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Abstract

We study the computational power of the Full-Tilt model of motion planning, where slidable poly-
ominos are moved maximally around a board by way of a sequence of directional “tilts.” We focus on
the deterministic scenario in which the tilts constitute a repeated clockwise rotation. We show that
general-purpose computation is possible within this framework by providing a direct and efficient simu-
lation of space-bounded Turing machines in which one computational step of the machine is simulated
per O(1) rotations. We further show that the initial tape of the machine can be programmed by an
initial tilt-sequence preceding the rotations. This result immediately implies new PSPACE-completeness
results for the well-studied problems of occupancy (deciding if a given board location can be occupied
by a tile), vacancy (deciding if a location can be emptied), relocation (deciding if a tile can be moved
from one location to another), and reconfiguration (can a given board configuration be reconfigured into
a second given configuration) that hold even for deterministically repeating tilt cycles such as rotations.
All of our PSPACE-completeness results hold even when there is only a single domino in the system
beyond singleton tiles. Following, we show that these results work in the Single-Step tilt model for larger
constant cycles. We then investigate computational efficiency by showing a modification to implement a
two-tape Turing machine in the Full-Tilt model and Systolic Arrays in the Single-Step model. Finally,
we show a cyclic implementation for tilt-efficient Threshold Circuits.

1 Introduction

The “tilt” motion-planning model [8] is an elegant and simple model of multi-agent motion planning where
polyominos are moved based on external global controls such as gravity, magnetic fields, or light. The model
consists of a 2D grid board with a mix of fixed immovable walls and a collection of slidable polyominos
that move maximally based on directional tilt commands. By applying sequences of such directional tilts,
polyominos can be rearranged into different permutations, possibly simulating computation. If glues are
added, the initial polyominos can combine into larger shapes, and the tilt framework serves as a model of
self-assembly. In this paper, we focus on one of the simplest variants of this model where the tilt sequence
is a simple repeated clockwise rotation (a rotational tilt sequence).

Motivation and Previous Work. The study of Tilt is motivated by the fact that this extremely simple
and natural model of global control has extensive depth. For example, in terms of computation, dual-rail
logic devices and binary counters have been designed [6]. In terms of complexity, PSPACE-completeness
has been shown for various natural problems such as finding the minimum number of tilts to reconfigure a
board [6], or deciding if a configuration is reachable [4, 5] at all. In terms of self-assembly, work has been done
on designing boards to efficiently self-assemble target shapes in a pipelined manner [7], in parallel [29], in
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Model Tilt Relocation Occupancy Vacancy Reconfig. Poly.Poly.> 1 Ref.

Seq. Size Count

FT
Det. PSPACE-C PSPACE-C PSPACE-C PSPACE-C 2 1 Thm. 2

General PSPACE-C PSPACE-C PSPACE-C∗ PSPACE-C 1 0 [4, 14, 18]

SS
Det. PSPACE-C PSPACE-C PSPACE-C PSPACE-C 2 1 Cor. 2

General PSPACE-C PSPACE-C PSPACE-C∗ PSPACE-C 1 0 [4, 14, 18]

Table 1: Summary of our results for the problems of relocation, occupancy, vacancy, and reconfiguration for
deterministically repeating tilt cycles. The new results are in bold. The dash lines follow from the other
results. “Poly. Size” is the maximum size of any polyomino, and “Poly. > 1 Count” is the number of
polyominos in the system that are not singletons. ∗This has not been formally proven, but was conjectured
[18] and is likely true based off [14].

Model Cycle Single Multi- Ref. Cycle Threshold Ref.

Length Tape TM Tape TM Length Circuits

Full-Tilt 4 O(1) O(1) Thms. 1, 3 4 O(d) Thm. 4

Single-Step 280 O(1) O(T ) Cors. 1, 3 6 O(dw) Cor. 5

Table 2: Summary of deterministic computation results related to other models in terms of the cycles required
for simulation. T refers to the length of the tape of the Turing Machine. For circuits, d and w are the depth
and width of the circuit, respectively.

3D [20], and in a universal manner where a single board can be programmed by a tilt sequence to construct
a selected shape or pattern from a general class [4, 5]. Despite its power, the simplicity of global control
permits applications at the macro, micro, and nano scale, including examples of large population robot
swarms ranging from naturally occurring magnetotactic bacteria [19, 22, 23] to manufactured light-driven
nanocars [16, 30].

1.1 Our Focus and Results

Our focus is on a limited version of Tilt models in which the tilt sequences are a fixed, deterministic cycle of
commands. Specifically, we utilize what may be the simplest such sequence: a repeated clockwise rotation.
Previous complexity results no longer apply in this scenario, and the complexity and power of this limited
variant of the model has remained open until now. We present three main results: the efficient simulation
of space-bounded Turing machines, the PSPACE-completeness of classic problems in the model, and the
efficient simulation of threshold circuits. An overview of these results is presented in Tables 1 and 2.

