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Abstract— Control Barrier Functions (CBFs) have been pro-
posed to ensure safety of autonomous systems. This paper
considers control policies that switch between CBF constraints.
Under this approach, we represent a complex non-convex safe
region as a union of sets that are computationally tractable to
verify. We denote this framework as union-CBFs and make the
following contributions. First, considering switching CBF-QP
controllers, we propose a sufficient condition that ensures (i) the
system undergoes a finite number of switches in any finite time
interval and ensures (ii) the forward invariance of the closed-
loop system in between switches. Second, we consider two types
of switching strategies and propose union-CBFs conditions
for each strategy to satisfy (i) and (ii). Third, we formulate
Sum-of-Squares (SOS) algorithms to verify the conditions. The
experiments show that our union-CBFs framework allows safe
control policies that are less conservative than existing methods.
We also show the efficiency of the verification algorithms using
a polynomial system model.

I. INTRODUCTION

Safety is a critical property of control systems and is
usually defined as the forward invariance of a set of safe
states [1]. Control Barrier Functions (CBFs) have been
proposed to ensure safety [2], [3]. Mathematically, CBFs
are state evaluation functions that output negative values for
unsafe states and output positive values for some safe states.
The safety of a system can be ensured by placing a CBF
constraint on the control input so that the closed-loop system
is forward invariant within the 0-super level set of the CBF.

In order to ensure that the system is able to perform
needed tasks or satisfy stability properties, it is usually
desirable to maximize the volume of the safe region [4]–
[6]. In many safe control scenarios, the set of safe states is
non-convex with irregular shapes [7], [8]. In such cases, the
CBF needed to express this safety constraint is a high-degree
polynomial [9] or neural network [10]–[12], both of which
require significant computational overhead to synthesize.
Furthermore, verifying the safety properties of such complex
CBFs is computationally prohibitive [13].

An alternative to expressing complex safety constraints
with a single CBF is to describe the safe region as a
union of simpler subsets, with each subset defined by a
distinct CBF [7], [14], [15]. We call this idea union-CBFs
in this paper. Union-CBFs ensure safety by letting the safe
controller switch between different CBF constraints. In [15],
Boolean Non-smooth CBF (BNCBF) is proposed as the
maximum over all the distinct CBFs in the union. However,
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in order to ensure existence of solutions to the closed-
loop system, the BNCBF framework requires that multiple
CBF constraints be satisfied simultaneously at certain points
in state space, and hence can be conservative. The recent
work [16] proposes necessary and sufficient conditions for
safety using switching CBFs, but assumes the uniqueness
of trajectories of the closed-loop system. According to [17],
[18], formal CBF-based safety also requires that the safe
controller has non-trivial regularity properties (e.g. existence
of a feasible control input [17], and smoothness [19] or local
Lipschitz [18] properties). These regularity properties are not
guaranteed for optimization-based controllers, such as CBF-
Quadratic Programming [2] (CBF-QP), and hence must be
verified [13], [17].

In this paper, we propose a union-CBFs framework with
switching CBF-QP controllers. The first result is a sufficient
condition for union-CBFs that ensures (i) the number of
switches in any finite time interval is finite and ensures (ii)
forward invariance of the system with switching CBF-QP.
The proposed union-CBFs condition leads to less conserva-
tive safe control policies while satisfying needed regularity
properties. Based on the first result, we propose two types of
switching strategies. For each strategy, we derive conditions
for forward invariance and develop Sum-Of-Squares-based
verification algorithms to verify that the conditions are
satisfied. In the experiments, we show that (i) the union-
CBFs framework is more efficient than a single high-degree
CBF, and (ii) our proposed sufficient condition for union-
CBFs is less conservative than existing method. Efficiency
of our proposed SOS verification methods are also analyzed
using a nonlinear polynomial system example.

The rest of the paper is organized as follows. We introduce
preliminaries in Section II. We propose sufficient conditions
for forward invariance under union-CBFs in Section III. The
union-CBFs conditions under two switching strategies are
introduced in Section IV. The SOS verification frameworks
are derived in Section V. Experiments are presented in
Section VI, and Section VII concludes the paper.

Notations: Throughout this paper, we use un-bold letters
x and X to denote scalars, use bold lower case letters x to
denote vectors, and use bold upper case letters X to present
matrices. The bold 0 denotes a vector of all zeros. For a
vector x, x(i) denotes the i-th element. x2 denotes element-
wise squared vector of x such that (x2)(i) = (x(i))

2, i =
1, . . . , n. For a vector x and a scalar constant ϵ, y = x− ϵ
means y(i) = x(i) − ϵ for all i = 1, . . . , n. For two vectors
x,y ∈ Rn, x ≤ y denotes that x(i) ≤ y(i) for all i = 1, ..., n.
For a matrix X, X ≻ 0 means X is positive definite. We also
use upper case letters in Cali-graphic font X to present sets.



For Lie derivatives, we let Lfh(x) =
∂h(x)
∂x f(x).

II. PRELIMINARIES

In this section, we first introduce the system model. Then,
we introduce the concepts of Control Barrier Functions
(CBFs). Finally, we introduce a Sum-Of-Squares method that
verifies the emptiness of a set.

