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Therelativevelocitiesandpositionsof monodispersehigh-inertiaparticlepairsin
isotropicturbulencearestudiedusingdirectnumericalsimulations(DNS),aswell
asLangevinsimulations(LS)basedonaprobabilitydensityfunction(PDF)kinetic
modelforpairrelativemotion.Inapriorstudy(Ranietal.,J.FluidMech.,vol.756,
2014,pp.870–902),theauthorsdevelopedastochastictheorythatinvolvedderiving
closuresinthelimitofhighStokesnumberforthediffusivitytensorinthePDF
equationformonodisperseparticlepairs.Thediffusivitycontainedthetimeintegral
oftheEuleriantwo-timecorrelationoffluidrelativevelocitiesseenbypairsthat
arenearlystationary.Thetwo-timecorrelationwasanalyticallyresolvedthroughthe
approximationthatthetemporalchangeinthefluidrelativevelocitiesseenbyapair
occursprincipallyduetotheadvectionofsmallereddiespastthepairbylarge-scale
eddies.Accordingly,twodiffusivityexpressionswereobtainedbasedonwhetherthe
paircentreofmassremainedfixedduringflowtimescales,ormovedinresponse
tointegral-scaleeddies.Inthecurrentstudy,aquantitativeanalysisofthe(Rani
etal.2014)stochastictheoryisperformedthroughacomparisonofthepairstatistics
obtainedusingLS withthosefrom DNS.LSconsistofevolvingtheLangevin
equationsforpairseparationandrelativevelocity,whichisstatisticallyequivalent
tosolvingtheclassicalFokker–PlanckformofthepairPDFequation.Langevin
simulationsofparticle-pairdispersionwereperformedusingthreeclosureformsof
thediffusivity–i.e.theonecontainingthetimeintegraloftheEuleriantwo-time
correlationoftheseenfluidrelativevelocitiesandthetwoanalyticaldiffusivity
expressions.Inthefirstclosureform,thetwo-timecorrelationwascomputedusing
DNSofforcedisotropicturbulenceladenwithstationaryparticles.Thetwoanalytical
closureformshavetheadvantagethattheycanbeevaluatedusinga modelfor
theturbulenceenergyspectrumthatcloselymatchedtheDNSspectrum.Thethree
diffusivitiesareanalysedtoquantifytheeffectsoftheapproximations madein
derivingthem.Pairrelative-motionstatisticsobtainedfromthethreesetsofLangevin
simulationsarecomparedwiththeresultsfromtheDNSof(moving)particle-laden
forcedisotropicturbulenceforStη=10,20,40,80andReλ=76,131.Here,Stη
istheparticleStokesnumberbasedontheKolmogorovtimescaleandReλisthe
Taylormicro-scaleReynoldsnumber.Statisticssuchastheradialdistributionfunction
(RDF),thevarianceandkurtosisofparticle-pairrelativevelocitiesandtheparticle
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collisionkernelwerecomputedusingbothLangevinandDNSruns,andcompared.
TheRDFsfromthestochasticrunswereingoodagreementwiththosefromthe
DNS.AlsocomputedwerethePDFsΩ(U|r)andΩ(Ur|r)ofrelativevelocityUand
oftheradialcomponentofrelativevelocityUrrespectively,bothPDFsconditioned
onseparationr.Thefirstclosureform,involvingtheEuleriantwo-timecorrelation
offluidrelativevelocities,showedthebestagreementwiththeDNSresultsforthe
PDFs.

Keywords:multiphaseandparticle-ladenflows,particle/fluidflow

1.Introduction

Turbulence-drivenrelativemotionofhigh-inertiaparticlesisrelevantinastrophysical
scenarios,suchastheinterstellarmedium,protoplanetarydisksandtheatmospheres
ofplanetsanddwarfstars(Chiang&Youdin2005;Panetal.2011).Specifically,the
‘sticking’ofdustparticlesinprotoplanetarydisksisbelievedtobethemechanismfor
planetesimalformation.Anintriguingquestionthattheastrophysicistsareinvestigating
concernstheeffectsofturbulenceonthedispersion,sedimentation,collisional
coalescenceandfragmentationofdustgrains.Theviscousrelaxationtimes,τv,of
theseparticlesaresignificantlylarge,withestimatedStη∼10–100(Panetal.2011),
whereStη=τv/τηistheStokesnumberbasedontheKolmogorovtimescaleτη.
Thetwoprincipalquantitiesdescribingtherelativemotionofinertialparticlesin
aturbulentfloware:(i)theradialdistributionfunction(RDF),whichisameasure
oftheparticlespatialclustering,and(ii)theprobabilitydensityfunction(PDF)of
pairrelativevelocities,whichquantifiestheparticleencounterrate.TheRDFandthe
relative-velocityPDFarebothkeyinputstotheparticlecollisionkernel,anddepend
sensitivelyontheStokesnumber.Bothstatisticscanbedeterminedthroughdirect
numericalsimulations(DNS)ofparticle-ladenturbulentflows.However,DNSsuffers
fromthewell-knowncomputationallimitationontheReynoldsnumbersthatcanbe
achieved.ThisdrawbackofDNSisoneofthemotivatingfactorsfordevelopingPDF
equation-basedstochasticmodelsforparticle-ladenturbulentflows.
Recently,wedevelopedastochastictheoryfortherelativevelocitiesandpositions
ofhigh-inertia monodispersepairsinforcedisotropicturbulence(Rani, Dhariwal
& Koch 2014).Thetheoryinvolvedderivingaclosureforthediffusivitytensor
characterizingtherelative-velocity-spacediffusioncurrentinthePDFkineticequation
ofparticle-pairseparationandrelativevelocity.SincewehadconsideredtheStr 1
limit,thepairPDFequationisoftheclassicalFokker–Planckform(Stristhe
Stokesnumberbasedonthetimescaleτrofeddies whosesizeisoftheorder
ofpairseparationr).Usingthediffusivityformulation,onecanperformLangevin
simulationsofpairrelativevelocitiesandpositions,whichisequivalenttosimulating
theFokker–Planckequation.
Inthiscontext,thecurrentstudyhastwo mainobjectives.First,weperforma
quantitativeanalysisofthethreeformsofthediffusivityderivedinRanietal.(2014).
Theinsightsgainedwillhelpusunderstandtheimplicationsoftheapproximations
madeinderivingthediffusivities,aswellasguidefutureimprovementstothetheory.
IntheStr 1limit,weperformacomparativeanalysisofthecurrentand(Zaichik&
Alipchenkov2003)diffusivityclosures,aswellasthepredictionsofrelative-motion
statisticsbythetwotheories.Thesecondobjectiveistocomputetherelative-motion
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StochastictheoryandDNSfortherelativemotionofhighinertiapairs 207

statisticsofparticlepairsusingboth DNSandLangevinsimulations(LS),and
comparethecorrespondingresults.TheparametricinputstotheLSrunssuchasthe
Taylor micro-scaleReynoldsnumber,dissipationrate, Kolmogorovscales,integral
lengthscaleandtherootmeansquare(r.m.s.)fluctuatingvelocitywereallobtained
fromDNS.Further,theenergyspectrumneededtocomputetheanalyticaldiffusivities
ismodelledsuchthatitcloselymatchestheDNSspectrum.Thus,theDNSandLS
resultsarecomparedunderconditionswhereabroadsetofflowparameters,and
notjustReλ,ismatched.Suchacomparisonwillenableustoquantifythetheory’s
predictiveabilitiesforpairdynamicsinisotropicturbulence.
Zaichik&Alipchenkov(2003)developedastochasticmodelforparticlepairsthat
wasconceivedtobeapplicableforallStokesnumbers,providedthattheStokes
dragforceisapplicableandisthedominantforceactingontheparticles.Although
Ranietal.(2014)andZaichik&Alipchenkov(2003)arebothbasedonakinetic
equationdescriptionofpairinteractions,thereareimportantfundamentaldistinctions
betweenthetwostudies.Theprincipaldifferenceliesintheapproachadoptedto
closethediffusioncurrentinthePDFequation.Zaichik&Alipchenkovclosedthe
diffusioncurrentbyusingtheFurutsu–Novikov–Donsker(FND)formula.TheFND
formularelatesthediffusioncurrenttoaseriesexpansioninthecumulantsofthe
fluidrelativevelocitiesseenbythepairs( u)andthefunctionalderivativesofthe
PDFwithrespectto u(Bragg&Collins2014a).Theyfurtherassumedthat uhad
aGaussiandistribution,forwhichtheseriesexpansionexactlyreducestoonlythe
second-ordercumulantof u(Bragg&Collins2014a).Incontrast,Ranietal.(2014)
developedaclosureforthediffusioncurrentbasedonaperturbationanalysisofthe
pairPDFequationinthelimitofhighStokesnumber.Anotherimportantdifference
concernsthesimulationapproachusedinthetwostudies.Zaichik &Alipchenkov
(2003)computedthestatisticsofpairseparationandrelativevelocitybysolvingthe
equationsforthezeroth,firstandsecondrelative-velocitymomentsofthemasterPDF
equation.Ranietal.simulatedtheLangevinequationstoevolvetherelativevelocities
andpositionsofalargenumberofparticlepairs. Whencomparedtosolvingafinite
numberofmomentsequations,theLangevinapproachishigher-orderaccurateinthe
sensethattheLSinherentlyincludeallmomentsofthepairPDF.Anotheradvantage
oftheLSapproachisthatitallowsustoexplicitlycomputethePDFsofpairrelative
velocityatvariousseparations,enablingustotrackthetransitioninthenatureof
thePDFastheseparationsarereducedfromtheorderofintegralscaletothatof
Kolmogorovscale.
Bragg&Collins(2014a)performedafirst-principles-basedcomparisonoftheChun
etal.(2005)andZaichik&Alipchenkov(2007,2009)stochasticmodelsforinertial
pairdynamicsinisotropicturbulence.Thefocusofthatpaperwastocompareand
analysethepredictionsofparticleclusteringatsub-Kolmogorov-scaleseparationsby
thetwotheories.InthelimitofStη 1,Chunetal.(2005)developedclosuresfor
thedriftanddiffusionfluxesinthePDFequationforpairseparation,whereStηisthe
StokesnumberbasedontheKolmogorovtimescaleτη.Usingtheseclosures,they
derivedapower-lawexpressionfortheRDFatsub-Kolmogorovseparations,which
showedgoodagreementwiththeDNSresults.TheZaichik&Alipchenkov(2007)
studyimprovedupontheirearlierstudy(Zaichik&Alipchenkov2003)byaccounting
fortheunequalLagrangiancorrelationtimescalesofthestrain-rateandrotation-rate
tensors.Bragg&Collinsshowedthatthepower-lawexponentsintheRDFspredicted
bythetwotheorieswereingoodagreementforStη 1.Theyelaboratedthatthis
agreementwasbecausethedriftvelocitypredictedbyChunetal.wasthesameas
theleading-orderterminthedriftvelocityofZaichik&Alipchenkov(2007).Asisto
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beexpected,forStη∼1,thetheoriesdiverge.Bragg&Collinsalsoshowedthatthe
clusteringofStη 1particleswasmainlyduetothecentrifugingprocess,whereas
thatofStη∼1particleswasduetotheirpath-historyinteractionswiththeturbulence.
Inanaccompanyingstudy,Bragg &Collins(2014b)analysedthetheoriesof
Zaichik &Alipchenkov(2009),Pan &Padoan(2010)andGustavsson & Mehlig
(2011)byfocusingonthesecond-orderstructurefunctionofpairrelativevelocities,
S
p
2(r,t),predictedbythesetheories,whereristheseparationvector.Formulation
ofS

p
2(r,t)isrequiredtosolvethegoverningequationsforthemomentsofthepair

PDF(Zaichik &Alipchenkov2009).One mayalsocomputethevariancesofthe
pairrelativevelocityanditscomponentslongitudinalandtransversetor– U2,
U2r and U

2
t respectively–usingS

p
2(r,t)(Pan &Padoan2010).Bycomparing

thepredictions(primarilyofthefirsttwotheories)withtheDNScomputedS
p
2(r,t),

Bragg &Collins(2014b)identifiedpossiblediscrepanciesinthetheories.Inthe
caseofGustavsson&Mehlig(2011)theory,onlyqualitativeinsightscouldbedrawn
regardingitspredictionsofthestructurefunctionandtheRDF,sincesomecoefficients
wereleftunspecifiedintheirtheory.
Ireland,Bragg&Collins(2015)performedanextensiveparametricstudyofthe
effectsofReynoldsnumberoninertialparticlestatisticsthrough DNSofforced
isotropicturbulence.TheyconsideredawiderangeofTaylormicro-scaleReynolds
numbers(88 Reλ 597),andcomputedthestatisticsofsingleparticles,aswell
aspairsforStokesnumbers0.05 Stη 30.ItwasobservedthatforStη 1,the
RDFisessentiallyindependentofReλ,whereasforStη 10,theRDFincreased
withReλatnearlyallseparations.Thelattertrendiscapturedbyourtheoryaswell.
AsidentifiedinBragg &Collins(2014a),theeffectsofpreferentialconcentration
onpairrelative-velocitystatisticswereimportantforStη 0.1,whilethenon-local
effectsduetoparticlesamplingofturbulencebecomeimportantforStη 0.2.The
relative-velocitystatisticsoftheStη 10particleswerefoundtoincreasestrongly
withReλbecausetheseparticlesretainforlongtimestheeffectsoftheirinteractions
withtheinertial-andintegral-scaleeddies.
Someofthe mostdetailedtheoreticalandcomputationalstudiesofhighStη
particles wereundertakenbyPan,Padoanandcoworkers(Pan &Padoan2010;
Panetal.2011;Pan &Padoan2013,2014a,b,c,2015).Pan &Padoan(2010)
derivedananalytical modelfortherelative-velocityvarianceofinertialparticles
thatisconceptuallygeneralizedacrosstheentirerangeofparticleStokesnumbers
(thisstudy willbehereafterreferredtoasPP10).ThePP10 modelisbasedon
expressingthepairrelative-velocitystructurefunctionS

p
2(r,t)intermsofthefluid

relative-velocitystructurefunctionS
f
2(r,t),whereS

f
2(r,t)istheLagrangiancorrelation

offluidrelativevelocitiesalonginertialparticle-pairtrajectories.Subsequently,they

approximatedS
f
2(r,t)astheproductoftheEulerianstructuretensorofturbulence

andtheLagrangianautocorrelationoffluidrelativevelocities. Usingthistheory,
theycalculatedthestatisticsofpairrelativevelocity(uptothesecondmoment)for
1 Stη 100,andcomparedthesepredictionswithDNSdataoverasmallerStokes
numberrange1 Stη 10.GoodagreementbetweenthemodelandDNSresultswas
obtained.However,PP10islimitedto modellingthelower-order momentsofpair
relativevelocity,anddoesnotprovideanymeanstoobtaintheRDF,orthePDFof
relativevelocities.
Panetal.(2011)performeda DNSstudyofparticleclusteringinisotropic
turbulencefor1 Stη 100.InagreementwithpriorDNSandtheoreticalstudies
(e.g.Chunetal.2005),theyobservedthattheRDFshowsapower-lawscalingfor
pairseparationsinthedissipativerange,withtheexponentbeingafunctionofStokes

