2509.15584v1 [g-bio.MN] 19 Sep 2025

arxiv

Polynomial Equivalence of Extended Chemical

Reaction Models

Divya Bajaj &
University of Texas Rio Grande Valley

Ryan Knobel &
University of Texas Rio Grande Valley

Aiden Massie &
University of Texas Rio Grande Valley

Pablo Santos &
University of Texas Rio Grande Valley

Jose-Luis Castellanos &
University of Texas Rio Grande Valley

Austin Luchsinger &
University of Texas Rio Grande Valley

Adrian Salinas &
University of Texas Rio Grande Valley

Ramiro Santos &
University of Texas Rio Grande Valley

Robert Schweller &
University of Texas Rio Grande Valley

Tim Wylie &
University of Texas Rio Grande Valley

—— Abstract

The ability to detect whether a species (or dimension) is zero in Chemical Reaction Networks
(CRN), Vector Addition Systems, or Petri Nets is known to increase the power of these models—
making them capable of universal computation. While this ability may appear in many forms,
such as extending the models to allow transitions to be inhibited, prioritized, or synchronized, we
present an extension that directly performs this zero checking. We introduce a new void genesis
CRN variant with a simple design that merely increments the count of a specific species when any
other species’ count goes to zero. As with previous extensions, we show that the model is Turing
Universal. We then analyze several other studied CRN variants and show that they are all equivalent
through a polynomial simulation with the void genesis model, which does not merely follow from
Turing-universality. Thus, inhibitor species, reactions that occur at different rates, being allowed to
run reactions in parallel, or even being allowed to continually add more volume to the CRN, does
not add additional simulation power beyond simply detecting if a species count becomes zero.
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Polynomial Equivalence of Extended Chemical Reaction Models

1 Introduction

Background. Chemical Reaction Networks [5], Vector Addition Systems [18], and Petri nets
[23] are three formalisms that arose in different disciplines to study distributed/concurrent
systems. Despite their distinct origins, these models are mathematically equivalent in
expressive power [8, 15]. While these models are capable of very complex behavior — e.g.,
deciding if one configuration is reachable from another via a sequence of transitions was
recently shown to be Ackermann-complete [9, 19] — they fall short of Turing-universality.

Even though these base models are not capable of universal computation, they are each
right on the cusp of doing so. It is well known that extending the models in any way that
allows “checking for zero” immediately results in Turing-universality [1, 16, 22]. This has
been shown for model extensions allowing transition inhibition [1, 7, 11, 16], transition
prioritization [16, 24, 25], synchronous (parallel) transitions [6, 28], or even continual volume
increase [2, 3]. These results are typically established by showing how each extended model
can simulate a register (counter) machine [22].

However, Turing equivalence alone is a blunt instrument. It tells us that models can
emulate one another, but not how efficiently this can be done. We often care not just that
two models are Turing-complete, but if they can be easily transformed into one another.
For instance, Hack gave one such transformation between Inhibitory and Priority Petri nets
[16], but discussed their equivalence in terms of languages. For this paper, we focus on the
concept of simulation to draw comparisons between models.

In the literature, several notions of simulation have been proposed to capture structural
or behavioral equivalence between systems. While concepts like strong/weak bisimulation
[4, 10, 12, 17, 21] and pathway decomposition [26, 27] have been used to compare the
expressiveness of different systems, there is typically a tradeoff between reasonably preserving
dynamics and maintaining structural correspondence. Furthermore, efficiency of simulation
is often either implicitly included or sometimes omitted altogether. Part of our work aims to
introduce a more wieldy definition of simulation that explicitly accounts for efficiency. We
give a more detailed discussion on simulation later in the paper.

Our Contributions. In this work, we make two main contributions:

1. We define a general-purpose notion of polynomial efficient simulation that is intended to
capture a broader notion of simulation while still remaining reasonable. Our definition
ensures that the simulation respects a polynomial correspondence in both time (dynamics)
and space (structure). This allows us to formally compare the simulation efficiency of
different CRN variants.

2. We introduce a new model, which we call Void Genesis (VG), that makes zero-testing
explicit: it creates a designated species whenever a tracked species reaches zero. We use
this model as a unifying model that captures the essence of zero-testing in a clean and
modular way. We show that the Void Genesis model is polynomially equivalent to other
known Turing-universal extensions of CRNs.

Since all of these extended models can be simulated by VG (and vice versa) with only
polynomial overhead, our results establish a hub of polynomial simulation equivalence among
them. This yields a stronger and more precise understanding of the relationships between
these CRN variants and highlights VG simulation as a useful proof technique for adding
models to this hub. Figure 1 summarizes the simulation relationships we establish here.

Organization. Given the number of models and results, we have arranged the paper in a
way that systematically builds up understanding and techniques. Section 2 covers the formal
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Figure 1 CRN Model variants and their connections to Void Genesis CRNs. Theorems 1-5 each
show a polynomial equivalence between two CRN variants. With the Void Genesis model as a central
hub, the implication of these results is a polynomial equivalence between all models.

definitions of the models and a simulation of one model with another. Section 3 provides
minimum working examples in the models. The polynomial equivalence between models is
proven through a series of simulations in Section 4. In Section 5, we discuss our results and
some open problems.

2 Preliminaries

In Section 2.1, we define the extended chemical reaction network models considered in this
paper with examples, and in Section 2.2 we define the concept of inter-model simulation.

2.1 Models

Here, we define the six chemical reaction networks considered in this paper: the basic chemical
reaction network model (Section 2.1.1), the Void Genesis model (Section 2.1.2), the Inhibitory
CRN model (Section 2.1.3), the Coarse-Rate CRN model (Section 2.1.4), the Step-Cycle
CRN model (Section 2.1.5), and the Unique Instruction Parallel model (Section 2.1.6).

2.1.1 Chemical Reaction Networks

A chemical reaction network (CRN) C = (A,T") is defined by a finite set of species A, and a
finite set of reactions I" where each reaction is a pair ( ?) € N* x N, sometimes written
ﬁ — ?, that denotes the reactant species consumed by the reaction and the product species
generated by the reaction. For example, given A = {a,b, ¢}, the reaction ((2,0,0),(0,1,1))
represents 2a — b + ¢; 2 a species are removed, and 1 new b and ¢ species are created.

A configuration 8 € NA of a CRN assigns integer counts to every species A € A, and we
use notation C' [A] to denote that count. For a species A € A, we denote the configuration
consisting of a single copy of A and no other species as X. It is often useful to reference the
set, of species whose counts are not zero in a given configuration. In such cases, the notation
{8} is used. Formally, {8 ={X e A| C[)\] > 0}, and when convenient and clear from the
context, we further use {C'} to denote the configuration (vector) representation in which
each element has a single copy. Finally, let |C'| = ., C[)\] denote the total number of
copies of all species in a configuration, sometimes referred to as the volume of 8

A reaction (R, P) is said to be applicable in configuration 8 if ﬁ < 8; in other words,
a reaction is applicable if 8 has at least as many copies of each species as ﬁ If the reaction
(ﬁ, ) is applicable, it results in configuration C' = C' — ﬁ + ? if it occurs, and we write
8 —)EZT\;LF) 3 , or simply 8 — 3 when the model and CRN are clear from context. We use
the same notation as configuration vectors to denote the size (| R| and |?|) and explicit
content ({ﬁ} and { P}) of reactants and products for a reaction.
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» Definition 1 (Discrete Chemical Reaction Network). A discrete chemical reaction network
(CRN) is an ordered pair (A,T') where A is an ordered alphabet of species, and T' is a set of
rules over A.

» Definition 2 (Basic CRN Dynamics). For a CRN (A,T") and configurations A and ﬁ, we say

that Z _)g/rx;lr) § if there exists a rule (ﬁ, ?) € T" such that ﬁ < Z, and Z - ﬁ + ? = §

If there exists a finite sequence of configurations such that 8 — 81 — ... 8n — B,
then we say that B is reachable from 8 and we write C' ~ D. A configuration is said to be
terminal if no reactions are applicable. We also define an initial configuration for a CRN as
its starting configuration. A CRN System T is then defined as a pair of a CRN model and
its initial configuration. The following sections define extensions of the basic CRN model by
way of defining modified dynamics.

2.1.2 Void Genesis CRNs

A Void Genesis CRN Cyg = ((A,T), 2) is a basic CRN with a zero species z € A whose count
is incremented whenever the count of any species other than z goes to zero. See Figure 2d
for an example.

» Definition 3 (Void-Genesis Dynamics). For a Void-Genesis CRN ((A,T),z € A) and
configurations Z, EZ and ?, we say that Z —>((3[\\;"gr) ﬁ if there exists a rule (ﬁ, ?) eI such
that B < Z, Z—ﬁ—{—? = EZ, and B = Ez—l—nu?where n is the cardinality of {A € A\ {z}
| A[N #0 and B, = 0}

It is straightforward to show that the Void Genesis model is Turing-universal via simulating
a register machine, and we do so in Section 4.7.

2.1.3 Inhibitory CRNs

A reaction -y is said to be inhibited by a species A when the reaction v may only be applied if
A is absent in the system. We define an inhibitor mapping Z : T' — P(A) that maps a reaction
to a subset of species that inhibit the reaction. An Inhibitory CRN Czc = ((A,T),Z) as
defined by [7] is then a basic CRN along with the mapping Z. See Figure 2c¢ for an example.

» Definition 4 (Inhibitory Dynamics). For a Inhibitory CRN ((A,T),Z) and configurations
Z and g, we say that Z —>((31;’CF) B if there exists a rule v = (ﬁ7 ?) € I’ such that ﬁ < Z,
A-FR+P =B, and A = 0,9\ € I(7).

2.1.4 Coarse-Rate CRNs

A Coarse-Rate CRN Ccr = ((A,T'),rank) as introduced by [25] is a basic CRN along
with a function rank : I' — N. We define a set of reactions I'! as the set of all reactions
~v where rank(y) = . The set of reactions I' is then defined as an ordered partition set
given by {I'',T2,...,T™}. Any applicable reaction v/ may only be applied if no reaction
’yj’? € ¥ Vk € [¢ + 1,n] is applicable. We use ( ,?)e to denote a reaction ¢ € T'*. In the
context of this paper we focus on models with rank at most 2. For clarity, we will refer to
reactions with rank 2 as fast reactions, and the ones with rank 1 as slow reactions. See
Figure 2b for an example.

» Definition 5 (Coarse-Rate Dynamics). For a Coarse-Rate CRN ((A,T),rank) and config-

urations Z and ﬁ, we say that X %(CA’F) ﬁ if there exists a rule (ﬁ,?)e € I' such that
CR

ﬁ < X, Z — ﬁ + ? = ﬁ, and A an applicable reaction v*>*.
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2.1.5 Step-Cycle CRNs

A step-cycle CRN is a step CRN [2] that infinitely repeats steps 0 through k — 1: that is, once

x—1 is added to the terminal configuration in the (k — 1)th step, the resulting configuration
is treated as the new initial configuration for the step CRN. More formally, a step-cycle
CRN of k steps is an ordered pair ((A,T"), (S0, S1,..., Sk—1)), where the first element is
a normal CRN (A,T) and the second is a sequence of length-|A| vectors of non-negative
integers denoting how many copies of each species type to add after each step. We define a
step-configuration C; for a step-cycle CRN as a valid configuration C' over (A,T) along with
an integer ¢ € {0, ...,k — 1} that denotes the configuration’s step.

» Definition 6 (Step-Cycle Dynamics). For a step-cycle CRN ((A,T) ?mgl, ~-;?k—1))
and step-configurations Z and b, we say that Zl %(C D jif ezther

1. i = j, there exists a rule ﬁ? el s.t. ﬁ Z“ andz ﬁ—i—ﬁ gj, or

2. (i+1) mod k=3, Zl is terminal, and Z + ? ﬁj,

2.1.6 Unique Instruction Parallel CRNs

The Unique Instruction Parallel model modifies the dynamics of a normal CRN (A, T') by
applying a maximal set of compatible rules as a single transition. In this paper, we restrict
this maximal set to contain only one application of any given rule, leaving the study of more
relaxed parallel models for future work.

» Definition 7 (Plausibly Parallel Rules). A multiset of n (not necessarily distinct) rules
{(ﬁl, ?1), (ﬁ ? n)} are plauszbly parallel for a configuration 8 over A if the vector
=>" ﬁl is such that

» Definition 8 (Unique-Instruction Plausibly Parallel). A plausibly parallel multiset is said
to be Unique-Instruction if it contains at most one copy of any given rule (i.e., it is a
set). It is considered unique-instruction mazimal if it is not a proper subset of any other
unique-instruction plausibly parallel set.

» Definition 9 (Unique-Instruction Parallel Dynamics). For a CRN (A,T') and configurations

and § we say that Z % (A F) ? if there exists a unique-instruction mazximal plausibly
parallel set ﬁl, ?1 ), (R, ?k)} for configuration X and rule set I such that § =
k k
A - Do B+ 20 Bz

2.2 Simulation

By way of Petri nets, discrete CRNs have seen various model extensions. To meaningfully
compare the computational capabilities of these variants, we turn to the notion of simulation,
which serves as a tool to compare the relative expressive power of each model. However,
existing definitions in the literature vary in scope and applicability. Some emphasize strict
structural correspondence while others focus purely on dynamic behavior. Thus, it is
worthwhile to discuss why we formulate our own definition of simulation and equivalence.

Borrowed from classical process theory, (strong) bisimulation [21, 12, 4] is perhaps the
most stringent form of equivalence. It requires that for every state and transition in one
system, there exists a matching state and transition in the other, and vice versa. This strong
bidirectional constraint means bisimulation ensures both behavioral and structural fidelity,
and notably also implicitly guarantees efficiency.
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Figure 2 Example systems for the 5 CRN models. The blurred portions of the figure represent
invalid reaction sequences. (a) Step-cycle with 2 steps. Species are added when configurations reach
a terminal state. (b) Coarse-rate. The numbers next to each reaction denote the rank. The bottom
reaction sequence is invalid as the reaction with rank 2 must occur first. (¢) Inhibitory. The top
reaction sequence is invalid as there exists a b in the initial configuration, which is an inhibitor
for the rule a — 0. (d) Void Genesis. Once the a species reaches a count of 0, the z species is
created. In the bottom reaction sequence, the z species reacts with the b species, and another z
species is created. (e) Unique-Instruction Parallel. The bottom reaction sequence is invalid as the
rule a + b — 0 is not a maximal set.

