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Abstract

Linear TD()) is one of the most fundamental reinforcement learning algorithms
for policy evaluation. Previously, convergence rates are typically established under
the assumption of linearly independent features, which does not hold in many
practical scenarios. This paper instead establishes the first L2 convergence rates for
linear TD(\) operating under arbitrary features, without making any algorithmic
modification or additional assumptions. Our results apply to both the discounted
and average-reward settings. To address the potential non-uniqueness of solutions
resulting from arbitrary features, we develop a novel stochastic approximation
result featuring convergence rates to the solution set instead of a single point.

1 Introduction

Temporal difference learning (TD, Sutton [1988]) is a fundamental algorithm in reinforcement
learning (RL, Sutton and Barto [2018]), enabling efficient policy evaluation by combining dynamic
programming [Bellman, 1966] with stochastic approximation (SA, Benveniste et al. [1990], Kushner
and Yin [2003], Borkar [2009]). Its linear variant, linear TD(\) [Sutton, 1988], emerges as a practical
extension, employing linear function approximation to tackle large or continuous state spaces where
tabular representations become impractical. Linear TD()) takes the dot product between features and
weights to compute the approximated value. Establishing theoretical guarantees for linear TD(\),
particularly convergence rates, has been a major focus of research. Most existing works (Table 1),
however, require the features used in linear TD to be linearly independent. As argued in Wang and
Zhang [2024], this assumption is impractical in many scenarios. For example, in continual learning
with sequentially arriving data [Ring, 1994, Khetarpal et al., 2022, Abel et al., 2023], there is no way
to rigorously verify whether the features are independent or not. See Wang and Zhang [2024] for more
discussion on the restrictions of the feature independence assumptions. Furthermore, Dayan [1992],
Tsitsiklis and Roy [1996, 1999] also outline the elimination of the linear independence assumption as
a future research direction.

While efforts have been made to eliminate the linear independence assumption [Wang and Zhang,
2024], they only provide asymptotic (almost sure) convergence guarantees in the discounted setting.
By contrast, this paper establishes the first L2 convergence rates for linear TD()\) with arbitrary
features in both discounted and average-reward settings. This success is enabled by a novel
stochastic approximation result (Theorem 3) concerning the convergence rates to a solution set instead
of a single point, driven by a novel Lyapunov function. This new result provides a unified approach
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applicable to both discounted (Theorem 1) and average-reward (Theorem 2) settings. Notably, we
do not make any algorithmic modification and do not introduce any additional assumptions. Table 1
provides a detailed comparison of existing theoretical analyses for linear TD(\), contextualizing our

contributions within the landscape of prior work.

Setting Features Iimse Rate
ype

Tsitsiklis and Roy [1996] v <1 | Independent | Markovian
Bhandari et al. [2018] v <1 | Independent | Markovian v
Lakshminarayanan and Szepesvari [2018] | v <1 | Independent ii.d. v
Srikant and Ying [2019] v <1 | Independent | Markovian v

Wang and Zhang [2024] v<1 Arbitrary Markovian
Chen et al. [2025a] v <1 | Independent i.i.d. v
Mitra [2025] v <1 | Independent | Markovian v
Theorem 1 vy<1 Arbitrary Markovian v

Tsitsiklis and Roy [1999] v =1 | Independent | Markovian
Zhang et al. [2021c] v =1 | Independent | Markovian | v
Chen et al. [2025b] v =1 | Independent | Markovian v
Theorem 2 vy=1 Arbitrary Markovian v

Table 1: Comparison of finite-sample analyses for linear TD(\). “Setting” indicates the problem
setting: v < 1 stands for the discounted setting and v = 1 stands for the average reward setting.
“Features” describes assumptions on the features. “Independent” indicates linear independence is
assumed. “Arbitrary” indicates no assumption is made on features. “Noise Type” indicates the data
generation process: Markovian samples or independent and identically distributed (i.i.d.) samples.
“Rate” is checked if a convergence rate is provided.

2 Background

Notations. We use (x,y) = = |y to denote the standard inner product in Euclidean spaces and ||-||
to denote the £ norm for vectors and the associated induced operator norm (i.e., the spectral norm)
for matrices, unless stated otherwise. A function f is said to be L-smooth (w.r.t. ||-||) if Vw, w’,
fw') < f(w) +(Vf(w),w —w)+Z||w — w|)*. For a matrix A, col(A) denotes its column space,
ker(A) denotes its kernel, and AT denotes its Moore-Penrose inverse. When  is a point and U is a
set, we denote d(z, U) = inf,cy ||z — y|| as the Euclidean distance from x to U. For sets U, V/, their
Minkowski sumis U +V = {u+v | u € U,v € V}; and U denotes the orthogonal complement of
U. We use 0 and 1 to denote the zero vector and the all-ones vector respectively, where the dimension
is clear from context. For any square matrix A € R4*¢ (not necessarily symmetric), we say A is
negative definite (n.d.) if there exists a ¢ > 0 such that 2" Az < ffoHQ Vz € RY. For any set
E C RY, we say A is n.d. on E if there exists a & > 0 such that z Az < —¢[|z]|*Vz € E. Ais
negative semidefinite (n.s.d.) if £ = 0 in the above definition.

Markov Decision Processes. We consider an infinite horizon Markov Decision Process (MDP,
Bellman [1957]) defined by a tuple (S, A, p, r, po), where S is a finite set of states, A is a finite set
of actions, p : § x § x A — [0,1] is the transition probability function, r : S x A — R is the
reward function, and pg : S — [0, 1] denotes the initial distribution. In this paper, we focus on the
policy evaluation problem, where the goal is to estimate the value function of an arbitrary policy
m: Ax S — [0,1]. At the time step 0, an initial state Sy is sampled from pg. At each subsequent
time step t, the agent observes state S; € S, executes an action A; ~ 7(:|St), receives reward
Ry = (S, A¢), and transitions to the next state Sy 1 ~ p(:|S¢, A¢). We use Py to denote the state
transition matrix induced by the policy 7, i.e., Pr[s,s'] = 3, 4 m(als)p(s'|s, a). Let d. € RIS| be
the stationary distribution of the Markov chain induced by the policy w. We use D, to denote the
diagonal matrix whose diagonal is d..

Linear Function Approximation. In this paper, we use linear function approximation to approximate
value functions v, : S — R (to be defined shortly). We consider a feature mapping = : S — R? and
a weight vector w € R%. We then approximate v, (s) with z(s) T w. We use X € RISI*9 to denote



the feature matrix, where the s-th row of X is z:(s) T. The approximated state-value function across

all states can then be represented as the vector Xw € RISI. The goal is thus to find a w such that Xw
closely approximates v.

Discounted Setting. In the discounted setting, we introduce a discount factor y € [0, 1). The (dis-
counted) value function v, : & — R for policy 7 is defined as vy (s) = E[>7°) 7 Reyit1|Se = s].
We define the Bellman operator 7 : RIS| — RIS as Tv = r,. + vP,v, where r, € RISl is the
vector of expected immediate rewards under 7, with components 7 (s) = > _m(a|s)r(s,a). Witha
A € [0,1], the A-weighted Bellman operator 7y is defined as 7,0 = (1 — X) > _ ATy =
rx + vP\v, where

X = Zl?;o(A'Y)kPjrCTﬂ = (1 - VAPW)ilr‘n'v

Py=(1=X) 20 o(A)" Pt = (1= A)(1 = yAPr) " Pr.
This represents a weighted average of multi-step applications of 7. It is well-known that v, is the
unique fixed point of 7, [Bertsekas and Tsitsiklis, 1996]. Linear TD()\) is a family of TD learning
algorithms that use eligibility traces to estimate v, (s) of the fixed policy 7 with linear function
approximation. The algorithm maintains a weight vector w; € R and an eligibility trace vector
e; € RY, with the following update rules:

W1 = wy + ag(Rigr +72(Si1) Twy — 2(Se) Twy ey,

er = yAe—1 +x(St), e—1 = 0. (Discounted TD)
Here, {4} is the learning rate. The eligibility trace e, tracks recently visited states, assigning credit
for the prediction error to multiple preceding states. Let

A=X"D (yPyx— DX, b= X"D.ry, W, = {w]Aw + b = 0}.

