alis m i n t h e r u n- u p t o t h e el e cti o n h as
als o w orri e d Sri L a n k a’s mi n orit y c o m m u niti es. M usli m l e a d ers s a y t h eir c o m m u nit y is still
r e eli n g fr o m t h e vili fi c ati o n t h at f oll o w e d t h e d e v ast ati n g E ast er S u n d a y s ui ci d e att a c ks b y
Isl a mist milit a nts l ast y e ar, w hi c h kill e d m or e t h a n 2 6 0 p e o pl e. Wit h t h eir d o mi n a nt m aj orit y,
t h e R aj a p a ks as c o ul d att e m pt t o c h a n g e t h e c o nstit uti o n, i n cr e as e t h e p o w ers of t h e pr esi d e nt
s o r e v ersi n g t h e w or k of t h e pr e vi o us g o v er n m e nt t o i ntr o d u c e m or e c h e c ks a n d b al a n c es.
A cti vists, alr e a d y al ar m e d b y t h e di mi nis hi n g s p a c e f or diss e nt a n d criti cis m, f e ar s u c h a n
e v e nt u alit y c o ul d l e a d t o e v er gr e at er a ut h orit ari a nis m.
G e n e r ati o n of t h e m o d el t r ai n e d wit h o r a cl e s el e cti o n : 7 0- y e ar- ol d G ot a b a y a R aj a p a ks a
h as w o n a l a n dsli d e vi ct or y i n Sri L a n k a’s p arli a m e nt ar y el e cti o n.
G e n e r ati o n of t h e m o d el t r ai n e d wit h Ll a m a- 3 s el e cti o n : 7 2- y e ar- ol d G ot a b a y a R aj a p a ks a
h as w o n Sri L a n k a’s pr esi d e nti al el e cti o n, s e c uri n g a t w o-t hir ds m aj orit y i n p arli a m e nt.
G e n e r ati o n of t h e m o d el t r ai n e d wit h S elf-s el e cti o n : 7 0- y e ar- ol d G ot a b a y a R aj a p a ks a h as
w o n a l a n dsli d e vi ct or y i n Sri L a n k a’s p arli a m e nt ar y el e cti o n.
G e n e r ati o n of t h e m o d el t r ai n e d wit h o ut s el e cti o n : 1 4 5 s e ats n e e d e d f or a t w o-t hir ds
m aj orit y 1 0 6 s e ats w o n b y t h e m ai n o p p ositi o n p art y 4 9 s e ats w o n b y t h e r uli n g p art y 1 3 s e ats
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w o n b y t h e Ta mil N ati o n al Alli a n c e 5 s e ats w o n b y t h e J a n at h a Vi m u kt hi P er a m u n a 1 s e at
w o n b y t h e U nit e d N ati o n al P art y 1 s e at w o n b y t h e J at hi k a H el a Ur u m a y a 1 s e at w o n b y t h e
Ci vi c F or c e
G r o u n d t r ut h : Sri L a n k a n Pr esi d e nt G ot a b a y a R aj a p a ks a h as d e cl ar e d vi ct or y i n t h e c o u ntr y’s
p arli a m e nt ar y el e cti o n.

E A G E N E R A L T H E O R Y O F P R U N I N G W I T H V E R I FI C A T I O N

I n S e cti o n 4 w e h a v e pr es e nt e d a s p e ci al c as e of o ur g e n er al t h e or y, w hi c h w e d es cri b e h er e i n m or e
g e n er alit y a n d d et ail. W hil e s o m e of o ur e x p ositi o n h er e o v erl a ps wit h S e cti o n 4 , w e pr ef er t o l e a v e
it as a c o m pl et e t e xt t h at pr o vi d es a st a n d- al o n e o v er vi e w.

E. 1  D A T A D I S T R I B U T I O N

C o nsi d er a pr o b a bilit y distri b uti o n P o v er R d × { 0 , 1 } wit h t h e f oll o wi n g hi g h- di m e nsi o n al pr o p ert y

C o n diti o n E. 1. Gi v e n N ≤ N (d ) i.i. d. s a m pl es (x 1 , y1 ), . . . , (x N , yN ) fr o m P wit h N ≤ N (d ),
t h e f oll o wi n g h ol d esti m at es w. p 1 − o ( 1) u nif or ml y o n all i, j ∈ [N ], i n t h e li mit d → ∞

∥ x i ∥
2 ≃ 1 ,

x ⊤
i x j ≃

a, if y i = y j ,

b, if y i ≠ y j

w h er e b < a < 1 ar e c o nst a nts. F or si m pli cit y of pr es e nt ati o n of o ur r es ults, We will f urt h er ass u m e
t h at b = − a or b = 0 .

T h e a b o v e str u ct ur al c o n diti o n is i ns pir e d b y a n ass u m pti o n i n D as & S a n g h a vi (2 0 2 3 ).

F or si m pli cit y of e x p ositi o n, w e will o nl y c o nsi d er b al a n c e d distri b uti o ns, m e a ni n g t h at

P (y = 1) = P (y = 0) = 1 / 2 , f or (x, y ) ∼ P.

G a ussi a n Mi xt u r e E x a m pl e. As a first e x a m pl e, i n t h e c as e of G a ussi a n mi xt ur es w h er e t h e
f e at ur es h a v e c o n diti o n al distri b uti o n gi v e n b y

x | y ∼ N (µ y , Σ) , ( 7)

( 8)

w h er e µ y = ( 2 y − 1) µ , f or s o m e µ ∈ R d a n d p ositi v e- d e fi nit e m atri x Σ wit h E ∥ x ∥ 2 = ∥ µ ∥ 2 + tr Σ =
1 , w e m a y t a k e

a = ∥ µ ∥ 2 , b = − a. ( 9)

C o n diti o n E. 1 t h e n h ol ds t h a n ks t o c o n c e ntr ati o n, wit h N (d ) = e Θ ( d ) .

