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Abstract

Computational difficulty of quadratic matching and the Gromov-Wasserstein distance has
led to various approximation and relaxation schemes. One of such methods, relying on
the notion of distance profiles, has been widely used in practice, but its theoretical under-
standing is limited. By delving into the statistical complexity of the previously proposed
method based on distance profiles, we show that it suffers from the curse of dimensionality
unless we make certain assumptions on the underlying metric measure spaces. Building on
this insight, we propose and analyze a modified matching procedure that can be used to
robustly match points under a certain probabilistic setting. We demonstrate the perfor-
mance of the proposed methods using simulations and real data applications to complement
the theoretical findings. As a result, we contribute to the literature by providing theoret-
ical underpinnings of the matching procedures based on distance invariants like distance
profiles, which have been widely used in practice but rarely analyzed theoretically.

Keywords: point matching, robust matching, distance profiles, Gromov-Wasserstein,
invariant features

1. Introduction

Matching is one of the most fundamental tasks of modern data science, which can be found in
numerous applications. For instance, the goal of shape correspondence problems (Van Kaick
et al., 2011; Sahillioglu, 2020) in computer graphics is to match corresponding parts of
different geometric shapes, often obtained by 3D scanners or imaging equipment used for
Magnetic Resonance Imaging (MRI) or Computed Tomography (CT). Graph matching aims
to find corresponding nodes between two or more graphs representing structured data, such
as neuronal connectivity in human brains (Sporns et al., 2005) or social networks (Borgatti
et al., 2009).

One formal mathematical framework for matching (Mémoli, 2011) is to conceptualize
objects as metric measure spaces, which are essentially probability measures defined on
suitable metric spaces. In practice, of course, objects are not fully available and thus ap-
proximated by suitable point clouds, say, {X1,...,X,} and {Y1,...,Y,,} on metric spaces
(X,dx) and (Y,dy), respectively, and the practical goal is to match these point clouds.
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Quadratic matching is one of the most standard approaches to this problem, which for-
mulates and solves a quadratic program based on pairwise distances {dx(X;, X¢)}?,_, and
{dy(Y;,Y)}Ty—;. When n = m, quadratic matching finds a one-to-one correspondence
that aligns the pairwise distances as closely as possible, which is formulated as a Quadratic
Assignment Problem (QAP) (Koopmans and Beckmann, 1957; Loiola et al., 2007). When
n # m, the notion of correspondence is relaxed to soft assignments or couplings, leading
to the formulation of the Gromov-Wasserstein distance (Mémoli, 2011), which has been in-
creasingly used in applications, such as word alignment (Alvarez-Melis and Jaakkola, 2018),
statistical inference (Brécheteau, 2019; Weitkamp et al., 2022), and generative modeling
(Bunne et al., 2019; Hur et al., 2024). On the practical side, however, quadratic matching
requires solving a quadratic program that is NP-hard in general, and thus is approximated
by several methods, such as convex relaxation (Aflalo et al., 2015), semidefinite relaxation
(Zhao et al., 1998; Kezurer et al., 2015), spectral relaxation (Leordeanu and Hebert, 2005),
or entropic regularization (Rangarajan et al., 1999; Solomon et al., 2016; Peyré et al., 2016).
Matching procedures based on pairwise distances {dx (X;, X¢) }}',; and {dy (Y}, Yo)} 7,
are invariant to isometries, which is desirable in practice. For instance, in imaging problems,
the images of the objects of interest are often obtained from different angles and thus
need to be matched up to rigid transformations. However, such procedures are difficult to
analyze theoretically and the literature has been mostly studying theoretical guarantees for
other matching procedures based on || X; — Yj[|2’s when (X,dx) = (Y, dy) is the standard
Euclidean space. In this setting, the point clouds lie in the same space and are often viewed
as perturbations of one another, where one aims to match the points based on the proximity.
Collier and Dalalyan (2016); Kunisky and Niles-Weed (2022); Wang et al. (2022) establish
theoretical results on recovering the ground truth matching for the procedures based on
| X; — Yj||2’s under some noise, and Galstyan et al. (2022); Minasyan et al. (2023); Galstyan
and Minasyan (2023) show matching guarantees in the presence of outliers. Although
Theorem 2 of Wang et al. (2022) concerns a procedure using the pairwise distances in the
Euclidean setting, it requires solving a nontrivial minimization over permutations, which is
computationally challenging, and the result does not consider the presence of outliers.

Motivated by the above challenges, this paper theoretically analyzes matching proce-
dures based on the distances {dx (X, X¢)}7,—; and {dy(Y;,Y;)}7,_;, which are easily im-
plementable in practice. The idea is to associate each point with the set of distances from
it to other points, namely, X; and Y; are associated with the sets of distances to the other
points {dx(X;, X¢)}}_, and {dy(Yj,Ye)}),, which are the distance profiles of X; and Y},
respectively. The matching procedure is to find for each Xj;, the point Y; having the most
similar distance profile to that of X;, where the similarity is measured by a suitable quantity
between the sets {dx (X;, X¢)}j, and {dy (Y}, Ye)}j2 . The idea of associating a point with
suitable invariants based on the distances to other points from it has a long history in the
object matching literature, which includes shape contexts (Belongie et al., 2002; Ruggeri
and Saupe, 2008), integral invariants (Manay et al., 2006), invariant histograms (Brinkman
and Olver, 2012), the local distribution of distances (Mémoli, 2011), and other related con-
cepts (Gortler et al., 2019; Norelli et al., 2023). However, theoretical results on robustness of
such methods are rarely found in the literature. In the context of random graph matching,
Ding et al. (2021, 2023) propose and analyze a degree profile matching procedure based
on the adjacency matrices (Aig)zgzl and (ng);ezl of certain correlated random graphs.
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However, their analysis focuses on random graph models, such as Erdos-Rényi and corre-
lated Wigner models, where the edges are independently generated, namely, (A;)},_, are
mutually independent, which is substantially different from our setting where the distances
{dx (Xi, Xo)}7 =y are not mutually independent.

Organization Section 2 presents mathematical background on the Gromov-Wasserstein
distance and its computational alternative based on the distance profile, together with the
new sample complexity result in Section 2.3. Motivated by the insights built in Section 2,
Section 3 proposes and studies the partial matching algorithm based on distance profiles,
where we formally show its robustness to noise and outlier components, together with the
noise stability analysis for the one-to-one matching procedure. Section 4 demonstrates the
performance of the proposed methods using simulations. All technical proofs, lemmas,
extensions are deferred to Appendices A, B, C, respectively, to streamline the main text.

Notation For k € N, let [k] denote {1,...,k}, Ay = {(p1,...,px) € RE : Zlepi =1}
denote the probability simplex, and Sp denote the set of all permutations on [k]. For
a,b € R, let a Vb = max{a,b} and a Ab = min{a, b}. Let Z(R?) denote the set of all Borel
probability measures defined on R? and for any z € R, let 6, € #(R?) denote the Dirac
measure at z. We denote by W, the Wasserstein-p distance for p > 1. For any measure p
on a measurable space X and a measurable function f: X — R, let uf = [, fdpu.

2. Foundations: Distance Profile Distance and Sample Complexity

As mentioned in Section 1, computational difficulty of the Gromov-Wasserstein (GW) dis-
tance serves as a major obstacle in practical applications, which has led to the development
of various approximation and relaxation schemes. One of such methods, proposed as a
tractable lower bound to the GW distance by Mémoli (2011), utilizes the notion of distance
profiles. We delineate the mathematical foundations of the distance profile in connection
with the GW distance and see how the distance based on it, which we call the distance
profile distance (DPD), avoids the computational difficulty of the GW distance. Then, we
derive new results on the sample complexity of the DPD and discuss the limitations and
potentials of the DPD as a matching method under certain probabilistic settings, which
motivates the distance profile matching procedure in the next section.

2.1 Background: Gromov-Wasserstein Distance and Computational Difficulty

Following Mémoli (2011), we build on the mathematical framework of object matching based
on metric measure spaces. The Gromov-Wasserstein (GW) distance is a generalization of
quadratic matching between point clouds to abstract metric measure spaces. The GW
distance is defined based on the notion of couplings, which are probability measures on
the product space of two metric measure spaces that preserve the marginal distributions
of the two spaces. Couplings represent the correspondences between the points in the two
metric measure spaces, and the GW distance finds the optimal coupling that best aligns
the pairwise distances in the two spaces. Formal definitions are as follows.

Definition 1 We call (X, dx, p) a metric measure space if u is a Borel probability measure
on a complete and separable metric space (X,dy).
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Definition 2 Let (X,dy,n) and (Y, dy,v) be two metric measure spaces. We call a Borel
probability measure v on X x Y a coupling if y(A x V) = p(A) and v(X x B) = v(B) for
any Borel sets A C X and B C ). We denote the set of all couplings by I (p,v).

Definition 3 The Gromov- Wasserstein distance of order p > 1 between two metric measure
spaces (X,dx, ) and (Y, dy,v) is defined as follows:

1/p
GWp(p,v) := ( inf / |da(z, ") — dy(y, y") P dy(z, y)dvy(2, y')) - (@)
YEI(p,v) J (A x V)2
The objective function on the right-hand side of (1) is quadratic in the variable v and
is not convex in general, which makes the minimization computationally challenging. The
following discrete case illustrates the computational difficulty of the GW distance in the
case of point clouds, which is a common setting in practice.

