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Abstract 

Hybrid additive-subtractive manufacturing is gaining popularity by making full use of geometry 
complexity produced by additive manufacturing and dimensional accuracy derived from subtractive 
machining. Part design for this hybrid manufacturing approach has been done by trial-and-error, and no 
dedicated design methodology exists for this manufacturing approach. To address this issue, this work 
presents a topology optimization method for hybrid additive and subtractive manufacturing. To be 
specific, the boundary segments of the input design domain are categorized into two types: (i) Freeform 
boundary segments freely evolve through the casting SIMP method, and (ii) shape preserved boundary 
segments suppress the freeform evolvement and are composed of machining features through a feature 
fitting algorithm. Given the manufacturing strategy, the topology design is produced through additive 
manufacturing and the shape preserved boundary segments will be processed by post-machining. This 
novel topology optimization algorithm is developed under a unified SIMP and level set framework. The 
effectiveness of the algorithm is proved through a few numerical case studies. 
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1. Introduction 

Hybrid manufacturing indicates any combinations of two or more manufacturing methods, the principle 
of which is to make full use of their advantages to achieve the effect of “1+1=3” [Lauwers et al. 2014]. In 
this paper, hybrid manufacturing takes the specific meaning of combining additive manufacturing and 
subtractive machining. Specifically, additive manufacturing eliminates the geometric complexity 
restrictions by employing the layer-by-layer material deposition process, but the part quality is sacrificed 
in several aspects, e.g. poor dimensional accuracy and surface quality. As indicated by [Flynn et al. 2016], 
obtaining high quality part in tight tolerance is currently not feasible through additive manufacturing. In 
contrast, subtractive machining produces good part quality but design for subtractive machining is quite 
limited by the geometry complexity. Hence, these two manufacturing methods are complementary and 
could together form a superior manufacturing strategy, in which additive manufacturing produces the 
close-to-shape raw part and subtractive machining refines the raw part to achieve the desired dimensional 
accuracy and surface finish [Zhu et al. 2013]. It is worth noticing that, only some surfaces on a part 
require post-machining, e.g. surfaces come into contact with other part in an assembly.  

In addition, the machining in this paper specifically means the 2.5D form feature machining, as it only 
requires 2.5/3-axis machines, uses less costly machine tools, cutters and clamping devices [Verma and 
Rajotia 2008], and requires significantly less time for code generation and rough-to-finish machining 
[Masmiati et al. 2012; Xu et al. 2013]. 
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So far, the hybrid manufacturing process has been introduced and the main motivation of this paper is to 
explore the related topology optimization method.  

Currently, topology optimization is mainly divided into three branches: SIMP (Solid Isotropic Material 
with Penalization) [Bendsoe and Sigmund 2004], ESO (Evolutionary Structural Optimization) [Xie and 
Steven 1993], and level set [Wang et al. 2003; Allaire et al. 2004]. These methods all have their unique 
characteristics but at the same time, are tightly associated. A few literature surveys can be found in 
[Eschenauer and Olhoff 2001; Rozvany 2001, 2009; Sigmund and Maute 2013; van Dijk et al. 2013; 
Deaton and Grandhi 2014; Munk et al. 2015]. 

Manufacturability issue has always been a hot topic in the topology optimization field, because the 
freeform topology optimization solution frequently yields non-manufacturable designs even for additive 
manufacturing. In the past two decades, quite a few research works have been published about 
manufacturing oriented topology optimization and some widely focused aspects will be briefly introduced. 

Length scale control attracts the main attention for machining parts, because small voids would cause tool 
assess issues and thin-wall structures are hard to fabricate. Quite a few implementations are performed 
based on SIMP and they can be summarized into three main approaches: by adding local constraints 
[Poulsen 2003; Guest 2009b; Zhou et al. 2015], by applying density filters [Guest et al. 2004; Guest 
2009a; Sigmund 2007, 2009; Wang et al. 2011; Schevenels et al. 2011], and by using structural skeleton-
based constraints [Zhang et al. 2014]. Other than that, the length scale control can be equally realized 
through level set method, by employing either control functional [Chen et al. 2008b; Luo et al. 2008; Liu 
et al. 2015a] or constraints [Guo et al. 2014a; Xia and Shi 2015; Allaire et al. 2016; Wang et al. 2016]. An 
advantage of the level set method is that, the signed distance information greatly facilitates the length 
scale measure and control, e.g. the structural skeleton identification [Guo et al. 2014a; Xia and Shi 2015] 
and the contour offset [Wang et al. 2016]; and the related computation cost is not so heavy as compared to 
some SIMP-based implementations [Sigmund 2007]. A literature survey about the length scale control 
can be found in [Lazarov et al. 2016]. Injection molding/casting oriented topology optimization focuses 
more on the no-undercut design, because the undercuts are either non-manufacturable or requiring 
additional mold devices. No-undercut design has been realized through both SIMP [Zhou et al. 2002; 
Schramm and Zhou 2006; Stromberg 2010; Lu et al. 2012; Gersborg and Andreason 2011; Guest and Zhu 
2012] and level set [Xia et al. 2010; Allaire et al. 2013] methods, which have demonstrated similar design 
effects. Additive manufacturing oriented topology optimization is recently very popular, and several 
aspects are being actively investigated including multi-material design [Gaynor et al. 2014; Meisel and 
Williams 2015], the buildability issue [Bracket et al. 2011; Leary et al. 2014], the material anisotropy [Liu 
et al. 2016], and the design interpretation [Zegard and Paulino 2015]., etc. Majority of these aspects are 
still not well addressed [Bracket et al. 2011; Meisel and Williams 2015], and a large number of related 
publications can be foreseen in the near future. 

