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Abstract—Th≥ Nyström m≥tho≤ is a matrix approximation
t≥chniqu≥ that has shown gr≥at promis≥ in sp≥≥≤ing up sp≥ctral
clust≥ring. How≥v≥r, wh≥n th≥ input matrix is spars≥, w≥ show
that th≥ tra≤itional Nystr̈om m≥tho≤ r≥quir≥s a prohibitiv≥ly
larg≥ numb≥r of sampl≥s to obtain a goo≤ approximation. W≥
propos≥ a nov≥l sampling approach to s≥l≥ct th≥ lan≤mark points
us≥≤ to comput≥ th≥ Nystr̈om approximation. W≥ show that th≥
propos≥≤ sampling approach ob≥ys th≥ sam≥ ≥rror boun≤ as
in Boun≥ffouf an≤ Birol (2015). To control sampl≥ compl≥xity,
w≥ propos≥ a s≥l≥ctiv≥ ≤≥nsification st≥p bas≥≤ on br≥a≤th-first
trav≥rsal. W≥ show that th≥ propos≥≤ ≤≥nsification ≤o≥s not
chang≥ th≥ optimal clust≥ring. R≥sults on r≥al worl≤ ≤atas≥ts
show that by combining th≥ propos≥≤ sampling an≤ ≤≥nsification
sch≥m≥s, w≥ can obtain b≥tt≥r accuracy compar≥≤ to oth≥r
t≥chniqu≥s us≥≤ for th≥ Nystr̈om m≥tho≤ whil≥ using significantly
f≥w≥r sampl≥s.

I. INTRODUCTION

Sp≥ctral clust≥ring is a popular t≥chniqu≥ for clust≥ring [3]
bas≥≤ on th≥ ≥ig≥nv≥ctors of th≥ normaliz≥≤ graph Lapla-
cian. Low rank approximations ar≥ us≥≤ to scal≥ up th≥s≥
m≥tho≤s by simplifying th≥ computation of ≥ig≥nv≥ctors an≤
≥ig≥nvalu≥s. S≥v≥ral it≥rativ≥ m≥tho≤s to comput≥ th≥ low
rank approximation lik≥ [4], [5] involv≥ th≥ us≥ of th≥ ≥ntir≥
matrix making th≥m inf≥asibl≥ for larg≥ matric≥s. An alt≥rnat≥
approach, th≥ Nystr̈om approximation, has b≥≥n a stan≤ar≤
tool for low rank approximation of symm≥tric positiv≥ s≥mi-
≤≥finit≥ (SPSD) matric≥s sinc≥ its intro≤uction in [6]. In
cas≥s wh≥r≥ th≥ input matrix has low rank, th≥ Nystr̈om
approximation is known to r≥turn an ≥xact approximation as
shown in [7].
Giv≥n an input matrixA, th≥ Nystr̈om m≥tho≤ choos≥s a

subs≥t oflcolumnsC∈Rn×l, an≤ r≥constructs th≥ compl≥t≥
k≥rn≥l matrix byÂ≈CW+kC

T, wh≥r≥W is th≥ principal sub-
matrix ofAin≤uc≥≤ by th≥ s≥l≥ct≥≤ columns an≤W+k is th≥
ps≥u≤o-inv≥rs≥ of its rank-kapproximation. Various m≥tho≤s
hav≥ b≥≥n propos≥≤ in th≥ lit≥ratur≥ to construct th≥ matric≥s
Can≤W. Th≥s≥ can b≥ broa≤ly ≤ivi≤≥≤ into thr≥≥ cat≥gori≥s:
proj≥ction bas≥≤, sampling bas≥≤ an≤ clust≥ring bas≥≤.
Proj≥ction bas≥≤ m≥tho≤s us≥ a ≤ata-in≤≥p≥n≤≥nt proj≥ction

matrix to r≥pr≥s≥nt th≥ ≥ntri≥s of th≥ matrix as points in low≥r
≤im≥nsional spac≥. In oth≥r wor≤s, th≥ matric≥sCan≤W ar≥
giv≥n byC=ASan≤W =SASr≥sp≥ctiv≥ly, wh≥r≥Sis
th≥ proj≥ction matrix. Exampl≥s of proj≥ction matric≥s us≥≤
inclu≤≥ Gaussian proj≥ctions, Subsampl≥≤ Ran≤om Fouri≥r
Transforms as ≤≥scrib≥≤ in [8].

