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Abstract

Linear TD(λ) is one of the most fundamental reinforcement learning algorithms
for policy evaluation. Previously, convergence rates are typically established under
the assumption of linearly independent features, which does not hold in many
practical scenarios. This paper instead establishes the first L2 convergence rates for
linear TD(λ) operating under arbitrary features, without making any algorithmic
modification or additional assumptions. Our results apply to both the discounted
and average-reward settings. To address the potential non-uniqueness of solutions
resulting from arbitrary features, we develop a novel stochastic approximation
result featuring convergence rates to the solution set instead of a single point.

1 Introduction

Temporal difference learning (TD, Sutton [1988]) is a fundamental algorithm in reinforcement
learning (RL, Sutton and Barto [2018]), enabling efficient policy evaluation by combining dynamic
programming [Bellman, 1966] with stochastic approximation (SA, Benveniste et al. [1990], Kushner
and Yin [2003], Borkar [2009]). Its linear variant, linear TD(λ) [Sutton, 1988], emerges as a practical
extension, employing linear function approximation to tackle large or continuous state spaces where
tabular representations become impractical. Linear TD(λ) takes the dot product between features and
weights to compute the approximated value. Establishing theoretical guarantees for linear TD(λ),
particularly convergence rates, has been a major focus of research. Most existing works (Table 1),
however, require the features used in linear TD to be linearly independent. As argued in Wang and
Zhang [2024], this assumption is impractical in many scenarios. For example, in continual learning
with sequentially arriving data [Ring, 1994, Khetarpal et al., 2022, Abel et al., 2023], there is no way
to rigorously verify whether the features are independent or not. See Wang and Zhang [2024] for more
discussion on the restrictions of the feature independence assumptions. Furthermore, Dayan [1992],
Tsitsiklis and Roy [1996, 1999] also outline the elimination of the linear independence assumption as
a future research direction.

While efforts have been made to eliminate the linear independence assumption [Wang and Zhang,
2024], they only provide asymptotic (almost sure) convergence guarantees in the discounted setting.
By contrast, this paper establishes the first L2 convergence rates for linear TD(λ) with arbitrary
features in both discounted and average-reward settings. This success is enabled by a novel
stochastic approximation result (Theorem 3) concerning the convergence rates to a solution set instead
of a single point, driven by a novel Lyapunov function. This new result provides a unified approach
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applicable to both discounted (Theorem 1) and average-reward (Theorem 2) settings. Notably, we
do not make any algorithmic modification and do not introduce any additional assumptions. Table 1
provides a detailed comparison of existing theoretical analyses for linear TD(λ), contextualizing our
contributions within the landscape of prior work.

Setting Features
Noise
Type

Rate

Tsitsiklis and Roy [1996] γ < 1 Independent Markovian
Bhandari et al. [2018] γ < 1 Independent Markovian ✓

Lakshminarayanan and Szepesvári [2018] γ < 1 Independent i.i.d. ✓

Srikant and Ying [2019] γ < 1 Independent Markovian ✓

Wang and Zhang [2024] γ < 1 Arbitrary Markovian
Chen et al. [2025a] γ < 1 Independent i.i.d. ✓

Mitra [2025] γ < 1 Independent Markovian ✓

Theorem 1 γ < 1 Arbitrary Markovian ✓

Tsitsiklis and Roy [1999] γ = 1 Independent Markovian
Zhang et al. [2021c] γ = 1 Independent Markovian ✓

Chen et al. [2025b] γ = 1 Independent Markovian ✓

Theorem 2 γ = 1 Arbitrary Markovian ✓

Table 1: Comparison of finite-sample analyses for linear TD(λ). “Setting” indicates the problem
setting: γ < 1 stands for the discounted setting and γ = 1 stands for the average reward setting.
“Features” describes assumptions on the features. “Independent” indicates linear independence is
assumed. “Arbitrary” indicates no assumption is made on features. “Noise Type” indicates the data
generation process: Markovian samples or independent and identically distributed (i.i.d.) samples.
“Rate” is checked if a convergence rate is provided.

2 Background

Notations. We use ⟨x, y⟩
.
= x⊤y to denote the standard inner product in Euclidean spaces and ∥·∥

to denote the ℓ2 norm for vectors and the associated induced operator norm (i.e., the spectral norm)
for matrices, unless stated otherwise. A function f is said to be L-smooth (w.r.t. ∥·∥) if ∀w,w′,

f(w′) ≤ f(w)+ ⟨∇f(w), w′−w⟩+ L
2 ∥w

′ − w∥
2
. For a matrix A, col(A) denotes its column space,

ker(A) denotes its kernel, and A† denotes its Moore-Penrose inverse. When x is a point and U is a
set, we denote d(x, U)

.
= infy∈U ∥x− y∥ as the Euclidean distance from x to U . For sets U, V , their

Minkowski sum is U +V
.
= {u+ v | u ∈ U, v ∈ V }; and U⊥ denotes the orthogonal complement of

U . We use 0 and 1 to denote the zero vector and the all-ones vector respectively, where the dimension
is clear from context. For any square matrix A ∈ R

d×d (not necessarily symmetric), we say A is

negative definite (n.d.) if there exists a ξ > 0 such that x⊤Ax ≤ −ξ∥x∥
2
∀x ∈ R

d. For any set

E ⊆ R
d, we say A is n.d. on E if there exists a ξ > 0 such that x⊤Ax ≤ −ξ∥x∥

2
∀x ∈ E. A is

negative semidefinite (n.s.d.) if ξ = 0 in the above definition.

Markov Decision Processes. We consider an infinite horizon Markov Decision Process (MDP,
Bellman [1957]) defined by a tuple (S,A, p, r, p0), where S is a finite set of states, A is a finite set
of actions, p : S × S × A → [0, 1] is the transition probability function, r : S × A → R is the
reward function, and p0 : S → [0, 1] denotes the initial distribution. In this paper, we focus on the
policy evaluation problem, where the goal is to estimate the value function of an arbitrary policy
π : A× S → [0, 1]. At the time step 0, an initial state S0 is sampled from p0. At each subsequent
time step t, the agent observes state St ∈ S, executes an action At ∼ π(·|St), receives reward
Rt+1

.
= r(St, At), and transitions to the next state St+1 ∼ p(·|St, At). We use Pπ to denote the state

transition matrix induced by the policy π, i.e., Pπ[s, s
′] =

∑
a∈A π(a|s)p(s′|s, a). Let dπ ∈ R

|S| be
the stationary distribution of the Markov chain induced by the policy π. We use Dπ to denote the
diagonal matrix whose diagonal is dπ .

Linear Function Approximation. In this paper, we use linear function approximation to approximate
value functions vπ : S → R (to be defined shortly). We consider a feature mapping x : S → R

d and

a weight vector w ∈ R
d. We then approximate vπ(s) with x(s)⊤w. We use X ∈ R

|S|×d to denote

2



the feature matrix, where the s-th row of X is x(s)⊤. The approximated state-value function across

all states can then be represented as the vector Xw ∈ R
|S|. The goal is thus to find a w such that Xw

closely approximates vπ .

Discounted Setting. In the discounted setting, we introduce a discount factor γ ∈ [0, 1). The (dis-

counted) value function vπ : S → R for policy π is defined as vπ(s)
.
= E

[∑∞
i=0 γ

iRt+i+1

∣∣St = s
]
.

We define the Bellman operator T : R|S| → R
|S| as T v

.
= rπ + γPπv, where rπ ∈ R

|S| is the
vector of expected immediate rewards under π, with components rπ(s) =

∑
a π(a|s)r(s, a). With a

λ ∈ [0, 1], the λ-weighted Bellman operator Tλ is defined as Tλv
.
= (1 − λ)

∑∞
m=0 λ

mT m+1v =
rλ + γPλv, where

rλ =
∑∞

k=0(λγ)
kP k

π rπ = (1− γλPπ)
−1rπ,

Pλ =(1− λ)
∑∞

m=0(λγ)
mPm+1

π = (1− λ)(1− γλPπ)
−1Pπ.

This represents a weighted average of multi-step applications of T . It is well-known that vπ is the
unique fixed point of Tλ [Bertsekas and Tsitsiklis, 1996]. Linear TD(λ) is a family of TD learning
algorithms that use eligibility traces to estimate vπ(s) of the fixed policy π with linear function

approximation. The algorithm maintains a weight vector wt ∈ R
d and an eligibility trace vector

et ∈ R
d, with the following update rules:

wt+1 = wt + αt(Rt+1 + γx(St+1)
⊤wt − x(St)

⊤wt)et,

et = γλet−1 + x(St), e−1 = 0. (Discounted TD)

Here, {αt} is the learning rate. The eligibility trace et tracks recently visited states, assigning credit
for the prediction error to multiple preceding states. Let

A
.
= X⊤Dπ(γPλ − I)X, b

.
= X⊤Dπrλ, W∗

.
= {w|Aw + b = 0}.

If X has a full column rank, Tsitsiklis and Roy [1996] proves that W∗ is a singleton and {wt}
converge to −A−1b almost surely. A key result used by Tsitsiklis and Roy [1996] is that the matrix
Dπ(γPλ − I) is n.d. [Sutton, 1988]. As a result, the A matrix is also n.d. when X has a full column
rank. Wang and Zhang [2024] prove, without making any assumption on X , that W∗ is always
nonempty and the {wt} converges to W∗ almost surely. A key challenge there is that without making
assumptions on X , A is only n.s.d.