In summary, to the best of the authors’ knowledge, topology optimization for hybrid manufacturing has 
not been addressed despite an urgent need for such method. 

A schematic plot of the topology optimization for hybrid manufacturing is demonstrated in Fig. 1. Note 
that side faces of the cube are fitted with 2.5D machining features, while the top and bottom faces employ 
the freeform evolvement because there is no stringent quality requirement. The pure 2.5D machining 
feature-based result is also demonstrated for reference.  
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Fig. 1 Comparison of the optimal designs obtained through (top right panel) 2.5D machining feature-
based optimization and (bottom panel) by the proposed optimization method for hybrid manufacturing, 

respectively 

It is worth noticing that, this topology optimization method for hybrid manufacturing is built on our 
previously developed 2.5D machining feature-based level set method [Liu and Ma 2015], where similar 
procedures are employed. On the other hand, the implementation under the density-based framework is 
technically more challenging: (i) it is non-trivial to identify the structural boundary based on the blurred 
density field and accordingly perform the structural boundary-based feature fitting; and (ii) feature-based 
sizing/shape optimization is not supported under the density-based framework and the feature fitting has 
to be repeatedly performed to update the feature profiles, which causes convergence difficulties. In 
summary, both the implementation details and numerical characteristics are very different from the 
previous level set based implementation. The challenges are technically solved in this work and more 
specifications will be presented in later sections. 

2. Literature survey and research motivation 

2.1 Geometric feature-based topology optimization 

Machining feature conventionally is an important concept in computer-aided design (CAD)/computer-
aided manufacturing (CAM) system. It is defined on the geometric feature that can be machined in a 
single operation and is attached with abundant machining information, including the required cutting 
methods, tools, suggested tolerances, surface finish specifications, and estimated manufacturing cost, etc. 
[Hoque et al. 2013]. Functionally, machining feature-based design supports seamless CAD/CAM 

Top view Bottom view 

Topology optimization for 
2.5D machining 

Top view Bottom view 

Topology optimization for hybrid manufacturing: the top and bottom faces of all boundary segments 
are assigned “freeform” while the side faces of other segments are “shape preserved” 

Part of the faces to be machined  
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integration and automated computer-aided process planning (CAPP). Among the machining feature types, 
2.5D machining features are greatly preferred and widely accepted by the manufacturing community 
because the related manufacturing time and cost are much lower compared to the 3D freeform features. 
From this pespective, it would be beneficial if topology optimization methods could produce 2.5D 
machining feature-based design solutions instead of only 3D freeform results. Therefore, this sub-section 
reviews existing geometric feature-based topology optimization methods, which have the potential to be 
further developed to support the 2.5D machining feature-based design. 

The implementations based on the SIMP method can be categorized into two branches: through the multi-
component movement or through the geometric feature projection.  

For multi-component movement, a review can be found in [Zhang et al. 2011], and the main idea is to 
concurrently optimize the components’ position parameters through a finite difference based sensitivity 
analysis and the support structure through the SIMP method. A finite circle method was developed to 
avoid the component overlap. However, the interface areas between the components and the support 
structure were repeatedly re-meshed and the adopted finite difference method required multi-time finite 
element analyses in each optimization loop, both of which reduced the overall computational efficiency. 
Later, some improvements were achieved by adopting the level set-based geometric feature representation 
and the X-FEM [Zhang et al. 2012; Kang and Wang 2013; Xia et al. 2013], which altogether eliminates 
the repeated re-meshing and the in-loop multi-time finite element analyses. Zhang et al. [2015a] also 
performed the multi-component design based on the combined SIMP and level set representations and 
they proposed a structural skeleton-based non-overlap constraint. Kang et al. [2016] performed the multi-
component design completely under the level set framework, where the level set-based distance constraint 
is proposed to prevent the multi-component overlap. Recently, the rivet or bolt connections were 
addressed in [Zhu et al. 2015; Gao et al. 2015].  

For geometric feature projection, Ha and Guest [2014] and Guest [2015] employed the Heaviside 
projection to solve the geometric feature layout problems, which enabled the creation of small circular 
features and realized the non-overlap control. Recently, Norato et al. [2015] inherited the idea from [Guo 
et al. 2014b] by filling the design domain completely with geometric features and the related freedoms 
were optimized through a proposed geometry projection method. 

The implementations under the level set framework can be traced back to Chen et al. [2007; 2008a]. They 
performed the concurrent geometric feature layout and support structure optimization under a unified 
level set framework. Both parametric and discrete level set representations were employed and combined 
through R-functions. Cheng et al. [2006] and Mei et al. [2008] also employed the parametric level set 
function for geometric feature modeling and optimization. More importantly, they calculated the 
topological derivative to insert geometric features during the early optimization loops, which enabled the 
geometric feature-based design from an arbitrary input. Gopalakrishn and Suresh [2008] contributed the 
feature-specific topological derivative algorithm introducing both internal and boundary features under 
the 2D scheme. This work provided a good theoretical basis for topological sensitivity analysis on 
inserting certain geometric features. Zhou and Wang [2013] manipulated the geometric features in a 
different manner. They regulated the boundary velocity fields of the geometric features via least squares 
fitting in order to reserve their shape characteristics; then, through the standard Hamilton Jacobi equation 
based design update, they accomplished the concurrent geometric feature control and freeform support 
structure optimization under a unified discrete level set framework. This least squares fitting idea was 
exploited by Liu and Ma [2015] to enable the geometric feature insertion to produce 2.5D machining 
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feature-based topology design. Recently, Guo et al. [2014b] and Zhang et al. [2016] contributed a novel 
level set method by arbitrarily distributing geometric features inside the design domain. By optimizing the 
related freedoms, the purely geometric feature-based topology design could be derived. 