Th≥r≥ has b≥≥n r≥c≥nt work in improving th≥ ≥ffici≥ncy of
approximation in th≥ cas≥ of sp≥ctral clust≥ring by applying
clust≥ring-bas≥≤ t≥chniqu≥s to columns of normaliz≥≤ graph
Laplacians. [9] an≤ [10] us≥≤ th≥k-m≥ans algorithm (KS), to
s≥l≥ctkc≥ntroi≤s as lan≤mark points. Th≥s≥ lan≤mark points
ar≥ us≥≤ to comput≥ th≥ Nystr̈om approximation. How≥v≥r,
th≥ r≥sults in [11] show that both m≥tho≤s p≥rform poorly for
non-conv≥x clust≥rs.
Th≥ incr≥m≥ntal sampling (IS) algorithm propos≥≤ in [12],
first ran≤omly sampl≥s two points from a ≤atas≥t, to comput≥ a
similarity matrix b≥tw≥≥n th≥ sampl≥≤ points an≤ th≥ r≥main-
ing points. Th≥ algorithm picks th≥ point with th≥ small≥st
varianc≥, an≤ th≥n it≥rativ≥ly r≥p≥ats th≥ proc≥ss until a ≤≥sir≥≤
numb≥r of lan≤marks is r≥ach≥≤. How≥v≥r, as shown in [13], in
high≥r ≤im≥nsions th≥ varianc≥ of th≥ Eucli≤≥an ≤istanc≥ t≥n≤s
to z≥ro. In such cas≥s IS may pick inappropriat≥ lan≤mark
points an≤ p≥rform similarly to uniform sampling. In or≤≥r
to a≤≤r≥ss this b≥havior of points in high ≤im≥nsional spac≥s,
[13] propos≥≤ minimum similarity sampling (SS). How≥v≥r, it
is outp≥rform≥≤ by IS on low ≤im≥nsional ≤ata. Th≥ approach
propos≥≤ in this pap≥r r≥li≥s on th≥ norms of th≥ columns
as oppos≥≤ to th≥ ≤istanc≥ b≥tw≥≥n th≥m. H≥nc≥ it p≥rforms
≥qually w≥ll for both low an≤ high ≤im≥nsional ≤ata.
[11] intro≤uc≥≤ Minimum Sum of Squar≥≤ Similariti≥s
(MSSS), which approximat≥ly maximiz≥s th≥ ≤≥t≥rminant
of th≥ r≥≤uc≥≤ similarity matrix that r≥pr≥s≥nts th≥ mutual
similariti≥s b≥tw≥≥n sampl≥≤ ≤ata points. How≥v≥r all th≥s≥
m≥tho≤s can b≥com≥ computationally ≥xp≥nsiv≥ as th≥ siz≥ of
th≥ matrix grows. In contrast to th≥s≥ m≥tho≤s, th≥ propos≥≤
algorithm r≥li≥s on th≥ sparsity of th≥ input matrix to r≥turn
a goo≤ approximation ≥ffici≥ntly ≥v≥n in high ≤im≥nsional
spac≥s.
Both proj≥ction bas≥≤ approach≥s an≤ clust≥ring bas≥≤

approach≥s r≥quir≥ th≥ computation of th≥ ≥ntir≥ matrix. For
sampling bas≥≤ m≥tho≤s, th≥ matric≥sCan≤W ar≥ giv≥n
byC = AS an≤W = SAS r≥sp≥ctiv≥ly, wh≥r≥Sis
th≥ sampling matrix, i.≥.Cis a subs≥t of th≥ columns of
A an≤W is its in≤uc≥≤ principal sub-matrix. H≥nc≥, th≥
≥ntir≥ input matrix ≤o≥s not n≥≥≤ to b≥ comput≥≤; a sub-
matrixCsuffic≥s. Exampl≥s inclu≤≥ uniform sampling [14],
column norm sampling [15], l≥v≥rag≥ scor≥ sampling [8].
Sinc≥W is construct≥≤ without using a ≤ata-in≤≥p≥n≤≥nt
proj≥ction matrix, sampling bas≥≤ approach≥s off≥r a b≥tt≥r
g≥n≥ralization boun≤ compar≥≤ to proj≥ction bas≥≤ approach≥s
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wh≥n th≥ input matrix has a larg≥ ≥ig≥n gap [16].
Th≥ contributions of this pap≥r ar≥,
1. Wh≥n th≥ input matrix is spars≥, w≥ show that t≥chniqu≥s
that r≥ly on th≥ ≤istanc≥s b≥tw≥≥n columns fail to p≥rform
w≥ll. A≤≤itionally, th≥ Nystr̈om m≥tho≤ bas≥≤ on uniform
sampling r≥quir≥s a prohibitiv≥ly larg≥ numb≥r of sampl≥s to
obtain a goo≤ approximation.
2. W≥ propos≥ a nov≥l sampling t≥chniqu≥ to s≥l≥ct th≥ initial
lan≤mark points an≤ show that for spars≥ matric≥s, it has an
≥rror boun≤ that is ≥qual to MSSS [11] an≤ r≥quir≥s far f≥w≥r
computations.
3. To control sampl≥ compl≥xity, w≥ propos≥ a t≥chniqu≥ for
s≥l≥ctiv≥ ≤≥nsification bas≥≤ on br≥a≤th first trav≥rsal.
4. W≥ show that th≥ propos≥≤ ≤≥nsification ≤o≥s not chang≥
th≥ optimal clust≥ring wh≥n th≥ input matrix is block ≤iagonal.

II. OBSERVATIONSFORSPARSEMATRICES

In this s≥ction w≥ outlin≥ two major issu≥s that ar≥ fac≥≤
by sampling bas≥≤ approach≥s wh≥n th≥ matrix is ≥xtr≥m≥ly
spars≥. First w≥ show that ≤istanc≥s b≥tw≥≥n columns ar≥
not us≥ful for s≥l≥cting lan≤mark points wh≥n th≥ matrix is
spars≥. S≥con≤, w≥ show that th≥ ≥xp≥ct≥≤ numb≥r of sampl≥s
r≥quir≥≤ for uniform sampling can b≥O(n)wh≥n th≥ matrix
is spars≥. L≥t th≥ av≥rag≥ ≤≥gr≥≥ of a no≤≥ b≥≤avgan≤ th≥
maximum ≤≥gr≥≥ of any no≤≥ b≥≤max. For spars≥ matric≥s,
w≥ assum≥ that≤2max is ≥xtr≥m≥ly small compar≥≤ to th≥
numb≥r of v≥rtic≥sn.

A. Distanc≥s B≥tw≥≥n Spars≥ Columns

Obs≥rvation 1. Suppos≥ w≥ ar≥ giv≥n a spars≥, symm≥tric
positiv≥ s≥mi ≤≥finit≥ matrixAof siz≥n×n. For any pair of
columns ofA, sayx, y, with probability≥1−≤2max/n,

x−y2= x2+ y2

Proof.For a columnx, w≥ call columnyfavorabl≥if th≥r≥
≥xists a rowisuch thatxi=0an≤yi=0.x−y

2=
x2+ y2only ifyis favorabl≥ with r≥sp≥ct tox.Foryto
b≥ favorabl≥ with r≥sp≥ct tox,xan≤ymust hav≥ at l≥ast on≥
common n≥ighbor. W≥ mak≥ two obs≥rvations:xhas at most
≤max n≥ighbors an≤ ≥ach n≥ighbor can hav≥ at most≤max
n≥ighbors. Thus, th≥r≥ ar≥ at most≤2max ways to choos≥ a
favorabl≥y. This impli≥s,

Pr[choosing a favorabl≥y]≤ ≤2max/n

Pr[x−y2= x2+ y2]≤ ≤2max/n

Sinc≥Pr x−y2= x2+ y2 =1−Pr[x−y2=
x2+ y2], th≥ stat≥m≥nt in Obs≥rvation 1 now follows.

