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Abstract—Targeting solutions over ‘flat’ regions of the loss
landscape, sharpness-aware minimization (SAM) has emerged
as a powerful tool to improve generalizability of deep neural
network based learning. While several SAM variants have been
developed to this end, a unifying approach that also guides
principled algorithm design has been elusive. This contribution
leverages preconditioning (pre) to unify SAM variants and
provide not only unifying convergence analysis, but also valuable
insights. Building upon preSAM, a novel algorithm termed
infoSAM is introduced to address the so-called adversarial model
degradation issue in SAM by adjusting gradients depending
on noise estimates. Extensive numerical tests demonstrate the
superiority of infoSAM across various benchmarks.

Index Terms—sharpness-aware minimization, preconditioning,
generalizability, convergence analysis, machine learning.

I. INTRODUCTION

Advances in deep neural network (DNN) architectures have
led to impressive success across various domains including
language, audio, and vision [1]-[3]. Owing to the markedly
high dimensionality, DNNs can memorize a large gamut of
training data [4]. As a result, small loss during training does
not guarantee generalization to unseen data. Catalyzing gen-
eralizability of DNNs through fine-grained training schemes
remains a long-standing and prohibitively critical challenge.

Popular approaches to cope with generalization include
data augmentation and regularization [5], [6]. Albeit effective,
data augmentation is often picked in a handcrafted way,
and may not universally fit various models and datasets.
This prompts combining augmentations, but the optimal mix
requires extensive trials. On the other hand, regularization
methods such as weight decay and dropout, though straight-
forward to use, largely omit data properties. For complex
models, simply stacking data augmentation and regularization
is insufficient [3]. In image classification for example, optimal
augmentation and regularization can be class dependent [7].
These limitations unveil the need for fine-grained approaches
that jointly account for data and model characteristics.

One such approach resorts to advanced optimization by
carefully accounting for the loss landscape, which depends
on latent properties of both data distribution, and the DNN
architecture. Among possible solutions on the loss curve, those
lying on a flatter valley have higher potential for improving
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TABLE I: Existing instances of our preSAM framework

Approach Precond. Additional as.
ASAM [13] CP non-divergent
FisherSAM [14] CP lo. bound stoch. grad.
loo o1 £1-SAM [12] OoP N/A
modified-SSAM [ 18] (0)3 N/A

Lazy SAM [19], [20] OoP N/A

VaSSO [21] OoP N/A
InfoSAM (ours) OP N/A

generalizability [8]. Supporting evidence comes from theoret-

ical analysis [9], [10] and empirical experimentation [ | 1]. The

resultant sharpness-aware minimization (SAM) [12], seeks a

flatter region by forcing the surrounding neighborhood to have

small loss. Various approaches have also been proposed to fur-
ther boost the effectiveness of SAM [13]-[17]. Unfortunately,

a unifying framework is lacking to encompass existing SAM

variants, and inspire the principled design of novel approaches.
Toward this goal, the present work relies on precondi-

tioning to unify SAM variants; hence, the term precondi-
tioned (pre) SAM. Depending on where preconditioning is
effected, PreSAM categorizes existing SAM variants into
objective/constraint preconditioning (OP/CP); see also Table I.
Unifying convergence analysis will be offered for both CP
and OP. This will not only establish convergence for e.g.,
ASAM [13] and FisherSAM [14], but will also guide the
development of novel algorithms. Building on preSAM, a
novel OP approach will be developed to ameliorate the ef-
fect of stochastic gradient noise that causes what is termed
adversarial model degradation (AMD). This new approach,
dubbed infoSAM, relies on a preconditioner that adjusts gra-
dient entries depending on noise estimates, thus effectively
bypassing the effect of gradient noise and leading to improved
generalization. All in all, our contribution is three-fold.

* Rooted on preconditioning, a framework termed preSAM is
developed to unify existing SAM variants, and categorize
them as OP/CP according to their preconditioners.

* PreSAM offers a unifying convergence analysis for its
two subcategories, which fulfills the missing analysis and
unjustified experimental preferences of many SAM variants.

