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Abstract

We propose a general framework for deriving
generalization bounds for parallel positively
homogeneous neural networks—a class of neu-
ral networks whose input-output map decom-
poses as the sum of positively homogeneous
maps. Examples of such networks include
matrix factorization and sensing, single-layer
multi-head attention mechanisms, tensor fac-
torization, deep linear and ReLU networks,
and more. Our general framework is based
on linking the non-convex empirical risk min-
imization (ERM) problem to a closely related
convex optimization problem over prediction
functions, which provides a global, achievable
lower-bound to the ERM problem. We ex-
ploit this convex lower-bound to perform gen-
eralization analysis in the convex space while
controlling the discrepancy between the con-
vex model and its non-convex counterpart.
We apply our general framework to a wide va-
riety of models ranging from low-rank matrix
sensing, to structured matrix sensing, two-
layer linear networks, two-layer ReLLU net-
works, and single-layer multi-head attention
mechanisms, achieving generalization bounds
with a sample complexity that scales almost
linearly with the network width.

1 INTRODUCTION

Despite significant recent advances in the analysis of
deep neural networks (DNNs), key gaps persist in es-
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tablishing guaranteed performance of such models—
particularly regarding theoretical guarantees on un-
seen data. This lack of performance guarantees is es-
pecially concerning for high-stakes applications such
as autonomous vehicles, healthcare, or other high-
consequence decision-making systems. To ensure the
safe and reliable deployment of deep learning models,
it is essential that generalization guarantees be estab-
lished under reasonable data-generating mechanisms.

Related work. There is a broad literature on gen-
eralization theory. Classical approaches can be cat-
egorized along two separate (but related) lines:(i)
data-dependent versus data-independent bounds, and
(ii) uniform versus non-uniform concentration. In-
formally, data-dependent bounds take into account
explicit data-generating assumptions, whereas data-
independent bounds hold regardless of the underlying
data distribution. Similarly, uniform concentration
guarantees focus on obtaining concentration inequali-
ties simultaneously for all functions in some function
class (known as the hypothesis space). In contrast,
non-uniform concentration inequalities focus on par-
ticular functions estimated from the data. Classical
approaches marry these two separate types of analy-
ses by introducing measures such as the VC-dimension
(Vapnik and Chervonenkis, [1968) or the Rademacher
Complexity (Bartlett and Mendelson, 2001). How-
ever, these classical measures are often difficult to com-
pute and overly pessimistic, especially when applied to
DNNs (Zhang et al.| [2021). Consequently, many clas-
sical approaches may fail in the modern, more complex
DNN setting.

Modern generalization frameworks for DNNs acknowl-
edge that data often comes from structured distri-
butions (e.g., with an intrinsic dimensionality signif-
icantly below that of the ambient space) and that op-
timization algorithms like Stochastic Gradient Descent
(SGD) explores only a small portion of the hypothe-
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sis space (Neyshabur et al., 2017)). As a result, the
effective hypothesis space is much smaller than what
classical bounds account for based on the expressiv-
ity of the model alone. Consequently, modern bounds
focus on data-dependent, non-uniform approaches.
For instance, margin bounds (Neyshabur et al., [2018;
Golowich et al., |2018} Barron and Klusowskil 2019))
provide specific generalization error bounds for DNNs
trained to minimize max-margin type loss functions
for classification tasks. Another line of research (Dziu-
gaite and Roy| 2017; |Arora et al.,|2018; [Banerjee et al.|
2020)) exploits the sensitivity of the non-convex land-
scapes around learned weights; however, this approach
requires the estimation of hard quantities like expected
sharpness and KL divergence and questions remain re-
garding the extent to which quantities such as sharp-
ness explain network generalization (Wen et al.| [2023;
Andriushchenko et al., |2023)).

Recent work has observed that optimization meth-
ods such as SGD, even without explicit regulariza-
tion, tend to yield solutions that generalize well, a no-
tion known as implicit bias (Gunasekar et al.) [2017]
2018ayb; |Soudry et al., |2018; |Li et al.; [2020; |[HaoChen
et al., [2021; [Vardi, 2023). This stands in contrast to
classical theory, which suggests that explicit regular-
ization is necessary to avoid overfitting. For example,
DNNSs have been shown to converge toward maximum-
margin solutions in classification tasks (Soudry et al.|
2018]), while solutions in regression tasks often exhibit
low-rank structures (Li et al., |2020) that generalize
well.  Although these analyses provide valuable in-
sights, they are generally limited to specific objectives
and types of neural network architectures.

A key challenge in understanding the generalization
properties of DNNs is their non-convex landscape. In-
deed, convex landscapes are better understood, and
numerous generalization bounds have already been de-
rived (Shalev-Shwartz et al., |2009; [Lugosi and Neu,
2022)). We argue that bridging the gap between non-
convex and convex landscapes could provide a pathway
to understanding generalization better. Our key con-
tribution is to propose a new generalization analysis
framework for DNNs based on linking their non-convex
landscape to a convex one. Our framework builds upon
Haeffele and Vidal| (2017) and |Vidal et al. (2022)), who
connected certain non-convex optimization problems
to closely related convex ones. However, their work
focuses on characterizing the optimization properties
of such problems and does not consider generalization.

Paper contributions. In this work, we use the idea
of analyzing non-convex problems via a closely related
convex problem to derive generalization bounds for a
broad family of learning models, which take the form of
sums of (slightly generalized) positively homogeneous

functions whose parameters are regularized by sums
of positively homogeneous functions of the same de-
gree. This allows for a reinterpretation of the (empir-
ical and expected) non-convex optimization problems
as closely related to carefully constructed convex prob-
lems. We then apply concentration of measure tech-
niques to the convexified version under reasonable data
distributions and show that this also implies the con-
centration of the non-convex problem of interest. More
specifically, we extend the finite-dimensional frame-
work of Haeffele and Vidal (2017) and |Vidal et al.
(2022) to its infinite-dimensional counterpart, which
allows us to derive generalization guarantees from a
novel viewpoint by exploiting the connection between
our problem of interest and a closely related convex
problem. We note that other prior work (Bach) 2017)
has also considered similar relationships between con-
vex and non-convex problems for establishing general-
ization results. However, the generalization guarantees
in [Bach| (2017)) largely rely on Rademacher complexi-
ties, which results in a sample complexity that grows
quadratically with the network width. In contrast, we
exploit the relationship between the convex and non-
convex problems more directly, which allows us to de-
rive bounds with an improved sample complexity.

To be more precise, our main results can be stated
informally as follows. Let N be the number of data
points, R be the number of positively homogeneous
functions (or the width of the network) whose predic-
tions are summed together to form the output, and
dim(W) be the dimension of the parameters in one of
the functions. When N > O(R x dim(W)), we show
that the generalization error can be bounded with high
probability by two terms: the first term, dubbed the
optimization error, which vanishes at a globally opti-
mal solution, and the second term, dubbed the statis-

Rxdim(W

tical error, which depends on the ratio ~ ), and

hence vanishes only asymptotically.

Our results apply to a wide range of signal process-
ing and DNN problems. The derived bounds achieve
near state-of-the-art sample complexity for non-convex
low-rank matrix sensing that match the lower bound
provided by [Candes and Plan| (2011) for convex low-
rank matrix sensing. By applying these general re-
sults to two-layer linear (and ReLU) neural networks
with weight decay and multi-head attention models, a
key component of transformer architecture (Vaswani
et al.| 2017), we obtain novel generalization bounds
with “tight”H sample complexities for both problems.

!Our notion of “tight” bounds corresponds to cases
where the sample complexity scales linearly or nearly lin-
early (up to logarithmic factors) with the number of model
parameters.
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Outline. The remainder of this paper is organized as
follows. In we formulate the learning problem and
introduce our approach. In §3| we explore how learning
problems can be bounded via convex surrogates. In
we present the statistical bounds through the master
theorem that provides generalization error bounds. In
g5 we apply the master theorem to various problems in
signal processing and DNNs and compare our derived
sample complexities with those in the existing liter-
ature. The supplementary material contains detailed
proofs of the mathematical statements, validations of
our framework’s assumptions through simulations, and
an additional survey of related works.

Notation. For two random variables (Z, W), drawn
from a joint distribution ¢, we define (Z, W), =
E[(Z,W)], where the expectation is with respect to
the joint probability distribution q. For a generic
function f : R? — R, we denote | f|Lip as its Lip-
schitz constant; i.e., the smallest number L; such
that |f(z) — f(y)] < Lyllz — yl|. A function f is
said to be integrable with respect to measure ¢, i.e.,
J € L2@), i ([, |1f(@)|Pdg(2))""* < co. The in-
equality f(z) 2 g(x), means that there exists a con-
stant ¢ > 0 such that f(z) > cg(x). We define the
ReLU function as [z]; = max(z,0). For the matrix U
the variable u; corresponds to jth column of U.

2 PROBLEM FORMULATION

Given a realization of a pair (X,Y) € X x Y from
a distribution g with X C R"* )Y C R™, we con-
sider a (non)parametric regression problem of the form
Y = g(X,€), where € is a source of additional noise
(typically independent from X). We are interested in
approximating g by the sum of r prediction functions,
¢ : W x R"™X — R parameterized by W € W, i.e.,

Y= Z(b(Wj)(X) = & ({W;})(X). (1)

We will additionally refer to ¢(W)(X) as the factor
map/sub-network depending on the specific problem.

Our goal is to learn the parameters {WJ}E that mini-
mize the regularized population risk defined as

NC,.({W;}) :== Ex.y) [0(Y, @, ({W;}i_1)(X))]

=:0(g. 2 ({W;}7_ ) (2)
+ 20, ({W;}i_1),

where Y = g(X, €) is the target random variable, £(-, -)
is the loss function, typically convex in the second ar-
gument, and O, ({W;}7_,) is an explicit regularization

#We occasionally notate {W;}7_; as {W;} for brevity
of notation, but the dependence on 7 is always implied.

function which helps find structured parameters, such
as minimum norm or sparse solutions. Specifically, the
regularization term O, ({W;}_;) is defined as

O, ({(Ws}5-) = D 6(;), Q)

where § : W — R™ is a regularization term for each
factor map, and A € R is a regularization hyperpa-
rameter that controls the trade-off between loss reduc-
tion and inducing structure.

Notice that we will minimize the population risk
NC,.({W;}) over both r and {W;};_;. More explic-
itly, we will allow for problems where, in addition to
optimizing over the model parameters, one also opti-
mizes over the number of prediction functions r (e.g.,
the network width) during training. However, our re-
sults will also apply to a value of r that is fixed a
PrioT.

Estimating NC,({W;}) directly is challenging due
to (i) the lack of access to the distribution u, (ii)
the fact that ({W;}) (and potentially the number r)
are random variables dependent on the training data
{(X;,Y;)}, and (iii) the non-linearity and potential
non-convexity of NC,,. We address the first point (as is
standard) via empirical minimization of NC,(-) using
the empirical risk (or training error) defined via:

N
NGy (W) = 3 - i @ (W3 1) (X))

(4)

=£(g,r({W; };:1))#1\7
+ A@r({WJ };=1)a

where py denotes the empirical distribution of the
samples {X;,Y;}Y,. We define empirical risk mini-
mization (ERM) via the argmin of NC,,, ({W,}). For
concreteness, recall we also allow for the minimization
over r (provided r is bounded above by some quantity
independent of the data), though our results hold for
any fixed 7.

Note that if we minimize the objective NC,, (-), there
is no guarantee that we will also minimize NC,,(-). This
discrepancy is quantified by the Generalization Error:

INC.({Wj}) = NCpy ({W;})]
= 0g. 2e({Wi}j=1)u — U9, @ ({W;Fj=))un | -

Note that the regularization terms containing ©, are
the same between the two objectives, giving the typical
difference between the empirical and population losses.

(5)

In this work, we compute an upper bound for the gen-
eralization error at any stationary point of the empiri-
cal problem, NC, ({W,}), under certain technical as-
sumptions. To build our main results, we relate these
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non-convex objectives NC,({W;}) and NC,, ({W;})
to closely related convex objectives in the prediction
space, respectively C,(f,) and C, (fuy), whose def-

initions will be introduced in §3| This allows us to

decompose the generalization error in as:

NCA({W}) ~ NCy (1731) = [NCL({IW3}) — Cu(7)]
Population Gap

= NGy ({W3) = Coy i)+ [Cul ) = Co (i) |

Empirical Gap

Convex Generalization Gap

(6)
Our Theorem [I] bounds the Empirical Gap and the
Population Gap. With these bounds, we then apply
concentration techniques to bound the Convexr Gener-
alization Gap and obtain our main Theorem [2| which
gives bounds for the generalization error in .

3 CONVEX BOUNDS FOR
LEARNING

In this section, we present bounds for the Empirical
Gap and Population Gap through Theorem |1} linking
our learning problem of interest to functions that are
convex in the space of prediction functions. To begin,
we state several requirements for our framework.

Assumption 1 (Regularization). The regularization
function 6 is positive semidefinite; i.e, (0) = 0 and
(W) > 0,YIW € W.

This is a mild assumption; it only ensures we do
not impose negative regularization on the parameters
{W;}. Our next assumption is our main functional
assumption on ¢ and 6.

Assumption 2 (Balanced Homogeneity of ¢ and 6).
The factor map ¢ and the regularization map 0 can be
scaled equally by non-negative scaling of (a subset of)
the parameters. Formally, we assume that there ex-
ists sub-parameter spaces (K,H) from the parameter
space W such that K x H = W, V(k,h) € (K, H),
and f > 0 we have ¢((Bk,h)) = BPo((k,h)) and
0((Bk,h)) = gPO((k,h)) for some p > 0. Further, we
assume that for bounded input X the set {p(W)(X) :
YW e W s.t. (W) < 1} is bounded.

This is a slight generalization of positive homogeneity,
which only requires positive homogeneity in a subset
of parameters, provided the image of the factor map
for parameters with 6(1W) <1 is bounded EL

3For example, ¢(v)(X) can take the form v®g(X) for
a > 0, and O(v) = |v|*, where g : R™ — R is some
fixed function. More generally, we can choose ¢(vi,v2) =
vigu, (X) and O(v1,v2) = |v1|* + v, (v2), where go, :
R" — R is a function parameterized by v2 € V2 and has
a bounded range for bounded inputs.

Our next assumption concerns the loss function £.

Assumption 3 (Convex Loss). The loss ((Y,Y) is
second-order differentiable (written ¢ € C?), and L-
smooth w.r.t. Y, i.e, for any Y, Y € R™

0= VY,Y) = LI, . (7)

Additionally, the gradient of the loss is bi-Lipschitz
smooth; that is, for all Y1,Y2,Y1,Ys € R™Y

IV50(Y, ¥2) = Vot(vi, Y)ll < L]I¥2 = Vil
+ 12 = ills),

and the loss is constant if both the arguments are the
same, i.e., for all Y1,Ys € R™, £(Y1,Y1) = £(Y2, Ya).

This ensures that the loss function is convex and
smooth. Furthermore, if the loss is a-strongly convex,
ie, 0 < al,, =< V%E(Y, Y) < LI,, we have derived
tighter results (see the Appendix).

We define the induced regularization function as

Qf) = inf}9r({Wj})

r{W;
s.t. f(X) = @, ({W; )(X);

(9)
VX e X,

with the function taking value infinity if f(X) can-
not be realized for some choice of the parameters
(r,{W;};_1). Using similar arguments as in Haeffele
and Vidal (2015) it can be shown that under assump-
tions the function Q(f) is convex in the space
of prediction functions; see Proposition 1| in the Ap-
pendix. Moreover, by Assumption |3] the loss function
is convex with respect to the model predictions, which
allows us to define the following two conver optimiza-
tion problems over the space of prediction functions:

Culf) = Ex (Y, f(X))] +AQ(f),  (10)
where f € L?(p), and

N
Con () 1= = S UV (X)) +29(F), (1)

N 4
i=1

where f € L%(un).

From the definition of Q(f) we have that C, and
Cuy are always lower bounds of NC, and NC,,,
respectively, for any (f,{W;}) such that f(X) =
®,.({W;})(X), which becomes a tight bound for any
parametrization ({W;}) of f which achieves the infi-
mum. As a result, we can relate solutions of the non-
convex problems to the corresponding convex problem
via tools from convex analysis, as we establish in the
following result.
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Theorem 1 (Convex Bounds for Learning). Under
assumptions EE, let fr. (or f;) be the global mini-
mizer for C,y (-) (or Cu(-)). For any stationary points
(r,{W;}) of the function NC, (-) and any f € L*(u)N
L?(uy) the following are true:

1. Empirical optimality gap:

Cun (fun) S NCuy ({W5}) < Cun (f)
#20(1) |95, (—Aww, .(qwi1) -1].
(12)
2. Population optimality gap:
Culfi) < NCM({W‘}) < Culf)
+A0(f) |© V vl(g, 2 ({W;}) ) =1

(Vylg, @ ({W;})), @ ({Wi}))

. ({Wi 1), (Wi D)y |

—{
where QO() s referred to as polar in the measure q
defined as

Vil(g,

Q5(9) == sup (g,0(W))q. (14)

o(W)<1

Readers are referred to Appendix [A]for the proof with
extensions to strongly convex functions.

The population optimality gap is obtained by an
infinite-dimensional extension of Proposition 3 in [Ha-
effele and Vidal (2020). The additional term in the
population optimality gap (13| arises from the fact
that the stationary points of ERM, NC, (-), are not
necessarily the same as those of NC,,(-).

From equation the goal is to bound the difference
between the original non-convex formulations NC,
and NC,. By Theorem [} we established the optimal-
ity gaps for both empirical and population non-convex
optimization problems, and by computing the differ-
ence between equation and , with algebraic
manipulation we arrive at the following quantities:

e Convexr Generalization Gap: The convex generaliza-
tion gap is defined as |C,,(f) — Cpun ()|

e Polar Gap: By virtue of the fact that the loss func-
tions each contain the respective polars, we define
the Polar Gap as the quantity |Qf(Vy£(g, f)) —

Oy (Villg, 1))l
o FEquilibria Gap: We define the Equilibria Gap via

(V5 05, ) Fhow — <Vyf(g,f),f>u’

e Norm Gap: The final remaining quantity is defined
vio 157 = I = 157~ 112

plies only to strongly convex functions (see the Ap-
pendix).

This quantity ap-

A major technical contribution of this paper is to
demonstrate that each of these quantities uniformly
concentrates at a rate equal to or smaller than the
“statistical error” under certain realistic assumptions
that are discussed in The only remaining term from
Theorem [1| is the quantity Q(f,)[€2,, (-) — 1], which
bounds the sub-optimality (in objective value) of the
current stationary point for the empirical optimization
problem. This term approaches zero at the global op-
timum of NC,,, (see §Ain the Appendix).

4 STATISTICAL BOUNDS

In Theorem [T} we established bounds for the Empirical
Gap and Population Gap. Building on these results,
we identified key quantities such as the Convex Gener-
alization Gap, Polar Gap, Equilibrium Gap, and Norm
Gap, all of which can be controlled under certain gen-
eral conditions (Assumptions along with Assump-
tion[7’|from the Appendix) that we state momentarily.
In this section, we present Theorem |2 which consoli-
dates these bounds to derive our main generalization
error bound. For clarity and to minimize technical
complexity, we present Theorem [2] with Assumption
which a stronger version of Assumption

To begin, we state our additional assumptions. We
assume that ¢ is Lipschitz.

Assumption 4 (Lipschitz Continuity of ¢). Let B be
some compact subset of W, and denote

Fo :={W:0(W) <1}NB CB(ry), (15)
where B(rg) is the Lo ball with radius rgﬂ The factor
map ¢ is Lipschitz continuous with respective to inputs
for any choice of parameters W € Fy, i.e,

Ly := sup [[¢(W)]|Lip < oo (16)
WeFy

Our next assumption imposes tail conditions on the
random variables (X,Y).

Assumption 5 (Data Model). The input data X €
R™X 4s drawn from the 1-Lipschitz concentrated sub-
Gaussian distribution with a prozy variance o% /nx;

4The radius ry can depend on the dimension of W.
For instance, suppose W € R™ and (W) = |[[W|1, as
Wi < /n||W|l2, then r¢ must be at least /n. On
another instance, suppose W = (u € R™,v € R"), and
O(W) = |lul|2||v||2; this requires ry to be at least 1/2.
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i.e., for any 1-Lipschitz continuous function, h
R™* — R there exists ¢ > 0 such that

P (Jh(X) - Ex[A(X)]| = €) < cexp (—7;;'; ) )

The target function Y takes the form' Y = g(X,e¢),
where g € L*(p) is bi-Lipschitz in X and €; that is,

l9(X2,e2) — g(X1,€1)2 < \|9HL@[||X2 — X1ll2

(18)
ez — elle).

and € ~ N(0, (03 x /np)I) in R"®.

We note that the above assumption is mild. While
extending our framework to heavy-tailed distributions
are likely possible; it would require a more intricate
analysis and may result in worse error rates and larger
sample complexities.

Our next assumption concerns the possible functions
learned via empirical risk minimization.

Assumption 6 (Hypothesis class). Stationary points
of NCpy () have bounded regularization and bounded
width, r < R, almost surely. The input-output map,
®,.({W;}) has Lipschitz constant at most v, and the
parameters are bounded. Let Bp C WP be some com-
pact set; then the hypothesis class is defined as

Fw = {3y 19 (Wi iy <7} 0 Bre (19)

In words, the set of maps learned through ERM are
essentially Lipschitz in the parameters {W;}, and,
furthermore, the {W;} are bounded (almost surely).
Moreover, the assumption that » < R ensures that at
most R individual functions {W,} are needed, which
implicitly imposes a “low-complexity” constraint on
the learned function. Finally, note that we assume
that v does not depend on the width of the network.
In practice, our empirical observations show that the
Lipschitz constant does not increase with width, mak-
ing it a realistic assumption. For further details, refer
to the numerical simulations in of Appendix.