Example 1 (Discrete Case) Consider the point clouds {X1,...,X,} and {Y1,...,Yn}
on complete and separable metric spaces (X,dx) and (Y,dy), respectively. We can define
the GW distance between these point clouds as the GW distance between the metric mea-
sure spaces (X,dx, f1) and (¥,dy,?), where i = 237 | 6x, and U = %2721 dy, are the
corresponding empirical measures. In this case,

n m
GWH(a o) = min > > |dw(Xi, Xi) = dy (¥, Yo" e, (2)
TSR T =1
where Ty, = {y € RIX™ 0 30 5 = L Vi € [n] and Y7 vij = o Vj € [m]} represents
the set of all couplings between i and U as nonnegative matrices—called coupling matrices—
of which the sum of each row (resp. column) is % (resp. %) We again observe that the
objective function of (2) is quadratic in the variable y, which is NP-hard to solve in general.

2.2 Distance Profile Distance

Due to the aforementioned computational difficulty of the GW distance, various approxima-
tion and relaxation schemes have been proposed in the literature. Mémoli (2011) proposes
several relaxations to the GW distance, which provide lower bounds to the GW distance.
One of the three lower bounds proposed in Mémoli (2011), which he named the third lower
bound based on the ordering, is based on the idea of local distribution of distances, which
we generalize as distance profiles below.

Definition 4 Let (X, dx, p) be a metric measure space. Forxz € X, let u, be the probability
measure on R that represents the distribution of dy(x, X), where X is a X-valued random
variable whose law is p. We call i, the distance profile of 1 at point x.

In a nutshell, for each € X, the distance profile u, is the distribution of the distances
from x to the points in X with respect to the measure p. This leads to a natural matching
procedure as follows: given two metric measure spaces (X,dy,p) and (Y, dy,v), we find a
coupling that best aligns the distance profiles, namely, associate z € X and y € ) if the
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distance profiles pi,,v, € Z(R) are similar. Here, similarity is measured by any suitable
discrepancy on Z(R); we use the Wasserstein distance as a natural choice, which leads to
the following definition.

Definition 5 The distance profile distance (DPD) of order p > 1 between metric measure
spaces (X,dx, ) and (Y, dy,v) is defined as follows:

1/p
)= (e [ W) b)) 3)
yel(p,v) Jxxy

Remark 6 In Definition 5, while we use W} to measure the discrepancy between the dis-
tance profiles g, vy € P(R), any suitable discrepancy measure on P (R) can be used in
place of Wy. The choice W} leads to a nice metric property, namely, T, is a pseudometric
on the set of metric measure spaces, and also naturally connects to the Gromov- Wasserstein
distance. Indeed, one can show that T, < GW,. See Mémoli (2011) and Mémoli and Need-
ham (2022) for technical details.

Unlike the GW distance, the objective function on the right-hand side of (3) is linear
in the variable v, which makes the minimization computationally tractable. The following
discrete case illustrates the computational advantage of the distance profile distance in the
case of point clouds.

Example 2 Consider the setting of Example 1. Again, we can define the distance profile
distance between the point clouds {X1,...,X,} and {Y1,..., Y} as the distance profile
distance T, (1, 7). In this case, the distance profile of i at v € X is fi, = %Z?Zl O (2,X,) -
Distance profiles of U are defined analogously. Then, one can see that the DPD is given as

n m
(@, ?) = min DO WE(fxs v )vig- (4)

Ty =1
where 1, ;, is as defined in Example 1. Computational advantage of T, over GW,, is clear:
T, can be computed by solving a linear program, while GW,, requires solving a non-convex
quadratic program. Unlike (2), the minimization (4) is a linear program that is solvable by

polynomial-time algorithms.

2.3 Sample Complexity: Challenges and Opportunities

In practice, we have access to point clouds { X1, ..., X, } and {Y7,...,Y,,} that approximate
some underlying objects represented as metric measure spaces (X,dy,p) and (Y, dy,v),
respectively. Hence, the quantity T,(j,7) in Example 2 is an approximation of T,(u,v).
An important statistical question is the rate of convergence of T,(f,7) to T, (u,v) in terms
of the sample sizes n and m when the point clouds are independent samples from u and v.
Faster convergence rates are desirable as they indicate that the distance profile distance is
a good approximation of the population version ¥, (x,v) with a small sample size, which
can further expedite the computation of the distance profile distance in practice.

It turns out, however, that the convergence rate of T,(f, ) to T,(u,v) can be slow
in the high-dimensional setting, just as the standard Wasserstein distance W, suffers from
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the curse of dimensionality when estimated from samples (Dudley, 1969; Dereich et al.,
2013; Boissard and Le Gouic, 2014; Fournier and Guillin, 2015; Weed and Bach, 2019). We
derive this result for p = 1 as the leading case, focusing on E|%;(u,v) — T1(f, v)|. While
the result is pessimistic in its full generality, we find that a better rate of convergence can
be achieved when the underlying metric spaces have certain structures, controlled by the
effective dimension of the metric measure space that can be much smaller than the ambient
dimension.

Setting Throughout this section, we mainly consider the setting of Example 2 where the
point clouds are viewed as independent samples from the underlying metric measure spaces.
It suffices to analyze the rate of convergence of EX;(u, 1) due to the triangle inequality:
E|%1(u,v) — Z1(, 0)| < EZ1(u, 1) + EZ (v, 7). Hence, we focus on EZ5 (pu, f1).

2.3.1 GENERAL CASE: CURSE OF DIMENSIONALITY
We first observe that

Ti(p, fr) = inf Wi (ftas fiar) dy(z, ')
yEl(p,ft) J xx x

< inf R / (W1 (M;p, Nx/) + W (NxH ﬂx’)) d’y(x, :L',)
YEI(p,i) J xxx

< it [ Wil )+ [ Wil ) dpte).
yEl(p,t) J xx x X

()

~~

It turns out that the expectation of (**) enjoys a fast convergence rate. The idea is that

E(xx) =E <:L Z Wl(,U/Xi? /le)> <E (sup Wi (s, :[j’$)> ) (6)

i—1 TeEX

where the last term can be shown to converge at the rate of O(n~1/2) as stated below.

Theorem 7 Let (X,dx,u) be a metric measure space and fi = %Zlﬂ:l dx, be the empirical
measure based on X1, ..., X, that are i.i.d. from p. Suppose X is a closed subset of R and

dy is the standard Fuclidean distance. Then,

. [d+1
E |:Sup W]. (MI) ,U’CC):| S C - (7)
zeX n

where C' is an absolute constant that is independent of n, d, and p.

Remark 8 For each fized x € X, as py s a probability measure on R, one can deduce from
the standard results (Dudley, 1969; Fournier and Guillin, 2015) that Wi(ug, i) enjoys a
fast rate of convergence in terms of the sample size n, which is O(n_1/2). Theorem 7 shows
that taking the supremum over r € X does not slow down the rate of convergence. We
present the extension of Theorem 7 to general metric measure spaces in Appendiz C.1.
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While Theorem 7 shows fast convergence of (**), the term (*) in (5) is the main bottle-
neck for the rate of convergence of E¥;(u, ft). Unfortunately, the rate of convergence of the
expectation of (¥) can be as slow as that of EW(u, ji), which is known to be O(n=1/4) for
X C R% To see this, deduce (*) < Wi (u, 1) from Proposition 9.

Proposition 9 Let (X,dx,u) be a metric measure space. Then, Wi (g, py) < dx(x,z")
forx,x' € X.

In summary, despite the fast convergence rate of the term (**) in (5), the term (*) in
(5) can lead to a slow rate of convergence of EZ;(u, 1) as O(n~"/%), thereby suffering from
the curse of dimensionality.

2.3.2 FASTER RATE BY INVARIANCE AND EFFECTIVE DIMENSION

It turns out that when p has a certain structure, we can derive a faster rate of convergence
for (*). Namely, if p is a mixture of rotationally invariant distributions like a Gaussian
mixture, then the effective dimension of p is the number of the components, which can
be much smaller than the ambient dimension d. The key is that Wi (uz, p,r), the distance
between distance profiles, captures this structure and thus is determined by the effective
dimension, rather than the ambient dimension.

Proposition 10 Suppose p is a probability measure on R? given as a mizture of rotationally
invariant distributions, namely, pu = 22:1 Prik, where (p1,...,pt) € Ay, and py, ..., €
@(Rd) are rotationally invariant with respect to the centers 01, ...,0; € R, respectively.
Then, for any x, 2’ € RY,

t
Wi (e, par) SZPkH’ﬂC—@k!b— !\96/—9k||2‘- (8)
k=1

Combining Proposition 10 with Theorem 7, we can derive the following convergence rate
of ET;(u, 1) depending on the effective dimension ¢ of p.

Theorem 11 Suppose p is a probability measure on R? given as a mizture of rotationally
variant distributions, namely, u = 22:1 Prik, where (p1,...,p1) € Ay, and p, ..., €

P (R are rotationally invariant with respect to the centers 0y,...,0; € R2, respectively.
Let 1 = %Z?:l 0x, be the empirical measure based on Xi,..., X, that are i.i.d. from p.
Then,

d+1

EZ1(u, 1) < O(n~ V) +C —,

where C' is an absolute constant that is independent of n, d, and p.