* InfoSAM is our novel OP algorithm that handles the AMD
issue in SAM. Numerical tests showcase the effectiveness
of infoSAM in enhancing generalizability.

Notation. Bold lowercase (capital) letters denote vectors
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(matrices); || - || and (-, -) stand for ¢3-norm and inner product;
KIL(-||-) represents the KL divergence; and e; € R? is the ith
column of the identity matrix I € R%*¢,

II. SAM RECAP

Let x € R? denote the parameters of a DNN, and f the non-
convex empirical risk (loss) given a dataset D := {a;, b;}2;
with feature a; and label b;. To find a solution lying in a flat
basin of f, SAM enforces small loss on the neighborhood of
x. This is achieved by the minimax problem

min max f(x -+ €) (1
x lell<p

where x + € acts as the most “adversarial” model in the
neighborhood sphere of radius p. The highly-nonconvex nature
of (1) discourages solving the inner maximization exactly.
SAM effects this using two approximations

(a)
€; = argmax f(x; + €) & argmax f(x;) + (Vf(x¢), €)
llell<p llell <p
(b)
~ argmax(g(x:), €) 2
llell<p

where (a) follows from a first-order Taylor expansion, and
(b) replaces the gradient V f(x;) with the stochastic gradient
g:(x¢). For convenience, we will refer to (2), as SAM sub-
problem. The latter admits the closed-form solution

€ = pgi(xt) /[l (xt)]]- 3)

SAM then updates x; using the stochastic gradient g;(x; + €;)
at x; + €;. The steps of SAM are listed under Alg. 1.

III. UNIFYING SAM VIA PRECONDITIONING

This section introduces a unifying approach to finding the
adversarial model, where popular SAM variants are subsumed
as special cases. All proofs are deferred to the Appendix
accessible at https://arxiv.org/pdf/2501.06603.

A. Preconditioned SAM

PreSAM leverages preconditioning to encompass several
SAM variants, each with different preconditioners. In its most
general form, preSAM finds €; by solving a preconditioned
version of (2):

PreSAM: max(C;g:(x¢),€) IDse|| < p. @

Here, C;, D, € R%* are preconditioners that alter the geome-
try of the SAM subproblem. In doing so, the adversarial model
can be equipped with designable properties. In particular,
C; skews the direction of g;(x;) in the objective, while D,
reshapes the constraint set. Both C; and Dy can change over
iterations, allowing preSAM to adapt to the local geometry for
each t. The original SAM subproblem (2) can be recovered
by simply fixing C; = D; = I;. Supposing for simplicity that
D, is invertible, preSAM also admits a closed-form solution

€ = pD; 2Cigi(xt)/||D; ' Coge (%) |- &)

Before delving into specific choices for C; and Dy in
existing algorithms, a natural question is whether the pre-
conditioners conflict with finding a ‘good’ solution of (1).

Algorithm 1 PreSAM

1: Initialize: xq, p

2. fort=0,...,T—1do

3: Sample a minibatch B;

4: Denote the stochastic gradient on B; as g (+)
5 (preSAM) Find €, via a unified manner (5).

// SAM: C, = D; = 1;; InfoSAM: C; and D, via (7)
6: Calculate stochastic gradient g;(x; + €;)
7: Update model via x;41 = x¢ — nge(x¢ + €;)
8: end for
9: Return: xp

The challenge arises from the fact that (4) is no longer
obtained from Taylor’s expansion of f(x;+€). We answer this
question under several standard assumptions for nonconvex
optimization and SAM [15], [18], [22], [23].

Assumption 1. f(x) is lower bounded, i.e., f(x) > f*,Vx.

Assumption 2. g(x) is L-Lipschitz, i.e., ||g(x) — g(y)| <

LHX - y”vvx,y-

Assumption 3. g(x) is unbiased with bounded variance, i.e.,
Elg(x)|x] = Vf(x), and E[||g(x) — Vf(x)[*|x] < 0.

Under these mild assumptions, the unified convergence is
established in the following theorem.