If X has a full column rank, Tsitsiklis and Roy [1996] proves that W, is a singleton and {w;}
converge to —A~1b almost surely. A key result used by Tsitsiklis and Roy [1996] is that the matrix
D, (yPx — I) is n.d. [Sutton, 1988]. As a result, the A matrix is also n.d. when X has a full column
rank. Wang and Zhang [2024] prove, without making any assumption on X, that W, is always
nonempty and the {w;} converges to W, almost surely. A key challenge there is that without making
assumptions on X, A is only n.s.d.
Average-Reward Setting. In the average-reward setting, the overall performance of a policy 7 is

measured by the average reward J; = lim7_, %IE [ tT;()l Rt] . The corresponding (differential)

value function is defined as ¥, (s) = lim7 o0 7 ZiT;Ol E[(r(Styi, Arri) — Jx)|St = s]. We define
the Bellman operator T : RISl 5 RISI as To = 7 — Jrx1 + Prv. Similarly, the A\-weighted
counterpart T » is defined as T v = 7 — 1‘]_”/\ 1 + Pyv. Although v, is a fixed point of T », it is not
the unique fixed point. In fact,

{Tx+cl|ceR} )

are all the fixed points of 7 [Puterman, 2014]. Linear average-reward TD()) is an algorithm for
estimating both J; and 7. using linear function approximation and eligibility traces. The update
rules are

e = ey +x(5;), e_1 =0,

W1 = Wy + o (Reg1 — Jy + 2(Sp1) Twe — x(Se) Twy ey,
Jig1 = Ji + Be(Reyr — Jy), (Average Reward TD)
where {a; } and {8;} are learning rates. Let
A=X"D(Py— DX, b=X"D(ry— 1Z1), W, = {w[Aw + b = 0}. 4)

If X has a full column rank and 1 ¢ col(X), Tsitsiklis and Roy [1999] proves that W, is a singleton

and {w;} converge to ~ A% almost surely. This is made possible by an important fact from the
Perron-Frobenius theorem (see, e.g., Seneta [2006]) that

{w|wTD,r(P>\ —Dw =0} = {cl|c € R}. )
Zhang et al. [2021c¢] further provides a convergence rate, still assuming X has a full column rank but
without assuming 1 ¢ col(X'). When X does not have a full column rank, to our knowledge, it is
even not clear whether W, is always nonempty or not, much less the behavior of {w;}.



3 Main Results

We start with our assumptions. As promised, we do not make any assumption on X.
Assumption 3.1. The Markov chain associated with P; is irreducible and aperiodic.

Assumption LR. The learning rates are oy = m and By = cgay, where & € (0.5,1], o > 0,
to > 0, and cg > 0 are constants.

Discounted Setting. Wang and Zhang [2024] proves the almost sure convergence of
(Discounted TD) with arbitrary features by using ||w — w,||* with an arbitrary and fixed w, € W, as

a Lyapunov function and analyzing the property of the ODE dwl®) — Ay (t). Since A is only n.s.d.,
Wang and Zhang [2024] conducts their analysis in the complex number field. In this work, instead
of following the ODE-based analysis originating from Tsitsiklis and Roy [1996], Borkar and Meyn
[2000], we extend Srikant and Ying [2019] to obtain convergence rates by using d(w, W*)2 as the
Lyapunov function. To our knowledge, this is the first time that such distance function to a set is used
as the Lyapunov function to analyze RL algorithms, which is our key technical contribution from the
methodology aspect. According to Theorem 1 of Wang and Zhang [2024], W, is nonempty, and ap-
parently convex and closed.” Let I'(w) = arg min,,, ey, ||w — w,|| be the orthogonal projection to
W.,.. We then define L(w) = 3d(w, W,)? = J|lw — I'(w)||>. Two important and highly non-trivial
observations are

(i) VL(w) = w — I'(w) (Example 3.31 of Beck [2017]),

(i) L(w) is 1-smooth w.r.t. ||-|| (Example 5.5 of Beck [2017]).
Both (i) and (ii) result from the fact that T, is nonempty, closed, and convex. Using L(w) as the
Lyapunov function together with more characterization of VL(w) (Section 5.2), we obtain

Theorem 1. Let Assumptions 3.1 and LR hold and A € [0,1]. Then for sufficiently large ty and
«, there exist some constants Cryypny and k; = «C7 > 1 such that the iterates {w;} generated
by (Discounted TD) satisfy for all t

E [d(’lUt; W*)Q} S CThm] ((tTO) Lt d(wO, ’U}*)2 + ((t_i_to)n}irxla((gi_fq),tﬁu —1) )) .

The proof is in Section 5.2. Notably, Lemma 3 of Wang and Zhang [2024] states that for any
Wy, Wis € W, it holds that Xw, = Xw,.. We then define

U = Xwy (6)

for any w, € W,. Theorem 1 then also gives the L2 convergence rate of the value estimate,
i.e., the rate at which Xw; converges to v,. The value estimate 0, is the unique fixed point of a
projected Bellman equation. See Wang and Zhang [2024] for more discussion on the property of
¥r. Additionally, by choosing a sufficiently large «, we can ensure || — 1 > 2€ — 1, so the rate
is determined by the exponent 2§ — 1. For the standard choice £ = 1, the resulting rate becomes
O(Int/t), which matches existing analyses that assume linearly independent features [Bhandari et al.,
2018, Srikant and Ying, 2019]. An analogous observation holds for Theorems 2 and 3 as well, since
their corresponding « is also proportional to c.

Average Reward Setting. Characterizing W, is much more challenging. We first present a novel
decomposition of the feature matrix X. To this end, define m = rank(X) < min {|S|,d}. If m = 0,
all the results in this work are trivial and we thus discuss only the case m > 1.

Lemma 1. There exist matrices X1, Xo such that X = Xy + X5 with the following properties (1)
rank(X1) = m — ljccox) and 1 ¢ X1 (2) Xo = 167 with 6 € R%.

The proof is in Section B.1 with I being the indicator function. Essentially, X5 is a rank one matrix
with identical rows € (i.e., the i-th column of X5 is 6;1). To our knowledge, this is the first time
that such decomposition is used to analyze average-reward RL algorithms, which is our second

*This theorem only discusses the case of A = 0. The proof for a general A € [0, 1] is exactly the same up to
change of notations.



technical contribution from the methodology aspect. This decomposition is useful in three aspects.
First, we have A = X lT D, (P\ — I)X; (Lemma 14). Second, this decomposition is the key to prove
that W, is nonempty (Lemma 15). Third, this decomposition is the key to characterize W, in that
W, = {w.,} + ker(X;) with w, being any vector in W, (Lemma 16). To better understand this
characterization, we note that ker(X;) = {w|Xw = c1,c € R} (Lemma 16). As a result, adding
any wg € ker(X7) to a weight vector w changes the resulting value function Xw only by c1. Two
values v; and vy can be considered “duplication” if v1 — vy = ¢1 (cf. (2)). So intuitively, ker(X) is
the source of the “duplication”. With the help of this novel decomposition, we obtain
Theorem 2. Let Assumptions 3.1 and LR hold and X € [0,1). Then for sufficiently large o, to and
cg, there exist some constants Cryyz and k; = aCjo > 1 such that the iterates {w;} generated
by (Average Reward TD) satisfy for all t

E[(Jy = Jx)? + d(wi, W. )| <Cruna (%) [ (Jo = )2 + d(uws,

T

In(t+tp)
+ Crmz ( (tto)ymm@e—1.[m]-1) )

W*)ﬂ

The proof is in Section 5.3.