Our general master theorem, Theorem [4] in the Ap-
pendix, requires only Assumptions and |7’| (in the
Appendix). For the sake of notational brevity, we state
our main results with the slightly stronger Assumption
instead of Assumption

Assumption 7 (Boundedness). For all (X,Y) € X x
Y, and {W;} € Fy, the predictions, and gradients are
bounded; i.e,

1@ {W; (X[ < Ba, [[Vy (Y, <I>r({Wj})(X))IIS£6-)

Further,  for any (X,Y) € & x Y, for any
{Wih, AW} € Fw, W, W € Fy, the network, ¢ and
®,., are Lipschitz in the parameters; i.e,

12 ({W5H(X) = 2. ({W; 1) (X)]l2
< Lo max ||W; — Wj|la, and (21)
lo(W)(X) = ¢(W)(X)l2 < Lo|W = W]a.  (22)

Assumption |7] ensures that predictions and its gra-
dients are bounded while the network being Lips-
chitz continuous on the parameter space for any in-
puts. Assumption [7] implicitly indicates that either
the data points are uniformly bounded or the search
space for the parameters is of small dimension, which
can restrict the potential applications. However, as we
demonstrate in the more general version (Theorem 4)
in the Appendix, it suffices that the conditions above
hold only for some convex set C, though this extension
requires significantly more notation and discussion, so
we do not include it here.

Theorem 2 (Master Theorem). Suppose Assumptions
|Z 7 hold. Let§ € (0,1] be fizxed, and let f; be the global

optimum of C,,. Suppose thaty > Q(f;;) Ly, and define

L g1l oY |x
€1 = 16720§(max{174[1+ 72 P 1+ O'g( ;
(23)

€5 = 4L By max {1, 2L + 2B,/ Ba,

SO(f7)(BeLy) /(Lo Ba), SLO(f) }.

Let {W;} denote any stationary point of NC,(-).
Then with probability at least 1 — §, it holds that

(24)

% NG ({W;}) = NC,oy (W )] < (25)

200 |, (-5 Vst e ), ) 1]

ny

Optimization Error

R dim(W) log (252 ) log(N)+log (})

+€1 N

Statistical Error

Remarks: The generalization error is upper bounded
by two terms:

e the Optimization Error, which quantifies the dis-
tance to the globally optimal solution, and

e the Statistical Error, or the intrinsic error that de-
pends on the sample complexity and the noise.

The optimization error diminishes as we approach a
global optimum of the ERM problem NC, and van-
ishes at a global optimum, whereas the statistical er-
ror diminishes as the sample size increases relative to
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the intrinsic dimension, i.e., when N 2 R x dim(W)
(ignoring logarithmic factors). By a naive counting ar-
gument, there are R x dim()/) many parameters in the
underlying network. As we will see in subsequent sec-
tions, this sample complexity turns out to be optimal
or nearly optimal for a number of reasonable statisti-
cal settings. The implicit constants appearing in the
result are universal and are not problem dependent.

5 APPLICATIONS

In this section, we present applications of the The-
orem [2| for low-rank matrix sensing, two-layer ReLLU
neural networks, and single-layer multi-head attention.
To apply Theorem [2| we must compute the problem-
specific quantities Q(f};), 7 (), L, [|9llLip, ox, oy |x,
€1, €2, 79, v, Ly. For each application, we have esti-
mated these quantities, with further details provided
in the proofs located in Appendix and
respectively. We summarize and compare the obtained
sample complexities for the various applications with
their state-of-the-art bounds in Table [l The addi-
tional applications to structured matrix sensing and
two-layer linear neural networks can be found in Ap-
pendix and Appendix respectively.

Low-rank matrix sensing: We first consider low-
rank matrix sensing (Candes and Plan) |2011]), which
is a well-studied problem in the signal processing and
statistics literature. Given a few linear measurements
of an unknown low-rank matrix, the goal is to esti-
mate the low-rank matrix in the presence of noise.
One potential strategy is to define a convex program
via nuclear-norm regularization (Candes and Recht,
2009)). While recovery guarantees for this convex pro-
gram are well-studied, solving it is a computationally
intensive procedure involving computing a full singular
value decomposition at each iteration. To address this
issue, several authors have considered a non-convex
variant that reparameterizes the low-rank matrix into
its underlying left and right factors, which is known
as the Burer-Monteiro factorization (Burer and Mon-
teiro, |2003)). While the new optimization problem runs
faster in practice, it is also non-convex, and its proper-
ties can be difficult to analyze theoretically. Corollary
provides the bounds on the generalization error for
this non-convex program.

Corollary 1 (Low-Rank Matrix Sensing). Consider
the true model for (X,y), where X € R™*™ is a ran-
dom matriz with i.i.d. entries X;z ~ N(0,-1) and

= (M*, X) +e¢€, where M* € R™*" and € ~ N (0,0?)
is independent from X. For all i € [N], let (X;,y;)
be i.i.d. samples from this true model. Consider
the estimator § = (UVT X)), where U € R™*E and

V e RP™E Let § € (0,1] be fized. Define the non-

convex problem

N
1 2
MS T
’:1 (26)
+ /\Z [ujli2llvl,
=1

and define Nnys((U7 V) similarly with the sum over
i replaced by expectation taken over (X, y).
Let (U, ‘7) be a stationary point of NC“N( ). Suppose

there exists Cyvy, By, B, > 0 such that ||UVT||2 <
Cuv || M*||«, and for all j € [R], |[0;l2 < Bu, [|¥)]2 <
B,. Then with probability at least 1 — 0, it holds that

\ch“(( 7)) cMS«UV))\ (27)

M7

N
Z - (VT X i>)Xi||2_/\]

(k2
N —
M* H2

+ Civll

\/ Rlog (R(Cyv+ByuB,)) (m + n)log(N
N

)+log(1/9) .

Remarks: Observe that at a global minimum, the
right side tends to zero when R(m + n)/N — 0, ig-
noring logarithmic terms. Existing literature on non-
convex noisy low-rank matrix sensing typically re-
quires knowledge of true rank(M*) = R*, and the
state-of-the-art sample complexity for this setting is of
order R*(m + n) in the un-regularized setting (Stoger,
and Zhu, [2024). In contrast, Corollary [I] does not re-
quire knowledge of the true rank. However, if the es-
timated rank R is too small (R < R*), then the opti-
mization error still persists. In contrast, if (R > R*)
then optimization error can vanish subject to the abil-
ity of the algorithm utilized to reach stationary points,
Haeffele and Vidal| (2015) provides such guarantees.

Two-layer ReLU Networks: Next, we move on to
two-layer ReLU networks, which introduce an addi-
tional nonlinearity with respect to the inputs. ReLU
networks are widely used and proven to be universal
approximators (Huang, [2020)). Prior work on general-
ization analysis for ReLLU networks is based on classical
measures, such as Rademacher complexity (Bartlett
et al.,|2019). The following result circumvents the dif-
ficulty in the estimate of such classical measures.

Corollary 2 (Two-Layer ReLU Neural Network).
Consider the true model for (x,y), where x ~
N(0, (1/n) W) ER™ y = UV Tx ]++e where U* €
RMXE s e RO and e ~ N0, (02 /m)In) € R™
independent from x. For all i € [N], let (x;,¥;) be
i.9.d. samples from this true model. Consider the es-
timator y = U[VTx],, where U € R™*E YV ¢ R*¥E,
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Table 1: Comparisons with the state-of-the-art sample complexities. IV represents the number of data points.

\ Application | Our work, N 2 | State-of-the-art, N > \
Low rank matrix sensing R*(m +mn), (Stoger and Zhu{[2024) (no regularization)
Structured matrix sensing -

2-Layer linear NN O(R(m +n)) R(m + n) (Kakade et al.||2008) (bounded data-points)

2-Layer ReLU NN

R(m + n)log(R(m + n)), (Bartlett et al.|[2019)

Multi-head attention

R(m +n), (Trauger and Tewari| [2024) (bounded data-points)

Let 6 € (0,1] be fized. Define the non-convex problem

N
e 1
NCEE (U V) = e D llyi = UV x4 3
2N 28)

A
+ 2 (I + IVIE),

and define NCEeLU((U, V) similarly with the sum over
i replaced by expectation taken over (x,y).

Let (U, V) be a stationary point of NCRU(.). Suppose

UN
there exists Cyy, By, By > 0 such that |[UVT|y <
Cuv [[IU*|% + [V*[|3]. and for all j € [R], |42 <
By, |Vjll2 < B,. Then with probability at least 1 — 6,
it holds that

L INCR(@, 7)) - NG )| 5 (29)

N
1 * (12 *12 1 ~
m [HU 7+ 1V ”F] lN;HY'é—yi”zHXHb—/\]

+Coy (10715 + IV 1] x
R(m + n)log (R(m+n)(Cyyv+B2+B2)) log(N)
N

N log(l/é)}l/z.

N

Remarks: Analogous to matrix sensing, when R(m -+
n)/N — 0, the right side tends to zero at global
optimality (ignoring logarithmic terms). Further-
more, Corollary [2| recovers the state-of-the-art result
by Bartlett et al. (2019).

Transformers: Finally, we move on to our last appli-
cation (though of course, the applications are in fact
myriad in principle) to a single layer multi-head atten-
tion, which are backbones for transformer-style archi-
tecture (Vaswani et al., [2017). In practice, transform-
ers are shown to have remarkable generalization capa-
bilities (Zhou et al.,|2024)). However, there is a lack of
intensive theoretical analysis for this architecture. Few
attempts on estimating the capacities of the attention
mechanisms have been made in [Edelman et al.| (2022)
and [Trauger and Tewari (2024)), among others. For our
analysis, we consider the case where the output of the

model is one particular token within the input (e.g.,
transformers use a dedicated class token for the output
initialized as a constant vector). The output for one at-
tention head is modeled as VX o((KX) " Qx ) where
Xout 18 the column of X corresponding to the trans-
former output. We then reparameterize K7 QXout = 2
and present the following result.

Corollary 3 (Transformers). Consider the true model
for (X,y), where X € R™T s a random matriz
with i.i.d.  entries X, ~ N(0,1/(nT)) and y =
A*Xb* 4 ¢, where A* € R™*", b* ¢ ST and ¢ ~
N(0,(62/m)1,,) is independent from X. For all i €
[N], let (X;,y;) be i.i.d. samples from this true model.
Consider the estimator y = Zle V;Xo(XTz;), V; €
R™ z; € R". Let § € (0,1] be fized. Define the non-
convex problem

N R
1
NCEA(Vi 2 =g D lyi= D Vi Xion(X{ )5

i=1 =1

R
+>\Z IVille 4 Ogzijaa<1y (25)] 5 (30)
j=1

where, o+(+) is softmax function with temperature t, for
k € [T defined o (u)y, := exp(tuy)/ Zszl exp(tu;) and
define NCZF({(Vj,zj)}) similarly with the sum over i
replaced by expectation taken over (X,y).

Let {(V},2)} be a stationary point of NCLFV() Sup-
pose there exists Cy, By > 0 such that Zf;l 1Villr <

Cv || A*||p, and for all j € [R], |Vjllr < Bv. Then
with probability at least 1 — § it holds that

~INCTF .21 - NGE (T 20b| £ B1)
S l4%] 1iy-—y<ng|x»n2—xl

2m Ni:1 ! ! !

+ C}|A" 3 x
\/R(m+n)log(R(m+n)(C’XI+BV))log(N)+log(1 /9).

Remarks: The dependence on b* is not explicitly
reflected in Equation because the ground truth
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model is bilinear. Consequently, assuming b* is unit-
norm without loss of generality, as its norm can be
absorbed into A*. Thus, the dependence on b* is im-
plicitly captured by the norm of A* in Equation .
As in the previous two applications, we can achieve
consistency at global optimality when N 2 R(m + n),
ignoring logarithmic terms. Note that the sample
complexity has no dependency on the number of to-
kens, T, which suggests an explanation for the success
behind the prediction capabilities of transformers for
longer length inputs (Zhou et al.| [2024). Our sample
complexity matches the state-of-the-art bounds on the
transformers by [ Trauger and Tewari (2024)).

6 CONCLUSIONS

In this work, we provide generalization bounds for non-
convex problems of the form of sums of (slightly gener-
alized) positively homogeneous functions with a gen-
eral objective. Our bounds provide sample complex-
ities that are near-optimal and applicable to various
problems, such as low-rank matrix sensing, two-layer
neural networks, and single-layer multi-head attention.
The sample complexity of our bounds grows almost lin-
ear with the total number of parameters in the model,
and for matrix sensing, this sample complexity is op-
timal, as demonstrated in |Candes and Plan| (2011).
Our proofs are based on analyzing closely related con-
vex programs in the prediction space; this perspective
enabled us to provide near-optimal sample complexi-
ties due to existing results on generalization properties
for convex functions. In future work, it would be in-
teresting to sharpen the dependence of our bounds on
all the relevant parameters and apply our techniques
to other machine learning problems.
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A CONVEX BOUNDS FOR LEARNING

In this section, we discuss the proof for Theorem [1| that establishes the optimality gaps in the empirical and
population landscapes. First, we analyze the convexity of the induced regularizer, Q(-) and properties of the
stationary points in non-convex landscape. These are the key components of our proof for Theorem[I} We state a
more general version of Assumption [2] by having the flexibility of the loss being strongly convex to derive tighter
results.

Assumption 2’ (Convex Loss). The loss £(Y Y) is second-order differentiable (written ¢ € C?), a-strong and
L-smooth w.r.t. Y, i.e, for any Y,Y € R™Y

0= al,, XVLUY,Y) = LI,,. (32)
Additionally, the gradient of the loss is bi-Lipschitz; that is, for all Y7, Ya, Y1, Ys € R™Y
IV3-(Ya, Ya) = Vg b(Y1, Y1)|| < L[Hyz —Yil2 + Y2 — Y1H2}7 (33)
and the loss is constant if both the arguments are the same, i.e., for all Y1,Yy € R™ , U(Y1,Y7) = £(Y3,Y3).

Note that we allow a = 0, in which case we recover Assumption

A.1 Induced Regularizer in Convex Space

First, we show that the induced regularizer is convex in the function spaces through Proposition

Proposition 1 (Convexity of induced regularizer). Suppose assumptions[1{2] hold. Then Q(f) is convez in f
in the space of functions R"* — R"Y.

Proof. This proof is infinite dimensional extension of |Haeffele and Vidal (2015). Recall the definition of induced
regularizer:

Q(f) = T}r‘}‘;}@?ﬂ({wj}) such that f(X) = ®,({W;});VX € X. (34)

Define the function class
Fo :={2,({W,;}):r e N,W,; € W}. (35)

By definition if f ¢ Fg then Q(f) evaluates to infinity. Now suppose that § > 0 and for any f € Fg,

(37) = nf O ({1V}) such that F7(X) = & ({IV;});¥X € X, (36)

Now by Assumption there exists § such that 8®,({W;}) = ®,.({3W;}), and 8O, ({W;}) = ©,.({6W,})
(throughout note that this scaling is applied only to the W, subset of parameters from Assumption 2| but we
do not notate this explicitly for brevity of notation). Now we perform a change of variables in the induced
regularizer, obtaining

QS = inf O, ({BW;}) such that Bf(X) = &, ({BW;});VX € X, (37)

r{BW;

Then we have that

QBf) = T}I‘g_}ﬂ@r({wj}) such that ff(X) = &, ({W;}); VX € & = SQ(f). (38)
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We have established that the function Q(-) is 1-degree homogeneous. Now we prove that the function (-) is
sub-additive. Choose any f1, fo € F4, because the case when either of them is not in Fg is trivially sub-additive.
Recall

Q(f1) = . ir{}lf.}@T({Wj}) such that f1(X)=&,({W,});VX € X, (39)
Qfz) = T&rg_}@r({wj}) such that fo(X) =@, ({W,});VX € X, (40)
Qf1 + f2) = i }%V}GT({WJ}) such that f1(X) + f2(X) = ©,.({W;});VX € X. (41)

For any € > 0 let (r1, {W}) and (rz, {W?}) be parameters which come within e of the infimum in the optimization
problems for Q(f1) and Q(f2) respectively. Then note that

Qfi + f2) < 0, ({W) 1) + 0, ((WF}) < Qf1) + Qfo) + 2e. (42)
Letting € — 0 gives that Q(f1 + f2) < Q(f1) + Q(f2). Thus, as Q(-) is both positively homogenous with degree
one and sub-additive, it is convex. O

From the above proposition we have that (+) is a convex function, therefore we have that C.(+) is indeed a convex
function in the prediction functions space. Our results primarily depend upon the optimal regularization of the
globally optimal solution of a convex function, C.(-). As we operate in the space of functions, it is very unlikely
that we have the knowledge of the global optima. Nevertheless, by exploiting the convexity of C.(-) we can upper
bound the optimal regularization. Proposition [2| establishes the upper bound for the optimal regularization for
regression loss.

Proposition 2. Consider ((Y1,Ys) = 3||Y1 — Ya|3, {W;} € Fw. Suppose X ~ p, € is random variable such
that Ele] = 0 and independent from x. Let Y = ®,.({W;})(X) + ¢, and suppose f; is the global optimal solution
of Cu(-). Then we have

Q@ ({W;}) = Q) (43)

Proof. As [ is the global optimal solution, we have that

B 319 (V)00 + ¢ FECOIB] +A0(7,) < & [ 5100 D) + € - 2 (W) ()1

(44)
+ A2 ({W;1))
Now, by re-arranging the terms we obtain
B | 5@ (WD) - 00,9] + 29050 < A0 (W) (45)
As € is independent of X,
%GEX [, ({W;D(X) = f1(X)] L Ee [e]) + AQ(f,) < AQ(@r- ({W;})). (46)
Then we have
Q(f) < A2 ({W;})). (47)
O

A.2 Proof of Theorem [1I]

Optimization algorithms used to optimize DNNs try to find the set of parameters that are first-order optimal.
However, we do not have a guarantee that these points are saddle/local minima/global minima. In proposition
we provide properties that any first-order optimal satisfies for positively homogeneous networks.
Proposition 3 (Stationary Points). Under assumption @, if {W;} are stationary points of NC,(-), then for all
j € lrl;

(=5 V5o, B (W), 607)) = 6075). (18)
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Proof. This proof is similar to that of Proposition 2 in |[Haeffele and Vidal| (2020) but applied to a general class
of (slightly) positively homogeneous functions (see assumption [2)).

From assumption [2] there exists a subset of parameters where both 6 and ¢ are positively homogeneous. Let w;
be the subset of parameters in W, from assumption [2| Then we have

<Wi78w,i9(wly---7wia---7Wn)> — lim Q(Wl, 7( +€)W1a awn) _ e(wly y Wi, 7Wn) ) (49)
e—0 € €
Let p; be the homogeneous degree of the parameters w,;. Note that Ow,0(W1,..., W, ..., W,) € R&m(wi)x1
Ow, (W1, ..., Wi, ..., W) € Réim(wi)xny  Thep
1 -1
(Wi, O (W1 Wi W) = B, Wi W) lim % (50)
e—
:pie(wlw'wwia"'awn)' (51)

Similarly, following a similar argument for ¢ we obtain
(Ow; D(Wiy ooy Wiy oy Wi ), W) = Dip(W1, ooy Wy, W), (52)
As W; are the stationary points we have that
0 € 0w, 2 ({W;})Vyl(g, r({Wj}))u + A0w, O, ({W;}). (53)

Since @, ({W;}) = ZJ 1 9(W;), we have that Ow, ®.({W;}) = ow, ¢(W;). Similarly, Ow,©,({W;}) = ow,0(W;)
holds true. Consequently,

0 € Ow, p(W;)Vi-L(g, ©({W;}))u + AOw, 0(W;). (54)
Letting W; = [wl ... Wn], for all w; it holds that
0 € Ow,0(W;)Vy-l(g, 2 ({W;})) + A0w, 0(W). (55)

Taking the inner product of the above equation with w; , when p; # 0 we have that

0 € w;" 0w, d(W;)Vl(g, @ ({Wi})u + AWi" 0w, O(W). (56)

From we have that
0 = pid(W;)" Vi Llg, o ({Wi})u + il (W). (57)

Rearranging, we obtain
<*%Vﬂ(9, @, ({W;})), o(W)) = 6(W;), (58)
which holds for all j € [r]. O

Proposition |3| establishes that at any stationary point, the inner product between the prediction errors and the
predictions equates to the the current regularization. Next, we exploit this property of stationary points that
enable us to tie the non-convex landscape to its convex counterpart. Lemma[l|establishes the difference between
the non-convex and convex objective values at stationary points.