Weak bisimulation [10, 17], on the other hand, relaxes the strict step-by-step matching
of bisimulation. Instead, a transition in one system may correspond to a macrotransition
in the other: a sequence of transitions possibly allowing “hidden” or “silent” intermediate
steps. This makes bisimulation more flexible and applicable to realistic implementations,
but it is not without its own limitations. Pathway decomposition, as presented in [26, 27],
takes a different approach. Rather than comparing reactions directly, they identify a CRN’s
formal basis — a set of “indivisible” formal pathways that collectively define its behavior.
This allows pathway decomposition to capture phenomena such as delayed choice, in which
nondeterministic behavior is distributed across multiple steps.

Our framework seeks to strike a middle ground. We define simulation in terms of a config-
uration map and macrotransitions, retaining the core idea of weak bisimulation but allowing
for a more general structural correspondence between systems. Since this correspondence
is so general, we explicitly include a measure of efficiency with our definition. We define
polynomial efficient simulation that permits abstraction and internal nondeterminism, like
weak bisimulation and pathway decomposition, but captures both dynamic behavior and
bounded structural transformation. We say two systems are polynomially equivalent if they
can each simulate each other via our definition. This is analogous to bisimilarity [21], but in
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the context of efficient, weak simulation.

Simulation Definition. To define the concept of one CRN system 7" simulating another
CRN system T we introduce configuration maps and representative configurations. A
configuration map is a polynomial-time computable function M : configs;, — configs, [ J{L}
mapping at least one element in configsp, to each element in configs,, and the representative
configurations for a configuration C e configs are [[8]] = {C" | =M (3 )}, also

I Finally, we define the concept of single-step transition,

computable in polynomial time.

—7r B, to mean thai) Z transitions to in system 7. Ang, the concept of macro
transitionable, A’ =71, B’, to mean that B’ is reachable from A’ in system 7" through
a sequence of k intermediate configurations (Z,)?h e ,)7,67B’> such that M(A’) # 1,
M(ﬁ) # J_.), gld each M()—(Z) € {M(Z),J_} Note that k can be zero, resulting in the

sequence (A’, B).

Intuition. Each representative configuration set [8]] is a particular collection (of at least 1
configuration) that adheres to the strictest modeling of system T within system 7”. That is,
any C' € [8]] must be able to grow into anything that 8 =M (3 ) can grow into, and no
3 € [[8]] may grow into something that =M (C") cannot grow into.

For a given configuration map and collection of representative configurations, we define
the concepts of following and modeling, followed by our definition of simulation.

- —
. We say system T follows system T" if whenever A’ =7+ B’ and

» Definition 10 (It Follows ys!
"y = M(B').

M(A") # M(B'), then M(

~—

=

» Definition 11 (Models). We say system T’ models system T if X —T § implies that
— — = —

vA e [4], 3B’ € [B] such that A’ = B'.

» Definition 12 (Simulation). A system T’ simulates a system T if there exists a polynomial

time comgutable_f)unction M : configsp, — configsy and polynomial time computable set
[[8]] ={C"| M(C") = 8} for each Ce configsy, such that:

1. T follows T".
2. T" models T.

Polynomial Simulation. We say a simulation is polynomial efficient if the simulating
system adheres to the following:

polynomial species and rules. The number of species and rules is at most polynomial in the
number of species and rules of the simulated system.

—

H
b We write M(C”) = 1 to mean that the mapping is undefined, which is not the same as M (C”) = T.
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polynomial rule size. The maximum rule size (number of products plus number of reactants)
is polynomial in the maximum rule size of the simulated system.

polynomial transition sequences. For all B such that A —¢ B, the expected number of
transitions taken to perform a macro transition from M (A) =1+ M (B), conditioned that
M(A) does macro transition to M (B), has expected number of transitions polynomial in
the number of rules and species of the simulated system based on a uniform sampling of
applicable rules.

polynomial volume. Each C’ € [[8]] has a volume that is polynomially bounded by the
volume of C, and for any macro transition A’ =7, B’, any intermediate configuration
within this macrotransition has volume polynomially bounded in the volume of M (A’)
and M(B').

» Theorem 13. (Transitivity.) Given three CRN systems T1,To and T3 such that T
simulates Ty under polynomial simulation, and Ts simulates Ts under polynomial simulation,
then T3 simulates Ty under polynomial simulation.

Proof. Given three CRN systems 77, T» and T3 such that T, simulates 77 under polynomial
simulation, and T3 simulates 75 under polynomial simulation. Let Maz; : configsy, — configs,
and M3 : configsy, — configsy, be the polynomial-time computable configuration mappings.
We define a configuration mapping function M3, : configsy, — configsy, by composing
functions Ms; and M3y as follows.

V(@ = [Oere Mz2)(Ch) i Msa(Ca) # & A Moy (Msa(C5)) # &
o 10} otherwise

And the set of representatlve configurations for a configuration 01 € configs, as [[Cl]]

{Cg | Cl = Mgl(Cg)}. If the configuration C_>’1 has a non-empty set of representative
configurations in T5, and each of those configurations have representative configurations in
T3, then this set will contain all such configurations. Therefore, if both My, and subsequently
M35 are defined, this set will be non-empty.

We now show that T3 simulates T by proving that T3 follows T3 and T3 models T; for
the configuration mapping and representative configurations defined above. We then show
that the simulation is polynomial efficient.

>l

T, follows T3. T follows T3 if for any two configurations 1?3) and E;; in T3 where M3 (
M31(§3>) are defined, such that 1?3 =1, E;, and Mgl(z?g}) # M31(Bs), then Ms;
Ms3;1(Bs3). For these configurations if M3a(As) # Msa(Bs) then Mso(As) —1, Maa(
is true because 15 follows T53. _

Because T, follows T3, for any two conﬁguratlons A2 and Bg in Ty, if A2 =71, B2, and
Mgl(Az) + M21(l?2>) then Mgl(AQ) =, Mgl(BQ) A single-step transmon is simply
a macro-transition with one step. Therefore, if Mgl(Mgg(A/I;))) # M21(M32(Bg)), then
Mgl(Mgg(z?;)) =1, Mgl(Mgg(BQ) When M3, is defined we can infer based on the definition
of Msq that, if M31(A—>3) # M3, (B3) then M31(A—>3) =7 M31(Bg) Therefore, T follows T3.

3) and

5]
|

3) 71y
3) This

NE
Wltm

T model_s> T1_>T3 mgglels Zi)if for_z)my two configurations AlH and E> _i)n T, such that
Ay —rp, Bi, V/ig) € [[A_1>]], dB3 € Bl]] under Mgl such that A3 =, Bs. For all such
configurations A; and B; in Ty, YAz € [[Al]] EI%G [[Bﬂ]_)under Moy such that A2 =7, Bg
because T» models T7. This macro transition Ay =7, By is represented as a sequence of
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Figure 4 A single-step transition A1 —7, B is simulated using a sequence of transitions starting

at As through Bs in T>. Each of these single-step is represented using a sequence of transitions in
Ts.

single-step transitions )?; -7, )?;”1 WEG)I‘G M’gl()?; ), le(X 1 e {A1 prfor0<i<k
as, shown 1n Figure 4. Furthermore, VX3 € [[X2 1, EIX3 € [[Xg“rl]] under M3y such that
X39 =7y X3 because T3 models T5.

Because M32g(3 ) = X2_> and Maz(X50) = Xo ! and Moy (Xs?), Moy (Xo'+1) € {4}, o},
therefore, Ms1(X37), M3, (X3%) € {A1, ¢} for_()) <j <_£€ and j < £ < k. As shown in
Figure 4, the sequence of macro tran51t10ns X37 :>T X3¢ can be represented as a single
macro transition <A3,X3 X X3 ), where Z\[31(X3 ) € {A1,¢>} for 0 < j < k. Also

— - — = —
M32(A3) = A2 i{ld Mj%(B3) = BQ WeglOW that Mgl(Ag) = A1 and ]\/[21(B2) = Bl,
therefore, Ms;(As) = A; and Mgl(Bg) = B; when both Ms; and Mjss are defined. Hence,
— — — —
such a macro- trans1t10n Az =1, B3 models the single-step transition A; —p, B; when
A3 € [[Alﬂ and 33 € [[Blﬂ Therefore, T3 models T7.

Polynomial Simulation. Given that T simulates 77 under polynomial simulation, and

T3 simulates T under polynomial simulation, we now show that T3 simulates 77 under

polynomial simulation. Let A; and I'; be the set of species and reactions for the model T; for

1<i<3.

1. polynomial species and rules: We know that |As| =
O(JAz2|) = |A2|2, therefore, |As| = |Aq]°re2.
[As| = O(JA4]) and [Ts] = O(IT4).

2. polynomial rule size: Let R; be the largest rule in the model T;. We know that
|R2| = O(|R1]) and |Rs| = O(|R2]), therefore, |R3| = O(|R1]).

3. polynomial transition sequences: The length of the transition sequence for a macro-
transition in T3 is bounded by O(|Az| + [I'2]). Given that [As| = |A1]°* and |T'e| = |T1],
therefore, each macro-transition in T3 simulating a single-step in 77 uses O(|A1| + |T'1])
single-step transitions.

O(|A1]) = [A1]* and [A3] =

Similarly, [T's| = |I'1|°*"®2. Therefore,

4. pO]yIlOIIl_l)al volume: For a macro-transition Ag =71, Bg representing a transition
A; —7p, Bi, the volume of r%ebentatlve configurations As and By is polynomial in
the volume of configurations A; and Bj respectively. Similarly, for a macro-transition
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|

— — —
3 =71, B3 as shown in Figure 4, the volume of A3 and Bs is polynomial in volume of

|

12

= —
and By respectively. Therefore, the volume of representative conﬁjurations Az and
Bs; is polynomial in the volume of configurations A; and B, where A3 =1, B3 models
A1 =7, By. The volume of all intermediate configurations are bound by As and Bs.

<

3 Detecting Zero: Examples in Each Model

The power each extended CRN model has over the basic CRN model stems from the ability
to detect when a species has reached a count of zero. Thus, the focus of this section is
twofold: to detail how each model is capable of detecting zero and to provide minimum
working examples (MWESs) for ease of comprehension. For all examples, we want to check if
species s is in the system. The idea is that there is a species ¢s that turns to ng if there are
no s’s and y; if there are s’s in the system while nothing else in the system changes.

Void Genesis. Detecting zero is explicitly done by the model. For the simplest version of
the model, we assume we have no z species. To check whether s is zero, simply use either as
a catalyst (examples on the left side). For this to work, you must maintain a single z. Thus,
when producing any species s, continue to check with s as a catalyst and z as a reactant. As
an example, the rule x — s would be modified to be implemented with the two rules on the
right side.

Cs+8S—ys+s T+ s—2s
Ss+2z—>ns+ 2 r+z—s

Inhibitory CRNs. We can use an inhibited rule and a catalyst to detect whether a species
s exists or not.
Cs =N Ns runs when s does not exist

cs+s—ys+s runs when s does exist

Course-Rate CRNs. Detecting a species s only requires that there is a fast rule that uses
it and a slow rule that does not.
Fast Reaction cs + 8 = ys + s (will always execute first)

Slow Reaction cs — ns (will only execute if no s exists in the system)

Step-Cycle CRNs. Detecting zero is simple by using s in a reaction and then going to
another step. Since each step reaches a terminal configuration, it must not exist if the
reaction did not occur.

Step | Description Add Rules
1 Add something that only reacts with s | asinglecs | s+c¢s —y

2 Check if it reacted asingle w | w4y — ys+ s (s exists)
w + ¢s — ns (s not exists)

Unique-Instruction Parallel CRNs. The parallel model Ul takes advantage of how rules
are applied to force reactions to run in a specific order depending on whether the count of a
certain species is zero or not. Since we are limiting the possible rules that can run by our
species selection, detecting zero can be done in this manner. The intuition is to run two
independent rules, followed by a rule that uses the output of both. The ‘Round’ indicates
that all rules in this round would execute before the next round due to the maximal selection.
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Round | Description Rules

1 Create a timing/clock species (¢;) | ¢s — e + t1
and a species to use s with.

2 Try to use s and use the timer ¢ in | 7. + s — 75 (can only run if S exists)
another rule. t1 — t2 (runs even if the other rule can

not)

3 Now we use the timer to see if the | ta+7rs — ys+s (there is an s in the system)

other rule ran to+r. — ns (there are no s’s in the system)

4 Equivalence

This section shows equivalence between the CRN models, represented as the purple bi-
directional arrows in Figure 1. We first introduce a more general Void Genesis model, along
with some useful techniques, before presenting our equivalence results. Due to the number of
results and limited space, construction details and formal proofs are placed in Appendix A.

4.1 Equivalence Preliminaries
4.1.1 k-Void Genesis

Due to the complexity of some of the simulations, we first provide a more general version of
the VG model that makes simulation easier. We will prove that the standard Void Genesis
model can still simulate the more general model with at most a polynomial blow-up in rules,
species, and expected rule applications. Essentially, the only difference is that rather than a
single zero species z, there can be a different zero species for every species.

Formally, a k-Void Genesis CRN Cxyg = ((A,T), Zy) is a CRN with a partial mapping
function Zp : Ay — Ao, such that Ay UAs = A and A; N Ay = 0, that indicates which species
is created whenever another species count goes to zero (if mapped). The partition creates a
distinction between normal species and the special zero-counting species, which eliminates
chaining effects that could arise with zero-species being created from the elimination of other
zero-species. For convenience, we use the notation Zy(A) — z, to indicate that if the count
of species A in the system goes to zero, a z) species is created.

» Definition 14 (k-Void-Genesis Dynamics). For a k-Void-Genesis CRN ((A,T), Zy) and
configurations X, EZ and B, we say that X _>(Cji\c\1:<; § if there exists a rule (R, P) € T
such that ﬁ < Z, Z,ﬁ+ﬁ = Ei, and B = E+? where ? = > rec 2, and
C = {\e A/A[N #0 and B[\ = 0}.

4.1.2 Techniques

One technique that is used in our simulations is to maintain a single global leader species
G that selects which rule G; to execute, and then a sequence of rules to either sequentially
consume the reactants or sequentially break down the product of the other models’ rules to
execute zero-checking before managing zero species. Table 1 describes both of these processes.