Stochastic Approximation. We now present a general stochastic approximation result to prove
Theorems 1 and 2. The notations in this part are independent of the rest of the paper. We consider
a general iterative update rule for a weight vector w € RY, driven by a time-homogeneous Markov
chain {Y;} evolving in a possibly infinite space Y:

w1 = wy + o H(wy, Y1), (SA)

where H : R? x IV — R? defines the incremental update.
Assumption Al. There exists a constant Cy; such that sup,c, || H(0, y)|| < oo,

||H(’U}1,y) _H(U}27y)” SCA]le —’LU2|| vw17w27y'

Assumption A2. {Y;} has a unique stationary distribution dy.

Let h(w) = Ey~q, [H (w,y)]. Assumption Al then immediately implies that
[P(wr) = h(wa)|| <Carllwr —wa| Vwy, wa.

In many existing works about stochastic approximation [Borkar and Meyn, 2000, Chen et al., 2023b,
Qian et al., 2024, Borkar et al., 2025], it is assumed that h(w) = 0 adopts a unique solution. To work
with the challenges of linear TD with arbitrary features, we relax this assumption and consider a
set W,. Importantly, W, does not need to contain all solutions to ~(w) = 0. Instead, we make the
following assumptions on W,.

Assumption A3. W, is nonempty, closed, and convex.

Notably, W, does not need to be bounded. Assumption A3 ensures that the orthogonal pl‘OJeC—
tion to W, is well defined, allowing us to define I'(w) = argming, cw, ||w — w.l||, L(w) =
jw —T(w )|I>. As discussed before, Assumption A3 ensures that VL(w) = w — I'(w) and L
is 1-smooth w.r.t. ||| [Beck, 2017]. We further assume that the expected update h(w;) decreases
L(w;) in the following sense, making L(w) a candidate Lyapunov function.

Assumption Ad. There exists a constant Csy > 0 such that almost surely,
<VL(wt), h(“’t» < —CA4L(wt).

Lastly, we make the most “unnatural” assumption of W,.

Assumption AS5. There exists a matrix X and constants Cys and 7 € [0,1) such that (1) YVw. € W,
[ Xwsll < Cas; (2) Vw,y, [[H(w,y)|| < Cas([[Xwl| +1); (3) For any n > 1:

[1A(w) — E[H (w, Yin) Ve[| < Cast" (| Xw]| +1) Q)

This assumption is technically motivated but trivially holds in our analyses of (Discounted TD)
and (Average Reward TD). Specifically, Assumption Al immediately leads to at-most-linear growth



|1H(w,y)|| < Car1(||w|| + 1) for some constant C; 1. However, this bound is insufficient for
our analysis because ||w| < |[jw —T'(w)| + ||[T'(w)| but I'(w) € W, can be unbounded. By
Assumption A5, we can have || Xw|| < [|[Xw — XT(w)|| + | XT(w)|| < | X||[|lw — T(w)| + Cas.
The inequality (7) is related to geometrical mixing of the chain and we additionally include Xw in
the bound for the same reason. We now present our general results regarding the convergence rate
of (SA) to W,.

Theorem 3. Let Assumptions Al - A5 and LR hold. Denote Kk = «aClay, then there exist some
constants tg and Cryy3, such that the iterates {w;} generated by (SA) satisfy for all t

E[L(w:)] < Crums1 (2) LHJL(wo) + CThm;s’,z((tHO),:,SfZ@,MJ_n )

The proof is in Section 5.1. We remark that once we have the recursion in Lemma 5, our theoretical
framework can be readily extended to the constant step-size setting (akin to Chen et al. [2023b]),
demonstrating its broad applicability.

4 Related Works

Most prior works regarding the convergence of linear TD summarized in Table 1 rely on having
linearly independent features. In fact, the reliance on feature independence goes beyond linear TD
and exists in almost all previous analyses of RL algorithms with linear function approximation, see,
e.g., Sutton et al. [2008, 2009], Maei [2011], Hackman [2012], Bo et al. [2015], Yu [2015, 2016],
Zou et al. [2019], Yang et al. [2019], Zhang et al. [2020b], Xu et al. [2020a], Zhang et al. [2020a],
Xu et al. [2020b], Wu et al. [2020], Chen et al. [2021], Long et al. [2021], Qiu et al. [2021], Zhang
et al. [2021a,b], Xu et al. [2021], Zhang et al. [2022], Zhang and Whiteson [2022], Zhang et al.
[2023], Chen et al. [2023a], Nicolo et al. [2024], Yue et al. [2024], Swetha et al. [2024], Liu et al.
[2025a], Qian and Zhang [2025], Maity and Mitra [2025], Yang et al. [2025], Chen et al. [2025b],
Shaan and Siva [2025], Liu et al. [2025c]. But as argued by Dayan [1992], Tsitsiklis and Roy [1996,
1999], Wang and Zhang [2024], relaxing this assumption is an important research direction. This
work can be viewed as an extension of Wang and Zhang [2024], Zhang et al. [2021c]. In terms
of (Discounted TD), we extend Wang and Zhang [2024] by proving a finite sample analysis. Though
we rely on the characterization of W, from Wang and Zhang [2024], the techniques we use for finite
sample analysis are entirely different from the techniques of Wang and Zhang [2024] for almost
sure asymptotic convergence. In terms of (Average Reward TD), we extend Zhang et al. [2021c]
by allowing X to be arbitrary. Essentially, key to Zhang et al. [2021c¢] is their proof that A is n.d.
on a subspace F, assuming X has a full column rank. We extend Zhang et al. [2021c] in that
we give a finer and more detailed characterization of the counterparts of their F through the novel
decomposition of the features (Lemma 1) and establish the n.d. property under weaker conditions (i.e.,
without assuming X has a full column rank). Importantly, despite relaxing the feature-independence
assumption, our convergence rate remains on par with existing finite-sample results obtained under
full-rank features [Bhandari et al., 2018, Srikant and Ying, 2019]. Our improvements are made
possible by the novel Lyapunov function L(w) and we argue that this Lyapunov function can be used
to analyze many other linear RL algorithms with arbitrary features.

In terms of stochastic approximation, our Theorem 3 is novel in that it allows convergence to
a possibly unbounded set. By contrast, most prior works about stochastic approximation study
convergence to a point [Borkar and Meyn, 2000, Chen et al., 2020, Zhang et al., 2022, Chen et al.,
2023b, Qian et al., 2024, Liu et al., 2025a, Borkar et al., 2025, Chen et al., 2025a]. In the case of
convergence to a set, most prior works require the set to be bounded [Kushner and Yin, 2003, Borkar,
2009, Liu et al., 2025a,b]. Only a few prior works allow stochastic approximation to converge to an
unbounded set, see, e.g., Bravo and Cominetti [2024], Chen [2025], Blaser and Zhang [2025], which
apply to only tabular RL algorithms.

5 Proofs of the Main Results

5.1 Proof of Theorem 3

Proof. From the 1-smoothness of L(w) and (SA), we can get
L(wt+1) < L(wt) + o <wt - I‘(wt), h(wt)>



+ ay(wy, — T(wy), H(wy, i) — h(wy)) + 302 | H(w, Y2)|[. ®)
We then bound the RHS one by one. (w — I'(w), h(w)) is already bounded in Assumption A4.
Lemma 2. There exists a positive constant C, such that for any w,
[Xwl]l < Co([lw = T(w)[| +1).
Thqlproof is in Section C.1. With Lemma 2 and Assumption A5, the last term in (8) can be bounded
easily.

Lemma 3. There exists a constant Cs such that |H (wq, Y)||> < Cs(|Jwy — T(wy)||* + 1).

The proof is in Section C.2. To bound (w; — I'(w;), H (wy, Y3) — h(w;)), leveraging (7), we define
To =min{n > 0| Cast™ < a} 9

as the number of steps that the Markov chain needs to mix to an accuracy «. In addition, we denote a
shorthand o, ¢+, = Zfi ¢ i Then with techniques from Srikant and Ying [2019], we obtain

Lemma 4. There exists a constant Cy such that

E[(we — T(we), H(wy, ;) — h(wy))] < Coove—r,, -1 (lwy — T(wy)||* +1).