A. System Model

We consider a control affine system defined as

ẋ(t) = f(x(t)) +G(x(t))u(t) (1)

where the state x(t) ∈ X ⊆ Rnx , the control input u(t) ∈
U ⊆ Rnu , X denotes the state space, and U denotes the
admissible control set. In this paper, we assume that both
f(x) and G(x) are polynomials of x, and the state space X
is a bounded set, meaning that we rule-out the case where
||x(t)|| → ∞. We also assume that the admissible control
set is U = {u|Au ≤ c}, where A and c are constant matrix
and vector such that U is compact. The state space X has a
safe region Xs containing all the safe states, and an unsafe
region Xu = X \ Xs containing all the unsafe states. The
system (1) is safe if there exists a controller and a subset
C ⊆ Xs such that, ∀x(0) ∈ C, the closed loop system satisfies
x(t) ∈ C, ∀t ≥ 0, namely, system (1) is controlled forward
invariant with respect to C.

B. Control Barrier Functions

In order to ensure safety, we define a function h : X → R.
We let C be its 0-super-level set {x|h(x) ≥ 0} so that the
safety can be certified by control barrier functions.

Definition 1 (CBF [3]): A continuously differentiable
function h(x) is a CBF for system (1) if there exists an
extended class-κ function κh() such that for all x ∈ C:

sup
u∈U

{Lfh(x) + LGh(x)u+ κ(h(x))} ≥ 0. (2)

Note that Lfh(x) is a scalar, LGh(x) is a 1-by-nu row
vector, and κ(.) is an extended class κ function, which
is monotonically increasing with κ(0) = 0. A CBF is a
minimal CBF [20] if the class-κ function is also a minimal
function [20, Theorem 2]. In this paper, we consider linear
extended class-κ functions as the minimal function such that
κ(h(x)) = κh(x) with κ > 0.

The safe controller k : X → U considered in this paper is
based on the CBF-Quadratic Program shown below

k(x) = argmin
u

1

2
uTH(x)u+ cT (x)u (3a)

s.t. Lfh(x) + LGh(x)u ≥ −κh(x) (3b)
Au ≤ c (3c)

where H(x) ≻ 0, ∀x ∈ X . By [18, Theorem 5.4], the
following theorem provides a regularity property for the
CBF-QP above to ensure formal safety.

Theorem 1 ( [18]): The closed loop system (1) with con-
troller u = k(x) is forward invariant with respect to C if h(x)
is a minimal CBF and the controller k(x) is continuous.

By [18], the controller k(x) is point-Lipschitz and thus
continuous if the following Slater’s Condition holds: ∀x ∈ C,
∃u such that Au < c and the inequality constraint (3b)
strictly holds.

C. Algebraic Background
In this subsection, we first introduce Farkas’ lemma, which

gives a necessary and sufficient condition for the existence of
solutions to linear constraints. Then, we introduce a Sum-Of-
Squares (SOS) method from [5] and [21] to verify emptiness
of a set.

Lemma 1 (Farkas’ Lemma [22]): Let Λ ∈ Rm×n be a
matrix and ξ ∈ Rm be a vector. ∃x with Λx ≤ ξ if and
only if the set {z|z ≥ 0,ΛT z = 0, ξT z = −1} is empty.

In this paper, we use the equivalent condition: Λx ≤ ξ has
a solution x if and only if the set {y|ΛTy2 = 0, ξTy2 =
−1} is empty.

Now we introduce the theorem in [21] that verifies the
emptiness of a given set. Note that a polynomial s(x) is an
SOS if s(x) can be decomposed as s(x) =

∑N
i=1 p

2
i (x) for

a set of polynomials p1(x), . . . , pN (x).
Theorem 2 ( [21]): For some given polynomials ϕi(x),

i = 1, . . . , N , and polynomials ψj(x), j = 1, . . . ,M , we
define the set S as follows

S =

{
x ∈ Rn ϕi(x) = 0, ∀i = 1, . . . , N

ψj(x) ≥ 0, ∀j = 1, . . . ,M

}
Set S is empty if the following SOS program is feasible

Find s1(x), . . . , sN (x) and q1(x), . . . , qM (x)

s.t. − 1−
N∑
i=1

si(x)ϕi(x)−
M∑
j=1

qj(x)ψj(x) is SOS

s1(x), . . . , sN (x) are SOS
where q1(x), . . . , qM (x) are polynomials.

Theorem 2 provides a sufficient condition for a set to be
empty. With this SOS method, the verification of an empty
set can be transformed into an SOS program that can be
solved by SOSTOOLS [23] or MOSEK [24] solvers.

III. FORWARD INVARIANCE CONDITIONS

This section presents our first result of this paper. Let
h1(x), . . . , hNh

(x) be a given collection of differentiable
functions. We define set P = {1, . . . , Nh}, and define Xp =
{x|hp(x) ≥ 0} for all p ∈ P . Our goal is to keep the system
(1) controlled forward invariant with respect to the set Xc =
∪Nh
p=1Xp. We first introduce the considered switching CBF-

QP, then give sufficient conditions for controlled forward
invariance under union-CBFs.