Summary and Insights The above results provide insights into how to use distance
profiles for matching. Due to the curse of dimensionality, it is impractical to estimate the
distance profile distance T; between high-dimensional metric measure spaces by random
samples. Hence, it is more suitable to use and study ¥; under a different setting than
the sampling scenario; the next section conducts such a study based on the model with
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fixed high-dimensional locations corrupted by noise. Meanwhile, we have seen that a better
rate can be achieved under a mixture model with rotationally invariant components. The
high-level idea is that when such a structure is present, points from the same component
are treated as the same point so that the effective dimension is essentially the number of
components. This is pertinent to partial matching, where we want to allow similar points
from one object to be matched to the same point in another object, not necessarily requiring
a one-to-one correspondence or a coupling. In the next section, we study the distance profile
matching procedure that allows for such flexibility, with a robustness property.

3. Distance Profile Matching and Its Theoretical Guarantees

This section introduces and analyzes the distance profile matching algorithms, inspired by
the insights on the distance profile distance %1 in the previous section. We have learned that
using %1 directly for matching in the random sampling setting can be impractical. Hence,
we propose a flexible matching procedure—Algorithm 1—modified from < that allows for
partial matching and derive its robustness property. Meanwhile, Algorithm 2 is a special
case of T; to find a one-to-one correspondence, which we analyze under a fixed-location
model with noise, deviating from the random sampling setting where T; is impractical.

3.1 Distance Profile Matching Algorithms
3.1.1 DISTANCE PROFILE MATCHING ALGORITHM FOR PARTIAL MATCHING

Algorithm 1 follows the idea of ¥ in that it compares the distance profiles of two point
clouds, but it does not require finding an optimal coupling which was the main bottleneck
of the sample complexity of T; in the random sampling setting. Instead, for each point X,
we find Y; whose distance profile is closest to the distance profile of X; under W; as shown
in Step 2 of Algorithm 1. Here, note that W (i, j) = Wi(fix,,Py;), where fix, and Dy, are
the distance profiles based on the empirical measures introduced in Example 2. Therefore,
the key difference from T is that instead of finding a coupling 7 as in (4), we find 7 that
matches each X; to a point Yy (;) closes to X; in terms of the distance profiles.

Algorithm 1 Distance Profile Matching
Require: Pairwise distances {dx(X;, X¢)}},_; and {dy(Y},Y;)}7,_; from two point clouds
{X1,..., X} and {Y7,...,Y;,} on metric spaces (X,d,\g) and (y dy), respectively.
Require: (Optional) A threshold p > 0. Set p = oo if not provided.
1. For each pair (i,7) € [n] x [m], define

Wi, j) < Zédx XiXe)r Zédy(ijyf)> ) )
(=1

2: Define a map 7: [n] — [m] by 7 (i) = arg min;c,,,) W (3, 7).
3: Define I C [n] by I ={i € [n] : W(i,7(i)) < p}.
4: return 7 and I.
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Note that m may not be injective or surjective, meaning that some points may not be
matched or some points may be matched to multiple points. The motivation behind this is
simple: in partial matching, (1) we want some points to be ignored or matched arbitrarily,
and (2) we may allow similar points to be matched to the same point. The underlying objects
that the points X;’s and Y)’s approximate, say, probability measures y and v defined on
R?, respectively, are not identical in practice. Usually, they coincide up to several outlier
components, which we can formally state as pt = Ap + (1 — M)y, and v = Ap + (1 — Ay, for
some A € (0,1) and p, tto, v, € ZP(R?). Here, \p represents the common part of u and v
that we want to match, while (1 — X\)u, and (1 — A)v, are the outlier components of p and
v, respectively. We are mainly interested in matching X;’s and Y;’s from the common part,
while ignoring or arbitrarily matching the points from the outlier components.

The threshold p is an optional parameter that can be used to obtain the subset I C [n]
of indices ¢’s such that the discrepancy W (i,n(i)) is below p. Small p leads to a more
conservative matching that only focuses on the points that are closely matched, which can
be used for other downstream tasks. For instance, one can solve the orthogonal Procrustes
problem (Wahba, 1965; Yang and Carlone, 2019) using the matched pairs {(X;, Yy (;)) }ier
to find the optimal rotation and translation aligning them as closely as possible, which
theoretically works with just |I| = d pairs in R%, or |I| = O(d) due to potential noise or
degeneracy in practice. The obtained transformation can then be used as an initialization
of the registration procedures, such as the Iterative Closest Point (ICP) algorithm (Besl
and McKay, 1992), to find the optimal transformation that aligns the whole point clouds.
We will utilize this idea in the experiments in Section 4.2.2.

3.1.2 DISTANCE PROFILE MATCHING BY ASSIGNMENT

Algorithm 2 is a special case of T; that finds a one-to-one correspondence, namely,
assignment, when the two point clouds have the same number of points. In Step 2 of
Algorithm 2, we find a permutation 7 € S, that minimizes the total discrepancy between
the distance profiles of X; and Y7(;)’s, which is formulated as the standard linear assignment
problem. By the standard linear programming theory, one can deduce that the minimum of
this linear assignment problem is equivalent to the minimum of the linear program over the
Birkhoff polytope, which is T; defined in (4) when n = m. Hence, Algorithm 2 is essentially
%1, which, as discussed, can be impractical in the random sampling setting. Instead, it can
be useful in the fixed-location model with noise, which we will analyze in Section 3.3.

Algorithm 2 Distance Profile Matching by Assignment
Require: Pairwise distances {dx(X;, X¢)}7,_; and {dy (Y}, ¥s)}7,_; from two point clouds
{X1,..., X} and {Y1,...,Y,} on metric spaces (X,dx) and (), dy), respectively.
1: For each pair (i,7) € [n] x [n], define W (i, 7) as in (9).
2: Solve 7 = argmin,cg > W(i,m(4)).
3: return 7.
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3.1.3 COMPUTATIONAL COMPLEXITY

The Wasserstein-1 distance between two sets of points in R admits a closed-form expression
based on the corresponding cumulative distribution functions, which can be computed effi-
ciently (Peyré and Cuturi, 2019). In this case, the computational complexity of Algorithms
1 and 2 is computed as follows. For Step 1, assuming n > m, computing the Wasserstein-1
distances between two sets of points in R for nm pairs takes O(n3log(n)) in total; when
n = m as in Algorithm 2, the exact computation is possible solely based on sorting. Mean-
while, Step 2 takes O(nmlog(m)) as it requires sorting m numbers n times; for Algorithm
2, it takes O(n?) to solve the linear assignment problem. Hence, the overall complexity
of Algorithm 1 or 2 is O(n3log(n)) assuming n > m, which is nearly cubic in the number
of points n; however, as the input dimension of the algorithm is n?, we can say that the
complexity scales nearly as the input dimension n? raised to the power of %

Remark 12 While we mainly use the Wasserstein-1 distance W1 to compare the distance
profiles, one may use any well-defined discrepancy measure in the place of Wy in (9). The
choice Wy is natural in connection with the previous section (Remark 6), which is theo-
retically appealing and practically useful. Lastly, we comment that Algorithms 1 and 2 are
implementable without knowing the points X;’s and Y;’s as long as the pairwise distances
{dx(Xi, Xo)}7 oy and {dy(Y},Ye)} ],y are provided. This is because the distance profiles
are solely determined by the pairwise distances.

3.2 Partial Matching Analysis: Robustness to Outlier Components

This section analyzes the robustness of Algorithm 1 in the presence of outlier components.
Algorithm 1 is designed to match the points corresponding to the same region of the objects,
while ignoring or arbitrarily matching the points from the outlier components. In order
to theoretically analyze robustness to such components, we consider appropriate model
assumptions on the underlying objects p, v € Z(R%) that capture the nature of the outlier
components that we want to ignore in the partial matching setting. Motivated by several
practical considerations, we model pu, v as follows.

Assumption 1 Suppose that y and v are mizture distributions consisting of t and s com-
ponents, respectively, defined as follows: for some (p1,...,pt) € Ay and (q1,...,qs) € Ag,

t s
p=Y prik and V= g,
k=1 k=1

where p, vy € @(Rd) are sub-Gaussian' with variance proxies U,%,T,f and means O, n €
R?, respectively. For some K < min{t, s}, we assume that the first K components of u and
v are identical, that is, py = qx and p, = vy for k € [K].

Assumption 1 is equivalent to letting u = Ap + (1 — Ao and v = Ap + (1 — N)v,,
where the common part Ap is the mixture consisting of the first K components and the
other parts, namely, the outlier parts (1 — ), (1 — A1, are the mixtures of the remaining

1. See Lemma 20 for the precise definition.

10
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components. The motivation behind Assumption 1 is that the objects u, v are composed of
several regions, where each region is represented as a sub-Gaussian distribution so that the
mean corresponds to the center of the region and the variance proxy roughly represents the
size of the region. The points corresponding to the same region are to be matched, while
we ignore matching the points from the outlier components.

Remark 13 (Scope of Assumption 1) Gaussian mizture models are the most common
instance of Assumption 1, where uy’s and vy ’s are Gaussian. By allowing these components
to be sub-Gaussian, Assumption 1 encompasses a wider class of distributions. For instance,
stochastic ball models (Nellore and Ward, 2015; Iguchi et al., 2017)—widely used to evaluate
clustering algorithms—are special cases of Assumption 1 where u’s and vi’s are supported
on balls. Also, Assumption 1 allows the components to be low-dimensional, which can model
3D objects given as smooth densities on the surface of the objects.