Notation. To simplify thgro_)ofs and for consistency, we use the following notation for rules.
For rule i, we have G; = (R;,P;). We make use of the {R} and |R| notation defined in the
preliminaries, as well the difference between a configuration with many species Xk Versus a
configuration with only a single species X by the over arrow used.
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G+R,— R+ R, G+R,— D!
ﬁf + 7 — 55 (check for zero) Vp; € Pi:Zp; + 135 — Dj + 1317_‘_1 (remove zero)
Vr; € Ri:C + Zr; — RIT 4 Zr; (rj is zero) B+ P — B + 7 + P/ (no zero)
C? + 7 — RITE 4+ 7 (rj is not zero)
ElRi|+1 S G+ P, p‘i\PiIJrl G
(a) Using reactants sequentially 73; - 73: (b) Creating products sequentially 7€;—>—>—>732

Table 1 An overview of two techniques. (a) A procedure to consume the reactants of some rule
sequentially in order to test whether a rule can be applied and whether zero species are (or need
to be) created. This is abbreviated for rule ¢ as 72 --3 732 (b) Creating products sequentially by
consuming all reactants and then using counter species to create each product with a different rule
until all have been created. This may be needed to decrease the number of rule combinations while
handling zero species. Note that the zero species z,; is consumed when p; is created. If p; still

exists, then it is used as a catalyst. This process is denoted for some rule i as R;»P;.

G+R;— R +R; Gra+2b >R ra+2b
R{ +7 = 07 (check for zero) Rl+a— C} C?+b—R3+b
Nr € Ry : C_"f +Z— ﬁg+1(unmapped species) C:11 +Z— }:%:? +Za Ri? +b— Cif
¢+ 2’—>ﬁj+1 + Zr; (zero species) Cj + Ei - }ﬁ +a qf + '_5:_> 1;211 + _Z_:b
7+ 7 — RJT' + 7 (count not zero) RI+b— Ct Ci+b— Ri+b
R L G4 P; C?+75R+3 R'G+2a+¢
(a) Zero checking reactants Ri -+ P; (b) Example reaction set

Table 2 (a) The rules for the simulation of k-Void Genesis by Void Genesis. For each applicable
rule, we create a set of rules that sequentially consume each reactant r;, and if its count is now zero,
it creates the z,; species (unless it is unmapped, then z is simply consumed). Only one of the zero
check rules is added based on the mapping, which is why they are grouped. (b) The reactions that
simulate the rule @ -+ 2b — 2@ + ¢ from the k void genesis model within the void genesis model.

4.2 k-Void Genesis equivalence with Void Genesis

» Lemma 15. The k-Void Genesis model can simulate the Void Genesis model.

Construction. Given a Void Genesis model Cyg = ((A,T), 2), let Zy(A) = 2z, VA € A\ {z}.
Then the k-Void Genesis model Cxyg = ((A,T), Zp) is equivalent.

» Lemma 16. The Void Genesis model can simulate the k-Void Genesis model.

Construction. This result is straightforward using the methods to sequentially consume
reactants as previously defined. We slightly modify them with specifics as shown in Table 2.
Whenever we consume a reactant r;, we check if the single z species exists and if it does,
create the specific 2., species if 7; is mapped in Zp.

Given a k-Void Genesis model Cxyg = ((A,T),Zy), we create a VG CRN Cyg =
((A',T7),2). Welet A" = AU{G}U{z\ : A € A\ {2}} USg where Sp = {R! : 1 <
i <|T',1 <j <|Ri| +1}. We can simulate having specific z; species for all j species by
keeping the z species count at 0, and checking whether we consumed the last j.

» Theorem 17. The Void Genesis model is equivalent under polynomial simulation to the
k-Void Genesis model.

4.3 Inhibitory CRNs

» Lemma 18. Inhibitory CRNs can simulate any given k-VG CRN under polynomial
simulation.
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Vv eT: 1 Ri D @matPitl{Ri}T 1. G+Ri+Z, — Gi+Ri+ Z,
= —= = Vyiel: N — - =
2. 6)\i+1+)\¢*>)\i 2. Gi + Ri—>>G+P;
VA € Ay o
3. é}\i + I EM
(a) iCRN simulating k-VG (b) k-VG simulating iCRN

Table 3 (a) Reactions for an Inhibitory CRN to simulate any given k-VG CRN. (b) Reactions
for a k-VG CRN to simulate any given Inhibitory CRN.

a

at+h —> b R b—>90
~ ~ ~ ~
Y oarb—b e te,tb2l el =2 7, eAlth—> L ! ! Gibiz, —> Gitbig, Gib 3G !
G Dew D
(a) Czc — Cxvg (b) Cxvg — Czc

Figure 5 (a) A rule application in the simulated k-void genesis CRN Cxyg and the equivalent rule
application sequence in the simulating inhibitory CRN Cz¢. The dashed arrows represent mapping
a configuration of Cz¢ to a configuration of Cxyg. (b) The other direction.

Construction. Given a k-VG CRN Cxyg = ((A,T'), Zy), we construct an Inhibitory CRN
Cze = ((N,T"),Z). Let A" = AU{l,ey,,...,ex,, } where I and ey,,..., ey, check if any
species of A1 used in a simulated reaction have a resulting count of zero. Figure 5a shows an
example of an Inhibitory CRN simulating a k-VG CRN with A = {a,b} and a reaction that
consumes the species a.

» Lemma 19. k- VG CRNs can simulate any Inhibitory CRN under polynomial simulation.

Construction. Given an Inhibitory CRN Cz¢ = ((A,T'),Z), we construct a k-VG CRN
Ciovg = ((A',T7), Zy). Let A’ = AU {G,Gl,...,G,H,P},...,P"QF"“,Z«AI,...,ZM}. Let
Z; represent the set of z species corresponding to inhibitors of a reaction ;. G is consumed to
produce G; when selecting reaction ; € I', as long as no inhibitor species of ~; are presented
(indicted by the complete presence of Z;). G; then applies ; and restores G back. Figure
5b shows an example of a k-VG CRN simulating an Inhibitory CRN with A = {a, b} and a

reaction that consumes b if a is absent.

» Theorem 20. The Void Genesis model is equivalent under polynomial simulation to the
Inhibitory model.

4.4 Coarse-Rate CRNs

» Lemma 21. Coarse-Rate CRNs can simulate any given k-VG CRN under polynomial
simulation.

Construction. Given a k-VG CRN Cxyg = ((A,T), Zp), we construct a Course-Rate CRN
Cer = (A, TV),rank). Let A = AU {z,y,G,e,,,.. .76)\|A1‘} where G is used to select a
reaction and species x and y check if any non-zero species in A have a count of zero. Finally,
EXys -1 €Ay, ATE used to check the counts of the \; € A; that are relevant to the simulated
reaction, where A; is the set of non-zero species in A. Figure 6 shows an example of a
Coarse-Rate CRN simulating a k-VG CRN with A = {a,b} and a reaction that consumes a.

» Lemma 22. k-VG CRNs can simulate any given Coarse-Rate CRN under polynomial
simulation.
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L G+3 +Ri— 7+ P

Fast Reactions (Rank 2) V'ﬁ eT?, 1b. é+§i+é’k%é+i}c
v’ﬁeril.é’+7€:’ﬁf+?{ni}+ﬁ 2r € {Ri}:2. 75+ G5 — Tis1+Gj
N AR T R 3. 7+ Fy, 2Tt

.y+en, > Y+ 2\ 4. 17|F2‘+1—>G

Slow Reactions (Rank 1) 5. G4 7+ + 2y, —F

4.3 7 6. £ G+g+...+dire

5.5 G Wyl €Th 7. 54 R+ P

(a) Coarse-Rate CRN simulating k&-VG CRN (b) k-VG CRN simulating Coarse-Rate CRN

Table 4 (a) Reactions for a Coarse-Rate CRN to simulate any given k-VG CRN. (b) Reactions
for a k-VG CRN to simulate any given Coarse-Rate CRN.

C;cvg a+b—b
A

Gta+b—s x+e,+e,+b x+e,+b —s x+b yte—y+a A

; . X—y
C 7, 7, 7

Figure 6 A rule application in the simulated k-void genesis CRN Cxyg and the equivalent rule
application sequence in the simulating Coarse-Rate CRN Cer.

Construction. Given a Coarse-Rate CRN Cer = ((A,T), rank), we construct a k-VG CRN
Crvg = (N, 1), Zy). Let A" = AU{G, 5,t} U{gi, 29,715+ s 02415 2015 - - - ,z)\‘Al,Pll, R

Pryl+1 fos
Pllrl‘lrl‘| :i€{1,...,]T'?}}. G and a random g; species is consumed to select a random

fast reaction 42 € I'?, and any missing g; species is restored with r; species. Alternatively, if
no g; species is present, then G and all z,, species are consumed to produce s. s selects a
random slow reaction v} € I'! and produces ¢, which restores G and all g; species. Figure 7
shows an example of a k-VG CRN simulating a Course-Rate CRN with A = {a,b} and a
fast reaction that deletes a and a slow reaction that deletes b.

» Theorem 23. The Void Genesis model is equivalent under polynomial simulation to the
Course-Rate model.

4.5 Step-Cycle CRNs

» Lemma 24. Step-Cycle CRNs can simulate any given k-VG CRN wunder polynomial
simulation.

Construction. Given a k-VG CRN Cxyg = ((A,T), Zp), we construct a Step-Cycle CRN
Csc = ((A’,F'),?o). Welet A" = AU{G,y,x,w,ex5. - €x, s 2015+ 20, | aDd ?0 =q.
The G species is used to select a reaction, and y is used to check if any non-zero species in A
have a count of zero. Finally, ey, , ..., e, A, A€ used to check the counts of the A\; € Ay that
are relevant to the simulated reaction, where A; is the set of non-zero species in A. Figure
8 shows an example of a Step-Cycle CRN simulating a k-VG CRN with A = {a,b} and a
reaction that consumes the species a.

» Lemma 25. k-VG CRNs can simulate any given Step-Cycle CRN under polynomial

stmulation.

Construction. Given a Step-Cycle CRN Cse = ((A,T), (?0, ?1, A ?k_l), we construct a
k-VG CRN Ciyg = (N, 1Y), Zp). Let A = AU{G,\,... ,)\TA‘,Z/\“ ce A TS TID)
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D (D
a— () \
=~ >

G+g+a— 1,40 T +7, —T,

~
i +81 I, —>G H
SAL AR SR e R—_N
C;cvg

Figure 7 A rule application in the simulated Coarse-Rate CRN Cer and the equivalent rule
application sequence in the simulating k-void genesis CRN Cxyg.

1.G+gi -7 + P
Vv €T, 2k € {Ri}:2.7 + G5 — Tjt1 + g

Vv, €T 1.é+7€;%?{ni}+P¢ 3.Fj+§gj — Ti+1+ G
WA 2N e A 47jr41 — G

3G+, — T+ A, 5.G+Zgy oot Fay =

4G+7— G 66— G+gi+...+3dr

5.G+7< G+ VS € S\ {Sk_1}: 7.5+ 5+ Sip1 + S

6.0 <> x 8.5+ §k_1—)—)—>{+ S0 + gk—l
(a) Step-Cycle CRN sim. k-VG CRN (b) k-VG CRN simulating a Step-Cycle CRN

Table 5 (a) Reactions for a Step-Cycle CRN to simulate any given k-VG CRN. (b) Reactions for
a k-VG CRN to simulate any given Step-Cycle CRN.

5,80y 8k 1,1} U{gi, 29, RIL,R) PL:1<i<|T[,1<j<|Ri|+1,1<I<|Pi|+1}. G
and g; are consumed to select a random reaction. The reactants are checked sequentially,
converting each reactant into A,. Then the r; species reintroduce any deleted g; into the
system. Species s; represent step 7, with species s and ¢ used to transition between steps.
Figure 9 shows an example of a k-VG CRN simulating a Step-Cycle CRN with A = {a, b}
and reaction a + b — b.

» Theorem 26. The Void Genesis model is equivalent under polynomial simulation to the
Step-Cycle model.

Extension to deletion-only rules. Given the recent result in [20], these results extend to
give the following corollary.

» Corollary 27. Even when restricted to at most (3,1) void rules, the Step-Cycle model is
equivalent under polynomial simulation to the Void Genesis model.

4.6 Unique-Instruction Parallel Model
» Lemma 28. UI parallel CRNs can simulate any given VG CRN.

Construction. Given a Void-Genesis CRN Cyg = ((A,T), z), we construct the UT parallel
CRN Cyz = (A',T’). We create A’ = AU{G, E,t*} U {e)\j,t},rjl-m??Gi cied{l,... T} €
{1,..., {R:}|}}. The set of species A’ each has a role. The global species G, selects a rule
v1 € T non-deterministically, and produces a G; to disallow the reaction 1 running again, a
set of species ey, and produces the products. The ey species then creates a timer species
]1, which is used to check if a species exists in the system. In
reaction 3 the rules run in parallel, so the timer species goes down, and at the same time,
we check if any checker species have incremented. Reaction 4, reintroduces the consumed
species or creates the zero species z, based on the checker species. Both reactions produce
the E, which is later used to reintroduce the G species. Figure 10 shows an example of a Ul

CRN simulating a simple VG CRN.

t;, and a checker species r
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ﬁfﬂ-g)\j —>Féi€_ +,27)\j
G+g — Bl + 2, R R 42, - R 4%
A N EDY HR’““Jr)\’ TR X S R4
VA € Ri: SR +1 3 S - 7
R, + R 7+ R =G
(a) Check reactants (b) Undo reactants

— —
Table 6 (a) Checking reactants sequentially R; --+ P; (b) Undoing reaction selection if not
enough reactants exist for rule 7.

Step 0
G+a+b—)0 +eb+b b+cb—>b y+c -7, +y

Figure 8 A rule application in the simulated k-VG CRN Cxyg and the equivalent rule apphcation
sequence in the simulating Step-Cycle CRN Csc.