The proof is in Section C.3. Plugging all the bounds back to (8), we obtain
Lemma 5. There exists some Dy = (’)(oztat_mt t—1), such that

E[L(we1)] < (1 = Cagar)E[L(wi)] + Dy

The proof is in Section C.4. Recursively applying Lemma 5 then completes the proof of Theorem 3
(See Section C.5 for details). O

In the following sections, we first map the general update (SA) to (Discounted TD)
and (Average Reward TD) by defining H(w,y), h(w), and L(w) properly. Then we bound the
remaining term (V L(w;), h(w;)) to complete the proof.

5.2 Proof of Theorem 1

Proof. We first rewrite (Discounted TD) in the form of (SA). To this end, we define ;1 =
(St, Aty St41,€t), which evolves in an infinite space Y = S x A x S x {e| |le|| < C.} with
C. = %If)fs)” being the straightforward bound of sup, ||e;||. We define the incremental update
H:RYxY — R%as

H(w,y) = (r(s,a) + yz(s") Tw — z(s) Tw)e, (10)
using shorthand y = (s, a,s’,e). We now proceed to verifying the assumptions of Theorem 3.
Assumption Al is verified by the following lemma.

Lemma 6. There exists some finite Cs such that
[1H (w1,y) — H(ws, y)|| <Csllw —wa| Vs, wa,y.
Moreover, sup,,cy, [|H(0,y)|| < oo.

The proof is in Section D.1.
For Assumption A2, Theorem 3.2 of Yu [2012] confirms that {Y}} has a unique stationary distribution
dy. Yu [2012] also computes that

h(w) = Eyway, [H(w,y)] = Aw +b.

Assumption A3 trivially holds by the definition of W.,.

For Assumption A4, the key observation is that AT'(w) + b = 0 always holds because I'(w) € W,.
Then we have h(w) = Aw + b = (Aw +b) — (Al'(w) + b) = A(w — I'(w)). Thus the term
(VL(w), h(w)) can be written as (w — I'(w)) " A(w — T'(w)). We now prove that for whatever X, it
always holds that A is n.d. on ker(A)=.



Lemma 7. There exists a constant C; > 0 such that for Vw € ker(A)L, wT Aw < —Cy|jw|*.
Furthermore, for any w € RY, it holds that w — T'(w) € ker(A)L.

The proof is in Section D.3. We then have
(wy = T(wy), A(wy — T(wy))) < =Cqllwy — T(wy)|?,

which satisfies Assumption A4.
For Assumption A3, (6) verifies Assumption A5(1). Assumption A5(2) is verified by the following
lemma.

Lemma 8. There exists a constant Cs such that for Vw, y,

H(w,y)|| < Cs([| Xw|[ +1).

The proof is in Section D.4. Assumption A5(3) is verified following a similar procedure as Lemma 6.7
in Bertsekas and Tsitsiklis [1996] (Lemma 18). Invoking Theorem 3 then completes the proof. [

5.3 Proof of Theorem 2

Proof. We recall that in view of Lemma 1, ker(X7) creates “duplication” in value estimation. We,
therefore, define the projection matrix IT € R?*¢ that projects a vector into the orthogonal comple-
ment of ker(X1), i.e., Hw = argmin, cye,(x,)* [[w — w’||. It can be computed that IT = XIXl.
We now examine the sequence {IIw;} with {w;} being the iterates of (Average Reward TD) and
Ji
ITw,
the evolution of w;. Let Y; = (S, Ay, Str1,e1) € S X A X S X {e ER | |le|| < %li(s)”},
then

consider the combined parameter vector w; = € R4, The following lemma characterizes

Lemma9. 0,41 = 0 + ay(A(Y:)Wy + b(Y;)), where we have, with y = (s, a, s, ),
~ . |—ecs 0 T\ |epr(s,a)
Ay) = {—He Te(a(s')T — x(s)T)} b(y) = {T(S,G)He .

This view is inspired by Zhang et al. [2021c] and the proof is in Section E.1. We now apply Theorem 3
to {’LAljt}
The verification of Assumptions Al and A2 is identical to that in Section 5.2 and is thus omitted.

For Assumption A3, we define /V[Z = { [1:[];] ‘w € W*} It is apparently nonempty, closed, and

convex.

For Assumption A4, we define A = Ey~dy [Z(y)} and b = Ey~dy [Z(y)} and therefore realize
the h in (SA) as h(@) = Aw + b. Noticing that AT(@) + b = 0 (Lemma 19), we then have
h(w) = A(w —T'(w)). The term (VL(w), h(w)) can thus be written as (w — I'(w)) " A(w — T'(w)).

Next, we prove that when cg is large enough, Aisn.d. on R x ker(X1)*.
Lemma 10. Let cg be sufficiently large. Then there exists a constant Cjg > 0 such that Vz €
R x ker(X;)L, 2T Az < —Cpl2|”.
The proof is in Section E.3. By definition, we have w; € R x ker(X;)* and I'(w) € R x ker(X;)" .
Sow — I'(w) € R x ker(X;)+, yielding

(@ = D(@,), A(, = T(@)) < ~Croll@ — L(@y)]”
which verifies Assumption A4.

~ T
For Assumption A5, we define X = {1 0 } . Assumption A5(1) is verified below.

0 X

Lemma 11. There exists a positive constant Cyj, such that for any w € W,

))?@H — Oy



The proof is in Section E.4. With H (@,y) = A(y)@ + b(y), the verification of Assumption A5(2)
and (3) is similar to Lemmas 8 and 18 and is thus omitted. Invoking Theorem 3 then yields the

convergence rate of E[L(1w;)], i.e., the convergence rate of d(iw;, W.)? by the definition of L. The

next key observation is that d(@;, W.)? = (J; — J)? + d(w;, W.)? (Lemma 20), which completes
the proof. (]

6 Experiments

We now empirically examine linear TD with linearly dependent features. Following the practice of

Sutton and Barto [2018], we use diminishing learning rates oy = ﬁ and 3; = % which closely

match our Assumption LR with ¢ = 1 and to = 107. We use a variant of Boyan’s chain [Boyan,
1999] with 15 states (|S| = 15) and 5 actions (|.A| = 5) under a uniform policy 7 (als) = 1/|A],
where the feature matrix X € R®*? is designed to be of rank 3 (more details in Section F).?> The
weight convergence to a set is indeed observed. It is within expectation that different A requires
different o, 5.

A=0.1 A=0.5 A=0.9
" —— _0=0.005 —— _0=0.005
~ 6 «_0=0.01 o_0=0.01
*
()]
s = 10
154
S
2
0.0 0.5 1.0 15 0.0 05 1.0 15 0.0 05 1.0 15
Steps x10° Steps x10° Steps x10°

Figure 1: Convergence of (Discounted TD) with v = 0.9, ap € {0.005,0.01}. Curves are averaged
over 10 runs with shaded regions (too small to be visible) indicating standard errors.

2A=0.1, B=0.01 A=0.5, B=0.01 A=0.9, B=0.01
— a=0.01 0.8 — a=0.01 3

a=0.02 a=0.02

~16 — a=0.1 — a=0.1 R
= 0.6

£1a4 \ K

s | 0.4 1
1.2

0.0 05 10 1.5 0.0 05 10 1.5 0.0 05 10 1.5
Steps x10° Steps x10° Steps x10°

—— a=0.01
a=0.02
— a=0.1

Figure 2: Convergence of (Average Reward TD) with 3y = 0.01, a € {0.01,0.02,0.1}. Curves are
averaged over 10 runs with shaded regions (too small to be visible) indicating standard errors.

