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The leg mechanism of the novel jumping robot, Salto, is designed to achieve multiple
functions during the sub-200 ms time span that the leg interacts with the ground, includ-
ing minimizing impulse loading, balancing angular momentum, and manipulating power
output of the robot’s series-elastic actuator. This is all accomplished passively with a sin-
gle degree-of-freedom linkage that has a coupled, unintuitive design which was synthe-
sized using the technique described in this paper. Power delivered through the
mechanism is increased beyond the motor’s limit by using variable mechanical advant-
age to modulate energy storage and release in a series-elastic actuator. This power mod-
ulating behavior may enable high amplitude, high frequency jumps. We aim to achieve
all required behaviors with a linkage composed only of revolute joints, simplifying
the robot’s hardware but necessitating a complex design procedure since there are no
pre-existing solutions. The synthesis procedure has two phases: (1) design exploration to
initially compile linkage candidates, and (2) kinematic tuning to incorporate power mod-
ulating characteristics and ensure an impulse-limited, rotation-free jump motion. The
final design is an eight-bar linkage with a stroke greater than half the robot’s total height
that produces a simulated maximum jump power 3.6 times greater than its motor’s limit.
A 0.27 m tall prototype is shown to exhibit minimal pitch rotations during meter high test
Jjumps. [DOI: 10.1115/1.4035117]
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1 Introduction to balance angular momentum, making the final design a single
degree-of-freedom eight-bar linkage. A prototype of Salto’s leg
produces a 0.15m stroke on a 0.27 m tall robot. Meter high test

jumps of the prototype exhibited minimal pitch rotations.

We present the design of a leg mechanism for a monopedal
jumping robot that transforms motor torque into a high-powered
vertical force by manipulating power transmission through a
spring element; see Fig. 1. A two-phased approach is employed
that includes (1) design exploration and (2) kinematic tuning. In
addition to manipulating series-elastic power output, the mecha-
nism functions to reduce gear train requirements, minimize 2.1
impulse loading, and jump with near-zero angular velocity. These
functions are accomplished by synthesizing the leg linkage to
achieve a set of kinematic and dynamic behaviors. Required
behaviors include that the robot’s foot trace a straight line, that its
input-output links move according to a specified mechanical
advantage, that it pushes with a constant ground reaction force,
that it minimizes moments on its body, and other behaviors which
are formally introduced in the proceeding sections. Control of
spring energy is accomplished by tuning a variable mechanical
advantage curve over the stroke of the mechanism to increase
power delivered to the foot beyond the sustainable limit of the
motor, a strategy we refer to as power modulation. The intent of
our leg design is to enable a novel robotic platform, named Salto,
to perform high amplitude, high frequency jumps [1].

In order to achieve a list of primary behaviors, design explora-
tion is performed by computing an atlas of over 90 Stephenson
six-bar linkages that trace a near-perfect straight line. This atlas
provides a list of starting mechanisms suitable for kinematic tun-
ing through optimal synthesis theory. Kinematic tuning then
achieves an extended list of more intricate behaviors; see Fig. 2.
During kinematic tuning, we found that extra links must be added

2 Background

Mechanism Design. A common approach to engineering
design problems is to select viable candidates from a database of
pre-existing solutions to move forward into a detailed design or
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Fig. 2 The design process consists of design exploration and
kinematic tuning phases

analysis phase. This practice is found in the design of drugs [2-5],
chemicals [6,7], integrated circuits [8,9], actuators [10], composite
materials [11], multiagent games [12], packaging structures [13],
telecommunication networks [14,15], and microarray experiments
[16] where some research focuses on enumerating the space of
possible designs while others focus on searching through existing
databases. The design exploration of mechanisms adopted the
strategy of design atlases early on including Brown’s Five Hun-
dred and Seven Mechanical Movements [17], through Reuleaux’s
famous educational models [18,19], then the well-worn four-bar
atlas from Hrones and Nelson [20] at the mid 20th century, toward
its software accompanied reincarnation today [21]. As well, today
the Reuleaux models and other collections have manifested them-
selves in online digital libraries [22-24] to serve as idea banks for
mechanical designers.

The literature on design exploration using mechanism atlases
can be divided into graph theory-based enumerations of linkage
topologies [25-28] and dimensional synthesis [29], which is the
topic of the current work. Existing atlases for dimensional synthe-
sis focus on the coupler curves of planar four-bars [20,21], spheri-
cal four-bars [30,31], spatial four-bars [32], and planar geared
five-bars [33,34]. These atlases are created by sampling the
entirety of a space of design parameters (linkage dimensions) and
recording coupler curves along the way as spline parameters
[35,36], polygons [34], or more commonly Fourier coefficients
[30-32,37,38]. The existing literature is restricted to four- and
five-bars defined by up to eight parameters with the exception of
[37,38], which report the use of six-bar atlases and [34] which
suggests a 12 parameter space was sampled using a Poisson-disk
method. However, these works do not disclose the parameteriza-
tions that were used.

In the current work, we consider the space of planar six-bar link-
ages which could be cataloged by a minimum of 11 parameters after
normalizing rotations, translations, and scalings, e.g., Fig. 3. Naively
storing all combinations of ten different values for each design
parameter would require the analysis of 10'" linkages, with which a
computational setup that analyzes 10,000 linkages per second would
finish in just over 115 days. The extensibility of this technique is not
optimistic and resolution would be questionable for the increased
nonlinearity of six-bar linkage coupler curves [39].
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Fig. 3 A parameterization of a six-bar linkage that results in 11
design parameters

As echoed in many of the references above, atlas-based solutions
provide effective start points for detailed design/optimization
[40,41] rather than final designs in themselves. We adopt this strat-
egy as well except we propose atlas compilation on a per case basis
by retrieving the subset of linkages that produce a primary set of
kinematic behaviors, circumventing the problem of sampling the
entire space. In what follows, we demonstrate how Stephenson six-
bars that trace a straight line can be compiled by solving large poly-
nomial systems to form an atlas for the design of a leg mechanism
of a jumping robot. A mechanism is selected from this atlas and
adapted via gradient descent optimization into a solution which
simultaneously produces multiple required behaviors. During kine-
matic tuning, extra links are added converting our linkage solution
into an optimized eight-bar in order to resolve mass balancing
issues of the jumping mechanism.