Vv, €T, G+ Zr; — N, + X; + Zr; (can not run)
Vr; € Ri:
seq. Gi+7 — R?
Vv eT: 1.G+ R; %G’}+W+Pi reacts.  RJ 47 — RIT!
VA; € A1 2.8\, = 7} + 1) RI4+Z, > Ni+ Xi+ 71+ ...+ o1+ 2,
3.7 + Xi — 7 j=|Ri| R +7; — I+ X, (rule selected)

f} s 1y Xi+...+Xn = Ia (rules selected)
4.1?2+F?—>Xi+ﬁ Vyi el I+ F — F,+F+ P; (output)
f2+7:}1—>5+ﬁ Ni+ F — F; + F (not run)

5G;+ {Ri}|-E —» G veset  F+Fi+...+Fp = Gi+...+ G
(a) UI parallel CRN simulating a VG CRN (b) k-VG simulating UI parallel CRN

Table 7 (a) Reactions for a Ul parallel CRN to simulate any given VG CRN. Here, e, is an
ex; species created for each of the j different reactants in R; (only one e is created if multiple copies
of that species are used). (b) Reactions for a kVG CRN to simulate any given UI parallel CRN.

» Lemma 29. k-VG CRNs can simulate any given UI Parallel CRN.

Construction. Given a Ul parallel CRN Cyz = (A,T), we construct a k-Void-Genesis CRN
Cxvg = ((N,T), Zy) as described. Let A = AU{FYU{G;, N;, I;, F;, R} - i e {1,...,|T},j €
{1,.. R}y U {2, : ry € Risit.1 <i < |I'[}. A G species exists for each «; € T, which
sequentially consumes the reactants. If successful, it is committed to running 7;. If some
reactant is missing, it returns the previously consumed reactions and notes that it can not
run N;. Both commitments create an X;, and when all |T'|| - X exist, a maximal set has been
chosen and an F'is created. This allows N; or I; to turn into Fj, and output the products
if the rule was an I. Once all rules are converted to an Fj;, they all combine to reset the
rule selections by creating all the G;’s again. Figure 11 shows an example of a k-VG CRN
simulating a UI CRN with A = {a,b} and reaction a + b — b.

» Theorem 30. The Void Genesis model is equivalent under polynomial simulation to the
Unique-Instruction parallel model.
4.7 Register Machine

In this section, we show that Void Genesis CRNs are Turing Universal by constructing a
simulation of a standard register machine.
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a b atb—>b @

G+g, > r+b rytg;

—>
b Y Z, T2
@Wg . g1s0 aGSOb

Figure 9 A rule application in the simulated Step-Cycle CRN Csc and the equlvalent rule
application sequence in the simulating k-VG CRN Ckxyg.

a b Cyg at+b—b

e, >r ,+t1 ¢b—)1 totr! |—>/+E
(+1+h—>( .+c +c. +b ‘) ", b+E

E r! ) \+2E

Flgure 10 A rule apphcatlon in the simulated void genesis CRN Cvg and the equlvalent rule
application sequence in the simulating Unique Instruction CRN Cyz.

@ a+b—-b

> [+X, +I,= F+F,+b

Cor G G -.

Figure 11 A rule application in the simulated Unique Instruction CRN Cyz and the equivalent
rule application sequence in the simulating k-void genesis CRN Cixyg.

» Theorem 31. k-VG CRNs are Turing Universal.

Proof. Given a Register Machine (RM) with s1,..., s, states—each with either a inc(r, s;)

or dec(ry, sj, i) instruction—and rq, ..., ry,, registers, we construct the k-VG CRN as follows.

Each register and state will be represented by a species, and the instructions will be encoded
in the rules. The initial configurations should have one copy of s; (assume s; is the RM’s

starting state) and the register species’ counts should be equal to the registers they represent.

Table 8 shows what rules should be made for each state of a given RM. Because k-VG
CRNSs can simulate any given RM, k-VG CRNs are Turing Universal. |

Although it can be inferred from this result and the simulation equivalence results that
all the models studied here are Turing Universal, we do not give formal proofs of this due to
space.

5 Conclusion

In this paper, we demonstrate equivalence through polynomial simulation between 5 natural
extensions to the CRN model. We centralize these simulations around the Void Genesis
CRN model, as this model’s ability to detect zero is one of the simplest augmentations to a
regular CRN. We then show that Void Genesis CRNs are Turing Universal, implying that
Step-Cycle CRNs, Inhibitory CRNs, Parallel CRNs, and Coarse-Rate CRNs are also Turing
Universal. While this work is complete in proving equivalence between these models, there
are still several interesting open problems to consider (some of which are shown in Figure 1):

We aim to explore constrained versions of our simulation definition that recover existing
notions as special cases. Does restricting the configuration map to be consistent with an
underlying species-species mapping immediately results in weak bisimulation? If that
underlying map is a total bijective function, does that yield strong bisimulation?
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Instruction Relevant Rules Instruction Relevant Rules
55+ T — 8k + T+ 75 8+ 7 — 5k
sj rinc(ri, Sk) 85+ Zr, — Sk + T sj » dec(rs, sk, 81) 85+ Zr, = 51+ 2,
Zg(ri) = zr,

Table 8 Rules for a Void Genesis CRN to simulate a given Register Machine.

For iCRNs, a rule is inhibited by the existence of one or more species. Our definition
effectively uses a logical OR (inhibition is only false when all inhibitor counts are zero).
A natural extension is to consider inhibition functions using other logic (e.g., AND - a
reaction is inhibited only when all of its inhibitors are present).

Coarse-Rate CRNs are limited to 2 ranks for reactions. A natural generalization of this
model is to allow for k different ranks (k-rate CRNs). What is the relationship between
Coarse-Rate CRNs and k-rate CRNs?

Even when limited to only void reactions (rules where no species are created), step CRNs
are able to compute threshold circuits [2, 3]. Does this suggest that Step-Cycle CRNs,
even when limited to only void reactions (void Step-Cycle), are still Turing Universal?
Are there more efficient ways to simulate these augmented CRNs using VG CRNs?
What is the complexity of reachability in restricted instances of each model, such as
[13, 14]? As mentioned, we know the complexity with step-cycles [20], but deletion-only
rules have not been explored in detail in the other models.
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A Formal Void Genesis

Vyiel: 1. ﬁl i>€>{Ri}—|—Bi-|—|{7?,7;}|~f
e+ IT+Xi— X

3. &, 41252,

Table 3 (restated): iCRN simulating k-VG

Vi € Ay

» Lemma 18. Inhibitory CRNs can simulate any given k-VG CRN under polynomial
stmulation.

Proof. For any given k-VG CRN Cgyg and a configuration 8 of C%Vg, we construct an

Inhibitory CRN Cz¢ and configuration 8’ that simulates Cxyg over C' as follows.

Construction. Given a k-VG CRN Cxyg = ((A,T'), Zy), we construct an Inhibitory CRN
Cze = (A,T),7') as follows.

We first build the species set A’. First, each species from A is added with no modification.

We then create the set of species ey, ..., ey Ay O check if the count of a reactant consumed
in a simulated reaction ; has reached zero. We also make the species I to ensure that each
reactant was checked before simulating another reaction. The configuration of Cz¢ 8’ is

simply the configuration of Cxyg C' with no changes.

We now construct the reaction set of Cz¢ I'. First, Reaction 1 simulates a reaction ; € T

In addition to consuming R ; and creating Bi, Reaction 1 produces ?{Ri} and |{R;}| copies
of I for zero-checking each reactant of ;. The zero-checking itself is performed by Reactions
2 or 3. If a copy of a reactant \; € R; still remains present, then Reaction 2 preserves that
copy. Otherwise, Reaction 3 will be fired and produce one copy of Zj,. Note that Reaction 1
is inhibited by the species I, which can only be consumed by Reactions 2 and 3, so it cannot
be fired again until the zero-checking for all reactants R; is completed.

We now define the configuration mﬂ)ping of Cz¢ as follows. If a copy of the species [
does not exist in a configuration of Cz¢ C’, then C' maps to a configuration of Cxyg that
holds the same count of species A\;, VA; € A. The intuition of this mapping is that I only

exists in a configuration following the simulation of some reaction «; € I' with Reaction 1.

Then Reactions 2 and 3 will be used to zero-check each reactant used in ~;, consuming the
copies of I in the process. Only once each reactant has been checked (and thus all I copies
removed) can Reaction 1 be fired again to simulate another reaction from I'.

M(C") = {ZXEA TN N I ¢ (T

1L otherwise.

Ckvg follows Cz¢. Given configurations Z? and E? in Cz¢ such that M (X’ ) and M (ﬁ’ ) are
defined, we show that Cxyg follows Czc. We first show that if Z? =Cre B?z and M(X’) # M(B?z)
thegM(A’l)—)cIC M(B'). E}ince M(z’) and M(?’) are defined, the species I does not exist
in A" and B’. Because M(A’) # M(B’), there must sequence a sequence of rule applications
to transform A’ to B’. Assume a reaction of the form ﬁz 4 ?{Rz} + Bz +{R}| - I can be

applied in A’ Let the resulting configuration be 7’1 — A - R+ ?{Ri} + Bi + R} - T.

By the presence of |{R;}| copies of I, Reaction 1 will be inhibited. Then only a sequence
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of application of Reactions 2 or 3 will occur in Yl, consuming all copies of €\, and I
and producing some copies of z\,. Let the set of 7, copies added be 7 Then the
final resulting configuration is B’ = X R + P + Z. Denote the first applied rule
ﬁi ER ?{Rt} + ?Z + [{Ri}| - T as ~}. By the construction of Cz¢, 7/ must be created
from some regction v; € I' where R; — P;. By the mapping function the configuration
of Ciyg M(A") contains the samme count for all \; € A_} Then if 4} is applicable in Z’, i
musi) also be applicable in M (A’ )._}Applying_> ~; in M (A’) then results in_> the configuration
M(B) = M(B]) + Z, where M(B]) = M(A) = R+ P,. Clearly, M(B') = B’. Thus, it
follows that M(A") =¢,, M(B'), if A" =¢,, B' and M(A") # M (B').

Czc models Cxyg. Assume there exists two configurations of Ciyg Z and § such that
—cxve B, where for every configuration in Cz¢ for which a mapping is defined, there
exist a unique mapping configuration M(A’) in Cxyg. Therefore, for any configuration Z we
only have one configuration A’ € [[Z which contains the same count of species A\; € A as in
Z Similarly the conﬁguratlon B will have only one unique configuration mapping §>’ [[§ 1
Both configurations A" and B’ can not contain species I because their mapping is defined.
By Cixyg follows Cze, there must exist an applicable reaction «; € I' such that Bt +
in which B; = 4 + Pand Z = > xec Za, where C = {\ € A|Z[ Al # 0 and Bt[ l= 0}
for which the all reactants of the reaction are present. If such a reaction is applicable and
the system Cz¢ is in conﬁguration A’ there will exist a sequence of applicable reactions
— 7
such that B = B + Z where Bt > onen AN = R + P. The resulting configuration in

Czc after the application of 7; will contain the same count of species \; € A as in ? As

defined by the configuration mapping, such a conﬁguratlon will be B Therefore for any tv two

configurations A and B such that A —Cre B and &' € [[Z and B € [[ﬁ]] A =c,, B.
Because Cxyg follows Cz¢, and Cz¢ models Cxyg, we can state that Cze simulates Cxyg.

Polynomial Simulation. We now show that the above simulation is polynomial efficient
as follows.

1. polynomial species and rules: As defined in the construction, along with the original
species in A, species I and ey, , ..., ey, | are created for A’ , resulting in [A'| = 2-[A[+1 =
O(|A]) unique species in the construction. Regarding reactions, we create one reaction
for each reaction in I" and two reactions for each species in A;. We then have |T'| 42 - |A]
reactions, thus resulting in |T] = O(|T| + |A|) total rules.

2. polynomial rule size: Given a reaction ~; € I', Reaction 1 is created, which consumes
[{R;}| reactants and produces [{P;}| + 2 - |[{R;}| products.

3. polynomial transition sequences: To perform a macro transition M (Z; ) =Crve
M(B'), Reaction 1 is first applied once. Then one of Reactions 2 or 3 will be executed
for all |P;| products, resulting in |A| additional rule applications. Thus, for a sequence of
n transitions in Cxyg, the resulting simulating sequence is of length O(|A] - n).

4. polynomlal volume: If the configuration 3 maps to a configuration 8 in Cxyg then
C’ ] = 8[&-] and the Volume of system in C’ is polynomial in the volume of Ciyyg.
For any other configuration C'”" with an undefined mapping, the volume is bounded by
the volume of configuration A" and B’ such that A’ =¢,., B’ through configurations
8’ ! i.e. is polynomial in the simulated system. This is because Reaction 1 introduces

the products P; and |R;| copies of I into C'”’, and Reactions 2 and 3 will decrease the

volume of C'” by a constant amount.
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The above simulation only utilizes 1) polynomial species and rules, 2) polynomial rule
size, 3) polynomial transition sequences, and 4) polynomial volume. Therefore, Cz¢ simulates
Cicy under polynomial simulation. |

» Lemma 19. k-VG CRNs can simulate any Inhibitory CRN under polynomial simulation.

Proof. For any given Inhibitory CRN Cz¢ and a configuration of Cze 8, we show that we
can construct a k-VG CRN Cxyg and a configuration of Ciyyg C’ that simulates Cze over

Construction. Given an Inhibitory CRN Cz¢ = ((A,T'),Z), we construct a k-VG CRN
Crvg = (N, I), Zp) as described below.

We use a global leader species to select a reaction and then generate products sequentially
as explained in Section 4.1.2. The initial configuration of Cxy g starts with the global species G,
which is consumed to produce G; when selecting reaction v; € I'. The species P} ... PZJPi‘Jr1
are generated as described in Table 1 when generating products pi, ..., pp,|. Therefore, the
species set A’ will contain the original species set A as well as a single leader species G,
reaction-specific leaders G ... G|p|, and the species P ..., Pl‘fl‘” I+ Along with the leader
species, the Cxypg will also contain one zero species for every species in A. The species set A’

for Cxyg can then be defined as A’ = AU{G,G1,...,Gr|, P}, ... ,Plllzj"r“ﬂ, Zhysee o ZAa )

V’YiEF:

Table 3 (restated): k-VG simulating iCRN

For any reaction v; € ', let Z; represent the set of zero species zy,,VA; € Z(v;). Crvg
represents each reaction y; = (72, 732) in Cz¢ by the two reactions as given in Table 3. The
first reaction uses the reactants R; and the set of zero species Z; as a catalyst. This reaction
is applicable if both conditions for a reaction ~y; are true: the reactants R; are present; and
the inhibitors are absent, that is, the zero species in Z; are present. If the first reaction is
applied for any -;, then the species G is consumed and a new species G; is produced making
the second reaction applicable. The second reaction in Table 3 represents a sequence of
reactions provided in Table 1. This consumes G; and generates the products of ~; while
consuming any existing zero species corresponding to the products. Once all products have
been produced, the species G is added back to the system.