7 Conclusion

This paper provides the first finite sample analysis of linear TD with arbitrary features in both
discounted and average reward settings, fulfilling the long standing desiderata of Dayan [1992],
Tsitsiklis and Roy [1996, 1999], enabled by a novel stochastic approximation result concerning the
convergence rate to a set. The key methodology contributions include a novel Lyapunov function
based on the distance to a set and a novel decomposition of the feature matrix for the average-reward
setting. We envision the techniques developed in this work can easily transfer to the analyses of
other linear RL algorithms. That being said, one limitation of the work is its focus on linear function

3The code for this paper is available at https://github.com/WennyXie/LinearTDLambda.



approximation. Extension to neural networks with neural tangent kernels (cf. Cai et al. [2023]) is
a possible future work. Another limitation is that this work considers only L? convergence rates
but the convergence mode of random variables are versatile. Establishing almost sure convergence
rates, LP convergence rates, and high probability concentration bounds (cf. Qian et al. [2024]) is
also a possible future work. Finally, another promising direction is the integration of Polyak-Ruppert
averaging (cf. Patil et al. [2023], Naskar et al. [2024]), which potentially leads to parameter-free
convergence rates.
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A Auxiliary Lemmas and Notations

Lemma 12 (Discrete Gronwall Inequality, Lemma 8 in Section 11.2 of Borkar [2009]). For non-
negative real sequences {x,,,n > 0} and {a,,n > 0} and scalar L > 0, it holds

Tpy1 SCH LYY jaimy Vn = x40 < (CHzo)exp(LY i ya;) Vn.
Lemma 13 (Lemma 11 of Zhang et al. [2022]). For sufficiently large t, it holds that

log(t + to) >

ay — 1 t t I —T, -1 =
o = O0og(t +10)), s, 41 = O S

Lemma 13 ensures that there exists some ¢ > 0 (depending on tg) such that for all ¢ > ¢, it holds
that ¢ > 7,,. Also, it ensures that for sufficiently large ¢, we have Qpry, t—1 < 1. Throughout the

appendix, we always assume t is sufficiently large and ¢ > #. We will refine (i.e., increase) ¢ along
the proof when necessary.

B Proofs in Section 3

B.1 Proof of Lemma 1

Proof. Let z; € R? denote the i-th column of X . Without loss of generity, let the first m columns be
linearly independent.

Case 1: When 1 € col(X), there must exist m scalars {c;} such that >_"" | ¢;z; = 1. Apparently, at
least one of {c¢;} must be nonzero. Without loss of generity, let x,,, # 0. We then have

m—1

1
T = — (1 — Z CiT;).
Em i=1

In other words, x,, can be expressed as linear combination of {x1,...,%,,—1} and 1. Since X
has a column rank m, we are able to express {41, . - ., 4} by linear combination {z1, ..., 2}
and thus further by linear combination of {z1,...,2,,—1} and 1. Let Z; = [21,...,Zm—1] be the
first m — 1 columns of X and Z5 = [z, ..., z4] be the rest. We now know that there exists some

C e Rm=1x(d=m+1) (je  coefficients of the lienar combination) such that
Zy =Z1C + [0m1,...,041],
where 0,,, . .. 84 are scalars (i.e., “coordinates” along the 1-axis), e.g., 0, = i This means that
we can express X as
X =[Z Z,Cl+[611,...,041] (11)
with 0y = --- = 6,,_1 = 0. Now define
X1 =121 7210, Xo =[011,...,641].

We note that 1 ¢ col(Z;). Otherwise, there would exist scalars {c;} such that Ez_ll cx; = 1.
Then we get ZIZI(CZ — ¢)x; + ¢mxy, = 0, which is impossible because {x;},_, ., are linearly
independent. Since col(X;) = col(Z;), we then have 1 ¢ col(X}). o

Case 2: When 1 ¢ col(X), we can trivially define X; = X and X5 = 0. Additionally, we can still

further decompose X; as
X, =% 2.0, (12)

where Z is now the first m columns of X. Apparently, we still have 1 ¢ col(X}). O

Lemma 14. Let Assumption 3.1 hold. Then A = X1 D (Py — I)X1,b = X{ D, (r\ — lJ_’“/\l).

Proof. Apply the decomposition shown in Lemma 1, we can get

A=(X1+ X2) " Dr(Py = I)(X1 + X2)

14



=X"D,(P\ - DX + X, Dr(Py — )X + X Dr(Py — )Xo 4+ Xy Dyp(Py— )X
=X, D.(P\ - 1)Xy,

where the last equality holds because (Py — I)1 = 0 and 1" D, (Py — I) = d] P\ —d] =0
Similarly, for b we can obtain

_ I
b=(X1 + X2) D(ry — )
J. J
=X, - 1+ X, -1
1 Dr(ra 1—)\)+ o Dr(ra 17)\)
=X"D,(ry — In 1) +07(d] (I —AP) 1y — Jn )
! 1—X i 1—-X
J. 1 J
=X{ Dn(ry — 1)+ 0 (-+——dfry —
1 Tr(T/\ 17)\ )+0 (17>\dﬂ.r7r 17)\)
J.
=X,"D,(ry — —2-1).
1 (7 - )

Here, the fourth inequality holds because d (I — AP;) = (1 — A\)d], which gives us d] =

(1= N)d,} (I — AP;)~!. The last inequality holds since J, = d, . This completes the proof. [J
Lemma 15. Let Assumption 3.1 hold. Then W, is nonempty.

Proof. In view of (11) and (12), we have X; = [Z1 Z;C]. Notably, Z; has a full column rank
and 1 ¢ col(Z7). Decompose w = [Zj accordingly and recall (4) and Lemma 14, we can rewrite

Aw+b=0as

—Z] Dy(ry — =1)

M LS I o R et |

which thus gives us the following simultaneous equations

11—
(Z10) " D (Py — I Z1w1 + (Z10) " Dp(Py — 1) Z1Cwy = —(Z1,C) " Dy (ry — 25:1)

{ZITDW(PA — D) Zywr + Z{ Dp(Py — ) Z,Cwy = —Z; Dr(ry — 2251)

We now prove the claim by constructing a solution. Choose any wy € ker(Z;C) (e.g., wa = 0), the
equations then become

A

CTZI D, (P, —I)Zywy = —C T Z] D (ry\ — 1‘]—31)'

{ZF Dp(Py— 1) Zywy = —Z] Dy(ry — 251)

Since Z; is full rank and 1 ¢ Z7, Lemma 7 of Tsitsiklis and Roy [1999] shows Zi'—D,r(P,\ —0)Z is
n.d. and thus invertible. Choose wy = —(Z D (P\ — I)Z1) ' Z{ Dx(ry — 125 1) then satisfies
the equations. This completes the proof.

O
Lemma 16. Let Assumption 3.1 hold. Then
W, ={w.} +ker(X1) and ker(X;) = {w|Xw = cl,c € R}.

Proof. For any solution w,, w.. € W ., according to the definition of W, in (4), we have Aw, +b =
0 and Aw,, + b = 0. That is A(w. — w.x) = 0. By multiplying (w, — w**)—r on both side we can
get

(s — War) " X " Dr(Py — N X (wy — wy) = 0.

According to the Perron-Frobenius theorem with Assumption 3.1, v T D (Py — I)v = 0 if and only
if v = ¢1 for some ¢ € R. Therefore, we must have X (w, — wyx) = ¢l for some ¢ € R. That is,
(X1+4 X2)(ws —wss) = cl. Recall the definition of X5 in (11), we have Xo(w, —w.) = (67 (w, —
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Wy ))1. This means X1 (w, —w..) = ¢'1 with ¢/ = ¢c— 0T (w, —w,.). Since 1 ¢ col(X;), we must
have ¢/ = 0. That is, w, — w.s € ker(X;). Thus, we have established that W, = {w, } + ker(X;).

Furthermore, if w € ker(X), we have Xw = (X; + Xo)w = (§Tw)1. If Xw = cl, we have
Xiw =cl — Xow = (¢c—60"w)l. But 1 ¢ col(X;). So we must have c — 0Tw = 0, ie.,
w € ker(X7). This completes the proof of ker(X;) = {w|Xw = c1,c € R}.

O

C Proofs in Section 5.1

Lemma 17. For sufficiently large to, there exists a constant Cy7 such that the following statement
holds. Foranyt >t and any i € [t — Tq,, t], it holds that

[|wi — Wt—r,, | < Cr704—r,, i—1([|wi — T'(w;)|| +1).

