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In texturally equilibrated porous media the pore geometry evolves to minimize the energy of the liquid-
solid interfaces, while maintaining the dihedral angle θ at solid-solid-liquid contact lines. We present
computations of three-dimensional texturally equilibrated pore networks using a level-set method. Our
results show that the grain boundaries with the smallest area can be fully wetted by the pore fluid even for
θ > 0. This was previously not thought to be possible at textural equilibrium and reconciles the theory with
experimental observations. Even small anisotropy in the fabric of the porous medium allows the wetting of
these faces at very low porosities, ϕ < 3%. Percolation and orientation of the wetted faces relative to the
anisotropy of the fabric are controlled by θ. The wetted grain boundaries are perpendicular to the direction
of stretching for θ > 60° and the pores do not percolate for any investigated ϕ. For θ < 60°, in contrast, the
grain boundaries parallel to the direction of stretching are wetted and a percolating pore network forms for
all ϕ investigated. At low θ even small anisotropy in the fabric induces large anisotropy in the permeability,
due to the concentration of liquid on the grain boundaries and faces.
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A porous medium is considered texturally equilibrated if
the solid-liquid interface minimizes the surface energy
density γsl. For a system under hydrostatic pressure and
with isotropic surface energies, textural equilibrium
requires that the mean curvature κ̄ of the solid-liquid
interface is constant [1,2]. This interface divides space into
two interpenetrating and nonintersecting subspaces, similar
to bicontinuous cubic phases common in biological systems
[3,4]. In the porous media considered here, however, the
solid phase is polycrystalline and crystallographically dis-
tinct grains introduce additional interfaces into the solid
subspace [Fig. 1(a)]. These solid-solid interfaces, i.e., the
grain boundaries, are considered stationary on the time scale
required to reach textural equilibrium, so that the solid-solid
surface energy density γss is not minimized. The preexisting
grain edge network of the polycrystalline solid therefore
imposes a structure on the pore space, which is therefore
commonly referred to as grain edge porosity [5]. The
preexisting grain boundaries also introduce contact lines
along which solid-liquid and solid-solid interfaces meet at
sharp angles [Fig. 1(b)]. In a thermodynamically stable
material at most three interfaces, separating two solid grains
and the liquid, can meet at a contact line [6,7]. Mechanical
equilibrium at such a contact line requires that γss ¼
2γsl cos ðθ=2Þ, where θ is the dihedral angle. An important
property of texturally equilibrated porous media is that the
pore network percolates at any porosity for θ ≤ 60° while a
percolation threshold exists for θ > 60° [7].
Textural equilibrium develops if the solid-liquid reaction

kinetics are fast or time scales are long and is therefore

common in geological systems and partially molten mate-
rials. The pore fluid of these systems is often a melt, which
is studied after quenching it to a glass. In this case, the pore

FIG. 1 (color online). (a) Texturally equilibrated pore network
with θ ¼ 30∘ and ϕ ¼ 1.5% in a polycrystalline solid comprising
truncated octahedral grains. (b) Definition of the dihedral angle θ
in a cross section of a channel along a three-grain corner. (c) Melt
network with θ ≈ 0° in a copper-silver alloy [1]. (d) Melt network
with ϕ ¼ 5% in an olivine-basalt aggregate [8] (used with
permission from The American Association for the Advancement
of Science). (e) Quadruple junction of a melt network between ice
grains near 0 °C [9] (used with permission from Nature Publish-
ing Group). (f) Drained brine network in halite with θ ≈ 45° at
1.5 kbar and 395 °C [10] (used with permission from the
Geological Society of America).
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space is commonly referred to as the intergranular phase
and considered part of the microstructure of the material
[11]. The percolation of texturally equilibrated intergra-
nular phases was initially studied in the context of two-
phase alloys where it controls electrochemical properties
[Fig. 1(c)] [1]. In liquid phase sintering textural equilibrium
controls the degree of densification [12]. In nuclear
engineering the release of fission gases from polycrystal-
ling uranium dioxide is controlled by the formation of
texturally equilibrated grain edge porosity [5].