E. 2  T R A I N I N G D A T A , DA T A P R U N I N G , A N D D O W N S T R E A M M O D E L

L et D N = { (x 1 , y1 ), . . . , (x N , yN )} b e a d at as et of N i.i. d. p airs fr o m t h e tr u e distri b uti o n P a n d
l et D ′

N = { (x 1 , y′1 ), . . . , (x N , y′N )} a v ersi o n of t h e d at as et ( als o i.i. d.) wit h l a b els y ′
i i nst e a d of y i .

F or e x a m pl e, t his c o ul d b e l a b els g e n er at e d b y a n AI tr yi n g t o r e pr o d u c e r e al- w orl d d at a. D ′
N is t h e

d at a o n w hi c h t h e d o w nstr e a m m o d el is tr ai n e d.

We will c o nsi d er a f a mil y of m o d els gi v e n b y

P (y = 1 | x, w ) = ŷ : = σ (x ⊤ w ) ∈ ( 0, 1) ,

p ar a m etri z e d b y a v e ct or of w ei g hts w ∈ R d . H er e, σ is t h e si g m oi d f u n cti o n d e fi n e d b y

σ (z ) : =
1

1 + e − z
. ( 1 0)

2 1
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F or t h e l oss f u n cti o n, w e us e bi n ar y cr oss- e ntr o p y ( B C E), d e fi n e d b y

ℓ ( ŷ, y ) = − y l o g ˆy − ( 1 − y ) l o g ( 1 − ŷ ) . ( 1 1)

L et w N b e o bt ai n e d vi a l o gisti c r e gr essi o n fitt e d o n D ′
N wit h ri d g e r e g ul ari z ati o n p ar a m et er λ > 0 .

T h us, ŵ i s t h e u ni q u e3 mi ni mi z er of t h e f oll o wi n g o bj e cti v e f u n cti o n:

L (w ) : =
1

N

N

i = 1

q i ℓ (σ (x ⊤
i w ), y′i ) +

λ

2
∥ w ∥ 2 .

H er e q i is a bit w hi c h i n di c at es w h et h er t h e it h tr ai ni n g e x a m pl e h as s ur vi v e d pr u ni n g. T h e n u m b ers

q = ( q 1 , . . . , qN ) is c all e d a pr u ni n g str at e g y . T h e c orr es p o n di n g d o w nstr e a m cl assi fi er is f N = f w N
,

w h er e t h e n ot ati o n f w r ef ers t o t h e li n e ar cl assi fi er i n d u c e d b y a w ei g hts v e ct or w ∈ R d , i. e

f w (x ) : =
1 , if x ⊤ w > 0 ,

0 , ot h er wis e.
( 1 2)

T h e t est a c c ur a c y of t h e d o w nstr e a m m o d el f N is d e fi n e d b y

a c c (f N ) : = P (f N (x ) = f B a y e s (x )) , f or a r a n d o m t est p oi nt (x, y ) ∼ P,

w h er e f B a y e s (z ) : = E [y |x = z ] is t h e B a y es- o pti m al cl assi fi er. I n p arti c ul ar, n ot e t h at a c c (f B a y e s ) =
1 0 0 % b y c o nstr u cti o n.

T his q u a ntit y will b e t h e m ai n o bj e ct of o ur a n al ysis, a n d w e will b e i nt er est e d i n h o w it d e p e n ds o n
t h e c orr u pti o n l e v el p a n d t h e c h oi c e of pr u ni n g str at e g y q , i n t h e i n fi nit e-s a m pl e li mit N → ∞ .

F or l at er r ef er e n c e, w e als o d e fi n e a n e m piri c al v ersi o n, n a m el y t h e a c c ur a c y of f N e v al u at e d o n t h e
cl e a n d at as et D N , n a m el y

a c c (f N ) : =
1

|M |
| {i ∈ M | f N (x i ) = y i }| , ( 1 3)

w h er e M : = { i ∈ [N ] | q i = 1 } c oll e cts t h e i n di c es of tr ai ni n g s a m pl es w hi c h s ur vi v e pr u ni n g b y q .

E. 3  A C L A S S O F P A R A M E T R I Z E D P R U N I N G S T R A T E G I E S

Gi v e n h y p er- p ar a m et ers ϕ 0 , ϕ1 , ψ0 1 , ψ1 0 ∈ [ 0, 1] , w e c o nsi d er a br o a d cl ass of p ar a m etri z e d pr u ni n g
str at e gi es wit h t h e f oll o wi n g pr o p ert y. F or a n y cl ass l a b els k, ℓ ∈ { 0 , 1 } , t h e r a n d o m v ari a bl es
(z i k ℓ ) i ∈ [N ] d e fi n e d b y z i k ℓ = 1[ y i = k, y ′

i = ℓ, q i = 1] ar e i.i. d. wit h B er n o ulli distri b uti o n
B e r n (p k ℓ ), w h er e

p k ℓ = P (q i = 1 , y′i = ℓ, y i = k )

= P (q i = 1 | y ′
i = ℓ, y i = k )P (y ′

i = ℓ | y i = k )P (y i = k )

=
ϕ k ( 1 − p )/ 2 , if k = ℓ,

ψ k ℓ p / 2 , els e.