Average-Reward Setting. In the average-reward setting, the overall performance of a policy π is

measured by the average reward Jπ
.
= limT→∞

1
T
E

[∑T−1
t=0 Rt

]
. The corresponding (differential)

value function is defined as vπ(s) = limT→∞
1
T

∑T−1
i=0 E[(r(St+i, At+i)− Jπ)|St = s]. We define

the Bellman operator T : R|S| → R
|S| as T v

.
= rπ − Jπ1 + Pπv. Similarly, the λ-weighted

counterpart T λ is defined as T λv
.
= rλ − Jπ

1−λ
1+ Pλv. Although vπ is a fixed point of T λ, it is not

the unique fixed point. In fact,

{vπ + c1 | c ∈ R} (2)

are all the fixed points of T λ [Puterman, 2014]. Linear average-reward TD(λ) is an algorithm for
estimating both Jπ and vπ using linear function approximation and eligibility traces. The update
rules are

et = λet−1 + x(St), e−1 = 0,

wt+1 = wt + αt(Rt+1 − Ĵt + x(St+1)
⊤wt − x(St)

⊤wt)et,

Ĵt+1 = Ĵt + βt(Rt+1 − Ĵt), (Average Reward TD)

where {αt} and {βt} are learning rates. Let

A
.
= X⊤Dπ(Pλ − I)X, b

.
= X⊤Dπ(rλ − Jπ

1−λ
1), W ∗

.
=

{
w|Aw + b = 0

}
. (4)

If X has a full column rank and 1 /∈ col(X), Tsitsiklis and Roy [1999] proves that W ∗ is a singleton

and {wt} converge to −A
−1

b almost surely. This is made possible by an important fact from the
Perron-Frobenius theorem (see, e.g., Seneta [2006]) that{

w|w⊤Dπ(Pλ − I)w = 0
}
= {c1|c ∈ R}. (5)

Zhang et al. [2021c] further provides a convergence rate, still assuming X has a full column rank but
without assuming 1 /∈ col(X). When X does not have a full column rank, to our knowledge, it is

even not clear whether W ∗ is always nonempty or not, much less the behavior of {wt}.
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3 Main Results

We start with our assumptions. As promised, we do not make any assumption on X .

Assumption 3.1. The Markov chain associated with Pπ is irreducible and aperiodic.

Assumption LR. The learning rates are αt =
α

(t+t0)ξ
and βt = cβαt, where ξ ∈ (0.5, 1], α > 0,

t0 > 0, and cβ > 0 are constants.

Discounted Setting. Wang and Zhang [2024] proves the almost sure convergence of

(Discounted TD) with arbitrary features by using ∥w − w∗∥
2

with an arbitrary and fixed w∗ ∈ W∗ as

a Lyapunov function and analyzing the property of the ODE
dw(t)
dt = Aw(t). Since A is only n.s.d.,

Wang and Zhang [2024] conducts their analysis in the complex number field. In this work, instead
of following the ODE-based analysis originating from Tsitsiklis and Roy [1996], Borkar and Meyn
[2000], we extend Srikant and Ying [2019] to obtain convergence rates by using d(w,W∗)

2 as the
Lyapunov function. To our knowledge, this is the first time that such distance function to a set is used
as the Lyapunov function to analyze RL algorithms, which is our key technical contribution from the
methodology aspect. According to Theorem 1 of Wang and Zhang [2024], W∗ is nonempty, and ap-
parently convex and closed.2 Let Γ(w)

.
= argminw∗∈W∗ ∥w − w∗∥ be the orthogonal projection to

W∗. We then define L(w)
.
= 1

2d(w,W∗)
2 = 1

2∥w − Γ(w)∥
2
. Two important and highly non-trivial

observations are

(i) ∇L(w) = w − Γ(w) (Example 3.31 of Beck [2017]),

(ii) L(w) is 1-smooth w.r.t. ∥·∥ (Example 5.5 of Beck [2017]).

Both (i) and (ii) result from the fact that W∗ is nonempty, closed, and convex. Using L(w) as the
Lyapunov function together with more characterization of ∇L(w) (Section 5.2), we obtain

Theorem 1. Let Assumptions 3.1 and LR hold and λ ∈ [0, 1]. Then for sufficiently large t0 and
α, there exist some constants CThm1 and κ1

.
= αC7 > 1 such that the iterates {wt} generated

by (Discounted TD) satisfy for all t

E
[
d(wt,W∗)

2
]
≤ CThm1

((
t0
t

)⌊κ1⌋
d(w0, w∗)

2 +
(

ln(t+t0)

(t+t0)min(2ξ−1,⌊κ1⌋−1)

))
.

The proof is in Section 5.2. Notably, Lemma 3 of Wang and Zhang [2024] states that for any
w∗, w∗∗ ∈ W∗, it holds that Xw∗ = Xw∗∗. We then define

v̂π
.
= Xw∗ (6)

for any w∗ ∈ W∗. Theorem 1 then also gives the L2 convergence rate of the value estimate,
i.e., the rate at which Xwt converges to v̂π. The value estimate v̂π is the unique fixed point of a
projected Bellman equation. See Wang and Zhang [2024] for more discussion on the property of
v̂π. Additionally, by choosing a sufficiently large α, we can ensure ⌊κ1⌋ − 1 ≥ 2ξ − 1, so the rate
is determined by the exponent 2ξ − 1. For the standard choice ξ = 1, the resulting rate becomes
O(ln t/t), which matches existing analyses that assume linearly independent features [Bhandari et al.,
2018, Srikant and Ying, 2019]. An analogous observation holds for Theorems 2 and 3 as well, since
their corresponding κ is also proportional to α.

Average Reward Setting. Characterizing W ∗ is much more challenging. We first present a novel
decomposition of the feature matrix X . To this end, define m

.
= rank(X) ≤ min {|S|, d}. If m = 0,

all the results in this work are trivial and we thus discuss only the case m ≥ 1.

Lemma 1. There exist matrices X1, X2 such that X = X1 +X2 with the following properties (1)
rank(X1) = m− I1∈col(X) and 1 /∈ X1 (2) X2 = 1θ⊤ with θ ∈ R

d.

The proof is in Section B.1 with I being the indicator function. Essentially, X2 is a rank one matrix
with identical rows θ (i.e., the i-th column of X2 is θi1). To our knowledge, this is the first time
that such decomposition is used to analyze average-reward RL algorithms, which is our second

2This theorem only discusses the case of λ = 0. The proof for a general λ ∈ [0, 1] is exactly the same up to
change of notations.
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technical contribution from the methodology aspect. This decomposition is useful in three aspects.

First, we have A = X⊤
1 Dπ(Pλ − I)X1 (Lemma 14). Second, this decomposition is the key to prove

that W ∗ is nonempty (Lemma 15). Third, this decomposition is the key to characterize W ∗ in that

W ∗ = {w∗} + ker(X1) with w∗ being any vector in W ∗ (Lemma 16). To better understand this
characterization, we note that ker(X1) = {w|Xw = c1, c ∈ R} (Lemma 16). As a result, adding
any w0 ∈ ker(X1) to a weight vector w changes the resulting value function Xw only by c1. Two
values v1 and v2 can be considered “duplication” if v1 − v2 = c1 (cf. (2)). So intuitively, ker(X1) is
the source of the “duplication”. With the help of this novel decomposition, we obtain

Theorem 2. Let Assumptions 3.1 and LR hold and λ ∈ [0, 1). Then for sufficiently large α, t0 and
cβ , there exist some constants CThm2 and κ2

.
= αC10 > 1 such that the iterates {wt} generated

by (Average Reward TD) satisfy for all t

E

[
(Ĵt − Jπ)

2 + d(wt,W ∗)
2
]
≤CThm2

(
t0
t

)⌊κ2⌋
[
(Ĵ0 − Jπ)

2 + d(w0,W ∗)
2
]

+ CThm2

(
ln(t+t0)

(t+t0)min(2ξ−1,⌊κ2⌋−1)

)
.

The proof is in Section 5.3.

Stochastic Approximation. We now present a general stochastic approximation result to prove
Theorems 1 and 2. The notations in this part are independent of the rest of the paper. We consider
a general iterative update rule for a weight vector w ∈ R

d, driven by a time-homogeneous Markov
chain {Yt} evolving in a possibly infinite space Y:

wt+1 = wt + αtH(wt, Yt+1), (SA)

where H : Rd × Y → R
d defines the incremental update.

Assumption A1. There exists a constant CA1 such that supy∈Y ∥H(0, y)∥ < ∞,

∥H(w1, y)−H(w2, y)∥ ≤CA1∥w1 − w2∥ ∀w1, w2, y.

Assumption A2. {Yt} has a unique stationary distribution dY .

Let h(w)
.
= Ey∼dY

[H(w, y)]. Assumption A1 then immediately implies that

∥h(w1)− h(w2)∥ ≤CA1∥w1 − w2∥ ∀w1, w2.

In many existing works about stochastic approximation [Borkar and Meyn, 2000, Chen et al., 2023b,
Qian et al., 2024, Borkar et al., 2025], it is assumed that h(w) = 0 adopts a unique solution. To work
with the challenges of linear TD with arbitrary features, we relax this assumption and consider a
set W∗. Importantly, W∗ does not need to contain all solutions to h(w) = 0. Instead, we make the
following assumptions on W∗.