Now, we apply Algorithm 1 to the point clouds {X7,...,X,} and {Y1,...,Y,,} that ap-
proximate the objects p and v, respectively. We take a viewpoint that the points X1,..., X,
and Y7, ...,Y,, are independent samples from p and v, respectively. For ¢ € [n] and j € [m],
let (i) € [t] and s(j) € [s] denote the components where X; and Y; are from, respectively.
Our goal is to match X; and Yj if (i) = s(j) € [K], namely, they are from the same region.
Under this probabilistic setting, we show that Algorithm 1 outputs the matching 7 that
has the following guarantee: for X; such that ¢(i) € [K], we have s(m(i)) = t(¢), namely, its
match Yy is from the corresponding component. More precisely, we show that the event

M (s(r(@) = (i), (10)
1€[n]:t(7)€[K]
which represents the successful matching of the points from the common components, holds

with high probability.

Theorem 14 Suppose pu and v satisfy Assumption 1. Let Xi,...,X, and Y1,...,Y, be
independent samples from p and v, respectively. For i € [n] and j € [m], let t(i) € [t] and
s(j) € [s] denote the components where X; and Y; are from, respectively. Let m: [n] — [m]
be the output of Algorithm 1. Then, for any § € (0,1), we have

B () (@) =t@)] >1-4 (11)

i€[n]:t(1)€[K]

arg{i}r;] W(a,B) — R- <1 — Z pk)

Bels]\{a} kelK]

log K + log(t + s — 2) +log 4 4 2
> max (s8R el Tl 5= 2) +logs 32r\/2d+1og A(max(n, m)*y
2min(n, m) 0

(12)

where R = max{|lz —y|l2 : z,y € {61,...,0u,m,...,ms}}, I’ = max{o1,...,0¢0,71,...,7s},
and

W(a, B) := W1 (mesea—ekQ,Z%ﬂmﬂ—nkng) V(e B) € [t] x [s]. (13)
k=1 k=1

11
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The main takeaway of Theorem 14 is that we have the desired guarantee (11) if

separation among the components compared to the proportion of outlier components

> some threshold depending on the noise and sampling error,

which is exactly what (12) states. Here, the left-hand side of (12) captures the separation
in terms of (13) in comparison to the proportion 1 — Zke[K] pi of the outlier components,
while the right-hand side is a threshold determined by the noise and sampling error.

It is worth nothing that the right-hand side of (12) contains the term I'v/d, which is
sensible as a bound on the typical size of the noise displacement from the centers of the
components. This is a minimal condition given that both sides of (12) scale with typical
Euclidean distances in R?. See Figure 1. Each sub-Gaussian component corresponds—in
the worst case sense—to a ball of radius F\/&, which has to be well-separated from the other
balls to ensure that it is a distinct component.

NK+1 03 04

6
0,

(2%
b

Figure 1: Ilustration of the sub-Gaussian mixtures. For simplicity, each component is
represented as a ball centered at the corresponding center, where the radius of
the ball is roughly I'v/d. All of them are contained in a larger ball of diameter R.

3.3 One-to-One Matching Analysis: Noise Stability

We now analyze the noise stability of Algorithm 2. Again, remember that Algorithm 2 is
a special case of ¥ that finds a one-to-one correspondence, namely, assignment, which is
not recommended in the random sampling setting of the previous section. Instead, this
algorithm can be useful in the fixed-location model with noise; as we analyze below, we find
that the matching procedure based on distance profiles is robust to the additive noise.

Fixed-Location Model with Noise We consider two sets of locations {61,...,0,} and
{m,...,n,} in R and assume Ne= i) = 1T'(0;) for i € [n], where T': R? — R? is an unknown
rigid transformation and 7* is an unknown permutation on [n] representing the correspon-
dence, say, 0; and n,-(; are to be matched. Unlike the previous model in Section 3.2, we
assume there is a ground truth one-to-one correspondence 7* between two sets of locations,

12
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which we want to recover from the following perturbed locations X; = 6;+&; and Y; = n;+¢;,
where & and (; are independent mean-zero random vectors following sub-Gaussian distri-
butions with variance proxies 022 and 71-2, respectively.? For instance, for d = 3, we can think
of X;’s and Y;’s as the coordinates obtained by scanning some objects of interest but from
different angles, say, frontal and lateral views, where the noise is added to the ground truth
coordinates 6;’s and 7;’s during the scanning process.

The goal is to recover the true permutation 7* from the perturbed locations X;’s and
Y;’s. We show that the output 7 of Algorithm 2 recovers 7* with high probability. As
discussed in Section 3.2, several conditions determine the success of the matching. Again,

the configuration of the locations 61,...,6,,71,...,n, is crucial for the matching to be
well-defined. To this end, we suppose the following configuration condition:
1 « 1 —
 := min W, (n ; Ol:=0xll2> ;%ejekng) > 0. (14)

The condition (14) ensures that 7* is the unique optimal matching in the following sense:

n n n
. . 1 1 _
w = argmin W, <n PIL ISR 5nﬁ<i>—nm> =: argmin Q(r).
k=1 k=1

TESH i=1 TESH

To see this, note that Q(7*) = 0, while Q(w) > 0 for 7 # 7" as & > 0. The following
theorem shows that the output 7 of Algorithm 2 recovers 7#* with high probability given
this condition (14) and the variances o;’s and 7;’s are sufficiently small.

Theorem 15 Suppose that the locations 61, ...,0p,m1, ..., 7, € R satisfy

for some unknown rigid transformation T: R* — R?% and some unknown permutation 7™ on
[n]. Now, suppose we have the following noisy locations:

Xi=0;+& and Y;=n+G, (16)

where & and  are independent mean-zero random wvectors following sub-Gaussian distri-
butions with variance prozies 01-2 and Tf, respectively. Let 7T be the output of Algorithm 2.
Then, for any § € (0,1), we have

Pr=r")>1-9§
if for ® defined in (14), the following condition holds:

i)
16+/2d + log(2n2/5)

2. Technically, one may think of this model as the previous model in Section 3.2 with t = s = K, namely,
no outlier components. However, the key difference is that we no longer sample randomly from p and v,
which is not the setting we want to use Algorithm 2 for as we previously discussed.

max{o1,...,0n,Tly...,Tn} <

(17)

13



Hur AND KHOO

For the case where there is no rigid transformation, namely, T is the identity map, the
noise stability guarantee in the above model is well-studied in the literature, known as the
feature matching problem. In this case, the simplest approach is to solve the following
discrete optimal transport problem (Peyré and Cuturi, 2019):,

#9T = argmin Y || X; — Y13 (18)

7T€$n i=1

It is well-studied (Collier and Dalalyan, 2016; Galstyan et al., 2022) that such a procedure
is indeed guaranteed to recover m* with high probability if the separation among 6;’s is
large enough compared to the noise level. However, in the presence of an unknown rigid
transformation 7', such a procedure is not guaranteed to succeed, while 7 in Theorem 15 is
invariant to rigid transformations. We demonstrate this point in Section 4.

4. Simulations

4.1 Synthetic Data
4.1.1 GAUSSIAN MIXTURE MATCHING

We first provide a simulation study to demonstrate the performance of the matching pro-
cedure discussed in Section 3.2. Figure 2(a) shows the probability of the perfect matching,
namely, the left-hand side of (11). Here, d = 3 and K = 10, and we consider the clean
case t = s = K and the case with one outlier component ¢t = s = K + 1 for the sample size
n = m € {500,1000}; also, we let pp = g = % and consider Gaussian mixtures, namely,
pr = N(0y,0%1;) and v, = N (g, 0%1,), where we vary 0. We can observe that the prob-
ability of the perfect matching decreases as o grows for both cases. Though the presence
of an outlier component deteriorates the matching performance as expected, we can verify
that Algorithm 1 is robust to the outlier components in that the recovery probability is
sufficiently high when ¢ is small. Comparing the plots for n = m = 500 and n = m = 1000,
we can see that the matching performance is better for the larger sample size as it better
approximates the population-level distance profiles.

Although the analysis in Section 3.2 was based on the probability of the perfect match-
ing, it is reasonable to expect matching errors in practice. Figure 2(b) shows the matching
accuracy for the same setting as Figure 2(a) with n = m = 1000, where the matching

accuracy is the proportion of correctly matched X;’s from the first K components:

{i € [n] : t(i) € [K] and s(r(i)) = t(i)}|
i € [n] : 4(2) € [K]}| ’

(19)

where t,s are defined as in Theorem 14. Again, we can see that the proposed method
performs reasonably well. Figure 2(c) compares the case with one outlier component (K =
10 and t = s = 11) to the case with more outlier components but with the same proportion
(K =20 and t = s = 22) and to the case with more outlier components with larger
proportions (K = 20 and ¢ = s = 24). We can observe that the matching accuracy
decreases as the proportion of outlier components increases, which is consistent with the
theoretical results in Section 3.2. Even when the proportion (¢t — K)/K is the same, the
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Figure 2: Gaussian mixture matching results with p, = g = %, e = N(Oy,0%1y), v, =

N(ng,0%1;), and varying o. (a) shows the probability—the left-hand side of
(11)—with d = 3, K = 10, and the sample size n = m € {500,1000}. (b)
shows the matching accuracy (19) for the same setting as (a), while (c¢), (d)
show the matching accuracy for different settings, varying K, d, respectively, with
n = m = 1000 for (b)-(d). For all plots, the sampling from u,v is repeated
100 times. For (a), the markers show the probability estimated from the 100
realizations; for (b)-(d), they show the average of the matching accuracy over 100
realizations, with the standard deviations shown as the shaded regions. The blue
solid lines of (b)-(d) are the same, showing the case of K =10 and t = s = 11.

matching accuracy is lower for larger ¢ as the larger effective dimensions of the underlying
distributions u, v lead to larger estimation errors given the same sample size. Figure 2(d)
compares the case with d = 3 to the case with d = 10 for K = 10 and t = s = 11. We can
see that the matching accuracy is lower and deteriorates much faster for larger d.