D
o
w
nl
o
a
d
e
d 
fr
o
m 
ht
t
ps
:/
w
w
w.
c
a
m
br
i
d
g
e.
or
g/
c
or
e
. 
C
or
n
el
l 
U
ni
v
er
si
t
y 
Li
br
ar
y,
 
o
n 
3
0 
M
a
y 
2
0
1
7 
at
 
1
4:
0
6:
1
6,
 s
u
bj
ec
t 
t
o 
t
h
e 
C
a
m
br
i
d
g
e 
C
or
e 
t
er
ms
 
of
 
us
e,
 
a
v
ai
l
a
bl
e 
at
 h
tt
ps
:/
w
w
w.
c
a
m
br
i
d
g
e.
or
g/
c
or
e/
t
er
ms
. 
ht
t
ps
:/
/
d
oi
.
or
g/
1
0.
1
0
1
7/
jf
m.
2
0
1
6.
8
5
9

https:/www.cambridge.org/core
https:/www.cambridge.org/core/terms
https://doi.org/10.1017/jfm.2016.859


StochastictheoryandDNSfortherelativemotionofhighinertiapairs 209

number.Further,particleswhoseresponsetimesscalewithinertial-rangetimescales
showclusteringatinertialseparations,whichismanifestedasthepeakingofRDFfor
theseseparationsandsubsequentplateauingforsmallerseparations.AsseeninChun
etal.(2005),theRDFofbidispersepairsbecomesflatatsmallscales,confirming
thatsuchpairsshowweakerclusteringthanmonodisperseones.
PerhapsthebroadestrangeofStokesnumbersconsideredthusfarinparticle-laden
isotropicturbulenceisbyPan &Padoan(2013).Inthatstudy,relative-velocity
statisticsof0.1 Stη 800particleswerecomputedusingbothDNSandthemodelof
PP10(Pan&Padoan2010).Theirgoalwastoinvestigatetherelative-motionstatistics
forseparationssmallerthantheKolmogorovscale,soastodrawinsightsonthe
collisionratesofdustparticlesinprotoplanetarydisks.Inprotoplanetaryturbulence,
dustparticlesare muchsmallerthanthe Kolmogorovlengthscale(η∼1km).
Therefore,theyfocusedonunderstandingandquantifyingpairrelative motionfor
separationsr→ 0.Sincesuchafineresolutionofseparationsiscomputationally
prohibitive,Pan&Padoan(2013)computedrelative-velocitystatisticsforseparations
assmallas0.25η,andthenextrapolatedtheseinsightstosmallerr.Theextrapolation
involvedgroupingthepairsintotwocategories:continuousandcaustictypes.
Continuous-typepairsarethosethatmayhavestartedtheirjourneyasuncorrelated
particles withhighrelativevelocitiesatlargeseparations,butdecelerateastheir
separationsdecreaseandremaincorrelatedfarlongerthantheflowtimescalesthat
influencetheirrelativemotion.Caustic-typepairsarethosethatremainuncorrelated
withlargerelativevelocitiesthroughouttheirflight.Itisbelievedthatcausticpairs
maysignificantlyenhancecollisionrates,andthattheydominatecollisionratesas
r→ 0.PredictionsusingPP10ofrelativevelocityanditscomponentsparalleland
transversetotheseparationvectorshowedgoodagreementwiththeirDNSdata.
UnderthelimitsStr 1andStI 1,Ranietal.(2014)derivedthetransport
equationforthePDFΩ(r,U)ofpairseparation(r)andrelativevelocity(U).Here,
theStokesnumberStrisbasedonthetimescaleτrofeddieswhosesizescaleswith
separationr,andStIisbasedontheintegraltimescaleτI.Thetransportequation
forΩ(r,U),whichisoftheFokker–Plancktype,containsadiffusivitytensorinthe
Uspace. Weshowedthatthediffusivityisequalto1/τ2vtimesthetimeintegralof
theEuleriantwo-timecorrelationoffluidrelativevelocitiesseenbynearlystationary
pairs(τvistheparticleviscousrelaxationtime).Inthecurrentstudy,thetwo-time
correlationisdirectlycomputedusingDNSofforcedisotropicturbulencecontaining
stationaryparticles.TheDNS-computedcorrelationwhenintegratedintimeyields
whatwewillrefertoasthefirstclosureformofdiffusivity(CF1).Anadvantage
oftheCF1diffusivityisthatitwillprovideusa meanstoassessthediffusivity
formulationofZaichik,Simonin & Alipchenkov(2003),Zaichik & Alipchenkov
(2007)intheStr 1limit.
AlternativelytoCF1,theEuleriantwo-timecorrelationmayberesolvedanalytically
throughtheapproximationthatthetemporalchangeinthefluidrelativevelocities
seenbyapairisprimarilyduetotheadvectionofsizereddiespastthepairby
largereddies.BasedonthisphysicalpictureandthroughananalogywiththeTaylor
hypothesis,onemaytransformthetwo-timecorrelationintotwo-pointcorrelationsof
fluidvelocities,allowingustoanalyticallyformulatethediffusivityintermsofthe
energyspectrum.Ranietal.(2014)derivedtwoexpressionsbasedonwhetherthepair
centreofmasswasheldfixedorallowedtomoveduringintegraltimescales,thelatter
beinganimprovementovertheformeratfiniteStI. Wewillrefertotheseexpressions
asthesecondandthirdclosureformsofdiffusivity(CF2andCF3),respectively.
Inthecurrentstudy,wefirstundertakeadetailedanalysisofthethreeclosure
formsofthediffusivity.Suchananalysiswillprovidequantitativeinsightsintothe
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effectsoftheapproximationsentailedinderivingtheclosures,i.e.thatthepairsare
essentiallyfixed,andthattheEuleriantwo-timecorrelationmaybeexpressedinterms
oftwo-pointcorrelations.Second,weperformbothLangevinanddirectnumerical
simulationstocomputeanumberofstatisticsquantifyingpairrelativemotion.Three
setsofLangevinsimulationsareperformed,correspondingtothethreediffusivity
forms.TheLSresultsarecomparedwitheachotherandwiththeDNSdata.To
ourknowledge,thisstudypresentsthefirstcomparisonofthestochasticandDNS
predictionsoftherelative-velocityPDFsatseparationsspanningtheentirerangeof
turbulentscales.ThepairstatisticsfromLSarecomparedwiththosefromDNSof
particle-ladenisotropicturbulenceforStη=10,20,40,80andReλ=76,131.Statistics
suchastheRDF,relative-velocitymomentsandPDFs,andthecollisionkernelare
compared.Furthermore,wecomparethepresentresultswiththosefromZaichiketal.
(2003),Zaichik&Alipchenkov(2009)whereavailable.
Theorganizationofthepaperisasfollows:§2presentstheimportantdetailsof
theclosuretheory,aswellasidentifiesthethreeclosureformsthatareanalysedin
thisstudy.Section3discussesthecomputationaldetailsofthedirectnumericaland
Langevinsimulations.Section4presentsananalysisofthediffusivityforms,aswell
asacomparisonofthepairrelative-motionstatisticsobtainedfromLSandDNS. We
concludebysummarizingourfindingsin§5.

2.Theory

WebeginwithanoverviewoftheRani etal.(2014)stochasticmodelforparticle
pairsinthelimitofhighStokesnumber.Areviewofthetheorywillprovidethe
necessarybackgroundforthesubsequentdiscussionofthethreeclosureformsthat
areinvestigatedinthisstudy.
Ranietal.(2014)consideredthepairphase-spacedensity(PSD)P(r,U,x,V;t),
whichisthePSDofaparticlepairwithseparationr,relativevelocityU,andcentre-
of-masspositionandvelocityxandV,respectively.TheinclusionofxandVinthe
statevectorwasmotivatedbythephysicalscenariothatthedynamicsofpaircentreof
masscaninfluencethewayapairsamplesturbulence.ConservationofPSDPyields

∂P

∂t
+∇r·(UP)+∇U·(̇UP)+∇x·(VP)+∇V·(̇VP)=0, (2.1)

where∇r,∇x,∇U,and∇V denotegradientswithrespecttothecorrespondingstate
variables.
AssumingStokesdraglawtobevalid,thegoverningequationsformonodisperse
pairsare:

dU

dt
=−

1

τv
[U(t)− u(r,x,t)] (2.2)

dV

dt
=−

1

τv
V(t)−

u(R1(t),t)+u(R2(t),t)

2
=−

1

τv
[V(t)−ucm(R1(t),R2(t),t)],(2.3)

whereτvistheparticleresponsetime,R1(t)andR2(t)aretheparticlepositionsat
timet, u(r,x,t)=[u(R2(t),t)−u(R1(t),t)]istheseenfluidrelativevelocityand
ucm(R1(t),R2(t),t)=[u(R1(t),t)+u(R2(t),t)]/2.Thevelocityucmcanbedetermined
fromxandrsinceR1=x−(r/2)andR2=x+(r/2).
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Substitutionofthepairgoverningequationsinto(A9)followedbyensemble
averagingoverflowrealizationsgivestheequationforthePDFP:

∂P

∂t
+∇r·(UP)+∇x·(VP)−

1

τv
∇U·(UP)−

1

τv
∇V·(VP)

+
1

τv
∇U· uP+

1

τv
∇V·ucmP=0, (2.4)

where ·denotesensembleaveraging,andtheterms uP and ucmP require
closure.Thesetermsrepresentturbulence–pairinteractionsandturbulence–centre
ofmassinteractions,respectively.InthelimitofhighStokesnumber,theycanbe
expressedasFokker–Planck-typediffusiontermsinthephasespace.
UsingthedecompositionP= P+P,wecanwrite uP= uP anducmP=
ucmP,since u=0anducm=0inisotropicturbulence.Thissuggeststhatone
mayderiveclosuresforthesetermsbysolvingforP intermsofP.Substituting
P= P+Pinto(A9)andsubtracting(A10),thegoverningequationforPcanbe
obtainedas:

∂P

∂t
+∇r·(UP)+∇x·(VP)−

1

StI
∇U·(UP)−

1

StI
∇V·(VP)

+
1

StI
∇U·(uP)+

1

StI
∇V·(ucmP)=−

1

StI
∇U·(uP)

−
1

StI
∇V·(ucmP)+

1

StI
∇U· uP +

1

StI
∇V·ucmP, (2.5)

whereStI=τv/τI,andtermsaremadedimensionlessusingintegrallengthscale(L),
integraltimescale(τI),andr.m.s.fluctuatingvelocity(urms).
RecognizingthatPmaybeexpressedasaperturbationexpansionin1/StI(StI 1),
wecanwritetoleadingorderP=(1/St)P1.RetainingO(1/StI)termsin(2.5),weget

∂P1

∂t
+∇r·(UP1)+∇x·(VP1)=−∇U·(uP)−∇V·(ucmP). (2.6)

Equation(2.6)isaLagrangianevolutionequationofP1inthe(r,x,t)space,withU
andVheldfixed.
InthelimitofStI 1andStr 1,Ranietal.(2014)showedthatthetwo
convectivetermsontheleft-handsideof(2.6)canbeneglectedcomparedto∂P1/∂t.
Wecannowsolvefor P1suchthatrandxremainfixed,givingus

uP =−
1

St2I

0

−∞

dt{ u(x,r,0)u(x,r,t)·∇UP(t)

+ u(x,r,0)ucm(R1(0),R2(0),t)·∇VP(t)} (2.7)

ucmP =−
1

St2I

0

−∞

dt{ucm(R1(0),R2(0),0)u(x,r,t)·∇UP(t)

+ ucm(R1(0),R2(0),0)ucm(R1(0),R2(0),t)·∇VP(t)}, (2.8)

wherer,x,particlepositionsR1andR2,andthePDFP undergolittlechangeduring
flowtimescales.
Atthispoint,itispertinenttodiscussthesimilaritiesanddifferencesbetween
theaboveperturbationanalysis,andtherenormalizedperturbationapproachused
inReeks(1992).Reeks(1992)pioneeredtheapplicationoftheLagrangianhistory
directinteraction(LHDI)methodofKraichnan(1977)toderivethePDFequation
forparticlepositionandvelocity,aswellasaclosureforthephase-spacediffusion
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current.ThederivationoftheclosureusingtheLHDImethodentailedarenormalized
perturbationexpansion,whichiseffectivelyanexpansionwith1/StIastheperturbation
parameter. AppendixA presentsadetailedcomparisonofthetwoperturbation
methods.
Thetimeintegralsofthefourcorrelationsontheright-handsideof(2.7)–(2.8)
are,respectively,thediffusivitiesDUU,DUV,DVU,andDVV. HereDUU andDVV
arediffusivitiesintheU-spaceandV-space,respectively;DUV andDVU are
cross-diffusivities.Equation(A10)forthePDFP maynowbewrittenas:

∂P

∂t
+∇r·(UP)+∇x·(VP)−

1

τv
∇U·(UP)−

1

τv
∇V·(VP)

−∇U·(DUU·∇UP+DUV·∇VP)

−∇V·(DVU·∇UP+DVV·∇VP)=0. (2.9)

2.1.ThreeclosureformsfordiffusivityDUU

Sinceourprimaryinterestisinthestatisticsofpairrelativemotion,wewillconsider
amoretractable,lower-dimensionalPDFΩ(r,U)= P(r,U,x,V;t)dV,wherethe
dependenceonxwasdroppedduetohomogeneity.InRanietal.(2014),weshowed
that(2.9)yieldsthefollowingequation(indimensionalform)forΩ(r,U):

∂Ω

∂t
+∇r·(UΩ)−

1

τv
∇U·(UΩ)−∇U·(DUU·∇UΩ)=0, (2.10)

whereτvistheparticleviscousrelaxationtimeandrandUarethepairseparation
andrelativevelocity,respectively.ThediffusivityDUU isgivenby

DUU =
1

τ2v

0

−∞

u(r,x,0)u(r,x,t)dt, (2.11)

wheretheintegrandistheEuleriantwo-timecorrelationoffluidrelativevelocities,
withbothpairseparationrandcentre-of-masspositionxheldfixed.Thisformulation
ofdiffusivityisvalidundertheconditionsStr 1andStI 1.
Inthisstudy,DUUin(2.11)isresolvedusingthreeapproaches,givingrisetothree
closureforms.Inthefirstclosureform(CF1),thetwo-timecorrelationin(2.11)is
directlycomputedfromDNSofforcedisotropicturbulencewithstationaryparticles,
andintegratedintimetoyieldDUU.Inthesecondclosureform(CF2),theEulerian
two-timecorrelationofrelativevelocitiesisconvertedintotwo-pointcorrelationsof
fluidvelocities,allowingustoderiveanexpressionintermsofanintegraloverthe
wavenumber.Inthethirdclosureform(CF3),rremainsfixedduringflowtimescales,
butxrespondstointegral-scaleeddies,i.e.xchangesduringintegraltimescales.Thus,
CF3attemptstoimproveuponandextendCF2’svaliditytoStI∼1.Theeffectsof
CF3,however,areanticipatedtobeseenonlyatthelowerendoftheStokesnumber
rangeconsidered.AthigherStokesnumbers,CF2andCF3shouldshowverysimilar
behaviour.
OnemayregardCF1asthemostaccurateamongthethreeclosureformssince
aDNS-basedevaluationoftheEuleriantwo-timecorrelationwouldentailnofurther
approximations.But,CF2andCF3,thelatterinspiteofitsimprovements,contain
approximationsmadetoobtainanalyticalexpressionsfordiffusivity.Thedifferences
betweenCF1andCF2/CF3,andtheirimplicationsforpairstatisticsareextensively
analysedinthisstudy.
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Inthefollowingdiscussion,wepresentthesalientfeaturesofthederivationofCF2
andCF3(detailsareinRanietal.2014).Thecomputationaldetailsoftheevaluation
ofDUU forCF1arediscussedin§3.1.