All the methods reviewed above, developed under the SIMP/level set framework, have realized the purely 
geometric feature-based design or the combined geometric feature layout and support structure design, in 
which the geometric features can be either solid or void and have the freedom of movement, scaling and 
rotation. However, there are still gaps to be addressed in order to make these methods support the 2.5D 
machining feature-based topology design, because they are not initiated for this purpose and the 
machining rules are frequently violated. For instance, subtractive machining removes materials from the 
boundary towards inside; however, many of the methods could generate interior void features which are 
non-manufacturable. For the exception, the method proposed in [Liu and Ma 2015] was customized for 
2.5D machining feature-based topology design. The generated results are quite friendly to 2.5D 
machining. It meets the scope of this paper to design parts manufactured through ‘hybrid additive 
manufacturing and 2.5D machining’. Hence, it will be used as the basis of this paper to develop the 
topology optimization method for hybrid manufacturing. 

2.2 Topology optimization for additive manufacturing 

Additive manufacturing removes the complexity restrictions of the traditional manufacturing methods and 
has made structural topology design much more creative than before. For instance, a direct benefit is that 
the intermediate densities can now be mapped into 3D printing units and several researches have proved 
its feasibility through real testing [Khanoki and Pasini 2012; Tang et al. 2015; Zhang et al. 2015b]. 

On the other hand, new rules and constraints are introduced as well and there is a lack of solutions for 
topology optimization for additive manufacturing as pointed out in [Bracket et al. 2011; Meisel and 
Williams 2015]. Therefore, there are increasingly more publications targeting this area and several 
problems have been addressed even though not fully solved, including the non-support design [Bracket et 
al. 2011; Leary et al. 2014; Garden and Schneider 2015], the multi-material design [Gaynor et al. 2014], 
the no-interior void design [Liu et al. 2015b], the build direction design [Ulu et al. 2015], and the 
topology design interpretation for additive manufacturing [Zegard and Paulino 2015]. 

As summarized above, topology optimization for hybrid additive and subtractive manufacturing is a new 
topic which will be addressed in this work.  

 

3. Simplified density representation 

In [Gersborg and Andreasen 2011], a simplified density representation was developed to satisfy the 
casting constraint of no interior void and undercut. Because of the similarities between 2.5D machining 
and casting, the simplified density representation is also applicable to the 2.5D machining part design 
through certain tailoring. Therefore, the simplified density representation is briefly introduced in this 
section. 

In contrast to the conventional density representation, the simplified approach reduces the design space by 
assigning two density variables to each row or column of elements, see Fig.2.  
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Fig. 2 Row density variables 

Then, the following procedures are applied to project the row density variables to the entire density field 
and the same procedure is applied to column density variables. 

(1) Normalize the x-coordinate:  

௜ݏ ൌ  ௫ (1)ܮ/௜ݔ

in which ݔ௜ is the center x-coordinate of the element ݅ and ܮ௫ is the length of the row. 

(2) Stretch the simplified density variable:  

௝௞൯ݕො൫ߩ ൌ ሺܽ ൅ ܾሻߩ൫ݕ௝௞൯ െ ܾ, 0 ൏ ܾ ൏ ܽ, ௝௞൯ݕො൫ߩ ∈ ሾെܾ, ܽሿ (2) 

Initially, ߩ൫ݕ௝௞൯ ∈ ሾ0,1ሿ for the ݇th row density vairble of the ݆th row, and purpose of the stretching is to 

enable the boundary elements approaching solid or void when performing the approximate Heaviside 
projection, see Fig. 3. The positive constants ܽ and ܾ represent the stretched amounts in the lower and 
upper bounds, respectively. 

(3) Calculate the element densities through Heaviside projection:  

,௜ݔ෤ଵ൫ߩ ௝൯ݕ ൌ ,௜ݏሺܪ ;௝ଵ൯ݕො൫ߩ  ሻߚ

,௜ݔ෤ଶ൫ߩ ௝൯ݕ ൌ 1 െ ,௜ݏሺܪ ;௝ଶ൯ݕො൫ߩ  ሻߚ

෤ߩ ൌ ෤ଵߩ ൅ ሺ1 െ  ෤ଶߩ෤ଵሻߩ

(3) 

in which ߩ෤൫ݔ௜, ௝൯ݕ  is the projected element density. ܪሺݏ௜, ;௝௞൯ݕො൫ߩ ሻߚ  is the approximate Heaviside 

projection, which is defined in Eq. (4) [Liu et al. 2015b]. ߚ ൐ 0  controls the steepness of the 
approximation. 

,ݏሺܪ ;ߩ ሻߚ ൌ
݁ఉሺఘି௦ሻ

1 ൅ ݁ఉሺఘି௦ሻ
 (4) 
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Fig. 3 Schematic plot of the approximate Heaviside projection (ߚ ൌ 50, ܽ ൌ ܾ ൌ 0.2) 

Then, the general compliance minimization problem is constructed as:  

݉݅݊.	 ܥ ൌ෍்࢛ߩ෤൫ݔ௜, ௝൯ݕ
௣
࢑࢛ 

.ݏ ݃			.ݐ ൌ෍ߩ෤൫ݔ௜, ݒ௝൯ݕ െ ௠ܸ௔௫ ൑ 0 

ࢁ෤ሻߩሺࡷ ൌ  ࡲ

0 ൏ ௠௜௡ߩ ൑ ,௜ݔ෤൫ߩ ௝൯ݕ ൑ 1 

(5) 

where ࢁ  and ࡲ  are the global displacement vector and loading vector, respectively. ࡷ  is the global 
stiffness tensor. ࢛  is the element displacement vector, ࢑  is the element stiffness tensor, and ݒ  is the 
material volume of a solid element. ߩ௠௜௡ is the lower bound of the element density and ௠ܸ௔௫ is the upper 
bound of the total material volume. 