4.1.2 NOISE STABILITY

Next, we provide simulation results demonstrating the noise stability discussed in Section

3.3. We first obtain n locations 6y, ..

.,0, € R? and define the other locations 71, ..., 7, as
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in (15) using some rigid transformation 7" and a permutation 7*. Then, we generate the
points according to (16) and obtain & by applying Algorithm 2; we estimate P(7 = 7*) by
repeating this for 100 times. Figure 3 shows the results, where the noise variables &;’s and
¢i’s follow N(0,021,), and we vary o and compare with the probability P(7°T = 7*) for 79T
obtained by the procedure (18). As shown in Figure 3(a), when the rigid transformation
is based on a rotation matrix that only affects the first two coordinates, both methods can
recover the true permutation to some extent for small enough o; in this case, as the rotation
matrix is relatively close to the identity matrix, the standard optimal transport method (18)
shows good performance. For a rotation matrix that changes all the coordinates, however,
the standard optimal transport method fails to recover the true permutation as shown in
Figure 3(b), while the distance profile matching method performs almost as in Figure 3(a).

Lastly, we briefly comment that the plots of Figure 2(a) and Figure 3 suggest the
existence of a phase transition in the noise level, where the performance of the matching
methods might change dramatically under certain settings. We leave this for future work.
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Noise stability results under the setting of Theorem 15 with &;’s and (;’s following

N(0,0%1,), where d = 10 and n = 100. The plots show the probability P(7 = 7*),
where 7 corresponds to the output of Algorithm 2 for the blue lines (distance
profile) and to (18) for the red lines (standard OT); here, the probability is
estimated by repeating each setting 100 times. For (a), the rigid transformation
is based on a rotation matrix that only affects the first two coordinates, while (b)
is based on a random rotation matrix changing all d coordinates.

4.2 Applications
4.2.1 SHAPE CORRESPONDENCE

We demonstrate how Algorithm 1 in practice using stylized data examples. We apply it to
the shape correspondence using CAPOD data (Papadakis, 2014). Figure 4(a) and Figure
4(d) show the two 3D images representing dolphins with different poses, from which we
obtain point clouds Xi,..., X, and Y1,...,Y,, as shown in Figure 4(b) and Figure 4(e),
respectively, where n = m = 285 in this example. We want to match the points correspond-
ing to the same part of the dolphins, rather than finding a one-to-one correspondence. As
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explained earlier, it is reasonable to match similar points to the same point. For instance,
there are many points concentrated around the nose—called the rostrum—of the source
dolphin, which are expected to be matched to any points concentrated around the rostrum
of the target dolphin. Hence, we first divide the dolphins into several components. Here,
we use k-means clustering with k = 7, which indeed cluster points based on the body parts.

xu}?‘ u}r‘f‘

128 % %
x I'x X
X

(a) Source object (b) Source points (color = s((2))) (c) Source points (color = s(w(i)))

x‘? X x
o, * *
¥ K T aall * B ol
% W o o %
Px "
(d) Target object (e) Target points (color = s(j3))  (f) Target points (color = s(j))

Figure 4: 3D images of dolphins and the corresponding point clouds. (a) and (d) are the
source and target 3D images, from which we obtain point clouds Xji,..., X,
and Y1,...,Y,,, with n = m = 285, as shown in (b) and (e), respectively. We
apply k-means clustering to both point clouds with k = 7 to cluster them based
on the body parts. (e) shows the target points Yj’s colored by s(j)’s, where
s(j) € {1,...,7} denotes the index of the component that Y; belongs to. (b)
shows the source points X;’s colored by s(7(7))’s, where 7 is obtained by applying
Algorithm 1. (c) and (f) repeat (b) and (e), respectively, after removing 16 points
around the fin of the target dolphin in (e) and clustering again with k = 6.

Figure 4(e) shows the target points Y;’s colored by s(j)’s, where s(j) € {1,...,7} is the
index of the component that Y; belongs to. Now, we run Algorithm 1 and obtain the output
m: [n] — [m]. For each X;, we verify if the part that it belongs to coincides with the part
that its match Y ;) belongs to, which is indexed by s(m(i)). To this end, Figure 4(b) shows
the source points X;’s colored by s(m(i))’s. We can observe that the proposed procedure
recovers the corresponding regions mostly correctly. For instance, for X;’s corresponding
to the rostrum of the source dolphin, their colors s(m(i))’s (green) indicate that they are
matched to the points corresponding to the rostrum of the target dolphin. Similarly, the
points corresponding to the head (lime), tail (red), dorsal fin (blue), and peduncle (magenta)
are mostly matched correctly, while there are some mismatches, for instance, among the
points around the pectoral fin. Figure 4(c) and Figure 4(f) repeat the same procedure after
removing 16 points around the fin of the target dolphin in Figure 4(e) and clustering again
with k = 6. Figure 4(c) shows that the matching result is similar to the previous one. In
this case, though the points around the fin of the source dolphin do not have corresponding
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points in the target dolphin and thus we may ignore matching them, the proposed procedure
still matches them to the points around the peduncle (magenta) of the target dolphin, which
is a cluster adjacent to the removed fin.

Figure 5 repeats the same procedure for the 3D images of horses. Again, we can verify
that the proposed procedure matches the corresponding body parts mostly correctly. Figure
5(c) and Figure 5(f) shows the results after removing 62 points around the two legs on the
target horse’s left side in Figure 5(e) and clustering again with k = 6. We again observe
that the points in the common parts are mostly matched correctly.

(a) Source object (b) Source points (color = s((2))) (c) Source points (color = s(w(%)))
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x XX

x X
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: X X
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X KX | 2% xxx

X

X %X
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(d) Target object (e) Target points (color = s(j3))  (f) Target points (color = s(j))

Figure 5: 3D images of horses and the corresponding point clouds. (a) and (d) are the
source and target 3D images, from which we obtain point clouds Xji,..., X,
and Y1,...,Y,,, with n = m = 346, as shown in (b) and (e), respectively. We
apply k-means clustering to both point clouds with k = 8 to cluster them based
on the body parts. (e) shows the target points Yj’s colored by s(j)’s, where
s(j) € {1,...,8} denotes the index of the component that Y; belongs to. (b)
shows the source points X;’s colored by s(7(7))’s, where 7 is obtained by applying
Algorithm 1. (c) and (f) repeat (b) and (e), respectively, after removing 62 points
around the two legs on the target horse’s left side in (e) and clustering again with
k = 6.

4.2.2 PARTIAL MATCHING FOR ALIGNMENT OF CRYO-EM STRUCTURES

We apply the developed partial matching procedure to align cryogenic electron microscopy
(cryo-EM) structures of human v-secretase. Cryo-EM has gained significant attention in the
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(a) 3D Model (b) Projection (z-axis) (c) Projection (y-axis) (d) Projection (z-axis)

Figure 6: Human 7-secretase. (a) shows the 3D model of human ~-secretase, and (b)-(d)
show the projections of the cryo-EM data along the z, y, and z axes, respectively.

past decade as a powerful tool for unveiling the structures of biomolecules at near-atomic
resolution. However, many computational challenges arise; see Bendory et al. (2020) for
a review. Aligning cryo-EM structures is particularly challenging due to high noise levels
and different conformations. Figure 6(a) shows the 3D model of human 7-secretase, which
is thought to be involved in the development of Alzheimer’s disease. The cryo-EM data®
of human v-secretase (Bai et al., 2015) essentially represents a probability density function
of the intensities of the object, stored as voxels on a 3D grid. Figures 6(b)-(d) show the
projections of the cryo-EM data along the z, y, and z axes, respectively, which clearly
demonstrate high noise levels.

Alignment problems in cryo-EM are often tackled by using the density functions (Singer
and Yang, 2024; Harpaz and Shkolnisky, 2023) with suitable transformations or by obtaining
the point clouds from the density functions (Riahi et al., 2023, 2025), say, utilizing the
topology representing network algorithm (Martinetz and Schulten, 1994). The proposed
algorithm can be applied to the latter setting. Here, we sample two point clouds from
the cryo-EM data, one from the original density function and the other from the density
function after applying a rigid transformation; see Figure 7(a). The goal is to recover the
rigid transformation from the point clouds.

The proposed partial matching—Algorithm 1—provides correspondences between the
points. Once we have the correspondences, we can estimate the rigid transformation us-
ing the standard orthogonal Procrustes problem—after centering—between matrices X, Y €
R™*4 whose rows are the point clouds X1, ..., X, and Yr(1)s- -+ Ya(n), respectively, where
7 is the output of Algorithm 1. Figure 7(b) shows the aligned point clouds, which seems
reasonable. However, for better results, it is beneficial to subset the good matches by us-
ing the threshold p in Algorithm 1. The crux is that we only need to partially match
the points for alignment, and focusing on good matches can improve the alignment re-
sults. Figures 7(c) and 7(d) apply Algorithm 1 with p being the 0.5 and 0.1 quantiles of
W(l,m(1)),...,W(n,m(n)) to use the best 50% and 10% of the correspondences, respec-
tively. In these cases, we obtain the set of index I from the output of Algorithm 1 and

3. Listed as 5A63 at the Protein Data Bank (PDB) https://www.rcsb.org/structure/5463 and as EMD-
3061 at the Electron Microscopy Data Bank (EMDB) https://www.ebi.ac.uk/emdb/EMD-3061.
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estimate the rigid transformation using the submatrices Xy, Y7 of X, Y, respectively, corre-
sponding to the rows indexed by I. Figures 7(c) and 7(d) indeed look better than using
the full correspondences, which we can quantify by computing the Wasserstein-2 distance
between the aligned point cloud and the target point cloud. The Wasserstein-2 distance
between the aligned point cloud and the target point cloud is 10.68 for the full correspon-
dences, 9.04 for the best 50%, and 8.31 for the best 10%, which confirms that the partial

matching improves the alignment results.
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Figure 7: Point clouds from the cryo-EM data of human v-secretase and alignment results.

