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ABSTRACT

We use time-domain electromagnetic simulations to determine the spectral characteristics of the
Hydrogen Epoch of Reionization Arrays (HERA) antenna. These simulations are part of a multi-
faceted campaign to determine the e↵ectiveness of the dish’s design for obtaining a detection of
redshifted 21 cm emission from the epoch of reionization. Our simulations show the existence of
reflections between HERA’s suspended feed and its parabolic dish reflector that fall below -40 dB
at 150 ns and, for reasonable impedance matches, have a negligible impact on HERA’s ability to
constrain EoR parameters. It follows that despite the reflections they introduce, dishes are e↵ective
for increasing the sensitivity of EoR experiments at relatively low cost. We find that electromagnetic
resonances in the HERA feed’s cylindrical skirt, which is intended to reduce cross coupling and beam
ellipticity, introduces significant power at large delays (�40 dB at 200 ns) which can lead to some
loss of measurable Fourier modes and a modest reduction in sensitivity. Even in the presence of this
structure, we find that the spectral response of the antenna is su�ciently smooth for delay filtering to
contain foreground emission at line-of-sight wave numbers below kk . 0.2hMpc�1, in the region where
the current PAPER experiment operates. Incorporating these results into a Fisher Matrix analysis,
we find that the spectral structure observed in our simulations has only a small e↵ect on the tight
constraints HERA can achieve on parameters associated with the astrophysics of reionization.

1. INTRODUCTION

Observations of the redshifted 21 cm radiation from
neutral hydrogen in the intergalactic medium (IGM)
have the potential to illuminate the hitherto unobserved
dark ages and cosmic dawn, revolutionizing our under-
standing of the first UV and X-ray sources in the uni-
verse and how they influenced galactic evolution (see
Furlanetto et al. (2006), Morales & Wyithe (2010), and
Pritchard & Loeb (2012) for reviews). Major experi-
mental endeavors are underway to detect the 21 cm sig-
nal, with most focusing on the epoch of reionization
(EoR) during which UV photons from early galaxies con-
verted the hydrogen in the universe from neutral to ion-
ized. One approach involves measuring the sky-averaged
global signal and is being pursued by experiments such
as EDGES (Bowman & Rogers 2010), LEDA (Greenhill
& Bernardi 2012; Bernardi et al. 2015), DARE (Burns
et al. 2012), SciHi (Voytek et al. 2014), ZEBRA (Ekers
& Subrahmanyan 2012), SARAS (Patra et al. 2015), and
BIGHORNS (Sokolowski et al. 2015) either in their plan-
ning stages or already taking data. The global signal is
also potentially observable with a zero-spacing interfer-

ometer (Presley et al. 2015; Singh et al. 2015; Venumad-
hav et al. 2015). Another strategy is to observe spatial
fluctuations in the 21 cm emission using radio interfer-
ometers. A first generation of such experiments are at-
tempting to obtain upper limits or a first statistical de-
tection of the power spectrum of 21 cm brightness tem-
perature fluctuations. These include the Giant Metre-
wave Telescope (GMRT) (Paciga et al. 2013), the Low
Frequency ARray (LOFAR), (van Haarlem et al. 2013),
the Murchison Widefield Array (MWA) (Tingay et al.
2013), the MIT Epoch of Reionization Experiment (MI-
TEoR) (Zheng et al. 2013), and the Precision Array for
Probing the Epoch of Reionization (PAPER) (Parsons
et al. 2010). Already, many of these experiments are
beginning to yield upper limits on the 21 cm signal (Dil-
lon et al. 2013; Parsons et al. 2014; Jacobs et al. 2015;
Dillon et al. 2015a; Trott et al. 2016; Ewall-Wice et al.
2016b) and significant scientific results. The most strin-
gent power-spectrum upper limit of ⇡ 500mK2 by PA-
PER (Ali et al. 2015) is able to rule out a number of
scenarios in which the intergalactic medium received lit-
tle or no heating from X-rays (Pober et al. 2015; Greig
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et al. 2015b). As these current observatories reach their
sensitivity limits, work is beginning on the next gener-
ation of interferometers, which will have the sensitivity
required for a robust detection of the 21 cm power spec-
trum. These include the Square Kilometer Array (SKA-1
Low) (Mellema et al. 2013) and the Hydrogen Epoch of
Reionization Array (HERA)(Pober et al. 2014; DeBoer
et al. 2016; Dillon & Parsons 2016) .
The primary challenge to obtaining a high redshift de-

tection of the cosmological signal through both of these
methods is the existence of foregrounds that are ⇡ 105

times brighter (Bernardi et al. 2009; Pober et al. 2013a;
Dillon et al. 2014). Fortunately, it is expected that the
foregrounds are spectrally smooth. In power-spectrum
experiments, smooth foregrounds are naturally contained
to a finite region of Fourier space, corresponding to large
line of sight scales, known as the wedge (Datta et al. 2010;
Vedantham et al. 2012; Parsons et al. 2012b; Thyagara-
jan et al. 2013; Liu et al. 2014a,b).
Since the location of each foreground on the sky de-

termines its position in the wedge, with sources near the
horizon being introduced at line of sight scales closest to
the EoR window, the angular response of an instrument
has significant implications on the amount of side-lobe
power that is leaked into the EoR window. In Thyagara-
jan et al. (2015b,a) and Pober et al. (2016), it is found
that the response of the antenna, near the horizon, has
a significant impact on foreground contamination and
that centralized beams with highly suppressed sidelobes
are preferable.
Beyond leakage from wedge sidelobes, any structure in

the frequency response of the instrument is imprinted on
the foregrounds and has the potential to leak power into
the EoR window at small line of sight scales, masking
the signal. Indeed, sub-percent spectral features in the
analogue and digital signal chains on the initial build-out
of the MWA are proving to be a significant calibration
challenge (Dillon et al. 2015a; Ewall-Wice et al. 2016b;
Beardsley et al. 2016).
In principle, spectral structure in the bandpass of an

instrument may be removed in calibration. However,
many approaches rely on detailed models of the fore-
grounds themselves and imperfections in these models
may introduce spurious spectral structure (e.g. Barry
et al. (2016); Patil et al. (2016); Ewall-Wice et al. in
preparation). Redundant calibration (Wieringa 1992;
Liu et al. 2010; Zheng et al. 2014) avoids relying on a
detailed sky models but in its current state would be
unable to correct direction dependent chromaticity that
varies from antenna to antenna. Furthermore, direction
dependent calibration requires imaging which is not per-
formed in the delay power spectrum technique (Parsons
et al. 2012b) that HERA is designed for. Because of
our limited knowledge of low frequency foregrounds and
the fidelity of calibration algorithms, it is important to
design experiments whose bandpasses are as devoid of
spectral structure as possible.
Drawing from the lessons of the PAPER, MWA, and

MITEoR experiments, HERA (Pober et al. 2014; DeBoer
et al. 2016; Dillon & Parsons 2016) is a next genera-
tion 21 cm experiment designed to achieve a two-orders
of magnitude improvement in sensitivity over current ef-
forts, allowing it to make a robust detection of the 21 cm
power spectrum during the EoR. Much of this sensitivity

Fig. 1.— The HERA antenna element (bottom) uses a parabolic
dish to achieve an order of magnitude increase in collecting area
over the PAPER antenna (top). The sleeved dipole in the center
of the PAPER backplane is identical to the sleeved dipole being
suspended under the cylindrical skirt over the vertex of the HERA
dish. The suspended feed arrangement has the potential to intro-
duce intra-antenna reflections which we explore in this work.

increase is enabled by moving the collecting area of the
instrument into short baselines, with more modes out-
side of the wedge, and a switch from PAPER’s skirted
dipoles and the MWA’s phased dipole arrays to an an-
tenna element that consists of a feed suspended over a
large reflecting parabolic dish. In Fig. 1 we show a PA-
PER antenna and one of the initial 19 HERA dishes cur-
rently being deployed in South Africa at the same site. A
central requirement for HERA’s dish design is that the
antenna have a response that is su�ciently smooth in
frequency and a narrow beam, leaving the EoR window
free of supra-horizon emission.
This paper and its companions (Neben et al. 2016; Pa-

tra et al. in preparation; Thyagarajan et al. 2016) de-
scribe a multi-pronged campaign to assess the require-
ments and performance of the HERA dish for isolat-
ing foregrounds within the wedge. We accomplish this
by establishing antenna specifications with simulations
of foregrounds using the Precision Radio Interferometry
Simulator (PRISim1)(Thyagarajan et al. 2016) and ver-
ifying that the HERA primary antenna element meets
these specifications with reflectometry (Patra et al. in
preparation) and ORBCOMM beam mapping (Neben
et al. 2016). In this work, we present the results of time-

1
https://github.com/nithyanandan/PRISim
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domain electromagnetic simulations that are intended to
predict the degree of spectral structure due to reflections
in the HERA dish, assess the impact of this spectral
structure on the leakage of foregrounds into the EoR
window, and to verify consistency with the reflectome-
try measurements taken in the field.
This paper is organized as follows. In § 2 we lay out

our analytic framework, describing the impact of signal-
path delays (from reflections or otherwise) on foreground
leakage in delay-transform power spectra. In § 3 we de-
scribe our time-domain electromagnetic simulations of
the HERA dish element and how we extract the voltage
response function. In § 4 we describe the results and
their origin in the antenna geometry. We also verify our
simulation framework by comparing its prediction for the
S11 reflection coe�cient of the HERA dish to direct field
measurements described in Patra et al. (in preparation).
In § 5 we apply our electromagnetic simulation results
to a foreground model to determine the extent that the
HERA dish’s chromatic structure compromises the EoR
window and the impact on HERA’s ability to constrain
reionization parameters. We summarize our conclusions
in § 6.