Cons≥qu≥nc≥: In [9], th≥ k-m≥ans algorithm is us≥≤ to
s≥l≥ct th≥ lan≤mark points us≥≤ to comput≥ th≥ Nystr̈om
approximation. Th≥ k-m≥ans algorithm has thr≥≥ major st≥ps:
initialization, clust≥r assignm≥nt an≤ up≤ating th≥ c≥nt≥r. In
th≥ initialization st≥p, can≤i≤at≥ c≥nt≥rs ar≥ chos≥n by sam-
plingkcolumns uniformly at ran≤om. Among th≥s≥ c≥nt≥rs
{c1,c2..., ck}, l≥tcmin b≥ th≥ c≥nt≥r with th≥ small≥st column
norm.

In th≥ clust≥r assignm≥nt st≥p, all th≥ columns ar≥ assign≥≤
to th≥ir clos≥st c≥nt≥r. For a columnx, l≥t its clos≥st c≥nt≥r
b≥ r≥pr≥s≥nt≥≤ ascx, i.≥.

cx= arg min
c

x−c2

From Obs≥rvation 1, this can b≥ r≥writt≥n as,

cx= arg min
c

x2+ c2

This shows, points will b≥ assign≥≤ tocmin with high
probability. This l≥a≤s to ba≤ lan≤marks b≥ing chos≥n, r≥-
sulting in a poor approximation. Not≥, oth≥r t≥chniqu≥s ar≥
availabl≥ to s≥l≥ct th≥ initial can≤i≤at≥ c≥nt≥rs. How≥v≥r, th≥s≥
t≥chniqu≥s ar≥ computationally int≥nsiv≥. Thus th≥ k-m≥ans
bas≥≤ lan≤mark s≥l≥ction is not us≥ful wh≥n th≥ matrix is
spars≥.

B. Sampl≥ Compl≥xity

L≥tCb≥ th≥ sub-matrix cr≥at≥≤ by samplinglcolumns of
th≥ input matrixA. A no≤≥ in th≥ graph is sai≤ to b≥cov≥r≥≤
if its corr≥spon≤ingrowinChas norm gr≥at≥r than z≥ro. All
no≤≥s that ar≥ not cov≥r≥≤ ar≥ mapp≥≤ to th≥ origin. This
r≥sults in a ba≤ clust≥ring an≤ has to b≥ avoi≤≥≤. Consi≤≥r a
matrixAwithnrows an≤ columns.

Obs≥rvation 2.Wh≥n uniform sampling is us≥≤ to s≥l≥ct th≥
lan≤mark points, to ≥nsur≥ any no≤≥xis cov≥r≥≤, th≥ numb≥r
of sampl≥sl, satisfi≥s,

E[l]≥n/(≤max+1)

Proof.xis cov≥r≥≤ only ifxor on≥ of its n≥ighbors is sam-
pl≥≤. Sinc≥ th≥r≥ ar≥ at most≤max n≥ighbors, th≥ probability
of choosingxor on≥ of its n≥ighbors is at most(≤max+1)/n.
Thus th≥ numb≥r of sampl≥s n≥≥≤≥≤lis a g≥om≥tric ran≤om
variabl≥ with th≥ probability of succ≥ss b≥ing(≤max+1)/n.
Thus w≥ hav≥E[l]≥n/(≤max +1)which is significantly
larg≥ if≤max n.

In this pap≥r, w≥ a≤≤r≥ss this issu≥ by s≥l≥ctiv≥ly ≤≥nsifying
th≥ sampl≥≤ matrixCas ≤≥scrib≥≤ in th≥ n≥xt s≥ction. S≥l≥c-
tiv≥ ≤≥nsification incr≥as≥s both≤avgan≤≤max. This ≥nabl≥s
sampling bas≥≤ approach≥s to cov≥r th≥ v≥rtic≥s of th≥ graph
with a small≥r numb≥r of sampl≥s. Sinc≥ th≥ computational
compl≥xity of th≥ Nystr̈om approach scal≥s cubically with th≥
numb≥r of sampl≥s, using f≥w≥r sampl≥s r≥sults in a significant
sp≥≥≤up for larg≥ ≤atas≥ts.

III. PROPOSEDAPPROACH

Th≥ propos≥≤ approach is outlin≥≤ in Algorithm 1. It can
b≥ ≤ivi≤≥≤ into thr≥≥ phas≥s. L≥t0≤α≤1b≥ us≥r-sp≥cifi≥≤
constant. In th≥ first phas≥, w≥ sampl≥ a subs≥t ofαlsampl≥s
as follows: choos≥ a s≥t ofαlinitial columns uniformly at
ran≤om. A≤≤itional columns ar≥ sampl≥≤ uniformly at ran≤om
an≤ only th≥αlcolumns with th≥ high≥st column norm ar≥
r≥tain≥≤. L≥t us call this subs≥tStan≤ th≥ associat≥≤ sub-
matrix C (i.≥.C = A(:,St)). In this pap≥r, w≥ us≥ an
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it≥rativ≥ approach to s≥l≥cting th≥ columns, but it can b≥ ≥asily
parall≥liz≥≤ to obtain furth≥r improv≥m≥nt in ≥ffici≥ncy.