2.2.CF2andCF3

Inarrivingat(2.11),Ranietal.(2014)consideredthelimitsStr 1andStI 1.
IntheseStokesnumberregimes,particlesarenearlystationarysothatthetemporal
changein uexperiencedbypairsisprimarilyduetotheevolutionofturbulent
scalesandnotduetopair(relative)motionitself.Ranietal.(2014)approximatedthe
temporalevolutionof uattwopositionsseparatedbyrasarisingduetothepassive
advectionofeddiesofsizerbylarger,integral-scaleeddies.Hence,onemayreplace
theEuleriantwo-timecorrelationin(2.11)byacorrelationofrelativevelocitiesseen
bytwopairswiththesamer,butwiththecentresofmassseparatedbyuIt,whereuI
isthelarge-scalefluidvelocity.Thiswouldgiveusclosureform2(CF2)forDUU:

D[2]UU=
1

τ2v

0

−∞

u(x,r,0)u(x+uIt,r,0)dt. (2.12)

RelaxingtheStI 1criteriontoStI∼1enablesustoaccountforthechange
incentre-of-masspositionduetointeractionswitheddiesoftimescales∼τv,the
centre-of-massresponsetime.ThisisdonebyreplacinguIwiththerelativevelocity
W betweenthelarge-scaleeddiesandthecentreofmass,yieldingclosureform3
(CF3):

D[3]UU(r,W)=
1

τ2v

0

−∞

u(x,r,t)u(x+Wt,r,t)dt. (2.13)

Inthediscussionthatfollows,wewillfocusonCF3,sincethefinalexpressionsfor
CF2andCF3differonlybyaconstantfactor.
TheCF3diffusivitycanthenbeexpressedasanaverageoverallvaluesofW as:

D[3]UU(r)= D[3]UU(r,W)Φ(W)dW, (2.14)

whereΦ(W)isthePDFofW,and

D[3]UU(r,W)=
1

τ2v

0

−∞

u(x,r,t)u(x+Wt,r,t)dt

=
1

τ2v

0

−∞

u(x+
1

2
r,t)−u(x−

1

2
r,t)

× u(x+Wt+
1

2
r,t)−u(x+Wt−

1

2
r,t) dt

=
1

τ2v

0

−∞

u(x+
1

2
r,t)u(x+Wt+

1

2
r,t)−u(x+

1

2
r,t)u(x+Wt−

1

2
r,t)

−u(x−
1

2
r,t)u(x+Wt+

1

2
r,t)+u(x−

1

2
r,t)u(x+Wt−

1

2
r,t) dt.(2.15)
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SinceW isprincipallyinfluencedbythelarge-scalefluideddies,itsPDFcanbe
consideredasGaussian(Batchelor1953):

Φ(W)=
1

(2πW2rms)
3
e−(W

2/(2W2rms)), (2.16)

whereWrmsisther.m.s.fluctuatingvelocityofW.Thetwo-pointvelocitycorrelations
in(2.15)maybeexpressedintermsofthevelocityspectrumtensorR(k),allowing
ustofurtheranalyticallyresolvethisequation.
Forisotropicturbulence,wecanwriteDUU as:

DUU,ij=DUU,⊥ δij−
rirj

r2
+DUU,||

rirj

r2
. (2.17)

ForCF3,Ranietal.(2014)derivedthefollowingformsforDUU,⊥ andDUU,||:

D
[3]
UU,⊥(r)=

1

2

2π2

τ2v

1

(2π)3W2rms

×
∞

0

E(ξ)

ξ

8

3
−
4sin(rξ)

rξ
−
4cos(rξ)

r2ξ2
+
4sin(rξ)

r3ξ3
dξ (2.18)

D
[3]
UU,||(r)=

2π2

τ2v

1

(2π)3W2rms

×
∞

0

E(ξ)

ξ

4

3
+
4cos(rξ)

r2ξ2
−
4sin(rξ)

r3ξ3
dξ, (2.19)

whereE(ξ)istheenergyspectrum,ξisthewavenumberandtheanalyticalexpression
forWrmsispresentedin§2.3.ThecorrespondingformsforCF2canbeobtainedby
simplyreplacingWrmswithurmsin(2.18)and(2.19),whereurmsisthefluidfluctuating
r.m.s.velocity.ItisanticipatedthatathighStokesnumbers,Wrms→urmssothatCF2
andCF3approacheachother.

2.3.ExpressionforWrms

Wrmsisther.m.s.oftherelativevelocitybetweenlarge-scaleeddiesandthecentre-of-
massvelocity.Itisgivenby

W2rms=
1
3
(ui−Vi)

2=1
3
[u2i+ V

2
i −2Viui], (2.20)

whereViisthevelocityofthepaircentreofmass,uiisthefluidvelocitywithwhich
eddiesofsizerareadvectedpastthepairbylargereddiesandu2i= u

2
1+u

2
2+u

2
3

(V2i followsasimilarnotation).
ThevelocityViisgovernedby

dVi

dt
=
ucm,i−Vi

τv
, (2.21)

whereucm,iwasdefinedin(2.3). Multiplying(2.21)withViandensembleaveraging
yields

d 1
2
V2i
dt

=
uiVi− V

2
i

τv
, (2.22)
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where ucm,iVi isapproximatedwithuiVi ontheright-handsideof(2.22).Thisis
reasonablesincebothui−Vianducm,i−Viaredeterminedbyeddieswithsizesofthe
orderoforsmallerthanr,sothatthesetwoquantitiesareexpectedtohavesimilar
statistics.
Atsteadystate, Viui= V

2
i.Thismeansthatfrom(2.21)

W2rms=
1

3
[u2i− V

2
i]=

1

3
u2i 1−

V2i
u2i

=u2 1−
V2

u2
, (2.23)

where u2i/3=u
2,andsimilarlyV2i/3=V

2.TocloseWrms,oneneedsexpressions
foruandtheratioV/u.ThelatterwasobtainedfromJung,Yeo&Lee(2008):

V2

u2
=
τη(τv+T)+τvT

(τη+τv)(τv+T)
, (2.24)

where TL isthefluidLagrangianintegraltimescale,T =Tfp−τη,τη isthe
KolmogorovtimescaleandTfpistheLagrangianintegraltimescaleoffluidvelocities
seenbytheparticles.Jungetal.(2008)providedanexpressionforTfpintermsof
fluidEulerianandLagrangianintegraltimescales.Further,itcanbeinferredfrom
theirstudythatu2=u2rmsforhighStparticles,i.e.varianceoffluidvelocityseenby
high-inertiaparticlesisnearlyequaltothevarianceofturbulentvelocityfluctuations.

3.Computationaldetails

Inthissection,wepresentadiscussionofthetwotypesofsimulationsperformed
inthisstudy:directnumericalsimulationsandLangevinsimulations. DNS with
stationaryparticleswereusedtocomputetheEuleriantwo-timecorrelationin(2.11)
thatisneededforCF1.DNSwithmovingparticleswereusedtovalidatetheLS
predictionsforfourStokesnumbersStη=10,20,40,80,attwoReynoldsnumbers
Reλ=76,131.

3.1.DNS

3.1.1.Fluidphase
Inhomogeneousisotropicturbulence(HIT),thereisnoinherentproductionof
turbulentkineticenergy.Asaresult,whenperformingDNSofHIT,theturbulence
decaysmonotonicallyintime.Toachievestatisticalstationarity,oneappliesforcing
tothelow-wavenumbervelocitycomponents,i.e.oneaddsenergytothelargescales
ofturbulence.Theassumptionimplicittotheforcingoflowwavenumbersisthatthe
time-averagedsmall-scalequantitiesarenotsignificantlyinfluencedbythemechanism
ofenergyproductionatthelargescales,butwillonlydependonthegrosseffectssuch
astheturbulentkineticenergyanditsproductionrate(Eswaran&Pope1988).For
thisassumptiontobeappropriate,itisnecessarythatthehigh-wavenumberregions
ofthecomputedspectralquantitiesdonotdependonthedetailsoftheforcing
scheme.EswaranandPope(Eswaran &Pope1988)investigatedtheeffectsofa
stochasticforcingschemeontheisotropyofsmall-scalestatistics.Theyconcluded
thattheforcingschemedidnothaveanundueeffectonthevaluesofthespectral
statisticsathighwavenumbers.However,itisnotentirelyclearfromtheirstudyif
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Parameter DNSI DNSII

N 128 256
Reλ 76 131
urms 0.9683 1.0894
ν 0.0071 0.0028

0.3189 0.4315
L 1.4942 1.4225
λ 0.5622 0.3438
η 0.0327 0.0152
Teddy 1.5431 1.3057
τη 0.1499 0.0814
κmaxη 1.9610 1.8287
t 0.0025 0.0010
Np 100000 262144

TABLE 1.FlowparametersinDNSofisotropicturbulence(arbitraryunits).N isthe
numberofgridpointsineachdirection,Reλ≡urmsλ/νistheTaylormicro-scaleReynolds
number,urms≡

√
(2k/3)isthefluidr.m.s.fluctuatingvelocity,kistheturbulentkinetic

energy,νisthefluidkinematicviscosity, ≡2ν
κmax
0
κ2E(κ)dκistheturbulentenergy

dissipationrate,L≡3π/(2k)
κmax
0
E(κ)/κdκistheintegrallengthscale,λ≡urms

√
(15ν/)

istheTaylormicro-scale,η≡ν3/4/1/4istheKolmogorovlengthscale,Teddy≡L/uisthe
largeeddyturnovertime,τη≡

√
(ν/)istheKolmogorovtimescale,κmaxisthemaximum

resolvedwavenumber, tisthetimestepandNpisthenumberofparticlesperStokes
number.

theforcingaffectsthespatialandtemporalcoherenceoflarge-scaleeddies.Sincethe
coherenceofeddieshasadirecteffectonthediffusivitytensorDUUthroughthefluid
relative-velocitycorrelations,thenatureoftheforcingmayimpactthedynamicsof
particlepairsfortheStokesnumbersunderconsideration.Thisaspectneedstobe
studiedingreaterdetail,andisoutsidethescopeofthecurrentwork.
Direct numericalsimulations offorcedisotropicturbulence were performed
usingadiscreteFourier-expansion-basedpseudospectral method.Simulations were
performedoveracubicdomainoflength2πdiscretizedusingN3gridpoints,with
periodicboundaryconditions.Thefluidvelocityisadvancedintimebysolvingthe
Navier–Stokesequationsinrotationalform,aswellasthecontinuityequationforan
incompressiblefluid(Bruckeretal.2007;Irelandetal.2013):

∇·u=0
∂u

∂t
+ω×u=−∇(p/ρf+u

2/2)+ν∇2u+ff
, (3.1)

whereuisthefluidvelocity,ω=∇×uisthevorticity,ρfisthefluiddensity,p
isthepressure,νisthekinematicviscosityandffistheexternalforcingapplied
tomaintainastatisticallystationaryturbulence.Theparticleloadingisassumedto
bedilutesothattheinfluenceofparticlesonthefluidisnegligible.Thevarious
turbulenceparametersforthetwoReλaresummarizedintable1.Furtherdetailsof
thepseudospectralalgorithmmaybefoundinIrelandetal.(2013)andBruckeretal.
(2007).
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3.1.2.Relative-velocitycorrelationinCF1
ForCF1,computingthediffusivityDUUrequiresthecorrelation u(r,x,0)u(r,x,t)
asinput.ThiscorrelationwasevaluatedusingDNSofforcedisotropicturbulence
withstationarydisperseparticles.Twosimulationparametersthatimpactthecomputed
correlationarethenumberofparticles(thereby,pairs),andthebinsize(r)forpair
separations.Binsizereferstothethicknessoftheradialshellspanningr− r/2
tor+ r/2, within which wesearchforpairs. Animportantconsiderationin
determiningthenumberofparticlesistheneedtoobtainconvergedcorrelationsat
separationsr∼η,whereηisKolmogorovlengthscale.Inthisregard,wevaried
thenumberofparticlesfrom105to106.Althoughsmoothstatisticswereobtained
for5×105particles,weused106particlesor∼5×1011pairsforcomputingthe
two-timecorrelation.Itmayberecalledthattheseparticlesarestationary,andare
tobedistinguishedfromthoseindicatedintable1thatareinmotion.The‘optimal’
binsizeforpairseparationsisdeterminedbybalancingtwocompetingrequirements:
convergenceofstatisticsatr∼η,andthereductionofstatisticalnoiseassociated
withtoosmallabinsize. Weconsideredbinsizesvaryingbetweenη/20and2η,
andfoundthatabinsizeofη/8satisfiedthetwoconstraints.
Evaluationofthetwo-timecorrelationofseenfluidrelativevelocitiesfornearly
halfatrillionpairsisahighlycomputationallyintensiveprocess. Weadopted
thefollowingproceduretocomputethesecorrelationsfrom DNSofisotropic
turbulencewithfixedparticles.Consideringtwosnapshotsofflowseparatedbya
timeintervalτinaDNSrun,thelongitudinalandtransversecomponentsofthe
product u(r,x,t)u(r,x,t+τ)foraparticlepairarestoredintheappropriate
rbin,andthenaveragedoverallpairs withinabin. Next, weaveragethetwo
componentsoverpairsofflowsnapshotswiththesametimeseparationτ.Foreach
valueofτ,weaveragedover200suchpairsofflowsnapshots.Infigure1(a,b),we
showthelongitudinalandtransversecomponents,respectively,oftherelative-velocity
correlationasafunctionofτatseparationsr=L/5,L/2,LforReλ=76.HereL
istheintegrallengthscale.ThecorrespondingplotsforReλ=131areshownin
figure1(c,d).Thecorrelationsatvariousseparationsarethenintegratedintimeto
yieldDUU forCF1.
3.1.3.Particlephase
Thegoverningequationsforthemotionofadensesphericalparticlesmallerthan
theKolmogorovlengthscalemaybewrittenas(Maxey&Riley1983)

dxp

dt
=vp, (3.2)

dvp

dt
=
u(xp,t)−vp

τv
, (3.3)

wherexpandvparetheparticlepositionandvelocity,respectively,andτv=ρpd
2
p/18µ

istheparticleresponsetime(ρpistheparticledensity,dpitsdiameterandµisfluid
dynamicviscosity).In(3.3),u(xp,t)isthefluidvelocityattheparticle’slocation.In
theDNSruns,theseenfluidvelocityisevaluatedthroughaneighth-orderLagrange
interpolationmethodinvolvingastencilof8×8×8fluidvelocitiessurroundingthe
particlelocation.
Temporalupdateofparticlemotionisachievedthroughamodifiedsecond-order
Runge–Kutta(RK2) methodin whichthestandardRK2 weightsarereplacedby
exponentialintegratorsasfollows(Irelandetal.2013):

vp(t0+h)=e
−h/τvvp(t0)+w1up[xp(t0)]+w2u[xp(t0)+vp(t0)h], (3.4)
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FIGURE1. TheEuleriantwo-timecorrelationoffluidrelativevelocitiesR(r,τ)=
u(r,t)u(r,t+τ).ThelongitudinalandtransversecomponentsofR(r,τ),i.e.R||(r,τ)

andR⊥(r,τ),areshownasafunctionoftimeatseparationsr/L=0.2,0.5,1.Panels(a,b)
Reλ=76,and(c,d)Reλ=131.TheintegrallengthscaleL=π/(2u

2)
κmax
0
E(κ)/κdκ,and

timescaleTeddy=L/urms.

wherehisthetimestep,andtheexponentialintegratorsw1andw2aregivenby

w1≡
h

τv
φ1
−h

τv
−φ2

−h

τv
, w2≡

h

τv
φ1
−h

τv
(3.5a,b)

φ1(z)≡
ez−1

z
, φ2(z)≡

ez−z−1

z2
. (3.6a,b)

Inthe DNSruns,theparticlesareevolvedforatleast6τv fortheStη=80
particles,and45τv fortheStη=10particles,before webegincollectingtheir
statistics.Subsequently,theparticlestatisticsareaveragedfornearly10τvforthe
Stη=80particles,and75τvfortheStη=10particles.