2. THE IMPACT OF REFLECTIONS ON
DELAY-TRANSFORM POWER SPECTRA

In this section, we show how delayed signals in the ana-
log signal path of an antenna lead to foreground contam-
ination of the EoR window. Intuitively, any reflections
in the signal path introduce frequency ripples in the gain
of the instrument. Since time delay is the Fourier dual to
frequency (Parsons et al. 2012b), reflections with larger
delays introduce ripples with shorter periods. Any high-
delay frequency structure imprinted on the much brighter
foregrounds has the potential to mimic and swamp the
signal unless it is brought below the ratio between the
foregrounds and the weak cosmological signal. Equa-
tions describing the e↵ect of direction independent re-
flections in an interferometers signal chain downstream
of the feed are derived in Ewall-Wice et al. (2016b). We
now extend this analysis by considering the direction de-
pendent reflections that can occur within the antenna
element. We start by denoting the electric field of radia-
tion arriving from direction bs at the i

th antenna element
at position x

i

with angular frequency ! as s(bs,x
i

,!) and
the time-domain field as es(bs,x

i

, t). Using the fact that
es(bs,x

i

, t) = es(bs,0, t�⌧

i

) ⌘ es(bs, t�⌧

i

), where ⌧
i

= bs·x
i

/c,
we omit x

i

from our notation, referring to es(bs,x
i

, t) as
es(bs, t� ⌧

i

).
Reflections within the signal chain of each antenna are

generally described by a complex direction-dependent re-
flection coe�cient, r

i

(bs,!) which we refer to as er
i

(bs, ⌧)
in the delay domain. The e↵ect of each reflection with
delay ⌧ is to add the signal to itself multiplied by er

i

and
delayed by ⌧ . The voltage signal measured at the ith an-
tenna element, ev

i

, is the integral over solid angle of the
electric fields arriving from all directions. The presence
of reflections introduces a convolution of the electric field
entering the antenna (delayed by ⌧

i

) with er
i

(bs, ⌧):

ev
i

(t) =

Z
d⌦

Z
d⌧ er

i

(bs, ⌧)es(bs, t� ⌧

i

� ⌧). (1)

Applying the Fourier convolution theorem, the Fourier

transform of this equation gives v

i

(!) as the simple an-
gular integral of the product of s

i

(bs,!) and r

i

(bs,!).

v

i

(!) =

Z
d⌦ r

i

(bs,!)s(bs,!)e�i!⌧i
. (2)

The correlator of a radio interferometer records the
time-averaged product of the Fourier transfored voltage
streams of the ith and j

th antennas. The time averaged
correlation between the two antennas is

V

0
ij

(!) =
⌦
v

i

(!)v⇤
j

(!)
↵
t

=

Z
d⌦ r

i

(bs,!)r⇤
j

(bs,!)I(bs,!)e�i!�⌧ij

=

Z
d⌦ r

i

(bs,!)r⇤
j

(bs,!)I(bs,!)e�i!bij ·bs/c
, (3)

where �⌧

ij

= ⌧

i

� ⌧

j

= (x
i

� x
j

) ·

bs/c, I(bs,!) =⌦
|s(bs,!)|2

↵
t

is the intensity, b
ij

= (x
i

� x
j

), and the
’prime’ on V

ij

indicates that this is the measured visibil-
ity with antenna gains applied rather than the intrinsic
visibility of the sky. Here, we have invoked the fact that
electromagnetic waves arriving from di↵erent directions
are incoherent (Thompson et al. 1986). This equation
is the familiar interferometry equation (Thompson et al.
1986), allowing us to see that r

i

(bs,!) is mathematically
equivalent to the voltage beam of the antenna. This can
be explained more intuitively by the fact that any compo-
nent of the instrument that multiplies the signal in the
frequency domain will convolve the signal in the delay
domain. Convolutions of the signal in the time-domain
are mathematically identical to the e↵ect of reflections.
Setting a specification on reflections is hence equivalent
to setting a specification on the spectral smoothness of
the antenna’s voltage beam.
In order to filter spectrally smooth foregrounds from

the signal, many experiments are employing the de-
lay transform over frequency, defined as (Parsons et al.
2012b)

e
V

ij

(⌧) =
1

2⇡

Z
d!V

ij

(!)ei!⌧

. (4)

Applying this to equation 3, we obtain

e
V

ij

(⌧) =
1

2⇡

Z
d⌦

Z
d!r

i

(bs,!)r⇤
j

(bs,!)I(bs,!)e�i!(bij ·bs/c�⌧)
.

(5)
Let us examine the quantity within the angular integral.
Assuming that the voltage beam is perfectly flat in its
spectrum and ignoring the smooth spectral structure in
I(bs,!) we see that for fixed bs, the ! integral will result in
a dirac-delta function in delay, centered at ⌧ = b

ij

·

bs/c.
hence each source located at bs on the sky is mapped to a
line ⌧ = b

ij

·

bs/c, resulting in the much discussed “wedge”
(Datta et al. 2010; Vedantham et al. 2012; Parsons et al.
2012b; Morales et al. 2012; Thyagarajan et al. 2013; Liu
et al. 2014a,b).
The presence of a realistic frequency dependent beam

causes each source line to be convolved in delay with
the direction dependent kernel. To see this, we carry
out the ! integral in equation 5 and apply the Fourier
Convolution theorem.

e
V

ij

(⌧) =

Z
d⌦

Z
d⌧

0e
I(bs,b

ij

·

bs/c� ⌧ � ⌧

0) eR(bs, ⌧ 0), (6)
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where

e
R

ij

(bs, ⌧) =
Z

d⌧

0er
i

(bs, ⌧ 0 � ⌧)er⇤
j

(bs, ⌧ 0). (7)

Thus, each source line in the wedge is convolved with
an antenna kernel, e

R

ij

, which is itself the convolution of
the time-reversed delay response of the voltage beam of
antenna i with the complex conjugate of voltage beam of
antenna j. In the remainder of this paper, we will often
refer to e

R

ij

as the power kernel applied to a visibility. We
demonstrate the e↵ect of foreground smearing in Fig. 2
for a simple model with only three sources. Without re-
flections, the sources would form lines intersecting zero
in the two dimensional space with the baseline length,
b on the x-axis and the delay, ⌧ on the y-axis. With
the reflections, the sources are smeared out, leading to
supra-horizon contamination. For the sake of simplic-
ity, we now consider the case where the beam can be
separated into independent angular and frequency com-
ponents, r

i

(bs,!) = g

i

(!)a
i

(bs). For such a case, every
line in Fig. 2 would be convolved with the same delay
dependent shape, normalized to the gain of a

i

(bs). In this
situation, we have

e
V

ij

(⌧) =

Z
d⌧

0
Z

d⌧

00eg
i

(⌧ 0 � ⌧

00)eg⇤
j

(⌧ 00)eV a

ij

(⌧ � ⌧

0), (8)

where V a

ij

is the visibility for the achromatic voltage pat-
tern, a

i

(bs). We can gain further insight into the behavior
of the delay kernel arising from chromaticity by assuming
that eg

i

(⌧ = 0) � eg
i

(⌧ > 0), which should be the case at
large delays for the smooth bandpasses our instruments
are designed to have.

e
V

ij

(⌧) ⇡ eg
i

(0)

Z
d⌧

0eg⇤
j

(⌧ 0)eV a

ij

(⌧ � ⌧

0)

+ eg⇤
j

(0)

Z
d⌧

0eg
i

(�⌧

0)eV a

ij

(⌧ � ⌧

0). (9)

Hence, to first order, the impact of reflections is to
convolve the delay-transformed visibility with the volt-
age beam of the instrument. This may be a somewhat
counter-intuitive result since naive dimensional analysis
might predict that the power-kernel is proportional to
the square of the delay-response. This linear relation re-
quires that the voltage beam fall roughly five orders of
magnitude (the same as the dynamic range between fore-
grounds and signal) in the regions of delay space that we
want to measure the signal.

3. ELECTROMAGNETIC SIMULATIONS OF THE HERA
DISH ELEMENT

Having formally derived the impact of reflections on
foreground visibilities, we are in a position to investigate
their existence in the HERA dish. In this paper, we as-
sume a separable beam kernel whose response is given
at zenith and whose high-delay components are sourced
by intra-dish reflections (equation 9). The impact of the
direction dependent kernel which includes side-lobe chro-
maticity is investigated in (Thyagarajan et al. 2016). In
this section, we describe the setup and parameters of our
simulations (§ 3.1), and how we extract the voltage re-
sponse function of the dish (§ 3.2).

