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Abstract: In density functional theory, the SCAN (Strongly Constrained and 9 

Appropriately Normed) and r2SCAN (regularized–restored SCAN) functionals 10 
significantly improve over GGA (Generalized Gradient Approximation) 11 
functionals such as PBE (Perdew–Burke–Ernzerhof) in predicting electronic, 12 
magnetic, and structural properties across various materials, including transition-13 
metal compounds. However, there remain puzzling cases where SCAN/r2SCAN 14 
underperform, such as in calculating the band structure of graphene, the magnetic 15 
moment of Fe, the potential energy curve of the Cr2 molecule, and the bond length 16 
of VO2. This research identifies a common characteristic among these challenging 17 
materials: non-compact covalent bonding through s-s, p-p, or d-d electron 18 
hybridization. While SCAN/r2SCAN excel at capturing electron localization at 19 
local atomic sites, they struggle to accurately describe electron localization in non-20 
compact covalent bonds, resulting in a biased improvement. To address this issue, 21 
we propose the r2SCAN+V approach as a practical modification that improves 22 
accuracy across all the tested materials. The parameter V is 4 eV for metallic Fe, 23 
but substantially lower for the other cases. Our findings provide valuable insights 24 
for the future development of advanced functionals.  25 

Significance statement:  26 

To predict material properties, accurate but efficient approximations for the electronic exchange-27 
correlation energy are needed. r2SCAN satisfies many more exact conditions than PBE, and is more accurate in 28 
most cases, but there are puzzling cases where PBE is more accurate, including two-dimensional carbon, 29 
metallic iron, the chromium dimer, and solid vanadium dioxide. We show that these errors of r2SCAN can be 30 
strongly reduced by making a one-parameter +V correction that localizes electrons near bond centers between 31 
nuclei, suggesting a correction of self-interaction error in non-compact covalent bonds. In such situations, 32 
r2SCAN may provide much of the +U correction to PBE that localizes electrons near nuclei, and not enough of 33 
the compensating +V.  34 

1. Introduction 35 

Kohn-Sham density functional theory (DFT) [1] with the generalized gradient approximation (GGA) in 36 
the form of Perdew-Burke-Ernzerhof (PBE) [2] has long been the workhorse of condensed matter physics and 37 
materials science, but its reliability degrades for transition-metal materials. For example, PBE (even with spin-38 
symmetry breaking [3]) frequently fails to capture the insulating characteristics of some Mott insulators. PBE's 39 
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primary limitation lies in its inadequate treatment of electron localization, giving rise to the self-interaction error 40 
(SIE), delocalization error, and strong correlation error [4,5,6]. A popular remedy is introducing an on-site 41 

Hubbard-U-like correction, which modifies the orbital-dependent potential (𝑣𝑣𝑖𝑖) as ∆𝑣𝑣𝑖𝑖 = 𝑣𝑣DFT+𝑈𝑈 − 𝑣𝑣DFT =42 

𝑈𝑈(1
2
− 𝑛𝑛𝑖𝑖) [7,8]. Here, ∆𝑣𝑣𝑖𝑖 is negative for filled orbitals (with occupation 𝑛𝑛𝑖𝑖 = 1) and positive for empty ones 43 

(𝑛𝑛𝑖𝑖 = 0). This corrective potential increases the energy splitting between occupied and unoccupied states, which 44 

explains its effectiveness in opening bandgaps of Mott insulators. In addition, the U potential enhances an on-45 
site orbital's spatial localization by reducing SIE [9].  46 

Although the U value can be determined from first principles [9], it is more commonly treated as an 47 
empirical parameter to reproduce some experimental quantities. Additionally, it has been observed that the 48 
GGA+U method can inadvertently suppress covalent hybridization between localized d orbitals and more 49 
dispersive p orbitals of anions [10,11]. For instance, in multiferroic YMnO3, a minimum U value of 5 eV is 50 
required to open a bandgap; but this value is so large that it nearly suppresses p-d hybridization, rendering the 51 
d orbitals irrelevant for ferroelectric-ferromagnetic coupling [11].  52 

Hybrid functionals, such as the Heyd-Scuseria-Ernzerhof (HSE) functional [12,13], demonstrate superior 53 
predictive accuracy for many semiconductors and insulators. However, HSE still faces accuracy challenges 54 
when applied to transition-metal materials, particularly metallic systems [14]. For instance, HSE06 incorrectly 55 
opens a bandgap in metallic La2-xSrxCuO4 [15], making this functional unsuitable for studying metal-insulator 56 
transitions. Additionally, the computational cost is prohibitively high for calculating large systems.  57 