Geological applications include partial melting and melt
segregation which control the chemical differentiation of
terrestrial planets. Observations suggest both very low
porosities yet efficient extraction of partial melt [13–15].
This can be explained by the low θ of melt-rock systems
that allows the percolation of texturally equilibrated pore
networks at very low porosities [Fig. 1(d)].
Polycrystalline ice also develops a texturally equilibrated

water network near its melting point [Fig. 1(e)] [16,17], and
even at subzero temperatures in polar ice sheets impurities
depress the melting point and give rise to melt networks
[18,19]. These water networks provide a fast diffusion path
that may displace climate signals recorded in ice cores [9]
and provide a habitat for microbial communities [20,21].

The fast reaction kinetics of salt dissolution and pre-
cipitation also allow the formation of texturally equilibrated
pore networks in rock salt [Fig. 1(f)]. Subsurface salt
deposits are generally considered impermeable and hydro-
carbon accumulations are often associated with them [22].
The extremely low permeabilities of salt are a consequence
of the large salt-brine θ that prevents percolation at low
porosities. At the higher pressures and temperatures,
however, the salt-brine θ decreases below 60° and allows
the formation of a percolating pore network [10,23]. This
offers an elegant explanation for field observations of oil
impregnated salt [24] and implies that highly radioactive
waste stored in rocksalt may come into contact with
groundwater if the decay heat increases the temperature
sufficiently to allow brine percolation [10].
Textural equilibrium provides a powerful model to

understand the first-order properties of complex polycrys-
talline two-phase materials based only on knowledge of the
surface energies or, equivalently, the dihedral angle.
Although Fig. 1 illustrates qualitative similarity between
the model and observations, there is considerable debate if
real systems approach equilibrium sufficiently for the
model to be predictive. Computations of texturally equili-
brated pores at isolated tetrahedral grain corners show
accumulation of the melt along grain edges [Fig. 1(a)] and
no wetting of entire grain boundaries [2,14–16]. If this
theoretical prediction is true it places important bounds on
various physical properties [25–27], which are generally
hard to determine experimentally.
On the other hand, it is generally accepted that the

observation of wetted grain boundaries would provide

strong evidence that textural equilibrium has not been
attained. Proving the existence of wetted grain boundaries
conclusively, however, has been challenging. Initial
attempts were not conclusive due to the limitations of
manual serial sectioning and the difficulty of reconstructing
three-dimensional geometries from two-dimensional
images [28–31]. Later, microtomography provided three-
dimensional images of the melt distribution [Fig. 1(a)],
but the resolution of the images is not sufficient to
conclusively image melt films along grain boundaries at
low porosities [8]. Most recently, advances in high-
resolution serial sectioning have provided evidence for
wetted grain boundaries [32].
Here, we address the fundamental assumption under-

lying this debate and investigate if grain boundary wetting
is possible in low-porosity texturally equilibrated networks.
To resolve this question, we compute 3D texturally
equilibrated pore networks for regular polycrystalline
solids using a novel level set method. Surfaces of constant
mean curvature are given by the steady-state solutions to
interface motion driven by surface diffusion [33,34]. In a
polycrystalline material withN grains, the surface of the ith
grain is represented by the zero level set of a function φi. To
compute the constant mean curvature solid-liquid interface
we allow the surface of each grain to evolve by surface
diffusion

ðφiÞt þ ðκiÞssj∇φij ¼ 0 for i ¼ 1…N; ð1Þ

where κss is the surface Laplacian of the curvature, given by

κss ¼ ½∇ − ~nð~n ·∇Þ�½∇κ − ~nð~n ·∇κÞ�; ð2Þ

where ~n is the outward normal and κ is the mean curvature.
A surface diffusion rather than a mean curvature based
evolution was chosen because it removes the gradients in
curvature faster and handles changes in the sign of the
curvature better. It also allows an effective implementation
of the dihedral angle constraint. At the intersection of the
ith and jth level sets mechanical equilibrium requires that