3.1. The Simulations

The time-dependent electromagnetic behavior of the
antenna was modeled using Microwave Studio, a com-
mercial numerical simulation package produced by Com-
puter Simulation Technology (CST). The model consists
of an idealized 14 m diameter paraboloid reflector with a
feed structure placed at the focus (4.5 m above the sur-
face). The feed is a dual linear polarized sleeved dipole
identical to that used as an element of PAPER but with
a cylindrical skirt used in place of the angled planar re-
flectors. The dipole arms are modeled as copper tubing
with aluminum disks and reflector surfaces. For sim-
ulation, the entire model was encapsulated in vacuum
dielectric with radiative boundaries and discrete ports of
125⌦ impedance were defined at the terminals of the or-
thogonal dipoles. The simulation is conducted in a box
encapsulating the dish geometry plus three wavelengths
(at 100MHz) on all sides with open boundary conditions.
Microwave Studio divides the model into approxi-

mately 94 million discrete hexahedral cells where the field
is calculated over time using Finite Integration Tech-
nique incorporating the Perfect Boundary Approxima-
tion2 (Workflow and Solver Overflow Document, CST
Microwave Studio, 2015, Chapter 3.) in response to a
100-200 MHz broadband pulse of about 40 ns in dura-
tion. The model was excited in two ways: 1) via a E-W
polarized plane wave entering the model along the bore
sight, and 2) from one of the discrete terminals (whose
analysis we focus on in § 4.5). The voltage responses at
the terminals are monitored for these two cases over a du-
ration of 500 ns as the excitation pulse travels throughout
the model.
In Fig. 3 we show the geometry of the electromagnetic

simulation. A 150MHz plane wave with a Gaussian en-
velope is initialized above the dish vertex traveling in the
�z direction. It is reflected by the dish before entering
the dipole feed, hidden below the cylindrical skirt in this
figure. We record the electric field voltage of the plane
wave at the feed output terminals as a function of time,
plotted as a red line in Fig. 3 along with the output volt-
age at the terminals for the feed polarized parallel to the
plan wave (black line). The delay between the central
envelope of the plane wave and the voltage output of
the feed is ⇡ 30 ns which corresponds to the round trip
travel time from the feed to the dish vertex and back.
However, while the input plane wave, modulated by a
gaussian, falls o↵ rapidly after the first ⇡ 20 ns after its
peak, we see that the voltage output decays far more
slowly due to reflections and resonances within the an-
tenna structure. We are able to get a qualitative feel for
the amplitude of the reflections by inspecting the fallo↵
of the time domain voltage response and see that after
60 ns it reaches ⇡ �25 dB.

3.2. Deconvolving the Response Function

We can do much better than this. From equation 1,
we know that the voltage output results from the convo-
lution of the plane wave input with the voltage gain of
the antenna. Since we know the input wave, a straight-
forward application of the Fourier convolution theorem
allows us to determine the voltage response.

2 This proprietary technique is used by CST to reduce the num-
ber of simulation cells.
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Fig. 2.— A cartoon demonstration of the impact on foregrounds of the frequency dependent beam. Left: The location of three, spectrally
flat, sources in delay space assuming a frequency independent beam (no reflections in the antenna element). Right: the presence of
chromaticity due to delayed signal within the antenna smears the source in delay with the kernel given by equation 7. Since the frequency
response of the dish is a function of direction on the sky, the shape of the delay kernel is di↵erent for each source line. We see that this
smearing can lead to substantial supra-horizon emission. In this paper, we consider a direction independent delay-kernel that is source
primarily by reflections while a more general direction-dependent kernel is explored in Thyagarajan et al. (2016)

Fig. 3.— An illustration of our simulation products and their origin in the HERA antenna geometry. A plane wave is injected from above
the feed. The electric field of the plane wave at the feed terminals (red line) along with the voltage output is recorded (black line). The
feed in our simulation is situated 5m above the bottom of the dish, hence there is a ⇡ 30 ns delay between when the plane wave passes
the terminal for the first time (A) and when it is first absorbed in the dipole (B), leading to the voltage response. Of concern to 21 cm
experiments are the subsequent reflections between the feed and the dish (C) which can lead to larger delays that contaminate the EoR
window.

Since our simulation is sampled in finite time steps,
we will adopt discretized notation for this section. In
particular, our simulation consists of N samples, evenly
spaced by d⌧ at times ⌧

n

= n⇥d⌧ . We denote the output
voltage at the feed terminals at time ⌧

n

as ev
n

. Rewriting
the convolution in equation 1 in discrete notation, we
have

ev
n

(bs) =
X

m

er
m

(bs)es
n�m

(bs). (10)

We may undo this convolution by taking a discrete
Fourier transform (DFT) of both ev and es in time, divid-
ing them in Fourier space, and taking an inverse DFT

back. Symbolically,

er(bs) = F�1

Fev(bs)
Fes(bs)

�
, (11)

where F is the Fourier transform matrix for a 1d vector
of length N .

F
mn

= e

�2⇡imn/N

. (12)

In Fig. 4 we show the amplitude of the Fourier transform
of our Gaussian input, centered at 150MHz along with
the voltage response. Since our input only has support
between ⇡ 20 and 280MHz, the direct ratio of our volt-
age response and input wave is dominated by numerical
noise outside of this range. We eliminate these artifacts
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by multiplying our ratio by a Blackman-Harris window
between 100MHz and 200MHz and set our estimate to
zero elsewhere. From a physical standpoint, this is sensi-
ble since 21 cm experiments only observe a limited band-
width. PAPER’s correlator, which will initially serve as
the HERA backend samples over a 100MHz instanta-
neous frequency interval and analog filtering is applied
to prevent aliasing.

Fig. 4.— The absolute value of the Fourier transform of the
voltage output from our dish simulations (green line) and the input
wave (blue line), normalized to the amplitude of the input wave
at 150MHz. The ratio between input and output is plotted as a
red line. Since our input is limited to frequencies between ⇡ 20
and 280MHz, there are significant numerical artifacts in the ratio
that causes divergence towards the plot edges. To eliminate this
noise, we multiply by a Blackman-Harris window between 100 and
200MHz and set our estimate to zero elsewhere (cyan line).

4. SIMULATION RESULTS

We now discuss the results of our simulations. We fo-
cus on the time-domain die o↵ of the voltage response
and the resulting power kernel (§ 4.1), comparing it to
an identical time-domain simulation of the skirted dipole
antenna used by PAPER. In § 4.2 we investigate the de-
pendence of the power kernel on frequency to determine
whether specific parts of the HERA bandpass are more
a↵ected by reflections than others. In § 4.3 we determine
the origin of excess response at long delays in our simu-
lations. In § 4.4, we discuss potential trade-o↵s in elim-
inating this structure from the antenna by determining
the impact of removing components of the HERA feed
that are responsible for the contamination. Finally, in
§ 4.5 we verify our simulation framework by comparing
a separate time domain simulation of S11 of the HERA
dish to a direct field measurement with a vector network
analyzer (VNA).

4.1. The Time Domain Response of the HERA Dish

Applying equation 11 to our simulation, we obtain esti-
mates of the time-domain voltage response of the HERA
dish towards zenith which we plot in Fig. 5. We also con-
duct a time-domain simulation of the voltage output in
response to an identical input plane wave for the skirted
dipole PAPER antenna (pictured above the HERA dish

in Fig. 1) in order to determine whether the presence
of the parabolic dish introduces reflections and spectral
structure in excess of previous successful antenna de-
signs.3 We inspect the absolute value of ev for both the
PAPER and HERA antennas in Fig. 5. Since non-zero
values of ev at negative delays violates causality, we as-
sume such features are sourced by artifacts such as side-
lobes of the zero-delay peak and/or numerical precision
noise which sets a limit of ⇡ �60 dB on the dynamic
range of our method. We first note peaks in the HERA
curve that are spaced by ⇡ 35 ns and are absent in the
PAPER simulation. Another significant di↵erence be-
tween the two curves is a knee in the HERA gain at
⇡ 120 ns that is not present in PAPER, leading to an in-
crease in gain by approximately 20 dB at 200 ns. Because
this knee does not exhibit nodes at 35 ns intervals it is
probably not sourced by reflections in the antenna-feed
geometry but by reflections involving a geometric length
that is not resolved by the 100MHz bandwidth of the
simulation.
Our next step is to compute the power kernel, e

R, given
by equation 7 by performing a convolution of the time-
reversed voltage response with the complex conjugate
voltage response. In Fig. 6 we show the resulting power
kernel for PAPER and HERA. Since both voltage gains
drop rapidly with increasing delay, the approximation in
equation 9 holds quite well and we see that the kernels
fall o↵ at a rate similar to the voltage response.

Fig. 5.— The Fourier transform of the simulated voltage re-
sponse of the HERA Dish (solid black line) and the PAPER an-
tenna element (dashed black line). Reflections in the HERA dish
element lead to significantly enhanced power above ⇠ 50 ns. Since
negative delays should be devoid of signal, they allow us to deter-
mine the dynamic range of our simulations which have a numerical
noise/sidelobes floor of �60 dB.

