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Abstract—Dictionary learning is the problem of estimating
the collection of atomic elements that provide a sparse rep-
resentation of measured/collected signals or data. This paper
finds fundamental limits on the sample complexity of estimating
dictionaries for tensor data by proving a lower bound on the
minimax risk. This lower bound depends on the dimensions of
the tensor and parameters of the generative model. The focus of
this paper is on second-order tensor data, with the underlying
dictionaries constructed by taking the Kronecker product of two
smaller dictionaries and the observed data generated by sparse
linear combinations of dictionary atoms observed through white
Gaussian noise. In this regard, the paper provides a general lower
bound on the minimax risk and also adapts the proof techniques
for equivalent results using sparse and Gaussian coefficient
models. The reported results suggest that the sample complexity
of dictionary learning for tensor data can be significantly lower
than that for unstructured data.

I. INTRODUCTION

Dictionary learning has recently received significant at-
tention due to the increased importance of finding sparse
representations of signals/data. In dictionary learning, the goal
is to construct an overcomplete basis using input signals such
that each signal can be described by a small number of atoms
(columns) [1]. Although the existing literature has focused
on one-dimensional data, many signals in practice are multi-
dimensional and have a tensor structure: examples include
2-dimensional images and 3-dimensional signals produced
via magnetic resonance imaging or computed tomography
systems. In traditional dictionary learning techniques, multi-
dimensional data are processed after vectorizing of signals.
This can result in poor sparse representations as the structure
of the data is neglected [2].

In this paper we provide fundamental limits on learning
dictionaries for multi-dimensional data with tensor structure:
we call such dictionaries Kronecker-structured (KS). Several
algorithms have been proposed to learn KS dictionaries [2]–[7]
but there has been little work on the theoretical guarantees of
such algorithms. The lower bounds we provide on the minimax
risk of learning a KS dictionary give a measure to evaluate the
performance of the existing algorithms.

In terms of relation to prior work, theoretical insights
into classical dictionary learning techniques [8]–[16] have
either focused on achievability of existing algorithms [8]–
[14] or lower bounds on minimax risk for one-dimensional
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data [15], [16]. The former works provide sample complexity
results for reliable dictionary estimation based on the ap-
propriate minimization criteria [8]–[14]. Specifically, given a
probabilistic model for sparse signals and a finite number of
samples, a dictionary is recoverable within some distance of
the true dictionary as a local minimum of some minimization
criterion [12]–[14]. In contrast, works like Jung et al. [15],
[16] provide minimax lower bounds for dictionary learning
under several coefficient vector distributions and discuss a
regime where the bounds are tight for some signal-to-noise
(SNR) values. Particularly, for a dictionary D ∈ Rm×p and
neighborhood radius r, they show N = O(r2mp) samples
suffices for reliable recovery of the dictionary within its local
neighborhood.

While our work is related to that of Jung et al. [15], [16], our
main contribution is providing lower bounds for the minimax
risk of dictionaries consisting of two coordinate dictionaries
that sparsely represent 2-dimensional tensor data. The full
version of this work generalizes the results to higher-order
tensors [17]. The main approach taken in this regard is the
well-understood technique of lower bounding the minimax
risk in nonparametric estimation by the maximum probability
of error in a carefully constructed multiple hypothesis testing
problem [18], [19]. As such, our general approach is similar to
the vector case [16]. Nonetheless, the major challenge in such
minimax risk analyses is the construction of appropriate multi-
ple hypotheses, which are fundamentally different in our prob-
lem setup due to the Kronecker structure of the true dictionary.
In particular, for a dictionary D consisting of the Kronecker
product of two coordinate dictionaries A ∈ Rm1×p1 and
B ∈ Rm2×p2 , where m = m1m2 and p = p1p2, our analysis
reduces the sample complexity from O(r2mp) for vectorized
data [16] to O(r2(m1p1+m2p2)). Our results hold even when
one of the coordinate dictionaries is not overcomplete (note
that both A and B cannot be undercomplete, otherwise D
won’t be overcomplete). Like previous work [16], our analysis
is local and our lower bounds depend on the distribution of
multidimensional data. Finally, some of our analysis relies on
the availability of side information about the signal samples.
This suggests that the lower bounds can be improved by
deriving them in the absence of such side information.