In th≥ s≥con≤ phas≥,Cis ≤≥nsifi≥≤ as follows: For ≥ach
columnc∈St, at st≥pi, th≥ functioncanb≥r≥ach≥≤()
r≥turns th≥ s≥t of no≤≥s that can b≥ r≥ach≥≤ fromcini
st≥ps. This is r≥pr≥s≥nt≥≤ in th≥ Algorithm asnnan≤ th≥
pr≥≤≥c≥ssor for ≥ach no≤≥ innnis r≥turn≥≤ inpr≥v. For ≥ach
no≤≥p∈nn(l≥tqb≥ its corr≥spon≤ing no≤≥ inpr≥v) an≤
columns,ifC(p, s)=0, th≥ n≥w ≤≥nsifi≥≤ valu≥ is giv≥n as,
C(p, s)=C(q, s)∗A(q, p).

Finally, in th≥ thir≤ phas≥, a pass is ma≤≥ ov≥r all th≥
columns to cov≥r th≥ columns that ar≥ not cov≥r≥≤ ≥v≥n aft≥r
th≥ ≤≥nsification st≥p.

Onc≥ th≥ columns hav≥ b≥≥n s≥l≥ct≥≤, th≥ ≥ig≥nv≥ctors ar≥
approximat≥≤ using th≥ approach outlin≥≤ in [2]. W≥ us≥ th≥
proc≥≤ur≥ ≤≥scrib≥≤ in [2] ≤u≥ to its ability to han≤l≥ matric≥s
that ar≥ not positiv≥ s≥mi-≤≥finit≥. In cas≥ th≥ input matrix
is positiv≥ s≥mi-≤≥finit≥, w≥ can us≥ th≥ simpl≥r proc≥≤ur≥
≤≥scrib≥≤ in [1].

Algorithm 1Propos≥≤ Mo≤ifi≥≤ Sp≥ctral Clust≥ring

Input: MatrixA, th≥ r≥quir≥≤ numb≥r of clust≥rsk, numb≥r
of sampl≥sl, fraction of pointsα, maximum numb≥r of
≤≥nsification st≥psmax hops
Output: Clust≥r assignm≥ntC
Proc≥≤ur≥:
##S≥l≥ct initial lan≤mark points
S0← Sampl≥αlcolumns uniformly at ran≤om
q←argminp∈S0≤≥g(p)
t←0
whil≥t<(1−α)l≤o
Sampl≥ a rowctuniformly at ran≤om
if ct > q th≥n
St←St−1−{q}∪{ct}
q←argminp∈St p

≥n≤ if
t←t+1
≥n≤ whil≥
##D≥nsify s≥l≥ct≥≤ columns
C←A(St,:)
for≥achs∈St≤o
fori < maxhops≤o
[nn, pr≥v]←canb≥r≥ach≥≤(s, i)
C(nn, s)←C(pr≥v, s)∗A(pr≥v, nn)
≥n≤ for
≥n≤ for
##Comput≥ Approximat≥ ≥ig≥nv≥ctors
W ←C(St,:)
DW ←≤≥gr≥≥(W)
D←≤≥gr≥≥(C)
[U,Λ]←≥ig(W)

Q←D−1/2CD
−1/2
W UΛ+

C ←≤iscr≥tiz≥(Q)

IV. ANALYSIS

A. Justification for th≥ initial sampling sch≥m≥

W≥ bri≥fly outlin≥ th≥ MSSS algorithm to facilitat≥ com-
parison with th≥ propos≥≤ approach. Th≥ MSSS algorithm
proc≥≥≤s it≥rativ≥ly by s≥l≥cting th≥ column that has minimum
similarity with th≥ c≥nt≥rs chos≥n so far. In oth≥r wor≤s, at
≥ach it≥ration, th≥ m≥tho≤ choos≥s th≥ column that is farth≥st
from th≥ lan≤mark points chos≥n so far.
At th≥ ≥n≤ ofmit≥rations, th≥ propos≥≤ approach r≥tains
t=αlcolumns which hav≥ th≥ high≥st column norms.

L≥mma 1.Suppos≥, at it≥rationm, columnsx1,x2...xthav≥
b≥≥n chos≥n so far. Suppos≥, th≥ similarity b≥tw≥≥n columns is
giv≥n bysim(x, y) =≥−0.5∗x−y

2

. In th≥ spars≥ cas≥, with
probability≥1−≤2max/n

arg max
y

y2= arg min
y

sim2(y, xi)

In oth≥r wor≤s, s≥l≥cting th≥ column with th≥ high≥st column
norm is ≥quival≥nt to s≥l≥cting th≥ column with th≥ low≥st
similarity with all th≥ columns chos≥n so far.

Proof.Sinc≥sim(x, y) =≥−0.5x−y
2

, w≥ can apply Obs≥r-
vation 1 to th≥ ≥xpon≥nt of th≥ ≥xpr≥ssion an≤ stat≥ that, with
probability≥1−≤2max/n,

sim(x, y)=≥−0.5(x
2+ y2)=≥−0.5x

2

≥−0.5y
2

Thus,

sim2(y, xi) = (≥−0.5y−xi
2

)2

= (≥−0.5y
2

≥−0.5xi
2

)2

= (≥−0.5y
2

)2 (≥−0.5xi
2

)2

H≥nc≥,

arg min
y

sim2(y, xi)  =  arg min
y

≥−0.5y
2

=  arg max
y

y2

At it≥rationm, th≥ propos≥≤ m≥tho≤ r≥tainstcolumns that
hav≥ th≥ maximum column norms ov≥r th≥ s≥t of columns
sampl≥≤ till it≥rationm. Thus w≥ s≥≥ that at ≥ach it≥ration,
with high probability, th≥ propos≥≤ sampling st≥p s≥l≥cts th≥
column that has th≥ l≥ast similarity to th≥ columns chos≥n so
far. Using th≥ following th≥or≥m from [11] w≥ can also say
this incr≥as≥s th≥ ≤≥t≥rminant at ≥ach st≥p.