Solution of this problem is simple and the sensitivity results are derived as [Bendsoe and Sigmund 2004]: 

ܥ߲

,௜ݔ෤൫ߩ߲ ௝൯ݕ
ൌ െ்࢛ߩ݌෤൫ݔ௜, ௝൯ݕ

௣ିଵ
࢑࢛,

ܥ߲

௝௞൯ݕ൫ߩ߲
ൌ෍

ܥ߲

,௜ݔ෤൫ߩ߲ ௝൯ݕ

,௜ݔ෤൫ߩ߲ ௝൯ݕ

௝௞൯௜ݕ൫ߩ߲

 (6) 

and for the volume constraint, Eq. (7) is derived. 

߲݃

,௜ݔ෤൫ߩ߲ ௝൯ݕ
ൌ 				,ݒ

߲݃

௝௞൯ݕ൫ߩ߲
ൌ෍

߲݃

,௜ݔ෤൫ߩ߲ ௝൯ݕ

,௜ݔ෤൫ߩ߲ ௝൯ݕ

௝௞൯௜ݕ൫ߩ߲

 (7) 

 

4. 2.5D machining feature generation 

According to the row/column density variables, the material growth and elimination both happen at the 
structural boundary, which makes it similar to the velocity field concept in level set method [Wang et al. 
2003; Zhou and Wang 2013]. Therefore, the 2.5D machining feature-based level set method [Liu and Ma 
2015] can be re-developed under the density-based framework. As depicted in Fig. 2, the blue colored 
contour is an approximation of the 0/1 interface which is a compound slot feature manufacturable through 
2.5D machining. This implementation will be meaningful because as widely recognized; density-based 
method employs the advantages of easy implementation and good robustness, and thus is widely adopted 
by commercial codes. There are several reasons for level set method not appearing in commercial codes; 

ݏ
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for example, it lacks stability as so many tuning parameters are required and it is difficult to solve 
problems with many constraints under the non-parameterized formulation.  

In order to realize the 2.5D machining feature-based design, feature generation is critical but it has not 
been realized by most feature-based topology optimization methods. Some feature generation techniques 
such as feature-specific topological derivative [Cheng et al. 2006; Mei et al. 2008; Gopalakrishn and 
Suresh 2008] would not work under the density-based framework. Therefore, the feature fitting algorithm 
developed by Liu and Ma [2015] is reused here and some adaptions will be made according to the 
characteristics of the density-based method. 

The primary adaption is that the previously defined three steps are now expanded into four: define the 
feature library, make segmentation, solve the least squares fitting problem, and re-distribute the element 
densities. 

4.1 Feature library construction 

Even though density-based method will be utilized in this work, the level set functions are still employed 
to represent the machining features. The level set functions are able to greatly facilitate the boundary 
segmentation, the solution of the least squares fitting problem, and also the element density redistribution. 
In fact, the hybrid application of density-based and level set methods is quite popular these days [Kang 
and Wang 2013; Xia et al. 2013; Zhang et al. 2015a] and is advocated by many respected researchers 
[Sigmund and Maute 2013]. 

Briefly revisiting the level set-based feature representation, a square feature (see Fig. 4) is represented by: 

ሻࢄ௙ሺߔ ൌ ݉݅݊	ሼ
௦ܪ
2
െ ሺݔ െ ,଴ሻݔ

௦ܪ
2
൅ ሺݔ െ ,଴ሻݔ

௦ܪ
2
െ ሺݕ െ ,଴ሻݕ

௦ܪ
2
൅ ሺݕ െ  ଴ሻሽ (8)ݕ

in which (ݔ଴,  .௦ is the square lengthܪ ଴) is the feature primitive center coordinates andݕ

Then, a complex geometry can be constructed through Boolean operations of the individual feature 
primitives as: 

௙ଵߔ 	∪ ௙ଶߔ ൌ ,௙ଵߔ൫ݔܽ݉  ௙ଶ൯ߔ

௙ଵߔ 	∩ ௙ଶߔ	 ൌ ݉݅݊൫ߔ௙ଵ,  ௙ଶ൯ߔ

\	௙ଵߔ ௙ଶߔ ൌ ݉݅݊൫ߔ௙ଵ, െߔ௙ଶ൯ 

(9) 

In addition, the machining features are distinguished into two types: the front machining feature and the 
side machining feature; see Fig. 4. The former is applied in case that the mounting boundary segment is 
perpendicular to the cutter axis and the latter is employed in case that the mounting boundary segment is 
parallel to the cutter axis. A general 2.5D machining feature library is presented in Fig. 5 for reference. 
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(a) Front machining feature (b) Side machining feature 

Fig. 4 Definition of front and side machining features (the dark blue color represents the cutter) 

 

Fig. 5 2.5D machining feature classification [Kang et al. 2014] 

It is noted that the candidate feature types will be specified for each case study in later sections. 