Turing Machine Simulation. Our first result is an efficient simulation of any given space-bounded Turing
machine using a rotational tilt sequence (Section 3). The size of the board is polynomial in the size of tape
and the states of the Turing machine, and simulates one computational step every O(1) rotations. We further
show that the tape of the Turing machine can be programmed by a preliminary tilt-sequence preceding the
rotational sequence used to run the machine. While previous work has implemented key components for
computation within deterministic tilt-cycles (e.g., dual-rail logic and binary counters [6]), this is the first
result to show that the fullest possible computational power of this model variant is realizable. The direct
and efficient simulation of Turing machines further provides a plausible framework for rotational Tilt systems
to be implemented as general-purpose computational devices.

Complexity: Relocation, Occupancy, Vacancy, Reconfiguration. Our next set of results resolves
the complexity of classic problems previously studied within the Tilt model (Section 3.4). We focus on the
problems of relocation (deciding if a tile can be moved from one location to another), occupancy (deciding
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if a given board location can be occupied by a tile), vacancy (deciding if a location can be emptied), and
reconfiguration (can a given board configuration be reconfigured into a second given configuration). In the
case of general tilt sequences, these problems have been shown to be PSPACE-complete [4, 5], but their
complexity for deterministic sequences was an open problem. Our Turing machine simulation, along with
special halting configurations, implies PSPACE-completeness for relocation, reconfiguration, occupancy, and
vacancy even when there is only a single domino along with singletons in the system. A summary of our
complexity results is given in Table 1.

Threshold Circuits. Along with Turing machines, circuits represent one of the most fundamental models
of computation. Previous work has shown how rotational Full-Tilt systems can simulate arbitrary circuits
consisting of ANDs and ORs with a rotation count on the order of the circuit depth [6]. We expand on
this progress by adding the efficient simulation of the majority gate that determines which bit value has
the highest representation among a given set of input bits (Section 5). This extension yields the efficient
simulation of Threshold circuits, a provably faster set of circuits that is of particular interest to applications
such as machine learning.

1.2 Additional Related Work.

Full-Tilt reconfiguration, even with almost no geometry, remains capable of non-trivial reconfiguration as
studied in [2] with the game of 2048. In terms of shape production, heuristic algorithms for planning the
assembly of target shapes have been explored [9]. Closely related to the Full-Tilt model is the Single-

Step model of global control [14, 15] where each polyomino only moves a single step with each command,
instead of maximally. [14] and [18] show that Single-Step can be the dual of Full-Tilt, implying a connection
in the complexity between the two models for some classic problems. But for some problems, such as
shape production [1, 3], the problem is NP-hard even without any real geometry. Other problems, such as
relocation, are NP-hard even with only two possible directions for monotone [13], or even no [15], geometry.
The efficient assembly of shapes [11] and patterns [12] has also been explored.

2 Preliminaries

Board. A board (or workspace) is a rectangular region of the 2D square lattice in which specific locations
are marked as blocked. Formally, an m× n board is a partition B = (F,X) of {(x, y)|x ∈ {1, 2, . . . ,m}, y ∈
{1, 2, . . . , n}} where F denotes a set of open locations, andX denotes a set of blocked locations. We informally
refer to blocked locations as “concrete.”

Tiles, Polyominos, and Configurations. A tile is a labeled unit square centered on a non-blocked
point on a given board. Since we will not use any dynamic attachment between existing tiles, we simplify
our definition. Formally, a tile is simply a coordinate c = (x, y) on the board. A polyomino is a finite set
of non-overlapping tiles p = {t1, . . . , tk} that is connected with respect to the coordinates of the tiles. A
polyomino that consists of a single tile is informally referred to as a “tile.” A configuration C = (B,P )
is an arrangement of polyominos P = {p1, . . . , pk} on a board B such that there are no overlaps among
polyominos, or with blocked board spaces.

Step. A step is a way to turn one configuration into another by way of a global signal that moves all
tiles/polyominos in a configuration one unit in a direction δ ∈ {u, r, d, l} (up, right, down, left) when possible
without causing an overlap with a blocked position or another tile. Formally, for a configuration C = (B,P ),
let P ′ be the maximal subset of P such that translation of all polyominos in P ′ by 1 unit in the direction d

induces no overlap with blocked squares or other polyominos. A step in direction δ is performed by executing
the translation of all polyominos in P ′ by 1 unit in that direction. If a configuration does not change under
a step transition for direction δ, we say the configuration is δ-terminal.

Tilt. A tilt in direction δ ∈ {u, r, d, l} for a configuration is executed by repeatedly applying a step in
direction δ ∈ {u, r, d, l} until a δ-terminal configuration is reached. We say that a configuration C can be
reconfigured in one move into configuration C ′ (denoted C →1 C ′) if applying one tilt in some direction δ
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