Introduced in 2015, the Strongly Constrained and Appropriately Normed (SCAN) meta-GGA functional 58 
[16] represents a remarkable advancement in DFT. Later, the r2SCAN [17] was developed to improve the 59 
numerical stability. As general-purpose functionals, SCAN/r2SCAN have demonstrated high accuracy across a 60 
broad spectrum of materials, including transition-metal compounds [3,18,19,20]. For example, in cuprate 61 
materials, SCAN not only accurately captures the pristine insulator and hole-doped metal [21], but also reliably 62 
predicts the emergence of a striped phase characterized by the coexistence of insulating and metallic regions 63 
[22]. The improved performance is primarily attributed to SCAN/r2SCAN's ability to mitigate SIE [23,24]. 64 
Additionally, SCAN/r2SCAN are able to recognize chemical bonds [25]—a critical feature for describing the 65 
pronounced anisotropy of d orbitals [11,24]. For instance, in YMnO3, SCAN effectively characterizes various 66 
anisotropic orbitals, including highly localized non-bonding d orbitals, less localized bonding d orbitals, and 67 
dispersive sp orbitals [11]. These synergistic enhancements enable SCAN to open the bandgap of YMnO3 68 
without distorting the p-d hybridization. For many but not all transition metal compounds, SCAN and r2SCAN 69 
can still be improved by +U corrections, but the needed U values are significantly smaller than for PBE [19]. 70 
Significant improvements without +U in the progression from local spin-density approximation (LSDA) [1] to 71 
the PBE GGA to the r2SCAN meta-GGA have been found for the first three ionization energies of the 3d atoms 72 
[26], and for the oxidation energies of the ionically-bonded 3d transition-metal oxide solids [27]. 73 

SCAN and r2SCAN also well capture the strong covalent bond energetics found in many main-group 74 
molecules at equilibrium [16,17], where strong hybridization of dispersive s and p orbitals can produce relatively 75 
compact bond orbital shapes. However, weak or stretched bonds and bonds involving localized d electrons are more 76 
prone to SIE in these functionals. A canonical example is the H2+ molecule [24], where delocalized s orbitals form a 77 
compact bond near the equilibrium position but gradually lose their compactness as the bond is stretched, due to the 78 
increasing orbital localization. The same effect at a weaker level is found in spin-symmetry broken H2, for which 79 
r2SCAN's accuracy diminishes as the bond transitions from the compact to the non-compact region (See Figure S7 80 
in the Supplementary Material, and Section 3).  81 



Page 3 of 16 
 

Despite SCAN/r2SCAN's overall success, there are puzzling instances where they only match or 82 
underperform compared with PBE. A prominent example is SCAN's overestimation of the magnetic moments 83 
in metals, as demonstrated in a series of publications presented chronologically [28,29,30,31,32], predicting a value 84 
of 2.75 μB in elemental iron, which exceeds the experimentally measured 2.22 μB. In comparison, PBE offers a 85 
more accurate estimate of 2.20 μB. Additionally, SCAN faces accuracy issues in predicting the potential energy 86 
curve of the Cr2 molecule, showing greater deviations than PBE [33]. SCAN/r2SCAN also incorrectly open a 87 
bandgap for graphene [33] and inaccurately calculate the bond length of VO2 [34].  88 

From a shifting perspective, it is intriguing that PBE outperforms SCAN/r2SCAN in these materials, 89 
despite PBE's more pronounced SIE. This observation mirrors a similar finding in calculating the ferroelectric 90 
properties of BaTiO3, where the oldest LSDA reproduces the ferroelectric polarization with unexpected accuracy 91 
due to fortuitous error cancellation [35]. In calculating BaTiO3, LSDA underestimates the geometric distortion 92 
while overestimating electronic polarizability. In contrast, PBE simultaneously overestimates both quantities, 93 
leading to a significant deviation in the calculated ferroelectric polarization. By comparison, SCAN accurately 94 
predicts the ferroelectricity for the correct reasons.  95 

This work will reveal a common bonding characteristic in the computationally difficult materials (graphene, 96 
Cr2, VO2, and Fe): non-compact covalent bonding through s-s, p-p, or d-d electron hybridization. While r2SCAN 97 
improves upon PBE in capturing electron localization at the local atomic sites, it falls short in accurately 98 
describing the non-compact covalent bonds, leading to a biased improvement and ultimately inferior overall 99 
performance. To address this limitation, we augment r2SCAN with an inter-site potential V (i.e., r2SCAN+V), 100 
inspired by the extended Hubbard model. The r2SCAN+V method systematically improves calculations across 101 
all tested materials while being more computationally manageable than the original GGA+U+V approach 102 
[36,37,38,39,40].  103 