( 1 4)

a n d t h e n u m b ers p , ϕ k a n d ψ k ℓ ar e d e fi n e d b y

p : = P (y ′
i ≠ y i ),  ϕk = P (q i = 1 | y ′

i = k, y i = k ),  ψk ℓ = P (q i = 1 | y ′
i = ℓ, y i = k ). ( 1 5)

C o ns e q u e ntl y, if N k ℓ is t h e n u m b er of tr ai ni n g e x a m pl es t h at h a v e tr u e l a b el k , f a k e l a b el ℓ , a n d
s ur vi v e pr u ni n g, t h e n

N k ℓ : =
N

i = 1

z i k ℓ ( 1 6)

w hi c h is h as bi n o mi al distri b uti o n B i n (N, p k ℓ ). As m e nti o n e d i n t h e m ai n t e xt, f or si m pli cit y of
e x p ositi o n w e c o nsi d er e d t h e f oll o wi n g si m plif yi n g ass u m pti o n:

ϕ 1 = ϕ 0 = ϕ,  ψ 0 1 = ψ 1 0 = ψ. ( 1 7)

S u c h a pr u ni n g str at e g y will b e r ef err e d t o as a v eri fi c ati o n- pr u ni n g str at e g y wit h p ar a m et er (ϕ, ψ ).

R e m a r k E. 2. N ot e t h at t h e p ar a m etriz ati o n (ϕ, ψ ) a n d (p 0 0 , p1 1 ) d es cri b e t h e s a m e v eri fi c ati o n-
pr u ni n g str at e g y vi a t h e f oll o wi n g bij e cti v e tr a nsf or m ati o n.

p 0 0 = p 1 1 = ( 1 − p )ϕ / 2 , p0 1 = p 1 0 = p ψ / 2 . ( 1 8)
3 U ni cit y is d u e t o str o n g c o n v e xit y of o bj e cti v e f u n cti o n.
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E. 4  E X A M P L E S

L et us pr es e nt s o m e n ot a bl e e x a m pl es of v eri fi c ati o n- pr u ni n g str at e gi es.

N o S el e cti o n. T h e c as e (ϕ, ψ ) = ( 1 , 1) c orr es p o n ds t o n o s el e cti o n, i. e t h e e ntir e tr ai ni n g d at as et is
us e d.

O r a cl e S el e cti o n. T h e c as e (ϕ, ψ ) = ( 1 , 0) . T h e s el e cti o n str at e g y o nl y k e e ps i n di c es c orr es p o n d-
i n g t o e x a m pl es i n t h e d at as et w hi c h h a v e c orr e ct l a b el ( all c orr u pt e d l a b els dis c ar d e d).

S u p e r vis e d ( M a r gi n- B as e d) S el e cti o n. L et w p r u n e ∈ R d , a n d c o nsi d er t h e pr u ni n g str at e g y
d e fi n e d b y

q i = 1[ y ′
i (x

⊤
i w p r u n e ) > 0] .

T his pr u ni n g str at e g y si m plif y filt ers o ut all e x a m pl es o n w hi c h it dis a gr e es o n t h e assi g n e d l a b el.

E. 5 P E R F O R M A N C E B O U N D S F O R M O D E L S T R A I N E D W I T H V E R I FI C A T I O N S E L E C T I O N

Fi g ur e 6: E m pi ri c al C o n fi r m ati o n of T h e o r e m E. 3 . C o m p ari n g t h e br e a k d o w n p oi nts of diff er e nt
m o d els. H er e, t h e t as k is cl assif yi n g a G a ussi a n mi xt ur e, wit h i n fi nit e tr ai ni n g s a m pl es fr o m
d at as ets g e n er at e d fr o m a m o d el wit h cl assi fi c ati o n err or r at e p ( x- a xis). N oti c e t h e s h ar p p hr as e-
tr a nsiti o ns w h er e t h e m o d el s u d d e nl y s wit c h es fr o m p erf e ct a c c ur a c y t o w ors e-t h a n- c h a n c e, a
p h e n o m e n o n pr e di ct e d b y T h e or e m E. 3 . L eft. P erf or m a n c e of v eri fi c ati o n- pr u ni n g str at e gi es wit h
diff er e nt v al u es of t h e h y p er- p ar a m et ers (ϕ, ψ ). R e c all t h at t h e c as e ψ / ϕ = 1 c orr es p o n ds t o n o
pr u ni n g, w hil e ψ / ϕ = 0 c orr es p o n ds t o or a cl e s el e cti o n. Ri g ht. C o m p ari n g p u p , a p pr o xi m at e d

wit h s u p { p | a c c (f N ) ≥ 9 0 % } ( c o m p ut e d e m piri c all y), a g ai nst t h e a n al yti c esti m at e p −
⋆ (t) gi v e n i n

T h e or e m E. 3 (f or t = 0 .1 ). A g ai n, t h e r es ults ar e i n e x c ell e nt a gr e e m e nt wit h t h e pr e di cti o ns of t h e
t h e or e m.

T h e f oll o wi n g is o n e of o ur m ai n r es ults ( pr o v e d i n A p p e n di x F ).

T h e o r e m E. 3. S u p p os e C o n diti o n E. 1 is i n or d er. Fi x ϕ, ψ, t ∈ ( 0, 1) a n d d e fi n e p ±
⋆ (t) ∈ ( 0, 1) b y

p −
⋆ (t) : =

1 − t

1 − t + ( 1 + t)ψ / ϕ
, p+⋆ : =

1 + t

1 + t + ( 1 − t)ψ / ϕ
( 1 9)

If p < p −
⋆ (t), t h e n t h e li mit N → ∞ it h ol ds w. p 1 − o ( 1) t h at t h e a c c (f N ) = 1 0 0 % f or a d o w nstr e a m

m o d el f N tr ai n e d o n d at a fr o m a g e n er at or wit h err or r at e p pr u n e d wit h a v eri fi c ati o n- pr u ni n g
str at e g y wit h p ar a m et ers (ϕ, ψ ).