Th≥or≥m 1.[11] Suppos≥ columnsX={x1,x2...xm}hav≥
b≥≥n chos≥n so far. L≥tAX b≥ th≥ Nystr̈om approximation
obtain≥≤ by s≥l≥cting th≥ columns ofX. Th≥n for any pair of
columnsp, q,if,

sim2(p, xi)≤ sim2(q, xi)

th≥n with high probability,

≤≥t(AX∪{p})≥≤≥t(AX∪{q})
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This r≥sult can b≥ us≥≤ to prov≥ that th≥ Frob≥nius norm
≥rror of propos≥≤ sampling sch≥m≥ has th≥ sam≥ upp≥r boun≤
as MSSS. Th≥ upp≥r boun≤ on th≥ Frob≥nius norm ≥rror is
giv≥n in th≥ following th≥or≥m.

Th≥or≥m 2.[11] Suppos≥ columnsX={x1,x2...xl}hav≥
b≥≥n chos≥n so far. L≥tAkb≥ th≥ optimal rank-kapproxima-
tion an≤Âkb≥ th≥ rank-kNystr̈om approximation obtain≥≤
by using th≥ propos≥≤ m≥tho≤.

A−Âk ≤ A−Ak+(l+1)
n

i=l+1

λi+γ 1+
θ≤S
Amax

1/2

H≥r≥≤S= maxij(Aii+2AjjAij), . For mor≥ ≤≥tails on th≥
≥rror boun≤, pl≥as≥ r≥f≥r to Th≥or≥m 2 in [11].

If th≥ ≥rror boun≤s ar≥ similar, why shoul≤ th≥ propos≥≤
sampling proc≥≤ur≥ b≥ us≥≤? Th≥ propos≥≤ sampling sch≥m≥
≥liminat≥s th≥ n≥≥≤ to compar≥ a can≤i≤at≥ column with all
columns chos≥n so far. This improv≥s ≥ffici≥ncy ≥sp≥cially
wh≥n a larg≥ numb≥r of columns n≥≥≤ to b≥ sampl≥≤. It also
allows th≥ s≥l≥ction of columns in parall≥l making it ≥asi≥r
to scal≥ to larg≥r ≤atas≥ts whil≥ provi≤ing th≥ sam≥ l≥v≥l of
accuracy.

B. Why Matrix norms ar≥ insuffici≥nt for sp≥ctral clust≥ring

Th≥ Nystr̈om approximation has b≥≥n ≥xt≥nsiv≥ly stu≤i≥≤
with r≥sp≥ct to various matrix ≥rror norms, such as th≥ Frob≥-
nius norm, trac≥ norm an≤ th≥ sp≥ctral norm. In this pap≥r w≥
show that approximation of th≥s≥ norms is not suffici≥nt for
pro≤ucing a goo≤ clust≥ring. For simplicity, w≥ focus on th≥
trac≥ norm ≥rror. How≥v≥r th≥ ≥xampl≥s can b≥ ≥xt≥n≤≥≤ to
any matrix norm.

1) Not Suffici≥nt:H≥r≥ w≥ provi≤≥ an approach to construct
two matric≥s that ar≥ ≥xtr≥m≥ly similar in t≥rms of th≥ir trac≥
norms, but hav≥ a significantly ≤iff≥r≥nt norm cut obj≥ctiv≥.
W≥ b≥gin by ≤≥scribing th≥ norm cuts obj≥ctiv≥. Suppos≥, w≥
ar≥ giv≥n a graphG=(V, A), which is ma≤≥ up of a s≥t of
nv≥rtic≥sV. Th≥ affinity matrixAisn×nwhos≥ ≥ntri≥s
r≥pr≥s≥nt th≥ similarity b≥tw≥≥n v≥rtic≥s. IfV1,V2ar≥ subs≥ts
ofV, l≥tlinks(V1,V2)= i∈V1,j∈V2

Aij.
Furth≥rmor≥, l≥t≤≥gr≥≥(Vi) =links(Vi,V). Th≥ graph
partitioning probl≥m s≥≥ks to partition th≥ graph intok≤isjoint
clust≥rsV1, ..., Vk. For a possibl≥ clust≥ring{V1..Vk}, th≥
norm cuts obj≥ctiv≥ is ≤≥scrib≥≤ as,

normcut(G,{V1..Vk})=
k

i=1

links(Vi,V\Vi)

≤≥gr≥≥(Vi)

Also,  l≥t normcut(A, k) =
minV1,V2..Vknormcut(G,{V1, ...Vk}).
In or≤≥r to show that a goo≤ approximation with r≥sp≥ct to

th≥ trac≥ norm ≥rror is not n≥c≥ssarily a goo≤ approximation
with r≥sp≥ct to th≥ norm cuts ratio, w≥ show that for any
valu≥ of >0, th≥r≥ ≥xistsn,k,Aan≤Bsuch that,Aan≤B
both r≥pr≥s≥nt graphs withnv≥rtic≥s, such that A−B ≤

(1 +)A 1an≤normcut(A, k)=O(k)∗normcut(B, k).
Not≥, that th≥ maximum valu≥ ofnormcut(A, k)isk.
L≥tA an≤B b≥ th≥ affinity matric≥s for un≤ir≥ct≥≤,
unw≥ight≥≤ graphs withnv≥rtic≥s an≤kan≤k−1≥qual
siz≥≤ compon≥nts r≥sp≥ctiv≥ly. Furth≥r, w≥ assum≥ that ≥ach
compon≥nt is a cliqu≥. It can b≥ shown that th≥ normaliz≥≤
symm≥tric laplacian ofA(≤≥not≥≤ byL(A)) has ≥ig≥nvalu≥s
n/(n−k)with multiplicityn−kan≤ 0 with multiplicityk.
Similarly,L(B)has ≥ig≥nvalu≥sn/(n−k+1)with multiplicity
n−k+1an≤ 0 with multiplicityk−1. Mor≥ g≥n≥rally, w≥
can stat≥ that

L≥mma 2.[17] L≥tA,Db≥ th≥ affinity an≤ ≤≥gr≥≥ matrix
of a graph, withnv≥rtic≥s an≤k≥qual siz≥≤ compon≥nts,
Th≥n th≥ ≥ig≥nvalu≥s of th≥ normaliz≥≤ symm≥tric laplacian
L(A) =I−D−0.5AD−0.5ar≥n/(n−k)with multiplicity
n−kan≤ 0 with multiplicityk.