Theorem 1 (Unified convergence) Suppose As. 1 — 3 hold.
Letmy =1 = 7’\/—1 < 3L, and p = \”} In addition, suppose
|ID; Y| < Do, Vt. Then, preSAM in Alg. 1 guarantees that

T-1

f(x0)=f* | LpgD§ Lo
= S BV < o( N . |
T Z novVT VT VT
T-1
1 2L2p2D2
T EI\Vf(Xt+6t)\\2 < —ZEHW )2 + —=£0=0,
t=0 =0

Thm. 1 reveals that D; has to be designed carefully to avoid
slowing down convergence. In contrast, C; is more flexible to
choose as it does not explicitly influence the convergence rate,
which is yet critical for generalization because it determines
how powerful the adversarial model is.

Next, we elaborate on choices of C; and Dy to link preSAM
to existing SAM variants. We will also dive deeper into their
influences on convergence, which has been overlooked by
existing works. Even though it is possible to jointly design C;
and Dy, most SAM variants only work with a single precondi-
tioner. Depending on whether C; = I; or D, = I;, preSAM
can be further categorized into constraint preconditioning (CP)
and objective preconditioning (OP).

B. Constraint preconditioning (CP)

CP aims to alter the constraint geometry in (4), where it
keeps C; = I, and designs D; on demand. Essentially, D,
converts the ¢y-norm ball {€ : ||| < p} into an ellipsoid
Intuitively, this is helpful when knowing a priori that certain
dimensions contribute more to the adversarial model. A caveat
for designing D, is that its inversion should be affordable;
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cf. (5). As a consequence, most existing CP approaches rely
on diagonal Dy, as discussed next.

Scale-invariant adversarial model via CP. It was pointed
out in [24] that proper rescaling of NN weights does not
change the loss function. This means there exist multiple
adversarial models with the same loss, rendering the optimal
one indistinguishable from the rest. ASAM [13] copes with
this issue by rescaling the constraint set, which serves as a
specific instance of CP. In its simplest form, ASAM adopts
D, = diag(|x;|~!), where |-| and - ! are entry-wise operators.
If [x;]; is small, ASAM tends to increase the perturbation [€;];.

Fisher adversarial model via CP. While SAM seeks
€; within a Euclidean ball, this can be extended to more
sophisticated spaces. For example, FisherSAM [14] considers
a ball induced by KL divergence, namely Ep [KL(p(bl- la;, x¢+
€)|lp(bila;, x;))] < p. Modified with several approximations
for computational efficiency, FisherSAM ends up with a spe-
cific form of CP, where D; = diag(|g:|).

CP can challenge convergence. As stated in Thm. 1,
the convergence rate of CP critically depends on Dj. Un-
fortunately, both ASAM and FisherSAM are on the edge of
divergence. For ASAM, it holds that Dy = max; || X¢]cos
which could be unbounded unless assuming non-divergence.
For FisherSAM, D = max; ||g; '||s can also be unbounded
and slowdowns convergence as [g;]; can be arbitrarily small.

Moreover, for CP to attain the same convergence rate
as SAM, it requires p = po/vVT o 1/Dg. Upon ASAM
convergence, it typically holds that Dy < 1. This explains
the empirical observation that a larger p helps ASAM to
perform best [13]. The same was also corroborated in our
experiments, where adopting the same p as SAM degrades
ASAM’s performance. Somehow ironically, an enlarged p
makes the Taylor approximation (a) in (2) inaccurate, which
can weaken the adversarial model. This leads to another issue
for CP, that is, to determine the best p through extra effort.

C. Objective preconditioning (OP)

For the objective in (4), OP fixes D; = I;, and adapts
merely C;. As asserted by Thm. 1, OP is more flexible since
convergence rate is not explicitly dependent on its precondi-
tioner. In addition, OP is less stringent than CP because: i) C,
need not be invertible; and ii) scaling C; has no impact on €;.
The latter can be verified by replacing C; with aC;,Va > 0,
which does not alter the solution (5). By redirecting g:(x¢),
OP seeks an improved adversarial model. Depending on the
specific C;, OP can be used for various purposes.