(a) shows the point clouds sampled from the original density function and the
density function after applying a rigid transformation, shown as source and target,
respectively. For (b)-(c), we first apply Algorithm 1 to obtain the correspondences
and then estimate the rigid transformation using the orthogonal Procrustes prob-
lem. (b) shows the aligned point clouds using all the correspondences, while (c)
and (d) use the best 50% and 10% of the correspondences, respectively, based on
the threshold p in Algorithm 1.
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(a) 3D Model (b) Projection (z-axis) (c) Projection (y-axis) (d) Projection (z-axis)

Figure 8: Rabbit Ca,1.1. (a) shows the 3D model of Ca,1.1, and (b)-(d) show the projec-
tions of the cryo-EM data along the z, y, and z axes, respectively.

We repeat the same process for the cryo-EM data of the voltage-gated calcium chan-
nel (Cay1.1) of rabbit (Wu et al., 2016), which plays a role as the sensor for excitation-
contraction coupling of skeletal muscles. Figure 8 shows the 3D model and projections of
the cryo-EM data. Figure 9 shows the alignment results. Again, we obtain two point clouds
from the cryo-EM data, one from the original density function and the other from the den-
sity function after applying a rigid transformation; see Figure 9(a). Figures 9(b)-(d) show
the aligned point clouds using all the correspondences, the best 50%, and the best 10%,
respectively. The Wasserstein-2 distance between the aligned point cloud and the target
point cloud is 11.10 for the full correspondences, 8.23 for the best 50%, and 9.17 for the best
10%. In this case, taking the best 50% correspondences yields the best partial matching
result among the three settings.

5. Conclusion

We have proposed matching procedures based on distance profiles, which are easily im-
plementable without having to solve nontrivial optimization problems over permutations.
Most importantly, we have shown that the proposed method is provably robust to outlier
components and noise under some model assumptions that we believe capture essential as-
pects of empirical applications. To the best of our knowledge, this is the first work that
provides theoretical guarantees for the robustness of matching procedures based on distance
profiles in the context of object matching. Also, we have derived the new statistical com-
plexity result of the distance profile distance—the lower bound to the Gromov-Wasserstein
distance—that has provided insights into how to use the distance profile matching proce-
dures in practice. We have also demonstrated the empirical performance of the proposed
methods through simulations and applications to real data.

We suggest several directions for future research. On the theoretical side, it would be
interesting to consider other types of matching guarantees in Theorem 14. As mentioned
in Section 4, the matching accuracy (19) may be practically more useful. Similarly, for
Theorem 15, it would be interesting to consider the probability that 7 is close to 7* under
a certain discrepancy, such as the Hamming distance, instead of the probability of 7 = 7*.
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Also, one can explore a generalization based on mixtures beyond the Euclidean space, say,
a general metric or Banach space. On the practical side, it would be interesting to delve
deeper into the procedure of finding inliers, that is, the points from the common part of
two objects. For interested readers, we discuss in Appendix C.2 how the threshold p of
Algorithm 1 can be chosen to identify the points from the common part at least in theory.
However, developing a practical method applicable to real data is very challenging in general
and needs further investigation. We leave these directions for future research.

o source e source aligned
x  target x  target

(a) Point clouds (b) Aligned with full correspondences

o source aligned o source aligned
& % target & x  target

(c) Aligned with best 50% correspondences (d) Aligned with best 10% correspondences

Figure 9: Point clouds from the cryo-EM data of rabbit Cay1.1 and alignment results. (a)
shows the point clouds sampled from the original density function and the density
function after applying a rigid transformation, shown as source and target, re-
spectively. For (b)-(c), we first apply Algorithm 1 to obtain the correspondences
and then estimate the rigid transformation using the orthogonal Procrustes prob-
lem. (b) shows the aligned point clouds using all the correspondences, while (c)
and (d) use the best 50% and 10% of the correspondences, respectively, based on
the threshold p in Algorithm 1.
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Appendix A. Proofs
A.1 Proof of Theorem 7

Proof For x € X and r € R, let ¢ () = 1{dx(z,-) < r}, which is a function from
X to {0,1}. Let F, be the cumulative distribution function of p,. Then, Fy(r) = poy,
by definition. Similarly, letting F, be the cumulative distribution function of [z, we have
Fm(r) = [i¢zr. Recalling that W1 between two probability measures on R is the L distance
between their cumulative distribution functions, we have

Wiliassitr) = [ Falr) = Euo)dr = [ ndy — ] dr < sup 6~ o,
0 0 PEF,
where Fy, := {¢s, : r > 0} for any z € X. Therefore,

sup W1 (pe, flz) < sup sup |u¢ — jd| = sup |ud — figl,
rEX zEX PEF deFx

where Fy 1= U,cx Fo = {0z : © € X7 > 0}. By Theorem 8.23 of Vershynin (2018),

< oy YEx), (20)

sup Jue) — ol -

E Iisup Wy (,U';Ev /lac)] <E
PEFx

reX

where C'is an absolute constant that is independent of z, n, X', and u. Here, ve(Fy) is the
Vapnik-Chervonenkis (VC) dimension of the function class Fy. As X C R, this is upper
bounded by the VC dimension of the set of all closed Euclidean balls in R?, which is d + 1;
see Dudley (1979). Hence, we obtain (7). [ |

A.2 Proof of Proposition 9

Proof Define a map S: X — R x R by letting S(-) = (dx(x,-),dx(2',-)). Then, one can
verify that Sxupu is a coupling of i, and pi,s. Therefore,

Wi (phgs par ) = inf / |21 — 22| dp(z1, 22)
PEN(pzspyr) JRXR
< / 21 — 22l dSien(z1, 22)
RxR

—/ |dx (2, ) — dy (2, 7)| du(z)
X

S dX(lU,CC,),

where the last inequality follows from the triangle inequality of d. |
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A.3 Proof of Proposition 10

Proof By definition, one can check that u, is also given as the mixture of the distance
profiles (i1,).’s, namely, p1, = > ;1 Pr(fik)e- Then,

Wi (pt ) = <Zpk k) Z k(1k) 2 ><ZPkW1 () (1k) 1) (21)

k=1

where the inequality follows from the fact that if v € II((pg )z, (r)2r) is a coupling between
(k)2 and (pg )z, the convex combination 2221 PrYe is a valid coupling between p, and
Uy As pg is rotationally invariant with respect to the center 6, we can deduce that
(k) = (Hk )6y +||z—04]|2u TOT any u on the unit sphere. Hence,

Wi (k) e (x)ar) = Wi (k) 0+ o612 (k) 0t 07— B3 [12)

< H6?k+ Ha:—Hngu—Hk— Ha:’—GkHQuHQ (22)
= [llz = Okll2 -
where the inequality uses Proposition 9. Combining (21) and (22), we obtain (8). [ ]

A.4 Proof of Theorem 11

Proof By (5), (6), and Theorem 7, it suffices to show that E(x) < O(n~Y*). Define
®: R? — R’ by letting ®(z) = (\/pi]lz — 612, ..., /Pellz — 0¢]|2). From Proposition 10, we

have
t

(e ) <Ok [z = Okl — 2" — Okllz| < [|@(2) — D(a)]J2,
k=1

where the last inequality follows from the Cauchy-Schwarz inequality. For any coupling
v € H(u, f1), note that (& x ®)uy € T(Pyp, ®yfi), where  x &: RExR?Y — R x R? is a map
defined by (® x ®)(z,z’) = (®(x), P(2’)). Conversely, for any coupling p € II(Pyp, Pyft),
we can find a coupling v € II(y, i) such that p = (® x ®)4y by Lemma 3.12 of Ambrosio
and Gigli (2013). In summary,

(P ps, Dy fi) = {(P x @)y 2y € Mg, 1)} (23)

Therefore,

in / Wi (o ) dy(,2') < inf / 1@ (z) — B(a')|2 dy(z, o)
YEI(p,1) JRAxRE FeIl(p,0) JRdxRd

= inf z2—2|2d(® x @ 2,2
Lt [ o= hd(® x ). )

= inf / 2z —2|2dp(z, 2
 pel(@ @ yft) JRe xRt | H (7)

= Wi(®yp, Py ),
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where the first equality follows from the change of variables, and the second equality is
due to (23). As ®4 i is equivalent to the empirical measure of ®4pu which is defined on
R!, we conclude from the standard results (Dudley, 1969; Fournier and Guillin, 2015) that
E(x) € (@41, yit) < O(n1/). .