For computational and other details, see the Supplementary Materials.  104 

2. Graphene: non-compactness of π-bonds 105 

Before addressing the computational issue, we briefly introduce the bonding interactions in graphene. Each 106 
carbon atom contributes three valence electrons to form sp2 hybrid orbitals, which interact with those of two 107 
neighboring atoms, resulting in strong σ-bonds due to significant orbital overlap (see the inset of Figure 1a). 108 
The remaining electron occupies a delocalized pz orbital, which hybridizes with two neighboring pz orbitals, 109 
forming the weaker π-bonds that are responsible for the Dirac point. The relative isolation of the pz orbitals 110 
naturally leads to certain localization characteristics, making the π-bonds relatively non-compact compared to 111 
the compact σ-bonds.  112 

To induce a bandgap and magnetization in graphene, significant research efforts have been made, including 113 
contributions from the model Hamiltonian community. A study of the standard Hubbard model has established 114 
that Coulombic interactions between pz orbitals are notably strong, approximating or even surpassing the 115 
threshold for spontaneous bandgap formation [41]. However, investigations of the extended Hubbard model 116 
[42,43] reveal that nonlocal inter-site interactions effectively screen the Coulombic interactions, thereby 117 
suppressing the bandgap formation [41,44,45].  118 

Our r2SCAN simulation, which incorporates spin-symmetry breaking, incorrectly predicts a bandgap 119 
(Figure 1a) by stabilizing local magnetic moments that are antiparallelly coupled on the bipartite lattice [33]. 120 
The emergence of magnetization, indicative of the Mott mechanism for bandgap formation [45,46], highlights 121 
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r2SCAN's inaccuracy in balancing competition between the bonding and localization characteristics of the pz 122 
orbitals. It turns out that the on-site localization characteristic is overestimated, which compromises the 123 
compactness of the π-bonds. Drawing on insights from the previous studies [41,44,45] using the extended Hubbard 124 
model, we consider the interaction V as defined in the Hamiltonian [36,42,43]:  125 

𝐻𝐻 = 𝑡𝑡 � (𝑐𝑐𝑖𝑖,𝜎𝜎
† 𝑐𝑐𝑗𝑗,𝜎𝜎 + h. c. )

〈𝑖𝑖,𝑗𝑗〉,𝜎𝜎

+ 𝑈𝑈�(𝑛𝑛𝑖𝑖,↑𝑛𝑛𝑖𝑖,↓)
𝑖𝑖

+ 𝑉𝑉�(𝑛𝑛𝑖𝑖𝑛𝑛𝑗𝑗)
〈𝑖𝑖,𝑗𝑗〉

 126 

where 𝑡𝑡 is the kinetic energy, 𝑐𝑐𝑖𝑖,𝜎𝜎
†  is the creation operator of an electron on site 𝑖𝑖 with spin 𝜎𝜎. The term 𝑈𝑈 127 

is the on-site energy that quantifies the energy penalty for double occupancy at the same atomic site 𝑖𝑖, signifying 128 

local electron-electron repulsion. The term 𝑉𝑉, on the other hand, represents the inter-site Coulombic interaction 129 

between electrons at neighboring sites 𝑖𝑖 and 𝑗𝑗. When implementing V into DFT (i.e., DFT+V) [36,47,48], the 130 

corrective potential to the i-th site is ∆𝑣𝑣𝑖𝑖 = −𝑉𝑉∑ 𝑛𝑛𝑖𝑖𝑖𝑖𝑗𝑗 𝑃𝑃𝑗𝑗𝑗𝑗 , where 𝑛𝑛𝑖𝑖𝑖𝑖  is the non-diagonal element of the 131 

occupation matrix between atomic sites i and j, and 𝑃𝑃𝑗𝑗𝑗𝑗 is a generalized projector capturing the non-diagonal 132 

nature of the occupation matrix. Clearly, a positive 𝑉𝑉 stabilizes states that lead to finite 𝑛𝑛𝑖𝑖𝑖𝑖, i.e., states with 133 

finite projections on both atoms of a nearest-neighbor couple. This behavior counteracts the tendency for 134 
localization on atomic states (a result of the +U correction) and allows the +V correction to account for electronic 135 
localization on inter-site orbitals. 136 

The r2SCAN+V calculation predicts both the bandgap and magnetization vanishing around V ≈ 2.0 eV 137 
(Figure 1b). Additionally, the +V correction redistributes electrons from the 𝑝𝑝𝑧𝑧 orbitals to the bond centers (see 138 

the insets of Figure 1b). Compared to PBE, r2SCAN appears to include an implicit +U-like self-interaction 139 
correction to the 𝑝𝑝𝑧𝑧 orbitals, whose effects on the bandgap and magnetization are counteracted by the explicit 140 