2.2 Jumping Mechanisms. The Salto leg mechanism simul-
taneously accomplishes multiple functions. The most fundamental
of these is to transform motor torque into a vertical ground reac-
tion force greater than the robot’s weight. In order to compare our
work to prior literature, we list four other functions:

A. The mechanism reduces the required output torque from
the motor/gear train.

B. Desired take-off velocity is achieved with peak accelera-
tions minimized.

C. The robot jumps with near-zero angular velocity.

D. Transient power output of a series-elastic actuator is modu-
lated to increase jump energy.

By simultaneously producing all of the above functions, our
design is set apart from the myriad of novel jumping robots pro-
duced over the past few decades. Recounting these works reveals
a diverse set of approaches including mechanisms based on single
prismatic legs [42], spring-loaded hinges [43], cam/pulley systems
[44], four-bars [45-54], cam-actuated four-bars [55-58], a serial
chain that forms an instantaneous four-bar [59], a spatial four-bar
[60], five-bars [61,62], single-loop symmetric six-bars [63—65], a
rack-and-pinion [66], a Sarrus linkage [67], serial chains [68,69],
wire-driven serial chains [70-72], bistable mechanisms [73,74],
closed elastica [75,76], winch-retracted leaf springs [77,78], sym-
metric elastic structures [79-83], and inflatable silicone air cham-
bers [84]. None of these robots consider all of the functions listed
above. Below we recount their functional considerations, inde-
pendent of how well they were achieved.

A. Motor/gear train reduction: Several jumping robot designs
have considered reducing the required force/torque to be produced
by the motor and gear train [51-53,62,65, 72,76,77,83], often
employing cams to assist in storing spring energy
[44,55,56,59,79].

B. Peak accelerations minimized: Works that have considered
the influence of mechanism design on the ground reaction force
(GRF) include [42,45,50,52,54,62,67-69,80] with many approach-
ing this problem from the perspective of eliminating premature
take-off [49,55-57,63,65,73,83], that is when the vertical
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component of the ground force vanishes before the leg has fully
extended. Closer to our work, a few researchers have considered or
implemented mechanisms that accomplish near-constant accelera-
tion of their robots [55,60,72,77,79]. This solution both eliminates
premature take-off and achieves take-off velocity with a minimally
impulsive GRF. Multiple works recognize the benefit of reduced
peak loading, and a few works [52,55,62,82] mention the utility of
long leg extension to achieve this objective which was motivated in
Ref. [79]. This feature is implicit in several designs which exhibit a
large stroke ratio, i.e., the quotient of vertical center of mass (CM)
translation during stance to mechanism length at full extension.
The stroke ratio was on average 50% as roughly estimated from
Refs. [44-49,51,53,56-60,62-64,66,71-73,76,79-82], and 67% for
Salto’s leg; see Fig. 1. Note that the stroke ratio is computed from
the mechanism length which does not include the motor’s
dimensions.

C. Rotation-free jump: Several works explicitly consider the
effect of mechanism design on rotation-free  jumping
[43,49,52,57,59,70,72,77] and several more possess this feature
implicitly through symmetry [42,51,53,62—-65,79-83]. Others resort to
self-righting mechanisms after landing [43,50,56,57,63,65,79,81,83],
aerodynamic stabilization [51,79], or active control [54,68,69].

D. Series-elastic power modulation: Robots that employ series-
elastic actuation to perform jumping maneuvers include
[68,85,86]. Salto differs from these robots in that it produces a
mechanical advantage profile that couples with a series-elastic
actuator to enable transient energy storage and increase jump
power. To a degree, power modulation occurs in any leg system
with compliance, but never before has it been precisely designed.

In terms of design goals, our work is related to the GRILLO III
robot [60]. This robot imitates the kinematics and dynamics of the
leg of the leafthopper insect, Cicadella viridis, to achieve a con-
stant GRF and straight-line path generation at the foot [87]. As
well, GRILLO III’s designers accurately identify the role of vari-
able mechanical advantage in power modulation of bullfrog legs
[55], but do not provide a solution for series-elastic power modu-
lation in robots.

The mechanical advantage of an ideal mechanism is its ratio of
output to input force/torque which generally varies over linkage
configurations. Several of the works above note benefits gained
from the variable mechanical advantage of their chosen linkage
systems [49,51,52,55,60,62,63,67,72,73]. Our work is different in
that we do not investigate the benefits of generically chosen link-
ages or from dimensions chosen to mimic animals; rather, we use
dimensional synthesis theory to precisely synthesize the mecha-
nism behaviors required to perform the aforementioned functions.
Our instance of bio-inspiration comes from considering the power
modulation strategy through literature on Galago senegalensis
[88]. That said, we present the first jumping mechanism with a
specially designed mechanical advantage profile that modulates
the power output of a series-elastic actuator to considerably
increase jump energy.

Power modulation occurs when mechanical power output
exceeds the peak power of an actuator. For wind-up mechanisms,
power modulation occurs as discrete charging and uncharging
events using a latch to decouple and recouple a parallel-elastic
structure. System compliance is a prerequisite for power modula-
tion. We choose to implement a series-elastic structure, which has
been studied in Ref. [89] as a simple actuator-spring-mass system
under the effects of gravity. This work reports the maximum ratio
of mechanical power to peak actuator power, a metric termed the
power modulation factor, is 2.0. To move beyond this limit
requires variable mechanical advantage. Salto has a mechanical
advantage profile specifically tuned for series-elastic power modu-
lation and achieves a power modulation factor of 3.6 in simula-
tion. In other works, we show how power modulation leads to
vertical jumping agility and enables acrobatic maneuvers [1,90].
Salto was designed using new algorithms in dimensional synthesis
theory, allowing a rigorous exploration of the kinematic design
space which has not yet been achieved for a jumping robot.

Journal of Mechanisms and Robotics

In the proceeding, we present the required behaviors in Sec. 3, dis-
cuss design exploration via atlas compilation in Sec. 4, then describe
how required behaviors are tuned simultaneously using optimal syn-
thesis theory in Secs. 5 and 6. Section 7 describes the construction of
a prototype and experimental results are given in Sec. 8.