4.2. The Delay Response of Subbands

3 To date, PAPER has produced the most stringent limits on the
21 cm power spectrum leading us to use its design as a standard.
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Fig. 6.— The absolute value of the power kernel for the HERA
dish (solid black line) and for the PAPER antenna element (dashed
black line) calculated using equation 7. While an antenna can only
physically have a voltage response at positive delays, the delay
kernel is formed from the convolution of one antenna with the
time reversed conjugate response function of the other. Hence, the
power kernel for two identical antennas will have eR(⌧) = eR⇤(�⌧).

Because the 21 cm brightness temperature fluctuations
evolve over redshift intervals of �z & 0.5 (Zaldarriaga
et al. 2004), experiments will sub-divide their bands into
⇡ 10MHz intervals for power spectrum estimates at mul-
tiple redshifts. Thus the localization of reflections within
the HERA band will determine whether all or only a
subset of redshifts are a↵ected. To determine whether
the reflections are localized in frequency, we compute
the voltage delay response and power kernel for three
di↵erent subbands: 100� 130MHz, 130� 160MHz, and
160�190MHz. In order to maintain decent resolution of
the kernel itself, we use frequency ranges that are several
times larger than the actual subbands that will be used
for EoR power spectrum estimation (⇡ 10MHz). The
resulting power kernels are plotted in Fig. 7. The central
lobe of the subband kernels is significantly wider due to
the the wider window functions incurred by the reduced
bandwidth. We find that the shallow long-term fallo↵
is only visible within the central 130 � 160MHz band,
indicating that long term reflections are isolated around
150MHz.
To further illustrate the isolation of fine frequency

structure in the center of the bandpass and to verify
that our observations are not an artifact of our reduc-
tion of the simulation outputs, we fit 10MHz intervals of
the absolute value of the simulated gains to a sixth order
polynomial and inspect the residuals in Fig. 8. We find
that the gain residuals on the sixth order fit are an order
of magnitude greater on the 145�155MHz subband than
any other frequency interval.

4.3. The Origin of the Knee.

In Fig. 5 we see that the long-term delay response of
the HERA antenna di↵ers from the PAPER design in
two regards, the existence of node-like structures spaced

Fig. 7.— The power kernel for the three subbands discussed in
§ 4.2 along with the kernel for the full bandwidth response function.
While the long term fallo↵ from reflections is prominent between
130 � 160MHz, it appears at a much lower level in the other two
subbands which fall below the central subband by ⇠ 20 dB at ⇠

300 ns. kk values for each delay are computed at 150MHz. The
wider central lobe below 150 ns for the subband gains is due to the
lower delay resolution from the smaller bandwidth. We also show
the delay kernel for 100MHz bandwidth (black thick line).

Fig. 8.— Residuals on the absolute value of the gain over sev-
eral subbands after fitting to a sixth order polynomial. Consistent
with our findings in Fig. 7, the fine frequency residuals in the 145-
155MHz subband are over an order of magnitude greater than
those in the other subbands.

every ⇠ 35 ns, corresponding to the round trip delay be-
tween the dish and the feed, and a long-term knee that
dominates the response function after 100 ns but does
not exibit any periodicity that might be associated with
the feed-dish geometry. Here we establish the origins of
the long time-scale structure using simulations. Reflec-
tometry measurements conducted on the isolated feed
in several di↵erent configurations (Patra et al. in prepa-
ration) independently discover and verify these origins.
To determine whether this knee-like structure originates
from feed-dish reflections, we perform a simulation of a
plane wave incident along the bore-sight the HERA feed
without the dish and compare it with the time-domain
response for the feed-and-dish system in Fig. 10. The
feed only simulation lacks the reflections associated with
the dish and feed configuration (present at small delays)
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CylinderBackplane

Dipole
Fig. 9.— A closeup rendering of the HERA feed which is sus-

pended over the reflector, illustrating the cylindrical skirt, the
backplane, and the dipole. Long time-scale spectral structure arises
from electrical oscillations within the cylindrical cavity.

but retains the large-delay knee. Thus, the dominant
large time-scale contamination of the HERA band-pass
is not intrinsic to the arrangement of a feed suspended
over the dish.
We isolate the source of the knee within the feed struc-

ture (shown in Fig. 9) by running simulations of the
dipole feed with only a back-plane along with a sleeved
dipole in isolation. We show both of these voltage re-
sponses in Fig. 10. When the cylindrical skirt is removed
from the feed, the knee vanishes. Because of the narrow
band nature of the knee (§ 4.2), its presence only when
the cylinder is attached, and its exponential fallo↵ (char-
acteristic of a damped harmonic oscillator), we conclude
that the cylindrical skirt is behaving as a resonant cavity
and the resulting stored oscillating fields are responsible
for the majority of the fine-scale spectral structure in
the HERA antenna’s gain. We estimate the quality fac-
tor of the resonance to be ⇡ 6.5 from the time constant
of the exponential fallo↵ which yields a resonance width
of ⇡ 20MHz.
Since the termination of the dipole could be signifi-

cantly di↵erent from the termination used in the simu-
lation (100⌦), we also investigate the impact of the ter-
mination impedance of the dipole on the delay-response.
we vary the termination impedance between 50 to 500⌦
for several plane-wave simulations and show the result-
ing voltage responses in Fig. 11. We find that chang-
ing the termination impedance has a significant impact
on the time-domain response below ⇡ 150 ns in the re-
gion that is dominated by dish-feed reflections. Since
the termination impedance does not a↵ect resonance of
the feed cavity, its e↵ect is small beyond ⇡ 200 ns. Only
in the extreme, 500⌦ case do the reflections extend to
appreciable delays. Since delays over ⇡ 250 ns are re-
sponsible for contaminating the EoR window, termina-
tion impedance will only impact HERA’s sensitivity for
an extremely poor match.
Simulations combining the dish with the analog signal-

chain show that matching networks can reduce the levels
feed-dish reflections below those observed in this paper,
even under realistic termination conditions (Fagnoni &
de Lera Acedo 2016)4.

4 See Fig. 4. This paper investigates a di↵erent variant of the
HERA feed in which the resonance is absent but whose primary

Fig. 10.— The absolute value of the time-domain voltage re-
sponse of the cylindrical dipole feed compared to the absolute value
of the voltage response of the feed suspended over the dish. As we
might expect, the ⇠ 35 nm lobed structures associated with feed-
dish reflections are absent from the simulation of the feed only.
However, the knee like feature after ⇠ 100 ns is. This indicates
that the most severe spectral contamination in the current HERA
design does not originate in reflections between the feed and the
dish but rather within the feed itself.

Fig. 11.— The time-domain response of the HERA antenna to-
wards a plane wave incident from zenith for a variety of termination
impedances. As we vary the termination impedance, the structure
which is dominated by feed-dish reflections, below ⇡ 150 ns, varies
significantly but leaves delays greater than ⇡ 200 ns unchanged.
Only in the extreme, 500⌦ case do the reflections extend to large
delays. Since structure above 250 ns is primarily reponsible for con-
taminating the EoR window (14), the termination impedance has
a relatively small impact on HERA’s overall sensitivity.

beam properties are still being investigated.
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Since the feed properties dominate the antenna’s
long-term response, we investigate the voltage response
(Fig. 5) and the power kernel (Fig. 6) of the HERA an-
tenna without the cylindrical skirt and a bare dipole.
Removing the cylinder leads to a ⇡ 10 dB improvement
in the antenna response after 100 ns and eliminating the
backplane as well yields a 20 to 30 dB improvement.
Hence, the delay response of the HERA antenna can po-
tentially be improved by modifying the feed. There are
several trade-o↵s in polarization and sensitivity that are
made when we remove feed components which we now
discuss.

4.4. Tradeo↵s in Beam Properties.

We determined above that the long-delay knee in the
gain of the HERA dish is primarily caused by resonance
in the cylindrical skirt and backplane that surround the
PAPER dipole. These structures are added to enhance
the symmetry of its beam, to improve the e↵ective area
of the antenna, and reduce cross coupling(DeBoer et al.
2016). It is therefore worth examining the impact that
removing these components has on the properties of the
HERA beam.
We first examine the trade-o↵ that is made in polar-

ization when we remove elements of the original design.
Faraday rotation is capable of imparting fine-scale fre-
quency structure into the Q/U polarized Stokes visibil-
ities. Antennas in which the X and Y polarized beams
are not identical can leak stokes Q/U visibilities and the
spectral structure they contain into the Stokes-I visibili-
ties from which delay power spectra are formed, poten-
tially masking the 21 cm signal (Jelić et al. 2010; Moore
et al. 2013, 2015). It is shown in Moore et al. (2013) and
Moore et al. (2015) that this leakage is given approxi-
mately by

P

leak

⇡

A�
A+

P

P

⌘ ⇠P

P

, (13)

where P

P

is the linearly polarized power spectrum, and

A± =

Z
d⌦|A

xx

(bs)±A

yy

(bs)|2, (14)

where A

xx

is the x polarized beam and A

yy

is the the
y polarized beam. In Table 1 we give ⇠ at 150MHz,
computed for the three configurations of the HERA feed
discussed in § 4.3. We see that the feed with the cylin-
der has the smallest ellipticity with ⇠ ⇡ 3 ⇥ 10�3 over
much of the band. Polarization measurements from
Asad et al. (2015) indicate a polarized power spectra of
P

P

⇡ 103 mk2 within the EoR window. Thus, an an-
tenna with ⇠ ⇡ 3⇥10�3 would produce leakage of several
mk2 which is roughly an order of magnitude below typi-
cal reionization peak amplitudes of several tens of mK2.
However, the feed variant in which the cylinder has been
removed has an ellipticity that is roughly ⇡ 4⇥ larger
and a bare dipole, ⇡ 10⇥ larger. These enhanced ellip-
ticities would bring the level of the polarization leakage
to or above the level predicted in Asad et al. (2015). On
the other hand, it is possible the LST binning and aver-
aging over many nights with di↵erent rotation measures
can suppress polarization leakage by a factor of ⇡ 103 in
the power spectrum (Moore et al. 2015).
The second impact that we consider, is the e↵ective

TABLE 1
Ellipticity and effective area of the HERA antenna for

different feed configurations.