A. Switching CBF-QPs
To achieve controlled forward invariance, we let the

control policy switch between controllers k1(x), ...,kNh
(x),

where each kp(x), p ∈ P is computed as

kp(x) = argmin
u

1

2
uTH(x)u+ cT (x)u (4a)

s.t. Lfhp(x) + LGhp(x)u ≥ −κhp(x) (4b)
Au ≤ c (4c)



where H(x) ≻ 0 for all x ∈ X . Let σ : [0,∞) → P
be the switching policy. A switching CBF-QP controller is
then denoted as u(t) = kσ(t)(x(t)). Next, we consider the
control system (1) with a switching CBF-QP controller and
propose sufficient conditions that keep (1) controlled forward
invariant with respect to Xc.

B. Sufficient Conditions For Union-CBFs

Proposition 1: Consider control affine model (1) with
switching CBF-QP controller u(t) = kσ(t)(x(t)) suppose
that:

P1-1 σ(t) is right continuous, piecewise constant, and only
have finite number of switches for any finite time
horizon [0, T ].

P1-2 ∀t ≥ 0, σ(t) satisfies hσ(t)(x(t)) ≥ 0, and ∃u ∈ Int(U)
with

Lfhσ(t)(x(t))+LGhσ(t)(x(t))u > −κhσ(t)(x(t)) (5)

where κ is a positive constant.
Then, ∀x′ ∈ Xc, x(0) = x′ implies x(t) ∈ Xc, ∀t ≥ 0.

Proof: For any T > 0, we divide the time range
[0, T ] into [0, T ] = ∪K+1

k=1 [tk−1, tk) where t0 = 0, tK+1 =
T , and σ(t) is constant in time interval [tk−1, tk), ∀k =
1, . . . ,K + 1. Let K = {1, ...,K}. So that switches happen
at tk, ∀k ∈ K. For all t ∈ [tk−1, tk) where k = 0, . . . ,K+1,
σ(t) = σ(tk−1) ∈ P . According to P1-2, constraints (4b) and
(4c) always satisfy the Slater’s condition when σ(t) = p.
This means for each k = 0, . . . ,K and for all t ∈ [tk, tk+1),
the controller kσ(t)(x) is point-Lipschitz. Hence, the closed-
loop system (1) with controller u = kσ(t)(x) is a switched
system [25, Part-III] whose dynamics is continuous with
respect to x in between switches. This implies that the
closed-loop trajectory x(t) is continuously differentiable in
between switches. Hence, the closed-loop dynamics would
be piecewise continuous with respect to t for all t ≥ 0.
Hence, we have that the closed-loop trajectory x(t) is
absolutely continuous for all t ≥ 0 [25, Chapter 1.2].

During the time interval [t0, t1): By condition P1-1,
∀t ∈ [t0, t1), σ(t) = σ(t0), and the controller for the system
(1) is u = kp(x) with p ∈ P such that hp(x(t0)) ≥ 0.
By condition 1-2, the constraints for controller kp(x) satisfy
Slater’s Conditions. Also, the CBF hp(x) is a minimal CBF
since (5) requires a linear extended class-κ function. Hence,
by Theorem 1, x(t0) ∈ Xc implies x(t) ∈ Xp ⊆ Xc, ∀t ∈
[t0, t1), where p satisfies hp(x(t0)) ≥ 0.

During the time interval [tk, tk+1): We assume that
x(t) ∈ Xc for all t ∈ [tk−1, tk). Since x(t) is absolutely
continuous, then limt→t+k

x(t) = limt→t−k
x(t) = x(tk) ∈

Xc. According to P1-1, σ(t) = σ(tk) = p′ ∈ P for all t ∈
[tk, tk+1), where p′ satisfies hp′(x(tk)) ≥ 0. By P1-2, the
control constraints for kp′(x) also satisfy Slater’s Condition,
and hp′(x) is a minimal CBF. Hence, x(t) ∈ Xp′ ⊆ Xc for
all t ∈ [tk, tk+1)

By induction, x(t) ∈ Xc for all t ∈ [0, T ], and for all
T > 0.

The conditions in Proposition 1 not only depends on
h1(x), ..., hNh

(x), but also depends on the switching signal

σ(t). Hence, in the next section, in order to verify Proposition
1, we first specify the switching strategy, then propose some
conditions for h1(x), . . . , hNh

(x) such that the switching
signal σ(t) together with h1(x), . . . , hNh

(x) satisfy P1-1 to
P1-2.

IV. FORWARD INVARIANCE CONDITIONS UNDER
DIFFERENT SWITCHING STRATEGIES

In this section we provide two switching strategies and
provide conditions for forward invariance under these switch-
ing strategies. All sufficient conditions proposed in this
section depends only on h1(x), . . . , hNh

(x).
Before we introduce the details of the switching strategies

and the corresponding forward invariance conditions, we
first provide a result that will be used during the following
discussion of this paper.

Theorem 3: Let f : Rnx → R be a locally Lipschitz
function with Lipschitz constant L on a compact set W ⊆
Rnx . Let η > 0 be a constant. For all x,x′ ∈ W , we have
that

inf {||x′ − x|| : f(x) ≥ η, f(x′) ≤ 0} > η

L
Proof: According to the local Lipschitz property of the

function f(x), for all x,x′ ∈ W we have:

|f(x′)− f(x)| ≤ L||x′ − x||
⇒ − L||x′ − x|| ≤ f(x′)− f(x) ≤ L||x′ − x||
⇒f(x′)− L||x′ − x|| ≤ f(x) ≤ f(x′) + L||x′ − x||

Since x′ satisfies f(x′) ≤ 0, then we have:

f(x) ≤ f(x′) + L||x′ − x|| ≤ L||x′ − x||

Also, since f(x) ≥ η > 0, we have

||x′ − x|| ≥ η

L
.