A.5 Proof of Theorem 14

Proof We analyze the deviation of (9) from (13), namely, for any pair (i,7) € [n] x [m],
we derive an upper bound on the deviation |W (i,5) — W (¢(i), s(5))|. To this end, we define
an intermediate quantity W' (i, j) as follows: for any (i,5) € [n] x [m],

n

1 1 &
i 5y .
Wi(i, j) := W, (n 5”615(2')_615(2)”2’ m Z 5”773(3')_775(2)”2)
/=1

(=1

t S
Nk mg
=M ( Z ;6”91&(0*%”2’ Z m6||775(j)77k”2> ’

k=1 k=1

where we define ny = Y, 1{t(¢) = k} and my, = > -, 1{s(¢) = k}. We first derive an
upper bound on |W’(i, ) — W (t(i), s(5))| for any (i, 5) € [n] x [m]. By the triangle inequality
of W1, we have

(W'(i,5) = W(t(3), 5(5))]
t t s s
ng my
S <Z 3 Sl 0ul Zpk59t<i>—9m> + Wi ( > gyl D Qk5ns<j)—nku2> -

k=1 k=1 k=1 k=1
=:(%) =:(k%)

For each o € [K], order 01, ..., 6, by the distance to 6., namely, find kq: [t] — [t] such that
|00 — Gka(l)Hg <o < 0o — Hka(t)Hg. Then, by Lemma 18, we have

t

t
N
(x) < 361?% W1<Z ;5”9&—@”2, Zpk5||9a—ek||2>
k=1 k=1

3 ("5 )

k=1

< max ||, — 0 - max
< max | ko (1) |12 ;

< R- max max

= R- Zl.
a€[K] jet—1]
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Similarly, for each 8 € [K], order 1, ...,ns by the distance to 73, namely, find £g: [s] — [s]
such that [[ng — ne,1)ll2 < -+ < |IMg — Ney(s)ll2- Then, by Lemma 18, we have

S mg S
(x4) < max W1 < 2 Sma—ml 2 Qk5||ms—nk2>
k=1

k=1
! Mg (k)
Z m Qe5(k)

k=1

! Mg (k)
Z m_ Qep (k)

k=1

< max — 2 - max
mmax M8 = Megs) |l Jhax

== RZQ

< R - max max
BE[K] je[s—1]

Hence, |W'(4,

§) = W(t(i),s(j))] < R-(Z1 + Zs). Next, we bound |W (i,5) — W'(i, 5)| for
any (i,j) € [n] x [m].

By the triangle inequality again, we have

1 — 1 — 1 & 1 &
=W (n Z 5HX1‘*XZH2’ n Z 5||9t(i)9t(e)||2) + W <m Z 5||Yj*Y£||2’ m Z 5|Tls(j)ﬁs(e)||2>‘
=1 =1 =1 =1

Meanwhile, notice that X; = 0,45 + & and Y; = ny;y + ¢; for any (i,7) € [n] x [m],
where &; |t(i) and (;|s(j) are independent sub- Gauss1an random vectors. Recall that the
Wasserstein-1 distance between two sets of points in R with the same cardinality satisfies
the following:

n

< Z5||X ~Xell2s Z 16,1y~ ean)— > X = Xella = 106y — Ouioll2] -

(=1

From ||| X; — Xoll2 — |0y — Oeoy ll2 = [10cay — ey + &i — Eell2 — [10say — Oroy 2] < 1166 — Eell2,

we have

1 « 1 & 1 «
W <n ;5&—)@”2’ n ;59t<i>—9t<z>llz> . ; 1€ — &ell2 < hax & — &ell2 =: U

Similarly,

m

1 1 &
(mZ |Y-—Ye||zvm;fsnns(j)—nsm) < max |G = Gl == V.

/=1
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Hence, |W(i,5) — W'(i,5)| < U+ V and |W(i,j) — W(t(i),s(j))| < R(Z1 + Z2) + U + V.
Now, fix ¢ € [n] such that ¢(i) € [K]. Then,
min W(i,j) — min W(i,j)
j€lm] j€lm]
s(4)#(2) s(5)=t(7)

> min W(t(i),s(j)) — min W(t(i),5(j)) — 2R(Z1 + Z2) —2(U + V)

Jj€lm] J€[m]

s(5)#t(0) s(j)=t(i)
> min  W(t(i),8) — W(t(i),t(i)) — 2R(Z1 + Z») — 2(U + V) (24)

Bels)\{t(i)}
> — — —
> C!1161[1}{1] W(a, B) — <1 Z pk> 2R(Z1+ Za) —2(U+ V),

pels)\{a} kelK]
0

where the last inequality follows from Lemma 17. Therefore, 2R(Z; + Z2) +2(U +V) < Q
implies that s(m(i)) = t(i) for any ¢ € [n] such that t(i) € [K]. We show that P(E) < 4,
where F is the event (2R(Z; + Z2) +2(U + V) > Q). By Lemma 19, we have

P <Z1 > 8%) <2K(t—1)exp <_(2;}?)22> )

(22 ) <onto oy (- 22).

Meanwhile, for ¢ # ¢, note that & — & |t(i),t(¢) is a sub-Gaussian random vector with
variance proxy U?(i) + af(e). By Lemma 20, we have

2
P(r?a[x] 1€ — &ell2 > ) ZP(H& &ill2 > Q) < n’e*® exp (—(9/83 )

oy 160

Similarly, we have

2
P ( rnaX ¢ — Cell2 > g) < m2eX exp <_(Q/8) ) .

£e[m) 1672

Putting all together, we have

oot o) e rd

92 Q/8)?
§2K(t+s—2)exp( Am) ) 2n\/m262dexp< (16/12 >
by 0
<-—+-=9
S5t5=90
where the last inequality follows from (12). Hence, we have (11). [ ]
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Remark 16 From the proof of Theorem 14, one may have noticed that we can replace the
left-hand side of (12) with

Q, := min min W« a, o
a€[K] (/36[81\{&} (@ 8) =W )>

To see this, it suffices to observe that we can replace Q in the last line of (24) with Q,, and
the rest of the proof follows the same with , in place of Q). Since Q, > §Q, the condition
(12) is a stronger condition than requiring Q, to be at least the right-hand side of (12).
We chose to present (12) as it is written in terms of the outlier proportion which is more
interpretable.

Lastly, we provide the lemmas used in the proof of Theorem 14.

Lemma 17 For the centers 0y, ...,0; and ny,...,ns in Assumption 1, define W as in (13).
Then, for any k € [K|, we have

W(a,a) < <1 — Z pk> - max H9 — g2 (25)

S/ @Dl

Proof The Wasserstein-1 distance on Z?(R) can be written as the L' distance between
cumulative distribution functions. For a € [K], we have

t s
W(a,a)= /R > o l{[l0a = Okll2 < 2} =Y axl{Ina — mell2 < 2}| dz

k=1 k=1

:/R S {0 — Okl < 2t — S {160 — milla < 2| d2

ke[t\[K] ke[s|\[K]

= (1=Wi{ Y B outilr D TS 0amilz | -

ke[th\[K] ke[s|\[K]

where A =37, gy pr- Since [[|6a — kll2 — (|0 — nell2] < [|6k — mell2 for any k € [t]\[K] and
¢ € [s]\[K], one can deduce that (25) holds. [ |

Lemma 18 Let z; < --- < z be any real numbers. For any (p1,...,pt), (q1,...,qt) € Ay,

we have
J
J
1
Proof Notice that
t t t t—1, j
W1<Zpk5zkaZQk5zk> =/ Z Pe— ) H{ze < 2} dz =D | ok —aw)|- (241 — %),
k=1 k=1 k= j=1 k=1
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where the last equality follows from

t—1 7
DD ok —a)

7j=1"k=1

t

> ok —a){z < 2}| =

k=1

1{Zj <z < Zj+1} Vz € R.

Therefore, we have (26). [ |

A.6 Proof of Theorem 15

Proof For the proof, we may assume that 7* is the identity without loss of generality.
First, letting Q(m) = > Wi (fii, Ux(3)), observe that

F#£m)c | Q@) =Qm).

eS8 \{7*}

The event Q(7*) > Q(7) is equivalent to

> (Wi, 22) = Wi, 0ei)) = Y (Wi, ) = Wa(fus, Prgay)) > 0,
=1 (i) #e
which is contained in the following events:

U Vi, 20) = Wi, omay)) < U U WG, 23) = Wi, 7))
(i) #1 i=1j#i

Therefore,

(7 # ) < |J U Wil 1) > W, 9)) (27)

i=1j#i

Now, recall that we can write a rigid transformation T: R? — R? as T'(f) = R0 +b for some
orthonormal matrix R € R®? and some vector b € R?. Hence, we have

1 & 1 < 1 <
i = n 26||Xi—XZ||2 = n Z5||9i—9z+&'—§z||2 = n Z5||9i—9/z+§iz\\2’
/=1 /=1 /=1
1 & 1 — 1 —
~ D Oyl = - D OIRG 00+ G-Glle = 5 D 016,60l
/=1 (=1

(=1

where we let &y = & —&p and (p = RT(Q —(¢). Next, recall that the Wasserstein-1 distance
between two sets of points in R with the same cardinality satisfies the following:

Wi (fi, o) = min ;Z 10: = 00 + Eiell2 = 165 — 0oy + Cjmioyll2] -
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Note that

[116: = 0 + Eitllz = 105 — Oz (o) + Cimey 2| — |16 = Oell2 — 165 — Oy ll2]|
< |10 — 60 + Eicll2 — 116: — Oell2l + [0 — Oxeyll2 — 165 — 0oy + o lI2]
< l&ell2 + ICine ll2

<(U+V),

where we define U = max; sefy,) [|Siell2 and V' = max;j pe() [|Gjell2- As

n

1
Wi (pi, pj) = min — D 1116: = 6cl13 = 1105 = Oz 13+
" =1

we conclude that

Therefore, if we can find 4,5 € [n] such that ¢ # j and Wi (j, ;) > Wi(j,7;), we must
have

(U+V) > Wiju, 2) > Wi, 05) > Wi, ) —(U+V) > - (U+V).