Proof. In this proof, to simplify notations, we define shorthand t; = ¢ — 7, and C,, = max; ||z(s)]|.

Given Lemma 13, we can select a sufficiently large ¢ such that for any ¢ > ¢,
exp(CasCovy—7,,1-1) <3,
1

CASCzat—Tatt—l <6~

We then bound ||w; — wy, || as

i1
lwi — w, || <Y llowH (wy, Vi) |
k=t
i1
< Z aCas (|| Xwy — Xwy, || + || Xwe, || +1)  (Assumption AS)
k=t
i1 i1
< Z aCas (|| Xwy, || +1) + Z agpCas([[ Xwy, — Xwy, ||)
k=t1 k=t
i1 i1
< Z aCas (|| Xwy, || +1) + Z arCry1([Jwg — wy, ||)
k=t1 k=t1

< Casay,y i—1([| Xwe, || + 1) exp(Ci7104, 1—1), (Lemma 12)
where C71 = CasC,,. We then have
l|wi — we, ||
<Casouy i—1 (| Xw; — Xwy, || + [[ Xwi|| + 1) exp(Ci7,100,,i-1)
<CasCy exp(cﬁ,latl,tfl)atl,iflHwi — Wy, || + eXp(Cﬁ,latl,tfl)(”Xwi|| + 1)CA5at1,i71
<l — e, [+ iz v i (1 K] + 1),
where C7,2 = 3C,s. Thus, we have
lwi —wy, || < 2C17 20, i1 (| Xw;|| + 1)
< 2017204, i-1(Co([Jwi — T(wy)|| + 1) + 1)
< Crrayy i (|Jlwi — T(w;) || + 1),
where C7 = 2C)7,2(C, + 1). This completes the proof. O

C.1 Proof of Lemma 2

Proof.
| Xw] = |1 Xw - XT(w) + XT(w)]
< |1X (1 — T(w) | + | XT(w)]
< IX|Hlw —T(w)|| + Cas (Assumption A5)
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C.2  Proof of Lemma 3
Proof. According to the definition of H (w;, Y;) in (10),
2
[ (w, Y )|

<C2(|| Xwe| +1)*  (By Assumption A5)

<2035 (|1 Xwel|* + 1)

<2C%s5(C3 (|lwy — T(wy)[| + 1) + 1)

<2035(20F (lwe = D(wn)|* +1) +1)

<Ci(Jlwe = T(wo)|” + 1),
where C5 = 2C24(2C% + 1). This completes the proof. O

C.3 Proof of Lemma 4

Proof. We first decompose (w; — I'(w;), H (w¢, Y;) — h(w)) into three components similarly to
Srikant and Ying [2019] as
(we = T(we), H(we, Yy) — h(we))
= ((wy = T(wy)) = (Wi—r,, = D(wi—r,, ), H(wy, Yy) — h(wy))

Ty
+ (Wi, — D(wi—r,, ), H(we, Yy) — H(wi—r,,, Vi) + Mwi—r,, ) — h(wy))
T2
+ <wt—'rat - F(wt—mt )s H(wt—mt Y, — h(wt—mt ) -
Ts

We leverage Lemma 2 and (9) to bound them one by one as follows.
Bounding 77:

Ty < ||(we = T(we)) = (we—r,, = D(weer, )| - [[1H (we, Y2) — h(we)]].

Ti1 T2
For the first term, we have
Ty = Hwt —T(w) — Wt—rq, — F(wtfrat)H

< flwr = wier, || + [0 (we) = T(wir,, )|

< 2Hwt - Wi—r,, H (Since W, is convex)

< 2017047, t-1(|we — T(w)[| +1) (Lemma 17)
For the second term, we have

Ti2 < Cas([[Xwe| +1) + Cas([| Xwel| + 1)
< 2Cxs(Ca([Jwy — T(wy) || +1) +1)
< Cua((Jwe = Dwe)| + 1),
where Cy 1 = 2C,s(C, + 1). Therefore, we can get
Ty < 2C17Cs100 7, 11 (llwe — T(wy)| 4+ 1)

Choosing Cy , = 4C}7C4 ; then yields the bound
Ty < Chatir,, t—1([[we — (w,)|? +1).
Bounding 75:
Ty = (Wi—r,, — D(wi—r,, ), H(we, Yy) = H(wi—r,,, Y:) + h(wi—r,,) — h(wy))
< Hwt—'rat - F(wt—Tat)H ' HH(wt7 Y;f) - H(wt—‘rat s }/t) + h(wt—‘rat) - h(wt)> H .

T2 To2
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For the first term, we have:

To1 = |[(wi—r,, — T(wi—r,,)) — (D(we) — T(wy))]|
< Jwere, = T(wo)|[ + [T (wr) = T(wer,,)|
< were, =T + fJor —wir, |
< Hwt = T(wy) + wi—r,,, — wt” + Hwt — Wt—r,, H
< lwy — T(wy) || + 2||wt — Wi—r,, H
< lwe — T(we) || + 2C’17at,mt’t,1(||wt —T(w)||+1) (Lemma 17)
< Cyo(fJwy —T(we)|| +1). (Lemma 13) (13)

For the second term, we have:

T <|[Hw ¥9)  Hurr, YO+ 0 — o |
<2C4 ||wt—7-at - wt”
§C4’3017at,mwt,1(||wt —T(we)||+1). (Lemma 17) (14)

Combine the result in (13) and (14), we have:
Ty < Cy 204 3C 17007, 1—1([Jwe — T(we) || + 1)2.
Choosing Cy , = 2C}4 2C4 3C)7 then yield the bound

Ty < Capi—ry, i—1(lwr — T(wy) | +1).

Bounding 75:
Ty = (wi—r,, — D(wi—r,,), H(wi—r,, . Y;) — h(w_r,,)).
Take expectation on both sides, we can get
E[T3] = E[(wi—r,, — D(wi—r,, ), H(Wi—r,,, Yy) = h(wir,,))]
[ELwi—r,, = Dwer,, ) H(wir,, Y2) = hlwir, )] [y ]

|:<wt—'rat — F(wt—fat),]E{H(wt_m“Y;) _ h(wt_Tat)r;t—mtb}

t—Tay

<E| ftemr, = )| [E[H 0, ¥ = bl )R

Yiora,

T31 Tao
‘We have

Ty <ou(||Xwi—r,, || +1) By (7)and (9))
<ar(|| Xwi—r,, — Xwy|| + | Xw| +1)
<ay(||[Xwi—r,, — Xw|| + Co|lwy — T(wy)|| +1) + 1)
<oy (Cr7Crap—ry, t—1([Jwr — D(wy) || + 1) + Coffwy — T(wy) || + C2 + 1)
<Cyaap(lJwy — T(we) || +1).