Notational Convention: Underlined bold upper-case, bold
upper-case, bold lower-case and lower-case letters are used
to denote tensors, matrices, vectors, and scalars, respectively.
We write [K] for {1, . . . ,K}. The k-th column of a matrix
X is denoted by xk, while XI denotes the matrix consisting
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ofcolumnsofXwithindicesI, Xdenotesthesumofall
elementsofX,andIddenotesthed×didentitymatrix.Also,
v0and v2denotethe 0and 2normsofthevectorv,
respectively,whileX 2and X F denotethespectraland
FrobeniusnormsofX,respectively.
WewriteX1⊗X2fortheKroneckerproductoftwomatrices
X1∈R

m×nandX2∈R
p×q:theresultisanmp×nqmatrix.

GivenX1 ∈R
m×n andX2 ∈R

p×n,wewriteX1∗X2
fortheirmp×nKhatri-Raoproduct[20]:thisisessentially
thecolumn-wiseKroneckerproductofmatrices.Giventwo
matricesofthesamedimensionX1,X2∈R

m×n,theirm×
nHadamardproductisdenotedbyX1 X2,whichisthe
element-wiseproductofX1andX2.FormatricesX1andX2,
wedefinetheirdistancetobe X1−X2 F. Weusef(ε)=
O(g(ε))iflimε→0f(ε)/g(ε)=c<∞ forsomeconstantc.

II.BACKGROUNDANDPROBLEMFORMULATION

Intheconventionaldictionarylearningsetup,itisassumed
thatanobservationy∈Rm isgeneratedviaafixeddictionary,

y=Dx+n, (1)

inwhichthedictionaryD∈Rm×pisanovercompletebasis
(m<p)withunit-normcolumns,x∈Rpisthecoefficient
vector,andn∈Rm istheunderlyingnoisevector.Incontrast
tothisconventionalsetup,ourfocusinthispaperisonsecond-
ordertensordata.Considerthe2-dimensionalobservationY∈
Rm1×m2.Usinganyseparabletransform,Ycanbewrittenas

Y=(T−11 )
TXT−12 , (2)

whereX ∈Rp1×p2 isthematrixofcoefficientsandT1∈
Rp1×m1 andT2∈R

p2×m2 arenon-singularmatricestrans-
formingthecolumnsandrowsofY,respectively.Defining
A (T−12 )

T andB (T−11 )
T,wecanuseapropertyof

Kroneckerproducts[21],vec(BXAT)=(A⊗B)vec(X),to
getthefollowingexpressionfory vec(Y):

y=(A⊗B)x+n (3)

forcoefficientvectorx vec(X)∈Rp,andnoisevector
n∈Rm,wherep p1p2andm m1m2.Inthiswork,we
assumeNindependentandidenticallydistributed(i.i.d.)noisy
observationsykthataregeneratedaccordingtothemodelin
(3).ConcatenatingtheseobservationsinY∈Rm×N,wehave

Y=DX+N, (4)

whereD A⊗BistheunknownKSdictionary,X∈Rp×N

isthecoefficientmatrixwhichweinitiallyassumetoconsistof
zero-meanrandomcoefficientvectorswithknowndistribution
andcovarianceΣx,andN ∈ Rm×N isadditive white
Gaussiannoise(AWGN)withzeromeanandvarianceσ2.
Ourmaingoalinthispaperistoderiveconditionsunder
whichthedictionaryD canpossiblybelearnedfromthe
noisyobservationsgivenin(4).Inthisregard,weassume
thetrueKSdictionaryDconsistsofunitnormcolumnsand
wecarryoutlocalanalysis.Thatis,thetrueKSdictionary
D isassumedtobelongtoaneighborhoodaroundafixed