Feed Configuration Ellipticity, ⇠ E↵ective Area, Ae↵, (m2)
Cylindrical and Backplane 3.5⇥ 10�3 56.7
No Cylinder 1.5⇥ 10�2 97.2
No Cylinder or Backplane 2.8⇥ 10�2 41.9

area of the antenna, given by (Wilson et al. 2009),

Ae↵ =
�

2

R
d⌦A(bs)

. (15)

In Table 1, we see that the e↵ective area at 150MHz is ac-
tually enhanced by the removal of the cylinder but is neg-
atively impacted by the removal of the backplane which
introduces a significant back-lobe, reducing the beam’s
directivity. As detailed in Neben et al. (2016), this re-
duction in the e↵ective area of the dish lowers HERA’s
sensitivity by a factor of order unity.
The development of the HERA feed is still underway

and it is possible that improvements in the feed will al-
low for the 150MHz resonance to be eliminated while
maintaining the illumination and beam-symmetry of the
original feeds.

4.5. Verifying Our Framework with S11 Measurements
and Simulations

We now assess the accuracy of our time-domain simu-
lation framework by comparing simulations to measure-
ments of the S11 parameter of the HERA dish. Up until
now, our simulations have derived the voltage response
of the dish using simulations of an incoming plane wave
as is the case for radio signals arriving from objects at
cosmological distances. It is possible to probe the gain of
the dish using objects in the far field such as known ra-
dio sources (Thyagarajan et al. 2011; Pober et al. 2012;
Colegate et al. 2015) or constellations of ORBCOMM
satellites (Neben et al. 2015, 2016). However natural
radio sources are too weak to probe the dish response
at the . 10�4 level necessary to verify our simulations
and the ORBCOMM technique can only be used to map
the gain at the 137MHz ORBCOMM transmission fre-
quency. Work is currently underway to use broad-band
transmitters flown into the far field of the dish by drones
(Jacobs et al. in preparation) but this system is still un-
der development. Reflectometry of the dish with a VNA
is a straightforward alternative used in Patra et al. (in
preparation) to estimate the gains directly. Rather than
comparing their estimate of the gain with our predicted
gains (which is done in their paper), we set up a time do-
main simulation to compute the S11 parameter of HERA
antenna and compare it to direct S11 measurements.
S11 refers to the complex ratio between a voltage sig-

nal transmitted into the feed terminals and the volt-
age reflected back as a function of frequency, S11(f) ⌘

vtrans(f)/vrecv(f). Measurements, described in further
detail in Patra et al. (in preparation), of S11 were taken
on a prototype HERA dish at the National Radio Astron-
omy Observatory Green Bank facility using an Agilent
8753D VNA. The VNA was connected to the antenna’s
balanced feed terminal via a 30.5 m length of RG-8X-LL
coaxial cable and M/A Com HH-128 180 degree hybrid
junction. The VNA was calibrated at the balanced end of
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Fig. 12.— A comparison between time-domain simulations (black
line) and measurements (grey line) of S11 for the HERA dish. We
also show an S11 measurement with the cables leading from the
VNA to the feed terminated by an open circuit which allows us to
probe the dynamic range of the measurement. We use the standard
deviation of the open measurement (grey dashed line) between 200
and 400 ns as our systematic floor (grey shaded region). We find
very good agreement between our S11 measurement and the sim-
ulation, validating the predictions of our simulations. Both the
simulations and measurements in this figure were derived from de-
lay transforms over 100MHz.

the hybrid junction using a set of termination standards
having SMA connectors. A small adapter from SMA to
the post terminals on the feed was not included in the
calibration. The VNA excites the terminals with a band-
limited (100-200MHz) pulse, and the complex reflected
voltage at the calibration plane is measured as a function
of frequency. The reflection for the case of open termi-
nals was measured to confirm the dynamic range and
resolution of the measurement. While our simulations
are terminated with an impedance of 125⌦, the VNA
measurements are terminated at 100⌦ which only has a
small e↵ect on the large-delay response of the antenna
(Fig. 11).
Because S11 is defined as a ratio in the frequency do-

main in a form identical to our voltage gains, we may
run time-domain simulations similar to those described
in § 3.1 except rather than simulating an incoming plane
wave, we simulate the excitation of the feed terminals by
a delta-gap impedance port and record output voltage as
a function of time. We calculate S11 from the simulation
in the same manner that we obtained er using equation 11
with evrecv taking the place of ev in the numerator inside
the Fourier transform and evtrans taking the place of es in
the denominator.
In Fig. 12 we show the simulated amplitude of S11 as

a function of frequency for the HERA dish, observing a
distinctive two peaked structure before a steep die o↵ in
delay that transitions to a shallower fallo↵ at ⇡ 150 ns.
The first peak is due to the reflection of the input wave
o↵ of the back of the feed while the second, roughly 35 ns
later arises from the transmitted component of the input
wave reflecting o↵ of the dish and arriving back at the
feed. The ensuing long term die o↵ arises from reflec-
tions within the feed and dish structure and for reasons
that will be elaborated on in Patra et al. (in prepara-

tion) corresponds very closely to our simulations of the
dish gain itself (compare with Fig. 5). We get a sense of
the dynamic range of the measurement by unhooking the
SMA adapter that attaches the sleeved dipole feed to the
cable from our VNA, forming an open circuit that should
ideally give a reflection coe�cient of ⇡ 1 at zero delay
with no reflections at any other times. In this measure-
ment, we find noise-like structure at ⇡ �50 dB. Below
⇡ 500 ns, we found that this structure does not integrate
down with time, leading us to conclude that it is caused
by systematics, likely uncalibrated low level reflections
in the VNA-feed cables. The level of this noise sets the
systematic floor in our measurements which we show as
a grey shaded region in Fig. 12. We find that in the
region where the S11 measurement is above the system-
atics floor, there is good agreement with our simulations
(within several dB).

5. THE EFFECT OF THE SPECTRAL STRUCTURE DUE
TO REFLECTIONS AND RESONANCES IN THE HERA
DISH ON FOREGROUND LEAKAGE AND SENSITIVITY

We can now explore the impact of the dish’s perfor-
mance on the leakage of foregrounds out of the wedge,
and into the EoR window. Beyond the delay kernels con-
sidered in this paper and Patra et al. (in preparation), the
extent of leakage will depend both on the angular struc-
ture of the primary beam, which is established through
measurements and simulations in Neben et al. (2016) and
the brightness of the foregrounds themselves Thyagara-
jan et al. (2016). In this section, we investigate the am-
plitude of foreground leakage as a function of delay given
the angular primary beam model and our simulation of
the dish’s spectral structure. We start by performing
a physically motivated extrapolation of the delay struc-
ture observed in our simulations to cover the range of co-
moving scales relevant to power spectrum measurements
(§ 5.1). In § 5.2, we combine this extrapolated delay re-
sponse with simulations of foregrounds to determine the
overall level of foreground power in HERA’s visibilities.
This leakage will cause large-scale line-of-sight Fourier
modes to be contaminated by foregrounds and hence in-
accessible to the foreground filtering approach. Since the
signal-to-noise ratio is maximized at the smallest k val-
ues, the loss of these modes will reduce the significance of
the power spectrum detection and negatively impact the
overall bottom line of the science that HERA can accom-
plish. We explore the impact of the chromaticity due to
reflections on science using the Fisher matrix formalism
in § 5.3.