O n t h e ot h er h a n d, if p > p +
⋆ , t h e n i n t h e li mit N → ∞ it h ol ds w. p 1 − o ( 1) t h at t h e a c c (f N ) = 0 %

f or a d o w nstr e a m m o d el f N .

T h us, t h er e is a s h ar p p h as e-tr a nsiti o n ar o u n d t h e c orr u pti o n l e v el p ⋆ : = 1/ ( 1 + ψ / ϕ ): as p is

i n cr e as e d p ast l e v el p ⋆ , t h e d o w nstr e a m m o d el f N a br u ptl y s wit c h es fr o m b ei n g p erf e ctl y a c c ur at e,
t o p erf e ctl y i n a c c ur at e!
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S e e Fi g ur e 6 f or a n e m piri c al ill ustr ati o n of t h e t h e or e m.

T h e t hr es h ol ds p ±
⋆ (t) a p p e ari n g i n t h e a b o v e t h e or e m ar e pr o xi es f or t h e s o- c all e d br e a k d o w n p oi nts

p u p ≥ p d o w n d e fi n e d b y

p u p = i nf p ∈ [ 0, 1] a c c (f N )
a. s
→ 0 % i n t h e li mit N → ∞ , ( 2 0)

p d o w n = s u p p ∈ [ 0, 1] a c c (f N )
a. s
→ 1 0 0 % i n t h e li mit N → ∞ . ( 2 1)

T h e or e m E. 3 i m pli es p d o w n ≥ p −
⋆ (t) a n d p u p ≤ p +

⋆ (t) f or all t ∈ ( 0, 1) . C o ns e q u e ntl y,

C o r oll a r y E. 4. U n d er t h e h y p ot h es es of T h e or e m E. 3 , it h ol ds t h at p u p = p d o w n .

E. 6 S O M E C O N S E Q U E N C E S O F T H E O R E M E. 3

We n o w pr es e nt s o m e ill ustri o us a p pli c ati o ns of T h e or e m E. 3 . T h es e e x a m pl es ar e e m piri c all y
c o n fir m e d i n Fi g ur e 6 .

N o S el e cti o n. H er e, w e h a v e ψ / ϕ = 1 a n d s o t h e d o w nstr e a m m o d el a c hi e v es 1 0 0 % a c c ur a c y f or
all v al u es of c orr u pti o n p ar a m et er p u p t o t h e pr o x y br e a k d o w n p oi nt pr e di ct e d b y T h e or e m E. 3 is
t h e n p −

⋆ = 1 / 2 − t /2 .

O r a cl e S el e cti o n. F or t his s c e n ari o, ψ / ϕ = 0 a n d s o T h e or e m E. 3 pr e di cts t h at t h e d o w nstr e a m

m o d el f N a c hi e v es 1 0 0 % a c c ur a c y f or all v al u es of c orr u pti o n p ar a m et er p u p t o t h e br e a k d o w n p oi nt
p −

⋆ = 1 . T his is p er h a ps n ot s o s ur prisi n g i n hi n dsi g ht. T h e p oi nt is t h at e v e n f or m o d er at el y l ar g e
v al u es of ψ / ϕ , t h e pr o x y br e a k d o w n p oi nt p −

⋆ gi v e n i n e q u ati o n 1 9 c a n still b e q uit e cl os e t o 1 .

S elf-s u p e r vis e d ( M a r gi n- B as e d) S el e cti o n. C o nsi d er G a ussi a n mi xt ur e d at a wit h m e a ns ± µ , a n d
c o nsi d er a m ar gi n- b as e d pr u ni n g str at e g y i n E q u ati o n ( 5 ). It is cl e ar t h at ϕ a n d ψ o nl y d e p e n d o n all
t h e 3 a n gl es b et w e e n t h e s et of v e ct ors { w ∗ , wg e n , wp r u n e } , wit h w ∗ = µ .

S u p e r vis e d S el e cti o n. C o nsi d er is otr o pi c G a ussi a n mi xt ur e d at a wit h m e a ns ± µ , a n d a pr u ni n g
str at e g y as i n E q. ( 5 ). T h e p ar a m et ers (ϕ, ψ ) o nl y d e p e n d o n t h e a n gl es θ g e n , θp r u n e , θ ∈ [ 0, π] gi v e n
b y

θ g e n : = ∠ (w g e n , µ), θp r u n e : = ∠ (w p r u n e , µ),

θ : = ∠ (w p r u n e , wg e n ).
( 2 2)

C o n diti o n e d o n y = 1 a n d usi n g E ∥ x ∥ 2 = ∥ µ ∥ 2
2 + tr Σ = 1 ( a n d ∥ µ ∥ 2 < 1 ), w e g et x ∼

N (µ, 1
( 1 − ∥ µ ∥ 2

2 ) d
I d ). We c a n r e writ e x as:

x = µ +
1

( 1 − ∥ µ ∥ 2
2 )d

η, ( 2 3)

w h er e η ∼ N ( 0, I d ). F or si m pli cit y of c al c ul ati o n, l et us f urt h er ass u m e h er e t h at ∥ w g e n ∥
2
2 =

∥ w pr u n e ∥
2
2 = 1 .

ϕ 1 = P (x ⊤ w pr u n e > 0 | y = 1 , y′ = 1)

=
P (x ⊤ w pr u n e > 0 , y = 1 , x⊤ w g e n > 0)

P (y = 1 , x⊤ w g e n > 0)

=
P (η ⊤ w pr u n e > − ∥ µ ∥ 2 d ( 1 − ∥ µ ∥ 2

2 ) c o s θ pr u n e , η⊤ w g e n > − ∥ µ ∥ 2 d ( 1 − ∥ µ ∥ 2
2 ) c o s θ g e n )

P (η ⊤ w g e n > − ∥ µ ∥ 2 d ( 1 − ∥ µ ∥ 2
2 ) c o s θ g e n )

.