+V correction. These r2SCAN+V results are consistent with the competing effects of +U and +V, as anticipated 141 
from the model Hamiltonian.  142 

3. Cr2 molecule with d-d and s-s hybridizations 143 

The Cr2 molecule features two distinct bonding distances in its potential energy curve: a short bond at 1.68 144 
Å and an extended shelf around 2.4~3.0 Å. This unique characteristic makes Cr2 an exemplary system for 145 
evaluating the predictive power of theories. Recent studies have revealed an intriguing puzzle: while many-146 
body wavefunction methods have shown steady improvements over the years [49], the development of DFT 147 
seems to stray from the correct path, with predictions gradually worsening as one climbs Jacob's ladder [50] 148 
from GGA to meta-GGA to hybrid functionals (Figure 2a). Without a doubt, the computational difficulty arises 149 
from the bonding of intrinsically localized d-orbitals (and also s-s orbital hybridization, as discussed later), 150 
which contribute to the non-compact characteristics of the bond.  151 

How does PBE achieve high accuracy in capturing the potential energy curve despite its significant SIE? 152 
To mitigate SIE in PBE, we adopt PBE+Ud and PBE+Vdd (where the subscripts d and dd indicate corrections on 153 
d orbitals) to improve the descriptions of the on-site region and inter-site interaction, respectively. However, the 154 
revised results become worse, as PBE+Ud excessively weakens the binding while PBE+Vdd overly strengthens 155 
it. When SIE is addressed simultaneously in both regions using PBE+Ud+Vdd, the good performance is restored, 156 
and the description of the short bond is even improved compared to PBE. These findings clearly indicate that 157 
+U and +V have opposing effects and must be considered together to improve upon PBE. However, determining 158 
precise U and V values is challenging, and the parameterization from the linear response approach [47,48] is 159 
unfortunately problematic for Cr2 (Figure S2). Here, we fix U = 2.0 eV in PBE+Ud and V = 0.8 eV in PBE+Vdd; 160 
in PBE+Ud+Vdd, U is fixed at 2.0 eV, while V is fine-tuned to 2.2 eV to best reproduce the binding behavior.  161 



Page 5 of 16 
 

With the aid of +U and +V simulations, we uncover the underlying reason for PBE's enigmatic effectiveness. 162 
The +Ud method enhances electron localization on the Cr sites while depleting electrons from the bond center 163 
(Figure 2c). This redistribution reduces electronic screening of inter-atomic Coulombic repulsion, causing 164 
PBE+Ud to predict an underbinding curve. In contrast, the +Vdd correction encourages electron accumulation on 165 
the bond (Figure 2d), leading to overbinding and reducing inter-atomic Coulombic repulsion. When applying 166 
+Ud and +Vdd simultaneously, the overall electron redistribution is relatively weak (Figure 2e), which explains 167 
the similar performance of PBE+Ud+Vdd and PBE. Therefore, PBE's high accuracy arises from its incidental 168 
balancing of electron delocalization errors in the site and bond regions.  169 

Figure 2b presents the results using meta-GGAs. SCAN/r2SCAN consistently underbind the molecule, 170 
similar to PBE+Ud, indicating that SCAN/r2SCAN inherently enhance electron localization at atomic sites. 171 
Variants like r2SCAN-L [51] and OFR2 [52], which are orbital-free meta-GGAs, show improved performance 172 
arising from better accounting of electronic screening effects [52]. However, further enhancements in describing 173 
non-compact electron localization are still needed, leading us to propose the r2SCAN+V method. Interestingly, 174 
a parameter of Vdd = 0.8 eV in r2SCAN+V achieves good agreement with experimental data, particularly in the 175 
short bonding region (1.4–2.4 Å). The shelf structure (starting at ~2.4 Å), originating from the hybridization of 176 
Cr-4s orbitals [49], is better reproduced when incorporating the inter-site potential Vss = 0.8 eV onto neighboring 177 
s orbitals. This improvement highlights the non-compactness of s-s bonds, which are typically diffusive but can 178 
develop localization characteristics in stretched configurations, as observed in the shelf structure of Cr2. The 179 
vital role of Vss is also evidenced in the stretched H2 molecule (Figure S7), where the 1s is the sole contributing 180 
orbital.  181 

Strictly speaking, the V values should depend on bond lengths due to variations in electron localization. 182 
However, r2SCAN+V with the Vdd and Vss parameters tightly constrained around 0.8 eV can well reproduce the 183 
entire curve (Figure S3). The significant improvement, despite the small V parameters, not only highlights the 184 
effectiveness of the r2SCAN+V method but also the critical role of functional nonlocality.  185 