(normalized)referenceKSdictionaryD0=A0⊗B0,i.e.,
a0,j2=1∀j∈[p1],b0,j2=1∀j∈[p2],andD0∈D:

D D ∈Rm×p:dj 2=1∀j∈[p],D =A ⊗B,

A ∈Rm1×p1,B ∈Rm2×p2 ,and (5)

D∈X(D0,r) D ∈D:D −D0
2
F<r , (6)

wheretheradiusrisknown.Itisworthnotingherethat,
similartotheanalysisforvectordata[16],ouranalysis
isapplicabletotheglobalKSdictionarylearningproblem.
Finally,someofouranalysisinthefollowingalsoreliesonthe
notionoftherestrictedisometryproperty(RIP).Specifically,
DsatisfiestheRIPoforderswithconstantδsif

∀s-sparsex,(1−δs)x
2
2≤ Dx 2

2≤(1+δs)x
2
2.(7)

A. Minimaxriskanalysis

Weareinterestedinlowerboundingtheminimaxriskfor
estimatingD basedonobservationsY,whichisdefinedas
theworst-casemeansquarederror(MSE)thatcanbeobtained
bythebestKSdictionaryestimatorD(Y).Thatis,

ε∗=inf
D

sup
D∈X(D0,r)

EY D(Y)−D
2

F
. (8)

Inordertolowerboundthisminimaxriskε∗,weresorttothe
multiplehypothesistestingapproachtakenintheliteratureon
nonparametricestimation[18],[19].Thisapproachisequiv-
alenttogeneratingaKSdictionaryDluniformlyatrandom
fromacarefullyconstructedclassDL ={D1,...,DL}⊆
X(D0,r),L≥2,foragiven(D0,r).ObservationsY =
DlX+Ninthissettingcanbeinterpretedaschanneloutputs
thatarefedintoanestimatorthatmustdecodeDl.Alower-
boundontheminimaxriskinthissettingdependsnotonly
onproblemparameterssuchasthenumberofobservations
N,noisevarianceσ2,dimensionsofthetrueKSdictionary,
neighborhoodradiusr,andcoefficientdistribution,butalso
onvariousaspectsoftheconstructedclassDL[18].
Toensureatightlowerbound,wemustconstructDLsuch
thatthedistancebetweenanytwodictionariesinDLissuffi-
cientlylargeandthehypothesistestingproblemissufficiently
hard,i.e.,distinctdictionariesresultinsimilarobservations.
Specifically,forl,l∈[L],wedesireaconstructionsuchthat

∀l=l,Dl−Dl F≥2
√
2ε and

DKL fDl(Y)||fDl(Y)≤αL, (9)

whereDKL fDl(Y)||fDl(Y)denotestheKullback-Leibler
(KL)divergencebetweenthedistributionsofobservations
basedonDl∈ DL andDl ∈ DL,whileεandαL are
non-negativeparameters.Roughly,theminimaxriskanalysis
proceedsasfollows.ConsideringD(Y)tobeanestimatorthat
achievesε∗,andassumingε∗<εandDlgenerateduniformly
atrandomfromDL,wehaveP(l(Y)= l) =0forthe
minimum-distancedetectorl(Y)aslongasD(Y)−DlF<√
2ε.Thegoalthenistorelateε∗toP(D(Y)−DlF≥

√
2ε)

andP(l(Y)=l)usingFano’sinequality[19]:

(1−P(l(Y)=l))log2L−1≤I(Y;l), (10)
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whereI(Y;l)denotesthemutualinformation(MI)between
theobservationsY andthedictionaryDl.Noticethatthe
smallerαL isin(9),thesmallerI(Y;l)willbein(10).
Unfortunately,explicitlyevaluatingI(Y;l)isachallenging
taskinoursetupbecauseoftheunderlyingdistributions.
Similarto[16],wewillinsteadresorttoupperbounding
I(Y;l)byassumingaccesstosomesideinformationT(X)
thatwillmaketheobservationsYconditionallymultivariate
Gaussian(recallthatI(Y;l)≤ I(Y;l|T(X))).Ourfinal
resultswillthenfollowfromthefactthatanylowerbound
forε∗giventhesideinformationT(X)willalsobealower
boundforthegeneralcase[16].