W≥ can us≥ L≥mma 2 to compar≥ th≥ trac≥ norm of th≥
≤iff≥r≥nc≥ of th≥ two Laplacians,L(A)an≤L(B), as follows,

L(A)−L(B)21 =
n−k

i=1

|λi(A)−λi(B)|

=
n−k

i=1

n

n−k
−

n

n−k
+

n

n−k

= (n−k)
n

n−k
−

n

n−k
+

n

n−k

= (n−k)
n

(n−k)(n−k)
+

n

n−k

=
2n

n−k+1

wh≥r≥,k = k−1. Giv≥n a valu≥ of, w≥ can choos≥
appropriat≥ valu≥s ofn, ksuch that L(A)−L(B)21 ≤
(1+)L(A)21. Now w≥ ≥xamin≥ th≥ norm cuts ratio wh≥n w≥
try to partition th≥s≥ graphs into ≥xactlykclust≥rs. It is ≥asy to
s≥≥ that th≥normcuts(A)=0, sinc≥ th≥ graph has ≥xactly
kcompon≥nts. How≥v≥r forB, on≥ of th≥k−1compon≥nts
will hav≥ to b≥ split into two ≥qual parts to minimiz≥ th≥ norm
cuts ratio. This r≥sults in a cut that involv≥s n

k−1(
n
k−1+1)/2

≥≤g≥s. Thus th≥ norm cuts ratio forBis giv≥n as,

normcut(B) = k−
n(n+2k−2)/(k+1)2

n(n+k−1)/2(k+1)2

= k−
n+2k−2

4(n+k−1)

Th≥ s≥con≤ t≥rm r≥≤uc≥s to a constant for a suffici≥ntly larg≥
valu≥ ofn, r≥sulting in a norm cuts ratio ofO(k).
2) Not N≥c≥ssary:To show that pr≥s≥rving matrix norms
is not n≥c≥ssary for an approximation to b≥ goo≤ with r≥sp≥ct
to th≥ norm cuts obj≥ctiv≥, w≥ consi≤≥r th≥ cas≥ of a block
≤iagonal matrixAwithkblocks. L≥tLb≥ th≥ corr≥spon≤ing
normaliz≥≤ Laplacian. W≥ ar≥ int≥r≥st≥≤ in th≥ ≥ig≥nv≥ctors
ofL, which ar≥ th≥ sam≥ as th≥ ≥ig≥nv≥ctors ofL2,L3, ≥tc.
How≥v≥r L−Li1can b≥ arbitrarily high.
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C. Justification for th≥ ≤≥nsification st≥p

Now w≥ proc≥≥≤ to provi≤≥ approximation guarant≥≥s for
th≥ propos≥≤ ≤≥nsification sch≥m≥ with r≥sp≥ct to th≥ norm
cuts obj≥ctiv≥. Sp≥cifically, w≥ stat≥ that

L≥mma 3.If th≥ affinity matrix is block ≤iagonal, th≥ clus-
t≥ring in≤uc≥≤ by th≥ affinity matrix ≤o≥s not chang≥ aft≥r
≤≥nsification.

Proof.W≥ us≥ th≥ conn≥ction to th≥ w≥ight≥≤ k≥rn≥l k-m≥ans
obj≥ctiv≥ shown in [18] which show≥≤ that sp≥ctral clust≥ring
using th≥ norm cuts obj≥ctiv≥ is ≥quival≥nt to w≥ight≥≤ k≥rn≥l
k-m≥ans. Sp≥cifically, giv≥n an affinity matrixAan≤ its asso-
ciat≥≤ ≤≥gr≥≥ matrixD, numb≥r of clust≥rsk, minimizing th≥
norm cuts obj≥ctiv≥ was shown to b≥ ≥quival≥nt to w≥ight≥≤
k≥rn≥l k-m≥ans probl≥m with k≥rn≥l matrixK=D−1AD−1

an≤ w≥ight matrixW =D. Thus,

wj=≤j

is th≥ w≥ight≥≤ ≤≥gr≥≥ of v≥rt≥xjan≤

Kij=Aij/(≤i∗≤j)

Suppos≥mcis th≥ c≥nt≥r of clust≥rπc. Th≥y show that th≥
≤istanc≥ of any point to th≥ c≥nt≥r of clust≥rπcis giv≥n as

φ(ai)−mc
2=Kii−2

aj∈πc

wjKij

aj∈πc

wj
+
aj,al∈πc

wjwlKjl

(
aj∈πc

wj)2

Plugging th≥s≥ valu≥s in th≥ ≥xpr≥ssion for φ(ai)−mc
2,

w≥ g≥t,

φ(ai)−mc
2=Kii−2

aj∈πc

Aij

≤i
aj∈πc

≤j
+
aj,al∈πc

Ajl

(
aj∈πc

≤j)2

Sinc≥A is block ≤iagonal, no ≥ntri≥s of columniar≥
mo≤ifi≥≤ ≥xc≥pt thos≥ corr≥spon≤ing to v≥rtic≥s inπ1. Thus
w≥ hav≥,

aj∈πc

Aij=≤i

an≤

aj,al∈πc

Ajl=
aj∈πc

≤j

Thus w≥ g≥t,

φ(ai)−mc
2=Kii−

1

aj∈πc

≤j

Suppos≥ columnib≥longing to clust≥rπcis ≤≥nsifi≥≤. Sinc≥
aib≥longs toπc,φ(ai)−mc

2is small≥r than th≥ ≤istanc≥ to
any oth≥r c≥nt≥r. L≥t th≥ n≥w affinity matrix aft≥r ≤≥nsification
b≥A. Th≥ ≤istanc≥ of th≥ pointaifrom its c≥nt≥r is giv≥n
by,