3.2.Langevinsimulations

UsingtheCF1,CF2andCF3closuresfor DUU discussedin§2,threesetsof
Langevinstochasticsimulations wereperformedtoevolvepairseparationsrand
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relativevelocitiesU.ThegoverningequationsforrandUare:

dr

dt
=U (3.7)

dU=−
U

τv
dt+B·dW. (3.8)

Here,W representsa Wienerprocess,andthediffusionmatrixBcanbewrittenin
termsofDUU as:

B·BT=2DUU(r), (3.9)

whereBTisthetransposeofB,andBiscomputedfromaCholeskydecomposition
ofDUU(r).SimulationofLangevinequations(3.7)and(3.8)isstatisticallyequivalent
tosolvingtheFokker–Plankequation(2.10)forthePDFΩ(r,U).
TobeabletoconsistentlycomparepairstatisticsfromtheLangevinandDNSruns,
itisimportantthattheLangevinsimulationsusethesameturbulenceparametersas
thoseinstatisticallystationaryDNS.Hence,inputstoLangevinrunssuchasthe
Kolmogorovandintegrallengthscales,dissipationrate,kinematicviscosity,urmsand
Reλareallidenticaltothoseintable1.Inparticular,onealsohastoensurethat
themodelenergyspectrumusedinCF2andCF3closelymatchestheDNSenergy
spectrum.Thiswasachievedbysuitablyselectingtheparametricinputstothemodel
spectrumprovidedinPope(2000),asfollows:

E(κ)=C2/3κ−5/3fL(κL)fη(κη) (3.10)

fL(κL)=
κL

[(κL)2+cL]1/2

5/3+p0

(3.11)

fη(κη)=exp{−β([(κη)
4+c4η]

1/4−cη)}, (3.12)

whereβ=5.2andp0=2(Pope2000).
TheparameterscLandcηaredeterminedfromthefollowingconstraints:

3

2
u2rms=

κmax

1

E(κ)dκ (3.13)

=2ν
κmax

1

κ2E(κ)dκ, (3.14)

where isthedissipationrate,andthewavenumberlimits[1,κmax]arethesameas
inDNS.Thesewavenumberlimitsarealsousedin(2.18)and(2.19)forCF2and
CF3.TheparameterscLandcηarenumericallyevaluatedusingtheDNSvaluesof
urms, andνfromtable1.Theresultingvaluesareshownintable2.Infigure2,
themodelspectracalculatedfrom(3.10)–(3.12)arecomparedwiththeDNSenergy
spectraforReλ=76andReλ=131.Goodagreementisseenbetweenthemodeland
DNSspectra.
ThecomputationaldomainintheLangevinsimulationsisasphereofdiameter
8L,whereListheintegrallengthscale.Thisdomainsizeissufficientlylarge,since
particlepairsbecomedecorrelatedatseparationsofO(L)foralltheStokesnumbers
consideredinthisstudy.Aspecularreflectiveboundaryconditionwasimposedat
theouterboundaryofthedomain.Thismeantthataparticlecollidingwiththeouter
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FIGURE2.ComparisonoftheDNSandmodelenergyspectraatReλ=76andReλ=131.
ThemodelspectrumisusedtocomputetheCF1andCF2diffusivities.

Parameter Reλ=76 Reλ=131

C 1.908 1.866
cL 0.3855 0.3643
cη 0.4165 0.4078
κmax 60 120

TABLE 2.Parametersforthemodelenergyspectrum.AfterdeterminingcLandcη,the
parameterCwasadjustedto matchtheDNSenergyspectrum.Pope(2000)suggested
C=1.5.

boundaryisreflectedbackintothedomain,withitsvelocitycomponenttangential
totheboundaryunaffected,andthevelocitycomponentnormaltotheboundary
reversed.
ForeachStη,pairstatisticsareaveragedforatleast1000τv.Suchalargeaveraging
timewasnecessaryduetothestrongdependenceofthestatisticalerrorsonthe
samplesizeinLangevinsimulations.Further,inordertoincreasethesamplesize
atseparationsoftheorderofKolmogorovlengthscale,asinglepairissplitinto
multiple,equallyweightedfractionalpairswhenevertheseparationofapairgoes
belowacertainvalue(Ranietal.2014). Whenaparentpairissplit,initiallythe
fractionalpairshavethesamepositionandvelocityvectorsastheparent.Eachofthe
fractionalpairsisthenevolvedindependently,exceptthatitonlymakesafractional
contributionwhencomputingthestatistics.Inoursimulations,splittingisexecutedat
threedifferentradiallocations,r=2η,5η,10η.However,fractionalpairsarenotsplit
again. Wefoundthatsplittingapairinto10equallyweightedfractionalpairsgaveus
sufficientdataatthesmallerseparationswithoutexcessivelyincreasingthenumberof
pairstobetracked.Recombinationoffractionalpairswhentheirseparationsexceeded
thespecifiedradialdistanceswasnotundertaken.
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Reλ D
[1],
UU,|| D

[1],
UU,⊥ D

[2],
UU,|| D

[2],
UU,⊥ D

[3],
UU,|| D

[3],
UU,⊥

76 0.98 1.96 0.81 1.62 1.37 2.74
131 1.52 3.04 1.35 2.70 2.06 4.12

TABLE3.TransverseandlongitudinalcomponentsofDUU forCF1,CF2andCF3inthe
viscousrangeatReλ=76and131.ThevaluesshownareforStη=10.Thefollowing

notationisused:D[1,2,3],UU,|| =[D
[1,2,3]
UU,||×τ

2
v/(u

2
rms×Teddy)]/(r/L)

2.

4.Resultsanddiscussion

LangevinandDNSrunswereperformedforStokesnumbersStη=10,20,40,80at
Reλ=76and131.ThreesetsofLangevinsimulations–atotalof24simulations–
wereconductedcorrespondingtotheclosureformsCF1,CF2andCF3.IneachLS,
60×106pairsperStokesnumberwereconsidered.Thenumberofparticlesinthe
DNSrunsareprovidedintable1.
Thediscussionoftheresultsispresentedinthreesubsections.In§4.1,wefirst
comparethethreeformsofthediffusivityDUU.Subsequently,CF1andtheZaichik
etal.(2003),Zaichik &Alipchenkov(2007)theoryarecomparedinthelimitof
Str 1.In§4.2,theradialdistributionfunctions(RDFs)obtainedusingCF1,CF2
andCF3arecomparedwiththerespectiveDNSRDFs.ThetrendsintheRDFs
obtainedfromtheclosuresareexplainedthroughthe momentsequationsofthe
masterPDFequation(2.10).AftertheRDFdiscussion,therelative-velocitystatistics
andrelative-velocityPDFsobtainedfromtheLSandDNSrunsarepresentedand
comparedin§4.3.Throughoutthediscussionoftheresults,wewillregardCF1as
beingthemostaccurateamongthethreeclosures.Wewillelaborateonthedifferences
inthestatisticalpredictionsofCF1andCF2/CF3,aswellasprovidequantitativeand
qualitativeexplanationsforthedifferences.

4.1.Diffusivitytensor

Wefirstcomparethediffusivitytensorsfromthethreeclosureformsconsideredin
thisstudy.Inaddition,theCF1andCF2diffusivitiesareanalysedingreaterdetail
forpairseparationsintheintegralrange,whereonecanderiveanalyticalestimates
forthese.Subsequently, wecompareCF1 withthediffusivityclosureofZaichik
&Alipchenkov(2003,2007).AsCF1iscomputedthroughDNS,itisessentially
exactforStr 1,presentingusanopportunitytoassesstheZaichik&Alipchenkov
closureinthislimit.Suchananalysisoftheirdiffusivityhadnotbeenundertaken
previously.
Infigure3,thelongitudinalandtransversecomponentsofthediffusivityforCF1,
CF2andCF3areplottedasafunctionofthedimensionlessseparationr/L(Lis
theintegrallengthscale).Showninfigure3(a,b)arethediffusivitycomponentsat
Reλ=76and131,respectively,fortheStη=10pairs.ItmaybenotedthatDUU×τ

2
v

isindependentoftheStokesnumberforCF1andCF2,butnotforCF3dueto
thepresenceofWrmsontheright-handsideof(2.18)and(2.19).Thediffusivities
areshownforthelowestStokesnumberStη=10,sincethedifferencesbetween
CF2andCF3aremorepronouncedatlowStokesnumbers.ForKolmogorov-scale
separations,i.e.r∼η,DUU,⊥(r)andDUU,||(r)showanr

2scalingforallthreeclosures
(numericalvaluesofthescalingcoefficientsareshownintable3).Thisscaling
arisesbecauseforr<η,thefluidvelocityfieldmayberegardedaslocallylinear,
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R.Dhariwal,S.L.RaniandD.L.Koch

FIGURE3.Thetransversecomponent,DUU,⊥(r),andthelongitudinalcomponent,DUU,||(r),
ofthediffusivitytensorforStη=10asafunctionofdimensionlesspairseparationr/L.
DiffusivitytensorcomponentsforCF1,CF2andCF3areshown.Upperblacksolidline
denotesCF3transversecomponent,andlowergreysolidlinedenotesCF2transverse
component.(a)Reλ=76,and(b)Reλ=131.Transverseandlongitudinalcomponentsof
DUUforCF1,CF2andCF3intheviscousrangeatReλ=76and131areshownintable3.

i.e. u≈r·∇u,whichinconjunctionwith(2.11)givesrisetother2scaling.Atboth
Reλ=76and131,itisseenthatCF3isinreasonableagreementwithCF1forinertial
rangeseparations.However,inthetransitionregionbetweentheinertialandintegral
ranges,aswellasintheintegralrange,CF1ishigherthanCF3.Thediffusivity
componentsofCF1exceedthoseofCF2atallseparations.Thesetrendsaretobe
expected,especiallyatStη=10,sinceCF3doesabetterjobatlowerStokesnumbers
thandoesCF2.
Forintegral-scaleseparations,i.e.r L,onecanperforma moredetailed
comparisonofCF1andCF2,sinceonecanderiveestimatesfortheseclosures
inthisregion.It mayrecalledthatinderivingtheCF2diffusivityexpression,we
assumedthatthetemporalchangeofthefluidrelativevelocitiesseenbyapairis
primarilyduetothepassiveadvectionofsizereddiespastthepairbylarge-scale
eddieswithvelocityuI.Thisphysicalpictureisvalidonlywhenr/uI r/ur=τr,
i.e.whenrissmallenoughsuchthatthetimetakentoadvectthesizereddiespast
thepairissmallerthantheirturnovertime.Therefore,oneexpectsCF2toperform
poorlyatlargeseparations.
Forr L,theparticlepairsareeffectivelyuncorrelatedandbehaveliketwo
independentparticles.Consequently,thepairdiffusivityisequaltotwicethesingle
particlediffusivity.Usingthisprinciple,wecanwriteforCF1:

D[1]UU(r L)=
1

τ2v

0

−∞

u(r,x,0)u(r,x,t)dt

≈
2

τ2v

0

−∞

u(x,0)u(x,t)dt=
2

τ2v
u2rmsTEδij, (4.1)

whereTEistheEulerianintegraltimescale.
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FIGURE4.Transversecomponent,DUU,⊥(r),andlongitudinalcomponent,DUU,||(r),ofthe
diffusioncoefficienttensorforStη=80asafunctionofdimensionlesspairseparationr/L
at:(a)Reλ=76and(b)Reλ=131.CF2andCF3diffusivitiesarecompared.

InthecaseofCF2,notingthatD[2]UU,||=D
[2]
UU,⊥ whenr L,wehave

D[2]UU(r L)≈δij
2π2

τ2v

1

(2π)3u2rms
×
4

3

∞

0

E(ξ)

ξ
dξ (4.2)

=δij
2π2

τ2v

1

(2π)3u2rms
×
4

3
×
u2rms
π
L (4.3)

=
0.53

τ2v
u2rmsTeddyδij, (4.4)

wherewereplacedWrmswithurmsin(2.18)and(2.19),andtheright-handsideof(4.2)
isthelimitingvalueoftheright-handsideof(2.18)asr→∞.Wehavealsousedthe
identity

∞

0
(E(ξ)/ξ)dξ=(u2rms/π)LandTeddy=L/urms,whereListheintegrallength

scale.TheratioTeddy/TE∼1.2–1.5sothatfrom(4.1)and(4.4),theratioD
[1]
UU/D

[2]
UUis

nowestimatedtobe∼2.5–3.2forr L.

Infigure3,forr L,weseethatD[1]UU/D
[2]
UU≈2.05whenReλ=76,and≈3.45when

Reλ=131,inaccordancewiththeprecedingscalingestimate.Further,D
[1]
UU/D

[3]
UU≈

1.5whenReλ=76,and≈2.29whenReλ=131.ThelowervaluesofD
[1]
UU/D

[3]
UU are

becauseCF3exceedsCF2forsmallerStη. Wewillalsoseein§4.3thatforr L,
thepairrelative-velocityvariancecomputedusingCF1isingoodagreementwithan
analyticalexpressionfortherelative-velocityvarianceofuncorrelatedpairs(Pan&
Padoan2013).However,bothCF2andCF3underpredictthisanalyticalvarianceby
nearlythesamefactorsasD[1]UU/D

[2]
UU andD

[1]
UU/D

[3]
UU forr Linfigure3.