We now define a configuration mapping as follows. If there exists the leader species G in
the configuration C’ then the configuration C' maps to a configuration in Cz¢ that contains
the same count of species X', VA’ € A. This is because the species G exists in the system
before (and after) applying a reaction ~; € I'. All intermediate configurations C’ that do not
contain G do not map to anything in the original system. As described in Table 1 when a
new product species p; is generated, if there exists a zero species 2., it is consumed making
sure there never exists more than one copy of a zero species. Therefore, Vz, in the system,
the count of zy, € [0,1]. Each configuration C” in Cxyg for which M(C") is defined will
contain one leader species G, a sequence of \; € A, and a unique sequence of zero spe@gs
corresponding to A; for which C'[\;] = 0. Hence every C’ will have a unique mapping M (C”).

1L otherwise.
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The configuration mapping function is polynomial-time computable because when the
function is defined (i.e. G € {C'}) it computes the sum of vectors C/[X]- X for all species
in the simulated system. Therefore, the configuration mapping function is computable in
O(]A]). Furthermore, for each cgnﬁguration Cin CIC_> there exists a configuration 8 in Cxyg
that contains G and V\; € A, Cl[)il = 8[&], and C'[zy,] :_>1 itC Ai] = 0. In other words,
for every T in Czc there exists a C” in Cyg such that M(C") = C'.

Now we show that Cxyg simulates any given Cz¢. This is done in two parts. We first
show that Cz¢ follows Cxyg, and then we prove that Cxyg models Czc.

Czc follows Cicyg. Cze follows Ciyg if for any two given corﬂgurations ;47 and ? in Cxyg
where M(A’) and M(B') are defined, such that A" =¢,,,, B’ and M(A’) # M(B’), then
M(z) —cze M(B’). We know that both Z and ? contain the leader G because M (A”)
and M (B’) are defined. Because M (Z )£ M (ﬁ ), there exists an applicable reaction ~; € T
for which there will be reactions G -+ ’Ez + Z — C_jl + 73: + Z and C_jl + @A—Hé + ﬁ that
are applicable in Ciyg. And the configuration A’ is the configuration before the reaction
G +7€; + Z — Gi+Ri+ Z is applied and ﬁ is the resulting configuration after the sequence
of reactions regesented by Gi+ Ri+—G + 731 is applied. The system will start with the
configuration A’ and transition through certain intermediate configurations consisting of

e PZ.‘P"HI7 finally resulting in configuration B’. In the original system Cz¢,

species G, P}, .
the configuration M (A’) containing the same count of species in A as in A" will transition to
the g)nﬁguratign M (-1>4/ ) —_}7@ + 731> as described in Definition 4. The resulting conﬁguratig)l
M(B'")=MA)—-R;+P; in_gzc will (gntain the_s;ame cogts of species in A as in B'.
Hence M(A") —¢,e M(B'), if A" =¢,,,; B' and M(A") # M(B’).

Cxyg models Cz¢. Say Z and ? are two configurations in Cz¢ such that Z —c, §
As described in the configuration of configuration mapping, for any configuration ﬁ we
only have one configuration A" € [A ] which contains the same count of species \; € A
as in Z Similaﬂy the gnﬁguration § will have only one configuration ﬁ € [[?]] Both
configurations A’ and B’ will contain species G because their mapping is defined. We
know that —Cre ?, hence there exists an applicable reaction ~; € I'" such that § =
Z — 72 + 7?2 for which inhibitors Z(v;) are absent. If such a reaction is applicable and the
system Ciyg is in configuration A’ containing G, there will exist a sequence of applicable
reactions in Cicpg (representing +;) leading to configuration B’ that also contains G such that
Y onen BN - Xi = Yonen ANl Xi — 73; + 73: By the definition of configuration mapping,
E’ € [[ﬁ]] (i.e., M(Ez) = B) Therefore for any two configurations A and B such that

—Cre B and 4’ ¢ HX]] and E? € [[ﬁ]], Z =Crvo g

Because (1) Cz¢ follows Cxyg, and (2) Ciypg models Cz¢ using a polynomial-time com-
putable function M, we can say that Cxyg simulates Czc.

Polynomial Simulation. We now show that the above simulation is polynomial efficient
as follows.

1. polynomial species and rules: As defined in the construction, along with the original
species in A, the set A’ contains |A| zero species, (|I'| + 1) leader species, and |A] - |T'|
species to generate products. Hence, |A’| = 2-|A|+|T|+1+]|A|- |T'|. Because for any CRN
the |T'| = O(|A|¢) for some constant ¢, therefore, |A’| = O(|]A|¢). As given in Table 3, for
each reaction in v we have one reaction for selection and |A| + 1 reactions for sequential
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product generation (as discussed in Table 1). Therefore, |T| = |T'| - (|A| + 2) which is
O(IT?).

2. polynomial rule size: Each rule v; € T" of the form R; — P; is simulated by |A| 4 2
rules. For the selection rule we add O(|R;|) species to the reactants and products, while
for sequential products we only add a constant number of species to the reactants and
products of ;. Therefore, V+; € T, every rule simulating -; is polynomial in the size of ~;.

3. polynomial transition sequences: For any rule 7; transitioning to a rule «; in the
Czc, O(|A|) intermediate rules are applied in the Ciyg. Therefore, any sequence of n
transitions in the Cz¢ is simulated by O(|A]) - n transitions in the Cxyg.

4. polynomial volume: Every configuration C’ in Cxyg will contain one copy of one

of the leader species and at most one copy of the z,, species VA; € A along with the

" maps to a configuration 8 in Cz¢ then

!/

original species in A. If the configuration
'[Ai] = C'[\;] and the volume of system in C’ is polynomial in the volume of Cz¢ in
configuration 8 For any other configuration 8’ " that maps to L, the volume is bounded
by the volume of configurations A’ and B’ such that A’ =Crvg B through configurations
8’ ' i.e. is polynomial in the simulated system. This is because, to generate the products
using the second rule in Table 3, a copy of each product is added to the system in every
one of the C'" configurations.
The above simulation only utilizes 1) polynomial species and rules, 2) polynomial rule size,
3) polynomial transition sequences, and 4) polynomial volume. Therefore, Cxyg simulates
Czc under polynomial simulation. <

» Theorem 20. The Void Genesis model is equivalent under polynomial simulation to the
Inhibitory model.

Proof. Lemma 18 and Lemma 19 show that both Cj¢c and Cgy g simulate each other
under polynomial simulation. Therefore the k.-VG CRN and Inhibitory CRN models are
equivalent under polynomial simulation. Theorem 17 proves that the k-VG CRN model is
equivalent to the Void Genesis model under polynomial simulation. Based on the Transitivity
Theorem (Thm. 13), the Void Genesis model is equivalent to the Inhibitory CRN model
under polynomial simulation. |

» Lemma 21. Coarse-Rate CRNs can simulate any given k-VG CRN under polynomial
stmulation.

Fast Reactions (Rank 2)
Vyel: 1. G+Ri @+ Tiryy + P
T+en, +h = T4 N
g+eéx 2 y+2y
Slow Reactions (Rank 1)

4. -y
5 ¥— G
Table 4 (restated): Coarse-Rate CRN simulating k-VG CRN

V) € Ay :

Proof. For any given k-VG CRN Cxyg and a configuration 8, we show that there exists a
Course-Rate CRN Cer and a configuration C’ that simulates Ciyg over C.

Construction. Given a k-VG CRN Cryg = ((A,I'), Zp), we construct a Course-Rate CRN
Cer = ((N',T7), rank’) as follows.
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In addition to A, we first create the species G to select a reaction v; € I'. We also
add the species ey, ..., €, tO check if any reactant r; € R; has reached a count of zero
from simulating v;. Finally x and y are constructed to modify ey, depending on if the new
count of \; is non-zero or zero, respectively. Then A’ = AU {z,y,G,ey,, ..., €, | }. Let the

configuration of Cer 8’ be 8 in addition to one copy of G.

Reaction 1 in Table 4 simulates v; € I', which is selected by G. In addition to producing
P, the reaction also creates the species Z and €}, ... ,é}\mll. With Reaction 2, Z will then
remove a copy of €, only if the new count of A; is not zero. If Reaction 2 can no longer be
applied, any remaining copies of €y, must be represented by a species A; with a count of zero.
Afterwards, Reaction 4 transforms & into . Now, through Reaction 3, ¢ will transform all
remaining copies of €, into Z),. Finally, Reaction 5 converts ¥ into G, allowing us to choose
another reaction from T'.

We define the mapping function as follows. The intuition is that every configuration
in Cer maps to a configuration in Cxyg if the counts of each species are exactly the same,
ignoring the added G, x, and y species in the Cer system. Ensuring that species have not
reached a count of 0 is done through the ey, species, which is why any configuration that
contains an ey, is undefined.

M - {J_ H{C Y N {erss v enn, } £ 0

D oxven 8’[)\’} - XN otherwise

Cxyg follows Cer. Let 27 § be configurations in Cxyg and Z, E? be configurations in
Cer with M(A”) # M(B'). The initial configuration for Ccog stagcs with the same initial
conﬁguratlon of CKVG and one copy of G. Tt is clear that M(A") = A. We first show
that if A =Con B and M(A’) # M( ) then A =Crvg B. With only one copy of G
in the system, a rule of the form G + 7? — X+ e{R y+ 731 must occur first. As a result
of this reaction, we are left with & along with e{R y and the products from the chosen
reaction. Therefore the rule ¥ + )\ +é\ = T+ )\ occurs next, in which a copy of €}, is
consumed if \; exists in the system. Let the resulting configuration be ? This reaction
is then applied for all \; € ﬁz After exhaustively applying the reaction, only the new
reaction of the form ¥ — 4 can be executed. If any count of \; reached zero, then there still
exists a €y, respective to A; that did not get consumed. This allows a reaction of the form
¥+ €x, = ¥+ 2, to trigger, creating a 2 corresponding directly to z; € § Let this be ? .
Following the exhaustive application of that reaction, only then can the rule of the form
y— G be applied, thus reaching B’. From the mapping function, since M (A’ ) = Z, each
A € {R} satisfies X’[)\'} = Z[/\] where )} is the mapped species of \; in Ccr. Thus, if v;
can be applied in Ccr, it must be the case that v; can be applied in Cxyg. It follows that
M) “cye M(B).

Cer models C}C\)g The final part of the proof 1s to show that if X —Crevg § implies
that VA’ € [[ EIB' € [[?}] such that A' =Con B Let v; € T" denote a rule that can
be apphed to By the mapping function, there exists a species A, for each \; € {R }
satlsfymg A’ [A] = [)\Z] Thus, as long as A’ Z]] contains an G species, the rule
G+ 7? — €ry +Pi € IV must also be executable. From Cxyg follows Cer, we know that
there are at most 3 representative configurations for X one with a single z species (?1),
one with an y species but no zy, (between Xk and 7 ), and one with a y species and a
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%
discrete amount of zy, species (Y’z) Assume that L’ was the configuration prior to reaching
configuration Y’l In the 3 cases, we show that configuration A’ is reachable through the
sequence L' = A} = A, = A’. Thus, since A’ is reachable from all other representative
- nce A/ = B A B imoli T ecrA1 358 1B

configurations and since A’ = B’, A —¢,,, B implies that VA" € [A ], 3B’ € [ B ] such

= —
that A’ =Cen B.

Polynomial Simulation. We finally show that the simulation is polynomial.

1. polynomial species and rules: As described in the construction, the set of species
of Cer contains A (from Cixyg), the added z,y,z species and the checker species
€xry-- -5 €y, - Lhe set of rules only adds [['] + 2 - [A] fast reactions, as well as two
slow reactions.

2. polynomial rule size: For a rule y € T of size (m,n), a rule of at most size (m+1,n+m)
is created for I".

3. polynomial transition sequences: For any rule 7; transitioning to a rule 7; in the
Cer, O(JA]) intermediate rules are applied in the Cxpg. Therefore, any sequence of n
transitions in the Ceg is simulated by O(|A]) - n transitions in the Ciyg.

4. polynomial volume: Each configuration C’ has a defined mapping only if each ey,
species is not present in (7 . Thus, any defined mapping will only differ by a constant
amount from configuration M(C’). Any intermediate configuration between C’ and
some reachable configuration 8’ " with a defined mapping will have at most an increase
of O(|A]) volume introduced by the ey, species. Thus, the difference in volume from C’
will differ only by a polynomial amount.

<4

1. G‘+§i+7€2—>771+73;

VA2erl?, 1. G+§i+z— G+
2z € {Ri}: T+ g = T+ G
7+ Zg; 2> T+ g

2
3.
4. ﬁr2‘+1 -G
5
6
7

GAZp+. .+ —F
o T GG+ A+ G

VieTl: 7. G+ R+ P

Table 4 (restated): k-VG CRN simulating Coarse-Rate CRN.

» Lemma 22. k-VG CRNs can simulate any given Coarse-Rate CRN under polynomial
stmulation.

Proof. For any given Coarse-Rate CRN Cer = ((A,T'), rank) and a configuration C o Cer,
we show that there exists a k-VG CRN Cxyg = ((A', 1), Z;) that simulates Ccr over C'.

Construction. Given a Coarse-Rate CRN Cer = ((A,T'),rank) and a configuration of
Cer 8, we construct a k-VG CRN Cxyg = ((A', 1), Z;) and a configuration of Ciyg E as
follows. Let I'> and I'! be the set of all fast (rank 2) and slow (rank 1) reactions of Cex,
respectively.