Although we identify electron localization in non-compact covalent bonds, we stress that it is not the 186 
density change itself but the functional's nonlocality that is most important for the predicted energetics. We 187 
confirmed this argument by comparing the binding energy curves from self-consistent r2SCAN and from non-188 
self-consistent r2SCAN@r2SCAN+V (i.e., r2SCAN evaluated on the r2SCAN+V's orbitals and density). The 189 
resulting binding energy curves are very similar (Figure S4), as expected, since density-driven errors of the 190 
energy [53] tend to be small [54] in the absence of large electron transfers between nuclear basins. 191 

Figure S6 shows that the Cr2 binding energy curve depends strongly on 𝑉𝑉 − 𝑈𝑈 and weakly on 𝑈𝑈 for a 192 

given 𝑉𝑉 − 𝑈𝑈, suggesting that an empirical determination of 𝑈𝑈 and 𝑉𝑉 separately is not likely to be found. 193 

For correlated wavefunction methods, the Cr2 dimer is a notoriously difficult case of strong correlation 194 
[49]. Often spin-symmetry breaking [3,55,56] transforms strong correlation in a symmetric state into normal 195 
correlation in a symmetry-broken state that a reliable density functional can describe, but there is no proof that 196 
this must always yield correct energies. In Cr2, the symmetric state is a singlet with zero spin polarization 197 
everywhere, and the broken-symmetry state is an antiferromagnetic dimer with a net spin up in one nuclear 198 
basin compensated by a net spin down in the other basin.  199 

4. VO2 with d-d hybridization 200 

VO2, a well-known strongly correlated material, has challenged DFT for decades. Our recent investigation 201 
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[34] identified a fundamental limitation of the popular functionals: none of LSDA, PBE, r2SCAN, or HSE can 202 
accurately describe the vanadium-vanadium dimer length, and incorporating the on-site U correction may even 203 
worsen the predictions. Here, we reveal that VO2 exhibits non-compact covalency involving localized d 204 
electrons, and r2SCAN+V provides an effective improvement.  205 

Figure 3a compares the dimer length predicted by various methods. PBE underestimates the length (2.53 206 
Å), while r2SCAN (2.66 Å) and HSE (2.70 Å) overestimate it. Incorporating a corrective U (2.0 eV) into PBE, 207 
a common strategy for studying VO2, strongly overestimates the bond length (2.83 Å). The +U approach (i.e., 208 
PBE+Ud) leads to underbinding, as revealed by the electron redistribution pattern (Figure 3d): electrons 209 
accumulate on the atomic site while being depleted from the bonding region. As a result, the covalent bonding 210 
in the dimer is weakened, leading to bond length elongation. Further adding an inter-site Vdd term (i.e., 211 
PBE+Ud+Vdd) plays a counteracting role by drawing electrons back toward the bond center (Figure 3e). To 212 
match the experimental bond length, we fix U at 2.0 eV and identify the optimal V value of 2.2 eV.  213 

We find that the PBE-based methods have notable limitations. First, PBE+U with a small U value of ~0.1 214 
eV can well reproduce the experimental bond length (Figure S8), potentially giving the impression that PBE is 215 
nearly accurate for describing VO2. However, this outcome is coincidental in VO2, as observed for the Cr2 216 
molecule. Second, the PBE+U+V method, with the Hubbard parameters (U = 2.0 eV and V = 2.2 eV) deliberately 217 
chosen to reproduce the dimer length, introduces an adverse consequence: the bandgap is significantly 218 
overestimated (1.03 eV; see Figure 3b), which is atypical for local and semilocal functionals.  219 

In contrast, the r2SCAN+V method addresses both on-site and on-bond electron localization with simplified 220 
parameterization. Using a V value of 0.5 eV, r2SCAN+V accurately reproduces the bond length (Figure 3a) while 221 
yielding a reasonable bandgap (Figure 3b). The mechanism is again revealed by electron accumulation in the 222 
nonlocal region (Figure 3f).  223 

While the above simulations have adopted a spin-symmetry-breaking (SSB) treatment, VO2 has a spin-224 
singlet ground state for the vanadium dimer. SSB has been criticized [57] due to the emergence of local magnetic 225 
moments (Figure 3c). However, we discuss three key justifications for the SSB treatment. First, several authors 226 
of this work have established that SSB is, in general, far more revealing than its spin-restricting counterpart 227 
[55,56,58]. SSB can reveal dynamic but slow spin fluctuations. Second, the SSB treatment of VO2, which leads 228 
to an electron deficiency at the bond, becomes physically accurate when combined with a positive inter-site V, 229 
as it mitigates the deficiency by redistributing electrons back to the bond. In contrast, the spin-restricting 230 
treatment [57], which already causes electron over-accumulation on the bond, worsens the problem when 231 
combined with the corrective V method. For instance, PBE+V (V = 2 eV) under spin-restricting treatment 232 
exacerbates the over-binding problem, resulting in an excessively short bond length of 2.46 Å [57]. Finally, the 233 
broken symmetry introduced by SSB can be restored afterward [59], ensuring the correct wavefunction 234 
symmetry.  235 