Infigure4, wecompareonly CF2and CF3forthehighestStokesnumber
considered.Figures4(a,b)showthediffusiontensorcomponentsfortheStη=80
particlesatReλ=76and131,respectively.AthighStokesnumbers,Wrms≈urms,so
thatoneexpectsCF2andCF3tohavesimilardiffusivities,whichisconfirmedin
figure4.
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WenowpresentacomparativeanalysisofCF1andtheZaichik&Alipchenkov
(2003,2007)closures.Asalreadymentioned,CF1mayberegardedas‘exact’for
Str 1.Inthislimit,theZaichik&AlipchenkovdiffusivityinU-spacemaybewritten
as:

DZaichikUU =
1

τv

TLr

τv+TLr
S(r)→

1

τ2v
S(r)TLr, (4.5)

whereS(r)istheEulerianstructurefunctiontensor,andTLristheLagrangiantwo-
pointtimescaleatseparationr. WecannowcalculateDZaichikUU usingthewell-known
scalingexpressionsofS(r)andTLrforseparationsrinthedissipative,inertialand
integralranges.Theexpressionsforthelongitudinalandtransversecomponentsof
S(r)are(Zaichik&Alipchenkov2003):

Viscousrange:S||(r)=
r2

15ν
;S⊥(r)=

2r2

15ν
(4.6)

Inertialrange:S||(r)=C1(r)
2/3;S⊥(r)=

4
3
C1(r)

2/3 (4.7)

Integralrange:S||(r)=S⊥(r)=2u
2
rms, (4.8)

whereC1=2.0.
ThecorrespondingexpressionsforTLr(r)arealsoprovidedinZaichik&Alipchenkov
(2003).Itis,however,relevanttoelaborateonTLr inthedissipativerange.To
determineTLrinthisrange,Zaichik&Alipchenkov(2003)approximatedthefluid
relativevelocityasbeinglinearintheseparationvector: u≈r·∇u.Accordingly,
theviscousTLrwouldneedtobefoundintermsofthecorrelationtimescales,τσ
andτω,ofthestrain-rateandrotation-ratetensorsconstitutingthevelocitygradient.
Zaichiketal.(2003)consideredτσ=τω=A1τη,whereτηistheKolmogorovtime
scale.Subsequently,Zaichik &Alipchenkov(2007)reconsideredthisanalysiswith
separateformsforτσandτω. WecannowwritetheexpressionsforTLr(r)as:

Viscousrange[Z&A(2003)]:TLr=A1τη

Viscousrange[Z&A(2007)]:τσ=Aστη;τω=Aωτη
(4.9)

TLr,||=τσ;TLr,⊥=
τσ

5
+
τω

3
(4.10)

Inertialrange:TLr=A2
−1/3r2/3 (4.11)

Integralrange:TLr=TL, (4.12)

whereA1=
√
5(Lundgren1981),Aσ=2.3,Aω=7.2,A2=1/

√
6andTL isthe

Lagrangianintegraltimescale.TherelationshipbetweentheviscousrangeTLr,⊥ and
τσandτωin(4.10)wasobtainedfromtheBrunk,Koch&Lion(1997)studyoftracer
pairdiffusionandcoagulationinisotropicrandomvelocityfields.
Conveniently,thescalingexpressionsgivenin Zaichik etal.(2003)canbe
combinedintounifiedformsfortheentirerangeofturbulentscales.Theseare
(Zaichik,Simonin&Alipchenkov2006;Pan&Padoan2013):

S||(r)=2u
2
rms 1−exp −

(r/η)

(15CK)3/4

4/3 (r/η)4

(r/η)4+(2u2rms/(CKu
2
η))
6

1/6

(4.13)
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FIGURE5.ComparisonofCF1ofDUU withthediffusivityofZaichik&Alipchenkov
(2003,2007)inthelimitStr 1.DUU,||(r)andDUU,⊥(r)arethelongitudinalandtransverse
componentsofDUU,respectively.‘Zaichik’referstothediffusivitycalculatedfrom(4.13)–
(4.15).Diffusioncoefficientisplottedasafunctionofdimensionlesspairseparationr/L
at:(a)Reλ=76,and(b)Reλ=131.Alsoshowninpanel(a)arethediffusivitiesobtained
usingthetwoscalingexpressionsfortheviscoustimescale:(4.6)and(4.9),and(4.6)and
(4.10).In(b)weshowdiffusivitiesobtainedfromthescalingexpressionsintheinertial
subrange:(4.7)and(4.11).Fortheviscousrange,twoformsofscalingexpressionsare
plotted:oneinwhichstrainrateandrotationratehaveidenticaltimescales(τσ=τω),
andthesecondinwhichtheyaredifferent(τσ=τω).Forthelatter,thesetimescalesare
obtainedfromZaichik&Alipchenkov(2007).

S⊥(r)=2u
2
rms 1−exp −

(r/η)4/3

(15CKn/2)

(r/η)4

(r/η)4+(2u2rms/(CKnu
2
η))
6

1/6

(4.14)

TLr(r)=TL 1−exp −
CT
√
5

3/2 r

η

−2/3
(r/η)4

(r/η)4+(TL/(CTτη))6

1/6

,(4.15)

whereuηistheKolmogorovvelocityscale,CK=2,CKn≈2.5andCT=0.4.
WenowcompareCF1with DZaichikUU (r)infigure5.Thelatteriscomputedfrom(4.5)
inconjunctionwith(4.13)–(4.15).TheagreementbetweenCF1andDZaichikUU isgoodat
Reλ=76andreasonableatReλ=131.Inthedissipativerange,D

Zaichik
UU,|| andD

Zaichik
UU,⊥ are

higherthantheirCF1counterpartsatReλ=131.Itistobenotedthatintheintegral
rangeTL≈TE/1.1isused(Pan&Padoan2013),whereTEistheEulerianintegral
timescaleevaluatedfromDNSusingTE=u

2
rms×

∞

0
ρ(t)dt.Hereρ(t)istheEulerian

autocorrelationoffluidvelocities.Theunifiedexpressions(4.13)–(4.15)resultina
ratherbroadinertialregionatReλ=76. Moreover,atReλ=131,itissurprisingthat
theZaichiktransversecomponentfallsbeloweventheCF1longitudinalcomponent
intheinertialregion.Thesetrendssuggestthatthecombinedexpressionsneed
improvementintheinertialrange,aswellasinthetransitionregionbetweenthe
inertialandintegralranges.Toelaborateonthisaspect,infigure5(b),wealsoplot
thescalingexpressionsS||(r)×TLrandS⊥(r)×TLrforinertialranger,computed

from(4.7)and(4.11).TheseareingoodagreementwithD[1]UU,||andD
[1]
UU,⊥ inthe
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inertialregion,suggestingthatthescalinglawsfortheinertialsubrangeareaccurate,
buttheunifiedexpressionsfailtoaccuratelycapturethetransitionfromtheinertial-
tointegral-scaleseparations.Theeffectsoftheunifiedexpressionsonthe RDF
predictionsofZaichiketal.(2003)areelaboratedin§4.2.
WealsoexploredthedifferencesbetweentheviscoustimescaleofZaichik &
Alipchenkov(2003)(4.9),andofZaichik&Alipchenkov(2007)(4.10).Thetransverse
andlongitudinaldiffusivitiesobtainedfromthesetwoformsoftheviscoustimescale
areplottedinfigure5(a).Itcanbeseenthatthelongitudinaldiffusivitiesfromthe
twoZaichik&Alipchenkovstudiesareidentical,andareingoodagreementwith
D
[1]
UU,||(r).Thetransversediffusivitycorrespondingto(4.9)isalsoingoodagreement

withD[1]UU,⊥(r),butthatcomputedusing(4.10)significantlyoverpredictsthecurrent

D
[1]
UU,⊥(r).ThetransversediffusivitybasedonaLagrangiantimescale(Zaichik &
Alipchenkov2007)exceedingthatbasedonanEuleriantimescale(CF1)isevidently
problematic.TheviscoustimescaleTLr,⊥=(τσ/5+τω/3)arisesinthecontextof
tracerpairdiffusioninisotropicrandomvelocityfields(Brunketal.1997).Itis
notclearifthistimescalecanbeappliedforisotropicturbulence. Webelievethat
therathersimplescalingTLr=A1τηwithA1=

√
2(Lundgren1981)issufficiently

accurate,obviatingtheneedforthe morecomplexformpresentedinZaichik &
Alipchenkov(2007)atleastforStokesnumbersgreaterthanone.

4.2.Radialdistributionfunction

TheRDFisawell-establishedmeasureofparticleclustering.Infigure6,theRDFis
presentedasafunctionofStηatfourseparationsr/η=6,12,18and24.Theresults
fromtheCF1-basedLangevinsimulationsarecomparedwiththedatafromthecurrent
DNS,theFévrieretal.(2001)DNS,andalsowiththeresultsfromtheZaichiketal.
(2003)theory.TheFévrieretal.(2001)datawereforReλ=69,whilethecurrent
DNSdataareforReλ=76.ThereisexcellentagreementbetweentheCF1RDFand
thetwosetsofDNSRDFsatallfourseparations,particularlyforStη>10.TheRDFs
obtainedfromtheZaichik&Alipchenkov(2003)theoryaresignificantlyhigherthan
theDNSvaluesatallseparations.
Insubsequentstudies(Zaichik & Alipchenkov2007,2009),theyendeavoured
toimprovethetheory,principallybydroppingtheirearlierassumptionthatthe
Lagrangiancorrelationtimescalesofthestrain-rateandrotation-ratetensorsare
equal.ForStη<1,thepower-lawexponentC3oftheRDF(∼(η/r)

C3 forr η)
obtainedusingthemodifiedtheoryshowedgoodagreementwiththeRDFexponents
computedusingDNSandthetheoryofChunetal.(2005).Infigure7,wecompare
theRDFsfromCF1andthecurrentDNSwiththosefromtheZaichik&Alipchenkov
(2009)theoryatseparationr/η=1.AlsoshownaretheRDFvaluesfromZaichik&
Alipchenkov(2003). WeobservethattheRDFscomputedusingtheirmodifiedtheory
movecloserto,butstilloverpredict,thecurrentDNSdataforStη 10.
WeattributethisoverpredictiontotwofeaturesoftheZaichik&Alipchenkovtheory.
First,webelievethatthediscrepancymayprincipallybeduetothewayinwhichthe
RDFswerecomputedintheirstudy,i.e.throughthesolutionofthetransportequations
forthemomentsofthePDFΩ(r,U)(see(2.10)).Thisaspectiselaboratedinthe
followingdiscussion.
ConsideringthepairPDFΩ(r,U),themomentsofinterestare

ω(r)= Ω(r,U)dU (4.16)
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FIGURE6.RadialdistributionfunctionasafunctionofStηatspecificseparations:(a)
r/η=6,(b)r/η=12,(c)r/η=18and(d)r/η=24.Ineachplot,squaresandcircles
representdatafromCF1andcurrentDNSatReλ=76;trianglesrepresentDNSdataof
Février,Simonin&Legendre(2001)atReλ=69.SolidlinerepresentsdatafromZaichik
etal.(2003)theoryforReλ=69.

Ui=
1

ω(r)
UiΩ(r,U)dU (4.17)

UiUj=
1

ω(r)
UiUjΩ(r,U)dU. (4.18)

ThegoverningequationforthemarginalPDFω(r)isobtainedbyintegrating(2.10)
overtheUspace,andthatforUi isobtainedbypremultiplying(2.10)withUi/ω(r)
andthenintegratingoverU.Similarly,onealsoobtainsthetransportequationfor
UiUj bytakingthesecondrelative-velocitymomentsof(2.10).Itmaybenotedthat
ω(r)andtheRDFg(r)arerelatedthroughg(r)=ω(r)/ω(r→∞).
Thetransportequationforω(r)isgivenby(Zaichik&Alipchenkov2003)

∂ω

∂t
+
∂(ωUk)

∂rk
=0, (4.19)

whichonlytellsusthatatsteadystate,inisotropicturbulence Ui=0.Infact,ω(r)
hastobeobtainedfromtheUi equation.However,whenoneattemptstosolvethe
equationsforthefirstorhighermoments(ofUi),oneencountersadditionalclosure
problems.Forinstance,theequationfor Ui containstheunclosedmomentUiUj
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FIGURE7.RadialdistributionfunctionversusStη atseparationr/η=1.Squaresand
circlesrepresentdatafromCF1andcurrentDNSatReλ=76.Curve1representsZaichik
etal.(2003)theoryforReλ=69;andCurve2representsZaichik&Alipchenkov(2009)
theoryforReλ=75.

(Zaichik&Alipchenkov2003).ToobtainUiUj,onewritesthetransportequationfor
UiUj,whichinturninvolvesUiUjUk,andsoon.Thisleadstoaninfinitehierarchy
of momentsequations, whichistypicallybrokenbyintroducingfurtherclosure
approximations.Forexample,inZaichik&Alipchenkov(2003),a‘quasi-Gaussian’
approximation(QGA) wasintroducedforUi,allowingthemtoapproximatethe
fourth-order momentsofrelativevelocitiesintermsofthesecond-order moments.
EvenforStη 1particles,QGAmaybeproblematicforseparationsr<L,where
therelative-velocityPDFisfarfrom Gaussianandthesecond moments maybe
transportedoverdistancesmuchlargerthanr.Further,aspointedoutbyBragg&
Collins(2014b),forlargerStokesnumbers,thePDFofUinthedissipationrange
maybeextremelyintermittent.Theseclosureapproximationsmaybeanimportant
contributingfactortotheerrorsintheRDFsofZaichik &Alipchenkov.A more
detailedanalysisofthepredictionsoftheZaichik &Alipchenkovtheory maybe
foundinBragg&Collins(2014a,b).
ThesecondreasonforthedifferencesbetweentheDNSandZaichikRDFsin
figure6maybetheuseoftheunifiedexpressionsforthediffusivityintheirtheory.
Asshowninfigure5(b)andinthediscussionfollowing(4.5),theunifiedexpressions
usedforSandTLrneedimprovementintheinertialregion,aswellasthetransition
regionbetweentheinertialandintegralranges.Thediscrepanciesinthediffusivity
intheseregionsmayhavecontributedtotheoverpredictionofRDFsbytheirtheory,
sincethehighStηparticlespreferentiallyrespondtothesescales.
Figure8(a,b)comparetheRDFsobtainedusingCF1,CF2andCF3 withthe
DNSRDFforStη=10and80,respectively,atReλ=76.Figure8(c,d)showthe
correspondingplotsatReλ=131.ForStη=10,theCF1andCF3RDFsshow
goodqualitativeandquantitativeagreementwiththeDNSRDFatbothReynolds
numbers.ForStη=10andbothReλ,CF2overpredictsclusteringascomparedto
DNSforbothviscousandinertialseparations.ForStη=80,alltheRDFsareclose
tounity,suggestingonlyasmallamountofparticleclustering.Onealsonoticesthat
theRDFsplateau,i.e.becomeessentiallyindependentofr,forseparationsinthe
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FIGURE8.RDFsfromLangevinsimulations(CF1,CF2andCF3)andfromDNSasa
functionofdimensionlesspairseparationr/ηfortheindicatedvaluesofStη=10,80.
(a,b)Reλ=76,and(c,d)Reλ=131.

inertialsubrange.Theplateauingisdelayed,i.e.startsatsmallerseparations,forthe
Stη=10pairsthanfortheStη=80pairs.TheaboveRDFtrendscanbededucedby
consideringthegoverningequationforUi,givenby:

∂Ui

∂t
+
∂Ui Uj

∂rj
+
∂UiUj
∂rj

=−
Ui

τv
− UiUj

∂lnω(r)

∂rj
. (4.20)

Forisotropicturbulence, Ui=0,sothat(4.20)becomes

∂UαUα
∂rα

=−UαUα
∂lnω(r)

∂rα
, (4.21)

whereα=1,2,3(repeatedαdoesnotdenoteasummation). Wecannowwrite

∂lnUαUα
∂rα

+
∂lnω(r)

∂rα
=0, (4.22)

whichyieldstheratherelegantresultforStr 1pairs:

ω(r)=C(St)UαUα
−1
(r)=C(St)U2

−1
, (4.23)
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FIGURE9. U2/u2rmsasafunctionofr/LforallStokesnumbers.(a)Reλ=76and
(b)Reλ=131.LinesdenoteCF1andsymbolsdenoteCF2.