3 Required Behaviors

In this section, we decompose the functions listed in Sec. 2.2
into required behaviors of the kinematics and dynamics of the
mechanism. Our use of the words functions and behaviors follows
[91]. The required behaviors are as follows:

(1) The mechanism constrains a foot point to a vertical straight
line, the line-of-action, in the frame of the robot.

(2) Translation of the foot point, or stroke, is long relative to
the size of the robot.

(3) All pivots are located above the foot point at all times, with
an input pivot near to the line-of-action.

(4) Link lengths are compact.

(5) The input link that attaches to the series-elastic actuator
rotates over a large range.

(6) The leg possesses low mechanical advantage at the top of
stroke.

(7) Mechanical advantage defines a constant ground force for
the remainder of stroke.

(8) Moments exerted on the body of the robot by the mecha-
nism are minimized.

We term behaviors 14 as the primary behaviors. In order to
create a nearly vertical GRF, Req. 1 specifies the foot path to trace
a straight vertical line in the frame of the robot body. Lateral
movement of the foot will incite a horizontal component of the
GRF, adding undue angular momentum to the system. Even with
a perfectly straight foot path, inertial forces of the moving links
will deviate the GRF from the line-of-action however, so long as
their horizontal resultant is small, the direction of the GRF will be
dominated by the line-of-action. Req. 2 specifies a long foot
stroke in order to increase the acceleration time of the robot, i.e.,
when the foot is in contact with the ground. Increasing this time
decreases the acceleration and power required to achieve a given
take-off velocity. Req. 3 disqualifies geometries that interfere
with the ground and positions the input pivot, which locates the
substantial mass of the motor, close to the line-of-action. Req. 4
seeks to obtain designs without protruding links that may collide
with the environment. Linkages that produce these four primary
behaviors are sought during design exploration; see Fig. 2.

Upon choosing a suitable design from this exploration, the
remaining behaviors are achieved using a kinematic tuning proce-
dure based on optimization theory. Req. 5 essentially adds an
extra gear reduction by specifying the input link to move over a
greater angular displacement (at higher angular velocity) during
mechanism stroke, reducing the required gearbox gear reduction
on the motor. Regs. 6 and 7 enable power modulation. By specify-
ing mechanical advantage to be low at the top of stroke, Req. 6
essentially multiplies the weight of the robot so that the motor can
operate near its stall torque, transferring energy into the series-
elastic spring element. Although mechanical advantage is low, it
is specified to be nonzero so that the motor never actually stalls.
Once the leg extends past this low region, an increase in mechani-
cal advantage triggers high-powered energy transfer from the
spring into vertical motion. Since Hooke’s law dominates the
series-elastic torque at this portion of the mechanism’s stroke,
Req. 7 specifies mechanical advantage to be a map from the
unwinding spring torque to a constant force at the foot. By imple-
menting constant acceleration, the robot achieves a given take-off
velocity with minimal peak accelerations, i.e., no isolated peaks.

Finally, Req. 8 specifies balanced angular momentum to ensure
the robot does not rotate after the foot breaks ground contact.
Although preceding behaviors place both the CM and GRF
approximately on the line-of-action, the addition of moving link

FEBRUARY 2017, Vol. 9 / 011009-3

Downloaded From: http://mechanismsrobotics.asmedigitalcollection.asme.org/ on 12/07/2016 Terms of Use: http://www.asme.org/about-asme/terms-of-use



inertias causes horizontal accelerations of the CM and thus hori-
zontal components of the GRF, adding angular momentum to the
system. Therefore, the final stage of kinematic tuning involves
balancing angular momentum of the moving links to produce a
rotation-free jump. Furthermore, we take this requirement a step
further by specifying the body link, the majority of the robot’s
mass, to have almost no moment exerted on it. This feature
ensures that airborne leg extension does not apply a torque to the
body link.

4 Design Exploration

To accumulate an atlas of starting mechanisms, we explore the
space of planar linkages that trace an exact or approximate
straight line. Cams, gears, and sliders are ruled out to avoid
weight, wear, and complexity. An atlas of straight-line four-bars
appears in Ref. [92] , but it does not contain linkages with pivots
in satisfactory locations (Reqs. 3 and 4). This list includes the
symmetric four-bars of Watt, Roberts, and Chebyshev. An exam-
ple of a best-fit straight-line four-bar with ground pivots in satis-
factory locations is described in Ref. [45]. However, this design
does not produce Regs. 1 and 2 as it traces an arc with a stroke
ratio of 27%. Furthermore, four-bar linkages have a limited num-
ber of design parameters which would make it difficult to include
additional behaviors during optimization-based kinematic tuning.

Therefore, we advance to one degree-of-freedom six-bar link-
ages, an incremental step that results in huge growth of the design
space to explore. This growth is due to adding six new dimensions
(planar coordinates of three new pivots), an increase in nonlinear-
ity, and the addition of multiple kinematic inversions. Quantifica-
tions of the size of this space are given in Ref. [93] from which
we also use a design procedure for exploring Stephenson six-bars.

This procedure discovers all Stephenson linkages designed as
constrained revolute-revolute (RR) chains that trace a straight
line. First, an RR chain is specified along with path control
points. Solving the inverse kinematics of the RR chain deter-
mines the joint angle coordination necessary to trace through the
control points. This coordination is accomplished through a Ste-
phenson function generator, of which a huge number of design
options exist. This design space is effectively explored through
encoding motion requirements as massive polynomial systems
with roots that correspond to linkage design candidates. Solving
these systems [94,95] finds complete sets of design candidates
which are then analyzed to eliminate linkage defects. The result-
ing atlas of design options can be browsed to determine the best
design(s).

Control points were chosen for an RR chain pinned at the origin
with link lengths 2 and 2.5 to trace through (x, y) coordinates:

{(0,-0.8), (0,—1.125), (0,—1.5), (0, —1.875),
(0,-2.25), (0, —2.625), (0,-3), (0, —3.375),
(0,-3.75), (0, —4.125), (0, —4.4)} (1)

Note that, for now, dimensions are not assigned units and can be
considered ratios.