Assumption A3. W∗ is nonempty, closed, and convex.

Notably, W∗ does not need to be bounded. Assumption A3 ensures that the orthogonal projec-
tion to W∗ is well defined, allowing us to define Γ(w)

.
= argminw∗∈W∗

∥w − w∗∥, L(w)
.
=

1
2∥w − Γ(w)∥

2
. As discussed before, Assumption A3 ensures that ∇L(w) = w − Γ(w) and L

is 1-smooth w.r.t. ∥·∥ [Beck, 2017]. We further assume that the expected update h(wt) decreases
L(wt) in the following sense, making L(w) a candidate Lyapunov function.

Assumption A4. There exists a constant CA4 > 0 such that almost surely,

⟨∇L(wt), h(wt)⟩ ≤ −CA4L(wt).

Lastly, we make the most “unnatural” assumption of W∗.

Assumption A5. There exists a matrix X and constants CA5 and τ ∈ [0, 1) such that (1) ∀w∗ ∈ W∗,
∥Xw∗∥ ≤ CA5; (2) ∀w, y, ∥H(w, y)∥ ≤ CA5(∥Xw∥+ 1); (3) For any n ≥ 1:

∥h(w)− E[H(w, Yt+n)|Yt]∥ ≤ CA5τ
n(∥Xw∥+ 1) (7)

This assumption is technically motivated but trivially holds in our analyses of (Discounted TD)
and (Average Reward TD). Specifically, Assumption A1 immediately leads to at-most-linear growth
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∥H(w, y)∥ ≤ CA1,1(∥w∥ + 1) for some constant CA1,1. However, this bound is insufficient for
our analysis because ∥w∥ ≤ ∥w − Γ(w)∥ + ∥Γ(w)∥ but Γ(w) ∈ W∗ can be unbounded. By
Assumption A5, we can have ∥Xw∥ ≤ ∥Xw −XΓ(w)∥+ ∥XΓ(w)∥ ≤ ∥X∥∥w − Γ(w)∥+ CA5.
The inequality (7) is related to geometrical mixing of the chain and we additionally include Xw in
the bound for the same reason. We now present our general results regarding the convergence rate
of (SA) to W∗.

Theorem 3. Let Assumptions A1 - A5 and LR hold. Denote κ
.
= αCA4, then there exist some

constants t0 and CThm3, such that the iterates {wt} generated by (SA) satisfy for all t

E[L(wt)] ≤ CThm3,1

(
t0
t

)⌊κ⌋
L(w0) + CThm3,2

(
ln(t+t0)

(t+t0)min(2ξ−1,⌊κ⌋−1)

)
.

The proof is in Section 5.1. We remark that once we have the recursion in Lemma 5, our theoretical
framework can be readily extended to the constant step-size setting (akin to Chen et al. [2023b]),
demonstrating its broad applicability.

4 Related Works

Most prior works regarding the convergence of linear TD summarized in Table 1 rely on having
linearly independent features. In fact, the reliance on feature independence goes beyond linear TD
and exists in almost all previous analyses of RL algorithms with linear function approximation, see,
e.g., Sutton et al. [2008, 2009], Maei [2011], Hackman [2012], Bo et al. [2015], Yu [2015, 2016],
Zou et al. [2019], Yang et al. [2019], Zhang et al. [2020b], Xu et al. [2020a], Zhang et al. [2020a],
Xu et al. [2020b], Wu et al. [2020], Chen et al. [2021], Long et al. [2021], Qiu et al. [2021], Zhang
et al. [2021a,b], Xu et al. [2021], Zhang et al. [2022], Zhang and Whiteson [2022], Zhang et al.
[2023], Chen et al. [2023a], Nicolò et al. [2024], Yue et al. [2024], Swetha et al. [2024], Liu et al.
[2025a], Qian and Zhang [2025], Maity and Mitra [2025], Yang et al. [2025], Chen et al. [2025b],
Shaan and Siva [2025], Liu et al. [2025c]. But as argued by Dayan [1992], Tsitsiklis and Roy [1996,
1999], Wang and Zhang [2024], relaxing this assumption is an important research direction. This
work can be viewed as an extension of Wang and Zhang [2024], Zhang et al. [2021c]. In terms
of (Discounted TD), we extend Wang and Zhang [2024] by proving a finite sample analysis. Though
we rely on the characterization of W∗ from Wang and Zhang [2024], the techniques we use for finite
sample analysis are entirely different from the techniques of Wang and Zhang [2024] for almost
sure asymptotic convergence. In terms of (Average Reward TD), we extend Zhang et al. [2021c]

by allowing X to be arbitrary. Essentially, key to Zhang et al. [2021c] is their proof that A is n.d.
on a subspace E, assuming X has a full column rank. We extend Zhang et al. [2021c] in that
we give a finer and more detailed characterization of the counterparts of their E through the novel
decomposition of the features (Lemma 1) and establish the n.d. property under weaker conditions (i.e.,
without assuming X has a full column rank). Importantly, despite relaxing the feature-independence
assumption, our convergence rate remains on par with existing finite-sample results obtained under
full-rank features [Bhandari et al., 2018, Srikant and Ying, 2019]. Our improvements are made
possible by the novel Lyapunov function L(w) and we argue that this Lyapunov function can be used
to analyze many other linear RL algorithms with arbitrary features.

In terms of stochastic approximation, our Theorem 3 is novel in that it allows convergence to
a possibly unbounded set. By contrast, most prior works about stochastic approximation study
convergence to a point [Borkar and Meyn, 2000, Chen et al., 2020, Zhang et al., 2022, Chen et al.,
2023b, Qian et al., 2024, Liu et al., 2025a, Borkar et al., 2025, Chen et al., 2025a]. In the case of
convergence to a set, most prior works require the set to be bounded [Kushner and Yin, 2003, Borkar,
2009, Liu et al., 2025a,b]. Only a few prior works allow stochastic approximation to converge to an
unbounded set, see, e.g., Bravo and Cominetti [2024], Chen [2025], Blaser and Zhang [2025], which
apply to only tabular RL algorithms.

5 Proofs of the Main Results

5.1 Proof of Theorem 3

Proof. From the 1-smoothness of L(w) and (SA), we can get

L(wt+1) ≤ L(wt) + αt⟨wt − Γ(wt), h(wt)⟩

6



+ αt⟨wt − Γ(wt), H(wt, Yt)− h(wt)⟩+
1
2α

2
t ∥H(wt, Yt)∥

2
. (8)

We then bound the RHS one by one. ⟨w − Γ(w), h(w)⟩ is already bounded in Assumption A4.

Lemma 2. There exists a positive constant C2, such that for any w,

∥Xw∥ ≤ C2(∥w − Γ(w)∥+ 1).

The proof is in Section C.1. With Lemma 2 and Assumption A5, the last term in (8) can be bounded
easily.

Lemma 3. There exists a constant C3 such that ∥H(wt, Yt)∥
2
≤ C3(∥wt − Γ(wt)∥

2
+ 1).

The proof is in Section C.2. To bound ⟨wt − Γ(wt), H(wt, Yt)− h(wt)⟩, leveraging (7), we define

τα
.
= min{n ≥ 0 | CA5τ

n ≤ α} (9)

as the number of steps that the Markov chain needs to mix to an accuracy α. In addition, we denote a

shorthand αt1,t2

.
=

∑t2
i=t1

αi. Then with techniques from Srikant and Ying [2019], we obtain

Lemma 4. There exists a constant C4 such that

E[⟨wt − Γ(wt), H(wt, Yt)− h(wt)⟩] ≤ C4αt−ταt
,t−1(∥wt − Γ(wt)∥

2
+ 1).

The proof is in Section C.3. Plugging all the bounds back to (8), we obtain

Lemma 5. There exists some Dt = O(αtαt−ταt
,t−1), such that

E[L(wt+1)] ≤ (1− CA4αt)E[L(wt)] +Dt.

The proof is in Section C.4. Recursively applying Lemma 5 then completes the proof of Theorem 3
(See Section C.5 for details).

In the following sections, we first map the general update (SA) to (Discounted TD)
and (Average Reward TD) by defining H(w, y), h(w), and L(w) properly. Then we bound the
remaining term ⟨∇L(wt), h(wt)⟩ to complete the proof.

5.2 Proof of Theorem 1

Proof. We first rewrite (Discounted TD) in the form of (SA). To this end, we define Yt+1
.
=

(St, At, St+1, et), which evolves in an infinite space Y
.
= S × A × S × {e | ∥e∥ ≤ Ce} with

Ce
.
= maxs ∥x(s)∥

1−γλ
being the straightforward bound of supt ∥et∥. We define the incremental update

H : Rd × Y → R
d as

H(w, y) = (r(s, a) + γx(s′)⊤w − x(s)⊤w)e, (10)

using shorthand y = (s, a, s′, e). We now proceed to verifying the assumptions of Theorem 3.
Assumption A1 is verified by the following lemma.

Lemma 6. There exists some finite C6 such that

∥H(w1, y)−H(w2, y)∥ ≤C6∥w1 − w2∥ ∀w1, w2, y.

Moreover, supy∈Y ∥H(0, y)∥ < ∞.

The proof is in Section D.1.
For Assumption A2, Theorem 3.2 of Yu [2012] confirms that {Yt} has a unique stationary distribution
dY . Yu [2012] also computes that

h(w)
.
= Ey∼dY

[H(w, y)] = Aw + b.