5.1. Extrapolating the Bandpass and Power Kernel

Our simulations of the dish response only extend to
⇡ 400 ns. However, interferometers are expected to be
most sensitive to the 21 cm power spectrum at comoving
scales between k ⇡ 0.1 � 0.5 hMpc�1, corresponding to
the delays between 180 and 900 ns at z = 8. To extrap-
olate out to the higher delays in this range, we assume
that the response function is dominated by a sum of field
oscillations within the feed’s cylindrical skirt and reflec-
tions between the feed and the dish.

er = er
o

+ er
r

(16)

The long term fallo↵ after the knee, which is dominated
by oscillations within the cylinder, appears as a line on
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a linear-log plot (Fig. 5). This is the response we would
expect for a damped harmonic oscillator. We thus model
the voltage response from the cylindrical skirt as an ex-
ponential

er
o

= A

o

X

� ⌧150MHz
2Q

o

(17)

where Q is the quality factor of the cavity which we de-
termine to be ⇡ 6.5.
We see in Fig. 5 that when the cylinder and backplane

are removed, the response of the antenna falls o↵ much
faster, in line with the response below ⇡ 130 ns. Like the
response from the cylinder, this fallo↵ also goes exponen-
tially which we now show is also indicative of reflections.
We let �

d

represent the reflection coe�cient of the dish
vertex and �

f

represent the reflection coe�cient of the
feed in the presence of each other. An electromagnetic
wave incident on the feed, at t = 0, is accepted with am-
plitude (1+�

f

). The reflected component travels back to
the dish and acquires an amplitude of (�

f

�
d

) before re-
turning at time, ⌧

d

later where (1+�
f

) will be accepted
and �

f

will be reflected back towards the dish. Sum-
ming the infinite series of reflections, the time dependent
voltage at the feed is

ev
r

(t) = (1 + �
f

)
X

m

(�
f

�
d

)m es(t�m⌧

d

), (18)

which implies that

er
r

(⌧) = (1 + �
f

)
X

m

(�
f

�
d

)m �

D

(⌧ �m⌧

d

). (19)

In practice, each delta-function in equation 21 is con-
volved with the window function arising from the finite
bandwidth of the instrument. For our simulations, which
have a bandwidth of 100MHz, the width of the win-
dow function is ⇡ 10 ns, partially filling in the gaps be-
tween each reflection. Since the number of reflections is
m = t/⌧

d

, than we can write the long-term delay response
in discrete form as

er(nd⌧) ⇡ (�
f

�
d

)nd⌧/⌧d (20)

which is an exponential in time. We thus model the
response due to reflections between the feed and the dish
as an exponential

er
r

= A

r

X

(⌧/30ns)
r

. (21)

To extrapolate beyond 400 ns, we fit the voltage re-
sponse to the sum of two exponentials for er

o

and er
r

and
set the feed response beyond the maximum time our sim-
ulation to this power law sum. In our pedagogical treat-
ment, we have assumed that the reflection coe�cients
are frequency independent which is not the case in real
life. The impact of frequency dependent reflection coe�-
cients is to replace the summands in equation 19 with the
Fourier transform of (�

f

�
d

)m evaluated at t = (⌧�m⌧

d

).
As long as (�

f

�
d

)m is compact in delay space, which
is the case if the reflection coe�cients evolve smoothly
with frequency, than our pedagogical approximation still
yields the power law in equation 21.

5.2. The Impact of delay response of the HERA
Antenna on Foreground Contamination

Given the chromaticity due to reflections and reso-
nances in the HERA antenna, what Fourier modes will
still be accessible with the delay filtering technique? To
answer this question, we combine our extrapolated sim-
ulations of the HERA dish’s spectral structure with sim-
ulations of foregrounds.
The foreground model is discussed in detail in Thya-

garajan et al. (2015b) but we describe them briefly here
for the reader’s convenience. It consists of two ma-
jor components: di↵use synchrotron emission from our
Galaxy whose structure is described by the Global Sky
Model (GSM) of de Oliveira-Costa et al. (2008) and a
population of point sources including objects from the
NRAO Sky Survey (NVSS) (Condon et al. 1998) at
1.4GHz and the Sydney University Mologolo Sky Survey
(SUMMS) (Bock et al. 1999) at 843MHz. Their fluxes
are extrapolated to the observed 100-200MHz band us-
ing a spectral index of h↵i = �0.83 determined in Mauch
et al. (2003). Visibilities are computed from the di↵use
and point source models assuming an achromatic angu-
lar response for the HERA beam at 137MHz described
in Neben et al. (2016). We compute two sets of visibil-
ities: one in which the spectral structure of the dish is
assumed to be completely flat, and another in which the
beam is multiplied by the frequency dependent gain at
zenith determined by our simulations.
The foreground filtering procedure employed by PA-

PER and HERA involves delay transforming the visi-
bilities and performing a 1D CLEAN (Parsons & Backer
2009; Parsons et al. 2012b) which discovers and subtracts
foregrounds within the horizon plus a small bu↵er, allow-
ing for the suppression of foreground side-lobes in delay
space. The level of foreground subtraction possible by
this procedure is limited by the thermal noise level on
the visibility, which in turn depends on the number of
time steps and redundant baselines that are averaged
before performing the CLEANing step. In this work, we
assume that each visibility is CLEANed independently
with a twenty minute cadence. Each short baseline is
coherent for ⇡ 10 s per night (Ali et al. 2015) so this is
equivalent to each local sidereal time (LST) being inte-
grated for ⇡ 120 nights before CLEANing. If we were
to average over redundant baselines this number would
drop enormously. The standard deviation on the real and
imaginary part of a single delay transformed visibility is
(Morales & Hewitt 2004)

�

V

=

p

2Bk

B

T

sys

A

e

p

⌧

, (22)

where A

e

is the e↵ective area of the dish, B is the band-
width, T

sys

is the system temperature, ⌧ is the inte-
gration time, and k

B

is the Boltzmann constant. For
T

sys

we use the equation T

sys

= 100K + T

sky

where
100K is the temperature of the PAPER receiver and
T

sky

= 60(�/1meter)2.55 is the sky temperature (Rogers
& Bowman 2008; Fixsen et al. 2011). For A

e

we use the
value of 98m2 determined in Neben et al. (2016). We
CLEAN down to five times the thermal noise level. Sub-
tracting a model of the sky is an alternative to CLEAN-
ing that could reach below the noise level on a single
visibility but also assumes a priori knowledge of the fore-
grounds and the instrumental response. In Fig 13 we
compare the delay transform of visibilities before and af-
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ter CLEANing at the LST of 4 hours. While CLEANing
is able to remove structure within the horizon, it does not
reduce any of the power leaked outside of the horizon by
the chromaticity of the dish. If we knew the spectral
response of the dish perfectly, then we might be able to
CLEAN with this kernel and remove the supra-horizon
structure though the true direction-dependent nature of
the chromaticity would complicate this task.
To form estimates of the 21 cm power spectrum, we

split each visibility into Blackman-Harris windowed sub-
bands centered at redshift intervals of �z = 0.5 and each
with a noise equivalent bandwidth of 10MHz5. The flat
sky approximation allows us to Fourier transform each
interval in frequency, square, and multiply by a set of
prefactors to obtain a power spectrum estimate (Parsons
et al. 2012a, 2014),

b
P (k) =

✓
2k

B

�

2

◆2
X

2
Y

B

pp

⌦
pp

|

e
V (u)|2. (23)

Here, � is the central wavelength of the observation, k
B

is the Boltzmann constant, B

pp

is the integral of the
square of the bandpass, and ⌦

pp

is the integral of the
primary beam squared over solid angle. X and Y are
linear factors converting between native interferometry
and cosmological coordinates, defined through the rela-
tion 2⇡u = 2⇡(u, v, ⌘) = (Xk

x

, Xk

y

, Y k

z

).
As a drift scan instrument, HERA will observe the

sky at many LSTs within the declination stripe that
passes through its primary beam, averaging over the
power spectrum estimate at each LST. It is well doc-
umented that foreground power varies significantly over
LST (Thyagarajan et al. 2015b), hence such an estimate
will either filter or weight LSTs in a way that minimizes
the impact of the most contaminated observations. For
our analysis, we focus on a single LST of 4 hours which is
a patch of sky with low Galactic contamination. Such a
patch is representative of the kind that HERA will focus
most of its observing time on.
Computing the power spectra, we inspect the ampli-

tude of foregrounds given the delay-response and angu-
lar pattern of the HERA dish for baselines of two di↵er-
ent lengths in Fig. 14. In both baselines, we find that
the residuals after CLEANing tend to be at similar lev-
els except at the subband centered at z = 8.5 (150MHz)
where the cylinder resonance is present. In bands outside
of the resonance, foreground power outside of the horizon
is dominated by side-lobes of the finite window function
used in the Fourier transform. Hence, if we remove power
inside of the horizon through cleaning, the level of this
leakage is reduced. Power that is not reduced by the 1d
clean is caused by intrinsic super-horizon structure in the
antenna gain. Over the resonance, foreground residuals
remain above the signal level out to kk = 0.23hMpc�1.
Several other baselines especially those oriented entirely
in the E-W direction, which we do not show, contain
up to two orders of magnitude greater galactic contam-
ination as is noted in Thyagarajan et al. (2015a). In
data analysis, these baselines would be down-weighted
or discarded so that they do not bias our final estimate.

5 The end to end width of each Fourier transformed interval is
20MHz, however the noise equivalent width of this interval (given
by the integral of the bandpass squared) is only ⇡ 0.5 the full width
since the Blackman-Harris window suppresses the edge channels.