B.Coefficientdistribution

Theminimaxlowerboundsinthispaperarederivedforvar-
iouscoefficientdistributions.First,similarto[16],weconsider
arbitrarycoefficientdistributionsforwhichthecovariance
matrixΣxexists. Wethenspecializeourresultsforsparse
coefficientvectorsand,underadditionalassumptionsonthe
referencedictionaryD0,obtainatighterlowerboundforsome

signal-to-noiseratio(SNR)regimes,whereSNR=
Ex(Dx

2
2)

En(n 2
2)
.

1)Generalcoefficients:Thecoefficientvectorxinthis
caseisassumedtobeazero-meanrandomvector with
covarianceΣx.Wealsoassumeaccesstothesideinformation
T(X)=Xtoobtainalowerboundonε∗inthissetup.
2)Sparsecoefficients:Inthiscase,weassumextobeans-
sparsevectorsuchthatthesupportofx,denotedbysupp(x),
isuniformlydistributedoverE={S⊆[p]:|S|=s}:

P(supp(x)=S)=
1
p
s

foranyS∈E. (11)

Further,wemodelthenonzeroentriesofx,i.e.,xS,asdrawn
inani.i.d.fashionfromadistributionwithvarianceσ2a:

Ex{xSx
T
S|S}=σ

2
aIs. (12)

Noticethatanxundertheassumptionsof(11)and(12)has

Σx=
s

p
σ2aIp. (13)

Further,itiseasytoseeinthiscasethatSNR=
sσ2a
mσ2.Finally,

thesideinformationassumedinthissparsecoefficientssetup
willeitherbeT(X)=XorT(X)=supp(X).

III.LOWERBOUNDFORGENERALCOEFFICIENTS

Wenowprovideourmainresultforthelowerboundfor
theminimaxriskoftheKSdictionarylearningproblemfor
thecaseofgeneral(i.i.d.)coefficientvectors.

Theorem1. ConsideraKSdictionarylearningproblem
withN i.i.dobservationsgeneratedaccordingtomodel(3)
andthetruedictionarysatisfying(6)forsomerandD0.
SupposeΣx existsforthezero-meanrandomcoefficient
vectors.Ifthereexistsanestimatorwithworst-case MSE
ε∗ ≤ 2p(1−t)

8 min{1,r
2

4p},thentheminimaxriskislower
boundedby

ε∗≥
C1r

2σ2

Np Σx 2
(c1(p1(m1−1)+p2(m2−1))−3) (14)

forany0<c1<
t

8log2and0<t<1,whereC1=
(1−t)p
32r2 .

OutlineofProof:Theideaoftheproof,asdiscussedin
sectionII-A,isthatweconstructasetofLdistinctKS
dictionariesthatsatisfy:

•DL={D1,...,DL}⊂X(D0,r)
•AnytwodistinctdictionariesinDL areseparatedbya
minimumdistanceintheneighborhood,i.e.,foranyl,l∈
[L]andsomepositiveε≤2p(1−t)

8 min{1,r
2

4p}:

Dl−DlF≥2
√
2ε,forl=l. (15)

Noticethatifthetruedictionary,Dl∈DL,isselecteduni-
formlyatrandomfromDLinthiscasethen,givensideinfor-
mationT(X)=X,theobservationsYfollowamultivariate
Gaussiandistributionandanupperboundontheconditional
MII(Y;l|T(X))canbeobtainedbyusinganupperbound
forKL-divergenceofmultivariateGaussiandistributions.This
bounddependsonparametersε,N,m1,m2,p1,p2,Σx,s,r,
andσ2.
Next,assuming(15)holdsforDL,ifthereexistsanestima-

torD(Y)achievingtheminimaxriskε∗≤εandtherecovered
dictionaryD(Y)satisfiesD(Y)−DlF<