Assumption A3 trivially holds by the definition of W∗.
For Assumption A4, the key observation is that AΓ(w) + b = 0 always holds because Γ(w) ∈ W∗.
Then we have h(w) = Aw + b = (Aw + b) − (AΓ(w) + b) = A(w − Γ(w)). Thus the term

⟨∇L(w), h(w)⟩ can be written as (w− Γ(w))⊤A(w− Γ(w)). We now prove that for whatever X , it

always holds that A is n.d. on ker(A)⊥.
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Lemma 7. There exists a constant C7 > 0 such that for ∀w ∈ ker(A)⊥, w⊤Aw ≤ −C7∥w∥
2
.

Furthermore, for any w ∈ R
d, it holds that w − Γ(w) ∈ ker(A)⊥.

The proof is in Section D.3. We then have

⟨wt − Γ(wt), A(wt − Γ(wt))⟩ ≤ −C7∥wt − Γ(wt)∥
2
,

which satisfies Assumption A4.
For Assumption A5, (6) verifies Assumption A5(1). Assumption A5(2) is verified by the following
lemma.

Lemma 8. There exists a constant C8 such that for ∀w, y, ∥H(w, y)∥ ≤ C8(∥Xw∥+ 1).

The proof is in Section D.4. Assumption A5(3) is verified following a similar procedure as Lemma 6.7
in Bertsekas and Tsitsiklis [1996] (Lemma 18). Invoking Theorem 3 then completes the proof.

5.3 Proof of Theorem 2

Proof. We recall that in view of Lemma 1, ker(X1) creates “duplication” in value estimation. We,

therefore, define the projection matrix Π ∈ R
d×d that projects a vector into the orthogonal comple-

ment of ker(X1), i.e., Πw
.
= argminw′∈ker(X1)⊥ ∥w − w′∥. It can be computed that Π = X†

1X1.

We now examine the sequence {Πwt} with {wt} being the iterates of (Average Reward TD) and

consider the combined parameter vector w̃t
.
=

[
Ĵt
Πwt

]
∈ R

1+d. The following lemma characterizes

the evolution of w̃t. Let Yt = (St, At, St+1, et) ∈ S × A × S ×
{
e ∈ R

d | ∥e∥ ≤ maxs ∥x(s)∥
1−λ

}
,

then

Lemma 9. w̃t+1 = w̃t + αt(Ã(Yt)w̃t + b̃(Yt)), where we have, with y = (s, a, s′, e),

Ã(y) =

[
−cβ 0

−Πe Πe(x(s′)⊤ − x(s)⊤)

]
, b̃(y) =

[
cβr(s, a)
r(s, a)Πe

]
.

This view is inspired by Zhang et al. [2021c] and the proof is in Section E.1. We now apply Theorem 3
to {w̃t}.

The verification of Assumptions A1 and A2 is identical to that in Section 5.2 and is thus omitted.

For Assumption A3, we define W̃∗
.
=

{[
Jπ
Πw

]∣∣∣∣w ∈ W ∗

}
. It is apparently nonempty, closed, and

convex.

For Assumption A4, we define Ã
.
= Ey∼dY

[
Ã(y)

]
and b̃

.
= Ey∼dY

[
b̃(y)

]
and therefore realize

the h in (SA) as h(w̃) = Ãw̃ + b̃. Noticing that ÃΓ(w̃) + b̃ = 0 (Lemma 19), we then have

h(w̃) = Ã(w̃−Γ(w̃)). The term ⟨∇L(w̃), h(w̃)⟩ can thus be written as (w̃−Γ(w̃))⊤Ã(w̃−Γ(w̃)).

Next, we prove that when cβ is large enough, Ã is n.d. on R × ker(X1)
⊥.

Lemma 10. Let cβ be sufficiently large. Then there exists a constant C10 > 0 such that ∀z ∈

R × ker(X1)
⊥, zT Ãz ≤ −C10∥z∥

2
.

The proof is in Section E.3. By definition, we have w̃t ∈ R × ker(X1)
⊥ and Γ(w̃) ∈ R × ker(X1)

⊥.

So w̃ − Γ(w̃) ∈ R × ker(X1)
⊥, yielding

⟨w̃t − Γ(w̃t), Ã(w̃t − Γ(w̃t))⟩ ≤ −C10∥w̃t − Γ(w̃t)∥
2
,

which verifies Assumption A4.

For Assumption A5, we define X̃ =

[
1 0

⊤

0 X

]
. Assumption A5(1) is verified below.

Lemma 11. There exists a positive constant C11, such that for any w̃ ∈ W̃∗,

∥∥∥X̃w̃
∥∥∥ = C11.
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approximation. Extension to neural networks with neural tangent kernels (cf. Cai et al. [2023]) is
a possible future work. Another limitation is that this work considers only L2 convergence rates
but the convergence mode of random variables are versatile. Establishing almost sure convergence
rates, Lp convergence rates, and high probability concentration bounds (cf. Qian et al. [2024]) is
also a possible future work. Finally, another promising direction is the integration of Polyak-Ruppert
averaging (cf. Patil et al. [2023], Naskar et al. [2024]), which potentially leads to parameter-free
convergence rates.
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A Auxiliary Lemmas and Notations

Lemma 12 (Discrete Gronwall Inequality, Lemma 8 in Section 11.2 of Borkar [2009]). For non-
negative real sequences {xn, n ≥ 0} and {an, n ≥ 0} and scalar L ≥ 0, it holds

xn+1 ≤ C + L
∑n

i=0 aixi ∀n =⇒ xn+1 ≤ (C + x0) exp(L
∑n

i=0 ai) ∀n.

Lemma 13 (Lemma 11 of Zhang et al. [2022]). For sufficiently large t0, it holds that

ταt
= O(log(t+ t0)), αt−ταt

,t−1 = O

(
log(t+ t0)

(t+ t0)ξ

)
.

Lemma 13 ensures that there exists some t > 0 (depending on t0) such that for all t ≥ t, it holds
that t ≥ ταt

. Also, it ensures that for sufficiently large t0, we have αt−ταt
,t−1 < 1. Throughout the

appendix, we always assume t0 is sufficiently large and t ≥ t. We will refine (i.e., increase) t along
the proof when necessary.

B Proofs in Section 3

B.1 Proof of Lemma 1

Proof. Let xi ∈ R
d denote the i-th column of X . Without loss of generity, let the first m columns be

linearly independent.
Case 1: When 1 ∈ col(X), there must exist m scalars {ci} such that

∑m
i=1 cixi = 1. Apparently, at

least one of {ci} must be nonzero. Without loss of generity, let xm ̸= 0. We then have

xm =
1

cm
(1−

m−1∑

i=1

cixi).

In other words, xm can be expressed as linear combination of {x1, . . . , xm−1} and 1. Since X
has a column rank m, we are able to express {xm+1, . . . , xd} by linear combination {x1, . . . , xm}
and thus further by linear combination of {x1, . . . , xm−1} and 1. Let Z1

.
= [x1, . . . , xm−1] be the

first m− 1 columns of X and Z2
.
= [xm, . . . , xd] be the rest. We now know that there exists some

C ∈ R
(m−1)×(d−m+1) (i.e., coefficients of the lienar combination) such that

Z2 = Z1C + [θm1, . . . , θd1],

where θm, . . . θd are scalars (i.e., “coordinates” along the 1-axis), e.g., θm = 1
cm

. This means that

we can express X as

X = [Z1 Z1C] + [θ11, . . . , θd1] (11)

with θ1 = · · · = θm−1 = 0. Now define

X1
.
= [Z1 Z1C], X2

.
= [θ11, . . . , θd1].

We note that 1 /∈ col(Z1). Otherwise, there would exist scalars {c′i} such that
∑m−1

i=1 c′ixi = 1.

Then we get
∑m−1

i=1 (ci − c′i)xi + cmxm = 0, which is impossible because {xi}i=1,··· ,m are linearly

independent. Since col(X1) = col(Z1), we then have 1 /∈ col(X1).
Case 2: When 1 /∈ col(X), we can trivially define X1 = X and X2 = 0. Additionally, we can still
further decompose X1 as

X1 = [Z1 Z1C], (12)

where Z1 is now the first m columns of X . Apparently, we still have 1 /∈ col(X1).

Lemma 14. Let Assumption 3.1 hold. Then A = X1Dπ(Pλ − I)X1, b = X⊤
1 Dπ(rλ − Jπ

1−λ
1).

Proof. Apply the decomposition shown in Lemma 1, we can get

A =(X1 +X2)
⊤Dπ(Pλ − I)(X1 +X2)
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=X⊤
1 Dπ(Pλ − I)X1 +X⊤

2 Dπ(Pλ − I)X1 +X⊤
1 Dπ(Pλ − I)X2 +X⊤

2 Dπ(Pλ − I)X2

=X⊤
1 Dπ(Pλ − I)X1,

where the last equality holds because (Pλ − I)1 = 0 and 1
⊤Dπ(Pλ − I) = d⊤π Pλ − d⊤π = 0.

Similarly, for b we can obtain

b =(X1 +X2)
⊤Dπ(rλ −

Jπ
1− λ

1)

=X⊤
1 Dπ(rλ −

Jπ
1− λ

1) +X⊤
2 Dπ(rλ −

Jπ
1− λ

1)

=X⊤
1 Dπ(rλ −

Jπ
1− λ

1) + θ⊤(d⊤π (I − λPπ)
−1rπ −

Jπ
1− λ

)

=X⊤
1 Dπ(rλ −

Jπ
1− λ

1) + θ⊤(
1

1− λ
d⊤π rπ −

Jπ
1− λ

)

=X⊤
1 Dπ(rλ −

Jπ
1− λ

1).