Lemma 1 (Optimality Gap). Let £(-,-) denote any L-smooth, and a-strongly convez loss function, let ¢ be some
measure, and suppose that {W;} is a stationary point of NC,({W;}). Let fy denote the global minimizer of Cy(-).
Then for any f € L?(q), we have that

CulF7) < NCL(W3)) < Col) +30(5) |9 (- V502, (071)) — 1| = SI7 = 0w b2 9
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Proof. The loss £(Y,Y) is (L, \)-convex in Y. Therefore, for any functions g : X x E — Y, and fi, f» € L2(q)
we have that

£(9(X, ), (X)) = £ (9(X, ), @, ({W;})(X)) (60)
+ (Vg L(9(X. 0, &, ({W; 1) (), F(X) = &, ({W;})(X))y (61)
+ SO = @ (W1 03 (62)

Taking expectations of both sides with respect to the probability measure ¢, we have that

Ug, Flg = £(g, 2-({Wi}), + (VL (g, @-({Wj})) f = - ({Wj}))g + %I\f - . ({(W;hl3- (63)

As the {W;} are the stationary points of NC,({W;}) from Proposition |3| we have that for all j € [r]

1
(=3 Vil(g: 2:({W;}), o(Wj))g = 0(W). (64)
Summing the above identity up overall j, it holds that
1
(=5 Vytlg: 2-({W;1), - ({(W;})g = ©:-({W;}). (65)
Therefore, plugging this identity into the inequality , we have that
g, f)q = (g, 2r({W;})), + A0 ({W;}) +(Vy L (g, 2 ({W;})) , flg + %Ilf — @, ({W; DIl (66)
NC,({W;})
which implies that
1
U9, £+ M3 V5 (0, (W51, Pla = NC (W) + SIS = Be({W D2, (67

We have established from Proposition [I] that €2 is a convex function. As a well-known result from convex
analysis (see Proposition [5)) we have that for any convex function 2 and any f, g € L?(g), it holds that (f, g), <
Qq(f)25(g). Consequently,

Koo £y + 30109 (=575 (0., ((W;1)) = NC,(W) + 1 = 2 (O DI (63)

Therefore, rearranging,

oo D)0 +080(0) +39() | (=595 (0.0, (001)) = 1| = MWD+ 517 - B (OTDIE (@9
Cq(f)

and, as a result,

N, < Col) +20,(1) |95 (~5 Vo 0 (070D ) = 1] = §I7 = @ OVDIE. (0

Let fy = argming Co(f), and (r*,{W;}) = arg min, (y, y NCo({W;}). Since f; is the minimizer of Cy(f), it
holds that

Co(fg) < Co(@r-({WS'})) = Ug, D= ({W} 1)) g + A (@r- ((W]')). (71)
Therefore, we obtain
Co(fg) < Ug, Pr- (W5 1)) g + A2 (0 ({WS})) (72)
< U(g, Pr-({W5}))g + A0, ({W}) (73)
= NC,({W;}) (74)
< NC,({W;}). (75)
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Therefore, combining Equations and , we obtain the bound

Cu15) < NCL(W)) < €l + 390 |9 (- 1950, (1)) — 1| = S = 0w DI (10

O
Lemma has established that the non-convex objective, NC,4(-) is both upper and lower bounded by the convex
function, C,(-). Now, we utilize this result to compute the empirical gap with the measure, i for the stationary

points obtained from the ERM. On these stationary points, we bound the optimality gap by changing the measure
to u, i.e., the behavior of ERM’s first-order points on population landscape.

Theorem 3 (Global Optimality). Under assumptions E, E, E Let fy;, (or f) be the global minimizer for
Cun(+) (or Cu(4)). For any stationary points, (r,{W;}) of the function NC, (-) and any f € L*(u) N L*(un) the
following items are true:

1. Empirical optimality gap:

Cun (F5) = NGy (IW31) < G (14300 |95, (=5 V5 0.8 (01)) =1 = S1£ = @OV, (71

2. Population optimality gap:

Cul) SNC(W)) = Culh) 42000 |85 (=3T3 ) 1] = 515 — 2 (W)

+ (Ve (g, 2:({W; 1) @ (WD) — (VL (9, 2 ({W3 1)), Do ({Wi 1)) ] - (78)
where Qg (+) is the polar in the measure q defined as
Q5(g) == sup (g,0(W))q (79)
o(W)<1

Remarks: Setting f = f  in Equation (77| and taking (r, {W;}) to be any stationary point of NC, (-) gives a
means to verify if {I¥;} is a globally optimal solution. We see that it suffices to check if ®,({W}}) is a first-order
stationary point of C, (-), which is a necessary condition for a local minimum of convex functions.

From convex analysis, if a function f € L?(uy) is a first-order solution of C,, then we have that 0 belongs to
the sub-gradient of C,,(-) at f. As the loss ¢ is first-order differentiable (by Assumption [3|or [2)) we have that
1

0€9C,,(f) = 3

Vl(g, fux € 09(f), (80)

where 9C,,, (f) denotes the subgradient of C (viewed as a function of f). The above condition for f can also be
verified by a dual notion known as the polar condition, Definition |§| (Rockafellar, [1970]). The sub-gradient of a
convex function can be defined through the notion of it’s polar via

Oy (f) = {9 € La(un) : (g, Flun = Qun (), 2, (9) < 1} (81)

From Lemma 1 in the supplement of Haeffele and Vidal (2017) the following statements are equivalent:

1. {W;} is an optimal factorization of f;i.e, ©,.({W;}) = Q,, (f).

2. 3h € L?(py) such that QF  (h) <1 and (h, ®,({W;})).y = O-({W;}).

3. 3h € L*(un) such that QF (h) <1 and (h, ¢(Wy)),, = 0(W;); Vi € [r].
Further, if (2) or (3) above is satisfied then we have that h € 09, (f). From Proposition [3| we have that for any
stationary point (r, {W;}) of NC, ,

(5 VLo 9., (1)), B (W) = O ((W5)) (52)
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Consequently, to check if a stationary point is globally optimal, it then suffices to check whether the polar
condition Qf, (=5 V£(g, ®r({W;}))y) < 1 holds at the stationary point, (r, {W;}). In the case when the polar
condition holds true, the upper bound evaluates to C,,  (f;;) matching the lower bound of NC,,  (-), which in turn
implies global optimality.

Then, we can claim the following:
At a stationary point {W;}, if Q5 (=5V(g, ®({W;}))uy) < 1, then {W;} is globally optimal.
Now we prove Theorem

Proof. The proof sketch is similar to Proposition 4 from [Haeffele and Vidal| (2020). Equation can be obtained
from the Lemma (1} for any stationary points, (r, {W;}) of NC, ().

Since, f € L?(u) N L?(un) € L?(itn), and the parameters satisfy the equality in Lemma we can conclude that
Equation holds. The local minima of NC,,, (-) need not be local minima of NC,(-), therefore we shall obtain
an discrepency term. From the fact that ¢ is a a-strongly convex function we have the inequality

U9, Pl = 4 (9, 2-({W5})) + (Vy b9, 2 ({W;})), f = @-({W}))u + %Hf = o, ({W; DI} (83)
Adding A©,.({W;}) on both sides we obtain the inequality

UG, Nu+ 20, ({W;}) = 4, (9, 2. ({W;})) + 20, ({W;}) (84)
+(Vyllg, ®r({W;}), f = 2. ({W;H)u + %llf — @ ({(W;Hll5 (85)

Now replacing the first term term on the side with NC,({W;}) we obtain

g, Nu+20-({Wi}) 2 NC.({W;}) + (V£ (g, @ ({W;1})) . f — S ({Wih)u + %Ilf - ({(W;bls.  (86)

From Proposition we have that for stationary points {W;}, it holds that ©O,({W;}) =
(=+V5-Lun (9,2 ({W; 1)), 2 ({W;})) un - Therefore, by plugging this into the inequality above, we obtain that

g, Dt Vil (0, (V3 D) @ (V1) (57)

> NC,({W;}) + (Ve l(g, 2-({W;}), f = @ ({W;}))u + %Ilf — @ ({W; D[ (88)

Rearranging the terms we have

g, Pt M= V5 (9, B (V1)) P (59)
30,2, (1) 2 (51— (T b (0, B (V1) B (1) (90)
> NC({W5}) + 51 = @ (Wi DI (91)

Next, the following inequality always holds:

(1.~ V5l 8, (W < 2N (595008 (WD) ) (02)

Rearranging and plugging in , we obtain the inequality
o DD (-5 V5 (0.2, (07) ) (93)
+ (Vy (g, 2 ({W;1), ©-({W; 1)) = (Vi by (9, 22 ({W; 1), @2 ({W; 1)) i (94)

> NC({W3}) + 51 = @ (W3 DI (95)
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We add and subtract Q(f) to obtain

B0 D4 0D 00(0) |95 (=5 V5808 (1)) -1 (96)
(T30 B W) @73~ (Vb (0 B V1), (W5 D (97
> NG, (W) + 21 — @, (WD (99

Rearranging the right most term and using the definition of C,(f) we obtain,

NG, ({W))) < Culf) + A0 (1) |85 (=37 .0, (0031 ) = 1] = G117 = @ (O (99)
+ [<Vf/€(gv q)T({Wj}))MN? (I)T({Wj}»u - <V{/€(g, q)T({Wj}))MN? ¢)T({Wj})>MN] . (100)

This yields the right hand side of (L3). As for the left hand side, by definition we have that for any (r, {W;}),
Cu(f;) <NC,({W;}). This completes the proof. O

Theorem [1| provides the behavior of ERM solutions in the population landscape. This paves a path to bound
the empirical and population objectives at these stationary points.

B STATISTICAL BOUNDS

This section provides a more general version of Theorem [2| that does not need Assumption [7] to hold uniformly
for all the data points, (X,Y’). Rather, we relax the assumption to the following.

Assumption 7’ (Probabilistic boundedness). There exists a conver set, C C R"™* x R™ such that
PN (Xi,6) €C) > 1 —dc. (101)
For all (X,€) € C, and {W;} € Fyy the predictions and gradients are bounded; i.e.,
1@, ({W; DO < Ba, V5 £(g(X, €), &, ({W;})(X)] < Be. (102)

Further, for any {Wj},{W]'} e Fw, W,W € Fy, (X,e) € C, the network ¢ and ®, are Lipschitz in the
parameters; i.e,

12, ({W;)(X) — & ({W;)(X)|| < La max [|W; — Willa, (103)
and } } }
[o(W)(X) = o(W)(X)|| < Lo[[W = W] (104)
Additionally, define the quantity
B(C) := {(1 +a) sup  ||IfyoPe— - ({W;}) o Pellf, — I1f; — 2 ({W; DI (105)
{W;teFw
+ supgw,yery wrer, |[(Vil (90 Pe, @ ({Wi}) o Pe) , d(W') 0 Pe) — (Vb (g, 2 ({W;})) , 6(W)) | (106)

+sup g,y [(Virl (9.0 Pe, @ ({W}) 0 Pe) , @ ({W5}) 0 Pe) — (Vi (g, 2 ({W;1) (I)T({Wj}»u” ;o (107)
where Pe(-) is the Euclidean projection to the set C.

Comparison with Assumption [7; Unlike in Assumption (7} we do not require the equations (102]), (103]), and
(1104) to hold for all the inputs. However, we relax this restriction by assuming that there exists a convex set, C
which consists of the data points with probability at least 1 — d¢. For well-behaved probability distributions like

sub-Gaussian distributions (see Assumption , such a convex exists with very high probability; i.e., very small
dc.

Now we state the general master theorem that relies on Assumptions |§| and (but not on Assumption
7).
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Theorem 4 (General Master Theorem). Suppose Assumptions |Z, IZ, E, |Z, E, E and@ hold. Let 6 € (0,1] be
fized, and let f} be the global optimum of C,. Suppose that v > Q(f;)L¢, and define

L lgllZs oV \x
€1 = 16+420% max {1, 1 1+ 7’7 1+ agl( ; (108)
. 2B, ByLg
— 4LgBpmax? 1,2L + 28 80(F1) 222 8LO(f) V. 109
€2 DD X{ B(I) (fl)L.:qu) (fy)} ( )
Let {W;} denote any stationary point of NC,, (-). Then with probability at least 1 — (6 + d¢), it holds that
1
oy INCu({W5}) = NG ({W5)] (110)
>‘ * o ]‘ o * 2
< 200 |96, (39502 n) ~ 1| = g - e (wDIE, (1)
n i(C) . a)q\/R -dim(W) log (’yezrgz/VL¢) log(N) + log(l/(S). (112)
Y

Additional Remarks: In addition to the discussion in Section |4} the general version mentioned above (i) takes
into account unbounded sub-Gaussian distributions, and (ii) imposes a weaker notion of Lipschitz continuity on
the parameters. For sub-Gaussian inputs, one may choose the convex set C to be a ball with radius B(g). As
we grow g, the term B(C) decays exponentially, and €3 only grows in the order of polynomial. This fast decay
allows us to keep the statistical error under control while pertaining to the optimal sample complexity. Theorem
reduces to Theorem [2 by setting & = 0 and C = conv(X). Under this choice, Assumption |7’| coincides with
Assumption

We discuss the proof in section Before diving into the proof, we discuss a few preliminaries on the covering
number essential to estimate the capacity of the hypotheses class.

B.1 Computing Function Class Capacities

Lemma 2 (Covering number of Fyy). Under assumption E, andlz the v-net covering number of the set Fyy on
the metric, ||.||oo,a s upper bounded via

Cr (V) < (Co(Lov /)", (113)
where Co(v) := N({W : 0(W) < 1},d(.,.),v).

Proof. Recall that
Cr,(v) = N(Fw,m?xd(.,.)7u); (114)
Co(v) == N(Fp,d(.,.),v). (115)

By the definition of v covering number,

N(]:VW ”'Hoo,d, v) :=inf

{{W]Q} € Fw :Y{W;} € Fw s [{W;} = {WH|oo,a = mjaxd(Wj’W]Q) < VH ; (116)

N(Fo,d(-,-),v) ==inf |{W? € Fy : YW € Fy : d(W,W°) < v}]. (117)
Therefore we can upper bound N (Fw, ||.|lcc,a; ) witht he product of N'(Fp,d(-,-),v) R times. We have
- 1R
N o) < [V (= Fndt)| (1)
Rewriting the above for appropriately chosen v we get
[ Lo\ 1H
N(Fw, |looarv) < [N (fe,dc,.), j) | (119)

This concludes our proof. O
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Lemma 3 (Bounding covering number). Consider a metric space, (W C R™,||-||2) and a compact set, Fpy CW.
Suppose that there exist r < oo such that Fyy C B(r). Then we have

NFw, - ll2,v) < <1+ 2;) : (120)

Proof. We have that Fy C B(r). By monotonicity of covering numbers, we have that
NFw, [ - ll2,v) S N@B(r), || - [|2,v)- (121)
From Corollary 4.2.13 in |Vershynin (2018) we have that,

NFwo - lasv) < NBE) || - [l200) < (1 + 2) . (122)

B.2 Proof of Theorem [2]

This section discusses the proof of Theorem [ We extensively use concentration results from Section [D]that are
preliminaries for the upcoming technical details.

Proof. First, we recall the definition of generalization error:
Generalization Error := |[NC,({W;}) — NC,, ({W;})]. (123)

We can bound the above from the optimality gaps obtained in Theorem [1| via the following decomposition:

NC.({W;}) = NCuy ({W;}) = INCL.({W;}) — Culfy)] = [NCopy {W}) = Cpuy (Frun )] (124)
Population Gap Empirical Gap
+ [Cu<fu) - Cuzv(fuzv)] : (125)
Convex Gap

From Theorem [l| we have that for any f,, f.x € L*(u) N L?(un) and stationary points (r, {W,}), the empirical
gap is bounded by

C:“'N(f:N) ,uN(fHN) < NC#N({W} C#N flLN (126)

<A [ (<39 ) 1] = Gl - 2OV, (20

and the population gap is bounded by

Cu(f;) - Cu(fu) < NCH({WJ}) - Cu(fu) (128)
<205 |95 (<5 ) 1] = S5, - 2OV (129
(V9 (9 B W) B (WD) — (V5L (0, @e((V31), @3] (130)

For any f,, fuy, subtracting the above two equations we obtain

CulFi) = Con ) = M) [y (=571 ) =1 4 o — (WD, (131)

< NCL({IW;) ~ NGy (W) (132)
<205 0 (- V5L l0. 2 (V) ) 1] = 16— 2OV DI (133
4 (L (0,0 (1)) @131 — (V5L B (03 1), 8 (W) (134

+ [Cu(fi) = Cun (Fr)] - (135)
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By choosing f, = fux = f; (as f;, € L?(u) N L?(uy)) and noting that [/, is not a random variable unlike f7
(which depends on the data points) we get

CulF) =G ) = 2052 |5, (=59 ) 1] + S5 - WD, (130

< NCL({W;)) ~ NGy (W) (137)
<205 |95 (<3¢ 200 D)) —1| = S - 2w DI (139
4 (L (0,2 (W) @ (W) — (V5L g, @0V 1) 8 AW D)n] (139
+ [Culf) = Cun (fry)] - (140)

Since f; is the global minimizer of C,(-), it always holds that C,(f;;) < Cu(f;,). We use this fact to upper
bound the right side term, upon which we obtain the bound

Cu) = Cunl) =200 |9, (=5 V50, (1)) = 1] + S5z - @ (OVDIE, (1)

< NC,({W;)) ~ NGy (W) (142
<2077 |95 (<395 0.0, 1)) —1| = S - . (DR (143
(9 (0@, (W) @ (TW5 1) — (V5 9, 20V 1), B (W) (141)
+ [Culfiy) = Cun (Fi)] - (145)

Now we add and subtract QZ()E and §|f — @, ({W;})||” on the right side. We then have that

Culfi) = G (1) = 257D 2, (=395 2,00 1)) —1 (146)
+ S5 = 2 (WD, (147)
< NCL({I7)) ~ NC,., ((1;)) (143
<207) [0, (-5 Vo020V ) 1] = S5 - 2, (W2, (149

2 {f; e (W DIE, I~ 2 (WD (150)
=Ty
20005 |9 (-390 2 (07D - 9, (—5 Vot 02 () (150)
—T3
| (T30, 2 (W51) @) — (V30,2 (W) 0 (W | (152
=:T5
+ {caf;:,v) - c,w<f;:N>] . (153)
=T

Now we apply uniform concentration on the quantities T, 7T5,T5,Ty, and T5 to get bound the statistical error
terms.

From assumption [7’| we assume that C is some convex set in R"* x R™ such that the following hold true:

SWe are ignoring the input arguments for brevity.
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For any i.i.d. samples {X;,¢;} the P(ﬂi]\il(Xi,Ei) eC)>1-dec.

For all (X,e) € C and V¢ € Fyy : || fe(X)|| < Bs.

For all (X, ¢€) € C we have V¢ € Fyy : |[VyLl(g(X,€), fe(X))|| < Be.

For all (X, €) € C and V¢, (' € F : || fe(X) = for (X)) < Lall¢ = [loo 2-

For all (X,€) € C and V¢, ¢ € Fo : |fe(X) = fer (D) < Ll = o

For any Y7, Ys € R™ we have |V £(Y, Y1) — Vo l(Y, Ya)|| < L||Y1 — Ya|.

Byrm(C) := supce,, ’||f; oPe — fe OPCH;QL —Ify = f<|\3| < 00.

Byir(C) = supcer,y e, [(Virl (90 Pes fe o Pe), for o Pehu — (Vb (g, fo) s fordu] < oo
Beqi(C) = supce r,, (VL (90 Pe, fe o Pe)  fe o Pe)u = (Vi (9. o) fo)ul < oo

© P® N G w D

Next, we define the events

chr(G) = {VC € Fw: ‘C#N(fC) - Cu(f€)| <e+ Bnrm(c)}§
geql(e) = {VC € ‘FW : ’<v}7€(g7fC)fo>,u - <v}7€(g7fC)fo>#N‘ < €+Beql(c)}~

Since Q°(-) is positively homogeneous function we can ignore the scalar 7% while defining the events below:

Epir(€) = {¥C € Fw + [, (V3L (9, f0) = (V3L (g, fo))| < €+ Bpir(C)}; (154)
Enrm(€) = {VC € Fw < [Ilf = fellfoy = 1 = Jelli] < €+ Barm (C)}- (155)

Finally, define the following good event:

Ego0a(€) 1= Ecv G) A Eeqt G) A Epir (W) O Enrm (%) . (156)
When the event yp04(€) holds then we obtain following from the inequality ,
/4 B @08 9, (~3 V5.0, () ~ 1| 4 SI - e w2, o)
< NCL({W;}) = NC,oy ({W;}) (158)
<20077) [0, (-5 Vel @ (VD)) < 1] - S - e DIE, (59)
+ 5 (/24 Bum (C)) 4+ AQ(F;) [/ (4NAUF2) + Byir (C)] (160)
+ [€/4 + Beqi(C)] + [€/4 + Brrm(C)]. (161)

For ao > 0, these inequalities imply that

INCL(IW;) = NG (WD) <2005 | (=395 l0. 8,070 ) - 1] (162
O = B W2, + (L )e (14 0) B (€) + Beg(C) + MUS) By ().
(163)

Equation (163)) holds with probability P(E€y00a(€)). We can bound the good event with union bound via

(@) 2 1= (&5 (5)) ~P (e (5)) -2 (2 () P (850 (5imry ) 09

Lemma, Lemma [9] Lemma [10]

Lemma [11]

Under Assumptions [I}f6] and [7] we can apply Lemma|§],[9} [L0] and [II] to bound the probability of the occurrence
of the events, Ecypu(+), Eeqi(+), Epir(+), and Eppm (+).
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Define the constants

By :=4nyL [(’72 + ||g||%ip)0-§( + HgH%ipo’%\X} ; (165)
By = 16m,7|V - lluipox /(0 + l9li,)0% + llglE,0% (166)
By :=16n,Q(f;) Ly || V-l|Lipox \/(72 +gllEip)ok + lgllEipos s 167

(167)

By = 128ny~20%; (168)
€0 := max{Bi, By, B3, B4 }; (169)
€1 := max{By, By, B3, B4}; (170)
by := 8BLa; (171)
by :=8Lq [By + BoL]; (172)
by = BQQ(f:) max{f@Be, Lf/<1>B<I>}; (173)
by := 4L¢ By; ury
(175)

€9 = max{bl, bg, bg, b4}

Under the above conditions by Lemma ] for any € € [0, By] we have that

P (5, (%)) < d¢ + cqexp <log (c;w (;4)) -N <L§4>2> . (176)

By Lemma@ for any e € [0, B;], we have

P (Egm (i)) < b¢ + 2exp <1og (C;W (;)) — N <B€1)2> , (177)

for some positive constant, c;.

Additionally by Lemma [10} for any € € [0, B3] we have that

P ( ° G)) < dc + c1exp (log (cfw (;)) N (;2>2> , (178)

for some positive constant, co. Furthermore, by Lemma for any € € [0, B3] we have that

(5 ) <o (o () o (5) (&) om

for some positive constant, cs.