Thus, together with (13), we obtain
E[T3] < Cycou([Jwy — T(wy)||” +1),

where Cy . = C4 2C4 4. Finally, denote Cy = Cy o + C4p + Cs . then completes the proof. O
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C4 Proof of Lemma 5
Proof. We recall that

lwe = T(we)||* = 2L(w).
Aligning Assumption A4, Lemmas 3 and 4 with (8), we get

E[L(w¢41)]
C
<(1 — Caso)E[L(wy)] + Caovpory—r,, -1 (2E[L(wy)] + 1) + 73@3 + C30?E[L(w,))
C
<(1 = 2Cas0 + 2Cs004 7, 41 + C307)E[L(we)] + Cocpas—r,, -1 + 73@?-

Furthermore, we aim to derive an upper bound for E[L(wy,)] that depends on the initial expected loss
E[L(wo)] and decreases over time. First, let’s denote the coefficients as C; and D;:

Cr =1-2Ch0n + 2Csna—r,, 1—1 + Csa;,

2
Dy = Chaa—r,, - 1+7 ;-

For sufficiently large ¢y and ¢ > ¢ , we obtain 4C4Ozt,Tat +—1 + C304 < Cag. Thus, the recursive
inequality further becomes:

E[L(wi41)] < (1 — Casa)E[L(wt)] + Dy,
where Dt = O(atOéthat ,tfl). O

C.5 Proof of Theorem 3

Proof. To express E|L(w;)]| in terms of E|L(wg)|, we recursively apply the inequality:
p y apply q y

t

H 1-— CA4041 (UJZ)] + Z H (1 - CA4041') Dj.

j=t \i=j+1

Denote By = []'_;(1 — Cascts) E[L(wp)], Bz = Y!_; (ngj (1= CAM)) ) and k=

Casa. Recall we have oy = m For E, set tyg > k = Cascr, we have
t t
CA4a
101 - Cusanelz(u] =IT (1= (5455 JElLon)
i=t i=t
! K
< 1-— E|L(ws
<II (1~ 77, Jeleten)
t .
t+t)— K
zE[L(w;)]HW
7 Lx]
t+1o
SE[L(wt)](W> :
For E5, we have
t t. .
i+to—k \In(j+to)
B=3 | II = ==
=\ it (j +to)?¢
(S In(j + ¢ ‘ it In(j + ¢
:Z HH‘ 0o— K| In(j+ 0)+ Z HH' 0o~k | In(j +to)
i+t (j +t0)* i+to (j +to)?¢

j=f \i=j+1 j=t—|r|+1 \i=j+1
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B tiJ (j +14 to) Y + t) |+ to)
- — t+tg— kK (j +to)?* (t— k] +1+19)%
J:

t—|kK]

In(t +¢ . ol
< s 3 G )

ln(t + to)
(t—r+1+1t)%

Jj=t
Casel: |[k] —26 >0

E, Smcmms,z(t — K] +to) K72 4 | k] (t —I/Ifl(—lif—Jlrj?)to)Qé
_mcmmas + L] (t lz(jfk—il_ff)to)%
<CThm3.4 (m)
Case2: |k] —2£ <0
E SmCTth,l(t —|&] + 1)+ [x] (t _lz(iJlrj?)tO)%
37 j?o(t_:?& =1 Cmmas + Ll 7 71: (JtrJlr T )to)2£
<Crhm3.6 (m)

Starting from the update of w1, we have

[weprll < llwell + el H (we, Yega) || < fJwel| + cCar (lwel] + 1)
That is, ||wit1] < aoCar + ZE:O (aoCa1 + 1)||w;||. Applying discrete Gronwall inequality, we
obtain HUJ{H < (OAI + ||w0||) exp(Zi;é(l + Oé()OA])) = (CAI + HwOH)eXp(E+EaOC’A1).

Denoting CTth,l = exp (2% + 250400/“) and CThm3,2 =2 maX(CThm3,47 CThm3,6) then completes the
proof. O

D Proofs in Section 5.2

D.1 Proof of Lemma 6
Proof. Lety = (s,a,s',e) € Y and C,; = max, ||z(s)||. We have

|H(w,9) — H@w' )l = [le(ve(s) T = a(s)T)w - w)|| < 20,Ccllew — .
Furthermore,

sup [[H(0,y)|| = sup [[r(s, a)e|| < max|r(s,a)|Ce,
yeY yeY 8,
which completes the proof. O

D.2 Proof of Lemma 18

Lemma 18. There exist a constant C;s and T € [0, 1) such that Yw

IE[H (w, Yign) [ Yi] = h(w)]| < Crem" (| Xwl| +1).

Proof. Given the Markov property, we only need to prove the case of ¢ = 1. Recall that we use
y = (s,a, s, e). Define shorthand

5((s,a,s"),w) =r(s,a) +yx(s) Tw — z(s) "w,
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Ont1(w) =6((Sn, Any Sng1), w).
By (10), we can get
H(w,Ypi1) =0n11(w)en.
By expanding e,,, we get
E[H (w, Yni1) | V1]
=E[6n+1(w)en | V1]

=E [5n+1(w) >N a(Sy) | So] :

k=0
Now define a two-sided Markov chain {S't,fit}t:__ 9 1019 such that Pr(S; = s) =

dr(s), Pr(Ay = a|S; = s) = m(als), i.e., the new chain always stay in the stationary distribution of
the original chain. Similarly, define

g’ﬂ‘f’l(w) = 6((5717 ATH Sn+1)a 'lU)
‘We then have

i (w) S (rA)" <Sk>|so]

FE |Sura () (0™ (S0 | So

In the proof of Lemma 6.7 of Bertsekas and Tsitsiklis [1996], it is proved that
fo(n) = Aw + b,

which coincides with h(w). Thus the rest of the proof is dedicated to proving that fi(n) and f2(n)
decay geometrically. For fy(n), we have ||0,11(w)z(Sk)|| < Cis,1([|[Xw| + 1) for some Cis
(cf. (16)). We then have

—1

<Ciga([Xwl|[+1) Y (y)*

k=—o00

—C]g 1(||XU)|| + 1 ’)/)\ n Z
k=1

1f2(n)

For fi(n), since {S;} adopts geometric mixing, there exists some 71 € [0,1) and Cs 2 > 0 such that
Z |Pr(S), = s) — Pr(Sy = s)| < Cisorf.

Then we have
E[0n+1(w)x(Sk)[So] — E[dp41(w)z(Sk)]
=" Pr(Sk = 5/S0)2(Sk)ElSy 1 (w)|Sk = 5] Zd E[b41(w)[Sk = s].
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Noticing that E[6,,41(w)|Sk = s] = E[6,11(w)|Sk = s| due to the Markov property, we obtain

|E8n-+1(w)z(Sk)|S0] — E[6pt1(w)a(Sk)] || < Cis 2t Ciga (| Xw|| + 1).

This means
| f2(n)]] < Ci5,2C8,1([| Xw| +1) Z AN RE,
k=0

Noticing that

n

Z(’y/\)" Frk < pmax {y\, 7 }"

k=0

then completes the proof. O

D.3 Proof of Lemma 7

Proof. We start with proving Vw € ker(A)*,wT Aw < —Cy|lw|/>. This is apparently true if
w = 0. Now fix any w € ker(A)* and w # 0, which implies that Aw # 0. Now we prove by
contradiction that w " Aw # 0. Otherwise, if w' Aw = 0, we have w' X " D (yPy — ) Xw = 0.
Since D (yPx — I) is n.d., we then get Xw = 0, further implying Aw = 0, which is a contradiction.
We have now proved that w " Aw # 0. We next prove that w " Aw < 0. This is from the fact that A
isnd., ie., forVz € R 2T Az < 0. But w' Aw # 0. So we must have w " Aw < 0. Finally, we
use an extreme theorem argument to complete the proof. Define Z = {w|w € ker(A)*, [|w|| = 1}.
Because z € Z implies z € ker(A)* and z # 0, we have Vz € Z,2" Az < 0. Since 7 is clearly
compact, the extreme value theorem confirms that the function z > 2T Az obtains its minimum value
in Z, denoted as —C57 < 0, i.e., we have

Ve Z,z2" Az < —C. (15)
For any w € ker(A)" and w # 0, we have 2 € Z,sow " Aw < —C||w]|*, which completes the
proof of the first part.

We now prove that Vw € R% w — I'(w) € ker(A)+. We recall that T is the orthogonal projection to
W, = {w | Aw + b = 0}. Since I is the orthogonal projection to W, we know w — I'(w) € W.
Fix any w, € W, and let z € ker(A), we then have A(w, + z) + b = 0 so w. + z € W,. We then
have

(w—=T(w),z) = (w—T(w),ws +2) — (w—T(w),w,) =0—-0=0,

confirming that w — I'(w) € ker(A)~*, which completes the proof.