5. Fe with d-d covalent bonding and hidden antiferromagnetism 236 

SCAN's applicability to transition-metal materials was initially questioned in elemental Fe, revealing an 237 
overestimation of magnetic moment [28,29,30,31,32]. This issue is closely related to the behavior of the iso-238 
orbital indicator (α) in the radial region 0.6 ≤ r ≤ 1.2 Bohr, as first identified in Ref. [60] (which suggested that 239 
a flattening of the exchange interpolation function 𝑓𝑓𝑥𝑥(𝛼𝛼) near 𝛼𝛼 = 1 would yield a smaller and more realistic 240 
magnetic moment). This issue in Fe invites comparisons with graphene, Cr2, and VO2. Here, we reveal that Fe 241 
also demonstrates non-compact covalent bonding, which occurs only between partial atomic shells and is 242 
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concealed within a metallic background. To provide a comprehensive analysis, we systematically examine the 243 
bonding characteristics of four elemental metals—Cr, Fe, Co, and Ni—excluding Mn due to its large unit cell, 244 
using the projected Crystal Orbital Hamilton Populations (pCOHP) method [61,62]. As shown in Figure 4a, the 245 
valence bands of Cr are predominantly characterized by bonding states, with an increasing incorporation of 246 
antibonding states as we progress to Fe, Co, and Ni. This trend is quantitatively captured by the integrated 247 
pCOHP (Figure 4b), where the monotonically decreasing values reflect progressively weaker covalent bonding 248 
among the four materials.  249 

Whereas Cr has a static spiral spin-density wave, we adopt a collinear antiferromagnetic model for 250 
simplicity. Calculations reveal that Cr exhibits the most significant covalency. Fe also demonstrates considerable 251 
covalency and features an antiferromagnetic coupling between its t2g orbitals [63], concealed within a 252 
ferromagnetic background. The covalency and antiferromagnetism in Cr and Fe, associated with direct overlap 253 
of adjacent d orbitals, may reflect underlying physics similar to that observed in graphene, Cr2, and VO2. Indeed, 254 
the electron redistribution provides straightforward evidence: an inter-site V potential accumulates electrons on 255 
the shortest bonds in Cr and Fe (Figures 4c and 4d), but the pattern is absent in Co and Ni (Figure S10).  256 

Having established the covalency feature in Cr and Fe, we calculate their magnetic moments using the 257 
r2SCAN+V method with varying V values, as shown in Figure 5a. Without the +V correction, r2SCAN alone 258 
predicts a magnetic moment of 2.12 μB for Cr, significantly higher than the experimental value of 0.51 μB [64]. 259 
For Fe, the result is similarly overestimated at 2.95 μB compared to the experimental result of 2.22 μB [65]. The 260 
+V correction effectively reduces the magnetic moments: V ≈ 2.0 eV for Cr and V ≈ 4.0 eV for Fe, yielding 261 
results that closely match experimental values. In contrast, the +V correction for Co and Ni has a negligible 262 
effect or slightly increases the magnetic moments, suggesting that this correction may not be applicable. The 263 
small overestimation of Ni's moment by r2SCAN likely originates from other factors and warrants further 264 
investigation. 265 

The optimal V values in r2SCAN+V, which are chosen to best reproduce specific experimental quantities, 266 
show considerable variation across the tested materials. For example, Vpp ≥ 2 eV for graphene, Vdd = Vss = 0.8 267 
eV for the Cr2 molecule, Vdd = 0.5 eV for VO2, Vdd = 2 eV for Cr, and Vdd = 4 eV for Fe. Overall, the V values 268 
are relatively small (except for Fe). On one hand, the excessively large values for Cr and Fe may be artifacts 269 
associated with d-orbital anisotropy, as revealed by orbital-resolved DFT+U simulations [10]. On the other hand, 270 
the material dependence is also closely tied to varying electronic screenings, highlighting the need for an 271 
advanced DFT functional capable of accurately capturing these subtleties. As a demonstration, Figure 5b 272 
compares the performance of various functionals, roughly organized by increasing magnetic moments. Among 273 
these, the OFR2 functional [52] and the r2SCAN-L functional [51], which are well suited to the perfect long-274 
range screening in a metal, predict smaller magnetic moments. Thus, the magnetic moments serve as an 275 
informative indicator of how effectively DFT functionals describe the non-compact bonds.  276 