whereC(St)isanunknowncoefficientthatdependsontheStokesnumber.This
dependenceoftheRDFmaybecontrastedwiththepower-lawscalingoftheRDF
fortheStη 1particlesatseparationsr η(Chunetal.2005):

g(r)=C2
r

η

−C3

, (4.24)

whereC3∼Stη.
From(4.21),wecanreadilyseethattheflatteningoftheRDFsisrelatedtothe
flatteningof U2.Byreadingfigure8(a,c)inconjunctionwithfigure9(a,b),one
canseethatthedelayedplateauingofRDFfortheStη=10particlesisrelated
tothecorrespondinglydelayedplateauingofU2 atbothReynoldsnumbers.The
overpredictionofRDFsbyCF2fortheviscousandinertialseparations mayalso
beinferredfrom(4.23)whichshowsthattheRDFisinverselyproportionaltothe
relative-velocityvariance.SinceCF2yieldsthelowestvariancesamongthethree
closures,weseetheassociatedoverpredictionofRDFs.
Figure9(a,b)alsosuggestthatU2 remainsfiniteastheseparationr→ 0forall
theStηconsideredinthisstudy.Becetal.(2010)performedaDNSstudyofthe
low-ordervelocitystructurefunctionsofinertialparticlesinisotropicturbulence,and
foundthatthestructurefunctionswereindependentofseparationinthedissipation
rangeforStη>7.InRanietal.(2014),wehadclassifiedhigh-inertiaparticlepairs
into‘lingerers’and‘flyers’.Lingerersarelow-relative-velocityparticlesthatarehighly
correlatedandremaincorrelatedfarlongerthanthetimescalesoffluidthatinfluence
theirrelativemotion.Flyersareuncorrelatedparticleswithlargerelativevelocities,
i.e.theyundergoessentiallyballisticmotionsothattheirrelativemotionisunaffected
byfluideddieswithsizescomparabletothepairseparation.Flyersareresponsiblefor
maintainingafinite U2 astheseparationr→0.
Infigure10,theRDFsfromCF1,CF2,CF3andDNSareplottedasafunction
ofStηatfourseparationsforReλ=76.ThecorrespondingplotsforReλ=131are
showninfigure11.Ingeneral,theCF1RDFsshowthebestagreementwiththeDNS
RDFs.Atlargerseparations(r=L/2,L),onenoticesthattheagreementofCF1with
DNSimproveswithStokesnumber,whiletheagreementofCF2andCF3withDNS
deterioratesathigherStokesnumbers.Thismaybeattributedtotheunderprediction
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FIGURE10.RDFversusStηatReλ=76andatspecificpairseparations:(a)r/η=1,
(b)r/η=11,(c)r/η=22and(d)r/η=44(≈L).CF1,CF2,CF3,andDNSarecompared.

ofDUUatlargeseparationsbyCF2andCF3.ForlowerStokesnumbersatbothReλ,
CF3showsbetteragreementwithDNSthanCF2.AthigherStokesnumbers,CF2and
CF3approacheachother,asistobeexpected.
Infigure12,theeffectsofReλonparticleaccumulationareshownbycomparing
theRDFsforStη=10,20atReλ=76and131.TheRDFsareshownforthetwo
lowerStokesnumbers(andforCF1andCF3only)soastoclearlyillustratethe
effectsofReλvariationonclustering.Itcanbeseenfromfigure12(a,b)thatfor
bothStokesnumbers,theRDFsincrease withReλ.Thisisbecausetheresponse
timesoftheparticlesconsideredareoftheorderofinertialtimescales.Anincrease
inReλ,withitsconcomitantbroadeningoftheinertialsubrange,wouldmeanthat
theparticlesrespondtoagreaternumberofscales,therebyresultinginincreased
clusteringattheseseparations.Thisobservationisconsistentwiththefindingsinthe
studyofIrelandetal.(2015).

4.3.Pairrelative-velocitystatistics

Figure13showsthepairrelative-velocityvarianceasafunctionofStokesnumberat
fourseparationsforReλ=76.ThevariancesobtainedfromtheLangevinsimulations
usingthethreediffusivitiesarecomparedwiththeDNSvariances.Itisseenthat
CF1showsthebestagreementwiththeDNSforallStokesnumbersandseparations.
CF3agreesbetterwithDNSthandoesCF2,especiallyatthesmallerStokesnumbers

D
o
w
nl
o
a
d
e
d 
fr
o
m 
ht
t
ps
:/
w
w
w.
c
a
m
br
i
d
g
e.
or
g/
c
or
e
. 
C
or
n
el
l 
U
ni
v
er
si
t
y 
Li
br
ar
y,
 
o
n 
3
0 
M
a
y 
2
0
1
7 
at
 
1
4:
0
6:
1
6,
 s
u
bj
ec
t 
t
o 
t
h
e 
C
a
m
br
i
d
g
e 
C
or
e 
t
er
ms
 
of
 
us
e,
 
a
v
ai
l
a
bl
e 
at
 h
tt
ps
:/
w
w
w.
c
a
m
br
i
d
g
e.
or
g/
c
or
e/
t
er
ms
. 
ht
t
ps
:/
/
d
oi
.
or
g/
1
0.
1
0
1
7/
jf
m.
2
0
1
6.
8
5
9

https:/www.cambridge.org/core
https:/www.cambridge.org/core/terms
https://doi.org/10.1017/jfm.2016.859


232

0  20 40 60 80 100  0  20  40  60  80 100

0  20 40 60 80 100  0  20 40 60 80 100

1.2

1.1

1.0

0.9

1.2

1.1

1.0

0.9

1.3

1.5

1.2

1.1

1.0

0.9

1.3

1.4

1.5

1.7

1.9

1.1

0.9

1.3

DNS
CF1
CF2
CF3

RDF

RDF

(a) (b)

(c) (d)

R.Dhariwal,S.L.RaniandD.L.Koch

FIGURE11.RDFversusStηatReλ=131andatspecificpairseparations:(a)r/η=1,
(b)r/η=23,(c)r/η=46and(d)r/η=92(≈L
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FIGURE12.RDFversuspairseparationr/ηfor(a)Stη=10and(b)Stη=20.Black
curvesareforReλ=131,andgreycurvesareforReλ=76.CF1,CF3andDNSare
compared.

considered. Onealsonoticesaslowchangeinthevariancesfromr≈4.5ηin
figure13(b)tor≈2.5ηinfigure13(a).Thismaybeattributedtothehighinertia
ofparticlesbecauseofwhichtheyretain memoryoftheirrelativevelocitieseven
aftertheirseparationshavetransitionedfromtheinertialrangetothedissipative
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FIGURE13. U2/u2η versusStη atReλ=76forvariousseparations.(a)r/L=1/20,
(b)r/L=1/10,(c)r/L=1/2and(d)r/L=1.Dashedlinein(d)correspondstothe
analyticalexpressionforthevarianceofuncorrelatedpairs, U2 =2u2rms(TL/(TL+τv)),
where TL istheLagrangianintegraltimescale.TL isobtainedusingTL=TE/1.1
(Pan&Padoan2013).

range.Infigure13(c,d),i.e.atr/L=1/2and1respectively,onecanseethatCF1
overpredictstheDNSvariancesforStη=10,butthecomparisonimprovessignificantly
forStη>10.ThisistobeexpectedsinceCF1involvesmodellingDUU asthetime
integralofthetwo-timecorrelationoffluidrelativevelocitiesseenbynearlystationary
pairs.Thus,CF1becomesmoreaccurateathighStokesnumberswherethemodelled
pairdynamicsapproachesthepairbehaviourinDNS.Infigure13(d),corresponding
tor≈L,wealsoshowtheanalyticalexpressionfortherelativevelocityvarianceof
uncorrelatedpairs,U2=2u2rmsTL/(TL+τv),whereTListheLagrangianintegraltime
scaleofturbulence(Pan&Padoan2013).ExceptatStη=10,CF1showsexcellent
agreementwiththisexpression.
Infigure13(d),theCF1toCF2andCF1toCF3varianceratiosare2.12and1.52
forStη=10,and2.13and2.00forStη=80.Asalreadyseeninfigure3,forStη=10

andr L,weseethatD[1]UU/D
[2]
UU≈2.05andD

[1]
UU/D

[3]
UU≈1.50.ForStη=80and

r L,figure4showsthatD[1]UU/D
[2]
UUandD

[1]
UU/D

[3]
UUare2.05and1.93,respectively.The

correspondencebetweenthevariancesanddiffusivitiesatintegral-scaleseparations
becomesevidentfromtheseratios.From(4.1)and(4.4),whenr L,therelative-
velocityvariancelimitsto(2/τv)u

2
rmsTEforCF1,andto(0.53/τv)u

2
rmsTeddyforCF2.
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FIGURE14. U2/u2ηversusStηatReλ=131forvariousseparations.(a)r/L=1/20,
(b)r/L=1/10,(c)r/L=1/2and(d)r/L=1. Dashedlinein(d)correspondsto
U2=2u2rms(TL/(TL+τv)),whereTListheLagrangianintegraltimescale.TLisobtained
usingTL=TE/1.1(Pan&Padoan2013).

Infigure14,therelative-velocityvariancescomputedusingCF1,CF2andCF3are
comparedwiththeDNSvariancesforReλ=131.BothCF2andCF3underpredictthe
DNSvariances,althoughCF3performsbetterforsmallerStokesnumbers.Incontrast
toitsbehaviouratReλ=76,CF1nowoverpredictstheDNSvariances,althoughthe
comparisongetsbetterastheStokesnumberincreases.Theimprovedagreementat
higherStηisexpected,sincethevalidityoftheprincipalapproximationinCF1–
pairsareessentiallyfixedduringflowtimescales–improvesastheStokesnumber
increases.ItwillalsobeseeninsubsequentdiscussionthattheCF1behaviourat
Reλ=131canbeexplainedbyconsideringtheeffectsofReλonthediffusivityDUU.
Infigure14(d),atr/L=1,CF1approachestheanalyticallimit,exceptforStη=10.
TheeffectsofReλontherelative-velocityvariancesareillustratedinfigure15.
Infigure15(a),thevariancesobtainedfromCF1,CF3andDNSarecomparedfor
Reλ=76,and131atr=L/20.Thecorrespondingcomparisonofvariancesforr=Lis
showninfigure15(b).Atbothseparations,increaseinReλhasonlyamarginalimpact
ontheDNSvariances.ThevariationofReλ,however,hasasubstantialeffectonthe
CF1variancesatbothseparations.Thiscanbeattributedtothestrongdependenceof
theCF1diffusivityonReλ,aswillbedemonstratedinthefollowingdiscussion.The
CF3variancesalsoshowaratherweakdependenceonReλ.ThisbehaviourofCF3,
ascomparedtoCF1,seemssurprising,butwillalsobeexplainedbelow.
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FIGURE15. U2/u2rmsversusStη.(a)r/L=1/20and(b)r/L=1.Opensymbolsdenote
Reλ=131andfilledsymbolsReλ=76.

Wewillnowelucidatethetrendsinfigures 14and15,specificallythoseconcerning
theeffectsofincreaseinReλontheCF1andCF3variances.First,wepresentthe
ratiosofdimensionlessdiffusivitiesatReλ=131andReλ=76,wherethediffusivities
arenormalizedusingintegralscalequantities.Theseratiosare(atStη=10andr>L):

D
[1]

UU(Reλ=131)

D
[1]

UU(Reλ=76)
≈1.32 (4.25)

D
[3]

UU(Reλ=131)

D
[3]

UU(Reλ=76)
≈0.86, (4.26)

where DUU =DUU/(u
2
rms×Teddy),andthevaluesofurmsandTeddy=L/urmsfor

therespectiveReλareobtainedfromtable1.Itisinterestingtonotethatatlarge
separations,theCF1diffusivityshowsasignificantincrease,whiletheCF3diffusivity
showsamarginaldecreasewiththeReynoldsnumber.
Theprincipalreasonforthestrongand weakdependenceof CF1and CF3,
respectively,onReλmaybeattributedtotherelevanttimescalesfortheseclosures.
ForCF1,therelevanttimescaleatlargeseparationsistheEulerianintegraltime
scale,TE,whileforCF2andCF3,thetimescalesareL/urmsandL/Wrmsrespectively.
Itisclearfromtable1thatLandurms,andtherebyTeddy,donotchangesignificantly
betweenthetwoDNSruns.Thisisbecausetheturbulentkineticenergyalsochanges
slowlyinthetwoDNSruns.Consequently,theintegrallengthscaleL,whichis
determinedbythe meandissipationrateandurms,isalsonearlythesameinthe
twoDNSruns.However,forCF1,wefindthatTE(Reλ=131)/TE(Reλ=76)≈1.4,
whichisclosetotheratioofdiffusivitiesD[1]UU(Reλ=131)/D

[1]
UU(Reλ=76)forr>L.

SinceD[1]UU(r L)= U2(r L)/τv,anincreaseinthediffusivitydirectlyresultsin
higherrelative-velocityvariancesatlargeseparations.The‘flyer’pairs withhigh
variancesatlargeseparationsthenresultinincreasedvariancesatsmallerseparations
throughtheirballisticmotion. WebelievethattheincreaseinTEmaybeduetothe
forcing methodologyusedtoachievestationaryisotropicturbulence.AsinIreland
etal.(2013),weuseadeterministicforcing methodthatinvolvesresupplyingthe
energydissipatedduringeachsimulationtimestep.Thedissipatedenergyisadded

D
o
w
nl
o
a
d
e
d 
fr
o
m 
ht
t
ps
:/
w
w
w.
c
a
m
br
i
d
g
e.
or
g/
c
or
e
. 
C
or
n
el
l 
U
ni
v
er
si
t
y 
Li
br
ar
y,
 
o
n 
3
0 
M
a
y 
2
0
1
7 
at
 
1
4:
0
6:
1
6,
 s
u
bj
ec
t 
t
o 
t
h
e 
C
a
m
br
i
d
g
e 
C
or
e 
t
er
ms
 
of
 
us
e,
 
a
v
ai
l
a
bl
e 
at
 h
tt
ps
:/
w
w
w.
c
a
m
br
i
d
g
e.
or
g/
c
or
e/
t
er
ms
. 
ht
t
ps
:/
/
d
oi
.
or
g/
1
0.
1
0
1
7/
jf
m.
2
0
1
6.
8
5
9

https:/www.cambridge.org/core
https:/www.cambridge.org/core/terms
https://doi.org/10.1017/jfm.2016.859


236

10010–1 103102101

102

103

104

101

100

10–1

10–2

10–3

Longitudinal

Longitudinal

Transverse

Transverse

R.Dhariwal,S.L.RaniandD.L.Koch

FIGURE16.DimensionlessDUU×St
2
ηisplottedasafunctionofr/ηforReλ=76,131.