Accordingly, by (27), we have
. " ® P
P(r # ") SPQU+V) 2 @) <P(U> o | +P(V =)

Since &y = & — & is a sub-Gaussian random vector with variance proxy UZ-Q + 03 for i # ¢,
one can deduce from Lemma 20 and (17) that

o i) (®/4)*\ _ 0
<§}‘§ﬁé I8iell> = 4) B Zj# <H£€“2 - 4) = eXp( 1602 ) = 2’

where 0 = max{o1,...,0,}. Similarly, we have

) 0
P ol > — ) < —=.
(mae Il > 7 ) < 5

Jiteln]

Therefore, we have P(7 # 7*) < 0. [ |

Appendix B. Lemmas

We have used the following lemmas on the concentration of the multinomial distribution
and the sub-Gaussian distribution in the proofs of Theorems 14 and 15. The former is an
application of Proposition A.6.6 of Vaart and Wellner (1996), while the latter is a standard
result that can be deduced from the Chernoff bound; we provide the proof for completeness.
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Lemma 19 Suppose (z1,...,2) is from the multinomial distribution with the number of
trials n and the probability vector (pi,...,pt) € Ay. Let A C 2] be a collection of subsets
of [t]. Then, for any e € (0,1), we have

(X (2 )

keA
Lemma 20 We say a probability measure j € 2 (R?) is sub-Gaussian with variance proxy
o2 > 0 if the following holds for X ~

201,112
et (X—EX) < exp (U |2U||2> Vu € RY.

> ) <2l Al e

In this case, for any t > 0, we have
2
P(|X —EX|2 >t) <e*lexp <—2> . (28)
8o
Proof Without loss of generality, we may assume EX = 0. Let B, = {z € R : ||z||2 < 7}
be the closed ball of radius r centered at the origin, and recall that ||z[2 =7 - sup,cp u'
for any = € R?. Now, for ¢ € (0,1), let N be a minimal e-covering of B;. For any u € By,
we can find z, € N such that ||[u — z,||2 < €. Hence, for any u € By, we have
w'r < (u—z,) x4z o< supz o+ maxz' z <elz|s + maxzz,
2€B; 2EN, zEN:
which implies

lz|l2 < max z ' .
1—¢ z€N¢

For any z € N. C By, note that z' X is a sub-Gaussian random variable with variance
proxy o2. Hence, for any t > 0, we have

P(||X|l2 >t) < P( TX > (1-e)t) < N (1—¢e)%t?
max 2 — cexp | ==/ " )
2= B ZE(?VE - - el €Xp 20_2

By taking e = 1/2 and using | V.| < (14 2/¢)%, we have (28); we use [Ny 5| <57 < e ®

Appendix C. Extensions

C.1 Extension of Theorem 7 to General Metric Measure Spaces

From (20) in the proof of Theorem 7, one can deduce that Theorem 7 can be extended to
any metric measure space (X, dy, i) by replacing d+1 in (7) with the VC dimension of Fy
defined in the proof, which is the VC dimension of the set of all balls in X. Unfortunately,
controlling the VC dimension of the set of all balls in a general metric measure space is
highly nontrivial. A more straightforward quantity is the e-covering number N (g, X, dx),
namely, the smallest possible number of e-balls to cover X. The following theorem derives
an upper bound using the covering number for a general bounded metric measure space

(X,dX,,LL)
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Theorem 21 Let (X, dy, 1) be a metric measure space and ji = % Yo, dx, be the empirical
measure based on X1, ..., X, that are i.i.d. from p. Suppose A = sup, ey dx(z,2") < o0
and the support of i is exactly X. Let N(e,X,dx) be the e-covering number of X under
dx. Then,

C M\/A
E | sup Wi (g, fiz S/ — +logN (e, X,dy)de, 29
sup WGur )| < 2 [\ b oga(e, ) (29)

where C' is an absolute constant that is independent of n, X, and u.

Proof By the Kantorovich-Rubinstein theorem, e.g., Theorem 1.14 of Villani (2003), we
have

Wl(ﬂxaﬂm) = Sup (,uxf - ﬂzf)7
f€Lipy

where Lip; = {f: [0,A] = R|f(0) =0 and f is 1-Lipschitz}. Here, we have used the fact
that the supports of u, and fi, are contained in the interval [0, A] for any z € X'. Hence,

sup Wi (g, fiz) = sup sup (pief — fiaf) = sup (u¢ — fig) ,
zEX z€X f€Lip, PpeF

where F = {fodx, : f € Lip;,x € X} which is a function class from & to R. Here,

dyz: X = Ris defined by dy ;(-) = dx(z,-). Using symmetrization and Dudley’s chaining

argument (see Chapter 8 of Vershynin (2018)), one can derive the following:

E [sup Wwh (Nx’ /la:):| =K

zEX pEF

AJ2
sup (u¢ — /iqﬁ)] < \%/O Vieg N(e, F, || - |x)de,  (30)

where N(g, F, || - || x) denotes the e-covering number of F with respect to || - ||, namely,
the sup norm defined by ||¢||x = sup,cy |¢(x)| for any ¢: X — R. Here, we are using the
fact that supyer [|9llx < A since sup.cp ) f(2)] < A for any f € Lip; by Lipschitzness.
Now, noticing that F is a function class consisting of composite functions, we upper bound
N(e, F,| - |lx) by the product of the e-covering number of Lip; with respect to the sup

norm || - [Joc on [0,A], that is, ||fllcc = sup.cpa)|f(2)], and the e-covering number of X
with respect to dy. Concretely, we claim
N@2e, F, || - lx) < N(e, Lipy, || - loo) X N(g, X, dx). (31)

To see this, let Lip] C Lip; and X® C X be e-coverings of Lip; and X, respectively. For
f € Lip; and z € X, we can find f’ € Lip] and 2’ € X such that ||f — f'[|« < € and
dx(z,2') <e. Then,

[fodxs—fodywllx <|fodxs—fodyawllx+Ifodys — f odyalx
< lldx — daalla + 1 = Fllo
<dx(x,2")+¢
< 2e.
Hence, we obtain (31). The standard upper bound on the covering number of Lip; (see
Exercise 8.2.7 of Vershynin (2018)) tells

. cA
log V(5. Lipy, | - o) < 2 (32)
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where ¢ is some absolute constant. Combining (30), (31), and (32), we obtain (29). [ |

Remark 22 If one assumes that X is a compact subset of R and dyx is the standard
Euclidean distance in Theorem 21, the bounds coincide with those in Theorem 7. To see
this, it suffices to notice that N'(e, X, dx) scales as (1+2/e)%; see Section 4.2 of Vershynin
(2018). The key difference, however, is that Theorem 21 requires compactness of the support
of 1, while Theorem 7 does not.

C.2 Extension of Theorem 14: Identifying Points from the Common Part

Section 3.2 focuses on the matching of the points from the common part, namely, the first
K components. The matching guarantee ensures that all X;’s such that ¢(i) € [K] are
correctly matched, while ignoring the points from the outlier components. If we assume a
stronger condition by replacing the left-hand side of (12) with the following quantity

min W(a,B8) A min W(a,p) - R- (1 — Z pk), (33)
a€[K] ag(t]\[K] fgured
pels)\{a} pels) €lK]
we can show that
mz[m]{ W (i, 7(i)) < m[lrﬁ W (i, m(i)) (34)
en €n
t(i)€[K] (i) ¢[K]

holds with probability at least 1 — §. This means that if the threshold p in Algorithm 1 is
chosen between the two quantities in (34), the output I of the algorithm exactly coincides
with the set {i € [n] : t(i) € [K]}, thereby identifying the points from the common part.

Let us prove (34). To this end, first recall from the proof of Theorem 14 that the event
C = (2R(Z1+Z2)4+2(U+V) < Q) implies s(w(i)) = t(¢) for any i € [n] such that ¢(i) € [K].
Hence, on the event C, one can deduce that for such i € [n], we have

W (i, m(i)) < W(t(i),t(i)) + R(Z1 + Z2) + U +V,

which follows from |W(i,j) — W(t(i),s(j))| < R(Z1 + Z3) + (U + V) for any i,j € [n].
Therefore, invoking Lemma 17, we have

max W(i,n(i)) < R- (1 - Z pk> +R(Z1+ Z2)+ (U +V).

t(é)ee[?}(} ke[K]
Meanwhile,
{161[11% W(i,m(i)) > g{lﬁ W (t(i),s(m(i))) — R(Z1 + Z2) — (U +V)
t(i)¢[K] t(i)¢[K]
> aeﬁ[r%i[\zm W(a,B) = R(Z1 + Z2) — (U +V)
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Now, let C’ be the event (2R(Z1 + Z2) +2(U + V) < '), where Q' represents the quantity
in (33). Clearly, we have ' < Q and thus C’ C C. Therefore, on the event C’, we have

m{n} W (i, n(i)) — m?}]c W(i,n(i)) > Q' —2R(Z1 + Z2) —2(U+V) > 0.
€N emn

t(i)¢[K] t(i)€[K]

Now, we have P(C") > 1 — ¢ by repeating the proof of Theorem 14 with the left-hand side
of (12), which is €, replaced by €. Therefore, we have (34) with probability at least 1 — 9.
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