For the inequalities (L77)), (178)), (179), and (176) to all hold we choose € € [0,¢p] and we upper bound the

covering numbers Cr,, (v) as they are strictly decreasing in v by definition. Therefore, we have that

max{log (C;W (b—)> ,log (cfw (b—)) log (c;w (b—)) ,log (c;w (b—)) } < log (C;W (—)) (180)
log (cfe (;3)) < log (Cﬁ (;)) . (181)

Now we plug in inequalities (177)), (178]), (179), and (176) in the inequality (164)). Denote

¢s = max{2, ca, C3,¢4}. (182)

and
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Then

P(Egood(€)) > 1 — c5 exp(log(Cr,, (¢/€3))) X

oxp <_01N (B)> - <_N (B)>
- (10g (s (£)) - (B)> 4o <_N (B)ﬂ ~tée.

Now we lower bound the right side by replacing By, Bo, B3, B4 with the upper bound ¢; yielding

P(Egooale)) > 1 coexp <1og (Cryy (e/e2)) +log (cfe ()) N ()) s

€1

for some positive constants, cg, c7.

From Lemma 2] we have that for any v > 0 it holds that

log(Cry, (v)) < Rlog(Cr, (Lgv/7))-

2
P(Egooal€)) > 1 — cgexp <R10g <C]—'9 <L¢ﬁ>) —cgN <6> ) — 4éc¢,
€2 €1

for some positive constants cg, cg.

From inequality (163]), and (186]) for any € € [0, €g] we have that

Then we obtain

P (NG = N D] 2 0005 |94, (=595 e (092 ) - 1]

*%”f: - q)r({W]})”iN + (1 + OZ)E + Beql(c) + Bplr(c) + (1 + Oé)Bnrm(C)>

I 2
< cgexp <Rlog (O]-‘e (’)/Zf)) —cgN (;) ) + 44¢.

Next, we derive the operation conditions for € in terms of Bs, B3, and Bj.
e By > Bs: observe that
By > B3 <= v > Q(f;) Ly,

which establishes an upper bound on the regularization parameter.

e To establish a lower bound on regularization, we will require that min{Bs, B3} > By: We have that

min{B2,Bg} > By <—

Q(fH)L l9l1Eip05
(4min {1, (f;)‘z’}) 4720—_%(\/(1 n ||g||iip/72) + % > 16420%.
X

It is sufficient to have the below inequality to hold:

Q(f)L
Inin{]_7 (fp‘) d)} > i — min{BQ,Bg} > By.

K V7t gl

Therefore, v > Q(f;‘)L¢ is sufficient condition for By > Bg > Bj.

2 o2
1+ ”gH;'_Ap 1+ YZ\X 7
Y Ox

Then we have that

L
€0 = min{By, By} = 16nyy20% min {1, 1

(183)

(184)

(185)

(186)

(187)

(188)

(189)

(190)

(191)

(192)
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and
L l9ll; oY x
= 16ny 202 1,— |1 P11 .
€1 nyY ox max{ 1 + 72 + ag(
Now rescale the quantities € < ny —Uja), €0 ¢ ny€g, and €1 < nyep. Then we have
L l9ll; oY |x
=167%0%min<1,~ [1+ —"2 (1 ;
€0 ’YUXmm{,Zl[_‘_ 2 + Ug{ ;
Ll sl (| b
€1 = 167%0% max{1,— |1+ P14+ :
X 4 ~?2 0%
€9 = maX{8Bg[~/¢>, S[iqug + E@B@L], 329(f:;)[~/cp max{f/¢Bg/i¢, LB@}, 4I~/<1>Bq>},
and

P (2 INCL ) = NG (W)= 2007 |0, (-5 V5 (0.2 0730) ) ~ 1]

S = DI+ (B €) A1) B €) + 1+ ) Barn€)] )
ny ny

Lye € 2
< cgexp (Rlog (C}-e (f}é)) —cgN <(1+a)€1> > +44¢.

Now we bound the covering number under Assumption 4] and Lemma [2] via

log <C}-0 ({;Zf)) < dim(W)log(1 + 2vearg/(Lge)) < cridim(WW)log(vearg/(Lge))

for some positive constant cqq.

Define
B(C) := Beq(C) + )\Q(f;)Bplr(C) + (1 4 @)Bnrm(C).

Then we have that
P (o INCLS ) = NG ()] = 20000 |9, (- 595 0. 2,079 ) ~ 1]
sl = B (DI, + o B(O) + o)
ny ny
< c1pexp (clleim(W) log(vearg/(Lye)) — c12N ((l—l—eoz)el) ) + 45¢.

For some fixed § € (0, 1] choose

R <(1 N a)el\/Rdim(W) log(*yegrg/i;ﬁ) log(N) + log(1/5)> _

Then the right side term of inequality (200]) will be

exp (Rdim(W) log(veare/(Loe)) — c12N ((1:@)61) ) = O().

Rewriting the equation (200, we have

(193)

(194)

(195)

(196)

(197)

(198)

(199)

(200)

(201)

(202)
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) [ (5 Vet 2 ) 1]

. 1
g I = 2 (WD + - BLC)

+(1+a)q\/Rdim(W)log(wegr(g/lI\?)log(N)+10g(1/5)> <516

P (1 INC, ({TW;}) — NC,op ({W3))] 2
ny

(203)
0

Theorem [4] has established generalization error for a generic parallel positively homogeneous network. Theorem
mentioned in the main text is a special case of Theorem [4] with the choice of convex set C = conv(X x R"Y)
by changing Assumption to Assumption Further, B(X x R™) will evaluate to 0, as Peonv(x xrny )(+) 18 just
an identity operator.

C APPLICATIONS

In this section, we apply our Theorem [4] for various applications. We apply our general theorem to low-rank
matrix sensing, structured matrix sensing, two-layer linear neural network, two-layer ReLLU neural network, and
multi-head attention.

C.1 Low-Rank Matrix Sensing

In this section, we state the corollary and its proof for matrix sensing, which is a direct consequence of Theorem
Firstly, we need to choose a convex set, C, such that the Assumption [7’] is satisfied. For matrix sensing we
choose, C = {(X,€) : || X|lr < g,|lé]lr < g} to verify Assumption [T} We need to compute, B(C). This involves
computing the expectation over the projection. Lemma [ is pivotal for estimating B(C) in all the applications
that are going to be discussed here.

Lemma 4 (Projection of Gaussian vector on balls). Consider a n-dimensional Gaussian vector x ~
N(0,(1/n)I,). Let M be a fized matriz in R"*™ and A be any set. Then

)] 1) < {ge-f/2||M||2 ifg>1

’<M’E HXXT — Pr(g) (x)Pp(g)(x (204)

Le=9"/2||M ||y  otherwise

where Pyg)(+) is Buclidean projection onto the ball B(g) := {x : ||x[]2 < g}.

Proof. Define an event € := {x € B(g)}. When £ holds the function evaluates to zero,
E [[XXT — Pa(g) (X)Pg(g)(x)T] 14(x)] =E [(XXT — Ps(g)(X)Pg(g) (X)T) Lee(x)1A(x)], (205)

so it suffices to consider the complement of the event £. Now we take the inner product with M yielding
[(ME [[xx" = Prg) (x)Pr(g) ()" ] La(x)])| = [(M,E [(xx" = Pr(g)(x)Ps(g) (%)) Lee (x)1a(x)])|
(%) (| M |2]|E [(XXT — Pa(g)(x)Prg) (x)") 1ee(x)1a(x)] |
& IMIE [ (ox” = Py (0P (07 Lee () [La(x)]
M E [Ix]13 — 0% Lee ()1 (x)]
D MIE [[x]3 — 62 [Le- ()14 ()]
YA [[IB - g2 16 (o)

1 113
: M x||2 — ¢2 e 2 dx
Ila |l o7 =

@ | M |2 [ge 9*/2 _ \/3(92_1)erfc(g/\/§) )
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The aforementioned computations involves (a) Cauchy-Schwartz inequality, (b) Jensen’s inequality, (¢) the norm
of Pg(g)(x) when xin€€ is g, (d) conditioning on indicator functions, (e) removing the conditioning increases the
expectation over non-negative terms, (f) we apply the density of Gaussian, (g) standard normal integral. As a
consequence of Theorem 1 from |Zhang et al.| (2020) we bound the complement error function,

2 2

e * 2 e *
>erfc(z) > ————F———. 206
N N T~ (206)

Then we have that
~9/2| M|, ifg>1

M,E[[xxT —P P 1 <9 2 B9= 207
|< [[XX B(g) (X) 3(9)(X) } A(X)D‘ = {;692/2”M|2 otherwise. ( )
O

Now, we state the generalization bound for the low-rank matrix sensing followed by its proof.

Corollary 4 (Low-Rank Matrix Sensing). Consider the true model for (X,y), where X € R™*™ is a random
matriz with i.i.d. entries X; ~ N(0,-=) and y = (M*, X) + ¢, where M* € R™" and ¢ ~ N(0,02) is

mn

independent from X. For all i € [N], let (X;,y;) be i.i.d. samples from this true model. Consider the estimator
§=(UVT X), where U € R™*E and V € R"*E. Let § € (0,1] be fized. Define the non-convex problem

=

1

R
2
(5 = OV, X))+ 2D lullalvlle, (208)
1 j=1

and define NnyS((U7 V) similarly with the sum over i replaced by expectation taken over (X, y).

Let (U, V) be a stationary point of NCI'\L/II\S]((U7 V). Suppose there exists Cyy, By, B, > 0 such that |[UVT ||y <
Cuv||M*|«, and for all j € [R], |lujll2 < By, ||vjll2 < By. Then, with probability at least 1 — 6, it holds that

N
NCE(. V) - NCLE (@, V)| £ 177 [n}v S (= OV X)) Xill2 A
i=1

. Rlog (R(Cyv+BuB,)) (m+ n)log(N)+log(1/0

Proof. We set the following to obtain a generalization bound from Theorem [4| for the case of matrix sensing.
First,

(V)= LY VI3 = (a1)=(0,1) (200)
S(W) = (uv’, X); (210)
o) = vl (1)

Estimating Q( f;): Since, M* is the true matrix the regularizer at globally optimal solution can be upper
bounded by Proposition

Qf7) < IM7). (212)
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Estimating ) (-): Now we move on to compute the polar. We have

% (~5 75t 0, (01) =95, (500 - @071
N
= u LZQQ—(UVTXNXV)

sup
. NA
llull<B;lvi<1 i=1

N

1

= sup — (v, (Y; — <UVT,Xi))TuTXi>
Jul<tsfvii<t VA 2

=1
1 N
= sup — Y, — (VT X, )ul X;
= sup — (VT X)X
nun«NA”Z X)Xl
11

== Y, —0VT X)Xl

Defining Fy: Next, we estimate the relevant constants. First we estimate the constants from Assumption
suppose that B := {(u,v) : [[ullz < 1,||v|]2 <1}

Fo = {uv? : |[ull2||v]: <1} N B (213)

Estimating L,: The Lipschitz constant Ly in the function Fp is Ly = supyvye 7, (v, ) |Lip = 1.
Estimating ry: We have that from A.M-G.M inequality,

lallzlivlz < Sllallz + [IvI3]- (214)

— N =

Now for any (u,v) € Fy we have that 0.5[|ul|2 + ||v||2] < 1. Therefore, V(u,v) € Fy we have

1 1
Fallz Vil < 5 [lhallz + IvI5] < 4/ 5 3 + [vI3] (215)
Then we need that Fy C B(rg), then must be ry = %
Defining Fy: From the corollary’s assumptions we have that, Br := {(u,v) : ||u|l2 < By,|v|| < By}; our
hypothesis class is defined as
Fw = {{(uj,vj)} : [UVT, Meip = [UVT |2 < 7} N Br. (216)

As v > Q(f};) Ly, we choose v = Cyv||M*||. for Cyy > 1. We have that

Fw = {{(w;,v)} - UV )llLip = IUVT |2 < Cov M|, [wyll < Bu, [vjll < Bu} (217)

Estimating €y: From the data generating mechanism we have ||g[|Lip = [|[M*||2, ox = 1, oy|x = 0. Then we
have the following constants from Theorem

L lgllZ; oV x
=167%0% min{ 1,~ |1 L1 218
€0 y aXmln{ ' + 2 + ) ) (218)
which evaluates to
2 2 1407
€0 = 16CE ||M™* || min < 1, T (219)
uv
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From the corollary assumption we have that Cyy < 0.54/1 + 02, which implies that
o = 4(1+ %) M|

2. o?
1+ ||g||;_41p 1+ Y2\X 7
Y Ox

1 2
€ = 160,2]V||M*||fmax{17 4;20} .
uv

From corollary assumption we have that Cyy < 0.5v/1 + 02 which gives

Estimating ¢;: Similarly, we evaluate

2 2 L
€1 = 167“0x max 1,2

obtaining

€1 = 1603 [ M|

Defining convex set C: Consider a convex set C = B(g) = {X : ||vec(X)|]2 < g}-

First and foremost we need to estimate dc for the following inequality to hold:

PNN X;€C)>1—dc.

(220)

(221)

(222)

(223)

(224)

The probability of X € C = B(g) is equivalent to saying the probability of the event when ||vec(X)||2 < g. Since,
Xij ~ N(0,1/(m x n)) as a consequence of Bernstein’s Inequality (Vershynin, 2018, Corollary 2.8.3) we have

that for any ¢ > 0,
P(|||vec(X)|l2 — 1| < t) > 1 — 2exp (—cnxt?)

for some constant ¢ > 0. Now we have

>1-—2exp (—ch(g — 1)2) ifg>1
< 2exp (—cnx (g —1)?) otherwise.

P([lvec(X)|2 < g){

We consider the case where g > 1, then we have that

P(ﬁfilXZ— €C) = P(ﬂi]ileec(X)Hz <g)>1-2Nexp (—cnx(g — 1)2) .

iy
We have that dc = 2N exp (—cnx (g — 1)?).
Now we evaluate By, By, Lo, i¢.
Estimating Bg: Recall that rg = % Then we have
By = sup KoV, Z)|
ZGC,{(U]',V]‘)}G}-W
= sup ||<vec(UVT),vec(Z)>||

zZeC {(u;,v;)}eFw
= g sup |vec(UVT)|2
{(u;,v;)}eFw
R
= g sup | vec(uv])|s
{(ujvy)rerw 5
= gR sup Hvec(ujva)Hg
{(u;,v;)}eFw
= gR  sup  |uv]|r
{(u;,vi)}eFw
= gR  sup  [ujllz[lvill2
{(uj,v;)eFw
= gBquR-

(225)

(226)

(227)

(228)
(229)

(230)

(231)
(232)
(233)
(234)

(235)
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Estimating B,: Similarly, we have
By = sup KUVT — M+, Z)|
ZGC,{(UJ‘,V]‘)}G}-W
— g s vec(UVT — M)
{(uj,vi)eFw
< gllIM*[|p + BuB,R].

Estimating Lg: Now, we compute the Lipschitz constant with respect to U, V. We have that

. v
Ly = sup 1€ - 2l /
ZGC,(U,V),(U/,V/)E}-W man \/HU_J — 'l.].]H2 + ||Vj - V]H2
OV —U'V'T| g
= g sup

(UV).(U",V)EFw max; \/||uj — |2+ |lv; — V|

lu;vi —wvitr

= g¢gR sup
(U.V).(U" V)EFw \/||uj — W2 + [|lv; — V)2
I(u; —wf)v] —uj(vi —v;)"|r

= gR sup
(UV), (U7, V7)eFy \/”uj — |12 + [|v; — V4|2

R “up [Ca;j = af)l2[1v;ll2 + [[wjll2ll (v = vj)ll2

(UV). (U7 V) EFw \/||uj — |2+ |y — V|2

IN

IN

gR sup [1v5113 + [lujli3
(UV),(U' V) EFw

— GBI+ BR.

Estimating Ly: Similarly we get Ly = g1/B2 + B2.
Estimating e;: Recall that

e2 = max{8B;La,8Le[B; + BoL],32Q(f;;) Ly max{ By, LBs},4Le B }.

From all the constants computed earlier, we have that
&2 = kg’ R*(|M* || r + BuB,)?
for some constant k; > 0.

Next we move on estimating B(C) we need to analyze three terms:
The First Term: We define the first term via

Ti:= sup ||[f;oPe—.({W;})oPely —IIf; — 2-({W;I2|-
{W;eFw

For fixed (U, V'), we have

‘Ilf;i o P — @ ({W;}) o Pellf = IIf — 2 ({W;DIIL

= E[(M* = UV, Pe(X))? = (M* - UV, X)?|

= ‘E[(vec(M* —UVTvec(M* —UVT)T vec(Pe(X))vec(Pe(X))T)

— (vec(M* —UVT)vec(M* — UVT)T,vec(X)vec(X)T>]

= [(vec(M* — UV T)vec(M* — UVT)T | E [vec(Pc(X))vec(Pc(X))" — vee(X)vec(X)"])|

(236)

(237)

(238)

(239)

(240)

(241)

(242)

(243)

(244)

(245)

(246)

(247)
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From Lemma [4] taking g > 1,
16 0 Pc = @0 ({W3}) 0 Pel2 = £ = @, (WD)
< ge 92 |vec(M* — UV )vec(M* — UVT)T |5,
whereupon further simplifying, we obtain

115 0 Pe = 2 ({W;}) o Pelly, = IIf = 2 ({WiDIIE| < e 2 |M* = UVT|[3,

Now, applying triangular inequality and taking the supremum, we obtain
Ty < ge=9/2(||M*|| ¢ + RB,B,)>.
The Second Term: We define the second term via

T = sup (Vyt(goPe, @r({Wj}) o Pe), d(W') o Pe)y
{W]'}E.Fw,W/E}—g

—(Vyl(g,2-({W;})), (W)l
We have
(Vil(goPe, - ({W;}) o Pe), (W) 0 Pe)y — (Vo l (9, 2 ({W;1})) s 6(W'))

= [E[(UVT — M*, Pe(X))(uv”, Pe(X)) — (UVT — M*, X)(uv’, X)]|

= [(vec(M* = UV T )vec(uv”)", E [vec(X)vec(X)" — vec(Pe(X))vec(Pe (X)) ])] -

As a consequence of Lemma 4| we have
[(Vyl(goPe, @-({W;}) o Pe), o(W') 0 Pe) — (Vi l (g, 2 ({W; 1)), o(W))
< ge 2 |vec(M* — UV )vec(uv”)" o = ge ="M = UV || [uv” | .
Now we apply supremum over (u,v) € Fy and then (U, V) obtaining

Ty < ge™9/2[||M*||p + RB,B] .

The Third Term: We define

T3:= sup [(Vyl(goPe,®-({W;})oPc), ®.({W;})oPc),
{W;teFw

— (Ve l(g: 2-({W;}), @r({Wj})) |-
Similarly to the earlier item, we rewrite the above as
[(vec(M* — UV )vec(UVT)", E [vec(X)vec(X)" — vec(Pe(X))vec(Pe (X)) ])|

As a consequence of Lemma [4| we have

(Vg0 Pe, @ ({W;}) o Pe), @r({W;}) 0 Pe)u — (Vb (g, 2 ({W;})) , @ ({W; )]

< ge 92 |vec(M* — UV )Wvec(UVT)T ||y = ge= 9 2| M* —UVT || p|UVT || 5.

Finally, we apply supremum over (U, V') € Fyy, obtaining

Ty < ge 9 /2B, B,R[||M*||r + RB.B,] .

(248)

(249)

(250)

(251)

(252)

(253)

(254)

(255)

(256)

(257)
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Now combining equations (250)), (253)), (257]) we obtain that
B(C) < ge9°/? [a([[M*||p + RB,By)* + |M*||p + RB,B, + B,B,R[|M*||r + RB,B,]] (258)

We further upper bound for simplicity as

B(C) < 4ge™9"/*(|M*||r + RB,By)>. (259)
From Theorem [l we have that
1 A e lae 1
NG (W) = NG (W] S 201 |95, (3o 2 (W1)) 1] (260)
Y ny
4 2
b e M+ RBUBLY 4 16CEy 172 x ( (261)
Y

Rdim(W)log (CUV||M*H*kzngR2(||M*||F + BuBU)2L) log(N) + log(1/4)

V2
N

(262)

holds true w.p at least 1 — § — 2N exp (—cnx (g — 1)?).