I n t h e s e c o n d st e p, w e us e t h e d e fi niti o n of c o n diti o n al pr o b a bilit y a n d us e e q u ati o n 2 3 fr o m li n e 2 t o
li n e 3. T h e r a n d o m v ari a bl es η ⊤ w g e n a n d η ⊤ w pr u n e ar e j oi ntl y G a ussi a n wit h:

η ⊤ w g e n

η ⊤ w pr u n e
∼ N 0 ,

1 c o s θ
c o s θ 1

.
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L et Φ b e t h e C D F of t h e st a n d ar d n or m al distri b uti o n a n d Φ 2 t h e C D F of t h e bi v ari at e n or m al
distri b uti o n, w h er e Φ 2 (x, y ; ρ ) is d e fi n e d as:

Φ 2 (x, y ; ρ ) : = P (X ≤ x, Y ≤ y )

f or (X, Y ) ∼ N 0 ,
1 ρ
ρ 1

. D e n ot e c 1 = − ∥ µ ∥ 2 d ( 1 − ∥ µ ∥ 2
2 ) c o s θ pr u n e a n d c 2 = − ∥ µ ∥ 2 d ( 1 −

∥ µ ∥ 2
2 ) c o s θ g e n . We h a v e:

ϕ 1 =
1 − Φ( c 1 ) − Φ( c 2 ) + Φ 2 (c 1 , c2 ; c o s θ )

1 − Φ( c 2 )
.

All t h e distri b uti o ns ar e s y m m etri c, a n d w e h a v e ϕ 0 = ϕ 1 = ϕ . I n t h e s a m e s pirit, ψ = ψ 1 0 = ψ 0 1 ,
wit h

ψ =
Φ( c 1 ) + Φ( c 2 ) − Φ 2 (c 1 , c2 ; c o s θ )

Φ( c 2 )
.

E. 7 S K E T C H O F P R O O F O F T H E O R E M E. 3

T h e pr o of is b as e d o n t h e f oll o wi n g r e pr es e nt ati o n (r ef er t o Pr o p ositi o n F. 2 ) of t h e a c c ur a c y of t h e

d o w nstr e a m cl assi fi er f N e v al u at e d o n t h e t h e cl e a n tr ai ni n g d at as et D N , n a m el y

a c c (f N ) =
N 1 1 1 A < 1 / 2 + N 0 0 1 D < 1 / 2 + N 1 0 1 B > 1 / 2 + N 0 1 1 C > 1 / 2

N 1 1 + N 0 0 + N 1 0 + N 0 1
, ( 2 4)

f or s o m e r a n d o m s o m e r a n d o m v ari a bl es A, B, C, D ∈ ( 0, 1) w hi c h d e p e n d o n t h e N k ℓ ’s d e fi n e d i n
e q u ati o n 1 6 .

R e m a r k E. 5. We o nl y c o m p ut e t h e a c c ur a c y a c c (f N ) of t h e d o w nstr e a m m o d el f N e v al u at e d o n t h e
cl e a n tr ai ni n g d at as et D N . B y cl assi c al r es ults i n l e ar ni n g t h e or y (M c All est er , 2 0 0 3 ; S h al e v- S h w artz
& B e n- D a vi d , 2 0 1 4 ; K a k a d e et al. , 2 0 0 8 ), w e k n o w t h at t h e g a p t o t h e p o p ul ati o n v ersi o n (t est

a c c ur a c y) a c c (f N ) s hri n ks t o z er o at r at e O ( 1/
√

N ), a n d s o si n c e t h e cl ai m i n T h e or e m E. 3 is m a d e
o nl y i n t h e li mit N → ∞ , w e ar e g o o d.

N e xt, i n Pr o p ositi o n F. 3 a n d Pr o p ositi o n F. 4 , n e c ess ar y a n d s uf fi ci e nt c o n diti o ns ar e est a blis h e d t o

e ns ur e A, D < 1 / 2 a n d B, C > 1 / 2 , a n d t h er ef or e a c c (f N ) = 1 0 0 % . T h es e c o n diti o ns ar e gi v e n
e x pli citl y i n t er ms of t h e N k ℓ ’s. Fi n all y, i n Pr o p ositi o n F. 5 , c o n c e ntr ati o n of m e as ur e is us e d t o c o ntr ol
t h e N k ℓ ’s, a n d pr es e nt t h e af or e m e nti o n e d c o n diti o ns i n t er ms of t h e p k ℓ ’s d e fi n e d i n e q u ati o n 1 4 ,
a n d t h er ef or e i n t er ms of p , ϕ , a n d ψ al o n e, gi vi n g c o n diti o n e q u ati o n 1 9 .

F P R O O F O F T H E O R E M E. 3

O ur a n al ysis is b as e d o n n o n-tri vi al e xt e nsi o ns of ar g u m e nts b y D as a n d S a n g h a vi ( 2 0 2 3). Vi z,

• We all o w f or a s el e cti o n m e c h a nis m ( af or e m e nti o n e d w or k d o es st u d y s el e cti o n, j ust s elf-
distill ati o n), a n d

• We us e a c ar ef ul as y m pt oti c a n al ysis t o a v oi d s ol vi n g c ert ai n c o m pli c at e d fi x e d- p oi nt

e q u ati o ns d e fi ni n g t h e w ei g hts v e ct or w N of t h e d o w nstr e a m m o d el f N .