Fig. 13.— The absolute magnitude of a 100-200MHz delay trans-
formed visibility from a 14-meter baseline (blue line) compared
to the same visibility (green line) contaminated by the delay-
response observed in our simulations of the HERA dish. We see
that the extended delay kernel smooths out structure, originating
from foregrounds, within the horizon. For HERA, we expect to
use the delay-CLEAN to remove foregrounds. However, the depth
of CLEANing is limited by the noise level on a single baseline.
We show the foreground residuals from a CLEAN down to the 5 �
noise level after 20 minutes of integration. Since CLEANing can-
not distinguish between foregrounds and signal, it should only be
performed within a narrow region of delay-space, close to the hori-
zon and cannot remove the broad wings leaked by the resonance
unless it is accurately modeled.

Outside of the resonance, beam chromaticity is domi-
nated by beam-antenna reflections and since the level
of foreground contamination is nearly identical to the
achromatic beam, we conclude that feed-dish reflections
do not pose a significant limitation HERA’s ability to
measure the EoR power spectrum. Dishes are therefore
a viable strategy for scaling the collecting area of 21 cm
interferometry experiments at low cost.
The level of the foregrounds in Fig. 14 is conserva-

tive since no attempt has been made to apply inverse
covariance weighting techniques (Tegmark 1997; Liu &
Tegmark 2011; Dillon et al. 2013; Parsons et al. 2014; Liu
et al. 2014a,b; Dillon et al. 2015b,a; Trott et al. 2016) or
fringe rate filtering (Parsons et al. 2015). Applications of
inverse covariance filters in recent PAPER observations
have yielded reductions in foreground power by greater
than an order of magnitude (Ali et al. 2015), hence our
simulations show that even with the presence of the en-
hanced spectral structure from reflections, HERA will be
able to isolate foregrounds well below the level of thermal
noise in most of the EoR window.

5.3. The Implications of Reflections and Resonances on
EoR Science

A primary near-term goal of 21 cm EoR observations
is to obtain information about the nature of the sources
that drove reionization. Since the amplitude of the 21 cm
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Fig. 14.— The delay transform power spectrum for di↵erent baselines over several redshifts with (green solid line) and without (blue
solid line) the presence of the simulated chromaticity in the HERA dish. Each estimate is computed using the square of a Blackman-Harris
windowed delay transform (equation 23) over a noise equivalent bandwidth of 10MHz. We also show the power spectra of foreground
residuals after CLEANing the entire 100MHz band with (dashed cyan line) and without (red dashed line) the simulated spectral structure.
For all subbands, except z = 8.5, we find that the delay response of the HERA antenna has a negligible e↵ect on the kk where the
foregrounds drop below the signal level. This is the same subband where enhanced spectral structure due to resonance in the feed cylinder
is observed in our simulations (Figs. 7 and 8). Outside of the resonance, the chromaticity of the antenna, which is primarily sourced
by feed-dish reflections, is practically identical to the achromatic model. It follows that feed-dish reflections have a negligible impact on
HERA’s 21 cm power spectrum sensitivity. For the achromatic beam, power outside of the horizon is leaked by the window-function of the
finite-band Fourier transform. Thus, reducing power inside of the horizon does reduce the level of contamination outside of the window
except when the structure is intrinsic to the frequency gain of the antenna as is the case at z=8.5 where structure is present at super-horizon
delays due to the feed resonance.
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signal is largest at smaller k values, a loss of large scale
signal due to foreground contamination eliminates the
modes on which HERA would otherwise have the great-
est signal to noise detections, reducing its overall sen-
sitivity. In this section, we use the Fisher Matrix for-
malism to estimate the impact of the HERA’s intra-dish
reflections on its sensitivity and ability to constrain the
astrophysics of reionization. The Fisher Matrix allows
us to forecast the covariances and errors on reionization
parameters given errors on power spectrum observations
due to the uncertainties caused by cosmic variance and
thermal noise which is in turn determined by the uv cov-
erage and observing time of the interferometer. The co-
variance between the parameters, ✓, of an astrophysical
model is given by the inverse of the Fisher matrix, F
which for Gaussian and independently determined power
spectrum bins may be written approximately as (Pober
et al. 2014),

F

ij

⇡

X

k,z

1

�

2(k, z)

@�2(k, z)

@✓

i

@�2(k, z)

@✓

j

, (24)

where�2(k, z) is the power spectrum amplitude for some
k � z bin and �

2(k, z) is the variance of the power spec-
trum estimate. We write this equation as approximate
since it ignores additive terms arising from the depen-
dence of �

2(k, z) on model parameters due to cosmic
variance which only contribute at the ⇡ 1% level (Ewall-
Wice et al. 2016a).
To simulate �2, we use the publicly available

21cmFAST6 code (Mesinger et al. 2011) which generates
realizations of the 21 cm brightness temperature field
using the excursion set formalism of Furlanetto et al.
(2004). We employ a popular three parameter model
of reionization (Mesinger et al. 2012) with the following
variables

• ⇣: The “ionization e�ciency” is defined in Furlan-
etto et al. (2004) to be the inverse of the mass col-
lapse fraction necessary to ionize a region and is
computed from a number of other physical parame-
ters including the fraction of collapsed baryons that
form stars and the UV photon escape fraction. Be-
cause ⇣ acts as an e�ciency parameter, its primary
e↵ect is to change the timing of reionization. We
choose a fiducial value of ⇣ = 20, though expected
values range anywhere between 5 and 50 (Songaila
& Cowie 2010).

• Rmfp: The presence of Lyman limit systems and
other potential absorbers within HII regions causes
UV photons to have a finite mean free path denoted
by Rmfp. In the 21cmFAST framework, HII regions
cease to grow after reaching the radius of Rmfp,
primarily impacting the morphology of the signal.
We choose a fiducial value of Rmfp = 15Mpc which
is in line with recent simulations accounting for the
subgrid physics of absorption (Sobacchi & Mesinger
2014).

• Tmin
vir : The minimal mass of dark matter halos that

hosted ionizing sources. While in principle, ha-
los with virial temperatures as small as 102 K are

6
http://homepage.sns.it/mesinger/DexM___21cmFAST.html

thought to be able to form stars (Haiman et al.
1996; Tegmark et al. 1997), thermal and mechani-
cal feedback have been seen to raise this limit to as
high as 105 K (Springel & Hernquist 2003; Mesinger
& Dijkstra 2008; Okamoto et al. 2008). We choose
a fiducial value of Tmin

vir = 1.5 ⇥ 104 K which is set
by the atomic line cooling threshold.

In order to account for the degeneracies in the power
spectrum between heating from X-rays and reionization
from UV photons, we also marginalize over three ad-
ditional parameters that describe the impact of heat-
ing from early X-ray sources as explored in (Ewall-Wice
et al. 2016a). These are the X-ray heating e�ciency,
f

X

; the maximal energy of X-ray photons that are self
absorbed by the ISM of early galaxies, ⌫min; and the
spectral slope, ↵ which are taken to have fiducial val-
ues of 1, 0.3 keV, and �1.2 respectively. We choose to
parameterize our model in terms of the fractional di↵er-
ence of each variable from its fiducial value so that, for
example, ✓

⇣

= (⇣�⇣fid)/⇣fid and compute the derivatives
in equation 24 by performing a linear fit to realizations
of the 21 cm power spectrum calculated by 21cmFAST at
✓

i

= ±10�2
,±5⇥ 10�2

,±10�1, and ±2⇥ 10�2.
For each measurement in the uv plane, the standard

deviation of a power spectrum measurement (�2(k, z))
is given by the direct sum of sample variance and ther-
mal noise (McQuinn et al. 2006) which in turn depends
on the primary beam of the instrument and the time
spent sampling each uv cell. For our analysis, we as-
sume that the uv plane is sampled by circular apertures
with e↵ective areas of 98m2 and that ⌧(k) is determined
by a drift scan in which non-instantaneously redundant
baselines are combined within each uv cell. We compute
the standard deviation of each (k, z) bin for the proposed
350-element deployment of HERA (HERA-350) using the
public 21cmSense7 code (Pober et al. 2013b, 2014).
We have seen in Fig. 14 that the simulated chromatic-

ity of the dish leaks foregrounds beyond the horizon to
varying degrees depending on the subband with the res-
onance occuring at z = 8.5(150MHz). In this subband,
foregrounds exceed the signal out to ⇠ 380 ns which for
a 14.6m baseline is ⇡ 330 ns beyond the horizon. At all
other redshifts, the leakage due to reflections only ex-
tends to ⇡ 250 ns beyond the horizon. To determine the
impact of the observed reflections on HERA’s ability to
constrain the astrophysics of reionization, we vary the
cuto↵ in delay below which cosmological Fourier modes
will be unobservable. To determine this cuto↵, we con-
sider three di↵erent scenarios for beam chromaticity that
capture a range of possibilities informed by our simula-
tions.