Now choose

g=1+0 (\/1og(\/NR100) +log(1 /5)) . (263)

Then we get that

1
-~ INC.({W;}) = NC,.y {W;})] (264)
A R o 1
< 200 |95, (<39t 2w ) 1) (265)
4 . 5 64/log(N R0 +log(1/0)
+ E{IIM |F + RB,B,} R0 (266)
n IGC%JVHM*HZ\/R(HLM) log(CUVHM*H*kl [1og(NR)+1og(1/;)}R2(HM*HF+BHB,U)2 %) log(N)+log(1/8) (267)

holds true w.p at least 1—4. Now ignoring loglog terms and keeping the right most term because of the dominance,
we obtain

NG, (W) =~ NG (WIS -0 |95, (=3 Tt a2, (091 ~1]
ny ny
+C(2JV||M*|3\/RZOQ (R(Cyv + BuBy)) E\Tfn +n)log(N) + log(1/6) (268)
holds true w.p at least 1 — 4. O

C.2 Structured Matrix Sensing

Next, we move on to a slightly more generalized matrix sensing problem through which we impose certain
structure in the factor U. Consider an atomic set U that represents the set of structured columns, and suppose
that U consists of columns that are affine combinations of the atoms in ¢/. We consider a gauge function ()
which is defined via

~yu(u) :=inf {¢,t > 0 such that u € tconv(U)} (269)

For instance, U can be the intersection of Lo unit ball and L; unit ball, which induces UVT to be low-rank and
U to be sparse. Imposing such structures has been well studied for convex problems by |Chandrasekaran et al.
(2012). [Bach| (2013) analyzed such structures for non-convex matrix factorization problems. However, their work
was focused primarily on the optimization guarantees whereas our result below provides generalization /recovery
guarantees for structured matrix sensing problems. We have the following corollary.
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Corollary 5 (Structured matrix sensing). Consider the true model for (X,y), where X € R™*™ is a random
matriz with i.1.d. entries Xy, ~ N(O,ﬁ) and y = (U*V*T,X> + €, where U* € R™*E" y* ¢ RnXB" gpng
€ ~ N(0,0?) is independent from X. For alli € [N], let (X;,y;) be i.i.d. samples from this true model. Consider
the estimator § = (UVT, X), where U € R™*F and V € R"*®. Let § € (0,1] be fived. Define the non-convex

problem with the atomic set, U

N R
1
NG V) = 5 2 (i~ UV X X0)* 4 A ()l (270)
i=1 j=1

and define NCiMS((U, V) similarly with the sum over i replaced by expectation taken over (X,y). Here vy (u) :=
inf {¢;t > 0,u € tconv(U)} for some specified atomic set, U. Define

K, :—Zvu D[V [2; Ko = lSlﬁp (). (271)

Let (U,V) be a stationary point of NCZ'X',S((U, V). Suppose there exists Cyv, By, B, > 0 such that |[UVT ||y <
Cuv K1, and for all j € [R], ||ujll2 < By, ||Vjll2 < By. Then, with probability at least 1 — 8, it holds that

N
NG (U, V) = NGRE((@, V))‘ S K [KQII;Z(%' — UV, X)) Xilla = A (272)
LR \/ Rlog (R(Cyv+BuBy)) ](Vm + n) log(N) +log(1/6)

Remarks: Similar to matrix sensing, the sample complexity required for consistency is only that N > R(m+n)
up to logarithmic terms, assuming a global minimum is found. The sample complexity is similar to low-rank
matrix sensing (ignoring the scale and logarithmic dependency). To the best of our knowledge, this problem has
not been studied from a statistical perspective, and our sample complexities match the corresponding convex
slightly structured matrix sensing of [Kakade et al.| (2008). Unlike low-rank matrix sensing, the main technical
challenge is to compute the polar/supremum term in the optimization error. In general, such a computation is
NP-hard when the atomic set U has non-negative atoms (Hendrickx and Olshevsky, |2010)).

Proof. The proof is similar to that of Corollary [l except for the computation of the polar. Therefore, we only
compute the polar.

Estimating Q(f;;): Since M* is the true matrix the globally optimal solution would be M*; therefore, from
Proposition 2] we have

Zw vl | - (273)
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Estimating 7, (-): Now we move on to compute the polar.

% (~3rtla ) = 0, (-0 05, (<395t 000, 1) )

=5, (30— W)

Fu (u) <1L;||v]|<1

N
1
= sup X E (Y; — (UVT,Xi>,uTX1-v>
=1

N
1
= sup v,y (Y, —(UV", X;))Tu" X))
e <tivi<t VA ;
= sup —wvTt xHu'Xx;
W(MMHZ X)X
= sup —(UVT, XN X u].
W(MNAHZ X)X
This yields
o 1
Qv <_)\VY£(97(I)T({W]'}))> < [Iitllg u(u ] IIZ — OV, X)) X[ o (274)
The rest of the proof is the same as that of low-rank matrix sensing (see section |C.1)). O

C.3 Two-Layer Linear NN

Next, we consider the closely related problem of 2-Layer Linear Neural Networks, which is essentially a multi-
dimensional matrix sensing problem; this is also referred to as non-convex linear regression. In practice, this
approach has seemed to have better linear convergence (Arora et al.||2019)) and generalization capabilities (Allen-
Zhu et al.| [2019)) than vanilla linear regression. Corollary |§| provides generalization error upper bounds.
Corollary 6 (2-Layer Linear Neural Network). Consider the true model for (x,y), where x ~ N(0,(1/n)I,,) €
R", y = U*V*Tx + ¢, where U* € R™F" v* ¢ R™E" | and e ~ N(0, (0 2/m)I,,) € R™ independent from x.
For all i € [N], let (x;,y;) be i.i.d. samples from this true model. Consider the estimator y = UVTx, where
UecR™E Ve RY™E, Let § € (0,1] be fized. Define the non-convex problem

A
NG (U V) = o Z ly: = UVl |3 + 5 (W01 + V%) (275)

and define NCiLNN((U, V) similarly with the sum over i replaced by expectation taken over (X,y).

Let (U,V) be a stationary point of NCiEVNN((U, V). Suppose there exists Cyy, By, By > 0 such that ||[UVT]|y <
Cuv [||U*||% n ”V*H%L and for all j € [R], ||lujll2 < By, ||vjll2 < By,. Then, with probability at least 1 — 6, it
holds that

N

1 * * 1 I
— NG V)) = NGO V)| S 5 DT IE + IVEIE] | 5 D lyi = Sl lxill = A

1
2m

* w212 [Rlog (R(Cyy + B2 + B2)) (m + n)log(N) +log(1/4
Chy IV + IV 3 R R Cov ) G ) o)+ 1o8(1/5)

Similar to matrix sensing, we require that N 2 R(m+n), with
This matches classical results for (convex) linear regression.

R(mT'm) — 0 for consistency at a global minimum.

Proof. To obtain a generalization bound from Theorem [4]for this setting, we set the following problem parameters:

(V) =51V =V = (a,1) = (0,1) (276)
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o(W) = (v, x)u;

OW) = 5 [llull3 + [IvII3] -

N

Estimating Q(f;;): From Proposition |2l we have that

|12 ()2
a(f2) < 1% IIF;-HV I
Choosing Fy:
Fo = {(w,v): [u]* + [v|* < 2, Jlu2 < 1, |[v]2 < 1}.
Estimating L:
Ly= sup [uv'()|up= sup_[uv’|>=1.
(u,v)EFy (u,v)EFp

Estimating ry: For any (u,v) € Fy, we have that,

[l + v /Tl 4 v
2 = 2

— Fy CB(1/V2).

Then we have rg = 1/\/5

Choosing Fyy:
Fw = {(U,V) : [UVT |2 <, [luy]| < Bu, [[v4]| < Bu}.

*12 * 12 * 12 * 12
Asy > Q(fi)Le = %, we may take v = Cyy {%} for some Cyy. We have that

(277)

(278)

(279)

(280)

(281)

(282)

(283)

Fw = vl (vt = [UVT|, < C, N0~ 11E + V-1 N<B N<B 284
w =4 {(w;, vi)} [UVE,)lleip = [UVT |2 < Cuv 5 sl < Bus [lvill < By g (284)
Estimating ¢;: From the data generating mechanism we have ||g||Lip = [|[M*||2, ox = 1, oy|x = o, which yields

the following constants from Theorem

L
€0 = 16703 mi {1, —

4

2. o2
Y Ox

1+ o2
T 4CEy,

2 o2
14 ||9||;1p 14 YQ\X 7
v Ox

e1 =8CHy (U5 + IV*II7] -

which evaluates to when Cpyy < 0.54/(1 + 02)

co = 8CHy (I + 1V* ] min {1

Estimating ¢;: Similarly, we evaluate

L
€1 = 16720% max {1, 1

obtaining

Choosing the convex set C: Consider a convex set C = B(g) = {X : ||vec(X)|2 < g}.

First and foremost we need to estimate dc for the following inequality to hold:

P(ﬂf\;lXi S C) >1-—4c.

}=2NUW%+Nﬂ%L

(285)

(286)

(287)

(288)

(289)

The probability of x € C = B(g) is equivalent to saying the probability of the event when ||x||2 < g. Since,
x; ~ N(0,1/n) as a consequence of Bernstein’s Inequality (Vershynin, 2018] Corollary 2.8.3) we have that for

any t > 0,
P(llxll2 — 1] <) > 1 — 2exp (—enxt?)

(290)
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for some constant ¢ > 0. Now we have

>1—2exp(—enx(g—1)?) ifg>1
< 2exp (—enx(g —1)%) otherwise

P(llx[le < g){

We consider the case where g > 1, then we have that

P(ﬂfvlei €C) = P(ﬂZN:1||X||2 <g)>1-2Nexp (—ch(g — 1)2) .

iy
We have that dc = 2N exp (—cn(g — 1)?).
Now we evaluate By, By, Lo, f)¢.
Estimating Bg: We have
By = sup UV T
z€C,{(u;,v;)}€Fw
= g sup UV
{(u;,v;)}eFw

= 97

Estimating By: Similarly, we have
By = sup |(OVT — U vz

z€C,{(u;,v;)}€Fw

= g sup ||UVT—U*V*T||2
{(u;,v;)}eFw

= (U VT2 +1).

Estimating Lg: Now, we compute the Lipschitz constant with respect to U, V. We have

~ UVT _ U/V/T
_ - I )|
2€C,(UV),(U,V')€Fw max; \/||uj — |2+ [y — V2

|OVT —U'V'T,
=9 sup

(UV).(U" V))eFw max; \/||uj — w2+ vy — V2

\OVT —U'V'T| g

< sup
(UV),(UV)EFw max; \/||uj — u;.H2 + v — V;'HQ
R T _ T
_ sup > = uvy —avi|p
(UV),(U".V)EFw max; \/||uj — w2+ [Jv; — vi[|?
uvT — uv'T
R sup [u; j 3V [Is
(U V), (U V) EFw \/||uj —ui[|2 + [Jv; — vi[?
N )\ e\ B ZV
(UV), (U V)EFW \/Iluj — |2+ [lv; — V|2
< gR sup 1Cay — wi)ll2vsllz2 + [lugllzl (v — vi)ll2
(UV).(U" V') EFw \/IIUj —wj|]? + |lv; = vjII?
= gR sup [v;1I5 + [} 3

U,V),(U"V)eFw

= gv/B2+ B2ZR.

(291)

(292)

(293)
(294)

(295)

(296)
(297)

(298)

(299)

(300)

(301)

(302)

(303)

(304)

(305)

(306)

(307)
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Estimating f/(z,: Similarly we get f@ = g\/w.
Estimating e3: Recall that
€2 = max{8BLq,8Le[B; + BoL],32Q(f;;) Ly max{ By, LBs},4Le B }.
From all the constants computed earlier, we have that
e2 = kig? R°Cy (U |7 + V¥ %)V B + B2
for some constant k; > 0.

Next, we move on to estimating B(C). We need to analyze three terms:
The First Term: Define

Ti:= sup |[IfyoPc—@.({W;})oPel —IIfy — 2-({W;}II;]

{W;teFw

‘We have
I 0 Pe — @, ({W;}) o Pell?, — If5 — @ ({Wi DI =

= [E[I@ VT =0V Pe)l - |0V~ oV )x|?]|
= [E[(@ VT oV VT - OV (Pe(x))(Pe(x))")
(vt —uvTy vt gyt ”
= [(U VT — oV VT~ UV E [(Pe(x)) (Pe(x)” — xx"])]

From Lemma [4] we obtain that (taking g > 1)

[I1£5: 0 Pe = 2. ({W;}) o Pellf — [I£: — 2 ({W; I

<ge PV - v VT - oV,
on further simplifying, we get

115 0 Pe = @ ({W5}) 0 Pell2 = | £ — @ (LW DIZ| < ge=o 2[u=v" — UVT|3,

Now applying triangular inequality and taking the supremum, we obtain

Ty < ge 9 (U VT 4 )2

The Second Term: Define

Ty := sup (Vyl(goPe,®r({W;})oPe),p(W')oPe),
{Wj}é]‘—w,W/G]'—g

—(Vyl (g, 2 ({W;})), 6(W))l.

We have
|(Vyl(goPe,®r({W;})oPe), (W) 0 Pe)y — (Vil (9,0, ({W51})), 6(W')) | =

‘IE [<(UVT — VT Pe(x), uvTPe(x)) — (UVT — U*V*T)x, uvTx }

is the same as

= (@ VT~ UV (v") E [xx" = (Pe())(Pe(x))"])]

As a consequence of Lemma [4] we have

(VL (g0 Pe, @ ({W;}) o Pe), d(W') 0 Pe)y — (Vipl (g, 2 ({W; 1)), 6(W)),]

(308)

(309)

(310)

(311)

(312)

(313)

(314)

(315)

(316)

(317)

(318)

(319)
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<ge PO VT UV v 2 = ge 0 2OV OV gy
Now we apply supremum over (u,v) € Fp, and then over (U, V) € Fpy, yielding
o < g 2 [0Vl + 4] -
The Third Term: Define

T3:= sup [(Vyl(goPe,®.({W;})oPe), @, ({W;})oPe),
{W;}eFw

(V3 (g, @, ({W5)) @0 ({W; 1)) |
Similarly to the earlier item, we rewrite the above as
= [(@ VT = oV UVT)TE o — (Pe(x))(Pe(x))"])|
As a consequence of Lemma [4| we have
(V£ (g0 Pe, & ({W;}) 0 Pe) , @p({W;}) 0 Pey — (Vi l (g, @ ({W5})), @0 ({W;1)),]
< ge UV UV OV ||y < e UV — UVT o [UVT .
Finally, we apply supremum over (U, V) € Fyy, obtaining

2
T3 < ge 9 /27 [||U*V*T||2 —&-'y} )

Now combining equations , , we obtain that
B() < g™/ [a(|U VTl +4) + [TVl 4y 47 [J07V o 4]
We further upper bound for simplicity as
B(€) < ge P14+ (IUV*T 2 + ).

From Theorem [ we have that

NG, () = NG (WD S -0 |95, (3Tt a2, (091 ~1]
ny ny

4 — g2 * Y 7k * * 2
g 2L+ )10Vl +9) + 8CEy (10715 + 1V 13)7 < (

J R(m + n)log (k1g2R2C3y (1U* I + V* [3)v/BE+ BECuv [|U* [ + |V*[3] ) log(N) + log(1/6)
N

holds true w.p at least 1 — & — 2N exp (—ch(g — 1)2).

Now choose

g=1+0 (\/10g(N) n 10g(1/5)> .

Now ignoring loglog terms and keep the right most term because of the dominance,

NG, () = NG (WD S o900 |95, (=37t a2, ((W1)) ~1]
ny ny

Cuv + B2 + B2)) (m + n) log(N) + log(1/9)
N

* w212 [ Rlog (R
Gy (U7 + V7 3 L R

holds true w.p at least 1 — 4.

(320)

(321)

(322)

(323)

(324)

(325)

(326)

(327)

(328)

(329)

(330)
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C.4 Two-Layer ReLU NN

Next, we present and prove the generalization bound for the two-layer ReLU neural network. This is one step
ahead of all the linear models that were discussed earlier. Similarly to the Gaussian projections discussed in
matrix sensing, we discuss ReLLU projection results that will be used in the main proof.

Lemma 5 (ReLU projection 1). Consider Uy, Uy € R™*" V1, V5 € R"*". Denote, convex set C = B(g) that is
g-radius hyper sphere, then we have that

E[I02 Vi Pe()ls = UalVi Pe(x)]4 I = 03V xy = UalVi x4 )|

(331)
< 2ge™0 UL |3 IVA I3 + U215 [1V2]l3).
Proof. First, we re-write
IV x]y = Oa [V 5] 1P = 1D wplviixly — wpalvipx] | (332)
= || Z ujlvjj';X]-vJTleO - uj2vf2X1vflx20“2 (333)
j=1
=3 [ v i) T (v ) x5 Ty ) (2R T (Vi) x5 Ly o)
j=11=1 (334)
*2<(uj2Vsz)T(uj1VjT1) xx''1 Tx>01 T2x>(]> .
Note that 1yry~o = 1y7p.(x)>0- Similarly, we have
UL [V Pe(x)]+ — Ua[Vy Pe(x)) 47 ZZ (v (unvh), Pe(x)Pe(3) 1y 7m0
j=11=1
335
 ((w2vh) T (wjav), Pe(x)Pe(x) Ly 20) (335)
- 2<(uj2VfQ)T(u71vj1) PC( )PC(X)TlvleZOlszxZO)} :
Now computing the difference between equations (334 , and ( we get
|E [[1U2[Vi Pe(x))4 — Uz[VzTPc(X)]+|I2 - ||U1 Vi'x]y — Ua[Vy %] 1?]] =
3 S B[ (v, (Pe()Pe()T = xxT) 1,7 20)
j=11=1
336
(V) (wvh), (Pe()Pe(0)” — 36" 1y1,050) (3536)
= 2(u2vhy) " (v, (Pe(¥)Pe(x)” = xx")1y7s0lu;s0)] |
After applying Lemma [4 and the triangular inequality we obtain, for g > 1,
[E[IT2 Vi Pe() = UalVe Pe(x)]4 12 = 102V — UalVi x|
(a) _ 2 i s
< ge 23 [ P lval?
j=1 1=1
+ 2[ug[[[fagell[[ vl el + ||uj2\|2||Vj2||2] (337)
®) —g2%/2 ~ 2 2 2 2
< 29e7 23S [l Plvar 2 + e 2 vl
j=11=1

(c) _ 2
< 2ge~ PO IVAlE + 102131Vl 3.
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In (a) we apply triangular inequality and apply Lemma 4] (b) we use the identity that a® + 2ab + b* = (a + b)?,
and (c) we use the identity that (a2c? + b%d?) < (a? + b?)(c? + d?). This completes the proof.

O
Lemma 6 (ReLU projection 2). Consider Uy, Uy € R™*7, Vi, Vo € R"*". Denote the convex set C = B(g); that
18, the g-radius hyper sphere. Then we have that
T T
[E [V Pe(x)]: = UalVi Pe()]+ US IV Pe(x)]+ — U3[Vs" Pe(x)].)
— UiV = UalVi x4, UV ) = U3V 0| (338)
42
< 2ge” (UL FIULEIVAIE IV L7 + |02 E TSN RVl 2 V2 D ).

Proof. The proof is similar to the proof of Lemma O

Corollary 7 (Two-Layer ReLU Neural Network). Consider the true model for (x,y), wherex ~ N (0, (1/n)I,) €
R™, y = U*[V*Tx]; +¢, where U* € R™*FE V* ¢ R™F qnd e ~ N(0, (62/m)I,,) € R™ independent from x.
For all i € [N], let (x;,y;) be i.i.d. samples from this true model. Consider the estimator y = U[VTx],, where
UecR™E VvV eR™E Let § € (0,1] be fived. Define the non-convex problem

N
1 A
NCE (U V) = 5 D yi = UV xilll3 + 5 (1015 + IV IE) (339)
i=1

and define NCEELU((U7 V) similarly with the sum over i replaced by expectation taken over (X,y).

Let (U, V) be a stationary point of NCE?\'I‘U((U, V). Suppose there exists Cyy, By, B, > 0 such that |[UVT |y <
Cuv [|[U% + IV*[|%], and for all j € [R], ||ujll2 < By, ||[vjll2 < By. Then with probability at least 1 — 6, it
holds that

1
2m

N
1 e e * * 1 N
— NG (V) = N (@ V)| S 5 (1071 + VAR [ D s —yiuznxinz—ﬂ
i=1

+ Coy [IU* 7 + 1IV*]17]

R(m + n) log (R(m-+n)(Cyy+B2+B2)) log(N) + log(1 /5)] e
= .

Proof. To obtain a generalization bound from Theorem [4]for this setting, we set the following problem parameters:

(V) =51V =V = (a,) = (0,1) (340)
HV) = [(v, )] (341)
o) = 3 [Iull3 + IVI3) (342)

Estimating Q(f;;): From Proposition [2| we have that

IO+ v

() < 10E S (343)

Choosing Fy:

Fo = {(w,v) : [[ul* + v < 2, [luflz < 1, |[v]l2 < 1}. (344)
Estimating L,: The Lipschtiz constant Lg in the function Fp is Lg := supju<ijvi<1 a[v’ ]+llLp <
SUp|u| <1, |vi<1 allllvl = 1.
Estimating r4: For any (u,v) € Fp, we have that,

2 2 2 2
L e Y [T 5)

2 - 2
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Then we have rg = 1/\/5

Choosing Fyy: From the corollary’s assumptions we have that Br := {(u, V) : |lu|lz < By, ||v]]2 < B,}; our
hypothesis class is defined as

Fw = A{(U, V) UV JillLip < U2Vl <, l[us]l < Bu, [lv4ll < Bo}. (346)

From Proposition we have that, Q(fr) < 3[IU*|E+V*IZ]. As we require v > Q(ff)Ly =

Y <
U* |2+|V* 2
LT |2 + |V*[2], we set = Gy W NEHIV7IE]

CUv . .
Fw = {{(Uj,Vj)} UV 4 luip = UV |l2 < U™ 11% + 1V IIE] 47)
| < B, uvjn < B.}.
Estimating Q7 (-): We have
(e} 1 o 1
%, (-5vste e m) = o, (f0- @({Wj}))) (315)
=  sup  — > (Vi —U[VTx]y,ulvTx]y) (349)
 ull<lvist NA ;
N
= VI |[Y; = Vi (350)
w21 VA g
N
< ZHStHlp Vx| [|Yi = Vi (351)
1 N
= N > IxillallY: = Yillo. (352)
i=1

Estimating €): From the data generating mechanism we have ||g|lLip < [[U*[l2[[V*]2 < $[IU*|r + [[V*| F],
ox =1, oy|x = 0. Then we have the following constants from Theorem

lols, (o
1 L1 , 353
Ll E (353)

. : : 1+0°
0 = 8y [JU713 + [V* 3] min {1, G2 (354)
4C%y,

L

€ = 16y oan{l 1

which evaluates to

Let Cyy < 0.5v/1 + 02 then we have

co =2(1+0%) [IU"]1F% + IV*II%] - (355)

2 o2
14 ||9||;1p 14 YQ\X 7 (356)
v Ox

e1 = 8Chy [IUIIF + IV*IIE] - (357)

Estimating €;: Similarly,

L
€1 = 16720% max {1, 1

obtaining
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Defining a convex set C: Consider a convex set C = B(g) = {x: ||x]|2 < g}

First and foremost we need to estimate, dc for the following inequality to hold:

P(OZN:IXZ- S C) >1—6c.