√
2ε,themini-

mumdistancedetectorl(Y)canrecoverDl.Consequently,the
probabilityoferrorP(D(Y)=Dl)≤P(D(Y)−DlF ≥√
2ε)canbeusedtolowerboundtheconditional MIusing
Fano’sinequality.Theobtainedlowerboundinourcasewill
onlybeafunctionofL.
Finally,usingtheobtainedupperandlowerboundsforthe
conditionalMI:

η2≤I(Y;l|T(X))≤η1, (16)

alowerboundfortheminimaxriskε∗isattained.
AformalproofofTheorem1reliesonthefollowinglemmas

whoseproofsappearinthefullversionofthiswork[17].Note
thatsinceourconstructionofDL ismorecomplexthanthe
vectorcase[16,Theorem1],itrequiresadifferentsequence
oflemmas,withtheexceptionofLemma3,whichfollows
fromthevectorcase.

Lemma1.ThereexistsasetofL=2c1(mp)−
1
2 matrices

Al∈R
m×p,whereelementsofAltakevalues±αforsome

α >0,suchthatforl,l∈[L],l= l,anyt >0and

c1<
1

2log2
t

2α2mp

2

,thefollowingrelationissatisfied:

(Al Al)≤t. (17)

Lemma2.Consideringthegenerativemodelin(3),given
somer>0andreferencedictionaryD0,thereexistsaset
DL⊆X(D0,r)ofcardinalityL=2

c1((m1−1)p1+(m2−1)p2)−1

suchthatforany0<c1<
t2

8log2,any0<t<1,andany
ε>0satisfying

ε<min r2,
r4

4p
(18)

andanyl,l∈[L],withl=l,wehave

2p

r2
(1−t)ε≤ Dl−Dl

2
F≤

8p

r2
ε. (19)
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Furthermore,consideringthegeneralcoefficientmodelforX
andassumingsideinformationT(X)=X,wehave

∀l,I(Y;l|T(X))≤
4Np Σx 2
r2σ2

ε. (20)

Lemma3.Considerthegenerativemodelin(3)withminimax
riskε∗≤εforsomeε>0.Assumethereexistsafiniteset
DL⊆DwithLdictionariessatisfying

Dl−Dl
2
F≥8ε (21)

forl=l.ThenforanysideinformationT(X),wehave

I(Y;l|T(X))≥
1

2
log2(L)−1. (22)

ProofofTheorem1.AccordingtoLemma2,foranyεsat-
isfying(18),thereexistsasetDL⊆X(D0,r)ofcardinality
L =2c1((m1−1)p1+(m2−1)p2)−1 thatsatisfies(20)forany
c1 <

t
8log2 andany0<t < 1.AccordingtoLemma

3,ifweset2p
r2(1−t)ε =8ε,(21)issatisfiedforDL

andprovidedthereexistsanestimatorwithworstcaseMSE
satisfyingε∗≤ 2p(1−t)

8 min{1,r
2

4p},(22)holds.Combining
(20)and(22)weget

1

2
log2(L)−1≤I(Y;l|T(X))≤

32Np Σx 2
c2r2σ2

ε, (23)

wherec2=
2p
r2(1−t).DefiningC1=

(1−t)p
32r2 ,(23)translates

into

ε≥
C1r

2σ2

Np Σx 2
(c1(p1(m1−1)+p2(m2−1))−3).(24)

IV.LOWERBOUNDFORSPARSECOEFFICIENTS

Wenowturnourattentiontothecaseofsparsecoefficients
andobtainlowerboundsforthecorrespondingminimaxrisk.
WefirststateacorollaryofTheorem1,forT(X)=X.