Here, the fourth inequality holds because d⊤π (I − λPπ) = (1 − λ)d⊤π , which gives us d⊤π =
(1− λ)d⊤π (I − λPπ)

−1. The last inequality holds since Jπ = d⊤π rπ . This completes the proof.

Lemma 15. Let Assumption 3.1 hold. Then W ∗ is nonempty.

Proof. In view of (11) and (12), we have X1 = [Z1 Z1C]. Notably, Z1 has a full column rank

and 1 /∈ col(Z1). Decompose w
.
=

[
w1

w2

]
accordingly and recall (4) and Lemma 14, we can rewrite

Aw + b = 0 as
[

Z⊤
1

(Z1C)⊤

]
Dπ(Pλ − I)[Z1 Z1C]

[
w1

w2

]
=

[
−Z⊤

1 Dπ(rλ − Jπ

1−λ
1)

−(Z1C)⊤Dπ(rλ − Jπ

1−λ
1)

]
,

which thus gives us the following simultaneous equations
{
Z⊤
1 Dπ(Pλ − I)Z1w1 + Z⊤

1 Dπ(Pλ − I)Z1Cw2 = −Z⊤
1 Dπ(rλ − Jπ

1−λ
1)

(Z1C)⊤Dπ(Pλ − I)Z1w1 + (Z1C)⊤Dπ(Pλ − I)Z1Cw2 = −(Z1C)⊤Dπ(rλ − Jπ

1−λ
1)

.

We now prove the claim by constructing a solution. Choose any w2 ∈ ker(Z1C) (e.g., w2 = 0), the
equations then become

{
Z⊤
1 Dπ(Pλ − I)Z1w1 = −Z⊤

1 Dπ(rλ − Jπ

1−λ
1)

C⊤Z⊤
1 Dπ(Pλ − I)Z1w1 = −C⊤Z⊤

1 Dπ(rλ − Jπ

1−λ
1).

Since Z1 is full rank and 1 /∈ Z1, Lemma 7 of Tsitsiklis and Roy [1999] shows Z⊤
1 Dπ(Pλ − I)Z1 is

n.d. and thus invertible. Choose w1 = −(Z⊤
1 Dπ(Pλ − I)Z1)

−1Z⊤
1 Dπ(rλ − Jπ

1−λ
1) then satisfies

the equations. This completes the proof.

Lemma 16. Let Assumption 3.1 hold. Then
W ∗ = {w∗}+ ker(X1) and ker(X1) = {w|Xw = c1, c ∈ R}.

Proof. For any solution w∗, w∗∗ ∈ W ∗, according to the definition of W ∗ in (4), we have Aw∗+b =
0 and Aw∗∗ + b = 0. That is A(w∗ − w∗∗) = 0. By multiplying (w∗ − w∗∗)

⊤ on both side we can
get

(w∗ − w∗∗)
⊤X⊤Dπ(Pλ − I)X(w∗ − w∗∗) = 0.

According to the Perron-Frobenius theorem with Assumption 3.1, v⊤Dπ(Pλ − I)v = 0 if and only
if v = c1 for some c ∈ R. Therefore, we must have X(w∗ − w∗∗) = c1 for some c ∈ R. That is,

(X1+X2)(w∗−w∗∗) = c1. Recall the definition of X2 in (11), we have X2(w∗−w∗∗) = (θ⊤(w∗−
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w∗∗))1. This means X1(w∗−w∗∗) = c′1 with c′ = c−θ⊤(w∗−w∗∗). Since 1 /∈ col(X1), we must

have c′ = 0. That is, w∗ − w∗∗ ∈ ker(X1). Thus, we have established that W ∗ = {w∗}+ ker(X1).

Furthermore, if w ∈ ker(X1), we have Xw = (X1 + X2)w = (θ⊤w)1. If Xw = c1, we have

X1w = c1 − X2w = (c − θ⊤w)1. But 1 /∈ col(X1). So we must have c − θ⊤w = 0, i.e.,
w ∈ ker(X1). This completes the proof of ker(X1) = {w|Xw = c1, c ∈ R}.

C Proofs in Section 5.1

Lemma 17. For sufficiently large t0, there exists a constant C17 such that the following statement
holds. For any t ≥ t and any i ∈ [t− ταt

, t], it holds that∥∥wi − wt−ταt

∥∥ ≤ C17αt−ταt
,i−1(∥wi − Γ(wi)∥+ 1).

Proof. In this proof, to simplify notations, we define shorthand t1
.
= t− ταt

and Cx
.
= maxs ∥x(s)∥.

Given Lemma 13, we can select a sufficiently large t0 such that for any t ≥ t,

exp
(
CA5Cxαt−ταt

t−1

)
<3,

CA5Cxαt−ταt
t−1 <

1

6
.

We then bound ∥wi − wt1∥ as

∥wi − wt1∥ ≤

i−1∑

k=t1

∥αkH(wk, Yk+1)∥

≤

i−1∑

k=t1

αkCA5(∥Xwk −Xwt1∥+ ∥Xwt1∥+ 1) (Assumption A5)

≤

i−1∑

k=t1

αkCA5(∥Xwt1∥+ 1) +

i−1∑

k=t1

αkCA5(∥Xwk −Xwt1∥)

≤

i−1∑

k=t1

αkCA5(∥Xwt1∥+ 1) +

i−1∑

k=t1

αkC17,1(∥wk − wt1∥)

≤ CA5αt1,i−1(∥Xwt1∥+ 1) exp(C17,1αt1,t−1), (Lemma 12)

where C17,1
.
= CA5Cx. We then have

∥wi − wt1∥

≤CA5αt1,i−1(∥Xwi −Xwt1∥+ ∥Xwi∥+ 1) exp(C17,1αt1,t−1)

≤CA5Cx exp(C17,1αt1,t−1)αt1,i−1∥wi − wt1∥+ exp(C17,1αt1,t−1)(∥Xwi∥+ 1)CA5αt1,i−1

≤
1

2
∥wi − wt1∥+ C17,2αt1,i−1(∥Xwi∥+ 1),

where C17,2
.
= 3CA5. Thus, we have

∥wi − wt1∥ ≤ 2C17,2αt1,i−1(∥Xwi∥+ 1)

≤ 2C17,2αt1,i−1(C2(∥wi − Γ(wi)∥+ 1) + 1)

≤ C17αt1,i−1(∥wi − Γ(wi)∥+ 1),

where C17
.
= 2C17,2(C2 + 1). This completes the proof.

C.1 Proof of Lemma 2

Proof.

∥Xw∥ = ∥Xw −XΓ(w) +XΓ(w)∥

≤ ∥X(w − Γ(w))∥+ ∥XΓ(w)∥

≤ ∥X∥∥w − Γ(w)∥+ CA5 (Assumption A5)
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C.2 Proof of Lemma 3

Proof. According to the definition of H(wt, Yt) in (10),

∥H(wt, Yt)∥
2

≤C2
A5(∥Xwt∥+ 1)2 (By Assumption A5)

≤2C2
A5(∥Xwt∥

2
+ 1)

≤2C2
A5(C

2
2 (∥wt − Γ(wt)∥+ 1)2 + 1)

≤2C2
A5(2C

2
2 (∥wt − Γ(wt)∥

2
+ 1) + 1)

≤C3(∥wt − Γ(wt)∥
2
+ 1),

where C3
.
= 2C2

A5(2C
2
2 + 1). This completes the proof.

C.3 Proof of Lemma 4

Proof. We first decompose ⟨wt − Γ(wt), H(wt, Yt) − h(wt)⟩ into three components similarly to
Srikant and Ying [2019] as

⟨wt − Γ(wt), H(wt, Yt)− h(wt)⟩

= ⟨(wt − Γ(wt))− (wt−ταt
− Γ(wt−ταt

)), H(wt, Yt)− h(wt)⟩︸ ︷︷ ︸
T1

+ ⟨wt−ταt
− Γ(wt−ταt

), H(wt, Yt)−H(wt−ταt
, Yt) + h(wt−ταt

)− h(wt)⟩︸ ︷︷ ︸
T2

+ ⟨wt−ταt
− Γ(wt−ταt

), H(wt−ταt
, Yt)− h(wt−ταt

)⟩
︸ ︷︷ ︸

T3

.

We leverage Lemma 2 and (9) to bound them one by one as follows.
Bounding T1:

T1 ≤
∥∥(wt − Γ(wt))− (wt−ταt

− Γ(wt−ταt
))
∥∥

︸ ︷︷ ︸
T11

· ∥H(wt, Yt)− h(wt)∥︸ ︷︷ ︸
T12

.

For the first term, we have

T11 =
∥∥wt − Γ(wt)− wt−ταt

− Γ(wt−ταt
)
∥∥

≤
∥∥wt − wt−ταt

∥∥+
∥∥Γ(wt)− Γ(wt−ταt

)
∥∥

≤ 2
∥∥wt − wt−ταt

∥∥ (Since W∗ is convex)

≤ 2C17αt−ταt
,t−1(∥wt − Γ(wt)∥+ 1) (Lemma 17)

For the second term, we have

T12 ≤ CA5(∥Xwt∥+ 1) + CA5(∥Xwt∥+ 1)

≤ 2CA5(C2(∥wt − Γ(wt)∥+ 1) + 1)

≤ C4,1(∥wt − Γ(wt)∥+ 1),

where C4,1
.
= 2CA5(C2 + 1). Therefore, we can get

T1 ≤ 2C17C4,1αt−ταt
,t−1(∥wt − Γ(wt)∥+ 1)2.