(358)

The probability of x € C = B(g) is equivalent to saying the probability of the event when ||x||2 < g. Since,
x; ~ N(0,1/n) as a consequence of Bernstein’s Inequality (Vershynin, 2018 Corollary 2.8.3) we have that, for

any t > 0,
P(|lxl2 = 1] <t) > 1 —2exp (—enxt?),

for some constant ¢ > 0. Now we have

>1-—2exp (—ch(g — 1)2) ifg>1
< 2exp (—cnx(g —1)?) otherwise.

P(llx[le < g){

We consider the case where g > 1 yielding

P(ﬁi]\ilxi eC) = P(ﬂfi1||x||2 <g)>1-2Nexp (—cnx(g - 1)2) )

=dc
We have that dc = 2N exp (—cn(g — 1)?).
Now we evaluate By, Bg, f@, i¢.
Estimating Bg: We have
By = sup 1TV 2] |2
ZEC,{(LIJ',V]‘)}GJ:W
< sup U l2[1TV 2]+ 12
z€C,{(u;,v;)}€Fw
< sup U121V l21]]2
z€C,{(u;,v;)}€Fw
= 97
Estimating B,: Similarly, we have
B, = sip U7l — UV g,
z€C,{(u;,v;)}€Fw
= 297

Estimating Lg: Now, we compute the Lipschitz constant with respect to U, V. We have

~ T —_yu'v'T
P . |UIVT2], — U'[V"72). |

2€C,(UV),(U,V')€Fw max; \/||uj W2+ vy — V2

ulvlzl, —u'[vTz
+ +

= Rzec’(U,V)S,l(lI?/,v/)efW \/Hu _ u/H2 ¥ HV — v’||2

= R sup [ w)[v7a] — w/[v"a] — [v"al]|
2€C(UV). (U V)EFw VIu—a P+ v =vT?

< R sup [(a— ) V72, ||+ [u/[[v'7 2] — [v2]]|
2€C,(U,V),(U', V' )EFw \/HufU’HQJr v — V2

< R sup [(u =) [v"2]¢ || + [[o[[v" 2] — [v2]]|
z€C,(U,V),(U' V) EFw VIu—u 2+ v = v

< gR sup Byll(u —u')| + Bu|lv — /||

. very Vu- W v - V]2

= gv/B2+ B2R.

(359)

(360)

(361)

(362)
(363)
(364)

(365)

(366)

(367)

(368)

(369)

(370)

(371)

(372)

(373)

(374)
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Estimating I~/¢,: Similarly we get i¢ =g/ B2+ B2
Estimating es: Recall that

€g = max{SBgI:q>7 8I~/<I>[Be + B@LL 32Q(f;:).i¢ max{Bg, LB@}, 4[~/q>Bq>}.

From all the constants computed earlier, we have that

€2 = k1g?R*Cyv /B2 + B2 [||U*[|7 + IV*[1F] ,
for some constant k1 > 0.

Next, we move on to estimating B(C). We need to analyze three terms:
The First Term: Define

Tyi= sup |[IfioPe— @ ({W;})oPel —If — - ({W;})IZ]-
{W;}rerw

For a fixed (U,V), we have
(145 0 Pe = @, ({W;}) o Pell2 = I1f;: = 2. (Wi DI
= [E[I0 VT Pe)l = UV Pe ()L | = 10 [V*Tx)4 — UV x4 2] |
From Lemma [5] taking g > 1 we have
175 0 Pe = @, ({W;}) 0 Pel2 = 15 — @ (W DIE|
< 2072 (U 3V + [UIF VI

whereupon further simplifying, we obtain

sup (|15 0 Pe = @ ({W5}) o Pell? = |11 — @, (W12
(U, V)eEFw

< 2ge= (U IFIVEIF + B2,
Now, applying triangular inequality and taking the supremum we obtain
Ty < 29~ (U IV 17 + BP?).
The Second Term: Define

T; = sup (Vyl(goPe,®-({W;})oPe), p(W')oPe)y
{Wj}e]:w,W’E]:e

— (Vg (9.2, ({W;}) . oW "))
For a fixed (U, V), (u,v) we have
[(V(g 0 Pe, @ ({W;}) 0 Pe) s 6(W") 0 Pe) = (Vi (9, 0 ({W5)) , 6(W))| =
B[OV PGl = UV TPl v Pe(x)])

~(UIVTPe()) — UV ] ufv X)) |

As a consequence of Lemma [6] we have

(VL (g0 Pe, @ ({W;}) o Pe), d(W') 0 Pe)y — (Vipl (g, 2 ({W; 1)), 6(W)),]

(375)

(376)

(377)

(378)

(379)

(380)

(381)

(382)

(383)
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< 2ge” U eIV ellalll[V] + 1T 21V e all V] (384)
Now we apply supremum over (u,v) € Fy, obtaining
e * *
Ty < 2ge= P(|UIlzlIVIE + 10" plIV*Il£] - (385)
Finally, we apply supremum over (U, V) € Fyy, obtaining

Ty < 29~ 2 [|U* || |V* || F + RA]. (386)

The Third Term: Define

Ts:= sup  [(Vyl(goPe,®-({W;})oPe), ®r({W;}) o Pe)y
{Wirerw (387)

~ (V9. 2, (W3 1) @ (W, )|
For a fixed (U, V') we can rewrite the above to

[E[UIVTPe)]s — UV T Pe(x)]4, UV Pe(x)]:)

(388)
~(UIVTPe)]s — UV Tx 1, UV |
As a consequence of Lemma 4| we have
[(V-l(g0oPe, @r({W;}) o Pe), & ({W;}) 0 Pe)y — (Virl (g, 2 ({W1) , @ ({W; 1)) ]
< 2g¢= 0 2| e VIl (T £V ILe + 1012V ]]6) (389)
Finally, we apply supremum over (U, V') € Fyy, obtaining
Ty < 20~ PRy [|U°[[p|[V" || + B (390)
Now combining 77,7, and T3 from equations 7 , we have
B(C) < 29¢9 2 [a(|U|FV*|p + B22) + [U|p|[VI|e + Ry +Ry [[U* |6 |V* ][+ RBa]] - (391)
We further upper bound for simplicity via
B(C) < 4Rge™* Py (U r|[VIF +7]. (392)

From Theorem M we have that

N
1 A * *
— H is) = “N J ~ o F F i + i+l
—INC.({W5}) = NCuy (Wi DI S 5 U1 + 1VEI1%] Sup. Vil IV = UV x|

Ivil<

2 —g° * * * * * * 2
+Rge™? PCyy [IU11F +1IVIE] DUNEIVIE + Cov [IU*F + IVAIE] + Cov [IU*1F + 1V*1I7]

R(m + ) log (kyg? BBy BEF B (U [ + V317 og(N) + oz(1/0)
, (393)
N
holds true w.p at least 1 —&§ — 2N exp (—enx (g — 1)?).

Now choose

g=1+0 (\/log(NR) ¥ 10g(1/5)) . (394)
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After ignoring all the log-log terms and using only dominant terms, we have that

% INCL({W;}) = NCoos (W51 S

N
1 T T
sup—g v x| ||Y; — UV x; - A
Ivll<1 N i:1[ ]+|| [ ]+||

]2 \/R(m +n)log (R(m + n)(Cyv + B2 + B2))log(N) + log(1/6)

o [0+ V3]

+Chv IV + IVI1E (395)

N )
holds true w.p at least 1 — 4. O

C.5 Multi-head Attention

Next, we move to applying Theorem Y| to the single-layer multi-head attention problem. We require similar
Gaussian projections arguments onto convex sets are needed to be established. For this application, we require
Gaussian projections onto softmax, which is analyzed through Lemmal[7] First, we define the soft max operation,
o¢(v) : R® — R™

o1 ()i := exp(tu;)/ (Z exp(tu;)), (396)

where ¢ is called the temperature.

A discrete version of soft-max is known as hard-max that is defined as

[U(u)]i = 1ui:maxi U (397)

Note that when ¢t — oo, ¢(u) — o(u).

Lemma 7 (Gaussian Softmax Projection). Let X € R™*" and X;; ~ N(0,1/(mn)) be independent random
variables. Suppose o¢(-) is a softmaz with temperature, t, and M is fixzed matriz in R™*™. Consider a convex
set C ={X = (x1,...,%,) : Vj € [n];||x;]| < g} for g > 1. Then

sup [(M,E [Xoy(X"2)(X0¢(X"2))" — Pe(X)ot(Pe(X)"2)(Pe(X)or(Pe(X) 2) )|

zEF,
< eym?|| M| pgexp (—comg®) . (398)
for some positive constant, ¢y, co.
Proof. Denote
T := sup [(M,E [Xoy(X"2)(X0(XT2))" — Pe(X)or(Pe(X)2)(Pe(X)ar(Pe(X)"2))T])]- (399)

z€F,

Firstly, we upper bound the earlier term by Cauchy-Schwartz inequality:

T< ||M||FZS€11;> |E [Xot(XT2)(X0:(XT2))" = Pe(X)or(Pe(X)"2) (Pe(X)or(Pe(X) )" ] |- (400)

Denote a;(z,1,j) = 0¢(X"2);00(X"2); and (2,4, j) = 01(Pe(X)" 2)i01(Pe(X) " 2);,

T T
T<|Mlrp sup 1Y D E [xix] ai(z,4,5) — Pe(xi)Pe(x;) (2,4, 5)] || - (401)
2872 =1 j=1
Now we apply triangular inequality,
T T
T < M|lp sup SO S IE [xixTar(2, 7, ) — Pe(xi)Pe(x;) (2,1, 7)) - (102)

2602 =1 j=1
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Now we apply Cauchy-Schwartz,

m m

T<|M|p) > sup |[E [xix] ar(z,i,§) — Pe(x:)Pe(x;) a2, )] || p- (403)

i=1 j=12%7=
We can upper bound the earlier term via taking a supremum over indices i, j € [T] then we have

T < || M| pm? sup su;_) IE [xiijat(z, i) — Pc(xi)Pc(xj)Tdt(z,Ljﬂ |F. (404)
i,j z2EF,

Observe that argument inside the expectation is 0 on the event X € C, thereby we only have the case where
X ¢ C then we have

T < || M| pm? sup quI:) |E [xix?at(z,i,j) — Pc(xi)Pc(xj)Tdt(z, i,j)lgc} |- (405)
1,] zZ€EF,

On application Cauchy-Schwartz identity again we have

T < | M| rm? sup su]g) E [||xix?at(z,i,j) — Pe(xi)Pe(x;) (2,4, 7)|| rlee] - (406)

1,] Z€E€

We have that x ¢ C, Pc(x) = gx/||x||. By using this fact we have

2

T < ||M| pm?sup sup E [H (at(z,i,j) — g@(z,i,j)) XiX?HF]_gc] . (407)
ij 2, [l '

Now we recall Reverse Fatou’s Lemma, for any function sequence, f,, € L?(u1), we have

limsup/fndu < /limsup frndp. (408)

n—oo n—00
on applying this identity we have

2
T < || M|l pm? supE [sup ai(2,6,§) — —3—ai(2,1,5)
Tl T

zCF,

||Xixf||F18L} . (409)

2

Observe that a¢(z,4,j) <1 and at(z,7,7) <1 when X ¢ C therefore we have

g
(BRI

T < ||M| pm? supE [||xix?||F15c] ) (410)
i,

Now since x; and x; are iid we have

T < | M| pm? supE [ l21ee] E [ l21¢-]. (411)
]

By Gaussian integral over norm for g > 1 we have

T < m?||M| pgexp (—mg?) (412)
0

With the above result on Gaussian softmax projection, we now state the corollary for the single-layer multi-head
attention problem and its proof.

Corollary 8 (Transformers). Consider the true model for (X,y), where X € R™*T is a random matriz with
i.i.d. entries Xy ~ N(0,1/(nT)) andy = A*Xb* +¢, where A* € R™*" b* € ST~! and e ~ N(0, (62 /m)1,,) is
independent from X. For all i € [N], let (X;,y;) be i.i.d. samples from this true model. Consider the estimator
y= Zle ViXo(XTz;), V; € R",z; € R". Let § € (0,1] be fived. Define the non-convex problem
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NC{(V52)h)= QNZHw ZVXat (x{'2) ||2+AZ 1Vl + 0ol <1y (2)]

j=1 j=1

where, o4(+) is softmaz function with temperature t, for k € [T] defined o¢(u)x := exp(tug)/ Zszl exp(tu;) and
define NCZF({(Vj, z;)}) similarly with the sum over i replaced by expectation taken over (X,y).

Let {(Vj,2z;)} be a stationary point of NC* ({(V;,2;)}). Suppose there exists Cy,By > 0 such that

KUN

S Vil < Cvl| A%, and for all j € [R], |Vjl|r < By.
Then with probability at least 1 — §, it holds that

KN

LINCIF((V,2)1) — NCIE (V5 )| £ 5= 14% e

L X
N D llyi = 3illl1Xill2 = A
=1

A \/R(m—l—n)log(R(m-l—n)(C]‘Q—i-BV))log(N)—i-log(l/é).

Proof. To obtain a generalization bound from Theorem {4| for the case of matrix sensing, we set the following
problem parameters.

(V) =3IV =V = (a,1) = (0,1) (113)
P(W) =V Xo(X"2); (414)
OW) = [VIlp + dzep(1)- (415)

Estimating ©,,, (-): Now we move on to compute the polar:
o 1 . (1
Q;AN _Xer(g7q)7"({W]})) = QHN X(g_ (I)T({WJ})) P

N
= sup — Y; — Vi, VX;00(X"2)),
IVIIFr<1, ]z <1 N Z< ¢ @ ioe( )

= sup |Z Yi = ¥))(Xio: (X)) ", V),

WVie<tzi< NA

T ek H<1NA'Z (¥ = Vi) (Xin(XT2)) T, V)]

N

%, (~5 Vst (W) < ﬁgm;n >0 ) (Ko (X7

< Zf‘ﬁpll (¥ = ¥) (Xion(XT2)T |
1 <
N

< ZHS‘JP I¥: = Yill e l(Xiu (XT2) |,
N

< Zushlp ¥ = Fill el (Xi(XT2)

<

1 .
) Z [Yi — Yill2[| X2
=1
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Choose Fy: From Assumptions [4] suppose that
Fo:={(V,z) : [[Vll2 <1,]|z[2 < 1} (416)

Computing Lg: The Lipschtiz constant Ly in the function Fy is Ly = supyy <1, jzy<1 |V ()o((-)72)||Lip <
supjv<1 IVl = 1.

Computing r4: Clearly, when ry = V2 we have that Fy C IB%(\/i)

Choose Fyy: From the corollary’s assumptions we have that, B := {(V,2z) : |V]l2 < By, ||z|l2 < 1}; our
hypothesis class is defined as

Fw = {(V; i ZV o(()72) luip < D IVjllr < 7, |IVillr < By, ||zl| < 1. (417)

Jj=1

From Proposmonlwe have Q(f) < [|[A*||r. We have v > Q(f;)Lg = [|A*||F, then we set v = Cy[|A*||r. We
have that

Fw = { (Viszi)}: |l ZV T2))lLip < Z Vilr < Cv[A™|F,
=1 (418)

IVillr < By, |1zl < 1}.

Estimating ¢p: From the data generating mechanism we have ||g||Lip < ||A*||F, ox = 1, oy|x = o, then we

have the following constants from Theorem
2 o2
Y Ox

€0 = 16(a” 4+ 1)||A*||%, (420)

2. o2
v Ox

e = 1607 [|A"|1%, (422)

L
€0 = 167%0% mln{1,4

this evaluates to,

when Cy < /1 + o2.

Estimating ¢;: Similarly, we evaluate

L
€1 = 16720% max {1, 1
obtaining,

when Cy < V1 + o2.
Choosing the convex set C: Consider a convex set C = {X = (xy,...,%7) : [|%;]2 < g/VT}.
First and foremost we need to estimate dc for the inequality to hold:
P(NY x;€C)>1—dc. (423)
The probability of x € C = B(g) is equivalent to saying the probability of the event when ||x||2 < g. Since,

x; ~ N(0,1/n) as a consequence of Bernstein’s Inequality (Vershynin, 2018 Corollary 2.8.3) we have that, for
any t > 0.

P(|lx]l2 = 1] < t) > 1 —2exp (—enTt?), (424)

for some constant ¢ > 0. Now we have

Pz < g/v/T >{ ~2exp (cen(g — 1F) gzl (425)

< 2exp (—cn(g — 1)%) otherwise
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We consider the case where g > 1. Then we have that

P(ﬂﬁilxi eC) = P(OfLHXHQ < g/\/f) >1-—2Nexp (—cn(g — 1)2) )

=
We have that dc = 2N exp (—cn(g — 1)?).
Estimating Bg:
By = sup 1Y ViXou(X 2;)|l2,
Xecv{(‘/jvzj)}efw j=1
< R sup Ville | Xoe (X 2|2,
XeCA(Vj,z5)}eFw
< R sup Ville | Xoe (X 2|2,
XGC,{(V;’,Zj)}E]‘—W
< gRBy/VT.
Estimating B,: we have
B, = sup 1Y ViXou(XTz;) — A*X B,
XeC {(Vj,z;)}eFw j=1

9[RBy + || A"||r] /VT.

Estimating E¢: We have

Ly = gR\/B + 1/VT.

Estimating I~,¢: Similarly we get i¢ =g/B{ + 1/+/T as we have only one slice of factor.

Estimating e;: Recall that,

€2 = max{8B;Lq,8Le[B; + BoL],32Q(f;;) Ly max{B;, LBs},4Le B }.

From all the constants computed earlier, we have that,

e2 = k1g°R*BY T,
for some constant k; > 0.
Next, we move on estimating B(C) we need to analyze three terms

The First Term is defined via

Ty:= sup |[[foPe—@.({W;})oPe|?
{W;eFw

= Ifi =@ ((WiDIL

From Lemma [7] we obtain that, taking g > 1 and further simplifying, we get,

Ty < o1 T2ge=T9" [R%? + || A]5] |

(426)

(427)

(428)
(429)

(430)

(431)

(432)

(433)

(434)

(435)

(436)

(437)
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The Second Term is defined via

Ty = sup (Vi l(goPe, @ ({W;})oPe),p(W') o Pe),
{W;YeFw,W'eF, (438)

—(Vyl(g, 2 ({W51) , 6(W))l-

As a consequence of Lemma 7| we have

Ty < e1T%ge 79" [| A*||2 + R . (439)
The Third Term is defined via
Tyi= sup  [(Vgl(goPe, ®r({W}) o Pe) &, ({W;}) o Pe),
(W, eFw (440)

= (V9,2 ({W;}), @ ({Wj}) -

As a consequence of Lemma 7| we have
T3 < o T%ge™ T Ry [||A*l2 + Rn] (441)

for some positive constant, ¢y, co.

Now combining T}, T5, and T3 from equations (437)), (439)), (441) we obtain that
2
B(C) < erxT?ge= "9 [a(||A*[|la + R*y?) + || A* |2 + Ry + Ry [ A* |2 + RAl] - (442)
We further upper bound for simplicity as

log(T')
T5

B(C) < 4R, ge™2 0 y [ A%l + 7). (443)

From Theorem [ we have that

N
DV = V)T (Xio(XT2)) | r — A

INC(W;}) ~ NG (W51 S 5147 5
i=1

)
sup —
=<1 IV

2 —C2 2 * * *
+—Rey T?ge™ 7 Cy (A" ] [ A%[|2 + 7] + CF [I|A* | ]

J R(m +n) log (C3 [|U*|[3 + [V*[3)° k1g?RBy /T) log(N) +log(1/6)
X . (444)

N
holds true w.p at least 1 — & — 2N exp (fcnx(g — 1)2).

Now choose

9=1+0 (108 (o vy ) (445)

Then we have

)” k1g2RBy /T 1og(N) + log(1/0)

Fg]l\')

R(m +n)log (CF [|U[1F + [V
2 2 |4 F
ERclTQQe’”Tg Cv lI[A™lF] A2 +7] S \J (

=

(446)
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Therefore we can upper bound the middle term to the right most leaving us behind

N
1 1|1 5
—INC({W3}) = NCu (W31 S 51471 | 1 D21V = il X2 — A

=1

O3 (4% 4] \/R(m +n)log (R(m + n)(c; + By)) log(N) + log(1/6) ’ (a7)

holds true w.p at least 1 — d. O
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D GOODS EVENTS

In this section, we provide compute the probabilities of events defined in the proof of Theorem Recall the
definition of our function classes:

Fo = {W;} : [2rU{WiDllLip <7 OrR{W;}) <v/Lg}: (448)
Fw = {W;} (Wi HllLip <7, Or({W;}) < v/Ls}s (449)
Fao = {®r(¢) : V¢ € F} (450)

We define the below events:

Eeva(€) == {VC € Fw 1 [Cuy (fo) = Culfe)| < €+ Burm(C) )5 (451)
Eeq(€) = {YC € Fow : [Vl (9, ) s fun — (V9 fO) s f)u| < €+ Be(C)}; (452)
Epir(€) = {V¢ € Py« |5 (VL (g, fo) — 5, (VL (g, fo))| < €4 Bpr(C)}; (453)
Enrm(€) = {YC € Fw |1y = fellooy = 15 = fell2] < €+ Burm(C)}- (454)

In each of the sections below, we discuss the technical analysis to estimate the probability of the events, .. (€),
Eeqi(€), Epir(€) and Eppm (€).