F. 1 P R E L I M I N A R Y C O M P U T A T I O N S

F or l at er us e, gi v e n a pr u ni n g str at e g y q , d e fi n e t h e f oll o wi n g o bj e cts

I k : = { j ∈ [N ] | y j = k } , ( 2 5)

I ′
ℓ : = { j ∈ [n ] | y ′

j = ℓ } , ( 2 6)

M : = { i ∈ [N ] | q i = 1 } , ( 2 7)

N k ℓ : =
i ∈ I k ∩ I ′

ℓ

q i = |I k ∩ I ′
ℓ ∩ M |, ( 2 8)

R : = 1 − a > 0 . ( 2 9)

2 5
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T h us, N k ℓ is t h e n u m b er of tr ai ni n g e x a m pl es t h at h a v e tr u e l a b el k , f a k e l a b el ℓ , a n d s ur vi v e pr u ni n g.
T h e f oll o wi n g r es ult will b e cr u ci al i n t h e s e q u el.

P r o p ositi o n F. 1. We h a v e t h e r e pr es e nt ati o n w = i ∈ M α i x i , w h er e

α i =






A, if i ∈ I 1 ∩ I ′
1 ∩ M,

− B, if i ∈ I 1 ∩ I ′
0 ∩ M,

C, if i ∈ I 0 ∩ I ′
1 ∩ M,

− D, if i ∈ I 0 ∩ I ′
0 ∩ M,

( 3 0)

a n d A, B, C, D ≥ 0 s ol v e t h e f oll o wi n g s yst e m of e q u ati o ns

γ A = σ (− (a N 1 1 A − a N 1 0 B + b N 0 1 C − b N 0 0 D ) − R A ),

γ B = σ (a N 1 1 A − a N 1 0 B + b N 0 1 C − b N 0 0 D − R B ),

γ C = σ (− (b N 1 1 A − b N 1 0 B + a N 0 1 C − a N 0 0 D ) − R C ),

γ D = σ (b N 1 1 A − b N 1 0 B + a N 0 1 C − a N 0 0 D − R D ).

( 3 1)

Pr o of. T h e f oll o wi n g r es ult is i ns pir e d b y D as & S a n g h a vi (2 0 2 3 ) a n d t h e pr o of is si mil ar. O bs er v e

t h at K K T c o n diti o ns ∇ L (w ) = 0 gi v e
N
i = 1 q i ( ŷ i − y ′

i )x i + γ w = 0 , i. e

w =
N

i = 1

q i α i x i , wit h α i : =
y ′

i − ŷ i

γ
, ŷ i : = σ (v i ), vi = x ⊤

i w. ( 3 2)

O n e t h e n c o m p ut es

v i = x ⊤
i w =

N

j = 1

q i α i x
⊤
i x j = q i α i +

a (s − q i α i ) + bt, if i ∈ I 1 ,

a (t − q i α i ) + b s, if i ∈ I 0 ,

=
a s + bt + R q i α i , if i ∈ I 1 ,

b s + at + R q i α i , if i ∈ I 0 ,

( 3 3)

w h er e s ≥ 0 a n d t ≥ 0 ar e gi v e n b y

s : =
j ∈ I 1

q j α j , t : =
i ∈ I 0

q j α j . ( 3 4)

We d e d u c e t h at f or a n y i ∈ M ,

γ α i = y ′
i − σ (v i ) =






1 − σ (a s + bt + R q i α i ), if i ∈ I 1 ∩ I ′
1 ,

− σ (a s + bt + R q i α i ), if i ∈ I 1 ∩ I ′
0 ,

1 − σ (b s + at + R q i α i ), if i ∈ I 0 ∩ I ′
1 ,

− σ (b s + at + R q i α i ), if i ∈ I 0 ∩ I ′
0 .

( 3 5)

D u e t o m o n ot o ni cit y of σ , w e d e d u c e t h e e xist e n c e of A, B, C, D ≥ 0 s u c h t h at

α i =






A, if i ∈ I 1 ∩ I ′
1 ∩ M,

− B, if i ∈ I 1 ∩ I ′
0 ∩ M,

C, if i ∈ I 0 ∩ I ′
1 ∩ M,

− D, if i ∈ I 0 ∩ I ′
0 ∩ M.

( 3 6)

ŷ i = y ′
i − γ α i =






1 − γ A, if i ∈ I 1 ∩ I ′
1 ∩ M,

γ B, if i ∈ I 1 ∩ I ′
0 ∩ M,

1 − γ C, if i ∈ I 0 ∩ I ′
1 ∩ M,

γ D, if i ∈ I 0 ∩ I ′
0 ∩ M.

( 3 7)

F urt h er m or e, t h es e s c al ars m ust v erif y

γ A = 1 − σ (a s + bt + R A ) = σ (− (a s + bt ) − R A ),

γ B = σ (a s + bt − R B ),

γ C = 1 − σ (b s + at + R C ) = σ (− (b s + at ) − R C ),

γ D = σ (b s + at − R D ).

( 3 8)

2 6
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Fi n all y, o bs er v e t h at,

s = N 1 1 A − N 1 0 B, t = N 0 1 C − N 0 0 D, ( 3 9)

fr o m w hi c h w e g et

a s + bt = a (N 1 1 A − N 1 0 B ) + b (N 0 1 C − N 0 0 D )

= a N 1 1 A − a N 1 0 B + b N 0 1 C − b N 0 0 D,

b s + at = b (N 1 1 A − N 1 0 B ) + a (N 0 1 C − N 0 0 D )

= b N 1 1 A − b N 1 0 B + a N 0 1 C − a N 0 0 D.

Pl u g gi n g t his i nt o e q u ati o n 3 8 gi v es e q u ati o n 3 1 .