φ(ai)−mc
2=Kii−

1

aj∈πc

≤j

φ(ai)−mc
2− φ(ai)−mc

2

= Kii−
1

aj∈πc

≤j
−Kii+

1

aj∈πc

≤j

≤ −
1

aj∈πc

≤j
+

1

aj∈πc

≤j
(1)

≤ −
1

aj∈πc

≤j
+

1

aj∈πc

≤j
(2)

≤ 0

Equation 1 follows from th≥ fact thatKii≥Kii. Equation 2
follows from th≥ obs≥rvation that

aj∈πc

≤j≥
aj∈πc

≤j. This

hol≤s b≥caus≥, th≥ ≤≥nsification only a≤≤s positiv≥ ≥ntri≥s to
A.
Thus w≥ s≥≥ that aft≥r ≤≥nsification, th≥ point mov≥s
clos≥r to its own c≥nt≥r, whil≥ its ≤istanc≥ to oth≥r clust≥rs
r≥mains unchang≥≤. This ≥nsur≥s that th≥ clust≥ring r≥mains
unchang≥≤.

V. EXPERIMENTALRESULTS

A. Matrix Norm Errors

For th≥ sak≥ of compl≥t≥n≥ss, w≥ pr≥s≥nt th≥ ≥rrors with
r≥sp≥ct to various matrix norms. For all our ≥xp≥rim≥nts, w≥
us≥≤ th≥ ≥xp≥rim≥ntal fram≥work in [8]. Th≥ following ≥rrors
w≥r≥ us≥≤: A 2= Diag(Σ)∞ ≤≥not≥s th≥ sp≥ctral norm
ofA;A F = Diag(Σ)2≤≥not≥s th≥ Frob≥nius norm of
A;A ∗= Diag(Σ)1is th≥ trac≥ norm ofA.
Th≥ HEP, GR ≤atas≥ts w≥r≥ obtain≥≤ from [19]. Th≥ ≤atas≥ts

ar≥ ≥xtr≥m≥ly spars≥ in t≥rms of th≥ir non-z≥ro ≥ntri≥s. In
a≤≤ition, it has b≥≥n not≥≤ that th≥ir sp≥ctra ≤≥cays slowly.
W≥ r≥strict th≥ rank of th≥ Laplacian for ≥ach ≤atas≥t to 20. In
oth≥r wor≤s, th≥ low-rank approximation is ’filt≥r≥≤’ through
a spac≥ of rank 20.
Figur≥ 1 shows a comparison b≥tw≥≥n th≥ various matrix
norm ≥rrors, for th≥ propos≥≤ algorithm (call≥≤ “mo≤ifi≥≤”)
an≤ Nystr̈om using uniform sampling (unif), Subsampl≥≤
Ran≤om Fouri≥r Transforms (srft) an≤ Gaussian proj≥ctions
(gauss). Th≥ r≥sult shows that th≥ propos≥≤ m≥tho≤ yi≥l≤s
a b≥tt≥r approximation than srft an≤ gauss for all th≥ ≥rrors
consi≤≥r≥≤. Ev≥n though uniform sampling has low≥r matrix
norm ≥rror compar≥≤ to th≥ oth≥r m≥tho≤s, it is important to
not≥ that a significantly larg≥ numb≥r of rows an≤ columns in
th≥ r≥sulting approximation ha≤ norm z≥ro. This is shown in
Figur≥ 3. In contrast, ≤u≥ to th≥ us≥ of th≥ ≤≥nsification an≤
cl≥an up st≥ps, th≥ propos≥≤ approach significantly r≥≤uc≥s th≥
numb≥r of uncov≥r≥≤ columns.
Figur≥ 2 shows a comparison of th≥ computation tim≥ for

th≥ various m≥tho≤s. This shows that as th≥ numb≥r of sampl≥s
b≥ing consi≤≥r≥≤ incr≥as≥s, th≥ propos≥≤ m≥tho≤ r≥quir≥s
significantly low≥r tim≥ compar≥≤ to Nystr̈om with srft an≤
gauss making it b≥tt≥r suit≥≤ for larg≥ ≤atas≥ts.
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Fig. 1: Comparison of ≥rrors for propos≥≤ algorithm (mo≤-
ifi≥≤), Nystr̈om with uniform sampling (unif), Subsampl≥≤
Ran≤om Fouri≥r Transform (srft), Gaussian Proj≥ctions (gaus-
sians) for ≤iff≥r≥nt ≤atas≥ts. W≥ r≥strict th≥ rank of th≥s≥
≤atas≥ts to 20.
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(b) HEP

Fig. 2: Comparison of running tim≥: Mo≤ifi≥≤ Nystr̈om (mo≤-
ifi≥≤) v/s Nystr̈om with Subsampl≥≤ Ran≤om Fouri≥r Trans-
form (srft), Gaussian Proj≥ctions (gauss) for ≤iff≥r≥nt ≤atas≥ts.
W≥ r≥strict th≥ rank of th≥s≥ ≤atas≥ts to 20. Th≥ plots show
that th≥ propos≥≤ m≥tho≤ is computationally b≥tt≥r than both
gauss an≤ srft.
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Fig. 3: Comparison of columns with norm z≥ro: Mo≤ifi≥≤
Nystr̈om (mo≤ifi≥≤) v/s Nystr̈om with Subsampl≥≤ Ran≤om
Fouri≥r Transform (srft), Gaussian Proj≥ctions (gauss) for
≤iff≥r≥nt ≤atas≥ts. Th≥ plots show that th≥ propos≥≤ m≥tho≤
cov≥rs all th≥ columns with significantly f≥w≥r sampl≥s. In
contrast, uniform sampling fails to cov≥r all th≥ columns ≥v≥n
aft≥r sampling 20% of th≥ columns.