Hence, η
L is the lower bound for the distance from any x ∈

W with f(x) ≥ η to any other x′ ∈ W with f(x′) ≤ 0.

A. Switching Strategy I

We give the first switching strategy as follows. Let η >
0 be a constant. The signal σ(t) switches from p ∈ P to
another p′ ∈ P at time t if the following conditions are
satisfied.

S1-1 hp(x(t)) ≥ 0 and hp′(x(t)) ≥ 0.
S1-2 At state x = x(t),

sup
u∈Int(U)

{Lfhp(x) + LGhp(x)u+ κhp(x)} ≤ 0.

S1-3 At state x = x(t), ∃u ∈ Int(U) such that

Lfhp′(x) + LGhp′(x)u+ κhp′(x) ≥ η.

The following theorem gives conditions for forward invari-
ance under this switching strategy.

Theorem 4: Let h1(x), . . . , hNh
(x) be a collection of

given differentiable functions with their first order derivatives
being locally Lipschitz on Xc. If ∀x ∈ Xc, ∃p ∈ P ,u ∈
Int(U) with



C1-1 hp(x) ≥ 0.
C1-2 Lfhp(x) + LGhp(x)u+ κhp(x) ≥ η.

Then, any switching signal σ(t) following conditions S1-1
to S1-3 satisfies P1-1 and P1-2.

Proof: We first prove P1-1 and then prove P1-2.
Proof of P1-1: Assume σ(t) switches to p at time tk, and

the next switch of σ(t) from p to another index in P happens
at tk+1. In order to prove P1-1, we first prove that there
exists a uniform lower bound for ||x(tk+1)−x(tk)||, then we
show that there exists a uniform lower bound on tk+1 − tk
that holds for all k = 0, 1, . . .. According to the problem
setup, f(x) and G(x) of system (1) are locally Lipschitz
for all x ∈ X . According to condition S1-3 of Switching
Strategy 1, at x(tk), there exists a u0 ∈ Int(U) such that
Lfhp(x(tk)) + LGhp(x(tk))u0 + κhp(x(tk)) ≥ η. We now
define f0(x) := Lfhp(x) + LGhp(x)u0 + κhp(x). Since
f(x), G(x) and ∂hp(x)/∂x are locally Lipchitz on X , then
the function f0(x) is also locally Lipschitz on X . Let the
Lipschitz constant of f0(x) be L0. By Theorem 3, for any
x′ ∈ Xp such that f0(x′) ≤ 0, we have ||x′ − x(tk)|| ≥ η

L0
.

Define the following two sets:

R := {x| max
u∈Int(U)

{Lfhp(x) + LGhp(x)u+ κhp(x)} ≤ 0}

R0 := {x|Lfhp(x) + LGhp(x)u0 + κhp(x) ≤ 0}

where u0 ∈ Int(U). It is obvious that R ⊆ R0. Since we
have x(tk) /∈ R, x(tk) /∈ R0, and x(tk+1) ∈ R, we have
that

||x(tk+1)− x(tk)|| ≥ ||x′ − x(tk)|| ≥
η

L0

Hence, we have a uniform lower bound for the term
||x(tk+1) − x(tk)|| ≥ η

L0
. Since we also assume that X

and U are bounded sets, then there exists a constant D > 0
such that ||f(x(t))+G(x(t))u(t)|| ≤ D, ∀t ≥ 0. Hence, we
now have a uniform lower bound for ||tk+1 − tk|| ≥ η

DL0

for all k = 0, 1, .... Condition P1-1 is now proved.
Proof of P1-2: If conditions C1-1 and C1-2 are satisfied,

then all possible switching signals under Switching Strategy
1 satisfy P1-2. Hence, P1-2 is proved.

B. Switching Strategy II

We consider another switching strategy as follows. Let
ηh, τ > 0 be positive constants. The switching signal σ(t) is
initialized as p0 ∈ P such that hp0

(x(0)) ≥ 0, then, σ(t) =
p0 for all t ∈ [0, τ ]. After that, σ(t) switches from a p ∈ P to
another p′ ∈ P at time t if hp(x(t)) = 0 and hp′(x(t)) ≥ ηh.

Under the Switching Strategy 2, we have the union CBF
condition provided in the following theorem.

Theorem 5: Let h1(x), . . . , hNh
(x) be a collection of

given polynomials. Let η > 0 be a constant. If ∀p ∈ P
and ∀x ∈ Xp, ∃u ∈ Int(U) such that

C2-1 Lfhp(x) + LGhp(x)u+ κhp(x) ≥ η.
Then, any switching signal σ(t) following the Switching
Strategy 2 satisfies conditions P1-1 and P1-2.

Proof: We prove Theorem 5 by considering the follow-
ing two cases.

(a) ∀x ∈ Xc, ∄p, p′ ∈ P such that p ̸= p′, hp(x) = 0, and
h′p(x) ≥ ηh.