Adversarial models in non-ellipsoidal neighborhood via
OP. While CP’s constraint set is an ellipsoid, OP gives rise to
a non-ellipsoidal neighborhood when C; is properly designed.
Table II exemplifies three choices of C; for which the resultant
€; amounts to solving (4) under ¢1, {,, or n-support norm
ball [25] constraints. The former two are found in [12], while
the last is our extension, where a n-support norm ball can be
viewed as a combination of ¢; and ¢5 norm constraint.

Sparse perturbation via OP. The second and third method
in Table II both result in a sparse €;. This helps reduce the

TABLE II: OP and its equivalent constraint.
OP Equiv. constr. for (4)

Gy = diag(lgi| ) lelloo < p
C: = diag(e;) with i= argmax |[g¢(x¢)]4 ] llell1 < p
C. = diag(3_;c7 €i) with T = argtop, (|ge(x¢)])  |l€/lnsupp < p

backpropagation complexity of g:(x: + €:). More involved
approaches along this line include SSAM [ 18], which not only
assumes bounded gradient, but also suffers from rate slower
than SAM. These issues can be addressed by changing the
algorithmic order; that is, first sparsify the gradient via OP by
setting the corresponding entries of C; to 0 as [18, Alg. 2],
and then use infoSAM (7) to obtain €;. We term this method
modified SSAM, and our experiments show that it matches
the performance of vanilla SSAM.

Lazy adversary model via OP. Lazy SAM [19], [20]
switches between SAM’s adversarial objective (1) and em-
pirical risk minimization (ERM) to lower the computational
cost. With ERM-induced update x;11 = x; — ng(x¢), this
avoids SAM’s second gradient computation g(x; + €;). Given
that C; = 0 in (4) leads to €, = 0, preSAM is able to recover
lazy SAM by setting C; = 0 whenever switching to ERM.

Chain of preconditioners. It is also possible to equip an
adversarial model with multiple desired properties through a
cascade of preconditioners. For example, if {C; ;}/_, are valid
OP choices, C; = Hle C,,; is also a valid OP preconditioner.

IV. INFOSAM

This section develops a new instance of preSAM that copes
with the adversarial model degradation challenge of SAM.

A. Adversarial model degradation (AMD)

The stochastic noise in g;(x;) can markedly harm the
adversarial model x; + €; obtained via (3) [21]. We term this
adversarial model degradation, and further elaborate on its
harmfulness, which motivates our novel algorithm, infoSAM.

Consider SAM in the ideally noise-free case, i.e., g:(x:) =
V f(x:). Then, the perturbation of the ith dimension satisfies
[€): o [Vf(x¢)]i; ef. (3). This matches the intuition for
finding the most adversarial model, since it holds that

L)?

Flxi+Ae) = Fxi) < MV S (), e0) + =5 ©

a2
a2+ T IV G o [V

where (a) is by taking A = o[V f(x;)]; for some a > 0. When
[V f(x:)]; is large, the adversarial model has the potential to
induce a higher loss by moving more toward this dimension.

In practice, SAM relies on g;(x;) rather than V f(x;), with
which (6) can hardly hold. When the stochastic noise is dom-
inant, [Vg(x;)]; can even correspond to a descent direction.
When training a ResNet-18 on CIFAR10, we observed that the
signal-to-noise ratio (SNR) is around O(10~2) throughout 200
training epochs. This suggests that the gradient noise is indeed
a severe issue for SAM. Additional examples on how AMD
affects the convergence behavior of SAM in an asymmetric
valley can be found in App. C.
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TABLE III: Comparison of infoSAM against other baselines.

Architecture SGD SAM ASAM InfoSAM
= ResNet 96.2540.06 96.58+0.10 96.3340.09 96.711¢.09
Eﬂ DenseNet 96.65i0‘13 96.94i0A11 96‘73i0A18 97.09i0,07
= WideResNet 97.08+0.16 97.32+0.11 97.1540.05 97.5640.12
O  PyramidNet 97.3910.09 97.8510.14 97.5640.11 98.0410.06
% ResNet 77.90i0‘07 80.96i0,12 79.91i0_04 81.31i0.15
= DenseNet 81621010 83941008 82.75+0.10 84.0910.12
é WideResNet 81.714+0.13 84.8840.10 83.5440.14 85.011¢.07
5 PyramidNet 83‘50i0‘12 85.60i0,11 83.72i0_09 85.83i0,11

B. A novel OP approach to handle AMD

Unfortunately, no preSAM approach is available to deal with
the AMD challenge caused by gradient noise. This section
develops such an OP-based algorithm that we term infoSAM.