This exploration discovered 2986 Stephenson I, 578 Stephen-
son II (binary), 804 Stephenson II (ternary), and 110 Stephenson
III linkages that trace through control points without branch or cir-
cuit defects. Schematics of the four types of Stephenson path gen-
erators are shown in Fig. 4. These results demonstrate the
capability of six-bars to draw straight lines.

In order to create a useful atlas, we process results by remov-
ing linkages with excessively long link lengths and grouping the
remainder into sets of similar designs. Two designs were consid-
ered similar if the norm of the difference of vectors of pivot
locations was less than a threshold value, in this case 2. The
number of sets of similar designs found for each type was 43 for
Stephenson I, 22 for Stephenson II (binary), 7 for Stephenson II
(ternary), and 4 for Stephenson III. The compilation of these

011009-4 / Vol. 9, FEBRUARY 2017

Fig. 4 Four types of Stephenson path generating six-bars: (a)
Stephenson |, (b) Stephenson Il (binary), (c) Stephenson Il (ter-
nary), and (d) Stephenson Il

solution sets forms an atlas of viable start points for any optimi-
zation procedure. Samples from this atlas are shown in Fig. 5.
As an interesting aside, the mechanism shown in Fig. 5(a) resem-
bles a cognate of Hart’s second straight-line mechanism, which
is currently the only Stephenson linkage known to trace an exact
straight line [96].

We do not investigate every solution within this atlas but
instead pick the Stephenson II (ternary) design shown in Fig. 5(e)

(a) (b)

(d) (e) ®

(€9) ()

Fig. 5 Samples from an atlas of straight-line six-bars. Stephen-
son | types are shown in (a) and (b); Stephenson Il (binary)
types are shown in (c¢) and (d); Stephenson Il (ternary) types are
shown in (e) and (f); and Stephenson lll types are shown in (g)
and (h).
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to further explore as it produces the primary behaviors and also
produces Req. 5. The design procedure used above required us to
specify the horizontal distance between the line-of-action and one
of the fixed pivots. In order to generate more designs, we explore
offsetting the line-of-action to the left and right of this pivot by
0.5 units and computing more Stephenson II (ternary) designs to
add to our atlas. This found 3 and 14 more sets of similar designs
for the left and right cases, respectively, see Fig. 6.

The design shown in Fig. 6(b) was selected as the optimization
start point for kinematic tuning and so we call it Iteration I. This
design produced the primary behaviors with compact dimensions
and its actuated pivot (see Fig. 6(b)) near the line-of-action. Its
straight-line motion is generated over 217 deg of rotation of the
input link which strongly produced Req. 5, better than any other
atlas design. The remaining behaviors are to be achieved during
kinematic tuning described in Secs. 5 and 6.

S Tuning: Six-Bar Optimization

The optimal design equations for a Stephenson II (ternary) type
linkage were formulated to allow specification of the foot point
path and/or input crank angle at an arbitrary number of positions.
Coordination between the input crank and foot translation allows
mechanical advantage to be defined over the mechanism’s stroke
in order to manipulate the storage and release of energy in the
spring element during leg extension.

5.1 Formulation. We choose the design parameters for a Ste-
phenson II linkage to be the coordinates of its pivots in a reference
configuration. It has two ground pivots located by complex num-
bers A=A, +Ayi and B =B, + B,i. Similarly, it has five moving
pivots that have fixed reference positions C, D, F, G, and H, which
are also complex numbers. The foot trace point has reference posi-
tion Py. Connecting pivots as shown in Fig. 7 forms five links AC,
CGH, BDF, DG, and FH, which when rotated from their reference
configuration are measured by ¢, p;, ¥}, 0;, and y; in the jth con-
figuration, respectively. Rotations are represented with the follow-
ing exponential operators:

Oj=¢"% Ri=eél, Si=eVi Ti=¢% U =e" (2
The input link, as dictated by the starting mechanism selected
from the atlas, is BDF measured by ;.

The formulation begins by following three independent vector

loops from ground to trace point P; in the jth configuration,

A+ Qi(C—A)+Ri(Po—C)=P; 3)

Input link

. — 1
(@) (®)
Fig. 6 Samples from an expanded atlas of Stephenson Il (ter-

nary) six-bars. The line-of-action was shifted to the left in (a)
and shifted to the right in (b).

Journal of Mechanisms and Robotics

B+ S;(D —B) +Tj(G — D) +R;(Po — G) = P; “)

B+ S;(F—B)+Uj(H—F)+Rj(Po—H) =P, (5)

To facilitate presentation of the design equations, we define inter-
mediate variables,

aj=A—Pj+0;(C—A)
bj=B—P;+S;(D—B) (6)
Cj =B 7Pj+Sj(FfB)
Exponential operators R;, T;, and U; are eliminated from Eqs. (3),
(4), and (5), respectively, by isolating R;, T}, and U; terms on one
side of each equation and then multiplying each equation by its
complex conjugate to obtain,

ajaj = (P — C)(Py - C) )
(bj +Rj(Po — G))(b; + R;(Po — G)) = (G—D)(G —D) (8)

(¢j +Rj(Po —H))(¢c; +Rj(Po—H))=(H—F)(H—-F) (9

where the overbar denotes the conjugate. Then Eq. (3) is solved
for R; and substituted into Egs. (8) and (9) to obtain

(bj(Po — C) = a;j(Py — G))(bj(Po — C) — a;(Po — G))

= (P~ C)(Py — C)(G —D)(G —D) (10)
(¢j(Po = C) — aj(Py — H))(¢;(Po — C) — a;(Po — H))
= (Po—C)(Po—C)(H—F)(H —F) (1n

Equations (7), (10), and (11) represent the constrained geometry
of a Stephenson II six-bar for the jth configuration and are denoted
by C;. In addition to design parameters {A, B, C, D, F, G, H},
these equations contain unknown angles ¢); and ;, and foot posi-
tions P;. Desired foot positions are specified at N configurations as
Pj, j=0,...,N — 1, and desired crank angles as y;, j € [ where [