4.2 Boundary segmentation 

Boundary segmentation is assisted by the level set-based feature representation. For instance, in Fig. 6a, 
the initial design domain and its top edge are represented by:  

ሻࢄሺߔ ൌ ሻࢄ଴ሺߔ ൌ ݉݅݊	ሼ
	଴ܮ
2
െ ሺݔ െ ,଴ሻݔ

଴ܮ
2
൅ ሺݔ െ ,଴ሻݔ

଴ܪ
2
െ ሺݕ െ ,଴ሻݕ

଴ܪ
2
൅ ሺݕ െ  ଴ሻሽݕ

଴ܪ
2
െ ሺݕ െ ଴ሻݕ ൌ 0,			 ሺ݌݋ݐ ݁݀݃݁ 0 ݎ݋݂ ݁ݎݑݐ݂ܽ݁  ሻ݊݋݅ݐݎ݁ݏ݊݅

(10) 

If one slot feature is fitted from the top edge, as depicted in Fig. 6b, the updated level set function will be: 

ሻࢄሺߔ ൌ  ሻ (11)ࢄଵሺߔ/ሻࢄ଴ሺߔ
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ሻࢄଵሺߔ ൌ ݉݅݊	ሼ
	ଵܮ
2
െ ሺݔ െ ,ଵሻݔ

ଵܮ
2
൅ ሺݔ െ ,ଵሻݔ

ଵܪ
2
െ ሺݕ െ ,ଵሻݕ

ଵܪ
2
൅ ሺݕ െ  ଵሻሽݕ

ଵݕ ൌ ଴ݕ ൅
଴ܪ
2
െ
ଵܪ
2
,						ሺ݉݃݊݅ݐ݊ݑ݋	݌݄݅ݏ݊݋݅ݐ݈ܽ݁ݎሻ 

ଵܪ
2
൅ ሺݕ െ ଵሻݕ ൌ 0,			 ሺ݌݋ݐ ݁݀݃݁ 1 ݎ݋݂ ݁ݎݑݐ݂ܽ݁  ሻ݊݋݅ݐݎ݁ݏ݊݅

In Eq. (11), there are two points to be noticed: the slot feature is inserted from the top edge 0 in the y 
direction and therefore, its center y-coordinate is calculated based on the mounting relationship; in 
addition, a new top edge 1 is generated after a feature has been inserted and will be used to generate new 
slot features; see Fig. 6c. 

 

Fig. 6 Procedural boundary segmentation 

4.3 Least squares problem 

The least squares fitting problem is constructed by comparing the density fields and specifically can be 
expressed as: 

ܬ			.݊݅݉ ൌ ෍൬ܪ ቀߔ൫ݔ௜, ,௝ݕ ࢙൯ቁ െ ,௜ݔ෤൫ߩ ௝൯൰ݕ
ଶ
 (12)

By solving this problem, the best-fit feature parameter set to be inserted can be derived. If there are 
multiple feature candidates, it will go through an outer loop to determine the best-fit feature type. 

On the other hand, the material volume cannot be kept constant through solution of Eq. (12) and 
occasionally, there could be big fluctuations. This inconsistency will lead to numerical instability and 
negatively impact the optimality. Hence, in order to preserve the volume, a volume-preserving functional 
is proposed and integrated into the least squares fitting problem, which is changed into: 

ܬ			.݊݅݉ ൌ ෍൬ܪ ቀߔ൫ݔ௜, ,௝ݕ ࢙൯ቁ െ ,௜ݔ෤൫ߩ ௝൯൰ݕ
ଶ
൅ ݓ ∙ ݏܾܽ ቄ෍ܪ ቀߔ൫ݔ௜, ,௝ݕ ࢙൯ቁ െ෍ߩ෤൫ݔ௜,  ௝൯ቅݕ

(13)

for feature fitting in x direction; and: 

ܬ			.݊݅݉ ൌ ෍൬ܪ ቀߔ൫ݔ௜, ,௝ݕ ࢙൯ቁ െ ,௜ݔ൫ߩ̅ ௝൯൰ݕ
ଶ
൅ ݓ ∙ ݏܾܽ ቄ෍ܪ ቀߔ൫ݔ௜, ,௝ݕ ࢙൯ቁ െ෍̅ߩ൫ݔ௜,  ௝൯ቅݕ

(14)

for feature fitting in y direction. 

In Eq. (13) and (14), ݓ is a weight factor which controls the volume-preserving effect. If it is big enough, 
the volume-preserving requirement can be well satisfied. 

4.4 Element density re-distribution  

(a) (b) (c) 

L0 
H0 

H1
L1

L2 H2
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Once the best-fit feature type and its parameter set are determined, the row/column density variables need 
to be recalculated, which is trivial in implementation. Then, the element densities are being redistributed 
as well, following the approximate Heaviside projection as illustrated in the last section.  

 

5. Optimization algorithm 

Based on the density-based optimization and adapted feature fitting algorithm, the overall flow chart of 
the proposed optimization algorithm is illustrated in Fig. 7. 

About the flow chart, there are a few points to be noted: 

(1) The boundary segments are distinguished into two types based on the design intent: the shape 
preserved boundary segments which will be post machined and the freeform boundary segments which is 
purely additive manufactured. The former will be fitted with 2.5D machining features while the latter 
employs the freeform boundary evolvement. In addition, certain boundary segments can be predefined as 
non-designable and the related row/column density variables will just be fixed. 

(2) IterNum is short for the iteration number and N is a predefined value which determines the frequency 
of feature fitting. In other words, new feature generation and the existing feature update are performed 
once for every N iterations. 

(3) Scale control is an important issue related to the feature generation, because too many feature 
primitives will complicate the geometry manipulation and reduce the manufacturability. Hence, two 
approaches have been proposed for scale control. The first approach is to predefine a threshold value ܮ௟௜௠ 
so that only boundary segments of size larger than ܮ௟௜௠ will be considered for feature fitting; see Fig. 7. 
The other approach is to predefine the layers of feature fitting. 