~ni · ~nj ¼ cosðπ − θÞ; ð3Þ

which can be enforced in the level set method [35]. This
leads to a system of N nonlinear partial differential
equations coupled through the dihedral angle constraints
and a global constraint on the porosity of the medium. The
initial condition for each level set (φi) is the implicit
representation of the corresponding grain which can have
any arbitrary shape. The texturally equilibrated pore
network with dihedral angle θ and porosity ϕ is then given
by the steady-state solution of this system. To obtain the
numerical solution, κss has been approximated with forth-
order central differences, while convective and normal
terms are discretized using the fifth-order Hamilton-
Jacobi weighted essentially nonoscillatory scheme [36].
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We compute texturally equilibrated pore networks in a
regular polycrystalline solid comprised of truncated octa-
hedra [Fig. 1(a)]. Figure 2 shows computed pore networks
around a single grain for a range of dihedral angles and
porosities. These confirm that the liquid is connected via
channels along grain edges and forms a percolating pore
network for all investigated ϕ when θ < 60°. For θ > 60°,
the liquid shrinks along grain edges and forms isolated
pores on corners where four grains meet. The percolation
threshold for these isolated pores increases with the
dihedral angle [14]. The grain edge channels that form
above the percolation threshold are increasingly unstable
due to a Rayleigh instability as θ increases [37].
In contrast to prevailing assumptions, the smaller square

grain boundaries become fully wetted at θ ¼ 10° and
ϕ ≥ 5%. Once the grain boundaries are wetted, the liquid
resides in planar features on the grain boundaries and
channels along grain edges have disappeared. In irregular
natural materials with a larger distribution in the area of the
grain boundaries this topological change is likely to be
more gradual as the wetting proceeds from the smaller to
the larger faces.
Ductile deformation of polycrystalline materials often

generates a fabric of elongated and aligned grains that
induces anisotropy in the physical properties of the porous
medium. Strong anisotropic fabrics occur even in rock salt
despite the cubic symmetry of the individual salt grains
[24]. To explore the effect of anisotropic grain fabric on
texturally equilibrated pore networks, we consider geom-
etries where the solid grains have been stretched in the z
direction by a factor f. The grains are oriented such that the
stretching is normal to one of the square faces.

Figure 3 illustrates that θ controls the geometry of the
pore network that develops in a material with an anisotropic
fabric. For θ < 60° the pores percolate for all ϕ investigated
and the grain boundaries parallel to the direction of
stretching are wetted once ϕ exceeds a threshold. Unlike
isotropic media, where grain boundaries are only wetted at
small θ, anisotropic fabrics also allow the wetting of grain
boundaries at θ > 60°. In this case, grain boundary wetting
occurs at ϕ ≈ 1.5% for all θ > 60°. The wetted boundaries
are perpendicular to the stretching of the fabric but the
pores do not percolate for the investigated range of ϕ. In
anisotropic fabrics, grain boundary wetting is minimized

FIG. 2 (color online). Texturally equilibrated pore networks in a
polycrystalline solid with an isotropic fabric. Only a single grain
extracted from a network of 200 grains is shown.

FIG. 3 (color online). The center shows a regime diagram for
percolation and grain boundary wetting in ϕθ space. Black dots
indicate the parameter combinations that have been investigated
in this study. The dark gray region corresponds to conditions
where isotropic media do not percolate. The black circles indicate
the previously determined percolation boundary [14]. The ex-
panded no percolation region for anisotropic media is shown in
light gray. The colored contours indicate the boundaries where
grain boundary wetting occurs for different anisotropies. The top
row illustrates the formation of wetted grain boundaries for θ ¼
90° and f ¼ 1.5 as ϕ increases from 0.5% to 2%. The bottom row
illustrates the formation of wetted grain boundaries for θ ¼ 10°
and f ¼ 1.5 as ϕ increases from 1% to 3%.
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for θ ≈ 60°. The percolation of the pore network and the
occurrence of wetted grain boundaries is summarized in the
regime diagram shown in Fig. 3. For θ < 60° grain
boundary wetting occurs at smaller ϕ as the anisotropy
of the fabric increases. Given the common occurrence of
anisotropic fabrics in natural systems, wetting of the
smaller grain boundaries should be common in texturally
equilibrated pore networks.
Even very small stretching factors effectively prevent