Choosing C4,a
.
= 4C17C4,1 then yields the bound

T1 ≤ C4,aαt−ταt
,t−1(∥wt − Γ(wt)∥

2
+ 1).

Bounding T2:

T2 = ⟨wt−ταt
− Γ(wt−ταt

), H(wt, Yt)−H(wt−ταt
, Yt) + h(wt−ταt

)− h(wt)⟩

≤
∥∥wt−ταt

− Γ(wt−ταt
)
∥∥

︸ ︷︷ ︸
T21

·
∥∥H(wt, Yt)−H(wt−ταt

, Yt) + h(wt−ταt
)− h(wt)⟩

∥∥
︸ ︷︷ ︸

T22

.
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For the first term, we have:

T21 =
∥∥(wt−ταt

− Γ(wt−ταt
))− (Γ(wt)− Γ(wt))

∥∥

≤
∥∥wt−ταt

− Γ(wt)
∥∥+

∥∥Γ(wt)− Γ(wt−ταt
)
∥∥

≤
∥∥wt−ταt

− Γ(wt)
∥∥+

∥∥wt − wt−ταt

∥∥

≤
∥∥wt − Γ(wt) + wt−ταt

− wt

∥∥+
∥∥wt − wt−ταt

∥∥

≤ ∥wt − Γ(wt)∥+ 2
∥∥wt − wt−ταt

∥∥
≤ ∥wt − Γ(wt)∥+ 2C17αt−ταt

,t−1(∥wt − Γ(wt)∥+ 1) (Lemma 17)

≤ C4,2(∥wt − Γ(wt)∥+ 1). (Lemma 13) (13)

For the second term, we have:

T22 ≤
∥∥H(wt, Yt)−H(wt−ταt

, Yt)
∥∥+

∥∥h(wt)− h(wt−ταt
)

∥∥

≤2CA1

∥∥wt−ταt
− wt

∥∥
≤C4,3C17αt−ταt

,t−1(∥wt − Γ(wt)∥+ 1). (Lemma 17) (14)

Combine the result in (13) and (14), we have:

T2 ≤ C4,2C4,3C17αt−ταt
,t−1(∥wt − Γ(wt)∥+ 1)2.

Choosing C4,b
.
= 2C4,2C4,3C17 then yield the bound

T2 ≤ C4,bαt−ταt
,t−1(∥wt − Γ(wt)∥

2
+ 1).

Bounding T3:

T3 =
〈
wt−ταt

− Γ(wt−ταt
), H(wt−ταt

, Yt)− h(wt−ταt
)
〉
.

Take expectation on both sides, we can get

E[T3] = E
[
⟨wt−ταt

− Γ(wt−ταt
), H(wt−ταt

, Yt)− h(wt−ταt
)⟩
]

= E

[
E
[
⟨wt−ταt

− Γ(wt−ταt
), H(wt−ταt

, Yt)− h(wt−ταt
)⟩
]∣∣wt−ταt

Yt−ταt

]

= E

[
⟨wt−ταt

− Γ(wt−ταt
),E

[
H(wt−ταt

, Yt)− h(wt−ταt
)
∣∣wt−ταt

Yt−ταt

]
⟩
]

≤ E



∥∥wt−ταt

− Γ(wt−ταt
)
∥∥

︸ ︷︷ ︸
T31

·
∥∥∥E

[
H(wt−ταt

, Yt)− h(wt−ταt
)|
wt−ταt

Yt−ταt

]∥∥∥
︸ ︷︷ ︸

T32


.

We have

T32 ≤αt(
∥∥Xwt−ταt

∥∥+ 1) (By (7) and (9))

≤αt(
∥∥Xwt−ταt

−Xwt

∥∥+ ∥Xwt∥+ 1)

≤αt(
∥∥Xwt−ταt

−Xwt

∥∥+ C2(∥wt − Γ(wt)∥+ 1) + 1)

≤αt(C17Cxαt−ταt
,t−1(∥wt − Γ(wt)∥+ 1) + C2∥wt − Γ(wt)∥+ C2 + 1)

≤C4,4αt(∥wt − Γ(wt)∥+ 1).

Thus, together with (13), we obtain

E[T3] ≤ C4,cαt(∥wt − Γ(wt)∥
2
+ 1),

where C4,c
.
= C4,2C4,4. Finally, denote C4

.
= C4,a + C4,b + C4,c then completes the proof.
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C.4 Proof of Lemma 5

Proof. We recall that

∥wt − Γ(wt)∥
2
= 2L(wt).

Aligning Assumption A4, Lemmas 3 and 4 with (8), we get

E[L(wt+1)]

≤(1− CA4αt)E[L(wt)] + C4αtαt−ταt
,t−1(2E[L(wt)] + 1) +

C3

2
α2
t + C3α

2
tE[L(wt)]

≤
(
1− 2CA4αt + 2C4αtαt−ταt

,t−1 + C3α
2
t

)
E[L(wt)] + C4αtαt−ταt

,t−1 +
C3

2
α2
t .

Furthermore, we aim to derive an upper bound for E[L(wt)] that depends on the initial expected loss
E[L(w0)] and decreases over time. First, let’s denote the coefficients as Ct and Dt:

Ct
.
= 1− 2CA4αt + 2C4αtαt−ταt

,t−1 + C3α
2
t ,

Dt
.
= C4αtαt−ταt

,t−1 +
C3

2
α2
t .

For sufficiently large t0 and t ≥ t , we obtain 4C4αt−ταt
,t−1 + C3αt < CA4. Thus, the recursive

inequality further becomes:

E[L(wt+1)] ≤ (1− CA4αt)E[L(wt)] +Dt,

where Dt = O(αtαt−ταt
,t−1).

C.5 Proof of Theorem 3

Proof. To express E[L(wt)] in terms of E[L(w0)], we recursively apply the inequality:

E[L(wt)] ≤

t∏

i=t

(1− CA4αi)E[L(wt)] +

t∑

j=t




t∏

i=j+1

(1− CA4αi)


Dj .

Denote E1
.
=

∏t
i=t(1 − CA4αi)E[L(wt)], E2

.
=

∑t
j=t

(∏t
i=j+1(1− CA4αi)

)
ln(j+t0)
(j+t0)2ξ

, and κ =

CA4α. Recall we have αt =
α

(t+t0)ξ
. For E1, set t0 > κ = CA4α, we have

t∏

i=t

(1− CA4αi)E[L(wt)] =

t∏

i=t

(
1−

CA4α

(i+ t0)ξ

)
E[L(wt)]

≤
t∏

i=t

(
1−

κ

i+ t0

)
E[L(wt)]

=E[L(wt)]
t∏

i=t

i+ t0 − κ

i+ t0

≤E[L(wt)]

(
t+ t0

t+ t0 − κ

)⌊κ⌋

.

For E2, we have

E2 =
t∑

j=t




t∏

i=j+1

i+ t0 − κ

i+ t0


 ln(j + t0)

(j + t0)2ξ

=

t−⌊κ⌋∑

j=t




t∏

i=j+1

i+ t0 − κ

i+ t0


 ln(j + t0)

(j + t0)2ξ
+

t∑

j=t−⌊κ⌋+1




t∏

i=j+1

i+ t0 − κ

i+ t0


 ln(j + t0)

(j + t0)2ξ

19



≤

t−⌊κ⌋∑

j=t

(
j + 1 + t0
t+ t0 − κ

)⌊κ⌋
ln(j + t0)

(j + t0)2ξ
+ ⌊κ⌋

ln(t+ t0)

(t− ⌊κ⌋+ 1 + t0)2ξ

≤
ln(t+ t0)

(t+ t0 − κ)⌊κ⌋
CThm3,1

t−⌊κ⌋∑

j=t

(j + t0)
⌊κ⌋−2ξ + ⌊κ⌋

ln(t+ t0)

(t− κ+ 1 + t0)2ξ

Case 1: ⌊κ⌋ − 2ξ > 0

E2 ≤
ln(t+ t0)

(t+ t0 − κ)⌊κ⌋
CThm3,2(t− ⌊κ⌋+ t0)

⌊κ⌋−2ξ+1 + ⌊κ⌋
ln(t+ t0)

(t− κ+ 1 + t0)2ξ

≤
ln(t+ t0)

(t+ t0 − κ)2ξ−1
CThm3,3 + ⌊κ⌋

ln(t+ t0)

(t− κ+ 1 + t0)2ξ

≤CThm3,4

(
ln(t+ t0)

(t+ t0)2ξ−1

)
.

Case 2: ⌊κ⌋ − 2ξ ≤ 0

E2 ≤
ln(t+ t0)

(t+ t0 − κ)⌊κ⌋
CThm3,1(t− ⌊κ⌋+ 1) + ⌊κ⌋

ln(t+ t0)

(t− κ+ 1 + t0)2ξ

≤
ln(t+ t0)

(t+ t0 − κ)⌊κ⌋−1
CThm3,5 + ⌊κ⌋

ln(t+ t0)

(t− κ+ 1 + t0)2ξ

≤CThm3,6

(
ln(t+ t0)

(t+ t0)⌊κ⌋−1

)
.