F. 2  A N A L Y T I C F O R M U L A F O R A C C U R A C Y E V A L U A T E D C L E A N T R A I N I N G D A T A

O n e c o m p ut es t h e a c c ur a c y a c c (f N ) of t h e d o w nstr e a m m o d el e v al u at e d o n t h e cl e a n tr ai ni n g d at as et
D N as

a c c (f N ) =
1

|M |
(| {i ∈ M | y i = 1 ∧ ŷ i > 1 / 2 O R y i = 0 ∧ ŷ i < 1 / 2 }| ) .

We c a n r e writ e t his as f oll o ws

|M | · a c c (f N ) = | {i ∈ M | y i = 1 ∧ ŷ i > 1 / 2 O R y i = 0 ∧ ŷ i < 1 / 2 }|

= | {i ∈ I 1 ∩ M | ŷ i > 1 / 2 }| + | {i ∈ I 0 ∩ M | ŷ i < 1 / 2 }|

=
i ∈ I 1 ∩ M

1 ŷ i > 1 / 2 +
i ∈ I 0 ∩ M

1 ŷ i < 1 / 2

= |I 1 ∩ I ′
1 ∩ M |1 γ A < 1 / 2 + |I 1 ∩ I ′

0 ∩ M |1 γ B > 1 / 2

+ |I 0 ∩ I ′
1 ∩ M |1 γ C > 1 / 2 + |I 0 ∩ I ′

0 ∩ M |1 γ D < 1 / 2

= N 1 1 1 γ A < 1 / 2 + N 0 0 1 γ D < 1 / 2 + N 1 0 1 γ B > 1 / 2 + N 0 1 A γ C > 1 / 2 .

( 4 0)

O n t h e ot h er h a n d, it is cl e ar t h at t h e si z e of t h e m as k is |M | = k, ℓ N k ℓ . P utti n g t hi n gs t o g et h er
gi v es t h e f oll o wi n g r es ult w hi c h s h all b e cr u ci al i n t h e s e q u el.

P r o p ositi o n F. 2. F or a n y ϕ, ψ ∈ [ 0, 1] , t h er e is a s ol uti o n (A, B, C, D ) of t h e s yst e m of e q u ati o ns
e q u ati o n 3 1 s u c h t h at

a c c (f N ) =
N 1 1 1 A < 1 / 2 + N 0 0 1 D < 1 / 2 + N 1 0 1 B > 1 / 2 + N 0 1 1 C > 1 / 2

N 1 1 + N 0 0 + N 1 0 + N 0 1
, ( 4 1)

w h er e A : = γ A , B = γ B , C = γ C , a n d D = γ D as us u al.

T h us, t o att ai n 1 0 0 % a c c ur a c y, it s uf fi c es t o h a v e A, D < 1 / 2 a n d B, C > 1 / 2 . T h e pr o of of
T h e or e m E. 3 will b e all a b o ut est a blis hi n g s uf fi ci e nt c o n diti o ns w hi c h e ns ur e t h es e i n e q u aliti es.

F. 3 S U F FI C I E N T C O N D I T I O N S F O R P E R F E C T A C C U R A C Y

N ot e t h at si n c e γ = N λ wit h λ > 0 fi x e d a n d N → ∞ , w e h a v e γ → ∞ a n d s yst e m of e q u ati o ns
e q u ati o n 3 1 si m plif y t o 4

B = σ (( a N 1 1 A − a N 1 0 B + b N 0 1 C − b N 0 0 D )/ γ ),

A = σ (− (a N 1 1 A − a N 1 0 B + b N 0 1 C − b N 0 0 D )/ γ ) = 1 − B,

D = σ (( b N 1 1 A − b N 1 0 B + a N 0 1 C − a N 0 0 D )/ γ ),

C = σ (− (b N 1 1 A − b N 1 0 B + a N 0 1 C − a N 0 0 D )/ γ ) = 1 − D,

( 4 2)

w h er e A : = γ A , B = γ B , C = γ C , D = γ D as us u al, a n d w e h a v e us e d t h e el e m e nt ar y pr o p ert y
t h at σ (− z ) = 1 − σ (z ). Eli mi n ati n g A a n d C , t h e a b o v e e q u ati o ns f urt h er c oll a ps e t o

B = σ (( a N 1 1 ( 1 − B ) − a N 1 0 B + b N 0 1 ( 1 − D ) − b N 0 0 D )/ γ ),

= σ (( a N 1 1 + b N 0 1 − a (N 1 1 + N 1 0 )B − b (N 0 1 + N 0 0 )D )/ γ ),

D = σ (( b N 1 1 ( 1 − B ) − b N 1 0 B + a N 0 1 ( 1 − D ) − a N 0 0 D )/ γ )

= σ (( b N 1 1 + a N 0 1 − b (N 1 0 + N 1 0 )B − a (N 0 1 + N 0 0 )D )/ γ ).

( 4 3)

4 T h es e si m pli fi c ati o ns ar e m a d e p ossi bl e b y t h e M e a n Val u e T h e or e m .
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T w o s p e ci al c as es ar e tr a ct a bl e.