D.1 Concentration of Norms

In this section, we upper bound the probability of the event, &, (€¢) through Lemma

Lemma 8 (Concentration of Norms). Consider an nx -dimensional sub-Gaussian vector X ~ SG(0, (0% /nx)I),

and set of functions f¢c : R™ — R as parameterized by ( € Fy. Let C be some convex obeying P(ﬂﬁil X; €
C) > 1—d¢ fori.i.d samples {X;}N ;. Assume that for any fived, ,(' € Fy, and fized Z € C, we have

1£e(2) = fe(Z)]| < Lad(Cr, G2) and || fc(Z)]| < Ba. (455)
Denote,
Bpym(C) == sup |||f; oPec — f¢ O,PC”;% - ||f; - fCHi ) (456)
CEFw
where Pe(-) denotes the Euclidean projection onto the set C. Define,
K := 64ny~*0%. (457)
Then for any € € [0, K],
P ( sup (/s = Fellfy — 13 = Fellif > e+ me(C)>
CEFw
< d¢c+ce (lo (C ( ¢ )) N 62) (458)
X - = - a0 .
>~ O¢ p g(UF 4L¢>B<p K2

for some positive constant, ¢ and Cr,, (V) is the v-net covering number of the set Fyy.

Proof. If X € R™* ~ SG (%Inxxm{)? The function map, [|f; — f¢|| has Lipschitz constant of ||f}|Lip +
| fellLip < 25 as f¢, f; € Fo. Therefore from Theorem 5.1.4 in |Vershynin| (2018) we have that, f;;(X) — f¢(X) ~
SG (4’720'§(Iny><ny). Thus, ||f:(X) — fC(X)||2 ~SE (4ny720§()

Now, applying the concentration inequality for sub-exponential from Theorem 2.8.1 |Vershynin (2018) for a fixed
¢ € Fy, we have that

2
B = fel2n — 175 = o] = ) < Cexp (—Nmin{ : ‘ }) , (459)

16n2~40% " dnyy20%
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for some positive constant, C' > 0. We use Lemma [14] for applying the concentration bounds. Now set

90 = Ifi = fell*. (460)

We need to check if the function, g, is Lipschitz on some metric and convex set C C R™X, choose for any Z € C.
We have P(NY, X; € C) > 1 — éc. Recall that

L V1, G € Fw : 1fe,(2) = feo(2)| < Lod((r, G2), for all Z € C.
2. V¢ € Fw i || fe(Z)|| < Bo, for all Z € C.
3. For a fixed ¢ € Fyy,

E [/ (Pe(X)) = fe(Pe(XDI* = 1£:(X) = fe(ONI?]| < Brrm(C)- (461)

By exploiting the above items we have

|g91_992| = |Hf:_fC1H2_||f:_fC2||2|7:|<2f;_(f€1 +fC2)7f€1_fC2>|»
< ||2f;_(fC1 +f<2)||o||fC1 _fC2||7
< 4LeBasd((1, ().

Then we have that for covering number Cx,, (1) = N (Fy, d(.,.),v), and K = 4L Bg

P ( sup || fo = fell2y = i = fell2] = e+Bnrm>
CEFw

€ 62 €
< 1 ——— |) — N mi . 462
= fetCer (Og(cfw <4L¢B¢)> - { 256n3 710} 6Any 20k } ) 1oz

We conclude the result by choosing € € [0, 64nyy?0%]. O

D.2 Concentration of Convex functions

In this section, we upper bound the probability of the event, &, (€) through Lemma @ In this, we consider
strongly and smooth convex function (see assumption [3)) through Taylor expansion of the function is always
bounded quadratically. Lemma [§] plays an important role in establishing Lemma [9]

Lemma 9 (Concentration of Convex functions). Consider an nx-dimensional sub-Gaussian vector X ~
SG(0,(c% /nx)I), and set of functions fc : R"™X — R as parameterized by ( € Fy. Let C be some convex
obeying P(ﬂij\;1 X; €C) >1—6c foriid samples {X;}N,. Assume that for any fived, ¢,{' € Fyy, and fized
Z € C, we have

1£c(Z) = fe (D) < Lad(Ci,yC2) and || fe(Z)]) < Be. (463)
Denote
Burm(C) = sup ||| fyoPe — feoPelZ — I fi — fellZ] - (464)
CeFw
where Pe(-) denotes the Fuclidean projection onto the set C. Define
K =y L[5 + 91300k + 91308 ] - (465)
Then for any € € [0, K],
P ( sup ‘OHN (f() - OH(fC)| >e+ Bnrm(c)> (466)
CEFw

< o +2exp (log C ‘ —N(E)Z
= O¢c exp | log Fw m c K )

for some positive constant, ¢ and Cr,, (V) is the v-net covering number of the set Fyy.
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Proof. Recall the definitions of the convex functions:

Coun () =g, [y + AUS), and Cu(f) := g, f)u + A2J). (467)

The difference between these two terms is

|OHN(f)_CH(f)| = |£(g7f);uv _5(97f)u‘- (468)

From assumption |3} ¢(.,.) is second-order differentiable in the second argument. By 2nd-order Taylor’s theorem,
we have

WY V) = (Y, Yo) + (Vg l(Y.0), Y — Vo) + ¢ / VLAY, o 4 18— To))de, (V Vo) (7~ Vo)) (469)

Now choose Y = Yy = g(X(w), E(w)), and Y = f¢(X(w)). As £(Y,Y) = 0, and Vy4(Y,Y) = 0. Plugging these
parameters in the Taylor expansion we have that (ignoring the inputs, (X (w), E(w)) for simplicity),

g, f) = </01 VL9, 9+ t(fc — 9))dt, (fc — 9)(fc — 9)T). (470)

Now we apply expectation over the measure uy, and p respectively on the above equality. Then we have that
g, f)u = </01 tVELg 9+ t(fe = 9)dt, (fe — 9)(fe = 9) )i (471)
Uy, f)un = </O1 VL9, 9 + t(fe — 9))dt, (fe — 9)(fe = 9)T ) pun- (472)

Since f; and g are Lipschitz functions and the inputs are sub-Gaussian, we have that f; — g is a sub-Gaussian
vector. As a consequence of Lemma 2.7.6 from Vershynin (2018) we obtain that (f: — g)(fc — g)T follows a
sub-exponential distribution, whose concentration is well-studied.

As a consequence of assumption |3[ the hessian is bounded, i.e, al = V%E(., .) X LI. We can argue that the

product of a bounded RV and sub-exponential RV is sub-exponential. Recall Item (iii) from Proposition 2.7.1
of Vershynin (2018). The random variable Z is sub-exponential iff

E [e)“zl} < M VA € [0,1/K], (473)

for some positive constant, K > 0.
We now verify if (H(x,z),xx”) is sub-exponential. Given that x ~ SG(0% /n.I,, «xn,), Zz is a R.V. Suppose
A X H(x,z) = B a.s. Then we have that

Ex., [6A|<H<x,z>,xxT>|} < Ex, [eMlH(x,z)uznxxTuz} ’ (474)
< Exs [exmax{mA),p(B)}uxn%], (475)
(476)

where, p(A) is the spectral radius of the matrix, A. Since, x ~ SG(0% /nsIn, xn,), Wwe have ||x|> ~ SE(c%).
Then,
E,, {e,\|<H(x,z),xxT>|] < e)\max{p(A),p(B)}U§(7

implies that X,Z),XX" )~ max 0% ). From this analysis we have
implies that (H(x,z),xx") ~ SE(max{p(A), p(B)}o%). From this analysis we h

( / 12 6(g. g + t(fc — g))dt, (e — ) fe —0)T )

~SE([(1el2p+1912,)0% +l1912,50% x| Ty xny )
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L
~ 55 ([ + Mook + loliio? ] ) (477

For convex functions, we know that 0 < a < L. As a consequence, we have §1 < fol tV%E(% g+t(fe—g))dt < £1.
Now we apply sub-exponential concentration for a fixed ¢ € Fyy, yielding

P(|Cux (fo) = Culf)l = €)

2€

< 2exp(—cNmin{
ny L2+ 9107 + 912,08 x|

2¢ }) , (478)

ny L[ + lgli2ip)o% + 103 x|

for some positive constant, ¢ > 0.

Next, we move on to obtain a uniform concentration for all ( € Fy. Now we apply covering argument from
Lemma [14] and set

90 = (g, f¢)- (479)

We need to check if the function, g, is Lipschitz on some metric and convex set C C R™X, choose for any Z € C.
We have P(ﬂf\[:1 X; €C)>1—¢c. Recall that

L. V¢, 6o € Fwy : 1fe, (2) = fe,(2)| < Lad(Ch, Ca), for all Z € C.
2. V¢ e Fw i ||[Vyl(g(Z), fe(Z))|| < By, for all Z € C.
3. For a fixed ¢ € Fyy,

[E [Il£5:(Pe(X)) = fe(Pe(CONI? = 11£:(X) = feCOIP]| < Burm (C). (480)

From Taylor expansion we have that,

g0 — g8l = I / Vo llg, for + t(fer — fo )it for — fo),

< 1 [ Votlan foo+ tfe = Se Dt es = Fel
< Billfe, = falls
< ByLed((i,Ca).
From Lemma [[4] we have
P ( sup |Cpy (fo) = Culfo)l = 6) (481)
CEFw

€

~>) — ¢N min ¢
2B:Lo ny L [(02 + gl2i,)0% + 912,03

< d¢c +2exp | log (C’;W (

€

(482)
nv L [(02 + g0 + 912,03 ]

for some positive constant, c. Now restrict € € [O,nyL [(72 + l9llfip)o% + ||g||%ipa§|XH. This completes our
proof. O
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D.3 Concentration of Equilibria

In this section, we upper bound the probability of the event, .4 (¢) through Lemma We first present the
concentration of bi-Lipschtiz functions for sub-Gaussian inputs.

2
Proposition 4. Let X ~ SG(%IMX%) and YV|X ~ SG(UY'XInany), where oy |x is independent of X = x,

Ty

then for any Lipschitz function, ¢ : Z — R and a function, f : X x Y — Z, satisfies the following. Then
BFXY)) ~ G (4813, 1113 [0% + 03] ).
1f(X2,Y2) = f(X0, YD)l < [ fllip [ X2 = Xall + Y2 = Yall].- (483)

Proof. Let us compute the moments of the random variable ¢(f(X,Y")) for any Lipschitz function, ¢ : Z — R.

By symmetrization, we have

Ex.y [exp(A[p(f(X,Y)) = Ex y[o(f(X, Y)]])]

=Ex,y [exp(A\[¢(f(X,Y)) = Ex/ y/[6(f(X",Y))])] (484)

=Exy [exp(AEx+ v/ [¢(f(X,Y)) — o(f(X",Y"))])]. (485)
By Jensen’s inequality we have

<Exyx.y [exp(Alo(f(X,Y)) — o(f(XY)])], (486)

By Lipschitz continuity we have
< Ex,y.xy [exp([[olLipAlllf (X, Y) = (X, Y]] (487)
By construction, we have.
< Ex,v,x7,y [exp(l|o]lLip [ flLip AL X — X[ + Y = Y'[I]] . (488)
By Cauchy-Schwartz’s inequality we have
< Exy.xry [exp([|@flLip L f[Lip X+ [1X7 I+ 171+ Y]] (489)
As the symmetrized random variables are independent,
< Ex.y [exp(2ll¢lluip [l lLipAUXI + Y]] (490)

Now perform conditional expectation,

< ExEyx [exp(@]6]Lipllflip X + 1Y), (491)
< Ex exp(2[olluipll £ lipANIX DBy px [exp (2l Sl F LAY (492)
/\2

< exp (24¢||iip||f|%ip (7% + 03] + AEXIIX]) + Emuynn) : (493)
< Kexp (2410l 113, [ + 02 (194)

> P B Lip Lip |9X Y|X| )

for some constant, K > 0.

This implies that, 6(f(X,Y)) ~ SG (4612, 1712, [0% +o%x] ). O

With the above result, we now state and prove the probability of the event, E.q(€).
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Lemma 10 (Concentration of Equilibria). Consider an nx-dimensional sub-Gaussian vector X —~
SG(0,(c% /nx)I), and set of functions fc : R"™X — R as parameterized by ( € Fy. Let C be some convex
obeying P(ﬂf\il X; €C) >1—6c for i.i.d samples {X;}N.,. Assume that for any fived, (1,(a € Fyw, and fized
Z € C, we have

IV l(9(Z), fe(Z2)| < B, 1fc(Z)]] < Ba, and (495)
1£c(2) = fo(2)|| < Lad(¢,¢). (496)
In addition, we have that,
Sup |E [(Vyl(goPe,fcoPe), feroPe)u — Vol (g: fe) s ferdu]| = Bear(C)- (497)
cFw
Define
K= 4”y’Y||VY£||LipUX\/(V2 +9l7p)ox + lallipoh x- (498)

Then for any € € [0, K],

P <C?:;—'p |<vf/€(g7fC)7fC>#N - <V}A’£(gfo)7fC>u{ > 6+Beql(c)> <

2

for some positive constant, ¢ and Cr,, (V) is the v-net covering number of the set Fyy..

Proof. From Assumptions we have that for any g1, f1, g2, fo € L*(u)
[Vyl(g2(X (w),E(w)), fa(X (w))) = V(g1 (X (w), E(w)), fr(X(w))l (500)
< [IVyllLip [llg2(X (w), E(w)) = g1(X (w), E(w))[| + [l f2(X (w)) = fr(X(w))I]- (501)
Since X (w) and E(w) are Lipschitz concentrated R.Vs, it holds that
9(X, E)|E ~ SG(|l9l2i50% In, xn, ), 9(X, E)| X ~ SG(||glI1,0% x In, xn, ) (502)

and f¢(X) ~ SG(I fllEipoX o, xn, )- (503)

From Proposition [4 we have

Vil(g(X (@), B(w)), fe(X(w))) ~

SG (419505, (1l + oo + g NEipo3ix] Tn, ) - (504)

Now we have the inner product between two sub-Gaussian random variables from Proposition |7| we have that
the result is sub-exponential, i.e.,

( Vil(g(X(w), B(w)), fe(X(w))) v JoX(W) )
—_———

~ 2 52
~SG(AIV g3, [(1FeIip Hlg13i) 0%+ 912108 x| Ty xny ) ~SCG U eLipocTny)

~ SE (2%||Vf/€||Lip||f<||Lip0X\/(||f<H%ip + llgllfi)ox + HgHiipUin) : (505)

The class of functions, f¢ for ¢ € Fyy, has bounded Lipschitz constant 7. As a consequence of the sub-exponential
concentration bound from Theorem 2.8.1 in [Vershynin (2018]), we have that for a fixed { € Fyy,

62 €
P (V54000 S0 Fehu — (Tl fes bl 2 ) < Cesp (v min{ . £ 1), (506
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where K := 2n,7||V-L||Lipox \/('y2 +l9lIZip)o% + l9lIFi,0% x and some positive constant, C.

Now we move on to providing a uniform concentration in the inequality (506]). We will apply uniform concen-
tration result from Lemma [I4] for this set:

g0 = (V- l(g, f)s fo)- (507)

Recall the below items:

1. For a fixed Z € C we have V¢ € Fyy : |Vyl(9(Z), fc(2))]| < Be.
2. For a fixed Z € C we have Y¢ € Fyy : || fe(Z)|| < Bo.
3. For a fixed Z € C we have V¢, ¢ € Fyy : ||f¢(Z) — fer(Z)|| < Lad(C, ).
4. For a any V7,Ys € R™ we have |V 4(Y, Y1) — Vo (Y, Ya)| < L|[Y; — Yal.
5. For a fixed ¢ € Fyy,
S [E[(Vyl(g0Pe, feoPe), feoPe)u— (Vyl(g, fo), fo)ul| = Beq(©). (508)

Now we check the Lipschitz continuity of the function gg:

90, — 96,1 = |(Vypllg: fer)s fer) = (V3 l(g, feo)s fer) |

(Vil(g, fe), foo = foo) = (V3 l(9, foo) = Vi (9, fer)s feo) |
(Vil(g, fe), foo = foo) | + [(V50g, feo) = Vg, fer), fe)
IVy-tg, fe)lllfe, = fell + (IVy-L(gs fe.) = Vi blg, fe)lll fe Il
Bl fe, = fe)ll + Bao Ll fe, — feull,

Lo [Be + BoL]d(C1, o).

Then from Lemma [14] we have that

)

IAIN NN

P <<ZI;P }<vf/£(g?fC)7f<>HN - <VY£(gfo)7fC>M| > €+Beql(c)> (509)
< ¢+ Cexp (log (C;W (W)) — N min {4}(27 2}(}) . (510)
O

D.4 Concentration of Polar

In this section, we compute the probability of the occurrence of the event, &y, (€) through Lemma The
analysis of £, (€) resembles to that of £ (€) following similar arguments.
Lemma 11 (Concentration of Polar). Consider an nx -dimensional sub-Gaussian vector X ~ SG(0, (0% /nx)I),

and set of functions fc : R** — R as parameterized by ¢ € Fyy. Let C be some convex obeying P(ﬂf\;l X; €
C) > 1—6c for i.i.d samples {X;}N.|. Assume that for any fived, (1,(a € Fyy, (},C4 € Fo, and fized Z € C, we
have

IV3-£(9(2), fe (2D < Be, [[fc(Z)] < Ba, (511)
1/6:(Z) = o (2)|| < Lad(G1, C2), and || fi(Z) = [, (Z)]] < Lod(3, G2)- (512)
In addition, we have that,
e [E[(Vyl(g0Pe, fcoPe), foroPe)u = (Vyl(g. fe) s ferhul| = Boin (C)- (513)
Define

K = 4ny [V €l ipLoox /(0 + I913)0% + l9l,0% - (514)
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Then for any € € [0, K],

P (Cseufp | (Vg fo) — Q5 (Vyl(g, fo))] = 6+szr(C)>

€
<éc+cexp| log|C = =
= p( g( T <8max{L¢Bg,LL¢B<p}>>

€ 62
+logC _ _ NS,
g( 7 <8max{L¢Bg,LL¢,Bq>}>> K2>

for some positive constant, ¢ and Cr,, (v) (and Cr,(v)) is the v-net covering number of the set Fy (and Fy).

(515)

Proof. Recall the definition of the polar in Equation [6}

Vs (Virl (9:10)) = sup (Vb (9. fe) s fer ) (516)
% (Vit (e 1) = sup (Vil(g, fo)  ferlu (517)

Now, by taking the difference between the above two polars, we have

92, (V59 40)) = % (VL 0, ) |

(518)
= | sup <VY€(g7fC)’fC’>MN — Ssup <ng(g7fC)7fC'>M .
¢'eFy ('eFy

Denote, ¢, = argsupee 7, (VgL (9, f¢), fer)p and (= argsupee 7, (VL (9, f¢) , fe') un > then, by definition we
have that

~(Vyl(g: fe) s ferdun + (Vb (9, £0) s fep)n < Uy (Ve l(g: fo)) = (Vyl (g, fo)) <

(Vil(g, fo) s feedun — Vb9, fo)  fop ) (519)
Applying modulus on both sides we obtain
o (93100 ) 0550 1))
< max {[(V£(g. ¢ ) Sehun = (T£(9: ¢ ) S

%
n

(520)
(V5(9:5¢)  Je Yun = (V5€(9: 56 ) Fes u }
< s (V{9 fo) fedun = (V9 ) Sl
Now, we have to compute a lower bound on
P <C§}Elg (Vb (g, 1) s Feduw — (V5L (g, ) s ferdu| < 6) - (521)

The computation of Equation (521]) is similar to that of Lemma We can re-write the concentration of polars
and apply the monotonicty of probability in inequality (520) by doing this we have

P ( sup : | (Villg, o) — Q0 (Vyl(g. fo)] = 5)
CeEFw
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(EFs,('EFp

<]P< sup : |<V}7‘€(gvf§)af§’>,uzv_<ng(gafC)7fCl>#| <€> : (522)
As the data follow the sub-Gaussian distribution from Proposition ?? and Proposition [7} we have

< Vf/f (gv fC) 5 fC'
——— ~—
-~ 2 2
~SG (419502, [(e2iy + a0 7% Hlgl21,0% | Ty sy ) ~SEUSe 0% Ty )

Vi

~ SE (20y [ ol fe Neipor ey U sy + Mgl )0 + lolZip0x ) - (523)

From Assumption [6] the class, Fo has Lipschitz constant at most, 7. From the assumption [4] 7 has a Lipschitz
constant at most 9. Therefore, the inner product described above is concentrated as a consequence of Theorem
2.8.1 from [Vershynin (2018]). Now for a fixed ¢ € Fyy, (' € Fg, we have that

62 €
P (|[(Vgl(g, o) s e dun — (Vb9 fo), forhu| <€) < Cexp (Nmin{Kz7 K}) : (524)

where, K = 2ny |V lluipLoox /(02 + llglEip)o% + 9207 -
Now we utilize Lemma [14] to have this concentration uniformly for all, ¢ € Fyy, (" € Fy. Set

go = (VyL(g, fo), fer) (525)

Recall the below items:

For a fixed Z € C we have V¢ € Fyy : [|[Vyl(g(Z), fc(Z))|| < Be.

For a fixed Z € C we have V( € Fyy : || fe(Z)| < Bos.

For a fixed Z € C we have V¢, ¢ € Fw : || fe(Z) — fo(Z)| < Lad(C, ).
For a fixed Z € C we have V¢, ¢ € Fp : ||fe(Z) — fo(Z)| < Lpd(C, C).