We first construct the species set of Cxcpg A’. Each species of Cer A; € A are added with no

modification and we create the new species G, s,t, g1,...,9|r2|, 2g,,-- > Zgipap> Ty 5 T|T2| 415
IPip1[+1 .
Zxys-e12ap, and P}, .. .,PIFJ‘F " We then define Zé as the mapping g; — 24, and
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Ai = zy,. G’s role is attempting to apply a random fast reaction 47 € I'? by interacting with
the respective g; species. The presence of a zero species for a g; species (z,,) indicates the
corresponding fast reaction cannot be applied in the current configuration by G. After a fast
reaction is applied, we use each r; species to restore any missing g; species in the configuration
to allow all fast reactions to be re-applicable again. s is produced when no fast reactions
are applicable and is used to attempt applying a random slow reaction v} € I'! instead. ¢
is made if v} was applied and is used to restore the species G and g, . .. , grz| back in the
configuration in case any fast reaction becomes applicable again following the application of
vl Finally, Pl ..., P“Fpﬂ‘rl‘ s used to generate the products of slow reactions using the
sequential products technique described in Subsubsection 4.1.2; we note that we use s to
initiate the procedure and produce ¢ at the end instead of G. We also define the configuration
of Cxyg C to be the configuration of Cer 8 with the addition of one copy of G and one
copy for each of g1,..., g|r2.

We now construct the reaction set of Cxyg I''. We describe each reaction as listed in
Table 4. Reaction 1 applies a fast reaction 42 € I'2. Specifically, é, gi, and the reactants
73: will be consumed, creating the products P; and a species 7. 7 is then used to iterate
through all fast reactions 77, ...,v2 by transforming into 7%, which then transforms into 73,
and so on, restoring any missing g; species if needed (Reactions 2 and 3). Once the 7jp2|+4
species is created, Reaction 4 converts it into é, allowing Reaction 1 to occur again. If one
of the reactants of a fast reaction 42 is detected absent (by a Zj species), the respective
Gi species for the reaction is deleted, in turn creating a Z,;, species (Reaction 1b). If all
Zy; species Zg,, ..., Zg‘rzl are present, then no fast reaction is applicable, allowing any slow
reaction to be selected instead. To do this, we first consume G and Zgry ey Zg‘ﬂ‘ to create
the species 5 (Reaction 5). Reaction 7 uses 5 to apply a slow reaction v}. This reaction uses
the sequential products procedure from Subsubsection 4.1.2, meaning that we produce each
product of v} sequentially, allowing for the deletion of all 2y, species that correspond to a
product of 7}. The procedure ends by creating the species t. which restores G and g1y dr|
with Reaction 6, allowing any potentially new applicable fast reactions to be selected over
the slow reactions.

We finally define the mapping function M (8’ ) as follows. If G exists in a configuration

', then that configuration maps to a configuration 8 in which the count of all species
Ai € Ain C is equal to the count of all species \; € A’ in C'’. The intuition of our mapping is
that G appears in the configuration before and after both a slow and fast reaction application.
With a fast reaction 2, G is used to apply it in Reaction 1. Then, after Reaction 4, G is
added back, allowing a new fast reaction to be applied. In order for a slow reaction to be
applied, G is deleted to create the species § (Reaction 5). When a slow reaction is applied
with §, G will be restored back following Reaction 6.

M(C) = {ZXEA N i Ge{Cn

1 otherwise.

Cer follows Ciyg. Let Z and ? be configurations in Cxypg. We show that if Z = Cievg ?
and M(z) # M(?), M(Z) —Cor M(ﬁ) First, Z and EE must contain G in order for
both configurations to be defined. However, since M(A") # M (ﬁ ), there must exist an
applicable sequence of reactioni to transform the count of the species N € A’ of A’ to the
count of the species X' € A’ of B’. We consider two cases for this transition:
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_C;ase 1: Fast Reaction. Assume a rule of th&form_? +_g}- + 73: —.>>F1 + 73: is applicable
to A’. Let the resulting new configuration be X; = A’ — G — §; — R; + ™1 + P;. We then
fire the reactions 7; + g; — 741 + g; or 7 + Zy, — 741 + g forall 1,..., IT2|, restoring
any g, species missing in the configuration. Denote the set of restored g; species (besides g;
from the first applied rule) as G and the set of removed Z, zg spec1es as Zg. After the reactlon
Tir2|41 — G is ran, the configuration B’ A’ R +G —I—P is reached. Clearly, X1 and

any 1ntermed1ate conﬁguratlon between X 1 and B’ have an undefined mapping because G is
not present A'_gnd B' then have a defined mapping, but because B =A - Zg— Ri +g +73i,
M(A ) # M(B’). Denote the first applied rule G + g; + R — 71+ P; as v, /2. By the
construction of Ciyg, i % must be derived from a fast reaction v2 € I'? in which R; — P;. If
%{ is applicable for all A’ € A’ in A , because M (A' ) = X, it must follow that 4?7 is applicable
forall A € Ain X Applying vZ to Z then results in the configuration B = A — R; + P;.
Clearly, M(?) ~ 3. Thus, M(A") =¢en M(ﬁ) when considering fast reactions.
Case 2: Slow Reaction. Assume no rule of the form é+g’i +7€: — —l—’ﬁ; is applicable to
A’. For simplicity, assume a Zj, species already exists for _z'ﬂl of 1,...,|T?| in ? and denote

this set of all Zy, species Zg. Then, only the reaction G + %y, +... + Z; ., — § can be

applicable to Z . Let the resulting new configuration be )ﬁ = Z — G — Zg + 5. Assume a
rule of the form s+ 7?—>—HF —1—73; can be applied to 5(—{} , which is then followed by the reaction
e —|— g1 +...+ g“"2| Denote the set of all g; species g The resulting configuration is
then B’ A’ R +G+ 7’ Similar to Case 1 only A’ and B’ have a defined mapping,
but M (A’ Y £ M ( "). Denote the applied rule §+ Ri—>—>+t +7?,» as v/". By the construction of
Cxvg, because no rule of the form G+ Gi —l—’ﬁ: — 71+ 732 was applicable in A’, it follows from
Case 1 that there does not exist a fast reaction ;2 that is applicable in Now consider 7{1,
Wthh is created from a slow reaction 4} € I'! in which R; — 73 Becgse s apphcable
to X1 for all A € A/, since A’ € A’ is unmodified across both A’ and X/ and M(A’) Z,
it must follow that ~} is applicable for all A E A in Z Applying ’yz to Z then results in
the configuration B=A- R; + P;, and M( - B. Thus, M(A’) —Cen M(ﬁ) when
considering slow reactions.

Cxyg models Cer. Let Z and § be configurations in CCR, and A and §>’ be configurations
in Cxyg. We show that A —Con B implies that VA’ € [[Z]] 3B € [[ﬁ]] such that
A" =, B'. First, consider the case of using fast reactlons Let 72 € I'? be a fast reaction
that reaches B from A. By the mapping function, M(A’) X, so {N e} ={\eA}l
Furthermore, M (A' ) is defined, so G must be present in Z Then by the construction of
Cixyg, there must exist a rule of the form G+ gi + Ri — 7+ ’Pi that is created from a
fast reaction 72 € I'? and is applicable in A’ As shown in Cer follows Cxyg, applying the
rule results in B = ? 25 — R —l— G+ 771, SO M(ZQ # M(_>) Because M(E) = ﬁ,
A —Cer B implies VA € [[Z]] bz € [[ﬁ]] such that A" =¢,,,, B'. A similar case is made
for using slow reactions.

Because Cer follows Cxyg and Cixyg models Cer, Ciypg simulates Ceg.

Polynomial Simulation. We finally show that the simulation is polynomial efficient. Let
m be the maximum amount of products from any slow reaction, and n the maximum amount
of reactants from a fast reaction.

1. polynomial species and rules: The species set of Cxyg is made from 2 |[A| +3 - [T?| +
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m - || +4 created species, resulting in O(|A|+ %[+ m - |T'!]) total species. The reaction
set of Cxcyg consists of (34 n) - [I2|+2- |- (m + 1) + 3 created reactions, resulting in
(n+1)-|T% + (m+1) - |T'] total reactions.

2. polynomial rule size: The maximum reactant size for a reaction in Cxyg is the
consumption of all |T'?| - %g, species for applying a slow reaction. Likewise, the maximum
product size is re-introducing all |['?| - 25, species after applying the slow reaction.

3. polynomial transition sequences: In the worst case, M(A") =¢,., M(ﬁ) only
through a slow reaction 7} € I''. As shown in the Cer follows Cicyg section, this can
require the removal of all §; species for 1,...,|T'?| in A’, resulting in an application
sequence of length O(|T"2|). The remaining reaction sequence is of size 2 - m + 4, so the
overall transition sequence length is of size O(|T'?| + m).

4. polynomial volume: Consider a configuration C” that has a defined mapping. 3 then
must contain one copy of G, one copy of either §; or Z,, forall 1,...|T?|, and all C"[\]
for all ' € A. Clearly,_t)he Vohgne of (7 is polynomial bounded by the volume of 8 For
any macro transition A’ =7, B’, the worst case for an intermediate configuration in the
case of fast reactions is the introduction of |T'?| + 1 7 species. For slow reactions, only s

and t are introduced. Thus, C"’s volume remains polynomial bounded by 8’5.
<

» Theorem 23. The Void Genesis model is equivalent under polynomial simulation to the
Course-Rate model.

Proof. Similar to Theorem 20, the proof follows from Lemmas 21 and 22, Theorem 17 and
the Transitivity Theorem 13. <

Vv, €T 1.@+Ri %?{Ri} +73;
VA € Ay 2.)_\)1 —0—_’5)\1. —)fw‘ B
3.y+eéen, Y+ 2y
49+7—G
5G4+ 7 G+ @
6.0 > x
Table 5 (restated): Step-Cycle CRN simulating a k-VG CRN

» Lemma 24. Step-Cycle CRNs can simulate any given k-VG CRN under polynomial
simulation.

Proof. For any given k-VG CRN Cxyg = ((A,T'), Zp), we show that there exists a Step-Cycle
CRN Csce = (A, T), ?0) that simulates it. We start by describing the construction, then
detail the formal proof.

Construction. Given a k-VG CRN Cxyg = ((A,T'), Zp), we construct a Step-Cycle CRN
Csc = (A, 1), ?0) as described. Let Ay, Ay denote the set of non-zero/zero species in A
respectively. In addition to A, Cs¢ has species G to select a reaction and species y to check
if any A; € A; have reached a count of zero. This is accomplished with the help of a unique
species for each \; € Ay, namely species ey, ..., €xjx, » Which are produced as part of the
selected rule. Thus, the initial configuration of Cs¢ should have one copy of G in addition
to the initial configuration of Cxyg, with A’ = AU{G,y,z,w,ey,,... s €Aa 2 BArs s BAjay) I3

?o = ¢/, and the reactions shown in Table 5.
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Reaction 1 in Table 5 simulates 7; € I, where species G essentially ‘chooses’ a reaction.
Once a reaction is chosen, species ey, ..., €xjs, Are created as part of the product, with
each ey, being removed through reaction 2 only if A\; does not have a count of zero. Once the
system is terminal, a y is added, with reaction 3 occurring for any ey, where the count of
A is zero. As all ey, are removed or turned into a zero species, a y is then added, enabling
reaction 4 to occur. This reaction ‘resets’ the system by reintroducing the G species, allowing
for a new reaction 1 to occur. If there no longer exists an applicable reaction 1 (the system is
now terminal), the addition of y to the system allows reaction 5 to be applied, which results
in reaction 6 executing infinitely. This reaction sequence simulates Cixyg reaching a terminal
configuration and prevents the volume from growing infinitely.

Define the mapping function as follows. The intuition is that every step configuration in
Csc maps to a configuration in Cxyg if the count of each species A; € A matches the count
of the corresponding species A, € A’ and if there exists either 1 G species or 1 y species.
Ensuring that species have not reached a count of 0 is done through the ey, species, which is
why any configuration that contains an ey, is undefined.

M@ — {ZA/E@'M X HE N ers - ea, b = 0 and (TG} = 1

1 otherwise

The configuration mapping function is polynomial-time computable because when the
function is defined, it computes the sum of vectors C’[N]- X for all species in the simulated
system. Therefore, the configuration mapping function is computable in O(]A]).

Cxyg follows Cse. To start, note that for any step conﬁguratlon ﬁ in Csc, 1 will be 0.
Thus, for snnphmty, we exclude i from the notatlon Let A’ B’ be step conﬁguri;cwns in
Csc_v>v1th M(A’) # M(B'"). We ﬁ_r)st show that if A =Cse B’ and M(A’) # M(B’), then
M(A") —=cpyg M(By,). Since M(A') and M(B’) are defined, _t)here must not e>3>st any ey, in
either conﬁgura‘mon and either G or y must be present in A’. Assume G € A’, and a rule
of the form G + 7?, — €r,;} + 77] is applicable to A’. As a result of this reaction, there
are no G’s left in the system. Since y is not initially present in A’ the rule )\ +é\, — /\
occurs next, 111_> which each ey, is consumed if \; exists in the system. Denote the terminal
configuration I’. A y is then added to I 7 , resulting in the rule § + €\, — ¢ + 2\, occurring
for each ey, with I'[ey,] > 0. Denote the terminal configuration B’. Consider 2 cases. If
/_1> 7? does not result in a species \; reachlng a Count of 0, then 7 will not contain any e,
species, resulting in the new configuration I 7 A’ R G+ 77 with mapping M (I ! )
After the y species is added, the resulting configuration ﬁ = T’) + y= X 7? G+ 77 +y
then has mapping M (B’) # L. In a similar manner, if Z R results in some species \;
reaching a count of 0, then I’ will contain ey,, resulting in the mapplng M(I’) 1. As
a y is added, the following configuration B’ = I' + i + Z - Z? Rj G+ P + 7+
where Z is the configuration of a single count of each zy, satisfying T [ex;] > 0, then has
mapping M(B') # 1. In both cases, we reach a conﬁguratlon B = Z —7,3? — é—kﬁ +y+ Z.
It is clear that M (B’) 1s_(>1eﬁned with M(_>) # M(A’l> From our initial assumption, Ez
is only reachable from A’ if a rule of the form G + R; — €r,y + P Can be executed.
Denote this rule "yj By construction, thls implies there exmtb a rule y; = R — 73 el.
From the mapping function, since M (A’ ) = Z, each \; € {R } satisfies A ] = Z[/\i],
where A is the mapped species of \; in Csc. Thus, if 7} can be applied in Csc, it must be
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the case that 'yJ can be applied in Cxyg. Applying v; to Z then results in configuration
§ Z R + 79 + ? where 2 denotes the set of zero species explicitly added by Ciypg-
It is clear that M B’ — B. 1t follows that M(A’) —Cievg M(B'). Now assume that y € Z
Since M (A’) is defined, there must not exist any ey, and G must not be present. Thus, /7 is
terminal. In the next ste&a y is agded. The rule 4 + ¥ — G must then occur, resulting in
new configuration 4] = A’ — ¢+ G with M (A]) = M(A’). Tt follows from the above that
M) “cys M(B).