O
D.4 Proof of Lemma 8
Proof. Lety = (s, a,s',e) € Y, since |z(s) Tw| < maxges |x(s)"
we have
1 (w, )| = [le(r(s,a) +va(s) Tw = a(s) "w) | (16)
§C’ (Ir(s,a |+'y|;1: w|+|x(s)Tw|)
< Ce(Cr+ (v+ 1)|\Xw\|)
< Gy(|[Xwl[ + 1),
where Cy = C.(Cg + v+ 1). For ||h(w)||, we have
()| = Ey~ay [H (w, )]l < Eymay [[1H (w, y)[I] < Co ([ Xwl] + 1),
which completes the proof. O

22



E Proofs in Section 5.3
E.1 Proof of Lemma 9

Proof. The update to {jt} in (Average Reward TD) is

jt+1 = jt + oy (CBRt+1 - ngt> .
This matches the first row of
e ~ re | —¢s 0 jt CﬁRt+1
A(i/t)wt T b(n) o |:—H€t Het(:c(SHl)T — .’IT(St)T):| |:H’U)t:| T |:Rt+1]:[€t :
Now consider the update for w;
W41 = Wy + Qg (Rt+1 — Ji + 2(Sp41) Twy — CU(St)th) €t.
Applying the projection matrix 1I on both sides yields
Hwt+1 — H’U.)t :OZtH ((Rt+1 — jt + I’(St+1)th — LIZ'(St)T’LUt) et)
= <Rt+1 - jt + 1‘(5,5+1)th — JT(St)T’LUt) Het
= (Rt+1 — jt + {L'(St+1)THU}t — x(St)THwt> Het.
To see the last equality, we recall Lemma 1 and recall IT = X I X;. We then have
XTlw =X w + 16 Tw
=X w + 10 Tw.
This means that
z(s) 'Tw — (s) "Tw = z1(s") "w — 21(s) "w,
where we use x1(s) to denote the s-th row of X;. We also have
z(s")Tw—x(s) Tw =(z1 (') +0) "w — (x(s) +0) "w
=z1(s") Tw — z1(s) T w,
which confirms the last equality and then completes the proof. O

E.2 Proof of Lemma 19
Lemma 19. AT(@) +b =0

Proof. According to the definition of I'(w), I'(w) € W, = { [ﬁ];] ’w eWw, } We have

A= By [A00)] =B |7 nieoto)? - oty = [ 1]

> > _ cpr(s,a)| cgdr B
b=Eyrdy [b(y)] = Eeasonay [T(s, a)He} - [H]Edy le] Jr + Hb} ' {17
Therefore, for the first row of AT'(@) + b , we get cg(Jx — Jx) = 0. For the second row, we can get
— HEg,[e]Jx + ITAIw + HE4, [€] J + IIb

=II(Aw + b)
:07
where the second equality comes with the definition of II. This completes the proof. O
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E.3 Proof of Lemma 10

Proof. If z = 0, the lemma trivially holds. So now let Let z = [iﬂ € R x ker(X;)*, z # 0. With
(17), we have

g —CB 0 ]

—CB 0
B A~ Lemma 14
—IIE (5,0,57,¢)~dy [e] IIA { ] ( )

—MEqyle] TIX] Dr(Py— )X,

For simplicity, define ¢ = Eq,[e], B = X D (P — I)X;. We then have

~ —CBZ2
2TAz=[2 2] [n(—qzlﬁJrlez)} = —cp7; + 2 l(—gz1 + Bz).

Recall that II = X 1T X1 and it is symmetric, we can get
29 TI(—qz1 + Bzy) = (Ilzp) T (—qz1 + Bzy) = 29 (—qz1 + Bz),
where the last equality holds because z» € ker(Xi-). Thus,
2T Az = —cp2s — 2y qz1 + 29 Bzo.

We now characterize z, Bzy. Apparently, zo Bz < 0 always holds because D (Py — I) is n.s.d.
In view of (5), the equality holds only if X;z2 = c1. But 1 ¢ col(X;) and 2, € ker(X;)*. So
the equality holds only when z; = 0. Now we have proved that ¥z, € ker(X;)", 2o # 0, it holds
that z, Bzy < 0. Using the normalization trick and the extreme value theorem again (cf. (15)), we
confirm that there exists some constant C'jp 1 > 0 such that ¥z, € ker(X 1)i,

Z;BZQ S —010,1”22”2.

Since z # 0, we now discuss two cases.
Case 1: z; = 0, 2o # 0. In this case, we have 2" Az = 2, Bzy < 0.
Case 2: z; # 0. In this case, we have

2T Az = —cpzl + 212 q + 29 Bza < —cp2i + |z ||22]| gl — Cron[lz2]>.

By completing squares, it is easy to see that when cg is sufficiently large (depending on ||¢|| and
C1o,1), it holds 2T Az < 0 because z; #0.

Combining both cases, we have proved that Vz € R x ker(X 1)J-7 z # 0, it holds that
2T Az <0.

Using the normalization trick and the extreme value theorem again (cf. (15)) then completes the
proof. O

E.4 Proof of Lemma 11

Proof. By definition, W* = { [li[]:u}

in W,. Then any w, € W, can be written as

we W, } In view of Lemma 16, let w, be any fixed vector

with some wg € ker(X;). We then have

)Z'A' _ Jﬂ' _ J7r
T XT(®@, + wo) | T | XTI, |

where the last equality holds because II is the orthogonal projection to ker(X1)=*. This means that
Xw, is a constant regardless of w,, which completes the proof. O
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E.5 Proof of Lemma 20

Lemma 20. (J; — J;)% + d(we, W.)? = d(@y, W)

Proof. We recall that IT is the orthogonal projection to ker(X;)*. Let II’ be the orthogonal projection
to ker(X7 ). We recall from Lemma 16 that W, = {w, } + ker(X;) with w, being any fixed point in
W... Thus for any w, € W, we can write it as W, -+ wg with some wg € ker(X;). Then for any
w € R%, we have

d(w,W.)* = inf [ —w,

wi EW

. — 2
inf ||lw— W, — wol|
wo Eker(X7)

= inf |Tw+ T'w— Tw, — T'w, — wol|”
wo Eker(X1)

= inf ||Hw - Iw,|* + |ITw — T'w, — we
wo Eker(X1)

=|w — Tw. ||?,

where theEst equality holds because we can select wg = IT'w — II'w,. Define ow, =
{Hw|w € W,}. Then we have

d(Mw, OW,)) = inf ||Tw — w,||

wi €W

inf IIw — II(w, +w
voe ) [ ( o)ll

”Hw _H@*Hv

where the last equality holds because wq € ker(X1) and IT is the projection to ker(X;)* so Iwg = 0.
We now have Vw, d(w, W) = d(Ilw, IIW ). Then we have

which completes the proof. O

F Details of Experiments

We use a variant of Boyan’s chain [Boyan, 1999] with 15 states (sg, S1,...,514) and 5 actions
(ag, .. .,a4). The chain has deterministic transitions. For so, ..., s14, the action ag goes to s;_; and
the actions a to a4 go to s;_o; s1 always transitions to Sg; So transitions uniformly randomly to any
state. The reward function is

r(s,q) = 1 if s=sg
"/ 710 otherwise
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We use a uniform random policy 7(a|s) = 0.5. The feature matrix X € R!5*® is designed to be of
rank 3.

[0.07 0.11 0.18 0.14 0.617
0.13 0.19 032 0.26 045
0.11 0.17 0.28 0.22 0.39
0.24 036 0.60 0.48 0.84
0.18 0.28 046 0.36 1.00
0.20 0.30 0.50 0.40 1.06
0.31 047 0.78 0.62 145
X =029 045 0.74 0.58 1.39
0.42 0.64 1.06 0.84 1.84
0.40 0.62 1.02 0.80 1.78
047 073 1.20 094 2.39
0.53 0.81 1.34 1.06 2.23
058 0.9 148 1.16 2.78
0.60 0.92 1.52 1.20 2.84
10.67 1.03 1.70 1.34 3.45]

Each experiment runs for 1.5 x 10° steps, averaged over 10 runs. These experiments were con-
ducted on a server equipped with an AMD EPYC 9534 64-Core Processor, with each run taking
approximately 1 minute to complete. Memory requirements are negligible.
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