For a any Y7,Ys € R™ we have |V A(Y, Y1) — Vo U(Y,Y2)| < L||Y; — Ya.
For a fixed ¢ € Fyw, (' € Fy,

sup  [E[(Vyl(goPe,fcoPe). foroPe)u— (Vil(g, fo)s fo)u]| = Bur(C). (526)
CEFw,('EFp

A

Now we check the Lipschitzness of g:

|991 _992| = |<VY£(g7fﬁl)7fC{>_<V}7‘£(gfo2)’fC§>
(V9. fer), fo = foy) — (V9 b9, o) = Vg, )5 Tey)

)

< (Vg fo)s fop = Fe) | + (Ve llg, feo) = Vo llgs fo)s fiy)]
< NV llg felllfep = feulls +IV(g, feo) = Vi llg, fe)llll fes Il
< BeLgd(Gi, G3) + BeLLad(C1, G2),

< 2max{LyBy, LLy By} max{d(¢}, %), d(Cr,Ca)}

Now, we have a product of two metric spaces whose metric is a maximum of individual metrics, therefore simply
we can upper bound the covering number by product of these two metric spaces.,i.e.,

N(Fw x Fo, | lloo,d(.,), V) S N(Fw,d(.,.), V)N (Fo,d(.,.),v). (527)

From Lemma [14] we have that

P( sup : |<VY€(g7fC)fo’>MN _<v?€(gafC)’fC’>lt| 2€+Bplr(c)> (528)
CEFw,C'EFs
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€
<be+C log (¢ _
=0 eXp( Og( Fw <8L<I> maX{Bg,LBq,}>>

+ lo (C < ¢ ))—Nmin{62 6})
s\ 8Ly max{By, LBy} 4K2 2K [ )"

This completes our result. O

(529)

E NUMERICAL EXPERIMENTS
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Figure 1: Numerical simulations of the Lipschitz constant (or upper bound thereof) obtained for different model
widths (7).

In this section, we present numerical simulations for the problems of low-rank matrix sensing, two-layer ReLLU neu-
ral networks, and multi-head attention. In each simulation shown in Figure|E| we generated data using a teacher
model with random initialization of parameters, Y = @, ({W;})(X) + ¢, where r* = 64, X ~ N(0, (6% /nx)I),
and € € N(0,(0%/ny)I). We used gradient descent to reach a stationary point for each R (rank, number of
neurons, or number of heads), starting from 1 and increasing up to 300. The first factor was initialized with
small-scale random values. For each subsequent factor, we initialized the new factor with the supremum obtained
from the polar equation , following the algorithm in Haeffele and Vidal| (2015} 2020).

In each problem shown in Figure [E] we plot the upper bounds on the Lipschitz constant for these problems.
For matrix sensing, the Lipschitz constant is trivially upper-bounded by HUVTHQ; for the ReLU neural network,
it is upper-bounded by ||[U||2]|V||2; and for multi-head attention, it is upper-bounded by Z;Zl [|V;jll2. We can
observe from Figure |E| upper bounds on the Lipschitz constants are uniformly bounded, indicating that our
Assumption [6] is realistic and holds empirically.

We conjecture that it is possible to show that the Lipschitz constants are uniformly bounded for any stationary.
However, the analysis of this is beyond the scope of this work. Similar analyses based on gradient descent can
be found in |Oymak and Soltanolkotabi| (2019).

F OTHER RELATED WORKS

In this section, we provide a comprehensive study of the related works of the applications that are of the concern
in this work.

Statistical Learning Theory (SLT): SLT provides a theoretical framework for analyzing generalization error,
often producing results of the form . The seminal work by |Vapnik| (2000) established a systematic approach
to deriving bounds of this nature. Over time, various approaches in SLT have attempted to estimate e(F, N, d),
as summarized in Table [2l A recurring challenge in these bounds is the need to quantify the “capacity” of the
model’s hypothesis class, which is particularly difficult for DNNs.

While there have been attempts to estimate the VC-dimension, such as those based on the norm of the parameters
(Neyshabur et al., 2017)), the resulting bounds heavily depend on the norm of the parameters. Consequently, it
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remains unclear how to accurately estimate the sample complexity of models when varying the depth or width of
DNNs. More recent work, such as|Imaizumi and Schmidt-Hieber| (2023)), presents bounds that are tight but still
dependent on the norm of the weights, assuming that the SGD iterates converge to a specific class of parameters.

Another line of research by |Muthukumar and Sulam| (2023) explores bounds that leverage the sparsity of feed-
forward neural networks. However, there is still a lack of data-dependent bounds that do not rely on capacity
estimates for models trained on random labels.

N
1
P ( sup [Exy [((Y, f(X))] = = D L(Yi, f(X:))| S e(F,0,N) | > 14 (530)
fer N i=1
] Description \ e(F,N,9) |
Vapnik-Chernoviks Dimension, (Vapnik] [2000) \/ w

Rademacher Complexity, (Bartlett and Mendelson| 2001)) Ry(F) + \/ %g(&)
PAC-Bayes Bounds, (McAllester, [1999) KL@QIIP)—og(9)

N
Gaussian Complexity, (Bartlett and Mendelson, 2001) GnN(F)+ \/ %g@
Information-theoretic Bounds, (?) + Zi\il VIW; (X;,Y7))
Algorithmic Stability, (Feldman and Vondrak, [2019) B+ \/ —log(4)

Table 2: SLT frameworks (in chronological order)

Matrix recovery: This is a fundamental problem in signal processing, where we seek to recover a matrix
by indirect measurements, like random measurements, and random entry access. We typically have limited
measurements; the problem itself is ill-posed when reconstructing the matrix. However, if the underlying matrix
has certain special structures like low-rankedness, or sparsity in entries, the problem becomes tractable so as to
reconstruct the true matrix. In practice, the problem tends to have low-rankedness, therefore having immense
literature in this area, our work also presents such results, considering the optimization.

Let, Y; = (M*, X;)+¢ € R, where, X; € R™*"(m > n) is Gaussian entried matrix, e ~ N'(0,02) and M* € Rm*"
is a r*-rank matrix. Consider the below problem

min rank(M) min || M]]«

st |[Yi— (M, X)] <6 st |Yi— (M, X0)|| <6
min Jov . min = (11 + V1)

rEN,UERM X",V ERNXT (533) reN,UeRmXr VeRnxr 2 (534)
st [Vi—(UVT, X)) <6 st ||V —(UVT, X)) <6
Table 3: Optimization problems for matrix sensing
min V- (VX4 D (U] + (VI (535)
reN,UeRm X" V eRn X" 2

The optimization problem in is non-convex due to its rank-minimization nature, an NP-HARD problem.
However, under certain specific conditions on the measurement matrices X;, the convex relaxation can
recover solutions to , as demonstrated in [Recht et al.| (2008). Solving the convex program requires
computing the Singular Value Decomposition (SVD), which has a computational complexity of O(mn?).

To mitigate this computational burden, the Burer-Monteiro (BM) factorization (Burer and Monteiro| 2003)) is
employed, yielding the bilinear factorization in the non-convex program . This approach is more efficient
than because it introduces an implicit rank constraint, rank(UV7T) < min(n,r), which reduces the runtime
of SVD to O((m+n)r?). Additionally, the equivalence between the nuclear norm and the sum of Frobenius norms,
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as shown by |Giampouras et al.| (2020), further accelerates the optimization process, reducing the complexity to
O((m +n)r).

While the BM factorization program (533) is non-convex, in contrast to the convex program (532), gradient
descent (GD) algorithms typically guarantee only local minima for non-convex optimization problems (Reddy

land Vidyasagar) 2023). However, (2017) has proven that the program (533) has no spurious local
minima, and any local minimum is indeed a global minimum. Numerous studies (Jia et al., 2023) have explored

the optimization landscapes and the convergence to global minima.

Our work primarily focuses on the generalization capabilities of the BM factorization program , which
represents the Lagrangian form of the program . Table |F| summarizes the results from the literature that
provide matrix recovery guarantees; from this we can suggest there are no bounds in the literature for low-rank
matrix recovery with nuclear norm regularization under noisy settings with generic parameterization. Our work
presents results first of its kind.

Measurement Type Scenario Reference Result
Exact Under-Parameterized (r < r*) N/A N/A
Exactly-Parameterized (r = r*) N/A Not directly available.
Over-Parameterized (r > r*) (IStéger and Soltanolkotal)i,|2021) |UUT — M*[|p < 7Y/ (r — 7*)3/% when 7 € (r*,2r%).
Generic Parameterization (r > 1) [IJin et a].,“2023) GD learns rank incrementally, [|M* — UUT||p < uﬁ?, but analysis is algorithmic.
SDP Relaxation (Full SDP Matriz) N/A Not directly available.
Noisy Under-Parameterized (r < r*) N/A N/A
Exactly-Parameterized (r = r*) (iMa et al.||202()i [M*=UUT||p S/ l"gl\ﬂ under RIP assumptions dy,« < 0.1.
4Negahban and Wainwright,|2011) |V = M| < \/7'* min,
Over-Parameterized (r > r*) (IMa et al.||202()i [M* = UUT (|5 S \/Orpre M2
Generic Parameterization (r > 1) N/A N/A
SDP Relaxation (Full SDP Matriz) (iCamlés and Plan“?Dllj |M = M*||p S \/nr*/N under RIP assumptions.
(IKoltchinskii et alu,‘ |2011i |V =M S %Og(m under uniform noisy measurements.

Table 4: Summary of Related Works on Matrix Recovery. N/A is an acronym for ”"Not Available”.

Transformers: The remarkable success of Large Language Models (LLMs) (Team, 2024) can largely be at-
tributed to their foundational architecture—Transformers (Vaswani et al.| 2017). The optimization dynamics
of Transformers have been a subject of extensive recent research (Bordelon et al., [2024), (Singh, [2023), (Yang
et al., 2022), (Tian et al.,2023), (Nichani et al., 2024)). Although Transformers exhibit impressive generalization
capabilities in practical applications (Zhou et al.,|2024)), there is still a significant gap in the theoretical analysis
of their generalization error.

To apply classical SLT bounds, one must determine the capacities of the function classes induced by Transformers.
Previous attempts, such as in (Edelman et al.} |2022)), have made progress but were limited to scenarios where
input data is bounded. In contrast, our work extends these results to settings where the inputs are not necessarily
bounded.

Another line of research (Li et al.|[2023)), (Deora et al.,[2024) has provided bounds that depend on step sizes and
initialization choices for Gradient Descent (GD). For instance, offered bounds within the context
of in-context learning (Zhang et al., [2024)), yet without evaluating the capacities of the stable algorithms used
to train these Transformers.

In the broader literature, existing studies on generalization bounds often rely on strong assumptions, such as
(i) bounded input data, (ii) algorithmic stability in some defined sense, and (iii) Lipschitz continuity of the
loss function (which does not hold globally for mean squared error). Our results address these limitations by
providing near-tight sample complexity bounds, offering a more comprehensive understanding of generalization
in Transformer models.
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G PRELIMINARIES
This section provides preliminaries of convex analysis and concentration of measure.

G.1 Convex Functions

Definition 1 (L? functions). A function f : X — Y is said to be square integrable on measure u, i.e., L?(u) if
and only if,

= [ @) fa)yiuta) < (536)

Definition 2 (Convex Set, (Rockafellar, 1970)). A set C is said to be convez if and only if Vf,g € C, af + (1 —
a)g € C;Va € [0,1].

Definition 3 (Convex functions, (Rockafellar, [1970)). A function, Q is said to be convez if and only if dom(2)
is convex and Vf, g € dom(Q) and any a € [0,1].

Qaf + (1= a)g) < aQ(f) + (1 — a)Q(g). (537)

Definition 4 (Gauge function, (Rockafellar,|[1970)). The gauge function or the Minkowski functional is defined
in a set C € L?(u) for a point f as follows,

oc(f) :==1inf {t > 0; such that f € tconv(C)}. (538)
Definition 5 (Polar Set, (Rockafellar, 1970)). The polar set of any set C C L?(u) is given be
coi={ge L*(p) : such that (g, ), < 1;Vf € C}. (539)

Proposition 5 (Polar Properties).

Definition 6 (Polar function, (Rockafellar, |1970)). The polar function of any gauge function, o defined in the
set C C L?(u) is given be

o¢(g) = oce(9)- (540)

Definition 7 (Fenchal dual, (Rockafellar, [1970)). The fenchal-dual for any p-measurable function, Q evaluated
at g € L?(u) is defined by,

Q*(g) == sup (g, f)p —Qf). (541)
feL?(pn)

Lemma 12 (First Convexity, (Rockafellar, [1970)). Any function Q that is first-order differentiable, Q € C is
convez if and only if for any f,g € dom(Q)

Q(f) > Qg) +(VQU9), [ — 9 (542)

Lemma 13 (Strongly Convex, (Rockafellar, [1970)). Any function Q that is first-order differentiable, Q € C' is
said to be A\(> 0)-strongly convez if and only if for any f,g € dom ()

f) 2 Qa) + (V). f— b+ 21 — ol (543

Definition 8 (Lipschitz Continuous). A function f : X — Y is said to be Lipschitz continuous with Lipschitz
constant ||f|| ip if for any x2, 20 € X

1f(z1) = fle2)lly < [ fllLipller — z2] 2 (544)

Remark: Lipschitz constant, || f||Lip is not a norm but only a semi-norm. Because || f|Lip = 0, it implies that f
can be any constant function.
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Definition 9 (Lipschitz Smooth). A first-order differentiable function f : X — Y € C! is said to be lipchtiz
smooth if V f is Lipschitz continous.

Definition 10 ((L, \) convex function). A first-order differentiable function f : X — Y € C! is said to be (L, \)
convez if and only if f is L-Lipschitz smooth and A-strongly convex, here L > X > 0.

Proposition 6 (Properties of Lipschitz). The below are few properties of Lipschitz functions,

1. If function f: X — Y € C* then sup,cy w = |1l Lip-

<]l

2. If convex function f: X — Y € C! is L-Lipschitz smooth then,

Flwo) + (VF(x0), @ — o)y < f(a) < flao) +(Vf(ao)a —zohy + gl —wol}- (549)

3. If convex function f: X — Y € C is (L,)\) convex then,

F(zo) + (Vi (z0). — zoly + S e — zolly < f(2)
(546)

< Jlao) + (VF(z0).x ~ 20)y + e — 0%

G.2 Concentration of Measure

Definition 11 (Greater than or approximately equal to). The inequality f 2 g means that 3C > 0 such that
f=Cyg.

Definition 12 (Sub-Gaussianity). A random variable, X is said to be sub-Gaussian with proxy variance, o2 if
the following is satisfied,

Ex [e'[X —E[X]]] <exp <—t2;2> ;Vt > 0. (547)

We denote, X ~ SG(0?).

Definition 13 (Sub-exponential). A random variable X is said to be subexponential with the proxy parameter
A if the following is satisfied

tA
Ex {et[X_E[X”] < exp (—2) Ve > 0. (548)

We denote X ~ SE(X).

Proposition 7 (Properties of Sub-Gaussianity and Sub-exponential). Let X,Y be two random variables that
need not be independent.

1. X eR" ~ SG (‘%‘Inn) if and only if | X||? ~ SE(c%).

2

2. If X eR* ~ SG (U—Xlnxn), then for any Lipschitz function ¢ : X = R, ¢(X) ~ SG(||¢]|7,,0% /1)

n
n

3. If X € R" ~ SG (ilnm), and Y € R™ ~ SG (%Imn), then (X,Y) ~ SE(oxay).

Lemma 14 (Uniform concentration of function). Consider an nx-dimensional vector X, and a parameterized
function, go : X — R, where 0 € Fy. Let C be some convex set obeying P(NY,X; € C) > 1 — 6c. Assume that
for any fixed 01,01 € Fy and any Z € C we have

196, (Z) = g90,(Z)| < Kd(601,62). (549)
In addition, suppose that for any fized 6 € Fy, we have

IE [g0(Pc(X)) — go(X)]| < B, (550)
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where Pe(+) denotes the Euclidean projection onto the set C. Finally, suppose that for any fized 6 and € € [—t,1]
it holds that
g

[t Pertnn(e) - [ (o Peraute) ) < ) (551)
Then for any € € [—t,t],

P < sup
e Fy

/ggde(w)/gedu(w)‘ ze+3) <N (Fo,d(,.), e/ (2K))d(e/4) + c. (552)

Proof. The proof technique is similar to that of (Li and Wei, [2023| Lemma 6) but includes more general parameter
sets Fy. Let us define

ho(X) := go(Pe (X)), (553)

from the assumptions in the lemma, we have that,

#(
Next, we must establish uniform concentration overall § € &£. Let us construct a v-net for Fy. For any
0" € N, (Fy,d(.,.)), 0 € Fy from the triangular inequality, and as

lhg — hor| = [he(X) — ho (X)] = |go(Pc(X)) — go (Pe(X))| < Kd(0,0"). (555)

Then for any, X we have that that,

[ hodex (o) - /mw<ﬂ () < 666 (554)

he — Kd(0,0") < hg < he + Kd(0,6'). (556)
Integrating with respect to the measure py, we obtain

/ hordp () — Kd(0,0') < / hodpn (@) < / hod (@) + Lxd(0,0). (557)

Similarly for the measure y we obtain

N /whg,du(w)de(Q,Q’)g/

w

hodp(w) < / hordp(w) + Kd(0,0"). (558)

Now, subtracting the above equations, we obtain

/h@/dﬂN(w) - / herdu(w) — 2Kd(6,6)

< [ hodun (@) = [ hodu) <

hg/duN(w) — / hgldu(w) + 2Kd(9,9/) (559)

g\

=

Now, take the absolute value on both sides. Later on, applying triangular inequality, we obtain

/ hodun (w / hod(w ‘ / hodpin (w / hovdpu(w)

Now choose, §* as argsupye 7, |f hordpn (w f heo dp(w)|,

/w hordpn (@) /w hefdu(w)‘ <

+2Kd(6,6"). (560)

sup
0cFy

+ 2Kd(6*,0'). (561)

/wheldﬂzv(w)—/whefd/ﬁ(w)
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Now choose any 6’ that lies at-most v from 6* on the metric, d(.,.), i.e, d(¢’,0*) < v, we have

/w hodun (@) — /w hod(w)| <

By definition, we can bound the right hand term by the supremum,

sup
0eFy

/wh(,/d,uN(w) —/whf)’dﬂ(w)‘ +2Kv. (562)

sup
0cFo

/hgd,uN(w) - / hgd,u(o.))‘ <2Kv+ sup
w w 0'eN, (Fo,d(.,.))

/w hosdpin (@) — /w he/dﬂ(w)‘- (563)

We apply the probability measure on both side, obtaining,

/wheduN(w)—/whedﬂ(w)‘ Ze>

/ he dpn (w / heg dp(w ‘ >e— 2K1/> , (564)

P ( sup
0cFo

<P sup
0" EN (Fo,d(...))

the inequality is satisfied by the monotonicity of the probability measure. Now we apply the union-argument for

the v-net cover then we have
/hgd,uN(w) /hgdu(w)‘ > e) <

/hgd,uN /hgdu ‘ e—2Kv |, (565)

P (sup
0cFy

P

0'eEN, (]:9,

Now we upper bound the right side union term with summation, and then we have

P (sup /hgd,uN(w) —/hgd,u(w)’ > 6) <
0cFo |Jw w
> P ( / hodpn (w / hodu( )‘ > e—2Kl/> (566)
0'eN, (Fo,d(.,.)) “ «

Now we replace the summation with the v-covering number, N (Fy, d(.,.),v) obtaining

(95611})9 / hedpn (w / hedp(w ‘ ) < N(Fg,d(.,.),v)d(e — 2Kv). (567)
Now set v = ¢/(2K) then we have
— (s | [t (@)~ [ hodute)| > €) < N d, /2D (568)

Now, we have established the uniform concentration for hy. Next, we move onto relating hy with the desired
function hg.

Recall that
|E [ho(X) — (X)]I <B. (569)

As P(NY,X; € C) > 1 — éc, we can safely claim |, gedpn(w) = [ hodun(w) with probability at least 1 — dc.

‘We have
/w dodyin () — /w gedu(w)‘ - /w hodpn (@) — /w godu(w)‘
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=

/ hodpun (w / hodp(w ‘ / d) ~ [ hodn(e ‘
/geduN( ) — /gedu ‘ /heduN /hedu )‘*B

with probability at least 1 — d¢. Now we check the Lipschitzness of function hg in 6 we have

[ho, (X) — ho, (X)| = |go, (Pc(X)) — go,(Pc(X))| < Kd(61,02).

Similarly, in expectation measure, we have that

|[E[hg, (X

)| =

Elhe, (X)]] = [Elgo, (Pe(X))] = Elga, (Pe(X)]| < Elgo, (Pe(X)) — go, (Pe(X))]]
< Kd(61,69).

Consequently for any ¢’ € {6" : d(0,0") < ¢/(2K)}, we have that

/wgedMN( ) — /gedu ‘

/hgfduN /hgfd,u(w)’—ky—l—B.

Now we choose 6 = 0% = supycx, | [, godpn (w) — [, godp(w)| then,
sup | [ gudiv(e) - / o) = | [[gv-dunte) = [ e
€So w w w w

< /hg/dlLl,N(w)/hg/dﬂ(&))‘ﬁ‘E‘FB.

We can take a supremum over 6’ in the upper bound of the right side term; we have

sup
0cFo

/wgeduzv(u})—/wgedu(w)

< B-+e+ sup
6’ €Fyr

/w her dpn (w) — /w he,du(w)‘.

Then we use the inequality (568) and (571]) we have that,

/geduN(W)—/gedu(w)’ <2+ B,
w w

sup
0cFo

with probability at least 1 — [N (Fg,d(.,.),e/(2K))d(e/2) + 6¢c]. Now rescaling we obtain that

(

sup
0cFy

/gadm\r(w) — / godu(w)‘ > e+ B) <N (Fo,d(.,.),¢/(2K))d(e/4) + dc.

(570)

(571)

(572)

(573)

(574)

(575)

(576)

(577)

(578)
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