percolation of pores in materials with θ > 60°, due to
contraction of isolated pores illustrated in the top row of
Fig. 3. In the isotropic fabric, shown in Fig. 2, all edges
have the same length and the isolated pores connect
simultaneously along all edges, once the percolation thresh-
old is overcome. In the anisotropic fabric the pores first

connect along the shortest edge. This change in the top-
ology leads to a contraction of the pores along the other
edges, so that subsequent percolation requires very large ϕ.
Given the observed small ϕ of texturally equilibrated
media, percolation at θ > 60° in solids with anisotropic
fabric is unlikely. The basic connect-contract mechanism is
the same in disordered media with variable grain size so
that the percolation behavior will be similar.
In contrast to the isotropic case, both channels and

tabular pores coexist in anisotropic pore networks at small
θ. Since most of the liquid resides in the tabular pores
parallel to the direction of stretching, the channels
perpendicular to the stretching are very thin at small ϕ
[Fig. 4(a)]. This suggests that strong anisotropies may exist
in the physical properties of these pore networks. To test
this hypothesis, the permeability of the texturally equili-
brated pore networks has been calculated using lattice
Boltzmann simulations [38]. Representative pore networks
used in the computations are shown in Fig. 4. Both the
vertical permeability, kz, and the horizontal permeability,
kx, have been determined. Figure 5 only reports results
for θ ≤ 60° due to the lack of percolation at larger θ in
anisotropic media.
Our simulations confirm that small amounts of

anisotropy in the fabric of the porous media, f ≤ 3, can
induce dramatic permeability anisotropy, kz=kx. This
anisotropy increases with f and is largest for small θ
where the anisotropy in the fabric is amplified by 2 orders
of magnitude [Figs. 5(b)–5(c)]. Although both kx and kz
increase monotonically with ϕ, the permeability anisotropy
reaches a pronounced maximum near ϕ ¼ 2% for θ < 60°.
This behavior can be understood in terms of the changes in
the geometry of the pore network shown in the bottom row
of Fig. 3. At low ϕ the connectivity in both directions is
limited and the moderate permeability anisotropy is due to
different lengths of the channels along the grain edges.

(b)(a)

FIG. 4 (color online). Fluid distribution between grains in
textural equilibrium with f ¼ 2, porosity 3%. (a) θ ¼ 10°,
(b) 60°. The polycrystalline material is stretched in the z direction.

FIG. 5 (color online). (a-c) Development of permeability anisotropy in texturally equilibrated pore networks as function of ϕ, θ, and f.
(d-e) Absolute permeability in texturally equilibrated pore networks as function of ϕ, θ, and f. In all cases, the polycrystalline material is
stretched in the z direction.
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As ϕ increases, the liquid begins to wet the grain bounda-
ries parallel to the direction of stretching. The accumulation
of liquid on the grain boundaries drains the channels
providing horizontal connectivity and the permeability
anisotropy reaches a maximum. A further increase in ϕ
will increase the diameter of the channels and increase
horizontal permeability, which leads to a decrease in kz=kx
at larger ϕ. For θ ≤ 60°, the absolute permeability in the z
direction increases with ϕ, f, and θ.
The results presented here demonstrate the complexity

and richness of texturally equilibrated pore networks. In
particular, we have demonstrated the existence of wetted
grain boundaries at low porosities and finite dihedral angles
as well as the dramatic effect the geometry of the pore
network has on the physical properties of the medium, such
as the permeability. This first exploratory study has focused
on a simple ordered polycrystalline material, but the
numerical approach is also applicable to disordered media.
Grain boundary wetting is likely to be more common in
disordered media and, therefore, also the induced per-
meability anisotropy and the increased percolation thresh-
old for θ > 60° in anisotropic systems. The method can
also be extended to include additional physics such as
anisotropy in the surface energies. This will enable the
exploration of a large variety of different phenomena
and will complement tomographic studies of texturally
equilibrated materials.
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