¥; Input angle

Fig. 7 A six-bar linkage defined by coordinates A, B, C, D, F, G,
H, and P, drawn in configuration j
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contains the indices of configurations where it is desired to specify
crank angle. This allows us to construct the objective function

N—-1

f= Wplz(;((ﬁj — P))(P — P)))
=
+Wang Z ((cos 1}_/ — cos 1#_,-)2 + (sin J/_/- —sin 1#_,-)2) 12)

jel

where wp = 0.1 and w,,, = | are weighting factors that were tuned
during implementation. In order to use MATHEMATICA’s built-in
gradient descent optimizer, we transform the variables in f and C;
into real numbers using substitutions A=A, +A,i, B=B, + B,
etc. The unknown parameters are then

{A.,Ay,B,,B,,C.,Cy,D,, Dy, Fy,Fy, Gy, Gy, Ho Hy, Prg, Py}
{(f)]’l///’PV’PyI ‘-] = 17 aNf 1}
(13)

Finally, extra constraints were added to ensure the line-of-action
passed through the estimated CM and to enforce compactness.
The mechanism’s line-of-action was constrained to pass through
ground pivot B as the CM was estimated to travel vertically below
this pivot. Packaging constraints consisted of inequalities speci-
fied ad hoc to keep linkage pivots within certain bounds. These
extra constraints are placed in the set D.

The optimization problem was set up to minimize f subject to
{C;j]j=1,...,N — 1} and D. This was accomplished using Math-
ematica’s InteriorPoint method with the FindMinimum function.

5.2 Energy Storage. In order to accomplish a power modula-
tion factor that exceeds typical values of a series-elastic actuator
pushing mass in a gravity field, torque acting on the spring must
increase to allow additional energy storage before discharge. We
create this additional torque by designing the mechanism to have
very low mechanical advantage at the beginning of its stroke, mul-
tiplying the effect of the weight of the robot at that point in the
motion.

We specity that the mechanism at the low mechanical advant-
age point produces 125% of body weight at the full stall torque of
the motor. Using motor, gear, and weight parameters to be intro-
duced in Sec. 5.5, we compute this mechanical advantage at
1.17N/Nm. This is a conservative specification to ensure that we
have access to the full scope of power modulation. Because the
mechanical advantage increases with leg extension, the low
mechanical advantage point can be modulated up from this con-
servative minimum by changing the starting configuration of the
linkage.

5.3 Energy Release. In order to release spring energy in a
controlled manner, impulsive forces acting on the robot are mini-
mized by designing the ground reaction force to be constant. This
was implemented by specifying variable mechanical advantage in
a way that a decreasing spring torque at the input link is trans-
formed to a constant force at the foot. For this computation, we
neglect the resistance of friction and link inertias, and assume that
the input gear is held fixed by the motor at an angle /.; see
Fig. 8. During actual operation, additional motion of set point ¥4
may adjust spring torque from this model. The design of variable
mechanical advantage begins with the specification of target val-
ues for input crank angle ; and output foot translation P;. In this
section, we calculate the required mechanical advantage as a func-
tion of foot translation.

To solve for the required mechanical advantage, we relate the
input torque 7, to the output force Foy,,
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d
Tin _lp = Fout

0 (14)
where y = Im(P) is vertical foot translation from reference P, and
(dyr/dy) is mechanical advantage. Equation (14) is ideal and does
not consider internal friction and inertial forces which require addi-
tional information that is not available at this point in the design
process. We assume spring torque t;, is defined by Hooke’s law,
and since F, is a constant force applied over distance Ay, it can be
written in terms of the total work W done by the system

dy W

7k(¢ - '//eq)i Av

= 15
dy Ay 15)

Work W is equal to the initial energy stored in the spring when
¥ =Ymax andy =0

1
W= Ek(wmax - lpeq)z (16)

Equation (16) is substituted into Eq. (15), and the result is inte-
grated using the initial condition (y, /) = (yo, ¥max), to obtain

Yy —Yo
l//eq) 1- Ay

lp = g(y) = (wmux - + lpe:q (17)

The function s = g(y) describes the coordination between i and y
to achieve constant force at the foot. Its derivative with respect to
y gives the target mechanical advantage as a function of foot
translation. For all design iterations presented in this paper, g(y)
was specified with parameters /,,,,, = —30deg, Y., = —245deg,
yo = —0.1008 m, and Ay =—0.9720 m.

5.4 Six-Bar Iterations. Execution of the optimization proce-
dure detailed in Sec. 5.1 proceeded interactively. The task specifi-
cation and packaging constraints were tuned across iterations,
adapting the objective for each previous iteration’s shortcomings
and including multiple required behaviors along the way. Design
Iterations II-V produced during six-bar optimization are shown in
Fig. 9. Designs were scaled from Iteration I of Fig. 6(b) to achieve

'\—/
Tin \SInput link

out

Foot

Path,
[

Ay

Fig. 8 Mechanical advantage is designed such that a decreas-
ing spring torque is transformed into a constant vertical force
pushing off the ground
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a 0.162 m stroke. Dots locate task control points P ; where red dots
indicate simultaneous specification on ; to institute low mechan-
ical advantage, and blue dots indicate simultaneous specification
on wj according to Eq. (17) to institute a constant force at the
foot. Packaging constraints are shown in purple with all dimen-
sions in meters.

Early Iterations II and III focused on producing the low
mechanical advantage zone at the top of stroke which sacrificed
the integrity of the straight line and led to less compact designs.
Inequality constraints were placed on long link lengths to improve
compactness. Iteration IV introduced more control points to the
straight line and coordinated mechanical advantage for a constant
force. Iteration V retained precision in the required line and
mechanical advantage while making improvements to the stroke
ratio and compactness through inequality constraints specified on
the ground pivots. The starting design for Iteration II was Iteration
I (Fig. 6(b)); the starting design for III was II; and the starting
design for Iterations IV and V was III. Figure 10(a) shows the
mechanical advantage profiles of selected iterations.

v v

Scm

e Task point (TP) e Low mech. adv. TP e Const. force TP

Fig. 9 Design iterations during the optimal design of a six-bar
linkage. Input link is colored in blue. Dimensions are in meters.
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Reaction Force (N)
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~0.15