(b) ∃x ∈ Xc such that hp(x) = 0 and hp′(x) ≥ ηh for
some p, p′ ∈ P and p ̸= p′.

Proof of P1-1: According to condition C2-1, in case (a),
once the switching signal σ(t) is initialized as p0 such that
hp0

(x(0)) ≥ 0, the closed-loop system (1) with CBF-QP
controller up0

(x) is forward invariant to set {x|hp0
(x) ≥

0} ⊆ Xc. Hence, the switching signal keeps its value σ(t) =
p0 for all t ≥ 0.

In case (b), the switching signal σ(t) may switch at some
t > τ . In this case, the positive constant τ ensures that
σ(t) does not have a switch in an arbitrary small time range
after the initialization σ(0) = p0. After the time τ , we let
tk > τ be the time slot when σ(t) switches to p ∈ P
such that hp(x(tk)) ≥ ηh > 0. We also denote tk+1 as
the time when hp(x(tk+1)) = 0 and σ(t) switches away
from p. Since, ∀p ∈ P , hp(x) is a polynomial and is locally
Lipschitz on X . Let the Lipschitz constant be Lp, and let
Lh = maxp∈P Lp. By Theorem 3, we always have that
||x(tk+1) − x(tk)|| ≥ ηh

Lp
. Since we assumed that X and

U are bounded sets, then there exists constant D > 0 such
that ||f(x(t))+G(x(t))u(t)|| ≤ D, ∀t ≥ 0. Hence, we now
have a uniform lower bound for ||tk+1 − tk|| ≥ ηh

DLh
for all

k = 0, 1, .... Hence, we prove the P1-1 for Theorem 5 in
case (b).

Proof of P1-2: Since σ(t) ∈ P for all t ≥ 0, then,
condition C2-1 of Theorem 3 implies P1-2 in both (a) and
(b) cases.

Remark: Since condition C2-1 also implies C1-2, the
union-CBFs condition in Theorem 5 is also a sufficient con-
dition for Theorem 4. This means if the condition in Theorem
5 is true for a given collection of CBFs h1(x), . . . , hNh

(x),
then we can also use the switching CBF-QP with strategy I
to keep system (1) forward invariant with respect to Xc.

V. VERIFICATION FRAMEWORK

This section introduces SOS frameworks to verify suf-
ficient conditions in Theorem 4 and Theorem 5. Given a
polynomial system dynamics (1) and a collection of CBFs
h1(x), . . . , hNh

(x), verifying the union of these CBFs is to
verify (a) Theorem 4 or Theorem 5 is true, and (b) validity
of these CBFs, meaning that Xc ⊆ Xs. Hence, in what
follows, we first introduce the SOS verification frameworks
for Theorem 4. Then we introduce the verification framework
for Theorem 5. Finally, we verify that Xc ⊆ Xs.

We use SP to denote the collection of all possible subsets
of P except ∅. During the verification of Theorem 4 and
Theorem 5, we let Ū = {u|Au ≤ c − ϵ} with a given
constant ϵ > 0 so that Ū ⊂ Int(U). For simplicity, we also
define matrix Λp(x) and vector ξp(x) such that

Λp(x) =

[
−LGhp(x)

A

]
; ξp(x) =

[
Lfhp(x) + κhp(x)− η

c− ϵ

]
(6)

where η, ϵ are specified positive constants. Hence, for any
u with Λp(x)u ≤ ξp(x), u strictly satisfies constraints (4b)
and (4c).



A. Framework For Switching Strategy I

According the defined symbols above, we verify Theorem
4 by solving the following problem.

Verification Problem 1: Given polynomials h1(x),. . . ,
hNh

(x), system model (1), positive constants κ, η, ϵ and
constant matrix A and vector c, verify that, ∀x ∈ Xc, ∃p ∈ P
and u ∈ Rnu such that hp(x) ≥ 0 and Λp(x)u ≤ ξp(x).

We solve Problem 1 by three steps. First, we partition the
set Xc. Next, we collect all the non-empty subsets of Xc.
Finally, for each of these non-empty subsets, we verify that,
for all states x in the subset, there exists p ∈ P and u ∈ Rnu

such that hp(x) ≥ 0 and Λp(x)u ≤ ξp(x).
Step 1: We partition the set Xc into subsets such that Xc =

∪N∈SPXN , where XN for all N ∈ SP is defined as

XN = {x|hp(x) ≥ 0, ∀p ∈ N ;hp′(x) < 0, ∀p′ ∈ P \ N}.

To solve Problem 1, we consider the following two state-
ments.

T1: ∀N ∈ SP and ∀x ∈ XN , ∃p ∈ N and u ∈ Rnu such
that Λp(x)u ≤ ξp(x).

T2: ∀x ∈ XN , ∃p ∈ N and u ∈ Rnu such that Λp(x)u ≤
ξp(x).

According to the partition for Xc and definition of XN , ver-
ifying T1 is sufficient to verify Theorem 4, and is equivalent
to iteratively verifying T2 over all N ∈ SP .