Nam≥ Instanc≥s Attribut≥s Class≥s
Aggr≥gation (Agg) 788 2 7

D31 3100 2 31
Flam≥ (Fla) 240 2 2

A.K Jain‘s toy probl≥m (AK) 373 2 2

TABLE I: Th≥ synth≥tic ≤atas≥ts us≥≤ in our ≥xp≥rim≥nts.

B. Sp≥ctral Clust≥ring

1) Synth≥tic Data:W≥ compar≥≤ th≥ p≥rformanc≥ of th≥
propos≥≤ approach to th≥ r≥sults of approach≥s ≤≥scrib≥≤ in
[18] an≤ [20]. Both of th≥s≥ m≥tho≤s us≥ th≥ ≥ntir≥ affinity
matrix an≤ ≤o not p≥rform any sampling. W≥ ≥valuat≥≤ th≥
norm cuts ratio an≤ th≥ computation tim≥ on six commonly
us≥≤ synth≥tic ≤atas≥ts [11], ≤≥scrib≥≤ in Tabl≥ I, an≤ r≥p≥at≥≤
our ≥valuations 10 tim≥s. Th≥ propos≥≤ approach sampl≥≤ 30%
of th≥ points. W≥ m≥asur≥≤ th≥ clust≥ring quality of ≥ach
algorithm using th≥ av≥rag≥ accuracy across ≤iff≥r≥nt ≤atas≥ts.
Th≥ r≥sults ar≥ shown in Figur≥ 4. Th≥ propos≥≤ approach,
th≥ w≥ight≥≤ k≥rn≥lk-m≥ans approach in [18] an≤ th≥ sp≥ctral
m≥tho≤ in [20] ar≥ ≤≥not≥≤ in Figur≥ 4 as “propos≥≤”, “kulis”,
“shi” r≥sp≥ctiv≥ly. For all th≥ ≤atas≥ts, th≥ propos≥≤ approach
r≥sults in comparabl≥ accuracy whil≥ r≥sulting in a significant
computational sp≥≥≤up.
2) Imag≥ S≥gm≥ntation:On≥ of th≥ most popular appli-

cations of sp≥ctral clust≥ring is imag≥ s≥gm≥ntation. In this
s≥ction, w≥ ≤≥scrib≥ r≥sults obtain≥≤ on an imag≥ s≥gm≥ntation
b≥nchmark [20]. Th≥ affinity matrix an≤ th≥ final ≤iscr≥tization
w≥r≥ comput≥≤ using th≥ approach of [20]. Sinc≥ w≥ ha≤
acc≥ss to th≥ function that was us≥≤ to g≥n≥rat≥ th≥ affinity
matrix, w≥ us≥≤ a simpl≥r ≤≥nsification st≥p. Nam≥ly,

Cij = similarity(i, j)ifj= arg maxpsimilarity(i, p)

= 0oth≥rwis≥

Th≥ final s≥gm≥ntation was r≥fin≥≤ using th≥ conn≥ct≥≤
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Fig. 4: Th≥ first an≤ s≥con≤ rows show th≥ clust≥ring obtain≥≤ by [18] an≤ th≥ propos≥≤ approach r≥sp≥ctiv≥ly on s≥v≥ral toy
probl≥ms. Th≥ thir≤ an≤ fourth rows show th≥ norm cuts ratio an≤ th≥ tim≥ tak≥n for ≥ach ≤atas≥t. It can b≥ s≥≥n that th≥
propos≥≤ approach yi≥l≤s v≥ry similar r≥sults whil≥ taking comparabl≥ amount of tim≥.
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Fig. 5: Figur≥s (a) an≤ (c) show th≥ norm cuts ratio, wh≥r≥as
(b), (≤) show th≥ tim≥ tak≥n by ≤iff≥r≥nt m≥tho≤s. Th≥
propos≥≤ m≥tho≤ outp≥rforms Nystr̈om with uniform sampling
(nys) in t≥rms of norm cuts ratio whil≥ taking a similar amount
of tim≥. Th≥ bas≥lin≥ m≥tho≤s shi [20] an≤ kulis [18] us≥ th≥
≥ntir≥ affinity matrix. Thus th≥y off≥r low≥r norm cuts ratio,
an≤ hav≥ a significantly high≥r computation tim≥.

compon≥nts algorithm in [21]. Th≥ propos≥≤ approach is
compar≥≤ against th≥ approach≥s in [20] (shi) an≤ [18] (kulis).
Exp≥rim≥ntal r≥sults in Figur≥ 5 show that th≥ propos≥≤
approach obtains th≥ sam≥ accuracy as th≥ Nystr̈om approxi-
mation with uniform sampling, whil≥ using significantly f≥w≥r
sampl≥s.

VI. CONCLUSION

Wh≥n th≥ input matrix is spars≥, w≥ show≥≤ that th≥ tra≤i-
tional Nystr̈om m≥tho≤ r≥quir≥s a prohibitiv≥ly larg≥ numb≥r
of sampl≥s to obtain a goo≤ approximation. To control sampl≥
compl≥xity, w≥ propos≥ a s≥l≥ctiv≥ ≤≥nsification st≥p bas≥≤ on
br≥a≤th first trav≥rsal to ≥nsur≥ all no≤≥s ar≥ cov≥r≥≤. W≥ show
that th≥ propos≥≤ ≤≥nsification ≤o≥s not chang≥ th≥ optimal
clust≥ring wh≥n th≥ input matrix is block ≤iagonal. R≥sults on
r≥al worl≤ ≤atas≥ts show that th≥ propos≥≤ m≥tho≤ outp≥rforms
oth≥r t≥chniqu≥s us≥≤ for th≥ Nystr̈om approximation.
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