Fig. 10 (a) Mechanical advantage as a function of foot transla-
tion and (b) vertical GRF computed from dynamic simulation
for select iterations of Figs. 9 and 14

The satisfaction of required behaviors is summarized across
design iterations in Table 1. Each behavior is characterized by a
metric that is described here. The ability to trace a straight line
(Req. 1) was measured by the absolute value of the area between
the actual path and the desired line. The stroke ratio (Req. 2), as
defined in Sec. 2.2, is the quotient of vertical CM translation dur-
ing stance to mechanism length at full extension. The distance
between the input pivot and line-of-action (Req. 3) was measured
directly. Compactness (Req. 4) was measured by the maximum
area of the convex hull defined by the foot point and pivots during
mechanism motion. The range of the input link (Req. 5) and the
error from desired low mechanical advantage (Req. 6) were meas-
ured directly. The error in mechanical advantage from achieving
constant force (Req. 7) was measured by comparing the desired
constant force to a design’s force at the foot. Foot force was com-
puted as a function of stroke y over the range yo <y <yq+ Ay by
multiplying mechanical advantage and ideal spring torque for a
frictionless mechanism without inertial loading. The error of this
force curve was computed as the absolute value of the area
between itself and the desired constant curve. Dividing this area
by the spring constant normalizes the metric to a dimensionless
quantity we call the constant force error in Table 1. The effect of
moments exerted on the robot (Req. 8) was measured by the ratio
of angular momentum to vertical linear momentum at take-off
computed via dynamic simulation (Sec. 5.5). The use of a ratio
normalizes for variations in jump velocity.

Minimization of an objective function alone does not encapsulate
optimal linkage design due to the existence of branch, circuit, and
order defects [97]. Our strategy for avoiding defects is to search in
local design spaces defined by defect-free starting designs validated
using the process of Plecnik and McCarthy [93]. Wandering too far
from these local spaces might incur linkage defects which meant
packaging constraints D could not be specified arbitrarily.

5.5 Dynamic Simulation. Design iterations were analyzed
using dynamic simulation to model the robot starting from rest and
jumping straight up off the ground. Ground contact was simulated
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Table 1 Satisfaction of required behaviors over iterations. Detailed descriptions of metrics are given in Sec. 5.4.

Six-bar iterations

Eight-bar iterations

Req. Metric Goal 1 1I III v v VI VII VIII
1 Area between lines (m? x 10~ Min 6.92 130.05 97.47 9.65 15.82 827.51 12.51 19.60
2 Stroke ratio Max 0.72 0.69 0.65 0.62 0.71 0.68 0.68 0.67
3 Dist. to line-of-action (m x 10™%) Min 9.53 7.53 13.95 0 0 0 0 0
4 Max convex hull (m? x 107 Min 8965 16,332 12,759 10,995 8418 8715 9667 10,202
5 Input rotation (deg) Max 217 250 278 243 244 203 226 222
6 Low mech. adv. error (N/Nm) Min 34 0.85 0.81 0.05 0.31 0.24 0.10 0.08
7 Constant force error Min 4.53 4.85 3.01 0.10 0.07 0.34 0.10 0.17
8 Momentum ratio (Nms/Ns x 1073) Min —-3.21 —-3.92 —6.06 —11.10 —12.12 1.29 0.60 —0.10
as an asymmetric spring—damper with spring constant 10*N/m, Take-off (IV) e
damping coefficient 50 Ns/m, and horizontal stick-slip friction with 25¢ Take-off (VIII) L
a coefficient of 0.5. The actuator was simulated as a DC motor I
pushing through a 25:1 gear ratio with a free-running speed of 20t
1240 rad/s, a stall torque of 0.106 Nm, and a torque limit of 0.0294 — :
Nm, allowing a maximum power output of 26.4 W. The simulated - 150 \
robot weighed 0.0700kg and the spring torque ty, was computed B I
with a constant of 0.195 Nm/rad. The effect of friction was esti- E 1ol ‘,('
mated as an additional torque 7y, acting on the input crank m ' Vi

T = C1Tp + €2 (18) 0.5 v

I
with ¢;=0.1023 and ¢, =0.0066 Nm. Equations were solved ~ A= .~  fom NS ket
numerically using MATLAB’s built-in ODE solvers. 0 50 100 150
The simulation of Iteration IV produced a peak jump power 3.2 Time (ms)

times the motor’s maximum for a jump of 2.1 m. Jump power was — —
computed as the product of the vertical components of the GRF ) ) Kmetlc. Kinetic
and the CM velocity. The vertical component of the GRF for Motor input  Spring (CM velocity) (All other)
select iterations is plotted in Fig. 10(b) and the time evolution of IV mmmmmm mmmmmme e e
mechanical energy is plotted in Fig. 11. Simulations indicated the VIII -
robot accumulated considerable angular momentum on take-off
since Req. 8 had not yet been considered; see Fig. 12. Iteration IV Fig. 11 Time evolution of mechanical energy from simulations

rotated at a rate of —35 rad/s after take-off.

6 Tuning: Eight-Bar Optimal Design

In order to produce a rotation-free jump, angular momentum
about the CM must be zero at the time of take-off. To satisfy Req.
8, we design the angular momentum of the moving links other
than the body to approximately sum to zero so that the reaction
moment generated on the body is minimized throughout leg exten-
sion. This corresponds to vertical travel of the CM along the line-
of-action. Preliminary investigations determined that a practical
mass balancing scheme of one of the six-bar designs must involve
adding more links since existing link locations naturally shifted
the robot CM to the right of the line-of-action with all individual
link CMs moving clockwise around the robot CM during exten-
sion. Therefore, two additional links were added for balance, a
new foot link LMP constrained by floating link KM, forming a sin-
gle degree-of-freedom eight-bar; see Fig. 13. These new links nat-
urally shift the robot CM closer to the line-of-action, and their
individual CMs move counterclockwise around the robot CM. Fur-
thermore, when four-bar subloop CKML was specified as a paralle-
logram (Fig. 14, Iteration VI), link mass was coarsely balanced
while modestly disturbing the straight-line (Req. 1), input rotation
(Req. 5), and constant force (Req. 7) behaviors, see Table 1.
Therefore, Iteration VI was used as a starting design for the opti-
mal synthesis of an eight-bar linkage.