Corollary1.ConsideraKSdictionarylearningproblemwith
Ni.i.dobservationsaccordingtomodel(3).Assumingthetrue
dictionarysatisfies(6)forsomerandthereferencedictionary
D0satisfiesRIP(s,

1
2),iftherandomcoefficientvectorxis

selectedaccordingto(11)andthereexistsanestimatorwith
worst-caseMSEerrorε∗≤2p(1−t)

8 min{1,r
2

4p},theminimax
riskislowerboundedby

ε∗≥
C1r

2σ2

Nsσ2a
(c1(p1(m1−1)+p2(m2−1))−3) (25)

forany0<c1<
t

8log2and0<t<1,whereC1=
(1−t)p
32r2 .

ThisresultisadirectconsequenceofTheorem1,by
substitutingthecovariancematrixofXgivenin(13)in(14).

A.SparseGaussiancoefficients

Inthissection,wemakeanadditionalassumptiononthe
coefficientvectorgeneratedaccordingto(11)andassume
non-zeroelementsofxfollowaGaussiandistribution.By
additionallyassumingthenon-zeroentriesofxarei.i.d.,we
canwritexSas

xS∼N(0,σ
2
aIs).

a
1
⌦
b
1

a
1
⌦
b
2

a1⌦b3 a2⌦b1 a2⌦b4 a3⌦b5

a
3
⌦
b
6

a
1
⌦
b
3

a
2
⌦
b
1

a
2
⌦
b
4

a
3
⌦
b
5

D=A⌦B DSk

(26)

Fig.1. AnillustrationofDl,Sk withp1=3,p2=6andsparsitys=4.
Here,Ska={1,2,2,3},Skb={3,1,4,5},andSk={3,7,10,17}.

Therefore,givensideinformationT(x)=supp(x),obser-
vationsyfollowa multivariate Gaussiandistribution. We
nowprovideatheoremforthelowerboundattainedforthis
coefficientdistribution.

Theorem2.ConsideraKSdictionarylearningproblemwith
N i.i.dobservationsaccordingtomodel(3).Assumingthe
truedictionarysatisfies(6)forsomerandthereference
coordinatedictionariesA0andB0satisfyRIP(s,

1
2),ifthe

randomcoefficientvectorxisselectedaccordingto(11)and
(26)andthereexistsanestimatorwithworst-caseMSEerror
ε∗ ≤ 2p(1−t)

8 min{1s,
r2

4p},thentheminimaxriskislower
boundedby

ε∗≥
C2r

2σ4

Ns2σ4a
(c1(p1(m1−1)+p2(m2−1))−3) (27)

forany0<c1<
t

8log2and0<t<1,whereC2=1.58×

10−5.
p(1−t)

r2
.

OutlineofProof:TheconstructeddictionaryclassDL in
Theorem2issimilartothatinTheorem1.Buttheupper
boundfortheconditionalMI,I(Y;l|supp(X)),differsfrom
thatinTheorem1asthesideinformationisdifferent.
GiventhetruedictionaryDlandsupportSkforthek-

thcoefficientvectorxk,letDl,Sk denotethecolumnsofDl
correspondingtothenon-zeroselementsofxk.Inthiscase,
wehave

yk=Dl,SkxSk+nk,k∈[N]. (28)

WecanwritethesubdictionaryDl,Sk intermsoftheKhatri-
Raoproductoftwosmallermatrices:

Dl,Sk=Ala,Ska∗Blb,Skb, (29)

whereSka={ik}
s
k=1,ik∈[p1],andSkb={ik}

s
k=1,ik∈

[p2],aremultisetswiththefollowingrelationshipwithSk=
{ik}

s
k=1,ik∈[p]:ik=(ik−1)p2+ik,k∈[s].Notethat

Ala,Ska andBlb,Skb arenotsubmatricesofAla andBlb,as
SkaandSkbaremultisets.Figure1providesavisualillustra-
tionof(29).Therefore,theobservationsfollowamultivariate
Gaussiandistributionwithzeromeanandcovariancematrix:

Σk,l=σ
2
a(Ala,Ska∗Blb,Skb)(Ala,Ska∗Blb,Skb)

T+σ2Is
(30)

andweneedtoobtainanupperboundfortheconditionalMI
using(30).WestateavariationofLemma2necessaryforthe
proofofTheorem2.Theproofofthelemmaisagainprovided
in[17].