Step 2: In the most general case where XN ̸= ∅ for all
N ∈ SP , the verification of T2 is repeated for 2N −1 times.
However, in cases where X1, ...,XNh

are located sparsely,
there are some N ∈ SP such that XN = ∅. Verifying T1
only requires to repeat the verification of T2 for all XN ̸= ∅.
In this step, we check whether XN = ∅ for all N ∈ SP so
that, at the end of this step, we should have the collection
Sne = {N ∈ SP |XN ̸= ∅} where the subscript ne stands
for “non-empty”.

The following lemma provides an SOS program to check
whether XN = ∅.

Lemma 2: ∀N ∈ SP , XN = ∅ if the following SOS
program is feasible.

Find sp(x, c), ∀p ∈ N , and sp′(x, c), ∀p′ ∈ P \ N (7a)

s.t. − 1−
∑
p∈N

sp(x, c)hp(x)

−
∑

p′∈P\N

qp′(x, c)[c2p′hp′(x) + 1] is SOS (7b)

sp(x, c), ∀p ∈ N are SOS (7c)

where c is a vector of scalar variables cp′ with p′ ∈ P \N ,
and each qp′(x, c)is a polynomial of x and c.

Proof: For a function h : Rnx → R, ∃x with h(x) < 0
if and only if ∃(x, c) ∈ Rnx+1 such that c2h(x) = −1.
Hence, XN is empty if and only if the following set is empty.

{(x, c)|hp(x) ≥ 0, ∀p ∈ N ; c2p′hp′(x)+1 = 0, ∀p′ ∈ P\N}

where c is a vector of scalar variables cp′ with p′ ∈ P \N .
Then, by Theorem 2, we have the SOS program (7).

Step 3: In this step, we verify T2 for each XN with
N ∈ Sne. We can see from Lemma 2 that the terms
hp′(x) < 0 in set XN could introduce extra variables to SOS
programs. This complicates polynomial structures and makes
SOS program harder to solve. Hence, instead of consider Xc,
in this step, we consider X ′

N defined as

X ′
N = {x|hp(x) ≥ 0, ∀p ∈ N ;hp′(x) ≤ 0, ∀p′ ∈ P \ N}.

Instead of verifying T2, we verify the following statement.
T3: ∀x ∈ X ′

N , ∃p ∈ N and u ∈ Rnu such that Λp(x)u ≤
ξp(x).

Since XN ⊂ X ′
N , then verifying T3 also verifies T2.

The following theorem provides the SOS program to verify
T3 for all N ∈ Sne.

Theorem 6: For all N ∈ Sne, X ′
N satisfies T3 if the

following SOS program is feasible.

Find sp(x,y),qp(x,y), rp(x,y), ∀p ∈ N and
sp′(x,y), ∀p′ ∈ P \ N (8a)

s.t. − 1−
∑
p∈N

sp(x,y)hp(x) +
∑

p′∈P\N

sp′(x,y)hp′(x)

−
∑
p∈N

(
qT
p (x,y)Λ

T
p (x)y

2
p + rp(x,y)(ξp(x)y

2
p + 1)

)
is SOS (8b)
sp(x,y), ∀p ∈ N are SOS (8c)
sp′(x,y), ∀p′ ∈ P \ N are SOS (8d)

where y is a vector of variables concatenated by all yp for
all p ∈ N , each qp(x,y) is a vector of polynomials, and
each rp(x,y) is a polynomial.

Proof: The the following T4 statement is the negation
of T3:

T4: ∃x ∈ X ′
N such that, ∀p ∈ N , ∄up with Λp(x)up ≤

ξp(x)

By Lemma 1, T4 is equivalent to the non-emptiness of the
following set.

V = (x,y)

hp(x) ≥ 0, ∀p ∈ N
−hp′(x) ≥ 0, ∀p′ ∈ P \ N
ΛT

p (x)y
2
p = 0, ξTp (x)y

2
p + 1 = 0, ∀p ∈ N


where the y is a vector of variables concatenated by all yp

for all p ∈ N . The first two lines of V correspond to X ′
N ,

and the last line of V corresponds to the result of Farkas’
Lemma for each p ∈ N . Since T4 is the negation of T3,
and T4 is equivalent to the non-emptiness of V , then T3 is
equivalent to the emptiness of V . Now, applying Theorem 2,
we get the SOS program (8) that verifies T3.

To summarize, in this subsection, we verify sufficient
conditions for Theorem 4. We first compute all possible
subsets of Xc. Second, we use Program (7) to discard all the
empty subsets of Xc and returns all the non-empty subsets.
Finally, we verify a sufficient condition for T3 using Program
(8) for all the non-empty subsets.



B. Framework For Switching Strategy II

In this subsection, we propose the SOS programs that
verifies Theorem 5.

Verification Problem 2: Given a collection of polynomi-
als h1(x), . . . , hNh

(x), system model (1), positive constants
κ, η > 0, and constant matrix and vector A, c, verify that
for all p ∈ P and x ∈ Xp, there exists u ∈ Rnu with
Λp(x)u ≤ ξp(x).

Theorem 7: Problem 2 can be verified by checking the
feasibility of the following SOS program for all p ∈ P .

Find s(x,y),q(x,y), r(x,y) (9a)

s.t. − 1− s(x,y)hp(x)− q(x,y)ΛT
p (x)y

2

− r(x,y)(ξTp (x)y
2 + 1) is SOS (9b)

s(x,y)is SOS (9c)

where y is a vector of variables, q(x,y) is a vector of
polynomials, and r(x,y) is a polynomial.