T h e S y m m et ri c C as e: b = − a . We h a v e D = 1 − B , a n d t h us t h e e q u ati o ns b e c o m e

D = A, C = B, D = 1 − B,

B = σ (( a (N 1 1 + N 0 0 ) − a (N 1 1 + N 1 0 + N 0 1 + N 0 0 )B )/ γ ).
( 4 4)

If B ≤ 1 / 2 , t h e n w e m ust h a v e B ≥ (N 1 1 + N 0 0 )/ (N 1 1 + N 1 0 + N 0 1 + N 0 0 ), w hi c h is i m p ossi bl e
if w e i m p os e

N 1 0 + N 0 1 < N 1 1 + N 0 0 , ( 4 5)

i. e t h e n u m b er of b a d i n di c es w hi c h s ur vi v e is s m all er t h a n t h e n u m b er of g o o d i n di c es w hi c h s ur vi v e
pr u ni n g. T h us, u n d er t h e pr e vi o us c o n diti o n, w e m ust h a v e C = B > 1 / 2 a n d A = D = 1 − B < 1 / 2 .
B y s y m m etr y of t h e pr e c e e di n g ar g u m e nt w e k n o w t h at t h e c o n diti o n is als o n e c ess ar y. We d e d u c e
t h e f oll o wi n g r es ult.

P r o p ositi o n F. 3. S u p p os e b = − a . T h e n, f or a n y s ol uti o n (A, B, C, D ) of t h e s yst e m of e q u ati o ns
e q u ati o n 3 1 , t h e i n e q u aliti es

C = B > 1 / 2 , D = A < 1 / 2 , ( 4 6)

h ol d if a n d o nl y iff N 1 0 + N 0 1 < N 1 1 + N 0 0 .

S k e w e d C as e: b = 0 . H er e, w e h a v e

B = σ (a (N 1 1 − (N 1 1 + N 1 0 )B )/ γ ),

D = σ (a (N 0 1 − (N 0 1 + N 0 0 )D )/ γ )
( 4 7)

If B ≤ 1 / 2 , t h e n B ≥ N 1 1 / (N 1 1 + N 1 0 ), w hi c h is i m p ossi bl e if w e i m p os e

N 1 0 < N 1 1 , ( 4 8)

i. e t h e n u m b er of e x a m pl es wit h tr u e l a b el 1 , w hi c h ar e i n c orr e ctl y l a b ell e d as 0 i n t h e d at as et, w hi c h
s ur vi v e pr u ni n g is l ess t h a n t h e n u m b er of e x a m pl es wit h tr u e l a b el 1 , w hi c h ar e c orr e ctl y l a b ell e d
a n d s ur vi v e pr u ni n g. We d e d u c e t h at B > 1 / 2 u n d er t h e a b o v e c o n diti o n.

Si mil arl y, if D ≥ 1 / 2 , t h e n D ≤ N 0 1 / (N 0 1 + N 0 0 ), w hi c h is i m p ossi bl e if w e i m p os e

N 0 1 < N 0 0 , ( 4 9)

i. e t h e n u m b er of wit h tr u e l a b el 0 b ut i n c orr e ctl y l a b ell e d as 1 i n t h e d at as et, w hi c h s ur vi v e pr u ni n g is
l ess t h a n t h e n u m b er of e x a m pl es wit h tr u e l a b el 1 , w hi c h ar e c orr e ctl y l a b ell e d a n d s ur vi v e pr u ni n g.
We o bt ai n t h e f oll o wi n g r es ult.

P r o p ositi o n F. 4. S u p p os e b = 0 . T h e n, f or a n y s ol uti o n (A, B, C, D ) of e q u ati o n 3 1 , w e h a v e

C, B > 1 / 2 iff N 1 0 < N 1 1 , ( 5 0)

D, A < 1 / 2 iff N 0 1 < N 0 0 . ( 5 1)

F. 4  C O N C E N T R A T I O N

We s h all n o w d eri v e c o n diti o ns w hi c h ar e s uf fi ci e nt t o e ns ur e t h e h y p ot h esis i n Pr o p ositi o ns F. 3 a n d
F. 4 , n a m el y N k ℓ < N k k f or all k, ℓ ∈ { 0 , 1 } wit h k ≠ ℓ . R e c all t h at f or a n y k, ℓ ∈ { 0 , 1 } , t h e c o u nt er
N k ℓ is r a n d o m wit h bi n o mi al distri b uti o n B i n (N, p k ℓ ). N o w, b y b asi c bi n o mi al c o n c e ntr ati o n, w e
k n o w t h at if p, ψ ∈ [ 0, 1) a n d ϕ ∈ ( 0, 1] , t h e n f or a n y fi x e d t ∈ ( 0, 1) , it h ol ds w. p 1 − o ( 1) t h at

N k ℓ ≤ ( 1 + t)N p k ℓ , if k ≠ ℓ,

N k ℓ ≥ ( 1 − t)N p k ℓ , if k = ℓ.
( 5 2)

I n p arti c ul ar, w. p 1 − o ( 1) , it h ol ds t h at

N k ℓ ≤ ( 1 + t)N p k ℓ , ( 5 3)

N k k ≥ ( 1 − t)N p k k . ( 5 4)

C o m p ari n g t h e a b o v e i n e q u aliti es, w e d e d u c e t h e f oll o wi n g r es ult.
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P r o p ositi o n F. 5. If t h e f oll o wi n g c o n diti o n h ol ds

p 0 1 + p 1 0

p 0 0 + p 1 1
<

1 − t

1 + t
= 1 − ϵ wit h ϵ : =

2 t

1 + t
, ( 5 5)

t h e n w. p 1 − o ( 1) it h ol ds t h at

N 1 0 + N 0 1 < N 1 1 + N 0 0 . ( 5 6)

F. 5 P R O O F O F T H E O R E M E. 3

F oll o ws dir e ctl y fr o m p utti n g t o g et h er Pr o p ositi o ns F. 2 , F. 3 , F. 4 , a n d F. 5 , a n d t h e n s ol vi n g t h e
i n e q u alit y

1 − t

1 + t
≤

p 0 1 + p 1 0

p 0 0 + p 1 1
=

2 p ψ

2( 1 − p )ϕ
=

p ψ

( 1 − p )ϕ

f or p .
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