Csc models C}CVg The final part of the proof i 1s to show that if Z —Cxvo § implies
that VA’ € [[ EIB' € [[?]] such that A/ =Cse B Let v; € I' denote a rule that can
be apphed to A. By the mapping function, there exists a species A, for each \; € {R }
satisfying A’ (A]= Z[ Ai]. Since M (A’) is defined, there must exist either a G or y species.
In the latter we have shown from Cxyg follows Csc that configuration ? is reached from
1?1 with M (A/ )= (/7 ). We then consider when G G A Assummg this is the case, from
the fact that «; is executable in Cxyg, the rule G+ R — €r,;} + P € IV must also be

executable in CSC As debcrlbed in Cicyg follows Cse, configuration B’ is then reachable such

that B =4 R, +P, + 2. Since M(B') = B/, A —cpp, B implies that VA € [4],
%

5B € [B]] such that A" =¢,, B’

Polynomial Simulation. We now show that the above simulation is polynomial efficient
as follows.

1. polynomial species and rules: In addition to the already existing |A| species from
Cxvg, another |A| species are added, resulting in |A’| = O(]A]) total species. In addition
to the already existing |I'| rules from Cxyg, another |T'| + |A| rules are added, resulting in
IT'| = O(|T'| + |A]) total rules.

2. polynomial rule size: For a rule v € T of size (m, n), a rule of at most size (m+1,n+m)
is created for I”.

3. polynomial transition sequences: For each rule «; € I' applied in Cxyg, as shown in
Cicvg follows Csc, rule 1 produces at most |A| species that then take part in either rules
2 or 3, resulting in at most |A| additional rule applications. Thus, for a sequence of n
transitions in Cxypg, the resulting simulating sequence is of length O(|A| - n).

4. polynomial volume: Each configuration 8’ has a defined mapping only if each ey,
species is not present in C’. Thus, any defined mapping will only differ by a constant
amount from configuration M(C’). Any intermediate configuration between C’ and
some reachable configuration 8’ " with a defined mapping will have at most an increase
of O(|A]) volume introduced by the ey, species. Thus, the difference in volume from
will differ only by a polynomial amount.

The above simulation only utilizes 1) polynomial species and rules, 2) polynomial rule size,
3) polynomial transition sequences, and 4) polynomial volume. Therefore, Cse simulates
Cixyg under polynomial simulation. <



D. Bajaj et al.

1.é+§i -2 7:'1+732
Vv €T, 2x € {Ri}:2.75 + G5 = T4 + §j
3.7+ Zg; = Tj1+7)
4~7:]F|+1 — é
5.G+ Zgy ...+ Zgp — F
G.F%é+§1+..,+§‘p|
VS € S\ {Sk_1}: 7.5+ §=>>t+ Fip1 + S,
8.5+ 51>t + 5o + gk—l
Table 5 (restated): k-VG CRN simulating a Step-Cycle CRN

Dk > Dk~ >
Ri +Z>\j —>RZ +Z)\j

G+ — R} + z, R 42, = BV 4 X
S e T WA ER: o e Tl A
i i . — . — -, — —
! RLRJH + Ri' 71 + ?z Ri —G
(a) Check reactants (b) Undo reactants

= =
Table 6 (restated): (a) Checking reactants sequentially R; --+ P; (b) Undoing reaction selection if
not enough reactants exist for rule i.

» Lemma 25. k-VG CRNs can simulate any given Step-Cycle CRN under polynomial
simulation.

Proof. Construction. Given a Step-Cycle CRN Cse = ((A,T), (?0, ?1, e ?k_l), we
construct a k-VG CRN Cxyg = ((A',TV),Zy). In addition to A, Cxyg has species G,

i""’)‘iAl’ Zhysee s Zaaps Gis Zgis Tlo-- 57041, B, R P!, s, s0,...,8,_1, and t, for
1<i<[I,1<j<|Ri|+1and1<1<|Pif+1. Species 2y,,...,2x,, and 2g,,..., 21|
are the zero species; thus, define Zy to map each A\; — z), and each g; — z4,. Species
G is used to select a reaction from the set of species g;, which denotes that rule i is
potentially applicable. In the event of a rule application, species r1,...,7p|4+1 is used
to reintroduce all missing g; species. Species R} check to ensure that enough reactants
exist to execute rule v;, converting each reactant to a species A, .. .,)\T AP with species

Rf B reintroducing the reactants if the rule is not applicable. Species s signifies that no
v € I' is applicable, and species sg,...,s5_1 represent the steps. Species ¢ is used to
introduce the ‘steps’ corresponding to each step. The initial configuration of Cxyg should
have one copy of g1,...,9r|, S0, and G in addition to the initial configuration of Csc, with
A = Au{G,Xl,...,)\iA‘,zM,...,zMAl,ﬁ,...,r‘p|+1,5,307...,sk,l,t}u {9i,24:, R}, R} P!
1<i<|I,1<j<|Ri+1,1<1<|P;|+ 1} and the reactions shown in Table 5.

Let S = {S1,...,Sk—1} be the set of steps. Reaction 1 in Table 5 attempts to apply
v; by checking if enough of each reactant exists, as shown in Table 6. If it is successful,
then it simulates the reaction and begins the process of adding g1, ..., g back into the
system (which is carried out in reactions 2, 3, and 4). If a species in 7; does not exist in
the system, then the reactants are reintroduced into the system as shown in Table 6, which
also removes g; from the system, producing z,,. If there are no executable reactions, then
reaction 5 is executed to produce an s species. This s species then reacts with the current
‘step’ of the system, denoted by species s;. Reaction 7 or 8 then runs, introducing the
species corresponding to the step. These reactions also introduce the species ¢, which then
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reintroduces G along with each g; through reaction 6.

Define the mapping function as follows. The intuition is that every configuration in Cxyg
maps to a step configuration in Cgc if the count of each species A\; € A matches the count of
the corresponding species A, € A" and if there exists exactly 1 G species. The step is mapped
by the existence of a species s1,...,sr_1, as described below. For simplicity, we represent
the step-configuration as a pair, where the first element denotes the configuration and the
second element denotes the step.

otherwise

M@ = { izxeﬁm X,i) it Ge{C}nsi e{C}

The configuration mapping function is polynomial-time computable because when the
function is defined, it computes the sum of vectors C'/[N']- X for all species in the simulated
system. Therefore, the configuration mapping function is computable in O(|A|). Mapping
the configuration to the step is also achieved in O(|A]) time, as we are only looking for the

species s; in configuration 8’ .

- = - -
Csc follows Cxyg. Let A’, B’ be configurations in Cxyg with M(A’) # M(B’). We first
— = — - — -
show that if A" =¢,,, B’, and M(A’) # M(B’), then M(A") ¢, M(B’). Since M(Z’)
and M(?’) are defined, G must exist in both A’ and ?’, and s,, s, must exist in Z’, ?’,
respectively. We consider 2 cases.

Case 1: a = b_> Both G and s, must exist in Z' and g'. Assume a rule of the form
G+ @)—ﬂ 71 + P; exists and is fully applicable. A new configuration Z’l — A —G-
Gi — Ri + 71 + P is then reached without the G species. Reactions 7; + §; — 7j41 + g or
7 + Zg, — 7j11 + G; must then fire for j = 1,...,|T'|, which reintroduce any g; species that
were not already in Z' . Let G denote this set of species. Once reaction 7jpj41 — G fires,
theg)nﬁguration ﬁ' = Z’ +G— ﬁi + Bl is reached. With no G species, it is clear that
M(A;) = 1, along with any intermediate configuration between A} and B’. From the fact
that ﬁ’ = Z’ +G - ﬁl + Bi, M(X’) #+ M(B’) Additionally, from the initial assumption,
a rule of the form G + gi -+ 711+ 731 was executable. Denote this rule +;. By construction,
this implies the existence of a rule v; € I' with R; — P;. From the mapping function, since
M(A") = (Z, a), each \; € {7?;} satisfies A'[\}] = X[/\i], where X} is the mapped species of
Ai in Cse. Thus, if 4 can be applied in Cxyg, it must be the case thatllv can be applied
in Csc. Applying 7; to A then results in configuration ? = Z — 73; + Pj. It is clear that
M(B') = (B, a). Tt follows that M(A') —sc.. M(B).

Case 2: a # b. For simplicity, we start with the assumptior}a that a + 1 mo_d> k=0,
that is, a,b are consecutive steps. Assume no rule of the form G + ¢; --» 71 + P; exists.
There must not exist a species ¢g; in A’. The rule G+ Zg, + ...+ Zgy — § then executes.

Denote the configuration after the execution of this rule A;’. Since s,s, € Z’ , the rule
§+ 5t + Sa41 + S or 54 S, + 5y + S, must then execute, followed by the
rule £ — G + Gi + ...+ gir|- Let this final configuration be 5’. From the sequence
of configurations, we get that either B = A - Fod Fag1 +Sap1 4.+ gjr| or
B =A - SatSo+So+g1+...+ gr|- In both cases, it is clear that M(?’) # M(Z’)

" are true. Furthermore, from the initial

is defined, as either G,s,11 € ﬁ’ or G,sg €

assumption, no rule of the form G + §; --» 71 + P; E};ists. This implies that for each rule
—

i, ﬁz 7 A’. From the mapping function, since M(A’) = (27 a), each \; € {R;} satisfies

%

A'[N] = Z[}\j], where A’ is the mapped species of A; in Csc. Thus, if no such reaction can be
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applied in Cxy g, it must be the case that no reaction can be applied in Cse. As Zu is terminal,
we then have to reach configuration ?b = Za + ?b. It follows that M(A") —cg. M(ﬁ)

For any a,b that differ by more than 1 step, consider the sequence of configurations

! ..., B’ with defined mappings to get from configuration A’ to configuration B’. For

any 2 configurations in the same step, we get from case 1 that M(A") —¢s. M(B'). For any

2 configurations in adjacent steps, we get from the above that M (A") —¢s. M(B’). Thus,
the same holds for any non-consecutive steps a, b.

C/Q};g models %gc. The final part 0f_t>he proof_i}s to show that if Z(L —Csc ?b implies that
VA" € [[Xa]], B’ € [[gb]] such that A" =¢,, B’. Consider when a = b. Let v; € I' denote
a rule that can be applied to Za. By the mapping function, there exists a species A} for
each \; € {7?;} satisfying A'[\] = X{z[}\i]- Since M(Z) is defined, there must exist species
G and s,. From the fact that v; is executable in Csc, the rule G+ gi --» 1 + 77; must be
executable in Cxypg. As described in Cse follows Ciyg, configuration é’ is then reached such
= = =
that B’ = A’ + G- ﬁj + Bj. Since M(B') = By, Aa —cse Bb implies that VA’ € [[Xa]],
3B € [?b]] such that A’ =Cse B. A similar argument applies for when a # b, following
from case 2 from Cs¢ follows Cicyg-

Polynomial Simulation. We now show that the above simulation is polynomial efficient
as follows. Let m denote the maximum number of reactants in any rule from I'; and let &
denote the number of steps of Csc.

1. polynomial species and rules: In addition to the already existing |A| species from
Csc, another 14+2-|A|+2-|T|+|T+1|+3-m- ||+ k + 2 species are added, resulting in
A =O((m+1)-|T| + |A|] + k) total species. For each rule in T', a total of 3m rules are
created to ‘check’ the reactants and then ‘produce’ the products. In total, the number of
rules becomes 2+ [I'| +1+3-m - |T'| + 2+ k, resulting in [IV| = O((m + 1) - |T'| + k) total
rules.

2. polynomial rule size: For each of the created rules, the maximum number of reactants
is m to consume the primed reactants after the check is complete. The maximum number
of products is |I'| + 1 to reintroduce all the z,, species into the system.

3. polynomial transition sequences: In the worst case, no rule ~; is applicable in Cgc,
and so the current step-configuration must transition to the next step. As shown in Cge
follows Ciyg, this implies that each g; must be attempted and removed from the system,
resulting in a sequence of |T'| - 2 - m additional rule applications. As the remaining rule
applications are constant, for a sequence of n transitions in Cse, the resulting simulating
sequence is of length O(|T'| - m).

4. polynomial volume: Each configuration 8’ has a defined mapping only if G and s; are
present in the system. Thus, the volume of C'’ will differ only by a constant amount from
configuration M (C'"). Any intermediate configuration between C'" and some reachable
configuration " with a defined mapping will have at most an increase of O(|A|) volume
introduced by the z) species. Thus, the difference in volume from C'’ will differ only by
a polynomial amount.

The above simulation only utilizes 1) polynomial species and rules, 2) polynomial rule size,

3) polynomial transition sequences, and 4) polynomial volume. Therefore, Cxyg simulates

Csc under polynomial simulation. |

» Theorem 26. The Void Genesis model is equivalent under polynomial simulation to the
Step-Cycle model.
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Proof. Similar to Theorem 20, the proof follows from Lemmas 24 and 25, Theorem 17 and

the Transitivity Theorem 13. |
Vv, el': 1. é+7€;%di+€{ni}+Pz
V)\j € A1 :2. é'Aj — ’I?Jl —‘r{}
Ao
4. L+ > Z+E
B+ 72— X + E
5 Gi+|{Ri}|-E—G
Table 7 (restated): Ul CRN simulating VG CRN.

» Lemma 28. UI parallel CRNs can simulate any given VG CRN.