6. Discussion and Summary  277 

We have proposed a possible way to understand the successes and puzzling failures of the non-empirical 278 
PBE and SCAN/r2SCAN density functionals. The studied materials of graphene, Cr2 molecule, VO2, Cr, and Fe 279 
demonstrate notable non-compact covalent bonding through s-s, p-p, or d-d orbital hybridization, which 280 
accumulates electrons on the bond centers. At the same time, the involved s, p, or d orbitals exhibit electron 281 
localization around the atomic centers, either due to intrinsic localization or as a result of the stretched 282 
configuration. It is crucial for DFT functionals to simultaneously account for electrons at local atomic sites and 283 
within non-compact bonds. PBE, while suffering from electron delocalization errors in both regions, 284 
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accidentally strikes a balance in describing these materials (Figure 6a). In contrast, r2SCAN enhances the 285 
localization of site-centered electrons more effectively than PBE, but it does not equally improve the localization 286 
of bond-centered electrons in non-compact bonds (Figure 6b). Such biased improvement compromises 287 
r2SCAN's accuracy.  288 

The original GGA+U+V method [36,37,38,39,40] could potentially enhance electron localization in both 289 
regions, yet it faces practical difficulties in determining U and V values in the tested materials. The r2SCAN+V 290 
approach simplifies parameter management and effectively resolves the accuracy challenges for all tested 291 
materials with typically small V parameters. Future revisions of r2SCAN may need to better account for this 292 
kind of inter-site effect. Whether this can be achieved within or only beyond the computationally-efficient meta-293 
GGA functional form, in particular when including both kinetic energy density and Laplacian of electron density 294 
as its ingredients [66], and without material-dependent fitted parameters, remains to be seen. Fully non-local 295 
and thus less computationally efficient self-interaction corrections [5,67] that make a functional exact for all 296 
one-electron densities require a unitary transformation to localized orbitals, including covalent-bond orbitals. A 297 
future refinement of Refs. [5,67] that does no harm to r2SCAN accuracy (in the sense that the just-developed 298 

LSIC-𝛼𝛼 does no harm to LSDA accuracy) might boost the accuracy of r2SCAN for the systems studied here, 299 

while satisfying an 18th exact constraint. Uncorrected SCAN and r2SCAN are only approximately self-300 
interaction-free, and only for compact one-electron densities [68,69]. 301 

The behavior identified here reflects intrinsic limitations of SCAN-like meta-GGAs. While these 302 
functionals satisfy all 17 exact constraints accessible to a computationally efficient meta-GGA, they cannot be 303 
exact for all one-electron densities and are instead normed to a single compact orbital shape—the spherical 304 
exponential density of a one-electron atom or ion. As a result, SCAN-like functionals are much more accurate 305 
for compact one-electron densities than for non-compact ones, explaining their excellent performance for on-306 
site localization and their failures for non-compact bond-centered or inter-site localization, as exemplified by 307 

stretched 𝐻𝐻2+  [24]. The use of the iso-orbital indicator 𝛼𝛼  and kinetic-energy density ensures correct one-308 

electron correlation but cannot recover the fully nonlocal exchange needed for non-compact densities, making 309 
improvements over GGAs statistical rather than systematic. Additional challenges arise in metals, where long-310 
range screening shortens the exchange–correlation hole in ways not captured by standard meta-GGA ingredients. 311 
These observations suggest that further progress will require increased conceptual freedom, for example through 312 
refined gradient expansions, additional semilocal ingredients such as the density Laplacian, or controlled 313 
nonlocal corrections, to achieve more systematic improvements while retaining computational efficiency.  314 

Meta-GGA functionals, similar to SCAN or its modifications, are under active development. Recently, the 315 
Lebeda-Aschebrock-Kümmel (LAK) meta-GGA [70,71] demonstrated remarkable accuracy in predicting 316 
atomization energies, bond lengths, bandgaps, and capturing weak interactions near equilibrium. To address the 317 
over-magnetization issue of SCAN, a modification called mSCAN [72] "provides a solution that satisfies the 318 
most pressing desiderata for density functional approximations in ferromagnetic, antiferromagnetic, and 319 
noncollinear states". While these functionals offer significant improvements in many areas, their accuracy for 320 
certain cases, such as the Cr2 molecule (Figure S5), still requires further refinement.  321 
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Figure captions 526 