(4) The volume constraint is addressed through the Augmented Lagrange method which employs the 
Lagrange multiplier as: 

௞ାଵߣ ൌ ௞ߣ ൅ ௞ሺනߤ ሻ݀Ωߔሺܪ
஽

െ ௠ܸ௔௫ሻ 

௞ାଵߤ ൌ ௞ߤߙ ݁ݎ݄݁ݓ 0 ൏ ߙ ൏ 1 

(15) 

in which ߤ is the penalization factor and ߙ is its adjustment parameter. 
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Fig. 7 Overall flow chart of the proposed optimization algorithm 
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6. Implementation and numerical considerations 

6.1 2D examples 

This sub-section presents two 2D numerical examples in order to validate the proposed optimization 
algorithm. For the first problem, the boundary condition is demonstrated in Fig. 8a and the optimization 
problem is to minimize the structural compliance constrained by the maximum material volume ratio of 
0.3. For the cantilever structure problem, the boundary condition is plotted in Fig. 9a and the optimization 
problem is to minimize the structural compliance under the material volume ratio constraint of 0.6. For 
both examples, the candidate slot feature presented in Fig. 8b is applied. Only row density variables are 
considered and therefore, only the side edges will be applied for feature fitting while the top and bottom 
edges are non-designable. In addition, the predefined one-layer, two-layer, and three-layer feature fitting 
are studied, respectively. The optimization results are demonstrated in Fig. 8(c-f) and Fig. 9(b-d). 

 

 
(a) Design domain and boundary condition (b) Candidate slot feature 

  

(c) Freeform design without feature fitting (d) Forced one-layer feature fitting 

  
(e) Forced two-layer feature fitting (f) Forced three-layer feature fitting 

Fig. 8 Foot-supported beam problem 
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(a) Design domain and boundary condition (b) Freeform design without feature fitting 

  
(c) Forced one-layer feature fitting (d) Forced two-layer feature fitting 

Fig. 9 Cantilever structure problem 

Conclusions can be drawn from the two examples that, the proposed optimization algorithm is effective 
and the feature-based results could approach the freeform design in overall material layout by increasing 
the layers of feature fitting.  

6.2 Multi-directional density variables 

This subsection explores the concurrent application of the row/column density variables. Previously in 
[Lu and Chen 2012], the multi-directional machining/casting constraints were developed to realize the 
multi-directional material removal; see Fig. 10 for an example. However, there could be a large number 
of constraints to be addressed and a growth interface is required which would restrict the design flexibility. 
Hence, the row/column density variables are still preferred for multi-directional problems. 

 

 

(a) Boundary condition (b) Optimization without 
constraint 

(c) Optimization with two-
directional constraint 

(d) Optimization with 
four-directional constraint 

Fig. 10 Topology optimization with multi-directional constraints [Lu and Chen 2012] 
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Inspired by the R-functions adopted by level set geometry representation [Chen et al. 2007, 2008a], the 
same technique can be applied to combine the row and column density projections. Equations (16) and 
(17) presents the Heaviside projections based on the row and column density variables, respectively. 

൞

,௜ݔ෤ଵ൫ߩ ௝൯ݕ ൌ ,௜ݏሺܪ ;௝ଵ൯ݕො൫ߩ ሻߚ

,௜ݔ෤ଶ൫ߩ ௝൯ݕ ൌ 1 െ ,௜ݏሺܪ ;௝ଶ൯ݕො൫ߩ ሻߚ

෤ߩ ൌ ෤ଵߩ ൅ ሺ1 െ ෤ଶߩ෤ଵሻߩ
			ሺ݁݀݅ݏ݅ݒܽ݁ܪ ݊݋݅ݐ݆ܿ݁݋ݎ݌ ݂݋ ݄݁ݐ ݓ݋ݎ  ሻ (16)ݏ݈ܾ݁݅ݎܽݒ	ݕݐ݅ݏ݊݁݀

൞

,௜ݔଵ൫ߩ̅ ௝൯ݕ ൌ ,௝ݏሺܪ ;௜ଵሻݔොሺߩ ሻߚ

,௜ݔଶ൫ߩ̅ ௝൯ݕ ൌ 1 െ ,௝ݏሺܪ ;௜ଶሻݔොሺߩ ሻߚ

ߩ̅ ൌ ଵߩ̅ ൅ ሺ1 െ ଶߩଵሻ̅ߩ̅
			ሺ݁݀݅ݏ݅ݒܽ݁ܪ ݊݋݅ݐ݆ܿ݁݋ݎ݌ ݂݋ ݄݁ݐ ݊݉ݑ݈݋ܿ ሻݏ݈ܾ݁݅ݎܽݒ	ݕݐ݅ݏ݊݁݀ (17) 

Then, the real element densities can be calculated by intersecting the separately projected density fields, 
as: 

෤ߩ ∩ ߩ̅ ൌ ݉݅݊ሺߩ෤, ሻ (18)ߩ̅

To prove its effectiveness, the foot-supported beam is studied again and the optimization result is 
demonstrated in Fig. 11. 

 

Fig. 11 Topology optimization with multidirectional density variables 

6.3 Topology optimization for hybrid manufacturing 

Once the multi-directional density variables can be concurrently applied, the proposed topology 
optimization algorithm for hybrid manufacturing can be fully implemented.  