Proof: By Lemma 1, for all x ∈ Xp, ∃u ∈ Rnu such
that Λp(x)u ≤ ξp(x) if and only if the following set is
empty.

Vs = {(x,y)|hp(x) ≥ 0,ΛT
p (x)y

2 = 0, ξTp (x)y
2 + 1 = 0}

Applying Theorem 2 to Vs, we get the SOS Program (9).
Problem 2 is verified if Program (9) is feasible for all p ∈ P .

Remark: Comparing Program (9) to Program (8), we
can see the verification of Problem 2 is in fact a special
case for verification of Problem 1. During the verification
of Problem 1, if we replace N as the index set {p}, and
replace XN as Xp = {x|hp(x) ≥ 0}, then Program (8) and
Program (9) would be the same. This observation coincides
with the remark in Section IV-B that Theorem 5 is a sufficient
condition of Theorem 4.

C. Verifying Validity of CBFs

In this subsection, we verify that Xc ⊆ Xs. Assume the
unsafe region Xu = X \ Xs is identified by a collection of
polynomials such that Xu = {x|l(x) ≤ 0} where l(x) is a
vector of polynomials. In order to verify that Xc ⊆ Xs, we
need to verify that Xc ∩ Xu = ∅. Since Xc = ∪p∈PXp, then
verifying Xc ∩ Xu = ∅ is equivalent to verify Xp ∩ Xu = ∅
for all p ∈ P . Hence, to verify Xc ⊆ Xs, we verify that
the set {x|hp(x) ≥ 0,−l(x) ≥ 0} is empty for all p ∈ P .
By Theorem 2, this is to solve the following SOS feasibility
program.

Find s(x), sl(x) (10a)

s.t. − 1− s(x)hp(x)− sTl (x)l(x) is SOS (10b)
s(x), sl(x) are SOS (10c)

where sl(x) is a vector of SOS with the same size as vector
l(x).

VI. EXPERIMENTS

This section presents experiments that support our motiva-
tion and compares the efficiency of our proposed verification
frameworks. The SOS verification programs are solved using
MOSEK [24] for all examples. For simplicity, we name the
verification methods for Theorem 4 and Theorem 5 as Verif-I
and Verif-II, respectively.

A. Motivating Example

In this example, we show that a union of linear CBFs
covers a larger safe region than a degree-6 single CBF, which
has a longer verification time.

Fig. 1: Safe states coverage comparison between a union of
4 linear CBFs and a degree-6 CBF. Although the boundary
of Xh = {x|h(x) ≥ 0} almost touches the boundary of Xu,
the union region Xc still provides a better approximation of
Xs and covers more safe states than Xh.

We consider a 2D single integrator ẋ = u with control
limits −1 ≤ u(1) ≤ 1 and −1 ≤ u(2) ≤ 1. The unsafe
region has a square shape such that Xu = {x| − 1 ≤ x(1) ≤
1,−1 ≤ x(2) ≤ 1}. We choose 4 linear CBFs as h1(x) =
x1 − 1.05, h1(x) = −x1 − 1.05, h1(x) = x2 − 1.05, and
h1(x) = −x2−1.05. The degree-6 CBF is chosen as h(x) =
x6
1+x6

2−2.30, and we let Xh = {x|h(x) ≥ 0}. The boundary
of these CBFs, the region Xc and the region Xu are shown
in Fig. 1. We can see that the union of low degree CBFs
covers more safe states than a high-degree polynomial.

Next, we verify the union of h1(x), . . . , h4(x) using Verif-
I and Verif-II. Then, we verify h(x) using Program (9). For
verifying the union-CBFs, Verif-I takes 48.95 seconds, while
Verif-II only takes 0.03 seconds. On the other hand, the
verification of h(x) takes 159.97 seconds.

B. Comparison To Existing Method

In this subsection, we compare the formulation of union of
CBFs with a previously proposed BNCBF [15]. We construct
an example in which our union of CBFs framework is less
conservative compared to the BNCBF approach.



We consider the same 2D single integrator system model
as Section VI-A. The goal of the control is to reach the
state xgoal = 0 while satisfying x(t) ∈ Xc for all t. In this
example, we let Xc = ∪2

i=1{x|hi(x) ≥ 0}, where h1(x) =
1
2 (x(1)+3)(x(1)+1)−x(2), and h2(x) = 1

2 (x(1)+3)(x(1)+
1) + x(2). We consider a CBF-QP based safety filter for
nominal controller kd(x) = 2(xgoal − x). Hence, the safe
controller kσ(t)(x) switches between

kp(x) = argmin
u

1

2
||u− kd(x)||2

s.t. Lfhp(x) + LGhp(x)u ≥ −κhp(x)
Au ≤ c

for p = 1, 2, and κ = 0.1.
According to the setup above, at x′ = [−3, 0]T , we

have h1(x
′) = h2(x

′) = 0, and the kd(x
′) = [6, 0]T . By

formulation of BNCBF, at the state x′, the control u should
satisfy both the following conditions:

Lfh1(x
′) + LGh1(x

′)u ≥ −κh1(x′) (12a)
Lfh2(x

′) + LGh2(x
′)u ≥ −κh2(x′) (12b)

This means the BNCBF formulation requires u(2) ≤ −u(1)

and u(2) ≥ u(1), which implies that u(1) ≤ 0. Since the
objective of CBF-QP is to minimize 1

2 ||u−kd(x)||2, then the
controller with BNCBF only provides control signal u = 0
at state x′. This means the single integrator controlled by
BNCBF stops at x′.