Figure 1. Electronic properties of graphene. (a) Bands derived from the pz orbitals. The calculations use 527 
r2SCAN, with or without spin-symmetry breaking. The inset illustrates the σ- and π-bonds. (b) Bandgap and 528 
magnetic moment as functions of V values in r2SCAN+V. The insets illustrate electron redistribution among the 529 
σ- and π-bonds induced by the +V (2 eV) correction, represented as ∆𝑛𝑛 = 𝑛𝑛r2SCAN+𝑉𝑉 − 𝑛𝑛r2SCAN. The upper 530 
inset is a 3D plot, while the lower inset provides a 2D cross-section of a C-C bond perpendicular to the lattice 531 
plane. Red and blue lines indicate electron depletion and accumulation, respectively.  532 

 533 

Figure 2. Electronic properties of the Cr2 molecule. (a,b) Potential energy curve predicted by various methods. 534 
The experimental results are cited from [73]. In subplot (b), while Vdd is applied at all bond lengths, Vss is only 535 
applied to the shelf structure starting at 2.4 Å. (c) Patterns of electron redistribution due to the additional 536 
corrections, represented as ∆𝑛𝑛 = 𝑛𝑛PBE+𝑈𝑈𝑑𝑑(2eV) − 𝑛𝑛PBE . (d) ∆𝑛𝑛 = 𝑛𝑛PBE+𝑉𝑉𝑑𝑑𝑑𝑑(0.8eV) − 𝑛𝑛PBE . (e) ∆𝑛𝑛 =537 
𝑛𝑛PBE+𝑈𝑈𝑑𝑑(2eV)+𝑉𝑉𝑑𝑑𝑑𝑑(2.2eV) − 𝑛𝑛PBE. (f) ∆𝑛𝑛 = 𝑛𝑛r2SCAN+𝑉𝑉𝑑𝑑𝑑𝑑(0.8eV) − 𝑛𝑛r2SCAN. Red and blue lines indicate electron 538 
depletion and accumulation, respectively. The plots of (c) to (f) correspond to the length of 1.68 Å.  539 

 540 

Figure 3. Properties of VO2. (a) Length of vanadium-vanadium dimer. Note that the lattice constants are fixed 541 
to their experimental values due to technical constraints, and only the ionic positions are optimized. The 542 
experimental value is 2.62 Å [74]. (b) Bandgap. (c) Local magnetic moments. (d) Redistribution of electron 543 
density, ∆𝑛𝑛 = 𝑛𝑛PBE+𝑈𝑈(2eV) − 𝑛𝑛PBE. The +U correction induces inhomogeneous electron redistribution, causing 544 
accumulation in non-bonded t2 orbitals and depletion from directional V-O bonds, while overall resulting in 545 
electron accumulation at the vanadium site.  (e) ∆𝑛𝑛 = 𝑛𝑛PBE+𝑈𝑈(2eV)+𝑉𝑉(2.2eV) − 𝑛𝑛PBE+𝑈𝑈(2eV) . (f) ∆𝑛𝑛 =546 
𝑛𝑛r2SCAN+𝑉𝑉(0.5eV) − 𝑛𝑛r2SCAN. Red and blue colors denote electron depletion and accumulation, respectively.  547 

 548 

Figure 4. Bonding properties of transition metals. (a) The negative values of projected Crystal orbital 549 
Hamilton populations, –pCOHP. The PBE functional is used here; r2SCAN results are presented in Figure S9. 550 
(b) Integrated value, –IpCOHP. (c) Electron redistribution in Cr, ∆𝑛𝑛 = 𝑛𝑛r2SCAN+𝑉𝑉(2eV) − 𝑛𝑛r2SCAN. (d) Electron 551 
redistribution for Fe, ∆𝑛𝑛 = 𝑛𝑛r2SCAN+𝑉𝑉(4eV) − 𝑛𝑛r2SCAN . The V potential is on the 3d orbitals. Red and blue 552 
isosurfaces/lines denote electron depletion and accumulation, respectively.  553 

 554 

Figure 5. Magnetic moment of transition metals. (a) Simulation performed using r2SCAN+V with varying V 555 
values. (b) Simulations conducted with various functionals, abbreviated as follows: L for LSDA, P for PBE, O 556 
for OFR2, RL for r2SCAN-L, S for SCAN, R for r2SCAN, and H for HSE06. VASP and Quantum Espresso are 557 
used for cross-checking, but the OFR2 functional is unavailable in Quantum Espresso. Experimental values for 558 
local magnetic moments are taken from Cr [64], Fe [65], Co [75], and Ni [65].  559 

 560 

Figure 6. Sketch of the site-centered and bond-centered electron localization. (a) PBE's superior 561 
performance arises from coincidental error cancellation, despite pronounced delocalization errors in both site- 562 
and bond-centered regions. (b) r2SCAN's underperformance results from its biased improvement at atomic sites.  563 
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