6.1 Formulation. An eight-bar linkage is shown in Fig. 13,
consisting of seven moving links ACK, CGHL, BDF, DG, FH,
KM, and LMP, angularly displaced by d)j, pj» Vs 0, y, v, and
respectively, in the jth configuration. In addition to the

011009-8 / Vol. 9, FEBRUARY 2017

of Iterations IV and Vil (the final design)

0.001
g 005 ~0.10 -0.15 —0.20
£ L <. y (m)
g = ~0.001 ~~o_ Take-off—_|
o . -~
S E-0.002 RN
= Z RN
S <0003 .
= \\
%’J -0.004f [===TV \
—0.005f | = VIII \

Fig. 12 Angular momentum about the CM during simulated
jumps with Iteration IV and Iteration VIl (the final design)

exponential operators introduced in Eq. (2), exponential operators
V and Z are introduced to represent rotations of the new links

V/‘ = ei”’, Z/‘ = 6”.;’ (19)

Design equations are formulated by tracing four kinematic loops
of the eight-bar

A+0j(C—A)+R/(G—C) =B +S;(D—B)+T;(G - D)
(20)

A+Qi(C—A)+R;(H—C)=B+S;(F-B)+U;(H—F) (21)

Transactions of the ASME

Downloaded From: http://mechanismsrobotics.asmedigitalcollection.asme.org/ on 12/07/2016 Terms of Use: http://www.asme.org/about-asme/terms-of-use



¥, Input angle

Fig. 13 An eight-bar linkage defined by coordinates A, B, C, D,
F, G, H, K, L, M, and P, drawn in configuration j

A+Qi(C—A)+R(L—-C)+Zi(Po—L)=P; (22

A+ Qj(K —A)+Vi(M = K) +Z;(Po - M) =P;  (23)

To facilitate presentation of the design equations, we define inter-
mediate variables,

dj=A—Pj+0i(C—A)+Z(Po—L)

fi=A=P+ QK —A) +Z(Po — M) 24

in addition to the intermediate variables of Eq. (6). Exponential
operators Tj, U;, R;, and V; are eliminated from Egs. (20)=(23),
respectively, by moving their terms to the right-hand side and
multiplying by conjugate equations to obtain

(@)= b+ R{(G = C))(a— b+ R(G =€) = (G~ D)(G = D)
(25)

(aj — c; + Ri(H — C))(a; —¢; + Rj(H — C)) = (H — F)(H — F)

(26)
did;=(L—-C)(L—C) (27)
fifi=M—-K)M ~K) (28)

The variable R; is eliminated from Egs. (25) and (26) by solving
for R; in Eq. (22) and substituting to obtain

Journal of Mechanisms and Robotics

VIII

S5cm

e Task point (TP) e Low mech. adv. TP e Const. force TP

e Const. force and balancing TP

Fig. 14 Design iterations during the optimal design of an
eight-bar linkage. Dimensions are in meters.

((aj = b))(L = C) = dj(G — C))((@; — bj)(L — C) — d;(G - C))
=(G-D)(G-D)(L-C)(L-C) (

((aj—¢))(L = C) = di(H = C))((a; — ¢;)(L = C) —dj(H - C))
=(H—-F)H—-F)(L—-C)(L-C)

el

Eqns. (27)—(30) represent the constrained geometry of the eight-
bar linkage of Fig. 13 in the jth configuration. These constraints
are used to set up an optimization problem in the same manner as
Sec. 5.1 with the objective function modified to accommodate
specifications on desired values {;.

6.2 Eight-Bar Iterations. To minimize moments exerted on
the body link (Req. 8), specifications of foot angle { were used in
tandem with packaging constraints to tune the angular momentum
of the moving links. Figure 14 displays design iterations during
eight-bar optimal synthesis where control points associated with
foot angle balancing are marked with green dots.
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Iteration VI coarsely balanced angular momentum with inac-
curacies near the bottom of leg extension and disturbances to the
straight-line (Req. 1), input rotation (Req. 5), and constant force
(Req. 7) behaviors; see Table 1. Iteration VII reinstated these
behaviors while specifying a terminal angle of the foot safely
away from vertical. A vertical foot moves segments KM and LM
into a collinear configuration referred to by [98] as a “singularity
of the first kind,” characterized by high link angular velocities for
small foot point motions. This makes momentum balancing diffi-
cult and unnecessarily increases kinetic energy of the links, which
can have parasitic effects on actuation energy. Note that this “first
kind of singularity” is different from common use of the word
“singularity” which is referred to as the “second kind of
singularity” in Ref. [98]. To further limit excess link motion, a
packaging constraint was placed on the foot to increase its length,
allowing it to reach the bottom of stroke at a lower angular veloc-
ity; see Fig. 14. An additional packaging constraint was placed on
the foot to ensure pivots L and M remain above the foot point
when this link is near horizontal in its highest position, as in Fig.
1. Several other packaging constraints served to increase distances
between particular pivots to make room for bushings.

Iteration VIII improved the balance of angular momentum plac-
ing additional specifications on the foot angle near the bottom of
extension and increasing the size of the input link to allow room for
bushings. Dynamic simulation was run using the specifications of
Sec. 5.5, resulting in a power modulation factor of 3.6 for a 2.3 m
jump and exhibiting minimal body rotation. The mechanical advant-
age and the vertical GRF of Iteration VIII are plotted in Fig. 10. Fig-
ure 11 compares the time evolution of mechanical energy for
Iterations IV and VIII. This figure shows the motor of IV generates
slightly more energy operating during an 8 ms longer stance phase;
however, VIII generates a greater take-off velocity as energy is not
siphoned by rotational motion after take-off. The angular momen-
tum about the CM generated by the ground force during stance is
shown in Fig. 12. The simulation of Iteration VIII rotated at
—0.33 rad/s after take-off. A comparison of Iteration VIII against all
preceding iterations for all required behaviors is shown in Table 1.