The 2D foot-supported beam example is repeated by assigning the side edges to be shape preserved and 
the top and bottom edges to be freeform. Influence of the feature fitting interval N is explored by 
assigning the values of 16, 18, 20, 22, and 24, respectively. The related optimization results are presented 
in Fig. 12. It can be observed from Fig. 12 that the algorithm effectively converges regardless of the 
feature fitting interval N. The optimized structural compliances are very close even though these results 
are not totally identical. Hence, it implies that the optimality of the proposed algorithm is only loosely 
associated with the feature fitting interval selection. 
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(a) Interval of 16 (compliance = 12.77) (b) Interval of 18 (compliance =12.74) 

  

(c) Interval of 20 (compliance =12.81) (d) Interval of 22 (compliance =12.92) 

 

(e) Interval of 24 (compliance =12.68) 

Fig. 12 Topology optimization for hybrid manufacturing with different feature fitting intervals (the grey 
color represents the three-layer compound machining feature fitted from the right face) 

 

7. 3D examples 

In this section, a few 3D examples will be studied to prove the effectiveness of the topology optimization 
method for hybrid manufacturing. 

7.1 Cube structure problem 

First, the cube structure problem is studied, of which the initial design domain (24*24*15) and the 
attached boundary conditions are presented in Fig. 13. A force of magnitude 2 is loaded at the bottom 
center and the four bottom corners shown in dark blue color are fixed. The solid material employs a 
Young’s modulus value of 1 and Poison’s ratio value of 0.3. The optimization problem is to minimize the 
structural compliance under the maximum material volume ratio of 0.3. Given the surface categorization, 
the four side faces are shape preserved while the top and bottom ones are freeform. The side machining 
feature candidate presented in Fig. 13b is employed because the cutter axis is assumed to be perpendicular 
to the top and bottom surfaces.  
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(a) Boundary condition in the bottom view (b) Side machining feature candidate 

Fig. 13 Problem setup 

Two schemes will be explored in this example with the threshold value ܮ௟௜௠  equal to 24*15 and 
0.5*24*15, respectively. Correspondingly, the optimization results are demonstrated in Fig. 14. 

  

 

(a) Result with ܮ௟௜௠ ൌ 24 ∗ 15 (compliance = 15.19)

  

Fitted machining feature 
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(b) Result with ܮ௟௜௠ ൌ 0.5 ∗ 24 ∗ 15 (compliance = 14.60)

  

(c) Freeform result (compliance = 14.40)

Fig. 14 Topology optimization results of the cube structure problem 

From the results, the following conclusions can be drawn: 

(1) The hybrid result shown in Fig. 14a is only a local optimum because it obviously can be further 
optimized. 

(2) By reducing the ܮ௟௜௠  value, the hybrid result shown in Fig. 14b yields much better structural 
performance as compared to Fig. 14a. 

(3) Optimality of the hybrid result in Fig. 14b is compatible to that of the freeform result shown in Fig. 
14c. Therefore, the new topology optimization method is practically meaningful by concurrently 
addressing the design manufacturability and optimality. 

7.2 Cantilever structure problem 

Figure 15a demonstrates the initial design domain (10*50*26) and the attached boundary conditions of 
the cantilever structure problem. A force of magnitude 2 is loaded and the dark blue color represents the 
fixed elements. In addition, a symmetric surface (shown in green) is added in order to save the 
computational resource and thus, only half of the cantilever is demonstrated. The solid material employs a 
Young’s modulus value of 1 and Poison’s ratio value of 0.3. The optimization problem is to minimize the 
structural compliance under the maximum material volume ratio of 0.5.  

For the full cantilever, the front and back surfaces are shape preserved while the others are freeform. It is 
assumed that the cutter axis is perpendicular to the front and back surfaces and hence, the front machining 
feature candidate demonstrated in Fig. 15b is adopted. 

Fitted machining feature 
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(a) Boundary condition in the front view (b) Front machining feature candidate 

Fig. 15 Problem setup for the 3D cantilever structure 

Again, two schemes will be explored in this example with the threshold value ܮ௟௜௠ equal to 50*26 and 
0.5*50*15, respectively. Correspondingly, the optimization results are plotted in Fig. 16. 

  

 

(a) Result with ܮ௟௜௠ ൌ 24 ∗ 15 (compliance = 52.96) 

  

Fitted machining feature 
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(b) Result with ܮ௟௜௠ ൌ 0.5 ∗ 24 ∗ 15 (compliance = 52.55) 

  

(c) Freeform result (compliance = 52.25)

Fig. 16 Topology optimization results of the cantilever structure problem 

By analyzing the optimization results, similar conclusions can be drawn as compared to the last example. 

7.3 A Multi-direction 2.5D machining example 

In this sub-section, a multi-direction 2.5D machining example will be studied. Here, the multi-direction 
means spatial relationship between the part and the cutter axis is not unique. As shown in Fig. 17a, faces 1 
and 2 employ the cutter axis in x-axis direction and faces 2 and 4 have the cutter axis in z-axis direction. 
Therefore, all faces 1-4 are shape preserved and will be fitted with the front machining feature. The 
candidate is plotted in Fig. 17b. In order to enhance the design freedom, this slot feature has its sectional 
nodal positions as the variables for the least squares fitting problem, which could derive the sectional 
shape of an arbitrary quadrangle. In addition, the rib is non-designable and all other surfaces are freeform. 

Figure 17a presents the initial design domain (25*40*25) and the corresponding boundary conditions. A 
force of magnitude 0.01 is loaded on top of the design and the two through-holes at the bottom plate are 
fixed. The solid material employs a Young’s modulus value of 1 and Poison ratio value of 0.3. The 
optimization problem is to minimize the structural compliance under the maximum material volume ratio 
of 0.4. 