Lemma4.Consideringthegenerativemodelin(3),given
somer>0andreferencedictionaryD0,thereexistsaset
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TABLEI
ORDER-WISELOWERBOUNDSONTHEMINIMAXRISKFORVARIOUS

COEFFICIENTDISTRIBUTIONS

Distribution

Dictionary
Unstructured[16] Kronecker(thispaper)

Sparse
r2p

NSNR

r2(m1p1+m2p2)

NmSNR

GaussianSparse
r2p

NmSNR2
r2(m1p1+m2p2)

Nm2SNR2

DL⊆X(D0,r)ofcardinalityL=2
c1((m1−1)p1+(m2−1)p2)−1

suchthatforany0<c1<
t2

8log2,any0<t<1,andany
ε>0satisfying

0<ε ≤min
r2

s
,
r4

4p
, (31)

andanyl,l∈[L],withl=l,wehave

2p

r2
(1−t)ε≤ Dl−Dl

2
F≤

8p

r2
ε. (32)

Furthermore,assumingthereferencecoordinatedictionaries
A0andB0satisfyRIP(s,

1
2)andthecoefficientmatrixX

isselectedaccordingto(11)and(26),consideringside
informationT(X)=supp(X),wehave:

I(Y;l|T(X))≤7921
σa
σ

4Ns2

r2
ε. (33)

ProofofTheorem2.AccordingtoLemma4,foranyεsat-
isfying(31),thereexistsasetDL⊆X(D0,r)ofcardinality
L =2c1((m1−1)p1+(m2−1)p2)−1 thatsatisfies(33)forany
c1<

t
8log2andany0<t<1.Setting

2p
r2(1−t)ε=8ε,

(21)issatisfiedforDLand,providedthereexistsanestimator
withworstcaseMSEsatisfyingε∗≤2p(1−t)

8 min{1s,
r2

4p},(22)
holds.Consequently,

1

2
log2(L)−1≤I(Y;l|T(X))≤

8×7921

c2

σa
σ

4Ns2

r2
ε,

(34)

wherec2=
2p
r2(1−t).DefiningC2=1.58×10

−5.p(1−t)r2 ,
(34)canbewrittenas

ε≥C2
σ

σa

4r2(c1(p1(m1−1)+p2(m2−1))−3)

Ns2
.(35)

V.DISCUSSIONANDCONCLUSION

Inthispaperwefollowaninformation-theoreticapproach
toprovidelowerboundsforthe worst-case MSEof KS
dictionariesthatgenerate2-dimensionaltensordata.Table
Iliststhedependenceoftheknownlowerboundsonthe
minimaxratesonvariousparametersofthedictionarylearning

problemandtheSNR=
sσ2a
mσ2

.Comparedtotheresultsin[16]

fortheunstructureddictionarylearningproblem,whichare
notstatedinthisform,butcanbereducedtothis,weare
abletodecreasethelowerboundinallcasesbyreducingthe

scalingO(pm)toO(p1m1+p2m2)forKSdictionaries.This
isintuitivelypleasingsincetheminimaxlowerboundhasa
linearrelationshipwiththenumberofdegreesoffreedomof
theKSdictionary,whichis(p1m1+p2m2),andthesquare
oftheneighborhoodradiusr2.Theresultsalsoshowthatthe
minimaxriskdecreaseswithalargernumberofsamplesN
andincreasedSNR.NoticealsothatinhighSNRregimes,the
lowerboundin(25)istighter,while(27)resultsinatighter
lowerboundinlowSNRregimes.Ourboundsdependon
thesignaldistributionandimplynecessarysamplecomplexity
scalingN = O(r2(m1p1+m2p2).Futureworkincludes
extendingthelowerboundsforhigher-ordertensorsandalso
specifyingalearningschemethatachievestheselowerbounds.
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