Our conception of infoSAM is straightforward — when
seeking the adversarial model, we should be more cautious on
dimensions with smaller SNR since they are less informative.
Quantitatively, with [o;]? denoting the variance of [g;(x¢)]:,
infoSAM’s perturbation is [e;]; o [g:(x¢)]i/[o¢]?. App. D
details how infoSAM works using a numerical case study.

While alleviating AMD using [e:]; o [g:(x¢)]i/[o¢]? is
intriguing, the variance vector o7 is generally intractable.
Inspired by [26], we estimate o? by the squared difference
between g;(x;)’s exponentially moving average (EMA) and
g (x;) itself. The EMA my, is accumulated as

m; =amy;_1 + (1 — a)g(xy) (7a)

where 0 < o < 1 is a hyperparameter. Vector m; serves as
an estimate of V f(x;), which is then leveraged to estimate

~ 2
af = (mt — gt(xt)) ) (7b)
With 3, := diag(6?2), infoSAM obtains its €; via
A —1
- )
€; = argmax (X, 1gt(xt), €)= %t(xt) (7¢)
lell<p 132, g:(x)]l

The step-by-step implementation of infoSAM is summa-
rized in Alg. 1. It is also worth noting that infoSAM can be
used jointly with CP methods such as ASAM and FisherSAM,
which has been added to our future research agenda.

V. NUMERICAL TESTS

Here we test infoSAM’s numerical efficiency. Implementa-
tion details are deferred to App. E.

A. CIFARIO and CIFARIOO

The evaluation starts with image classification on bench-
marks CIFAR10 and CIFAR100 [27]. The backbone archi-
tectures are convolutional neural networks including ResNet-
18 [28], DenseNet-121 [29], WideResNet-28-10 [30], and
PyramidNet-110 [31]. Besides infoSAM, we also test stochas-
tic gradient descent (SGD), SAM, and ASAM as baselines.

The test accuracies are gathered in Tab. III. The proposed
infoSAM achieves the highest accuracy in all model setups,
validating that AMD can be alleviated through proper pre-
conditioning. The results also suggest that CP can be delicate
when p is not chosen properly. As discussed after Thm. I,
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Fig. 1: (a) Top-1 and (b) top-5 accuracies on ImageNet.
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Fig. 2: Performance under different levels of label noise.

25% noise

CP approaches such as ASAM rely on a large p to achieve
comparable performance over SAM. This matches the results
in Tab. III, where ASAM underperforms SAM when adopting
the same p, and only slightly improves over SGD. This
demonstrates that CP has to be used cautiously, and further
justifies our preference of OP for tackling the AMD issue.

B. ImageNet

Next, we investigate the performance of infoSAM on large-
scale experiments by training a ResNet-50 [28] on Ima-
geNet [32]. Fig. 1 plots the top-1 and top-5 accuracy of tested
algorithms. It can be observed that infoSAM has the best top-1
as well as top-5 accuracies. Again, the CP-based ASAM does
not catch up with SAM when using the same p.

C. Label noise

SAM is known to exhibit robustness against large label
noise in the training set [12]. Since the loss landscape can
be heavily perturbed, it is expected that infoSAM outperforms
SAM. In our experiments, we consider the classical noisy-label
setting, where a fraction of the training labels are randomly
flipped, whereas the test set remains clean. A ResNet-18 [28] is
trained on CIFAR10 with label noise levels {25%, 50%, 75%}.
It can be seen from Fig. 2 that infoSAM markedly improves
SAM in high-level label noise.

VI. CONCLUSIONS

We developed a preconditioning-based SAM framework that
provides: 1) unifying convergence analysis of SAM variants; ii)
valuable insights of experimental results; and, iii) guidelines
to develop novel SAM algorithms. Within this framework,
infoSAM can tackle the AMD challenge of SAM, and thus
improves generalization across various benchmarks.
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