EffectsofReλontheCF1closureareshown.Thelongitudinalandtransversecomponents
ofD[1]UU arecomparedatthetwoReλ.DUU ismadedimensionlesswiththeKolmogorov-
scalequantities,andthenmultipliedwithSt2η.

atlowwavenumberssothatthemediumandhighwavenumbersare,hopefully,not
significantlyinfluencedbytheforcing.FromthecurrentDNSruns,itseemsthatthe
deterministicforcingofsmallwavenumbershastheeffectofincreasingthetemporal
coherenceoflarge-scaleeddiesasReλisincreased.
Wenowpresentfurtherillustrationoftheeffectsofincreasing ReλontheCF1
closureofDUU.Infigure16,thedimensionlessD

[1]
UU×St

2
ηisplottedasafunction

ofr/ηatReλ=76and131,whereDUU hasbeen madedimensionlessusingthe
Kolmogorov-scalequantities.
InCF1,wehave

D[1]UU =
1

τ2v

0

−∞

u(r,x,0)u(r,x,t)dt. (4.27)

TheeffectsofReλonCF1canbeunderstoodbyapproximatingtheEuleriantwo-time
relative-velocitycorrelationontheright-handsideof(4.27)astheproductofthe
Euleriantwo-pointstructurefunctionandanEulerianautocorrelationoffluidrelative
velocities.Thisallowsustowrite:

D[1]UU×τ
2
v≈S(r)Tr, (4.28)

whereS(r)isthestructurefunction,andTristheEuleriantwo-pointtimescaleat
separationr.Inbothviscousandinertialranges,itcanbeshownfrom(4.6)–(4.7)
and(4.9)–(4.11)thatS(r)Tr/(u

2
ητη)isindependentofReλ.

Intheintegralrange,however,S||/u
2
ηandS⊥/u

2
η∼(u/uη)

2.Usingu/uηvaluesfrom

Yeung&Pope(1989),onearrivesatthefollowingscaling:u/uη=0.50505
√
Reλ−

0.0061for38 Reλ 93. UsingtheDNSdataofIrelandetal.(2015),wegetthe
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FIGURE17.Relative-velocityPDFΩ(U|r)normalizedby U21/2forReλ=76andat
r/L=1/20.(a)Stη=10and(b)Stη=80.Greylinerepresentsthenormaldistribution.

scaling:u/uη=0.50626
√
Reλ+0.018761for88 Reλ 597,whichtoleadingorder

isnearlyidenticaltotheYoung&Popescaling.FortheEulerianintegraltimescale
TE,weobtainthefollowingscalingfromIrelandetal.(2015):TE/τη=0.1039Reλ+

2.8525.Therefore,atintegral-scaleseparations,theReλdependenceofD
[1],non-dim
UU arises

frombothSandTr.Itcanbeseeninfigure16thatinthedissipativeandinertial
ranges,theReλeffectsonD

[1],non-dim
UU areweak,butintheintegralrange,increasein

ReλdependenceleadstothehighervaluesofdiffusivityforReλ=131.
Infigure17,thePDFofrelativevelocityconditionedonseparationr,i.e.Ω(U|r),
normalizedby U21/2ispresentedatr=L/20forStη=10,80andReλ=76.The
normalizationofaPDFbythestandarddeviationshedslightontheshapeofthe
PDF,e.g.itsdeviationfrom Gaussianity.Infigure17,thePDFsobtainedfrom
LSusingCF1andCF3arecomparedwiththeDNSPDFs.Itisknownthatfor
separationsoftheorderoftheintegrallengthscaleL,particlepairsareeffectively
uncorrelatedsothattheybehavelikeindividualparticles.Insuchascenario,the
relative-velocityPDFshouldbeGaussian.Indeed,thisiswhatweseeintheDNS,
aswellasLS(figurenotshownhere).Asseeninfigure17,atsmallerseparations,
thePDFsbecomenon-Gaussian(increasinglysoastheseparationdecreases).The
non-Gaussianityis manifestedintheformofPDFs with widertailsandsharper
peaksthanaGaussianPDF.Thewidertailsarerepresentativeofuncorrelatedpairs
withhighrelativevelocities,referredtoasflyers.Thehigherpeaksatlowrelative
velocitiesarerepresentativeofpairs whoserelative motionisstronglycorrelated,
referredtoaslingerers.Thus,thetransitionfromaGaussianPDFatlargeseparations
tonon-GaussianPDFatsmallseparationsischaracterizedbytwodistincttrends:
flyersthatbecomelingerers,andflyersthatremainasflyers. Atr=L/20,the
transitionofpairsintolingerersismoreprominentfortheStη=10pairsthanforthe
Stη=80pairs,asmanifestedbythehigherpeakinfigure17(a).Thisisbecausethe
smallerStηparticlesrelaxtothelocalflowmoreeffectivelythandothehigherStη
particlesthatstillretainsomememoryoftheirballisticmotionatlargerseparations.
ForbothStokesnumbers,thePDFsofCF1andCF3have widertailsthanthe
DNSPDF,suggestingthattheyoverpredictthenumberofflyers.ForStη=10,the
insetoffigure17(a)showsthatbothCF1andCF3underpredicttheoccurrence
oflingerers.
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FIGURE18.Relative-velocityPDFΩ(U|r)scaledbyurmsforReλ=76andatr/L=1/20.
(a)Stη=10,and(b)Stη=
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FIGURE19.Relative-velocityPDFΩ(U|r)normalizedby U21/2forReλ=131andat
r/L=1/20.(a)Stη=10and(b)Stη=80.Greylinerepresentsthenormaldistribution.

ThePDFΩ(U|r)scaledbytheturbulenceintensityurmsisshowninfigure18.The
PDFsobtainedusingCF1andCF3arecomparedwiththosecomputedfromDNS.
ThesePDFsenableustounderstandthetrendsinrelative-velocitystatisticssuchas
thevarianceU2.Amongtheclosures,theCF1PDFsshowthebestagreementwith
theDNSPDFs.Atr=L/20,theCF1PDFsforStη=10havewidertailsthanthe
correspondingDNSPDFs,whichleadstoanoverpredictionofvariancebyCF1,as
seeninfigure13(a).ForStη=80,however,weseethattheCF1PDFhasnarrower
tailsthantheDNSPDF,whichexplainsthelowerCF1variancecomparedtotheDNS
varianceinfigure13(d).ThesetrendssuggestthatCF1overpredicts(underpredicts)
thenumberofhigh-relative-velocityflyersatlow(high)Stokesnumbers.Atboth
Stokesnumbers,theCF3PDFsarenarrowerthantheDNSPDFs.
Infigure19,wepresentthenormalizedrelative-velocityPDFsatReλ=131.For
bothStη=10andStη=80,CF1showsgoodagreementwithDNSforlowtomoderate
relativevelocities(−4 U/U21/2 4),buthaswidertailsthanDNSforhigher
relativevelocities.ForStη=10,whentherelativevelocityU/U

21/2∼±2,onenotices
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FIGURE20.Relative-velocityPDFΩ(U|r)scaledbyurmsforReλ=131andatr/L=1/20.
(a)Stη=10,and(b)Stη=
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FIGURE21.PDFofradialrelativevelocityΩ(Ur|r)scaledbyurmsforStη=10,80at
Reλ=76andatspecificseparations:(a)r/L=1/20and(b)r/L=1.

aninflectionpointintheDNSPDF.ItisinterestingtonotethatCF1capturesthe
inflectionpoint,butnotCF3.Further,CF3predictslowerpeaksthanDNSforStη=10,
andhigherpeaksthanDNSforStη=80.
ThePDFΩ(U|r)scaledbyurmsforReλ=131isshowninfigure20. Weseethat
CF1givesrisetoPDFswithwidertailsthandoesDNS,particularlyforStη=10.
ThisisconsistentwiththesignificantoverpredictionofvariancesbyCF1forlow
StokesnumbersatReλ=131(figure14).However,forStη=80,theCF1PDFshows
reasonableagreementwiththeDNSPDF.ForStη=80,theCF3PDFisnarrowerthan
theDNSPDF.Asaresult,CF3underpredictstheDNSvariances.
Next,wepresentinfigure21thePDFoftheradialcomponentofrelativevelocity
Ur=U·r/ratReλ=76.ThePDFΩ(Ur|r)isofinterestsinceitisakeyinputto
thecollisionkernel. WecompareCF1andCF3withtheDNSforStη=10and80
attwoseparationsr=L/20andL.ThemostimportantpropertyofthesePDFsis
thetransitionfromanegativelyskewedPDFatr=LtoanearlysymmetricPDF
atr=L/20.Thetransitioninskewnesssuggeststhattheclusteringofhigh-inertia
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FIGURE22.Kurtosisasafunctionofdimensionlesspairseparationr/Lat:(a)Reλ=76,
and(b)Reλ=131.CF1,CF3andDNSarecomparedforStη=10and80.

particlesatsmallseparationsisdrivenbytheinward-migrationbiasoccurringatmuch
largerseparations.Atbothr=L/20andL,thePDFsfortheStη=10particlesare
morenegativelyskewedthanthosefortheStη=80particles.Thismeansthatlower
Stokesnumberparticlestendtohavehigherradiallyinwardrelativevelocities,which
maycausetheincreasedclusteringoftheseparticles.Forr=L/20andStη=10,the
CF1PDFismorenegativelyskewedthantheDNSPDF,whichexplainsthehigher
RDFforCF1infigure10.TheCF3PDFislessnegativelyskewedthantheDNS
PDF,andhencethelowerRDFofCF3.
Thetransitionfrom Gaussiantonon-Gaussianrelativevelocitiescanalsobe
demonstratedusingthekurtosisofrelativevelocity, U4/U22. Akurtosisof3
denotesaGaussiandistribution,andadeviationfromthisvalueisindicativeofa
non-GaussianPDF.Infigure22(a,b),thekurtosisisplottedasafunctionofseparation
r/LforthevariousStηatReλ=76and131.Infigure22(a),atReλ=76,wesee
thatCF1andCF3comparewellwithDNSatlargerseparations.Forsmallerpair
separations(r/L 0.5),CF1showsthebestagreementwithDNS.Itisalsoevident
thatforr∼L,kurtosisapproaches3,indicatingtheGaussianityofrelativevelocities.
Atsmallerr,thekurtosisfortheStη=80pairsdeviatesmoreslowlyfrom3when
comparedtotheStη=10pairs.Thissuggeststhattherelativemotionoftheformer
pairsretainstheballisticnatureforawiderrangeofseparationsascomparedtothe
latterpairs.Infigure22(b),forReλ=131andStη=10,theCF1kurtosisexceeds
theCF3kurtosisatallseparations.Asalreadyseen,theincreasedReλleadstoa
noticeablyhigherCF1diffusivityatlargeseparations,whichinturnimpactstheCF1
kurtosis. Whenwecomparefigure22(a,b),itcanbeseenthatthenon-Gaussianity
increaseswithReynoldsnumber.

4.4.Collisionkernel

ThecollisionkernelK(σ)formonodisperseparticlesis(Ray&Collins2011):

K(σ)=4πσ2g(σ)
0

−∞

(−Ur)P(Ur|σ)dUr, (4.29)

whereσistheparticlediameter,g(σ)theRDFofparticlepairsatcontact,Ur=U·r/r
istheradialcomponentofrelativevelocityandP(Ur|σ)isthePDFofUratcontact.
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FIGURE23.CollisionkernelasafunctionofStokesnumberatReλ=76.CF1,CF3
andDNSarecompared.Curve1showsthecollisionkernelwhentheRDFg(r)=1and
thePDFP(Ur|r)isGaussian.Curve2representsthecollisionkernelcomputedusingthe
Zaichik&Alipchenkov(2009)theory.Curve3representsthecollisionkernelcomputed
usingtheAbrahamsontheory(Abrahamson1975;Zaichik&Alipchenkov2009).Curve4
representsthecollisionkernelfromthe Mehlig,Uski& Wilkinson(2007)theory.Curve
5representsthecollisionkernelcomputedusingequation(56)ofZaichik&Alipchenkov
(2009).Curves2through4areatr/η=1andReλ=75.Curve5isatr/η=2.3and
Reλ=76.

Equation(4.29)showsthatthecollisionkerneldependsontheRDFandthePDFof
Ur,theformerameasureofparticlespatialconcentration,andthelatterameasureof
therateofparticleencounters.Figures23and24showthecollisionkernelsforall
StηandatReλ=76and131,respectively.Itisrelevanttomentionthatthe‘collision
kernels’forCF1,CF3andthecurrentDNSarepresentedatseparationr=2.3ηfor
Reλ=76,andr=4.7ηforReλ=131,sincethesearethesmallestseparationsfor
whichastatisticallystationaryP(Ur|r)couldbecomputedintherespectiveLangevin
simulations.AtbothReλ,CF1showsthebestagreementwithDNS.AtReλ=131,the
comparisonofCF1withDNSimproveswithStokesnumber.
Infigure23,curve2representsthecollisionkernelatr=ηcomputedbyZaichik
&Alipchenkov(2009)from(Wang, Wexler&Zhou2000)

K(d)=2πd2|Ur(d)|g(d), (4.30)

wheretheparticlediameterd=ηand|Ur(d)|= 2/πU2r(d).Curve3represents
thecollisionkernelof Abrahamson(1975)(cf.Zaichik & Alipchenkov(2009)).
Curve4representsthecollisionkernelcomputedfromthetheoryof Mehligetal.
(2007).Finally,curve5isthekernelcomputedfrom(4.30),with|Ur(d)|andg(d)
valuesfromthecurrentDNS.ItcanbeseenthatthecollisionkernelofZaichik&
Alipchenkov(2009)overpredictstheDNSvaluesforStη<20,andapproachesthe
DNSforStη>40.Onealsonoticesthatcurve5obtainedfrom(4.30)isingood
agreementwiththecurvecomputedfrom(4.29).
Theuseof |Ur|= 2/πU2r byZaichik &Alipchenkov(2009)assumesthat
thepairrelativevelocitiesarenormallydistributed.Theyrecognizedthatsuchan
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FIGURE24.CollisionkernelasafunctionofStokesnumberatReλ=131.CF1,CF3and
DNSarecompared.

assumptionwas,atthebest,reasonableonlyatlargeStokesnumbers.However,it
wasshownby Wang, Wexler &Zhou(1998)thatevenforzeroStokesnumber
particles,theratio |Ur|/ U2r =0.77,whichisquitecloseto

√
2/π=0.798for

normallydistributedrelativevelocities.
Alsoindicatedinfigures23and24arethecollisionkernelswhenparticlepairs
areuncorrelated,correspondingtog(r)=1andP(Ur|r)beingGaussian.Interestingly,
thecollisionkernelsofhighStokesnumberpairsinisotropicturbulencearesmaller
thanthecollisionratesofuncorrelatedpairs.Sinceg(r)>1whenparticlescluster,
wecanattributethehighercollisionkernelsfortheuncorrelatedpairsasarising
fromtheintegraloverUrinthekernelequation(4.29).Thisscenarioisconfirmed
infigure25,wherewecomparethePDFP(Ur|r)fortheStη=10,80pairsatboth
ReλwiththeGaussianPDFforuncorrelatedvelocities.Itisclearthatthewidertails
oftheGaussianPDFresultinthecorrespondinghighercollisionkernels.Inaddition,
comparisonoffigures23and24showsthatthecollisionkernelincreaseswithReλ,
duetoanincreaseinboththeRDFandtherelativevelocities(i.e.relativevelocity
PDFswithwidertails)withReλ.Thisisconfirmedinfigure25whereweseethat
foragivenStη,thePDFtailsbecomewiderasReλisincreased.Thehighercollision
kernelsforCF1thanCF3atallStηandbothReλcanalsobeexplainedbythePDFs
infigure25.