Starting from the update of wt+1, we have

∥wt+1∥ ≤ ∥wt∥+ αt∥H(wt, Yt+1)∥ ≤ ∥wt∥+ αtCA1(∥wt∥+ 1).

That is, ∥wt+1∥ ≤ α0CA1 +
∑t

i=0(α0CA1 + 1)∥wi∥. Applying discrete Gronwall inequality, we

obtain ∥wt∥ ≤ (CA1 + ∥w0∥) exp
(∑t−1

t=0(1 + α0CA1)
)
= (CA1 + ∥w0∥) exp

(
t+ tα0CA1

)
.

Denoting CThm3,1
.
= exp

(
2t+ 2tα0CA1

)
and CThm3,2

.
= 2max(CThm3,4, CThm3,6) then completes the

proof.

D Proofs in Section 5.2

D.1 Proof of Lemma 6

Proof. Let y = (s, a, s′, e) ∈ Y and Cx
.
= maxs ∥x(s)∥. We have

∥H(w, y)−H(w′, y)∥ =
∥∥e(γx(s′)⊤ − x(s)⊤)(w − w′)

∥∥ ≤ 2CxCe∥w − w′∥.

Furthermore,

sup
y∈Y

∥H(0, y)∥ = sup
y∈Y

∥r(s, a)e∥ ≤ max
s,a

|r(s, a)|Ce,

which completes the proof.

D.2 Proof of Lemma 18

Lemma 18. There exist a constant C18 and τ ∈ [0, 1) such that ∀w

∥E[H(w, Yt+n) |Yt]− h(w)∥ ≤ C18τ
n(∥Xw∥+ 1).

Proof. Given the Markov property, we only need to prove the case of t = 1. Recall that we use
y = (s, a, s′, e). Define shorthand

δ((s, a, s′), w)
.
=r(s, a) + γx(s′)⊤w − x(s)⊤w,
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δn+1(w)
.
=δ((Sn, An, Sn+1), w).

By (10), we can get

H(w, Yn+1) =δn+1(w)en.

By expanding en, we get

E[H(w, Yn+1) |Y1]

=E[δn+1(w)en |Y1]

=E

[
δn+1(w)

n∑

k=0

(γλ)n−kx(Sk) |S0

]
.

Now define a two-sided Markov chain
{
S̄t, Āt

}
t=...,−2,−1,0,1,2,...

such that Pr
(
S̄t = s

)
=

dπ(s),Pr
(
Āt = a|S̄t = s

)
= π(a|s), i.e., the new chain always stay in the stationary distribution of

the original chain. Similarly, define

δ̄n+1(w)
.
= δ((S̄n, Ān, S̄n+1), w).

We then have

E

[
δn+1(w)

n∑

k=0

(γλ)n−kx(Sk) |S0

]

=E

[
δ̄n+1(w)

n∑

k=−∞

(γλ)n−kx(S̄k)

]

︸ ︷︷ ︸
f0(n)

+ E

[
δn+1(w)

n∑

k=0

(γλ)n−kx(Sk) |S0

]
− E

[
δ̄n+1(w)

n∑

k=0

(γλ)n−kx(S̄k)

]

︸ ︷︷ ︸
f1(n)

− E

[
δ̄n+1(w)

−1∑

k=−∞

(γλ)n−kx(S̄k)

]

︸ ︷︷ ︸
f2(n)

.

In the proof of Lemma 6.7 of Bertsekas and Tsitsiklis [1996], it is proved that

f0(n) = Aw + b,

which coincides with h(w). Thus the rest of the proof is dedicated to proving that f1(n) and f2(n)
decay geometrically. For f2(n), we have

∥∥δ̄n+1(w)x(S̄k)
∥∥ ≤ C18,1(∥Xw∥ + 1) for some C18,1

(cf. (16)). We then have

∥f2(n)∥ ≤C18,1(∥Xw∥+ 1)
−1∑

k=−∞

(γλ)n−k

=C18,1(∥Xw∥+ 1)(γλ)n
∞∑

k=1

(γλ)k.

For f1(n), since {St} adopts geometric mixing, there exists some τ1 ∈ [0, 1) and C18,2 > 0 such that
∑

s

∣∣Pr(Sk = s)− Pr
(
S̄k = s

)∣∣ ≤ C18,2τ
k
1 .

Then we have

E[δn+1(w)x(Sk)|S0]− E
[
δ̄n+1(w)x(S̄k)

]

=
∑

s

Pr(Sk = s|S0)x(Sk)E[δn+1(w)|Sk = s]−
∑

s

dπ(s)x(S̄k)E
[
δ̄n+1(w)|S̄k = s

]
.
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Noticing that E[δn+1(w)|Sk = s] = E
[
δ̄n+1(w)|S̄k = s

]
due to the Markov property, we obtain

∥∥E[δn+1(w)x(Sk)|S0]− E
[
δ̄n+1(w)x(S̄k)

]∥∥ ≤ C18,2τ
k
1C18,1(∥Xw∥+ 1).

This means

∥f2(n)∥ ≤ C18,2C18,1(∥Xw∥+ 1)

n∑

k=0

(γλ)n−kτk1 .

Noticing that

n∑

k=0

(γλ)n−kτk1 ≤ nmax {γλ, τ1}
n

then completes the proof.

D.3 Proof of Lemma 7

Proof. We start with proving ∀w ∈ ker(A)⊥, w⊤Aw ≤ −C7∥w∥
2
. This is apparently true if

w = 0. Now fix any w ∈ ker(A)⊥ and w ̸= 0, which implies that Aw ̸= 0. Now we prove by

contradiction that w⊤Aw ̸= 0. Otherwise, if w⊤Aw = 0, we have w⊤X⊤Dπ(γPλ − I)Xw = 0.
Since Dπ(γPλ − I) is n.d., we then get Xw = 0, further implying Aw = 0, which is a contradiction.

We have now proved that w⊤Aw ̸= 0. We next prove that w⊤Aw < 0. This is from the fact that A
is n.d., i.e., for ∀z ∈ R

d, z⊤Az ≤ 0. But w⊤Aw ̸= 0. So we must have w⊤Aw < 0. Finally, we
use an extreme theorem argument to complete the proof. Define Z

.
=

{
w|w ∈ ker(A)⊥, ∥w∥ = 1

}
.

Because z ∈ Z implies z ∈ ker(A)⊥ and z ̸= 0, we have ∀z ∈ Z, z⊤Az < 0. Since Z is clearly

compact, the extreme value theorem confirms that the function z 7→ z⊤Az obtains its minimum value
in Z, denoted as −C7 < 0, i.e., we have

∀z ∈ Z, z⊤Az ≤ −C7. (15)

For any w ∈ ker(A)⊥ and w ̸= 0, we have w
∥w∥ ∈ Z, so w⊤Aw ≤ −C7∥w∥

2
, which completes the

proof of the first part.

We now prove that ∀w ∈ R
d, w − Γ(w) ∈ ker(A)⊥. We recall that Γ is the orthogonal projection to

W∗ = {w | Aw + b = 0}. Since Γ is the orthogonal projection to W∗, we know w − Γ(w) ∈ W⊥
∗ .

Fix any w∗ ∈ W∗ and let z ∈ ker(A), we then have A(w∗ + z) + b = 0 so w∗ + z ∈ W∗. We then
have

⟨w − Γ(w), z⟩ = ⟨w − Γ(w), w∗ + z⟩ − ⟨w − Γ(w), w∗⟩ = 0− 0 = 0,

confirming that w − Γ(w) ∈ ker(A)⊥, which completes the proof.

D.4 Proof of Lemma 8

Proof. Let y = (s, a, s′, e) ∈ Y , since
∣∣x(s)⊤w

∣∣ ≤ maxs∈S

∣∣x(s)⊤w
∣∣ ≤ ∥Xw∥, according to (10),

we have

∥H(w, y)∥ =
∥∥e

(
r(s, a) + γx(s′)⊤w − x(s)⊤w

)∥∥ (16)

≤ Ce(|r(s, a)|+ γ
∣∣x(s′)⊤w

∣∣+
∣∣x(s)⊤w

∣∣)
≤ Ce(CR + (γ + 1)∥Xw∥)

≤ C8(∥Xw∥+ 1),

where C8
.
= Ce(CR + γ + 1). For ∥h(w)∥, we have

∥h(w)∥ = ∥Ey∼dY
[H(w, y)]∥ ≤ Ey∼dY

[∥H(w, y)∥] ≤ C8(∥Xw∥+ 1),

which completes the proof.
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E Proofs in Section 5.3

E.1 Proof of Lemma 9

Proof. The update to
{
Ĵt

}
in (Average Reward TD) is

Ĵt+1 = Ĵt + αt

(
cβRt+1 − cβ Ĵt

)
.

This matches the first row of

Ã(Yt)w̃t + b̃(Yt) =

[
−cβ 0
−Πet Πet(x(St+1)

⊤ − x(St)
⊤)

] [
Ĵt
Πwt

]
+

[
cβRt+1

Rt+1Πet

]
.

Now consider the update for wt

wt+1 = wt + αt

(
Rt+1 − Ĵt + x(St+1)

⊤wt − x(St)
⊤wt

)
et.