Iteration VIII is the final design for the Salto leg mechanism. Its
pivot locations in a reference configuration at the top of stroke are

A = —0.001830 + 0.021353,
C = 0.060743 + 0.047760i,
F =0.014782 + 0.036869i,
H = 0.065686 + 0.0615151,
L = —0.023710 — 0.030571i,
Py = 0.022640 — 0.035994i

B =0.022500 + 0.036716i
D = 0.031343 + 0.034990i
G = 0.086637 + 0.061279:
K = 0.051913 + 0.045494i
M = —0.033708 — 0.030379i

€1V

with all dimensions in meters. Individual link masses (kg) and
CM locations used during simulation are

my=0.0013,  Cy=0.034+0.035i
m, =0.0039,  C, = 0.048 + 0.032i

my =0.0010,  Cy = 0.023 + 0.035i
my=0.0013,  Cy=0.060 + 0.048i

m, = 0.00080,  C, = 0.039 4 0.05i

m, =0.0016,  C, = 0.000 + 0.000i

m; =0.0022,  C;=—0.013 —0.031i (32)

where subscripts correspond to the link measured by that angle;
see Fig. 13.

7 Prototype Design

A prototype of the Salto leg mechanism was built and tested.
Dynamic simulation results were used to determine the magnitude

011009-10 / Vol. 9, FEBRUARY 2017

Fig. 15 Prototype monopod installed on a universal testing
machine

and orientation of internal forces generated by the actuator. This
information identified which links were solely in tension or com-
pression; links are labeled in Figs. 1 and 14(VIII). Tension links
DG and KM were fabricated as lightweight unidirectional carbon
fiber tie rods. Binary links FH and LMP, and ternary links ACK
were milled from prefabricated carbon fiber honeycomb sandwich
composite plate, using an Othermill>. Revolute joint constraints
were enforced by precision aluminum rod riding in plain polymer
bearings (IGUS JFM-304-05).

The quaternary link CGHL was comprised of molded polymer
pieces that house bearing elements, connected by a length of car-
bon fiber tube. The ternary input link BDF was also molded poly-
mer. All of the component molds were fabricated by creating a
master mold in machine wax using the Othermill (see footnote 2),
and taking a silicone mold from that positive. These fabrication
methodologies resulted in a leg mechanism with a net moving
component mass of 0.011 kg, which can withstand internal forces
up to 200 N.

The torsional spring element was a solid section of latex, as
described by Rollinson et al. [99]. It was cut from prefabricated
latex tube using a 3D printed jig. The proposed motor is a Scor-
pion S-1804-1650 BLDC device. The gear reduction is 25:1 with
two 5:1 stages.

Our weight budget for the entire robot, complete with actuators,
batteries, and control electronics, is 0.085 kg.

8 Results

The Salto prototype mechanism was measured to determine
whether its mechanical advantage curve matched the simulated
design. A latex torsion spring was attached to the input link and
the force at the foot was measured over its stroke with an Instron

2Other Machine Company.

Transactions of the ASME

Downloaded From: http://mechanismsrobotics.asmedigitalcollection.asme.org/ on 12/07/2016 Terms of Use: http://www.asme.org/about-asme/terms-of-use



x©
(=}

----------- Experimental
—— Simulation

Gierssssannn

D
(=}

(N/N'm)

Mechanical Advantage
S

y (m)
20.20

—0.05 -0.10 —0.15
Fig. 16 Mechanical advantage calculated from data measured
by a universal testing machine compared to simulation of Itera-
tion VIII. Experimental data show both compression and exten-

sion strokes.

universal testing machine; see Fig. 15. For this test, the latex
spring was attached such that it deflected maximally to 180 deg
instead of the designed value of 245 deg (Sec. 5.3). Also, the latex
spring was observed to decrease in stiffness over its deflection and
the effect of friction was noted by the presence of a loading/
unloading hysteresis loop. To take these effects into account, test
data were used to fit a model for spring torque 7y, and the effect
of friction as a torque 7 on the input

Tsp = _koc(lp - lpeq)OC

T = CTgp

(33)
(34)

where k,=0.203 Nm/rad, « =0.768, and ¢ =0.175. Note that for
o >0, the average stiffness of the spring for a deflection of Ay is
AY* ' =77% of the value of coefficient k, as the spring monotoni-
cally softens over its stroke. The mechanical advantage of the pro-
totype was calculated as

F()Ll[

Tsp £ Tt

MA =

(35)

where the * sign corresponds to compression and extension
strokes of the hysteresis loop. Experimental data plotted alongside

0.434 sec

0.206 sec
N |1.00m

0.098 sec

0.000 sec

Fig. 17 Composition of high speed footage for a spring-
powered jump of 0.995 m
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the simulated curve of Salto are shown in Fig. 16. Discrepancies
may be due to joint slop, link deflection, unmodeled friction, or
manufacturing inaccuracies.

Spring-powered test jumps of the Salto leg prototype were also
recorded using a Mega Speed HHC X7 500 fps camera and PROA-
NALYST motion tracking software. For each jump, the 0.045 kg pro-
totype was held to the ground with its spring wound to
approximately 180 deg and the leg slightly past its low mechanical
advantage region, then released. For a characteristic jump, the
prototype traveled a vertical distance of 1.00 m, pitching forward
to approximately 2deg at its apogee; see Fig 17. The prototype
also experienced approximately 180deg of yaw about its long
axis due to out-of-plane asymmetries which are out of the scope
of this paper.

Motor-powered experiments that demonstrate the capability of
series-elastic power modulation to produce high amplitude, high
frequency jumps are contained in Ref. [1].

9 Conclusion

We described the synthesis of a leg mechanism for the monope-
dal robot, Salto, to perform controllable, high-powered jumps.
The synthesis procedure involved design exploration followed by
detailed kinematic tuning. The first phase generated an atlas of
six-bars that produced a set of primary behaviors, and the second
phase performed optimal synthesis to simultaneously produce a
set of more intricate behaviors, including mass balancing which
prompted the addition of extra links making the final design an
eight-bar linkage. A variable mechanical advantage curve was
designed into the mechanism’s geometry to achieve a power mod-
ulation factor of 3.6 in simulation. A prototype was constructed,
its mechanical advantage was verified on a universal testing
machine, and its minimization of pitch velocities was verified
with high speed video of meter high jumps.
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