5.Conclusions

WeperformedadetailedassessmentoftheRani etal.(2014)stochastic model
fortherelativemotionofhighStokesnumberparticlepairsinstatisticallystationary
isotropicturbulence.TheprincipalcontributionsoftheRanietal.(2014)studywere
to:(i)deriveaformulationfortherelative-velocity-spacediffusivityinthePDF
kineticequationforpairswithStr 1and(ii)developclosure(s)forthisdiffusivity.
Thefundamentaldiffusivityformulation(CF1)inRanietal.(2014)involvedthe
timeintegraloftheEuleriantwo-timecorrelationoffluidrelativevelocities‘seen’
bynearlystationaryparticles.Thetwo-timecorrelationwasresolvedbyconvertingit
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FIGURE25.EffectsofReynoldsnumberonthePDFofradialrelativevelocityΩ(Ur|r)
forStη=10,80.(a)CF1closure,and(b)CF3closure.ThePDFsforReλ=76areshown
forr=2.3η,andthoseforReλ=131areforr=4.7η.

intoacombinationofEuleriantwo-pointcorrelationsoffluidvelocities.Asaresult,
twoclosed-formexpressionswereobtainedforthediffusivity,referredtoasCF2and
CF3,dependinguponwhetherthecentre-of-masspositionwasheldfixedorallowed
tomoveduringflowtimescales.Thatstudy,however,involvedonlyapreliminary
analysisofthedevelopedclosures. Adetailedcomparisonoftherelative-motion
statisticspredictedbythemodelwithDNSdatawasalsonotundertaken.
Inthecurrentstudy,adetailedanalysisoftheCF1,CF2andCF3diffusivities
wasperformedby:(i)comparingtheirlimitingvaluesforseparationsintheintegral
rangeand(ii)comparingCF1withtheZaichik&Alipchenkov(2003)closurethat
involvedexpressingthediffusivityastheproductofanEulerianstructurefunctionand
aLagrangiantimescaleofeddieswhosesizescaleswiththepairseparation.These
comparisonsestablishthatCF1isthemostaccurateamongthethreeclosureforms
considered.
Subsequently,arigorousquantitativeanalysisofthestochasticmodelwasperformed
throughadirectcomparisonofLangevinsimulationresultswiththeDNSdatafor
fourStokesnumbersattwovaluesoftheTaylor micro-scale Reynoldsnumber.
Langevinsimulationswereperformedusingthethreeclosureformsofthediffusivity.
WecomparedLSpredictionsoftheRDF,relative-velocityvarianceandkurtosis,and
therelative-velocityPDFwiththecorrespondingDNSdata.Foreachofthestatistics,
itisevidentthatthepredictionsofCF1followthetrendsonewouldexpectfromthe
originalpremiseoftheRanietal.(2014)theoryforhigh-inertiaparticles.
TheRDFsobtainedfromtheLangevinsimulationsbasedonCF1showedexcellent
agreementwiththeDNSRDFs.ThedifferencesbetweentheRDFsfromtheZaichik
& Alipchenkov(2003)theoryandthe DNS RDFs wereattributedto:(i)the
moments-basedapproachusedtocomputetheRDFsand(ii)theinaccuraciesin
theinertial-rangediffusivityascalculatedfromtheunifiedexpressionsforthe
EulerianstructurefunctionandtheLagrangiantimescale. Wederivedanelegant
power-lawexpressionrelatingtheRDFtotheinverseoftherelative-velocityvariance.
Relative-velocityvariancescomputedusingCF1showedgoodagreementwiththe
variancesfromDNS,particularlyathigherStokesnumbers.Forseparationsinthe
integralrange,theCF1variancesshowedgoodagreementwiththeanalyticallimit
fortherelative-velocityvarianceoftwouncorrelatedparticles.
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Theeffectsof Reynoldsnumberontherelative-velocitystatistics werealso
considered,whereitwasestablishedthatCF1hasastrongerdependenceonReλ
thanCF2andCF3.Consequently,weseethatastheReynoldsnumberisincreased,
the CF1variances weresignificantlyhigherthanthe DNSvariances,especially
forlowStokesnumbersatsmallseparations. However,atlargeseparations,the
CF1variancesshowedgoodagreementwiththeexpressionfortherelativevelocity
varianceofuncorrelatedpairs.ThePDFsΩ(U|r)whennormalizedwiththestandard
deviation U21/2andwhenscaledwithurmswerepresentedseparately.Theformer
allowustounderstandthedeviationofthePDFsfromGaussianityatvariouspair
separations,aswellasprovideinsightsintohowuncorrelatedpairsatlargeseparations
transitionintolingerers.ThePDFoftheradialcomponentoftherelativevelocity,
Ω(Ur|r),presentsthestartlingpictureofthetransitionfromanegativelyskewedPDF
atlargeseparationstoanearlysymmetricPDFatsmallseparations.Thesmallerthe
Stokesnumber,thegreatertheskewnessofthePDFΩ(Ur|r).Thetransitionin
thePDFΩ(Ur|r)suggeststhattheclusteringofhighStokesnumberparticlesat
smallseparationsoriginatesintheinward-migrationbiasatmuchlargerseparations.
ThisphysicalpictureisanalogoustotheBragg&Collins(2014a)analysisthatthe
clusteringofStη∼1particleswasprimarilyduetotheirpath-historyinteractionswith
turbulence.
ThetransitionfromGaussiantonon-Gaussianrelativevelocitiesaspairseparations
decreased wasalsoquantifiedthroughthekurtosisofrelativevelocity. Kurtosis
waspresentedbothasafunctionofStokesnumberandReynoldsnumber,andthe
predictionsofCF1andCF3werecomparedwiththeDNSdata.Itwasobserved
thatthelowertheStokesnumber,thehigherthekurtosis.Finally,collisionkernels
werealsocomputed,andgoodagreementwasfoundbetweenCF1andDNS. More
importantly,inthecontextofplanetesimalformation,itwasfoundthatthecollision
kernelsincreasedwiththeReynoldsnumberduetoanincreaseinboththeRDFand
therelativevelocitieswithReλ.EquallyrelevantistheobservationthatathighStokes
numbers,thecollisionkernelsweresmallerthanthoseofparticleswithrandomly
distributedrelativevelocitiesandpositions.
TheanalysisandvalidationoftheCF1closurehaveestablishedthatthestochastic
modelofRanietal.(2014)capturesboththequalitativeandquantitativefeaturesof
therelative motionofhigh-inertiaparticlepairs.ThelimitationsofCF2andCF3
werealsoclearlyidentified.Inthiscontext,twoadvancementstotheclosurethat
willbeconsideredinafuturestudyare:(i)improvethebehaviourofCF1athigher
Reynoldsnumbersand(ii)improveCF3sothatitapproachestheconsistentlimitat
largeseparations.
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AppendixA.ComparisonwithrenormalizedperturbationexpansionofLHDI

InRanietal.(2014),thediffusioncurrent wasclosedthroughaperturbation
analysisofthepairPDFequationinthelimitofhighStokesnumber.Inthediscussion
thatfollows,thisperturbationmethodiscomparedwiththerenormalizedperturbation
approachusedintheLHDIapproximation(Kraichnan1977;Reeks1992). Webegin
bypresentinganoverviewofReeks’applicationoftheLHDI methodforclosing
thediffusioncurrentintheparticlephasespace(Reeks1992).Ourfocusisonthe
salientfeaturesofthisapproach,ratherthanonitsrigorousmathematicalformalism.
SubsequenttothediscussionoftheLHDI method, we willpresenttherelevant
aspectsofthecurrentmethod,anddrawcomparisonsandcontrastsbetweenthetwo
methods.
Inderivingaclosureforthediffusioncurrent,Reeksbeginsbyconsideringthe

instantaneousphase-spacedensityG(r,U,t;r1,U1,t1)arisingfromtheintroduction
intotheflowofaparticlepairwithrelativepositionr1andrelativevelocityU1attime
t1.(Here,weareapplyingReeks’originalformulationforsingleparticledynamics

totherelativemotionofparticlepairs.)TheGreen’sfunctionGisgovernedbythe
Liouville’sequation,namely

∂G

∂t
+∇r·(UG)+∇U·(̇UG)=0 ∀t>t1 (A1)

andG(r,U,t;r1,U1,t1)=δ(r−r1)δ(U−U1)δ(t−t1)whent=t1.In(A1),∇rand
∇UrepresentgradientswithrespecttorandU,respectively.
Substitutingtheparticle-pairgoverningequation

dU

dt
=−

1

τv
[U(t)− u(r(t),t)] (A2)

into(A1)gives

∂G

∂t
+∇r·(UG)−

1

τv
∇U·(UG)=−

1

τv
∇U·[u(r(t),t)G]. (A3)

Ensembleaveraging(A3)overflowrealizationsyields

∂G

∂t
+∇r·(UG)−

1

τv
∇U·(UG)=−

1

τv
∇U· uG, (A4)

whereG= G.Thecorrelation uG presentsaclosureproblem,whichisresolved
throughtheLHDImethod.
AnimportantstepintheLHDIapproachofReeksistotransform(A3)toanew
phasespacesuchthattheconvectivetermsontheleft-handsideof(A3)dropout.
Thisisachievedthroughthetransformation

w=Uet/τv (A5)

y=r+τvU(1−e
t/τv). (A6)

Applyingthistransformation,andintroducingthegeneralizedLagrangian Green’s

functioninplaceoftheaboveGasinKraichnan(1977),thetransformedLiouville’s
equationbecomes

∂G

∂t
=−

1

τv
u·lG, (A7)
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wheretheG=G(y,w,t|s;y1,w1,t1|s1)isthegeneralizedGreen’sfunctioninthe
transformedspace,andtheoperatorlisgivenby

l=−et/τv∇w−τv(1−e
t/τv)∇y. (A8)

Broadlyspeaking,thenextstepinLHDIistosolve(A7)forG.Thiscouldbe

readilyaccomplishedbyexpressingGasaseriesexpansionintermsofG(0)that
isthesolutionof(A7)withitsright-handsidesettozero.Thisseriesexpansion

involvingfunctionalpowersofG(0)isoftenreferredtoasaprimitiveperturbation
series.Truncatedformsofprimitiveexpansionsarequiteinaccurate,exceptforvery
smallvaluesoftheperturbationparameter.Toavoidtheproblemswiththeprimitive
perturbationmethod,Kraichnanappliedtherenormalizedperturbationexpansions.

RenormalizationinvolvesinvertingtheoriginalseriessoastoexpressG(0)interms

ofG,whereG= G;thismethodwasoutlinedinKraichnan(1977)forthecaseofa

randomoscillator.Eventually,byreplacingG(0)withtherenormalizedexpression,one

isabletowriteG(y,w,t|s;y1,w1,t1|s1)asanexpansionintermsoffunctionalpowers
ofG(y,w,t|s;y1,w1,t1|s1).Itmaybepointedoutthatthisrenormalizedexpansionis
effectivelyaseriesintermsof1/τv,orindimensionlesssense1/StI,whereStIisthe
Stokesnumberbasedontheintegraltimescale.However,unlikeaprimitiveexpansion,
therenormalizedexpansiondoesnotrequire1/StItobeasmallquantity, making
suchexpansionsreliablyaccurateevenaftertruncationoftheseries.Substitutingthe

renormalizedGseriesinto uG,retainingonlythefirsttermcontainingG,and
transformingbacktotheoriginalphasespacegivesusaclosureforthediffusion
currentintermsofG(r,U,t;r1,U1,t1)andthedispersiontensors.Furtheraveraging
overtheinitialconditionsofparticlepairsyieldsthefinaldesiredclosurefor uW
intermsofW(r,U,t;r1,U1,t1),whereW isthefine-grainedphase-spacedensity,
and W isthePDFofparticlepairrelativepositionandvelocity.Havingsetthe
backgroundfortheLHDImethod,wewillnowcompareandcontrastLHDIwiththe
perturbationexpansion-basedclosurederivedinthecurrentstudy.
Itistobenotedthatthecurrent method wasdevelopedindependentlyofthe
LHDI-basedmethodofReeks.Inthisstudy,webeginbyconsideringthefollowing
conservationequationforthephase-spacedensityP(r,U,x,V;t)

∂P

∂t
+∇r·(UP)+∇U·(̇UP)+∇x·(VP)+∇V·(̇VP)=0 (A9)

whichuponensembleaveraging(anddroppingthexandVtermsintheinterestof
brevity)yieldsthePDFtransportequation

∂P

∂t
+∇r·(UP)−

1

τv
∇U·(UP)=−

1

τv
∇U· uP. (A10)

Theclosureproblemisnowrepresentedbytheterm uP ontheright-handside
of(A10).QuiteanalogoustotherenormalizedexpansionsinLHDIbutwithoutits
detailedmathematicalformalism,wewritePasanexpansioninwhichP isthefirst
term,and1/StIisthesmallquantity.Themotivationforwritingsuchanexpansion
wasthatwhiletheensembleaveraging ···isequivalenttoaveragingoverflowtime
scales,Pevolvedoverlongertimescalesoftheorderoftheparticleresponsetime
τv.Hence,onemayanticipateaperturbationinPwithrespectto P.Itisimportant
tonotethattheexpansionofPintermsofP andhigher-ordertermsisanalogous
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totherenormalizedexpansionofGintermsofG(= G),andNOTtothatofGin

termsofG(0).TheexpansionofGintermsofG(0)isaprimitiveperturbationseries,
andwedonotconsiderananalogousexpansionofPintermsofP(0).
Inspiteofthissimilaritybetweenthepresentandrenormalizedexpansions,the
current methodisonlyapplicable whenStr 1, whereasLHDI,inprinciple,is
validforallStokesnumbers.Thereasonforthislimitationmaybeattributedtoan
importantassumptioninthecurrentmethod–i.e.thepairrelativepositionrremains
essentiallyconstantduringflowtimescales.Thisassumptioneffectivelymeansthat
U=0sothatthetwoconvectivetermsontheleft-handsideof(A9)dropout(without
anytransformationofthephasespace).Thus,thePSDPisgovernedbytheequation

∂P

∂t
=−

1

τv
∇U·(uP)≈−

1

τv
∇U·(uP), (A11)

whichmaybesolvedforPintermsofP.SubstitutionoftheresultingPinto uP
yieldsthediffusioncurrentclosure.Comparisonof(A7)and(A11)showsthat(A7)
reducesto(A11)forasymptoticallylargeparticleStokesnumbers.Consideration
ofthislimitallowsustogoonestepbeyondLHDIinderivingaclosedform
expressionforthediffusivitycharacterizingthephase-spacediffusioncurrent.Here,
wearereferringtoourconversionoftheEuleriantwo-timecorrelationoffluidrelative
velocitiestoanEuleriantwo-pointcorrelation,whichthenallowedustoderivean
expressionfordiffusivitythatisclosedtoanintegrationinthewavenumber.
Astheabovediscussionelaborates,thepresentexpansionis,infact,qualitatively
similartotherenormalizedperturbationseries. Thereasonforthe1/StI 1
requirementisduetoeffectivelyneglectingtheconvectivetermsontheleft-hand
sideofthephase-spacedensityequation;whereas,inReeks’approach,thesingularly
importantstepistoperformaphase-spacetransformationsothattheconvectiveterms
arenaturallyzeroedout.
Finally,abriefcommentonthesourceofperturbationsinthecurrentandLHDI
methods.IntheLHDImethodofReeks(1992),theperturbationintheparticlephase-
spacedensityarisesduetotheintroductionintotheflowofaparticlepairwithrelative
positionr1andrelativevelocityU1attimet1.Inthecurrentstudy,thesourceof
perturbationliesinthefactthattheparticlesrelaxovertimeslongerthanflowtime
scales.Therefore,whenoneaveragesoverflowrealizations,thereisaperturbationin
theparticlephase-spacedensity.
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