• Optimistic: The cylinder resonance is miti-
gated. In our most optimistic scenario, we assume
that a more advanced feed design is able to mitigate
the 150MHz resonance in the cylinder while pre-
serving polarization symmetry and e↵ective area.
In this case the foregrounds pass below the level
of the signal at 250 ns beyond the horizon at all
redshifts between z = 7 and 12, consistent with
what is observed in the bands where the reflections

7
https://github.com/jpober/21cmSense
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Fig. 15.— The 1� thermal noise levels achieved by HERA-350 at
three di↵erent redshifts with (grey line) and without (black line)
the presence of beam chromaticity due to the chromaticity observed
in this work. We compare these noise levels to the fiducial power
spectrum signal (red line). We saw in Fig. 14 that with reflections,
foregrounds exceed the signal level out to k = 0.23hMpc�1 at z =
8.5 which we assume are unusable, forcing us to ignore modes out
to 350 ns beyond the horizon, leading to the sensitivity projected
in the red curve. The absence of these reflections allows us to work
within 250 ns of the horizon (green curve), leading to an increase
in sensitivity by a factor of ⇡ 1.5.

are less severe or when they are not present at all.
Since the achromatic beam stays above the fore-
grounds below ⇡ 250 ns as well, this number is
set by the width of the Blackman-Harris window
function and more optimal estimators of the power
spectrum may reduce it substantially (see Ali et al.
(2015)). Hence, even our optimistic scenario is on
the conservative side, making it more pessimistic
than previous Fisher analyses (Pober et al. 2014;
Liu et al. 2016; Liu & Parsons 2016; Ewall-Wice
et al. 2016a). In this scenario, we assume that only
modes within 250 ns of the horizon are unobserv-

Fig. 16.— 95% confidence regions for reionization parameters
assuming 1000 hours of observation on HERA-350 between the
redshifts between 7.5 and 12. The presence of the reflections leads
to an increase in the major axes of these confidence regions by a
factor of one to two.

able.

• Moderate: The Simulations accurately cap-
ture the chromaticity of the dish. In this case,
we assume that the impedance match is su�cient
for the contamination from reflections to pass be-
low the level of the signal at 250 ns beyond the hori-
zon except at redshift 8.5 where the feed resonance
causes foregrounds to extend above the signal to
350 ns beyond the horizon. In this scenario, we as-
sume that modes within 250 ns of the horizon are
unobservable except for redshift 8.5 where modes
below 350 ns beyond the horizon are unobservable.
This is the scenario that would follow directly from
our simulation results.

• Pessimistic: Structure is present in all sub-
bands. In this scenario, we assume that the
resonance is still present in the neighborhood of
150MHz and that a very poor impedance match
(similar to the 500⌦ case in Fig. 11) is obtained,
allowing for significant contamination from reflec-
tions over the entire band, beyond the resonance.
For this case, structure would be present out to
⇡ 350 ns over the entire 100-200MHz frequency
range covered by HERA. In this scenario, we as-
sume that modes within 350 ns of the horizon are
unobservable across all redshift intervals.

In Fig. 15, we compare the level of 1� thermal noise for
our optimistic and pessimistic scenarios to the amplitude
of the 21 cm signal at several di↵erent redshifts. The
smallest k modes lost to foreground contamination are
the highest signal to noise measurements that HERA is
expected to obtain. Their absence impacts sensitivity
in two ways. By leading to a reduction in the maximal
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Fig. 17.— Fractional Errors on reionization and heating parameters as a function of maximal observed redshift out to the low end of
HERA-350’s initial observing band at z = 12. The presence of strong reflections contained within a small subband at z = 8.5 has a minimal
impact on our overall constraints on reionization parameters. If these reflections are not localized they can worsen our sensitivity to some
parameters such as Tmin

vir by a factor of two.

signal to noise ratio of ⇡ 1.5 and a reduction in the total
number of modes that the instrument is able to measure.
Folding our calculations of thermal noise and the

derivatives of �2 into equation 24 and inverting, we ob-
tain the covariance matrix for model parameters. We
show the 95% confidence ellipses for the reionization pa-
rameters in Fig. 16. The presence of the resonance within
a limited sub-band about z = 8.5 leads to an almost
neglible increase in the extent of our confidence inter-
vals while its presence across the entire band causes the
lengths and widths of our confidence ellipses to increase
by a factor of ⇡ 2. The diagonal elements of our covari-
ance give us error bars on each parameter which we plot
in Fig. 17. We see that similar to our confidence regions,
the error bars on reionization parameters for our opti-
mistic and moderate scenarios are nearly indestinguish-
able. In our worst case where the resonance is present
across the entire band, we see an increase in our error
bars by a factor of ⇡ 2.
The error bars on reionization parameters, even for our

most optimistic model, are a factor of a few larger than
the “moderate” errors predicted in previous works using
likelihood analyses such as Pober et al. (2014), Greig
& Mesinger (2015); Greig et al. (2015b,a) Ewall-Wice
et al. (2016a), Liu et al. (2016); Liu & Parsons (2016).
There are several reasons for this. Firstly, in our most
optimistic scenario, we assumed that foregrounds cause
the signal to be inaccessible below 250 ns beyond the edge
of the wedge which corresponds to kmin ⇡ 0.15hMpc�1

at z = 8.5 while in previous works a minimal comoving
kmin ⇡ 0.1hMpc�1 was used. Secondly, previous studies
assumed a fully illuminated HERA aperture, which for a
14m diameter dish predicts an e↵ective area of ⇡ 155m2.
Electromagnetic simulations and ORBCOMM mapping
of the angular beam pattern of the HERA dish show
that the e↵ective area of the antenna element is actually
⇡ 98m2 at 137MHz which leads to an increase in the
overall thermal noise levels by a factor of ⇡ 1.5 (Neben
et al. 2016).

Although conservative, our analysis shows that the
level of the HERA antenna’s delay response is not an
insurmountable obstacle for the 21 cm power spectrum
measurement. Even if the additional systematics intro-
duced by the feed resonance are present over the entire
band, HERA will obtain a & 10� detection of the power
spectrum and be capable of establishing precision con-
straints on the properties of the sources that reionized
the IGM.

6. CONCLUSIONS

In this paper, we have derived the impact of spectral
structure from reflections in the analog signal chain of an
interferometer on foreground contamination of the 21 cm
signal. We have used simulations of electromagnetic
waves incident from zenith on the primary antenna ele-
ment on HERA to determine the extent to which spectral
structure due to reflections in the dish leak foregrounds
into the EoR window. The results of our simulations of
the dish’s voltage response are broadly consistent with
reflectometry measurements (Patra et al. in preparation)
and can be summarized in the following points.

• Additional spectral structure, in excess of that ob-
served in the antenna design of HERA’s predeces-
sor, PAPER, is observed in our simulations. Be-
cause this structure is present in simulations with-
out the dish and is dramatically reduced when the
feed’s cylindrical enclosure is removed, we conclude
that this structure arises primarily from a reso-
nance within the feed cylinder. On the other hand,
contamination from reflections between the feed
and the parabolic dish, which are present outside of
the 150MHz resonance, are relatively minor. Such
reflections were perceived as a significant risk to
the use of dish antennas in EoR studies and our
simulations show that their impact on array sensi-
tivity is small and 21 cm experiments can be eco-
nomically scaled up through the use of dishes. Fur-
ther adjustments to the feed design aim to remove
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the cylindrical resonance while preserving collect-
ing area and polarization match.

• The resonance which is responsible for the majority
of contamination has a finite width of ⇡ 10MHz
of the HERA band. Because estimates of the
power spectrum are obtained from sub-intervals of
⇡ 10MHz, the structure that we have simulated
will only impact a single �z = 0.5 redshift inter-
val.

• Combining simulations of the HERA antenna’s
delay-response with the foreground model of Thya-
garajan et al. (2016), we find that a resonance in
the feed extends foregrounds above the level of the
cosmological signal to ⇡ 350 ns beyond the horizon
while without the resonance (but with reflections),
foregrounds extend above the signal to ⇡ 250 ns
beyond the horizon (Fig. 14). These forecasts are
conservative in that we do not attempt to inversely
weight the foregrounds by their covariances or ap-
ply additional mitigation algorithms such as delay
rate filtering.

• If beam chromaticity is contained within a 10MHz
subband around 150MHz, then the overall con-
straints that HERA will be able to place on the as-
trophysics of reionization are minimally impacted.
If the resonance were to extend across the entire
band, our constraints on reionization parameters
will su↵er a two-fold increase in uncertainty but

still remain on the order of 10%.

Our results are very encouraging since they show that
the HERA design is capable of isolating the foregrounds
to su�ciently low delays to make a high significance de-
tection of the 21 cm power spectrum during the EoR.
Since reflections are not a major source of spectral struc-
ture, feeds suspended over dishes are a viable strategy
for increasing the collecting area of HI interferometers at
a modest cost. Our results also emphasize the impor-
tance of mitigating any spectral structure in the analog
signal chain. The contamination from the feed resonance
masking our signal over some redshifts is mathematically
identical to Fourier modes introduced by any instrumen-
tal spectral structure. Hence it is important that reflec-
tions be stringently suppressed at all steps in the signal
chain beyond the dish to ensure that bright foregrounds
fall below the EoR signal. A systematic definition of
specifications on the spectral structure necessary to ob-
serve the EoR power spectrum at di↵erent k values is
presented in Thyagarajan et al. (2016).
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