However, for union of CBFs, no matter which switching
strategy we choose (strategy I or II in Section V), the
control u only needs to satisfy (12a) or (12b). This means
our sufficient condition for forward invariance only requires
u(2) ≤ −u(1) or u(2) ≥ −u(1) at state x′, and u(0) > 0
is allowed in either cases. Hence, at x′ the single integrator
controlled by union of CBFs continues to move closer to
xgoal.

C. Computation Time Comparison

This subsection compares the efficiency between Verif-
I and Verif-II. In Section IV-B, we have mentioned that
Theorem 5 is a sufficient condition of Theorem 4. In this
subsection, we show that, in order to efficiently verify the
union of a given set of CBFs, we can first use Verif-II to
verify the Theorem 5, then use Verif-I to verify Theorem 4
if needed.

We consider the polynomial control system from [9].[
ẋ1
ẋ2

]
=

[
x2

x1 +
1
3x

3
1 + x2

]
+

[
(0.2x21 + 0.2x2 + 1)u1
(−0.2x22 + 0.2x1 + 4)u2

]
with control limits −5 ≤ u1 ≤ 5 and −5 ≤ u2 ≤ 5. We
first show that Verif-I is sensitive to CBFs’ layout of the
union, while Verif-II is not. Then, we show that the total
verification time of Verif-I grows rapidly as the number of
CBFs increases, while the verification time of Verif-II grows
linearly.

We first focus on relative positions of CBFs’ super level
sets, which is called CBF layout. Depending on the number

(a) (b)

Fig. 2: Union of 3 CBFs with different layouts. Fig. (2a) is
the spares layout such that Xc only has 5 subsets XN . Fig.
(2b) is the dense layout such that Xc has 7 subsets XN .

of empty intersections between super level sets, we consider
two types of CBF layouts, namely sparse layout and dense
layout, shown in Fig. 2. In both layout cases, each CBF
is hi(x) = 0.04 − ||x − xi||2, i = 1, 2, 3. In the sparse
case x1 = [−0.3, 0], x2 = [0, 0], and x3 = [0.3, 0]. In the
dense case x1 = [−0.1, 0], x2 = [0.1, 0], and x3 = [0, 0.17].
In the sparse case shown in Fig. (2a), Verif-I takes 76.12
seconds and Verif-II takes 1.12 seconds. In the dense case
shown in Fig. (2b), Verif-I takes 463.10 seconds while Verif-
II only takes 1.14 seconds. This time comparison shows
that Verif-I is sensitive to the layout of the CBFs in the
union. According to Section V-A, the total number of non-
empty subsets computed in the step 2 of Verif-I depends on
the layout of CBFs, and it directly decides the number of
times we repeat the Program (8). On the other hand, Verif-II
only repeats the Program (9) for each of the CBFs, thus not
sensitive to the layout of the CBFs.

The next comparison shows that, in the sparse layout,
for the same number of CBFs, Verif-I takes longer time
than Verif-II. We consider the sparse layout and compare
the computation time of Verif-I and Verif-II for unions with
different number of CBFs. The comparison result is shown in
Fig. 3. Compared to Verif-II, the computation time of Verif-I
grow rapidly as the number of CBFs grows. This is caused
by the increasing number of y variables in the Program
(8). When the Program (8) is used to verify the overlapping
region of two 0-super-level sets, the number of y variables
would be doubled compared to verifying a single 0-super-
level set. On the contrary, Verif-II only repeats the Program
(9b) for each of the 0-super-level set, and the number of
y variables in Program (9) never changes. Hence, the total
computation time for Verif-II grows linearly with respect to
the number of CBFs.

VII. CONCLUSIONS AND FUTURE WORK

This paper focuses on ensuring forward invariance of
the union of super level sets of CBFs (union-CBFs). We
proposed sufficient conditions for keeping the closed-loop
system with switching CBF-QP controller safe. The proposed
condition ensures (i) finite switches in any finite time interval
and (ii) forward invariance of the closed-loop system. By



(a) (b)

Fig. 3: Computation time for Verif-I and Verif-II. Fig. (3a)
compares the computation time of Verif-I and Verif-II in the
sparse case with unions of different number of CBFs. Fig.
(3b) shows that the computation time of Verif-II only grows
linearly as the number of CBFs grows.

utilizing the concept of minimal CBF and Slater’s condition,
our proposed sufficient condition allows less conservative
safe control policies while satisfying the point-Lipschitz
property. We considered two types of switching strategies
and proposed sufficient conditions on CBFs for each of the
strategies. We also derived SOS verification frameworks for
union-CBFs conditions under each switching strategy. The
experiments show that our union-CBFs condition is less
conservative than existing BNCBF methods. However, the
methods proposed in this paper only consider CBFs with
relative degree 1, and hence our future work will extend the
discussion to high-relative-degree cases.
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