Fitted machining feature 
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(a) Initial design domain and boundary condition 

 

(b) Front machining feature candidate 

Fig. 17 Problem setup 

The threshold value ܮ௟௜௠ is 40*20 and the optimization results are demonstrated in Fig. 18. 

  

(a) Freeform result (compliance = 2.45)

face 1

face 3

face 2

face 4
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(b) Result for hybrid manufacturing (compliance = 2.70)

 

(c) Removed machining features

Fig. 18 Topology optimization results for the bracket problem 

In this example, the machining features have been successfully generated through multiple directions and 
the overall material distributions are similar between the hybrid result (see Fig. 18b) and the freeform 
result (see Fig. 18a). However, sacrifice of the result optimality is bigger than that of the last two 
examples. For this reason, the feature fitting result is dependent on the input feature parameters and could 
be trapped at a local optimum. Solution for this problem is currently under active exploration. 

7.4 A compound machining example 

Compound machining feature generally can be divided into two categories, as demonstrated in Fig. 19. 
For the compound feature type 1, it can be realized through the multi-time feature fittings which were 
earlier conducted in Sections 7.1 and 7.2. Therefore, this section will explore the realization of the 
compound feature type 2. The strategy is to divide the initial design domain into multiple sub-domains 
and each of them will be subject to independent feature fitting. Division of the initial design domain 
requires user input, which is a reflection of the design intent. 
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Fig. 19 Compound machining features 

The example studied in this sub-section is an L-shape torque arm (10*50*50), as plotted in Fig. 20. The 
initial design domain is divided into four sub-domains: The two cylindrical areas belong to non-
designable sub-domains, where the force is loaded at the top one and the fixed boundary condition is 
applied to the bottom one. The torque arm body is divided into two sub-domains by the reference plane 
which will be treated as disconnected when performing feature fitting.  

As demonstrated in Fig. 20, the grey-color surface in the front view is shape preserved while the grey-
color surface in the back view is freeform. The other surfaces of the torque arm body are non-designable. 
The feature candidate presented in Fig. 17b is re-applied. The solid material employs a Young’s modulus 
value of 1 and Poison ratio value of 0.3. The optimization problem is to minimize the structural 
compliance under the maximum material volume ratio of 0.6. 

 

  
(a) Front view (b) Back view 

Fig. 20 The L-shape torque arm  

The threshold value ܮ௟௜௠ is 30*20 and the optimization results are demonstrated in Fig. 21. 

(a) Compound 
feature type 1 

(b) Compound 
feature type 2 
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(a) Freeform result in back view (compliance = 5.35)

 
 

(b) Result for hybrid manufacturing (compliance = 5.43)

 

(c) Removed machining features

Fig. 21 Topology optimization results for the L-shape torque arm 

In this example, the compound feature type 2 is successfully generated through the domain division and 
the derived hybrid result is compatible in structural performance to the freeform result. Currently, an 
automated domain division algorithm is under exploration which would facilitate the topology 
optimization model preparation.  

7.5 A discussion about the convergence issue 

As mentioned earlier, there are convergence issues for the proposed topology optimization method 
because of the repeatedly performed least squares fitting. It is difficult for the objective function to reach 
a stable value. Hence, two approaches can be applied to fix this convergence issue: (1) Using fixed 
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iteration number or (2) stabilizing the objective function value of the feature based result. The former is 
easy to understand but only an optimized result is derived. Therefore, the latter is employed in this work, 
through which the optimization process converges in case that the feature based result is no longer being 
modified. 

To be specific, convergence histories of the cube design in Fig. 14b, the cantilever design in Fig. 16b, and 
the bracket design in Fig. 18b are demonstrated in Fig. 22. We can see from the histories that, even 
though oscillations are always there, objective values of the feature-based results finally stabilize, which 
indicates there is no more room for further improvement. It is noted that, the red curves approximate the 
convergence histories of the feature based results subject to N=15. 

(a) The cube design in Fig. 14b  
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(b) The cantilever design in Fig. 16b 

(c) The bracket design in Fig. 18b 

Fig. 22 Convergence histories 
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8. Conclusion 

This paper presents a topology optimization method for hybrid additive-subtractive manufacturing, which 
has been successfully implemented by designing a few 3D structures. Some key findings can be drawn 
from the numerical examples that: 

(1) The derived hybrid design, at most times, demonstrates compatible structural performance compared 
to the traditional 3D freeform result. 

(2) The method can cover a wide range of 2.5D machining features, including the front and side 
machining features, and the compound machining features. In addition, the multi-direction 2.5D 
machining can also be addressed by the proposed method. 

(3) Result optimality of the hybrid design is strongly dependent on the layers of feature fitting. More 
layers generally yield more optimal result, even though the manufacturability will be reduced. 

From another perspective, the topology optimization method for hybrid design proposed in this paper is 
developed based on the casting-SIMP [Gersborg and Andreasen 2011], which was proposed to address 
the no-undercut issue for injection molding/casting parts. The purpose of employing the casting-SIMP for 
3D printing part optimization is to create the clearly identified structural boundary and enable the 
structural boundary-based propagation. In this way, part of the boundaries can be fitted with machining 
features to facilitate the post-machining. At the same time, the casting-SIMP produces the no-undercut 
design which improves the least squares fitting accuracy, because undercuts generally do not appear in 
machining feature definitions for being non-manufacturable. Another major difference compared to the 
conventional casting-SIMP is that the multi-axis based material removal/addition is enabled; instead of 
only along a fixed draw direction. 

The proposed topology optimization method has been developed and implemented using structured finite 
element mesh. The method is currently being extended to employ unstructured mesh and its formulation 
and performance will be reported in the future.  
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