Proof. For any given Void-Genesis CRN Cyg and a configuration of Cyg 8, we show that

there exists a Ul parallel CRN Cyz and configuration C'’ that simulates Cyg over

Construction. Given a Void-Genesis CRN Cyg = ((A,T"), 2), we construct the UTI parallel
CRN Cyz = (A, T") as follows. We create A’ = AU{G,G1,--- ,Gp),ex, -+ ,e;wAll,t%, cee

t|1A1\v7”31‘v e ,r‘lAll,r?, e ,7"|2A1‘,t2, E}. G will be used to select a reaction v; € I" to simulate.
€x, 5 €Ny, AT€ created to initiate checking the counts of each reactant in the chosen
reaction ;. 7"]1», e 77“‘1A1| and rjz-, oo ,r|2A1| are constructed to represent if a reactant has a
zero or non-zero count, respectively, following the simulation of 7;. 1, - ’tllAll and to are
“timer” species created to help divide the zero-checking process s.t. the involved reactions do
not interfere each other. Finally, Gi1,---, G| and E are made to prevent another reaction
from being picked un‘%l the zaero—checking process for all reactants in ~; is complete. Let the

" be

First, in Reaction 1, species G selects a reaction ; € I' and consumes the reactants

configuration of Cyz with the addition of a single copy of G.
R, producing éi to prevent Reaction 1 from running again immediately, the set of species
?{Ri}: and the products P;. With Reaction 2, each €y, copy is transformed into a copy of
the species t_1 and rjl Note that, under unique-instruction parallel dynamics, all of the new
copies are created within a single time-step. We then move to Reaction 3, which again is
composed of two reactions that will run in parallel due to Cyz’s dynamics. If a copy of a
reactant of ~; Xj remains present, then 7} and \; transform into 7. At the same time, all
copies of fjl turn into 5. Reaction 4 is composed similarly to Reaction 3. i, will transform
all copies of Ff back into Xi, and any remaining copies of Fjl into Z. In both cases, the species
E is also produced. Finally, in Reaction 5, G; and |{R;}| copies of E are consumed to
reintroduce G allowing the system to choose a new reaction.

Each configuration C” in Cyz for which M (C’ ) is defined will contain one leader species
g) a sequence of \; € A, and a unique sequence of zero species corresponding to A; for which
C’[\;] = 0. Hence every C’ will have a unique mapping M (C"):

M(C) = {%XEA TN i Ge{Ch

otherwise.
— — — —
Cyg follows Cyz. Given configurations A" and B’ in Cyz such that both M(A’)_fmd M(B’)
—
are defined, we prove that Cyg follows Cyyz. Using the mapping M, we define M (A") € Cypg as
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- - -

Yonen ANl i, which is equivalent to A’ G Given that M (A’ ) is equivalent to A" minus
G we observe the following: if reaction G+ R — G + 673 + 77 is apphcable under Cur
then an equivalent reaction 7; can be applied in Cyg resulting in = — ﬁ + Gi + ?
and E Bt + ? as defined in Definition 17.

We define the first intermediary configuration as X| = A’ Ri: + P; + ?{Ri}' As
described in the construction, this simulation proceeds through five reactions, with each
reaction producing the next intermediary configuration. With Reaction 2, each ey, is

replaced with its corresponding timer t} and representative rjl, resulting in the configuration

X,=X] - ?{Ri} + 77{721.} + ?{Ri}. Through Reaction 3, each timer t; is replaced with

a copy of t?, and if possible, replaces the representative species 7"]1 with 7“2 indicating

the presence of A; in the system. Consequently, the resulting conﬁguratlon is X4 =
X4+ S ernz = Saerronz T = Snerrong % + (R} - 7 = [{Ra}] - 71, where 2
denotes the set of all newly detected zero—count species . Reaction 4 involves two reactions7
each consuming one instance of timer t? along with either 7“]1- or rjz-. Since rjl- indicates the
absence of )j, it is replaced by the species z. Conversely, TJQ» denotes that A; is present, and
thus a copy of A; is added back into the system. Each of these two reactions also produces
a copy of species E which will be used for Reaction 5. This produces the configuration
21: I E)\ le]1+ZA EZZ E)\ G{R }\ZT?_‘_ZA G{R }\Z)\+|{R}| E Finally,
Reaction 5 takes each copy of E created and the rule marker G; to groduce rule selector G,
ﬁ
resulting in the defined configuration B" = Y +G-|¢ (R} E =A - 37 ?Z +G. Using
configuration mapping M we see that M(? ) = A ﬁz + B Given that B — M( B o)
we conclude the following: For all configurations Z and § if there is a macro transition
" =cur B’ and M(Z ) # M(§ ), there is an equlvalent rule application ; such that
M(A") ey M(B).

Cyz models Cyg. Given configurations Z and B in Cyg, we demonstrate that Cyyz models
Cyg. As described through our representative Conﬁguration mapping, [A ] consists solely
of the configuration Z = ZA A A'[N] - X+ G. Assuming that rule +; is applied to A to

produce the configuration ? =A - ﬁ, + ? + Z, an equlvalent macro-transition from X
exists, yielding the configuration ? = Z - %1 +Pi+ Z as established in the proof for Cy

simulates Cyz. Given that [[?}] corresponds exactly to §>’ we conclude that it A —cy §
then for every A e [[Z]] there exists a configuration B e §H such that A’ =Cur g/ .

Polynomial Simulation. We now show that the above simulation is polynomial efficient
as follows.

1. polynomial species and rules: As defined in the oonstruction of UI Parallel CRNs, the
species alphabet A’ of Cyyz consists of AU{G, E,t?} U {e,, ,t r r2 G;:ie{1,...,|T'},
jeA{l,...,|{R:}|}}. This results in a total species count of |A’| = O(|T'| 4+ |A|). For the
ruleset IV, as detailed in Table 7, one rule is created for each v € T', along with six distinct
rules for each species A\; € A;. This yields a total ruleset size of |[IV| = O(|T'| + |A]).

2. polynomial rule size: For ruley; € I' of size (m, n), a rule of at most size (n+1, n+m+1).

3. polynomial transition sequences: For each rule v € I' applied in Cyg, as shown in
Cyg follows Cyz, there is an equivalent macro transition which undergoes 5 transitions.
Thus for a sequence of n transitions in Cyg, the resulting simulating sequence in Cyz is
of length O(n).

4. polynomial volume: Each configuration 3 has a defined mapping only if G is present
in the system. Thus, the volume of C" and the configuration M (C") will only differ by
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a constant amount. Any intermediate configuration between 8 and some reachable
configuration C” with a defined mapping will have at most an increase of O(|A|) which
is the species of the reactants, which then create a checker species. Thus, the difference
in volume will differ only by a polynomial amount.

The above simulation only utilizes 1) polynomial species and rules, 2) polynomial rule
size, 3) polynomial transition sequences, and 4) polynomial volume. Therefore, C;47 simulates
Cyg under polynomial simulation.

Because (1) Cyg follows Cyz, and (2) Cyyz models Cyg using a polynomial-time computable
function M, we can say that Cyz simulates Cyg. |

Vv, €T, 1. Gi+ Z_'TJ SN+ X+ ZT]. (can not run)
Vr; € Ri:
seq. 2. C_jl + 7 — R?
reacts. 3. éz + 7 = ﬁg“
4 R4z, >N+ Xi+fi+. 40+ 7,
Jj=1Ril 5. R+ 7 — I + X; (rule selected)
6. Xai+...4+ X — F' (rules selected)
Vv, €T 7. I_;-—&—F"—>F;+F_:+3¢ (output)
8. ]\7i+ﬁ—>l$i+ﬁ(not run)
reset 9. F+Fi+...+Fp = Gi+...+Gp

Table 7 (restated): k-VG CRN simulating UT CRN.

» Lemma 29. k-VG CRNs can simulate any given Ul Parallel CRN.

Proof. Construction. Given a Unique-Instruction Parallel CRN Cyz = (A,T') and a
configuration 8, we construct a k-Void-Genesis CRN Cxyg = ((A',T7), Zy) and configura-
tion 8’ as described. We create A’ = AU {F} U {Gi,Ni,Ii,Fi,Rg 1 e{l,...,|l},j €
{1, R}y U{zr, 1 rj € Rysitl < i < |I'[}. Let " be C with one copy for each of
Gy, ,G|p|.

Table 7 overviews the general rules. The system must simulate a maximal selection
of possible rules to run. First, a éz species exists for every rule in I', which sequentially
consumes the reactants (Reactions 2/3). If each reactant of a rule «; is present, Reaction
5 produces I;. If some reactant is missing, Reactions 1/4 refunds the previously consumed
reactants and produces ﬁz instead. Both processes create an )Z'i copy, and when |T'| copies of
X} exist, a maximal set has been chosen and F is created with Reaction 6. This converts a
copy of N, or I, to F; and output the products Bi if given I (Reaction 7). Once |T'| copies
of F"Z are created, Reaction 9 resets the rule selection process by consuming all ﬁ, copies and
restoring all G; copies.

We define a configuration mapping as follows. If there _e)xists the reaction species
G1,...,Gpr| in the configuration C’ then the configuration C' maps to a configuration
in Cy7 that contains the same count of species A, YA’ € A. All intermediate configurations
C’ that do not contain all G; species do not map to anything in the original system.

otherwise.

M(C = {E:NGA X)X it Gryeee Gy e {C1)
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The configuration mapping function is polynomial-time computable because when the
function is defined, it computes the sum of vectors C’[X'] - X for all species in the simulated
system. Therefore, the configuration mapping function is computable in O(]A]).

Now we show that Cxyg simulates any given Cyz. This is done in two parts. We first
show that Cyz follows Cxyg, and then we prove that Ciyg models Cyz.

Cyz follows Cxyg. We show that Cyz foll_o>ws Cxyg in two parts_> We start by proving that
for any two given conﬁguratlons A" and _B>’ in Cxyg where M(A’) ir;d M (B') are defined,
such that A =Crvo B and M(A’) # M(B'), then M(A") —¢,, M(B’). We know that both

— — -
A" and B’ contaln set of global leaders G4, ..., G|r| because M(A’) and M(B’) are defined.

Because M (A’ )£ M (B’ ), there exists an applicable reaction ; € I' for which there will be
reactions G +77 — R2 and F+F1+ +F|F| — G1+ +G‘F| that are applicable in Cy;7. And

the configuration A’ is the configuration before the reaction G; —1—7“1 — R2 is apphed and B’ is
the resulting configuration after the reaction represented by F+Fi+.. +F\F\ — Gi+...+G IT|
is applied. The system will start with the configuration A’ and transition through certain
intermediate configurations consisting of species éi, Zr, 1\72-7 XZ-, Tl oy Ty, ﬁf, ey le , I; ﬁ,
and F, .. FIF\ finally resulting in configuration B’. In the original system Cyz, the

configuration M (A”) contalmng the same count of species in A as in A’ will transition to
the configuration M (A’ )—SF ﬁ + Z 1 ? as described in Definition 9. The resulting

%
configuration M (B') = (A’) Zl 1 ﬁl + Zl 1 ? in Cyz will contain the same counts of
AN = = -
species in A as in B’. Hence showing that it follows M (A") —¢,,, M(B'), if A’ =SCrvg B
- —
and M(A") # M(B').

Cxyg models Cyz. Say X and § are two configurations in Cyz such that X —cy §

As described in the configuration of configuration mapping, for any configuration A we
only have one configuration A’ € [A ] which contains the same count of spe01es A €A
asin A. Slmllarly the configuration B will have only one configuration B € [[ﬁ]] Both
configurations A’ and B will contain species the set of global leaders G1, ..., G|r| because
their mapping is defined. We know that X —Cur E hence there exists an applicable
reaction ; € I' such that B-A4- ZZ 1? + Z ?1 where we get the max1mal
by Def 9. If such a reaction is applicable and the system Ciypg is in configuration A’
containing all of Gp,...,G\r|, then there Wlll exist a sequence of applicable reactions in Cyz
(representing ;) leading to conﬁguratlon B’ that also contains all of G, ..., G|p| such that
D oneA ?[A ] X = DNl A’[ i Xi— 27 1 ﬁ +Zl 1 ? By the definition of configuration
mapping, ]? € [[B}] (1 e. M(B’) ﬁ) Therefore for any two configurations A and B such
that 4 —¢,, B and A’ € [A] and B € [B], A ¢y, B.

Polynomial Simulation. We now show that the above simulation is polynomial efficient
as follows.

1. polynomial species and rules: As defined in the construction, along with the original
species in A, the set A’ contains the set of leader species which are for every reaction |T'|,
the reset species for each reaction |T'|, and other species are noted to be |T'|. The checker
species R is the size of the |T'| - |A| since we are checking each reaction’s species. Totaling
the amount of species to O(|T| - [A]). In the addition to the already existing T' from Cyz,

another we use |T'| - |A], since we use 2 - (|T'| - |A|) for rules that contain the G species.
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For rule selections, we have a total of |T'|? - |[A]. rules selected and reset are 1 reaction.
For creating the products, when a rule didn’t run, both of them are |T'|. Totalling the
amount of of rules [I| = O(|T|% - |A|).

2. polynomial rule size: For a rule v € I applied in Cyz, we use different rules sizes, from
constant size (2,2), (2,3). Onces a reaction is selected, the size of the product is based on
the about of reactants are in the reaction, making it size of (2,|R;|). For when rules are
selected we use a rule size of (|T'|,1), and for resetting (|T'|,|T'|). At most we will have
O(|T]) for the reaction size, and O(|T'| + |R;|) for the product sizes making it polynomial
in rule size.

3. polynomial transition sequences: For any rule ~; trasitioning to a rule ;41 in the
Cuz, there are O(|T'| - |R;|) intermediate rules that are applied in Cyyz. Therefore, any
sequence of n transitions in the Cyz is simulated by O(|T'| - |R;]) - n in the Cxyg.

4. polynomial volume: Every configuration C’ has a defined mapping only if_;che set of
global leaders G1,...,G|p| are present in the system. Thus the volume of C" and the
configuration M (C—z ) will only differ by O(|T'|). Any intermediate configuration between
(77 and some reachable configuration C” with a defined mapping will have at most an

increase of O(|I'|) which is the species of the reactants, which then create a checker species
I;. Thus, the difference in volume will differ only by a polynomial amount.

The above simulation only utilizes 1) polynomial species and rules, 2) polynomial rule size,
3) polynomial transition sequences, and 4) polynomial volume. Therefore, Cxyg simulates
Cyz under polynomial simulation.

Because (1) Cyz follows Cxyg, and (2) Ciyg models Cyz using a polynomial-time com-
putable function M, we can say that Cxyg simulates Cyz. <

» Theorem 30. The Void Genesis model is equivalent under polynomial simulation to the
Unique-Instruction parallel model.

Proof. Similar to Theorem 20, the proof follows from Lemmas 28 and 29, Theorem 17 and
the Transitivity Theorem 13. |
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