Applying the projection matrix Π on both sides yields

Πwt+1 −Πwt =αtΠ
((

Rt+1 − Ĵt + x(St+1)
⊤wt − x(St)

⊤wt

)
et

)

=
(
Rt+1 − Ĵt + x(St+1)

⊤wt − x(St)
⊤wt

)
Πet

=
(
Rt+1 − Ĵt + x(St+1)

⊤Πwt − x(St)
⊤Πwt

)
Πet.

To see the last equality, we recall Lemma 1 and recall Π = X†
1X1. We then have

XΠw =X1Πw + 1θ⊤Πw

=X1w + 1θ⊤Πw.

This means that

x(s′)⊤Πw − x(s)⊤Πw = x1(s
′)⊤w − x1(s)

⊤w,

where we use x1(s) to denote the s-th row of X1. We also have

x(s′)⊤w − x(s)⊤w =(x1(s
′) + θ)⊤w − (x(s) + θ)⊤w

=x1(s
′)⊤w − x1(s)

⊤w,

which confirms the last equality and then completes the proof.

E.2 Proof of Lemma 19

Lemma 19. ÃΓ(w̃) + b̃ = 0

Proof. According to the definition of Γ(w̃), Γ(w̃) ∈ W̃∗
.
=

{[
Jπ
Πw

]∣∣∣∣w ∈ W ∗

}
. We have

Ã = Ey∼dY

[
Ã(y)

]
= E(s,a,s′,e)∼dY

[
−cβ 0

−Πe Π
(
e(x(s′)⊤ − x(s)⊤)

)
]
=

[
−cβ 0

−ΠEdY
[e] ΠA

]
,

b̃ = Ey∼dY

[
b̃(y)

]
= E(s,a,s′,e)∼dY

[
cβr(s, a)
r(s, a)Πe

]
=

[
cβJπ

ΠEdY
[e]Jπ +Πb

]
. (17)

Therefore, for the first row of ÃΓ(w̃) + b̃ , we get cβ(Jπ − Jπ) = 0. For the second row, we can get

−ΠEdY
[e]Jπ +ΠAΠw +ΠEdY

[e]Jπ +Πb

=Π(AΠw + b)

=Π(X⊤
1 Dπ(Pλ − I)X1Πw + b)

=Π(X⊤
1 Dπ(Pλ − I)X1w + b)

=Π(Aw + b)

=0,

where the second equality comes with the definition of Π. This completes the proof.
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E.3 Proof of Lemma 10

Proof. If z = 0, the lemma trivially holds. So now let Let z =

[
z1
z2

]
∈ R× ker(X1)

⊥, z ̸= 0. With

(17), we have

Ã =

[
−cβ 0

−ΠE(s,a,s′,e)∼dY
[e] ΠA

]
=

[
−cβ 0

−ΠEdY
[e] ΠX⊤

1 Dπ(Pλ − I)X1

]
(Lemma 14) .

For simplicity, define q
.
= EdY

[e], B
.
= X⊤

1 Dπ(Pλ − I)X1. We then have

z⊤Ãz =
[
z1 z⊤2

] [ −cβz1
Π(−qz1 +Bz2)

]
= −cβz

2
1 + z⊤2 Π(−qz1 +Bz2).

Recall that Π = X†
1X1 and it is symmetric, we can get

z⊤2 Π(−qz1 +Bz2) = (Πz2)
⊤(−qz1 +Bz2) = z⊤2 (−qz1 +Bz2),

where the last equality holds because z2 ∈ ker(X⊥
1 ). Thus,

z⊤Ãz = −cβz
2
1 − z⊤2 qz1 + z⊤2 Bz2.

We now characterize z⊤2 Bz2. Apparently, z⊤2 Bz2 ≤ 0 always holds because Dπ(Pλ − I) is n.s.d.

In view of (5), the equality holds only if X1z2 = c1. But 1 /∈ col(X1) and z2 ∈ ker(X1)
⊥. So

the equality holds only when z2 = 0. Now we have proved that ∀z2 ∈ ker(X1)
⊥, z2 ̸= 0, it holds

that z⊤2 Bz2 < 0. Using the normalization trick and the extreme value theorem again (cf. (15)), we

confirm that there exists some constant C10,1 > 0 such that ∀z2 ∈ ker(X1)
⊥,

z⊤2 Bz2 ≤ −C10,1∥z2∥
2
.

Since z ̸= 0, we now discuss two cases.

Case 1: z1 = 0, z2 ̸= 0. In this case, we have z⊤Ãz = z⊤2 Bz2 < 0.
Case 2: z1 ̸= 0. In this case, we have

z⊤Ãz = −cβz
2
1 + z1z

⊤
2 q + z⊤2 Bz2 ≤ −cβz

2
1 + |z1|∥z2∥∥q∥ − C10,1∥z2∥

2
.

By completing squares, it is easy to see that when cβ is sufficiently large (depending on ∥q∥ and

C10,1), it holds z⊤Ãz < 0 because z1 ̸= 0.

Combining both cases, we have proved that ∀z ∈ R × ker(X1)
⊥, z ̸= 0, it holds that

z⊤Ãz < 0.

Using the normalization trick and the extreme value theorem again (cf. (15)) then completes the
proof.

E.4 Proof of Lemma 11

Proof. By definition, W̃∗ =

{[
Jπ
Πw

] ∣∣∣∣w ∈ W ∗

}
. In view of Lemma 16, let w∗ be any fixed vector

in W ∗. Then any w̃∗ ∈ W̃∗ can be written as

w̃∗ =

[
Jπ

Π(w∗ + w0)

]

with some w0 ∈ ker(X1). We then have

X̃w̃∗ =

[
Jπ

XΠ(w∗ + w0)

]
=

[
Jπ

XΠw∗

]
,

where the last equality holds because Π is the orthogonal projection to ker(X1)
⊥. This means that

X̃w̃∗ is a constant regardless of w̃∗, which completes the proof.

24



E.5 Proof of Lemma 20

Lemma 20. (Ĵt − Jπ)
2 + d(wt,W ∗)

2 = d(w̃t, W̃∗)
2.

Proof. We recall that Π is the orthogonal projection to ker(X1)
⊥. Let Π′ be the orthogonal projection

to ker(X1). We recall from Lemma 16 that W ∗ = {w∗}+ker(X1) with w∗ being any fixed point in

W ∗. Thus for any w∗ ∈ W ∗, we can write it as w∗ + w0 with some w0 ∈ ker(X1). Then for any

w ∈ R
d, we have

d(w,W ∗)
2 = inf

w∗∈W∗

∥w − w∗∥
2

= inf
w0∈ker(X1)

∥w − w∗ − w0∥
2

= inf
w0∈ker(X1)

∥Πw +Π′w −Πw∗ −Π′w∗ − w0∥
2

= inf
w0∈ker(X1)

∥Πw −Πw∗∥
2
+ ∥Π′w −Π′w∗ − w0∥

2

=∥Πw −Πw∗∥
2
,

where the last equality holds because we can select w0 = Π′w − Π′w∗. Define ΠW ∗
.
={

Πw|w ∈ W ∗

}
. Then we have

d(Πw,ΠW ∗) = inf
w∗∈W∗

∥Πw −Πw∗∥

= inf
w0∈ker(X1)

∥Πw −Π(w∗ + w0)∥

=∥Πw −Πw∗∥,

where the last equality holds because w0 ∈ ker(X1) and Π is the projection to ker(X1)
⊥ so Πw0 = 0.

We now have ∀w, d(w,W ∗) = d(Πw,ΠW ∗). Then we have

d(w̃t, W̃∗)
2

=(Ĵt − Jπ)
2 + d(w̃t,ΠW ∗)

2

=(Ĵt − Jπ)
2 + d(Πwt,ΠW ∗)

2

=(Ĵt − Jπ)
2 + d(wt,W ∗)

2,

which completes the proof.

F Details of Experiments

We use a variant of Boyan’s chain [Boyan, 1999] with 15 states (s0, s1, . . . , s14) and 5 actions
(a0, . . . , a4). The chain has deterministic transitions. For s2, . . . , s14, the action a0 goes to si−1 and
the actions a1 to a4 go to si−2; s1 always transitions to s0; s0 transitions uniformly randomly to any
state. The reward function is

r(s, a) =

{
1 if s = s0
0 otherwise

.
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We use a uniform random policy π(a|s) = 0.5. The feature matrix X ∈ R
15×5 is designed to be of

rank 3.

X =




0.07 0.11 0.18 0.14 0.61
0.13 0.19 0.32 0.26 0.45
0.11 0.17 0.28 0.22 0.39
0.24 0.36 0.60 0.48 0.84
0.18 0.28 0.46 0.36 1.00
0.20 0.30 0.50 0.40 1.06
0.31 0.47 0.78 0.62 1.45
0.29 0.45 0.74 0.58 1.39
0.42 0.64 1.06 0.84 1.84
0.40 0.62 1.02 0.80 1.78
0.47 0.73 1.20 0.94 2.39
0.53 0.81 1.34 1.06 2.23
0.58 0.9 1.48 1.16 2.78
0.60 0.92 1.52 1.20 2.84
0.67 1.03 1.70 1.34 3.45




Each experiment runs for 1.5 × 106 steps, averaged over 10 runs. These experiments were con-
ducted on a server equipped with an AMD EPYC 9534 64-Core Processor, with each run taking
approximately 1 minute to complete. Memory requirements are negligible.
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